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Group actions on cluster categories from Ginzburg morphisms

Mostly based on joint work with Chris Fraser
.
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1. Overview : the problem and its solution

Facts : ① Many cluster algebras/ckerw varieties carry braid (sub)group actions.

② One would expect them to come from braid (sub-) actions on the

corresponding triangulated cluster categories .



③ The braid lsub-1group should act by lcompos. of)spherical twists.

Problem : Cluster categories typically do not contain any spherical objects.

Solution : Use relative cluster categories (Yi/in Wu
,
Ph.D

. 12/2021) .

Details : Relative cluster categories typically do not contain spherical objects

either but each is a quotientof the target of a Ginzburg functor
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2. Ageometric example : the Grassmannian ml
.
cluster category

We follow Jensen - King - Su 12016) . Fix integers OfKen .

Consider S= QELx.gl] • R= ①[Excy]]/lock-yn
-k)

.

pen
= { SEE/5h = 13 acts on S and R via 5. Guy)= 15K, 5-

'

y).

We get a KINK
-graded singularity
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IT- B = IT/lack-yn
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On thepreprojective algebra 1T

IT is noetherian
, ofgleam .

2 and 2- Calabi-Yau as

a bimodal (Ginzburg ) : RHOM,,-e ( IT, ITe) = -2-2 IT .
in DUTY



Thus
,
the simple IT- modules Si , Oki En-1, form a

spherical collection in

perIIT)
=/perfect der. cat. of 1T)

= thickLIT) C DIT

and the associated braidgroup Brit
= {oil0EiEn -I>

acts onperil via the spherical twists t.ws,
(Seidel- Thomas 2001).

On the boundary algebra B

B-- IT/lock -yn
-K) is of infinite global dimension when ZEK

and 2In-k
.
Let us assume this.



We have

DblmodB) -

sg (B)
= ÑlmodB) /perlis)
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T and the Ginzburg functor
✓ finger . right B-modules

Put cmlB) = { Cohen - Macauley B-modules} = { ME MOAB / Ext 1M, B) = 0}
ti>0

We have :

Cme = DblmodB) °

sg (B)
= Cabs

^

z

^

,

Db(cmb) - cm_ (B) = cm (B)/(proj. - inj. )

Thm (Jensen -King - Su 2016 based on Geiss- Leclerc - Schrier 2006) :

em (B) contains a canonical (baric) cluster - tilting object T , i. e.

a) T is rigid : Ext?z IT, T) = 0

b) for each ME cm(B) , there is a s.es. 0 → T, → To →a→0

with Ti c- addt = {direct oummandi offinite direct sumo of copies of T}



Def, : P := End(T) .

Rk : The indecomposable projective B-modules B. = e:B are direct

N

summands of T=÷oP; ④ ☒ T So we get the
j=n j

.

Ginzburg morphism IT - BE EndCT)=T. The algebra P is of

global dimension 3 but not 3- CY as a bimodcde . However
,
the

Ginzburg morphism carries a canonical left relative 3- CY structure

in the sense of Brar - Dyckerhoff 12016). We get

?ÉB
✓ IT\
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Rk : The cluster - tilting object TECMIBI yields the
"

noncommutative
resolution

" P - EndCT) of B. It is canonical but

not unique .

For example , we can mutate Tat nonproj. indec.

summands. This corresponds to Fomin -Zelevinsky mutation of the ice

quiver of F- EndLT) . E.g. for Grlk.nl = 6r(3,9) , this ice

quiver is an > an > an > an >
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Braid subgroup action
⑥(modB)Recall our aim :
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#
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Put D=gcdlk.nl .
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Put U = tog 10 ⇐jEd- I> c- Brit (coincidence : U -= Braz
,

)
.

Thm ltraser -K) : Given we 'U
,
there is a unique morphism Ñe :pert →poi

such that the square
peril

-

per
te I 2 Ñe

V o

putt °

perp

commutes (in the Morita homotopy category of dg categories).
Cor

,
: The

group U = Braz
,
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.
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=quasi- cluster

Prop. (Fraser-K) : Each equivalence Éj is quasi- reachable ,
i.e. a composition

of equivalences associated with mutations at non projective f- non frozen)

and atprojective f-frozen) indec. summaries of T. It categorifies
Fraser 's quasi-cluster automorphism Ej : G-rlk.nl → 6-rlk.nl of

the Pliicker one Elkin)
.

Example : Gr12,4) : To = ozoy ,
I : composition of 2 frozen, 1 non fr. mut.

1 - 2 1-I ? 1 • 2

,

µ
1 - 2

•
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•
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3. Generalization

We start
"

from the resolution "
,
lie

. from an ice quiver (Q, F) with

potential WEHHOLGQ ) , e.g.
☐ > ☐ >☐ > ☐ >☐ of 5- =frozen subquivern n n n N

W =[ clockwise cordless cyclesoh >
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,
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,
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TFPut F = frozen subquiver of Q, e.g. ☐ y☐ztZ /til = -1lol =/c-1=0
IT = 2- CY completion of KF , e.g . ☐

o c- dlt,) =
- Ic

dltz = CE4.
,= derived 2-preprojective alg. of F

Notice : Holt = ordinarypreproj. alg. of F

F connected non ADE quiver → IT
µ,

• HOLT
.

IT is smooth and 2- CY as a bimodal
.

Put T = relative Ginzburg algebra of IQ,F, W), e.g.
☐ • I /a-1--151=-1 , dial = daw = be , d/b-1--9, W

= ca

f☐ b no f b

☐ or
a

•

• ☐ <
a

Ig ,
It/ = -2

, dltl
= BJ - a-a

.

a-
W=abc



Rk : Surprisingly, T is often q.is to HOP ! 1much more often than the

absolute Ginzburg algebra) . This holds for the above example and

for the Grassmannian ice quiver with potential !

The Ginzburg morphism 6 : IT 0 M is defined as in

µ§Z ☐ & J
G
, f b

☐
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☐ <
a

a-
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Thm 1Yeung
'

16) : 6 carries a can
.
rel

. left 3-CY structure in the sense of Brar-Dychechoff.

The boundary algebra is B = e- (HT) - e
,
e = [ ei

,
e.g.ic-Fo

II
Hop : f- -

i b be = 0
,
ca=0

8

I
a

3

I

c%/E=ab
,
cI=O

,
_cc -0e. = e. + ez : e#Me "

HI
pmproj, alg. of AZ .

Weget
putt

6*0
perp - Cret :=pert/thick/Si / i¢F)

0
(usually NOT equiv, to DblmodB)!)
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Thm (Fraser -K) : suppose that

a) T
q,
- Hop

.

6) 1-106 : Holt • B-- e#F)e is surjective (enough :

is an epimorphism of 2-(1-1017)
- algebras) .

Then for orc- IT, there is at moot one morphism Ñ :perp
←

perp

sith
.
the square

pen -perp
6 I 2%

pint •

"

perp
commutes (in the Morita homotopy category of dg categories) .
Thus

,
the group U

= {oneBrat7-53 acts on perp and end.



composition of equivalences assoc. with
mutations at non frozen and at frozen vertices

↳
Cor. : The

group Uci =L settle exists and is quasi- cluster} acts by
by quasi- cluster automorphisms on the cluster algebra Ala,F) (withinvertible

coefficients) associated with IQ
,
F).

Confirmed examples : Grassmannian braiding (Fraser), Positroid
"

braiding
"

(Fraser -K)

Expected examples : Actions by
• braidgroup on

Unipotent upper triang . matrices (Bondal
'

04
,
Chekhov- Shapiro

'
20)

• finite type Artin braid groups (Fock- Goncharov
'
06)

•

Weylgroups andbraidgroups (Goncharov - Shen
'

16
,
Inoue - Lam - Pylyavskyy

'
16
,

Inoue - Ishibashi - Oya
'
19
,
Goncharov- Shen

'

l9)
• braidgroups on deformed Groth . rings (Kashiwara

-Kim -Oh -Park '
20)


