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Abstract Beauville and Donagi proved in 1985 that the primitive middle cohomology

of a smooth complex cubic 4-fold and the primitive second cohomology of its variety of

lines, a smooth hyper-Kähler 4-fold, are isomorphic as polarized integral Hodge struc-

tures. We prove analogous statements for smooth complex Gushel–Mukai varieties of

dimension 4 (resp., 6), that is, smooth dimensionally transverse intersections of the

cone over the Grassmannian Gr(2,5), a quadric, and two hyperplanes (resp., of the

cone over Gr(2,5) and a quadric). The associated hyper-Kähler 4-fold is in both cases

a smooth double cover of a hypersurface in P5 called an Eisenbud–Popescu–Walter

sextic.

1. Introduction

We continue in this article our investigation of Gushel–Mukai (GM) varieties

started in [5]. We discuss linear subspaces contained in smooth complex GM

varieties and their relation to Eisenbud–Popescu–Walter (EPW) stratifications.

These results are applied to the computation of the period map for GM varieties

of dimension 4 or 6.

We work over the field of complex numbers. A smooth Gushel–Mukai variety

is (see [5, Definition 2.1]) a smooth dimensionally transverse intersection

CGr(2, V5)∩P(W )∩Q

of the cone over the Grassmannian Gr(2, V5) of 2-dimensional subspaces in a fixed

5-dimensional vector space V5, with a linear subspace P(W ) and a quadric Q.

This class of varieties includes all smooth prime Fano varieties X of dimen-

sion n≥ 3, coindex 3, and degree 10 (i.e., such that there is an ample class H

with Pic(X) =ZH , KX =−(n− 2)H , and Hn = 10; see [5, Theorem 2.16]).

One can naturally associate with any smooth GM variety of dimension n a

triple (V6, V5,A), called a Lagrangian data set, where V6 is a 6-dimensional vector

space containing V5 as a hyperplane and the subspace A⊂
∧

3V6 is Lagrangian
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with respect to the symplectic structure on
∧

3V6 given by wedge product. More-

over, P(A) ∩ Gr(3, V6) = ∅ in P(
∧

3V6) when n ≥ 3. (We say that A has no

decomposable vectors.)

Conversely, given a Lagrangian data set (V6, V5,A) with no decomposable

vectors in A, one can construct two smooth GM varieties of respective dimen-

sions n = 5− � and n = 6− � (where � := dim(A ∩
∧

3V5) ≤ 3), with associated

Lagrangian data set (V6, V5,A) (see [5, Theorem 3.10 and Proposition 3.13]; see

Section 2.1 for more details).

Given a Lagrangian subspace A⊂
∧

3V6, we define three chains of subschemes

Y ≥3
A ⊂ Y ≥2

A ⊂ Y ≥1
A ⊂P(V6), Y ≥3

A⊥ ⊂ Y ≥2
A⊥ ⊂ Y ≥1

A⊥ ⊂P(V ∨
6 ),

Z≥4
A ⊂ Z≥3

A ⊂ Z≥2
A ⊂ Z≥1

A ⊂ Gr(3, V6)

called Eisenbud–Popescu–Walter (EPW) stratifications (see Section 2.2). The

first two were extensively studied by O’Grady (see [21]–[26]) and the third was

studied in [12]. If A has no decomposable vectors, then the strata

YA := Y ≥1
A ⊂P(V6), YA⊥ := Y ≥1

A⊥ ⊂P(V ∨
6 ), and

ZA := Z≥1
A ⊂ Gr(3, V6)

are hypersurfaces of respective degrees 6, 6, and 4, called the EPW sextic, the

dual EPW sextic, and the EPW quartic associated with A. Moreover, there are

canonical double coverings

ỸA → YA, ỸA⊥ → YA⊥ , and Z̃≥2
A → Z≥2

A ,

called the double EPW sextic, the double dual EPW sextic, and the EPW cube

associated with A, respectively (see [7] for a uniform construction). In general

(more precisely, when Y ≥3
A =∅, Y ≥3

A⊥ =∅, and Z≥4
A =∅), these are hyper-Kähler

manifolds which are deformation equivalent to the Hilbert square or cube of a

K3 surface.

We showed in [5] that these EPW stratifications control many geometrical

properties of GM varieties. For instance, smooth GM varieties of dimension 3 or 4

are birationally isomorphic if their associated EPW sextics are isomorphic (see [5,

Theorems 4.7 and 4.15]). In this article, we describe the Hilbert schemes of linear

spaces contained in smooth GM varieties in terms of their EPW stratifications

and relate the Hodge structures of smooth GM varieties of dimension 4 or 6 to

those of their associated double EPW sextics.

Let X be a smooth GM variety. We denote by Fk(X) the Hilbert scheme

of linearly embedded projective k-spaces in X . The scheme F2(X) has two con-

nected components F σ
2 (X) and F τ

2 (X) corresponding to the two types of projec-

tive planes in Gr(2, V5). We construct maps

F1(X)→P(V5), F σ
2 (X)→P(V5), F3(X)→P(V5),

F τ
2 (X)→ Gr(3, V5)
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and describe them in terms of the EPW varieties defined by the Lagrangian A

associated with X (Theorems 4.2, 4.3, 4.5, and 4.7). We prove, in particular, the

following results.

IfX is a smooth GM 6-fold with associated Lagrangian A such that Y ≥3
A =∅,

then the scheme F σ
2 (X) has dimension 4 and the above map F σ

2 (X) → P(V5)

factors as

F σ
2 (X)→ ỸA ×P(V6) P(V5)→P(V5),

where the first map is a locally trivial (in the étale topology) P1-bundle (see

Theorem 4.3(a)).

If X is a smooth general (with explicit generality assumptions) GM 4-fold,

then F1(X) has dimension 3 and the map F1(X)→P(V5) factors as

F1(X)→ ỸA ×P(V6) P(V5)→P(V5),

where the first map is a small resolution of singularities (a contraction of two

rational curves; see Theorem 4.7(c)).

Consequently, the universal plane L σ
2 (X) in the 6-fold case and the universal

line L1(X) in the 4-fold case give correspondences

L σ
2 (X)

X ỸA

and

L1(X)

X ỸA

between X and its associated double EPW sextic ỸA. We use them to construct,

in dimensions n= 4 or 6, isomorphisms

Hn(X;Z)00 �H2(ỸA;Z)0

of polarized integral Hodge structures (up to Tate twists; see Theorem 5.1 for pre-

cise statements) between the vanishing middle cohomology of X (defined in (5))

and the primitive second cohomology of ỸA (defined in (6)).

This isomorphism is the main result of this article. It implies that the period

point of a smooth GM variety of dimension 4 or 6 (defined as the class of its

vanishing cohomology Hodge structure in the appropriate period space) with

associated Lagrangian data set (V6, V5,A) depends only on the PGL(V6)-orbit

of A and not on V5.

More precisely, the period maps from the moduli stacks of GM varieties

of dimension 4 or 6 factor through the period map from the moduli stack of

double EPW sextics—the period spaces being the same. The first map in this

factorization is a fibration with well-understood fibers (see [5, Theorem 3.25]).

Since double EPW sextics, when smooth, are hyper-Kähler manifolds, the second

map is an open embedding by Verbitsky’s Torelli theorem.

The article is organized as follows. In Section 2, we recall some of the results

from [5] about the geometry of smooth GM varieties and their relation to EPW

varieties. In Section 3, we discuss the singular cohomology of GM varieties. In
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Section 4, we describe the Hilbert schemes Fk(X) for smooth GM varieties X .

In Section 5, we prove an isomorphism between the vanishing Hodge structure

of a general GM variety of dimension 4 or 6 and the primitive Hodge structure

of the associated double EPW sextic. We also define the period point of a GM

variety and show that it coincides with the period point of the associated double

EPW sextic. In Appendix A, we discuss the natural double coverings arising

from the Stein factorizations of relative Hilbert schemes of quadric fibrations. In

Appendix B, we discuss a resolution of the structure sheaf of an EPW surface Y ≥2
A

in P(V6) and compute some cohomology spaces related to its ideal sheaf.

2. Geometry of Gushel–Mukai varieties

2.1. Gushel–Mukai varieties
We work over the field of complex numbers. A smooth Gushel–Mukai (GM)

variety of dimension n is (see [5, Definition 2.1 and Proposition 2.28]) a smooth

dimensionally transverse intersection

(1) X = CGr(2, V5)∩P(W )∩Q,

where V5 is a vector space of dimension 5, CGr(2, V5)⊂P(C⊕
∧

2V5) is the cone

(with vertex ν := [C]) over the Grassmannian of 2-dimensional subspaces in V5,

W ⊂ C ⊕
∧

2V5 is a vector subspace of dimension n + 5, and Q ⊂ P(W ) is a

quadratic hypersurface.

Being smooth, X does not contain the vertex ν; hence, the linear projection

from ν defines a regular map

γX : X → Gr(2, V5)

called the Gushel map of X . We denote by UX the pullback to X of the

tautological rank-2 subbundle on the Grassmannian. It comes with an embed-

ding UX ↪→ V5 ⊗OX .

Following [5], we associate with every smooth GM variety X as in (1) the

intersection

MX := CGr(2, V5)∩P(W ).

This is a variety of dimension n+ 1 with finite singular locus (see [5, Proposi-

tion 2.22]).

If the linear space P(W ) does not contain the vertex ν, then the variety MX

is itself a dimensionally transverse section of Gr(2, V5) by the image of the linear

projectionP(W )→P(
∧

2V5) from ν. It is smooth if n≥ 3 andX is its intersection

with a quadratic hypersurface. These GM varieties are called ordinary.

If P(W ) contains ν, then the variety MX is itself a cone with vertex ν over

the smooth dimensionally transverse linear section

M ′
X = Gr(2, V5)∩P(W ′)⊂P

(∧
2V5

)
,
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where W ′ =W/C⊂
∧

2V5, and X is a double cover of M ′
X branched along the

smooth GM variety X ′ =M ′
X ∩Q of dimension n− 1. These GM varieties are

called special.

A GM variety X ⊂ P(W ) is an intersection of quadrics. Following [5],

we denote by V6 the 6-dimensional space of quadratic equations of X . The

space V5 can be naturally identified with the space of Plücker quadrics cutting

out CGr(2, V5) in P(C ⊕
∧

2V5) and, hence, also with the space of quadrics

in P(W ) cutting out the subvariety MX . This gives a canonical embed-

ding V5 ⊂ V6 which identifies V5 with a hyperplane in V6 called the Plücker

hyperplane. The corresponding point pX ∈ P(V ∨
6 ) in the dual projective space

is called the Plücker point.

2.2. EPW sextics and quartics
Let X be a smooth GM variety of dimension n. As explained in [5, Theo-

rem 3.10], one can associate with X a subspace A⊂
∧

3V6 which is Lagrangian

for the det(V6)-valued symplectic form given by wedge product. Together with

the pair V5 ⊂ V6 defined above, it forms a triple (V6, V5,A) called the Lagrangian

data set of X .

The Lagrangian subspace A ⊂
∧

3V6 has no decomposable vectors (i.e.,

P(A)∩Gr(3, V6) =∅) when n ≥ 3 (see [5, Theorem 3.16]) and the vector

space A∩
∧

3V5 has dimension 5 − n if X is ordinary and dimension 6 − n

if X is special (see [5, Proposition 3.13]).

Conversely, given a Lagrangian data set (V6, V5,A) such that A has no decom-

posable vectors, we have � := dim(A∩
∧

3V5)≤ 3 and there are

• an ordinary smooth GM variety Xord(V6, V5,A) of dimension 5− �, and

• a special smooth GM variety Xspe(V6, V5,A) of dimension 6− �,

unique up to isomorphism, whose associated Lagrangian data set is (V6, V5,A).

Given a Lagrangian subspace A⊂
∧

3V6, one can construct interesting vari-

eties that play an important role for the geometry of the associated GM varieties.

Following O’Grady, one defines for all integers �≥ 0 closed subschemes

Y ≥�
A =

{
[U1] ∈P(V6)

∣∣∣ dim(
A∩

(
U1 ∧

∧
2V6

))
≥ �

}
⊂P(V6),

Y ≥�
A⊥ =

{
[U5] ∈P(V ∨

6 )
∣∣∣ dim(

A∩
∧

3U5

)
≥ �

}
⊂P(V ∨

6 ),

and sets

Y �
A := Y ≥�

A � Y ≥�+1
A and Y �

A⊥ := Y ≥�
A⊥ � Y ≥�+1

A⊥ .

Assume that A has no decomposable vectors. Then,

YA := Y ≥1
A ⊂P(V6) and YA⊥ := Y ≥1

A⊥ ⊂P(V ∨
6 )

are normal integral sextic hypersurfaces, called EPW sextics ; the singular locus

of YA is the integral surface Y ≥2
A , the singular locus of Y ≥2

A is the finite set Y ≥3
A
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(empty for A general), Y ≥4
A =∅ (see [5, Proposition B.2]), and analogous prop-

erties hold for Y ≥�
A⊥ . One can rewrite the dimensions of the GM varieties X asso-

ciated with a Lagrangian data set (V6, V5,A) as follows: if the Plücker point pX

is in Y �
A⊥ , then we have

dim
(
Xord(V6, V5,A)

)
= 5− � and dim

(
Xspe(V6, V5,A)

)
= 6− �.

Still under the assumption that A contains no decomposable vectors,

O’Grady constructs in [25, Section 1.2] a canonical double cover

(2) fA : ỸA −→ YA

branched over the integral surface Y ≥2
A . When the finite set Y ≥3

A is empty, ỸA is

a smooth hyper-Kähler 4-fold (see [22, Theorem 1.1(2)]).

The hypersurfaces YA and YA⊥ are mutually projectively dual, and the dual-

ity is realized, inside the flag variety

Fl(1,5;V6) := {(U1,U5) ∈P(V6)×P(V ∨
6 ) | U1 ⊂ U5 ⊂ V6},

by the correspondence (see [5, Proposition B.3])

ŶA :=
{
(U1,U5) ∈ Fl(1,5;V6)

∣∣∣A∩
(
U1 ∧

∧
2U5

)
�= 0

}
with its birational projections

ŶAprY,1 prY,2

P(V6)⊃ YA YA⊥ ⊂P(V ∨
6 ).

(These projections were denoted by p and q in [5, Proposition B.3]; we change

the notation to prY,1 and prY,2 in this article, but we will switch back to p and q

in Appendix B.)

We will need the following result.

LEMMA 2.1

Assume that A has no decomposable vectors. If E ⊂ ŶA is the exceptional divisor

of the map prY,1, then we have two inclusions

Y ≥2
A⊥ ⊂ prY,2(E)⊂ (Y ≥2

A )∨ ∩ YA⊥ ,

where (Y ≥2
A )∨ ⊂P(V ∨

6 ) is the projective dual of Y ≥2
A .

Proof

Since Y ≥2
A is smooth at points of Y 2

A, its projective dual is

(Y ≥2
A )∨ =

⋃
v∈Y 2

A

〈v ∧ ξ1 ∧ ξ1, v ∧ ξ1 ∧ ξ2, v ∧ ξ2 ∧ ξ2〉,

where we write A ∩ (v ∧
∧

2V6) = 〈v ∧ ξ1, v ∧ ξ2〉 for some ξ1, ξ2 ∈
∧

2V6, and

identify
∧

5V6 with V ∨
6 . Indeed, a vector v′ ∈ V6 is tangent to Y 2

A at v if one has

(v+ tv′)∧ (ξi + tξ′i) = ai + ta′i (mod t2)
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for some ξ′i ∈
∧

2V6 and a′i ∈A, for i ∈ {1,2}. Since A is Lagrangian, this implies,

for i, j ∈ {1,2}, that
0 = ai ∧ a′j = (v ∧ ξi)∧ (v ∧ ξ′j + v′ ∧ ξj) =−v′ ∧ (v ∧ ξi ∧ ξj).

This means that the embedded tangent space to Y 2
A at v is contained in the

orthogonal to the subspace of V ∨
6 generated by v ∧ ξi ∧ ξj . Since the former,

modulo v, is 2-dimensional and the latter is 3-dimensional, the tangent space

coincides with this orthogonal and, hence, the above description of the dual

variety.

On the other hand, by the argument in the proof of [5, Proposition B.3], one

has

prY,2(E) =
⋃

v∈Y
≥2
A

⋃
ξ

v ∧ ξ ∧ ξ,

where the second union is taken over all v ∧ ξ ∈A∩ (v ∧
∧

2V6). In particular, we

obtain the inclusion prY,2(E)⊂ (Y 2
A)

∨.

For the second inclusion, since Y ≥2
A⊥ is an integral surface (see [5, Theo-

rem B.2]), it is enough to show that E intersects the general fiber C of the

map E′ = pr−1
Y,2(Y

≥2
A⊥ )→ Y ≥2

A⊥ . This fiber is mapped by prY,1 to a conic in YA

(see [5, Proposition B.3]); hence, H · C = 2, where H is the pullback of the

hyperplane class of YA. On the other hand, if H ′ is the hyperplane class of YA⊥ ,

then H ′ · C = 0. But E is linearly equivalent to 5H − H ′ (see [5, proof of

Lemma B.5]); hence, E ·C = 10, so that E intersects C nontrivially. This finishes

the proof of the lemma. �

Given a Lagrangian subspace A ⊂
∧

3V6, one can also define the closed sub-

schemes

Z≥�
A :=

{
U3 ⊂ V6

∣∣∣ dim(
A∩

(∧
2U3 ∧ V6

))
≥ �

}
⊂ Gr(3, V6).

The complements Z�
A := Z≥�

A � Z≥�+1
A form a stratification of Gr(3, V6). If A

has no decomposable vectors, then ZA := Z≥1
A is a normal integral hypersurface

in Gr(3, V6) cut out by a quartic hypersurface in P(
∧

3V6). We call ZA an EPW

quartic. The singular locus of ZA is then the integral variety Z≥2
A of dimension 6,

the singular locus of Z≥2
A is the integral variety Z≥3

A of dimension 3, the singular

locus of Z≥3
A is the finite set Z≥4

A (empty for A general), and Z≥5
A =∅ (see [12,

Proposition 2.6] or [7, Theorem 5.6]).

Moreover, there is a canonical double cover Z̃≥2
A → Z≥2

A branched over Z≥3
A ,

and when Z≥4
A is empty, Z̃≥2

A is a smooth hyper-Kähler 6-fold (see [12, Theo-

rem 1.1]).

The hypersurfaces ZA ⊂ Gr(3, V6) and ZA⊥ ⊂ Gr(3, V ∨
6 ) coincide under the

natural identification Gr(3, V6)� Gr(3, V ∨
6 ). They are related to the EPW sextics

via the correspondence

ẐA :=
{
(U3,U5) ∈ Fl(3,5;V6)

∣∣∣A∩
(∧

2U3 ∧U5

)
�= 0

}
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with its projections

ẐA
prZ,1 prZ,2

ZA YA⊥

LEMMA 2.2

Assume that the Lagrangian A contains no decomposable vectors. The map prZ,2

is dominant; over Y 1
A⊥ , it is smooth and its fibers are 3-dimensional quadrics.

The map prZ,1 is birational onto a divisor in ZA containing Z≥2
A .

Proof

Let [U5] be a point of Y 1
A⊥ , and let a be a generator of the 1-dimensional

space A∩
∧

3U5. The 2-form on U5 corresponding to a ∈
∧

3U5 via the iso-

morphism
∧

3U5 �
∧

2U∨
5 has rank 4 (because a is not decomposable). The

fiber pr−1
Z,2([U5]) parameterizes all 3-dimensional subspaces U3 of U5 which are

isotropic for the 2-form a. Since a has rank 4, it is a smooth 3-dimensional

quadric.

Analogously, let [U3] be a point of Z1
A, and let a be a generator of the 1-

dimensional space A∩ (
∧

2U3 ∧ V6). Let ā be the image of a in the quotient space∧
2U3 ⊗ (V6/U3)�Hom(U⊥

3 ,
∧

2U3). Over Z1
A, this defines a morphism of rank-3

vector bundles with fibers U⊥
3 and

∧
2U3. Over its degeneracy locus (which is

a divisor in ZA), the projection prZ,1 is an isomorphism (and pr−1
Z,1([U3]) is the

unique hyperplane U5 ⊂ V6 such that U⊥
5 ⊂ U⊥

3 is the kernel of ā).

To prove Z≥2
A ⊂ prZ,1(ẐA), note that if dim(A ∩ (

∧
2U3 ∧ V6))≥ 2, then we

have a pencil of maps U⊥
3 →

∧
2U3; some maps in this pencil are degenerate, and

their kernels give points in the preimage of [U3]. �

For any hyperplane V5 ⊂ V6, we set

Y �
A,V5

:= Y �
A ×P(V6) P(V5) = Y �

A ∩P(V5),

Z�
A,V5

:= Z�
A ×Gr(3,V6) Gr(3, V5) = Z�

A ∩Gr(3, V5),

ỸA,V5 := ỸA ×P(V6) P(V5) = f−1
A (YA,V5),

and similarly for Y ≥�
A,V5

and others. These varieties will play an important role in

the geometry of the associated GM varieties. We let

fA,V5 : ỸA,V5 → YA,V5

be the morphism induced by restriction of the double cover fA : ỸA → YA.

We will need the following simple observation.

LEMMA 2.3

Let (V6, V5,A) be a Lagrangian data set with no decomposable vectors in A.
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If [U3] ∈ Z4
A,V5

, then (U3, V5) ∈ ẐA. In particular, if A∩
∧

3V5 = 0, then we have

Z≥4
A,V5

=∅.

Proof

Assume that U3 ⊂ V6 defines a point of Z4
A,V5

. In other words, assume that

dim(A ∩ (
∧

2U3 ∧ V6)) ≥ 4 and U3 ⊂ V5. Since
∧

2U3 ∧ V5 has codimension 3

in
∧

2U3 ∧ V6, we have A∩ (
∧

2U3∧V5) �= 0. This means that (U3, V5) ∈ ẐA. Since∧
2U3 ∧ V5 ⊂

∧
3V5, this contradicts A∩

∧
3V5 = 0. �

2.3. The quadric fibrations
In [5, Section 4], we defined two quadric fibrations associated with a smooth GM

variety X of dimension n. The first quadric fibration is the map

ρ1 : PX(UX)→P(V5)

induced by the tautological embedding UX ↪→ V5 ⊗OX . It is flat over the com-

plement of the union Y ≥n−1
A,V5

∪Σ1(X), where Σ1(X) is the kernel locus

(3) Σ1(X) := prY,1
(
pr−1

Y,2(pX)
)
⊂ YA,V5 ⊂P(V5).

If A has no decomposable vectors, then the map prY,1 : pr−1
Y,2(pX) → YA,V5 is

a closed embedding (see [5, Proposition B.3]). So, if pX ∈ Y �
A⊥ , then the vari-

ety Σ1(X) is isomorphic to P�−1 embedded via the second Veronese embedding.

The fibers of ρ1 can be described as follows.

LEMMA 2.4 ([5, Proposition 4.5])

Let X be a smooth GM variety of dimension n≥ 3, with associated Lagrangian

data set (V6, V5,A). For every v ∈P(V5), we have

(a) if v ∈ Y �
A,V5

� Σ1(X), then the fiber ρ−1
1 (v) is a quadric in Pn−2 of

corank �;

(b) if v ∈ Y �
A,V5

∩ Σ1(X), then the fiber ρ−1
1 (v) is a quadric in Pn−1 of

corank �− 1.

Since the corank of a quadric does not exceed the linear dimension of its span,

we have � ≤ n − 1 for v /∈ Σ1(X), and � ≤ n + 1 for v ∈ Σ1(X). This implies

that Y 3
A,V5

⊂Σ1(X) for n= 3.

The second quadric fibration is the map

ρ2 : PX(V5/UX)→ Gr(3, V5)

induced by the natural embedding (V5/UX) ⊗
∧

2UX ↪→
∧

3V5 ⊗ OX . It is flat

over the complement of the union Z≥n−2
A,V5

∪Σ2(X), where Σ2(X) is the isotropic

locus

(4) Σ2(X) := prZ,1

(
pr−1

Z,2(pX)
)
⊂ ZA,V5 ⊂ Gr(3, V5).

By Lemma 2.3, we have Z4
A,V5

⊂Σ2(X).

In contrast with the case of the kernel locus, the map
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prZ,1 : pr
−1
Z,2(pX)→ ZA,V5

is no longer an embedding: its fiber over a point U3 is the projective space

P(A∩ (
∧

2U3 ∧ V5)), and we set

Σ≥k
2 (X) :=

{
U3 ∈Σ2(X)

∣∣∣ dim(
A∩

(∧
2U3 ∧ V5

))
≥ k

}
and

Σk
2(X) := Σ≥k

2 (X)�Σ≥k+1
2 (X),

so that Σ2(X) = Σ≥1
2 (X). Note that Σ≥3

2 (X) is empty if A has no decomposable

vectors.

The fibers of ρ2 can be described as follows.

LEMMA 2.5 ([5, Proposition 4.10])

Let X be a smooth GM variety of dimension n≥ 3, with associated Lagrangian

data set (V6, V5,A). For every U3 ∈ Gr(3, V5), we have

(a) if U3 ∈ Z�
A,V5

� Σ2(X), then the fiber ρ−1
2 (U3) is a quadric in Pn−3 of

corank �;

(b) if U3 ∈ Z�
A,V5

∩ Σ1
2(X), then the fiber ρ−1

2 (U3) is a quadric in Pn−2 of

corank �− 1;

(c) if U3 ∈ Z�
A,V5

∩ Σ2
2(X), then the fiber ρ−1

2 (U3) is a quadric in Pn−1 of

corank �− 2.

Lemmas 2.5 and 2.6 will be essential for the descriptions of the schemes of linear

spaces contained in GM varieties.

LEMMA 2.6

Let A⊂
∧

3V6 be a Lagrangian subspace with no decomposable vectors, let V5 ⊂ V6

be a hyperplane, and let X =Xord(V6, V5,A) be the corresponding ordinary GM

variety, of dimension n := 5− dim(A∩
∧

3V5). If n≥ 3, then

(a) Y ≥2
A,V5

is a curve which is smooth if and only if Y 3
A,V5

=∅ and the Plücker

point pX does not lie on the projective dual variety of Y ≥2
A ;

(b) YA,V5 is a normal integral 3-fold and

Sing(YA,V5) = Y ≥2
A,V5

∪Σ1(X), Sing(ỸA,V5) = Sing(Y ≥2
A,V5

)∪ f−1
A,V5

(
Σ1(X)

)
.

Proof

(a) The integral surface Y ≥2
A is not contained in a hyperplane (see [5, Lem-

ma B.6]); hence, its hyperplane section Y ≥2
A,V5

is a curve. The statement about

smoothness follows from the definition of projective duality.

(b) Since YA is an integral sextic hypersurface, we have dim(YA,V5) = 3. If a

point P ∈ YA,V5 � Y ≥2
A,V5

is singular, then the tangent space to YA at P coincides

with P(V5). Therefore, (P,pX) ∈ ŶA; hence, P ∈ Σ1(X) = prY,1(pr
−1
Y,2(pX)). On

the other hand, all points of Y ≥2
A,V5

are singular on YA,V5 , since Y ≥2
A = Sing(YA).

This gives the required description of Sing(YA,V5).
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Over Y 1
A,V5

, the map fA,V5 is étale; hence, the singular locus of ỸA,V5

over Y 1
A,V5

is equal to f−1
A,V5

(Σ1(X)). On the other hand, one checks that, along

the ramification locus f−1
A,V5

(Y ≥2
A,V5

), the double sextic ỸA,V5 is smooth if and only

if Y ≥2
A,V5

is. This gives the required description of Sing(ỸA,V5).

Finally, YA,V5 is normal and integral, because it is a hypersurface in P4

with 1-dimensional singular locus (indeed, Y ≥2
A,V5

has dimension 1 by part (a)

and dim(Σ1(X)) = (5− n)− 1 = 4− n≤ 1 when n≥ 3 by (3) and the discussion

after it). �

3. Cohomology of smooth GM varieties

3.1. Hodge numbers
Recall that the Hodge diamond of Gr(2, V5) is

1
0 0

0 1 0
0 0 0 0

0 0 2 0 0
0 0 0 0 0 0

0 0 0 2 0 0 0
0 0 0 0 0 0
0 0 2 0 0
0 0 0 0
0 1 0
0 0
1

The abelian group H•(Gr(2, V5);Z) is free with basis the Schubert classes

σi,j ∈H2(i+j)
(
Gr(2, V5),Z

)
, 3≥ i≥ j ≥ 0.

We write σi for σi,0; thus, σ1 is the hyperplane class, σ1,1 = c2(U ), and

σi = ci(V5/U ), where U is the tautological rank-2 subbundle and V5/U is the

tautological rank-3 quotient bundle.

We compute the Hodge numbers of smooth GM varieties.

PROPOSITION 3.1

The Hodge diamond of a smooth complex GM variety of dimension n is

(n= 1) (n= 3) (n= 5)

1
6 6
1

1
0 0

0 1 0
0 10 10 0
0 1 0

0 0
1

1
0 0

0 1 0
0 0 0 0

0 0 2 0 0
0 0 10 10 0 0
0 0 2 0 0
0 0 0 0
0 1 0

0 0
1

(n= 2) (n= 4) (n= 6)

1
0 0

1 20 1
0 0

1

1
0 0

0 1 0
0 0 0 0

0 1 22 1 0
0 0 0 0
0 1 0
0 0

1

1
0 0

0 1 0
0 0 0 0

0 0 2 0 0
0 0 0 0 0 0

0 0 1 22 1 0 0
0 0 0 0 0 0
0 0 2 0 0
0 0 0 0
0 1 0
0 0

1
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Proof

When n= 1, the Hodge numbers are those of a curve of genus 6. When n= 2,

the Hodge numbers are those of a K3 surface.

Assume that 3≤ n≤ 5. Since the Hodge numbers of smooth complex varieties

are deformation invariant, we may assume that the GM variety X is ordinary. It

is then a smooth dimensionally transverse intersection of (ample) hypersurfaces

in G := Gr(2, V5), and the Lefschetz hyperplane theorem (see Lemma 3.2) implies

that the Hodge numbers of X of degree less than n are those of G. Moreover,

hn,0(X) = 0 because X is a Fano variety.

When n = 3, the missing Hodge number h1,2(X) was computed in [17].

When n= 4, the Hodge diamond was computed in [13, Lemma 4.1]. When n= 6,

it was computed in [6, Corollary 4.5]. When n = 5, the missing Hodge num-

bers h1,4(X) and h2,3(X) were obtained by Nagel using a computer (see [19,

Introduction]). We now present our own computation.

To compute h1,4(X), we assume that X is an ordinary 5-fold. Consider the

exact sequences

0→ OX(−2)→Ω1
G|X →Ω1

X → 0 and 0→Ω1
G(−2)→Ω1

G →Ω1
G|X → 0.

The sheaf Ω1
G(−2) is acyclic (by Bott’s theorem) and so is OX(−2) (by Kodaira

vanishing); hence, hi(X,Ω1
X) = hi(X,Ω1

G|X) = hi(G,Ω1
G) and h1,i(X) = h1,i(G).

In particular, we obtain h1,4(X) = 0.

To compute h2,3(X), we assume that X is a special 5-fold, that is, is a double

covering of a smooth hyperplane section M ′
X of G branched along a smooth GM

4-fold X ′. Using this double covering, we compute Euler characteristics

χtop(X) = 2χtop(M
′
X)− χtop(X

′).

Since X ′ is a GM 4-fold, we have χtop(X
′) = 1 + 1 + 24 + 1 + 1 = 28. On the

other hand, the inclusion M ′
X ⊂G induces isomorphisms Hk(G;Z)�Hk(M ′

X ;Z)

for all k ∈ {0, . . . ,5}. In particular, χtop(M
′
X) = 8; hence, χtop(X) =−12. Since

χtop(X) = 1+1+2− 2h2,3(X)+ 2+1+1, we obtain h2,3(X) = 10. This finishes

the proof of the proposition. �

3.2. Integral cohomology
We now prove that the integral cohomology groups of smooth GM varieties are

torsion-free. We start with a classical lemma.

LEMMA 3.2 (Lefschetz)

Let X be a dimensionally transverse intersection of dimension n of ample hyper-

surfaces in a smooth projective variety M .

(a) The induced map Hk(M ;Z) ∼→Hk(X;Z) is bijective for k < n and injec-

tive for k = n.

(b) The induced map Hk(X;Z) ∼→Hk(M ;Z) is bijective for k < n and sur-

jective for k = n.
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(c) If X is moreover smooth and H•(M ;Z) is torsion-free, then so is

H•(X;Z).

Proof

Parts (a) and (b) are the Lefschetz hyperplane theorem and follow from the fact

that M � X is the union of dim(M) − n smooth affine open subsets (see [9,

Chapter 5, Theorem (2.6)]).

For (c), since X is smooth, the Poincaré duality isomorphisms

Hk(X;Z)�H2n−k(X;Z)

and (a) together with (b) imply that the integral homology and cohomology

groups of X are torsion-free in all degrees except perhaps n. By the universal

coefficient theorem, the torsion subgroup ofHn(X;Z) is isomorphic to the torsion

subgroup of Hn−1(X;Z), which is zero by (b); hence, all integral cohomology

groups of X are torsion-free. �

A similar result holds for cyclic covers. (This is the main theorem of [3]; see also

the remarks at the very end of the article.)

LEMMA 3.3

Let γ : X →M be a cyclic cover between smooth projective varieties of dimen-

sion n whose branch locus is a smooth ample divisor on M .

(a) The induced map γ∗ : Hk(M ;Z) ∼→Hk(X;Z) is bijective for k < n and

injective for k = n.

(b) The induced map γ∗ : Hk(X;Z) ∼→Hk(M ;Z) is bijective for k < n and

surjective for k = n.

(c) If H•(M ;Z) is torsion-free, then so is H•(X;Z).

We now describe the integral cohomology groups of smooth GM varieties.

PROPOSITION 3.4

Let X be a smooth GM variety of dimension n.

(a) The group H•(X;Z) is torsion-free.

(b) The map γ∗,k
X : Hk(Gr(2, V5);Z)→Hk(X;Z) is bijective for k < n and

injective for k = n.

Proof

When X is ordinary, it is a dimensionally transverse intersection of (ample)

hypersurfaces in Gr(2, V5); hence, Lemma 3.2 implies both parts (a) and (b) of

the proposition.

When X is special, its Gushel map factors as γX : X
γ−−→M ′

X ↪→ Gr(2, V5),

where γ is a double cover branched along an ample divisor, and M ′
X is a

dimensionally transverse intersection of (ample) hypersurfaces in Gr(2, V5). Both



14 Olivier Debarre and Alexander Kuznetsov

parts (a) and (b) are then consequences of Lemma 3.2 (applied toM ′
X ⊂ Gr(2, V5))

and Lemma 3.3 (applied to the double cover γ). �

COROLLARY 3.5

Let X be a smooth GM variety of dimension n. If n≥ 3, then the degree of any

hypersurface in X is divisible by 10. If n ≥ 5, the degree of any subvariety of

codimension 2 in X is even.

Proof

We use Proposition 3.4(b). Let Y ⊂X be a subvariety of codimension c. If c= 1,

then the class of Y in H2(X;Z) is a multiple of the class γ∗
Xσ1, which has

degree 10.

If c= 2 (and n≥ 5), then the class of Y in H4(X;Z) is an integral combina-

tion of γ∗
Xσ2, which has degree 6, and γ∗

Xσ1,1, which has degree 4. The degree

of Y is therefore even. �

We will need the following computation, which was already used in [4].

LEMMA 3.6

Let X be a smooth ordinary GM 4-fold, and let Q0 ⊂X be its σ-quadric, that is,

the intersection of X with the 3-space Π :=P(v0 ∧ V5)⊂MX , where v0 ∈P(V5)

is the unique point in the kernel locus Σ1(X) defined by (3). Then

[Q0] = γ∗
X(σ2 −σ1,1) ∈H4(X;Z).

Proof

Let γMX
be the inclusion MX ↪→ Gr(2, V5). By the Lefschetz theorem (Lem-

ma 3.2), the map γ∗
MX

:H4(Gr(2, V5);Z)→H4(MX ;Z) is an isomorphism. There-

fore, there exist integers a and b such that [Π] = γ∗
MX

(aσ2 + bσ1,1); hence,

[Q0] = γ∗
X(aσ2 + bσ1,1). Since the class of Π in H6(Gr(2, V5);Z) is σ3, Gysin’s

formula and Schubert calculus give

σ3 = γMX∗
(
[Π]

)
= γMX∗γ

∗
MX

(aσ2 + bσ1,1) = (aσ2 + bσ1,1) ·σ1

= a(σ3 +σ2,1) + bσ2,1

in H6(Gr(2, V5);Z). This implies a= 1 and a+ b= 0, hence the lemma. �

The following lemma is also useful; we keep the notation of Lemma 3.6.

LEMMA 3.7

Let X be a smooth ordinary GM 4-fold. The restriction of the bundle UX to the

quadric Q0 splits as OQ0 ⊕OQ0(−1).

Proof

Denote as before by U the tautological rank-2 vector bundle on the Grassman-

nian Gr(2, V5). Since UX = U |X and Q0 ⊂ Π ⊂ Gr(2, V5), it is enough to show

U |Π � OΠ⊕OΠ(−1). Recall that Π =P(v0∧V5) parameterizes all 2-dimensional
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subspaces in V5 that contain v0. Consequently, we have an injection of vector bun-

dles OΠ ↪→ U |Π given by the vector v0. Its cokernel is a line bundle isomorphic

to det(U |Π)� OΠ(−1); hence, we have an exact sequence

0→ OΠ → U |Π → OΠ(−1)→ 0.

It remains to note that Ext1(OΠ(−1),OΠ) =H1(Π,OΠ(1)) = 0, since Π�P3. �

3.3. Middle cohomology lattices of smooth GM varieties of dimension 4 or 6
Let X be a smooth GM variety of even dimension n with Gushel map

γX : X → Gr(2, V5). The abelian group Hn(X;Z) is torsion-free (see Propo-

sition 3.4) and, endowed with the intersection form, it is, by Poincaré duality, a

unimodular lattice. We set h := γ∗
Xσ1 ∈H2(X;Z) and

(5)
Hn(X;Z)0 :=

{
x ∈Hn(X;Z)

∣∣ x · h= 0
}
,

Hn(X;Z)00 :=
{
x ∈Hn(X;Z)

∣∣ x · γ∗
X

(
Hn

(
Gr(2, V5);Z

))
= 0

}
.

These sublattices of Hn(X;Z) are called the primitive and the vanishing lattices

of X .

LEMMA 3.8

For every n, we have an injection Hn(X;Z)00 ⊂ Hn(X;Z)0, and for n = 2

and n= 6, we have an equality Hn(X;Z)00 =Hn(X;Z)0.

Proof

Since h is pulled back from Gr(2, V5), we have (x ·h) ·γ∗
X(Hn−2(Gr(2, V5);Z)) = 0

for every x ∈Hn(X;Z)00. By Lemma 3.2, the map

γ∗
X : Hn−2(Gr(2, V5);Z)→Hn−2(X;Z)

is an isomorphism; hence, (x ·h) ·Hn−2(X;Z) = 0. We conclude that x ·h= 0 by

Poincaré duality.

Since H2(Gr(2, V5);Z) = Zσ1, the definitions of H2(X;Z)0 and H2(X;Z)00
are the same for n= 2. Furthermore, the product

H4(Gr(2, V5);Z)
·σ1−−−→H6(Gr(2, V5);Z)

is an isomorphism by Schubert calculus; hence for n = 6, the definitions are

equivalent. �

Given a Lagrangian subspace A⊂
∧

3V6 with no decomposable vectors and such

that Y ≥3
A =∅, the 4-fold ỸA introduced in (2) is a hyper-Kähler manifold which is

a deformation of the symmetric square of a K3 surface (see [22, Theorem 1.1(2)]).

In particular, the group H•(ỸA;Z) is torsion-free (see [18, Theorem 1]).

We denote by h̃ ∈ H2(ỸA;Z) the pullback by fA of the hyperplane class

on YA ⊂P(V6) and define the primitive cohomology

(6) H2(ỸA;Z)0 :=
{
y ∈H2(ỸA;Z)

∣∣ y · h̃3 = 0
}
.
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We consider Hn(X,Z)00 and H2(ỸA,Z)0 as polarized Hodge structures via the

intersection pairing on the first and the Beauville–Bogomolov quadratic form qB
on the second. Recall that qB can be defined by (see [1, Théorèm 5(c)])

(7) ∀y ∈H2(ỸA;Z)0 qB(y) =
1

2
y2 · h̃2.

This form makes H2(ỸA;Z)0 into a lattice of rank 22.

Given a lattice L and a nonzero integer m, we denote by L(m) the lattice L

with the bilinear form multiplied by m. The discriminant of L is the finite abelian

group

D(L) := L∨/L.

As usual, we denote by

• I1 the odd lattice Z with intersection form (1),

• Ir,s the odd lattice I⊕r
1 ⊕ I1(−1)⊕s,

• U the even hyperbolic lattice Z2 with intersection form ( 0 1
1 0 ),

• E8 the unique positive definite, even, unimodular lattice of rank 8.

The following three lattices are important in this article:

(8) Γ4 := I22,2, Γ6 :=E8(−1)⊕2 ⊕U⊕4, Λ :=E⊕2
8 ⊕U⊕2 ⊕ I2,0(2).

PROPOSITION 3.9

Let X be a smooth GM variety of dimension n= 4 or 6. There are isomorphisms

of lattices Hn(X;Z)� Γn and Hn(X;Z)00 � Λ((−1)n/2).

Proof

When n = 4, the lattices H4(X;Z) and H4(X;Z)00 are described in [4,

Proposition 5.1] (although the proof that these groups are torsion-free is

missing). When n = 6, the class c1(X) = 4γ∗
Xσ1 is divisible by 2; hence, the

Stiefel–Whitney class w2(X), which is its image in H2(X;Z/2Z), vanishes.

Since w1(X) = 0 (as for any complex compact manifold) and we are in dimen-

sion 6, the (unimodular) lattice H6(X;Z) is even (see [11, p. 115]). Since its

signature is (4,20) by Proposition 3.1, it is therefore isomorphic to Γ6.

The intersection form on the sublattice γ∗
X(H6(Gr(2, V5);Z))⊂H6(X;Z) has

matrix ( 2 0
0 2 ) in the Schubert basis (γ∗

Xσ2,1, γ
∗
Xσ3). This sublattice is moreover

primitive: if not, then its saturation is unimodular, even, and positive definite

of rank 2, which is absurd. By [20, Proposition 1.6.1], the discriminant group

of its orthogonal H6(X;Z)00 is therefore isomorphic to the discriminant group

of γ∗
X(H6(Gr(2, V5);Z)), which is (Z/2Z)2. The lattice H6(X;Z)00 is moreover

even and has signature (2,20). As noted in [4, Section 5.1], there is only one

lattice with these characteristics, to wit Λ(−1). �

As a lattice, H2(ỸA,Z)0 is also isomorphic to Λ(−1) (see [26, (4.1.3)]). In

Section 5, we will show that the polarized Hodge structures on Hn(X,Z)00
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and H2(ỸA,Z)0 are isomorphic (up to a twist). The isomorphism will be given

by a correspondence constructed in the next section.

4. Linear spaces on Gushel–Mukai varieties

4.1. Linear spaces and their types
Let X be a smooth GM variety with its canonical embedding X ⊂P(W ). We let

Fk(X) be the Hilbert scheme which parameterizes linearly embedded Pk in X ,

that is, the closed subscheme of Gr(k+1,W ) of linear subspaces Wk+1 ⊂W such

that P(Wk+1)⊂X .

The composition of the Gushel map γX : X → Gr(2, V5) with the Plücker

embedding of the Grassmannian Gr(2, V5) ⊂ P(
∧

2V5) is induced by the linear

projection W ⊂C⊕
∧

2V5 →
∧

2V5 from the vertex ν of the cone CGr(2, V5).

Since ν /∈X , the Gushel map embeds P(Wk+1) linearly into Gr(2, V5).

We recall the description of linear subspaces contained in Gr(2, V5). Any such

subspace sits in a maximal linear subspace, and there are two types of those. First,

for every 1-dimensional subspace U1 ⊂ V5, there is a projective 3-space

P(V5/U1)�P(U1 ∧ V5)⊂ Gr(2, V5).

Second, for every 3-dimensional vector subspace U3 ⊂ V5, there is a projective

plane

P
(∧

2U3

)
� Gr(2,U3)⊂ Gr(2, V5).

We will say that a linear subspace P ⊂ Gr(2, V5) is

• a σ-space if it is contained in P(U1 ∧ V5) for some U1 ⊂ V5;

• a τ -space if it is contained in P(
∧

2U3) for some U3 ⊂ V5;

• a mixed space if it is both a σ- and a τ -space.

In Gr(2, V5), there are no projective 4-spaces and every projective 3-space is

a σ-space. For any distinct U ′
1,U

′′
1 ⊂ V5, the intersection P(U ′

1∧V5)∩P(U ′′
1 ∧V5)

is the point [U ′
1 ∧U ′′

1 ]. Hence, for every projective 3-space P ⊂ Gr(2, V5), there is

a unique U1 ⊂ V5 such that P =P(U1 ∧ V5). This defines a map

σ : F3(X)→P(V5).

If U1 �⊂ U3, then we have P(U1∧V5)∩P(
∧

2U3) =∅. If instead U1 ⊂ U3, then

the intersection P(U1 ∧ V5)∩P(
∧

2U3) =P(U1 ∧U3) is a line. Therefore, projec-

tive planes in Gr(2, V5) are never of mixed type, and we have a decomposition

into connected components

F2(X) = F σ
2 (X)� F τ

2 (X),

where F σ
2 (X) is the subscheme of σ-planes and F τ

2 (X) is the subscheme of τ -

planes. Again, there is a map

σ : F σ
2 (X)→P(V5)

taking a σ-plane P to the unique U1 ⊂ V5 such that P ⊂P(U1 ∧ V5).
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Analogously, for any distinct subspaces U ′
3,U

′′
3 ⊂ V5, the intersection

Gr(2,U ′
3) ∩ Gr(2,U ′′

3 ) = Gr(2,U ′
3 ∩ U ′′

3 ) is either empty (if dim(U ′
3 ∩ U ′′

3 ) = 1)

or a point (if dim(U ′
3 ∩U ′′

3 ) = 2). Therefore, for any τ -plane P ⊂ Gr(2, V5), there

is a unique subspace U3 ⊂ V5 such that P =P(
∧

2U3). This defines a map

τ : F τ
2 (X)→ Gr(3, V5).

Finally, any line on Gr(2, V5) is a mixed space, and there are maps

σ : F1(X)→P(V5) and τ : F1(X)→ Gr(3, V5).

The following proposition is crucial for our study of the schemes Fk(X). It

describes Fk(X) in terms of the relative Hilbert schemes HilbP
k

which parameter-

ize linearly embedded Pk in the fibers of the first and second quadratic fibrations

(defined in Section 2.3).

PROPOSITION 4.1

Let X be a smooth GM variety of dimension n≥ 3, with associated Lagrangian

data set (V6, V5,A). The maps

σ : F1(X)→P(V5), σ : F σ
2 (X)→P(V5), σ : F3(X)→P(V5)

lift to isomorphisms with the following relative Hilbert schemes for the first

quadric fibration

F1(X)�HilbP
1(
PX(UX)/P(V5)

)
,

F σ
2 (X)�HilbP

2(
PX(UX)/P(V5)

)
,

F3(X)�HilbP
3(
PX(UX)/P(V5)

)
.

Analogously, the maps τ : F1(X) → Gr(3, V5) and τ : F τ
2 (X) → Gr(3, V5) lift to

isomorphisms with the following relative Hilbert schemes for the second quadric

fibration

F1(X)�HilbP
1(
PX(V5/UX)/Gr(3, V5)

)
,

F τ
2 (X)�HilbP

2(
PX(V5/UX)/Gr(3, V5)

)
.

Proof

Let L σ
k (X) ⊂ X × F σ

k (X) be the universal family of k-dimensional σ-spaces.

The map σ : F σ
k (X) → P(V5) induces a map L σ

k (X) → X × P(V5) that takes

a pair (x,P ), where P ⊂ X is a σ-space of dimension k and x ∈ P is a point,

to (x,σ(P )). By the definition of a σ-space, if σ(P ) = U1 ⊂ V5, then the space

P parameterizes 2-dimensional subspaces U2 ⊂ V5 such that U1 ⊂ U2. Therefore,

U1 is contained in the 2-space corresponding to the point x. In other words,

(x,σ(P )) ∈PX(UX). This means that we have a commutative diagram
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(9)

X L σ
k (X)

q p

F σ
k (X)

σ

X PX(UX)
π ρ1

P(V5)

Thus, the fibers of L σ
k (X) over F σ

k (X) embed into the fibers of ρ1, and

this embedding is linear on the fibers. This means that the map σ lifts to a

map F σ
k (X)→HilbP

k

(PX(UX)/P(V5)).

Similarly, the projection via the morphism π :PX(UX)→X of any projec-

tive space Pk contained in the fiber of ρ1 is a Pk contained in X . This defines a

map HilbP
k

(PX(UX)/P(V5))→ F σ
k (X).

It is straightforward to see that the maps we constructed are mutually inverse

and thus give the isomorphisms of the first part of the proposition. The second

part is proved analogously. �

In the next sections, we use this proposition and Lemmas 2.4 and 2.5 to describe

the Hilbert schemes Fk(X).

4.2. Projective 3-spaces on GM varieties
As we already mentioned, smooth GM varieties contain no linear spaces of dimen-

sion 4 and higher. The situation with projective 3-spaces is also quite simple.

THEOREM 4.2

Let X be a smooth GM variety of dimension n, with associated Lagrangian data

set (V6, V5,A). If n≤ 5, then we have F3(X) =∅. If n= 6, then there is an étale

double covering F3(X)→ Y 3
A,V5

; in particular, F3(X) is finite and is empty for

X general.

Proof

By Proposition 4.1, F3(X) is the Hilbert scheme of projective 3-spaces in the

fibers of the first quadric fibration ρ1 : PX(UX) → P(V5). On the other hand,

by Lemma 2.4, the fiber Qv = ρ−1
1 (v) over a point v ∈P(V5) is either a quadric

in Pn−2 if v /∈Σ1(X) or a quadric in Pn−1 if v ∈Σ1(X). Such a quadric contains

a P3 only in the following cases:

• n= 6, v /∈Σ1(X), and Qv ⊂P4 is a quadric of corank at least 3;

• n= 6, v ∈Σ1(X), and Qv ⊂P5 is a quadric of corank at least 2;

• n= 5, v /∈Σ1(X), and Qv ⊂P3 is a quadric of corank at least 4;

• n= 5, v ∈Σ1(X), and Qv ⊂P4 is a quadric of corank at least 3;

• n= 4, v ∈Σ1(X), and Qv ⊂P3 is a quadric of corank at least 4.

The last three cases do not occur by Lemma 2.4, because Y 4
A = ∅ (we could

also invoke Corollary 3.5), and neither does the second case, because Σ1(X) =∅

for n= 6.
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In the first case, we have v ∈ Y ≥3
A,V5

. Since Y 4
A =∅, the quadric Qv has rank 2

and, hence, is a union of two distinct 3-spaces, and the Hilbert scheme of 3-

spaces in Qv consists of two reduced points and, hence, is smooth. Therefore,

the map F3(X)→ Y 3
A,V5

is an étale double cover. The finiteness of F3(X) and its

emptiness for general X follow from the same properties of Y 3
A. �

4.3. Planes on GM varieties
Similar arguments provide descriptions of the schemes of planes. We start with

σ-planes and consider the map σ : F σ
2 (X)→P(V5).

THEOREM 4.3

Let X be a smooth GM variety of dimension n, with associated Lagrangian data

set (V6, V5,A).

(a) If n= 6 and Y 3
A,V5

=∅, then the map σ factors as

F σ
2 (X)

σ̃−−→ ỸA,V5

fA,V5−−−−−→ YA,V5 ↪−→P(V5),

where σ̃ is a P1-bundle. If n= 6 and Y 3
A,V5

�=∅, then the scheme F σ
2 (X) has one

component isomorphic to a generically P1-fibration over ỸA,V5 and, for each point

of Y 3
A,V5

, one pair of irreducible components isomorphic to P3. In particular,

F σ
2 (X) is smooth if and only if the Plücker point pX lies away from the projective

dual (Y ≥2
A )∨ ⊂P(V ∨

6 ) and Y 3
A,V5

=∅.

(b) If n = 5 and X is ordinary, or special with pX /∈ prY,2(E), then the

map σ factors as

F σ
2 (X) ∼−→ Ỹ ≥2

A,V5
−→ Y ≥2

A,V5
↪−→P(V5),

where Ỹ ≥2
A,V5

→ Y ≥2
A,V5

is a double covering of the curve Y ≥2
A,V5

branched along Y 3
A,V5

.

If n= 5 and X is special with pX ∈ prY,2(E), then the scheme F σ
2 (X) is the union

of a double cover Ỹ ≥2
A,V5

and one double component or two reduced components

(depending on whether the kernel point Σ1(X) is in Y 3
A,V5

or in Y 2
A,V5

) isomorphic

to P1 and contracted by the map σ onto Σ1(X).

(c) If n= 4, then the map σ factors as

F σ
2 (X)

σ̃−−→ Y 3
A,V5

↪−→P(V5),

where the morphism σ̃ is an isomorphism over Y 3
A,V5

�Σ1(X) and a double cover

over Y 3
A,V5

∩Σ1(X). In particular, F σ
2 (X) is finite and is empty if and only

if Y 3
A,V5

=∅.

(d) If n≤ 3, then we have F σ
2 (X) =∅.

REMARK 4.4

The double cover Ỹ ≥2
A,V5

→ Y ≥2
A,V5

appearing in part (b) of the theorem is described

in Proposition A.2. We expect it to be the base change to P(V5) of a natural

double cover of Y ≥2
A branched along Y 3

A and analogous to O’Grady’s double

cover fA : ỸA → YA.
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Proof of Theorem 4.3

In each case, by Proposition 4.1, the scheme F σ
2 (X) is isomorphic to the

relative Hilbert scheme of planes in the fibers of the first quadric fibra-

tion ρ1 : PX(UX)→P(V5). The rest follows from the description of its fibers

Qv := ρ−1
1 (v) in Lemma 2.4.

(a) We assume that n= 6. The locus Σ1(X) is then empty; hence, for any

point v ∈P(V5), the fiber Qv is a quadric in P4. If it is nondegenerate, then it

contains no planes; hence, the map σ factors through YA,V5 .

If the corank of Qv is 1, then there are two families of planes on Qv , each

parameterized by P1. Hence, over Y 1
A,V5

, the map σ factors as a P1-fibration

followed by a double covering.

If the corank of Qv is 2, then there is only one family of planes on Qv

parameterized by P1. Over Y 2
A,V5

, the map σ is therefore a P1-fibration.

Finally, if the corank of Qv is 3, then we have Qv = P3 ∪P3 (intersecting

along a plane); hence, planes on Qv are parameterized by P3 ∪P3 (dual spaces,

intersecting in a point). It follows that F σ
2 (X) has two irreducible components

isomorphic to P3 over each point of Y 3
A,V5

and a component that dominates YA,V5 .

Considering the Stein factorization of the map σ restricted to this (main)

component of F σ
2 (X), we see that it is the composition of a P1-bundle (away

from the preimage of Y 3
A,V5

) and a double cover of YA,V5 branched along Y ≥2
A,V5

.

This P1-bundle is étale locally trivial, and its Brauer class is given by the sheaf

of even parts of Clifford algebras (see [15, Lemma 4.2]).

To show that this double cover is isomorphic to ỸA,V5 (the base change to

P(V5) of the double EPW sextic), we compute, using Proposition A.2, the push-

forward of the structure sheaf OFσ
2 (X) to P(V5). In the notation of Appendix A,

we have S = P(V5), m= 5, E = OS ⊕ OS(−1) ⊗ (V5/OS(−1)) � OS ⊕ TS(−2)

(where TS is the tangent bundle), and L = OS . By Lemma 2.4, the degeneracy

loci of the first quadratic fibration are Dc = Y ≥c
A,V5

. Moreover, by [5, Proposi-

tion 4.5 and Lemma C.6], the cokernel sheaf C for the family of quadrics is

isomorphic to the sheaf Coker(O(−1)⊗
∧

2(V6/O(−1))→ A∨ ⊗ OS); hence, the

double cover can be written as

Spec
(
OYA,V5

⊕C (−3)
)
.

But this is precisely the base change to P(V5) of the double EPW sextic (see [22,

Section 4]). The statement about smoothness follows from the above description

and Lemma 2.6(b).

(b) We assume that n= 5. If v /∈Σ1(X), then the fiber Qv is a quadric in P3.

It contains a plane if and only if its corank is at least 2. Therefore, we have two

planes over each point of Y 2
A,V5

� Σ1(X) and one double plane over each point

of Y 3
A,V5

�Σ1(X). On the other hand, if v ∈Σ1(X), then the fiber Qv is a quadric

in P4. It contains planes if and only if it is degenerate, and these planes are then

parameterized by P1 �P1 if the corank is 1 (i.e., if v ∈ Y 2
A,V5

) or by a double P1

if the corank is 2 (i.e., if v ∈ Y 3
A,V5

).
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It follows that if X is ordinary (hence, Σ1(X) = ∅) or if X is special

and pX /∈ prY,2(E) (so that, by (3), then the kernel point Σ1(X) is not on

Y ≥2
A,V5

), then there is a double cover F σ
2 (X)→ Y ≥2

A,V5
branched along Y 3

A,V5
, while

if X is special and pX ∈ prY,2(E), then we have extra component(s) in F σ
2 (X)

as described in the statement of the theorem.

(c) We assume that n = 4. If v /∈ Σ1(X), then the fiber Qv is a quadric

in P2. It contains a plane (and is then equal to it) if and only if its corank is 3.

Hence, F σ
2 (X) contains Y 3

A,V5
�Σ1(X). On the other hand, if v ∈Σ1(X), then the

fiber Qv is a quadric in P3. It contains a plane if and only if its corank is 2 (and

then it contains two planes). Hence, F σ
2 (X) contains two points for each point

of Y 3
A,V5

∩Σ1(X). We conclude using the fact that Y 3
A is finite (see Section 2.2).

(d) This follows from Corollary 3.5. �

Using the second quadric fibration, we describe the scheme F τ
2 (X).

THEOREM 4.5

Let X be a smooth GM variety of dimension n, with associated Lagrangian data

set (V6, V5,A).

(a) If n= 6, then the map τ factors as

F τ
2 (X)

τ̃−−→ Z≥2
A,V5

↪−→Gr(3, V5),

where τ̃ is a double covering branched along Z≥3
A,V5

.

(b) If n= 5, then the map τ : F τ
2 (X)→ Gr(3, V5) factors as

F τ
2 (X)

τ̃−−→ Z≥3
A,V5

↪−→Gr(3, V5),

where the morphism τ̃ is an isomorphism over Z≥3
A,V5

�Σ2(X) and a double cover

over Z≥3
A,V5

∩Σ2(X), branched along Z4
A,V5

.

(c) If n= 4, then the map τ factors as

F τ
2 (X)

τ̃−−→ Z4
A,V5

↪−→Gr(3, V5),

where τ̃ is étale, is an isomorphism over Z4
A,V5

�Σ2
2(X), and is a double cover

over Z4
A,V5

∩ Σ2
2(X). In particular, F τ

2 (X) is finite and it is empty if and only

if Z4
A,V5

=∅.

(d) If n≤ 3, then we have F τ
2 (X) =∅.

REMARK 4.6

The double cover F τ
2 (X)→ Z≥2

A,V5
which appears in part (a) of the theorem is

described in Proposition A.2. We expect it to be the base change to Gr(3, V5) of

the double cover Z̃≥2
A → Z≥2

A constructed for general A in [12].

Proof of Theorem 4.5

In all cases, by Proposition 4.1, the scheme F τ
2 (X) is isomorphic to the

relative Hilbert scheme of planes in the fibers of the second quadric fibra-
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tion ρ2 : PX(V5/UX)→ Gr(3, V5). The rest follows from the description of its

fibers QU3 := ρ−1
2 (U3) in Lemma 2.5.

(a) We assume that n = 6. We have Σ2(X) = ∅ and, by Lemma 2.3,

Z4
A,V5

=∅. For any point U3 ∈ Gr(3, V5), the fiber QU3 is a quadric in P3.

It contains a plane only if its corank is at least 2; therefore, the map τ fac-

tors through Z≥2
A,V5

⊂ Gr(3, V5). The quadric QU3 is the union of two planes if

U3 ∈ Z2
A,V5

and a double plane if U3 ∈ Z3
A,V5

, so the map τ : F τ
2 (X)→ Z≥2

A,V5
is a

double cover branched along Z3
A,V5

.

(b) We assume that n = 5. If U3 /∈ Σ2(X), then the fiber QU3 is a quadric

in P2. It contains a plane (and is then equal to it) only if its corank is 3; hence,

the map τ factors through Z≥3
A,V5

and is an isomorphism over Z≥3
A,V5

� Σ2(X).

On the other hand, if U3 ∈ Σ2(X), then the fiber QU3 is a quadric in P3 and

it contains a plane only when the quadric has corank at least 2, hence when

U3 ∈ Z≥3
A,V5

. More precisely, if U3 ∈ Z3
A,V5

∩ Σ2(X), then the quadric QU3 is the

union of two planes and the fiber of τ is two points; if U3 ∈ Z4
A,V5

(by Lemma 2.3

and (4), then it is also automatically in Σ2(X)), the quadric QU3 is a double

plane and the fiber of τ is a point. This proves the required statement.

(c) We assume that n = 4. If U3 /∈ Σ2(X), then the fiber QU3 is a quadric

in P1 and so never contains a plane. If U3 ∈ Σ1
2(X), then the fiber QU3 is a

quadric in P2, so it contains a plane (and is then equal to it) if and only if its

corank is 3. This gives one point of F τ
2 (X) over each point of Z4

A,V5
∩ Σ1

2(X).

If U3 ∈Σ2
2(X), the fiber QU3 is a quadric in P3, so it contains a plane if and

only if its corank is at least 2. This gives two points of F τ
2 (X) over each point of

Z4
A,V5

∩Σ2
2(X). We conclude using the fact that Z4

A is finite (Section 2.2).

(d) This follows from Corollary 3.5. �

4.4. Lines on GM varieties
We now consider the scheme F1(X) of lines contained in X .

THEOREM 4.7

Let X be a smooth GM variety of dimension n, with associated Lagrangian data

set (V6, V5,A).

(a) If n= 6, then the map σ : F1(X)→P(V5) is dominant with general fiber

isomorphic to P3.

(b) If n= 5, then the map σ : F1(X)→P(V5) factors as

F1(X)
σ̃−−→ P̃(V5)−→P(V5),

where P̃(V5) → P(V5) is the double cover branched along the sextic hypersur-

face YA,V5 ⊂P(V5) and σ̃ is a P1-bundle over the complement of the preimage

of Y ≥2
A,V5

∪Σ1(X).

(c) If n= 4, then the map σ factors as

F1(X)
σ̃−−→ ỸA,V5

fA,V5−−−−−→ YA,V5 ↪−→P(V5),
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where σ̃ is birational. The nontrivial fibers of the morphism σ̃ are P2 over each

point of Y 3
A,V5

�Σ1(X), P2 ∪P2 over each point of Y 3
A,V5

∩Σ1(X), and P1 over

each point of f−1
A,V5

(Σ1(X)� Y 3
A,V5

).

(d) If n= 3, then the map σ : F1(X)→P(V5) factors as

F1(X)
σ̃−−→ Y ≥2

A,V5
↪−→P(V5),

where the morphism σ̃ is an isomorphism over Y ≥2
A,V5

�Σ1(X) and a double cover

over Y ≥2
A,V5

∩Σ1(X), branched along Y 3
A,V5

∩Σ1(X).

In Proposition 5.3, we will make part (c) more precise by showing that, for an

ordinary GM 4-fold X , the scheme F1(X) is a small resolution of ỸA,V5 , under

some explicit generality assumptions.

Proof

In all cases, by Proposition 4.1, the Hilbert scheme F1(X) is isomorphic to

the relative Hilbert scheme of lines in the fibers of the first quadric fibration

ρ1 : PX(UX)→P(V5). We now check that the rest follows from the description

of its fibers Qv := ρ−1
1 (v) in Lemma 2.4.

(a) We assume that n = 6. We have Σ1(X) = ∅ and all fibers of the mor-

phism ρ1 are quadrics in P4. Any such quadric contains a line; hence, the

map σ : F1(X)→P(V5) is dominant. Moreover, if v ∈ P(V5) � YA,V5 , then the

quadric ρ−1
1 (v) is smooth; hence, lines on it are parameterized by P3.

(b) We assume that n = 5. If v /∈ Σ1(X), then the fiber Qv is a quadric

in P3. If v /∈ YA,V5 , then the quadric Qv is nondegenerate; hence, the family of

lines on Qv is parameterized by the union of two P1. If v ∈ Y 1
A,V5

, the quadric Qv

has corank 1 and lines on Qv are parameterized by a single P1. Therefore, the

Stein factorization of the map σ : F1(X)→P(V5) is a composition of a generically

P1-bundle with a double cover of P(V5) branched along YA,V5 , as claimed. The

Brauer class of this P1-bundle is again given by the sheaf of even parts of Clifford

algebras.

(c) We assume that n= 4. If v /∈Σ1(X), then the fiber Qv is a conic in P2.

If v /∈ YA,V5 , then the conic Qv is nondegenerate and, hence, contains no lines.

Therefore, the map σ factors through YA,V5 . If v ∈ Y 1
A,V5

, then the conic Qv is

the union of two lines; hence the map σ is étale of degree 2 over Y 1
A,V5

�Σ1(X).

If v ∈ Y 2
A,V5

, then the conic Qv is a double line; hence, the above double cover

is branched along Y 2
A,V5

�Σ1(X). Finally, if v ∈ Y 3
A,V5

, then the fiber Qv is the

whole plane; hence, lines on Qv are parameterized by the dual plane.

To show that this double cover is isomorphic to ỸA,V5 , we compute, using

Proposition A.1, the pushforward of the structure sheaf OF1(X) to P(V5). We

have S =P(V5)�Σ1(X), m= 3, L = OS , and the bundle E fits into the exact

sequence

0→ E →OS ⊕ TS(−2)→ O⊕2
S → 0
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(where TS is the tangent bundle). By Lemma 2.4, the degeneracy loci of the first

quadratic fibration are Dc = Y ≥c
A,V5

� Σ1(X). Moreover, by [5, Proposition 4.5

and Lemma C.6], the cokernel sheaf C for the family of quadrics is isomorphic

to Coker(O(−1)⊗
∧

2(V6/O(−1))→A∨ ⊗OS); hence, again the double cover can

be written as Spec(OYA,V5
�Σ1(X) ⊕ C (−3)). This is precisely the base change

to P(V5)�Σ1(X) of the definition of the double EPW sextic (see [22, Section 4]).

If v ∈ Σ1(X), then the fiber Qv is a quadric in P3. If v ∈ Y 1
A,X , then the

quadric Qv is nondegenerate and lines on Qv are parameterized by P1�P1; over

each of the two points of f−1
A,V5

(v), the fiber of σ is P1. If v ∈ Y 2
A,X , the quadric

has corank 1 and lines on Qv are parameterized by P1. Finally, if v ∈ Y 3
A,X , then

the quadric Qv has corank 2, Qv =P2 ∪P2, and lines on Qv are parameterized

by P2 ∪P2.

(d) We assume that n= 3. If v /∈Σ1(X), then the fiber Qv is a quadric in P1.

It contains no lines unless its corank is 2 (in which case it is itself a P1). Thus,

the map σ factors through Y ≥2
A,V5

and is an isomorphism over Y 2
A,V5

� Σ1(X).

If v ∈Σ1(X), the fiber Qv is a conic in P2. If v ∈ Y 2
A,V5

, then it is a union of

two lines; hence, the map σ̃ : F1(X)→ Y ≥2
A,V5

is of degree 2 over Y 2
A,V5

∩Σ1(X).

Finally, if v ∈ Y 3
A,V5

(it is then automatically in Σ1(X); see the discussion after

Lemma 2.4), the fiber Qv is a double line; hence, the map σ̃ is branched over

this locus. �

Regarding items (a) and (b) in the theorem, it is possible to describe the fibers

of σ over YA,V5 (resp., over the preimage of Y ≥2
A,V5

∪Σ1(X)). We leave this as an

exercise for the interested reader. It is also possible to describe the scheme F1(X)

by using the map τ . Finally, one can use a similar approach to describe the Hilbert

schemes of quadrics in GM varieties and even the Hilbert schemes parameter-

izing cubic subvarieties (twisted cubic curves, cubic scrolls, and so on), but the

description becomes more and more involved.

5. Periods of GM varieties

In this section, we relate the periods of GM varieties of dimension 4 or 6 to those

of their associated EPW sextic. The following theorem is the main result of this

article.

THEOREM 5.1

Let X be a smooth GM variety of dimension n = 4 or 6, with associated

Lagrangian data set (V6, V5,A). Assume that the double EPW sextic ỸA is

smooth (i.e., Y ≥3
A =∅). There is an isomorphism of polarized Hodge structures

Hn(X;Z)00 �H2(ỸA;Z)0
(
(−1)n/2−1

)
,

where (−1) is the Tate twist.
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In Sections 5.1 and 5.2, we prove Theorem 5.1 for X general of dimension 4

(Theorem 5.12) or 6 (Theorem 5.19). In Section 5.4, we define period points and

maps and use them to deduce Theorem 5.1 in full generality.

5.1. Periods of GM 4-folds
Our aim in this section is to prove Theorem 5.1 for a smooth GM 4-fold X ,

with associated Lagrangian data set (V6, V5,A). We will construct an explicit

isomorphism when X is general. More precisely, we assume that

(10) pX /∈ (Y ≥2
A )∨ and Y ≥3

A =∅.

Note that Y ≥2
A⊥ ⊂ (Y ≥2

A )∨ by Lemma 2.1; hence, for a GM 4-foldX satisfying (10),

we have pX ∈ Y 1
A⊥ , that is, X is ordinary. We will use this observation further

on.

Note also that (Y ≥2
A )∨ does not contain YA⊥ , since Y ∨

A⊥ = YA is not equal

to Y ≥2
A ; therefore, the choice of pX satisfying (10) is possible. By Lemma 2.6(a),

assumption (10) implies that

(11) Y ≥2
A,V5

is a smooth curve and Y ≥3
A,V5

=∅.

Since X is ordinary, Σ1(X) is a point, which we denote by v0. Moreover,

pX /∈ prY,2(E) by Lemma 2.1; hence, we have by (3)

(12) v0 ∈ Y 1
A,V5

.

We have Sing(YA,V5) = {v0} ∪ Y ≥2
A,V5

by Lemma 2.6(b). Furthermore, (12) and

Lemma 2.4(b) imply that

(13) Q0 := π
(
ρ−1
1 (v0)

)
is a smooth quadric surface contained in X , with span Π :=P(v0 ∧ V5)⊂MX .

The Hilbert scheme F1(X) of lines on X was described in Theorem 4.7(c).

Under our generality assumption, this description takes the following simple form.

COROLLARY 5.2

Under assumption (10), the map σ̃ : F1(X)→ ỸA,V5 is an isomorphism over the

complement of the two points of f−1
A,V5

(v0), and the fiber of σ̃ over each of these

two points is P1.

We now prove that the 3-fold F1(X) is smooth.

PROPOSITION 5.3

Let X be a smooth ordinary GM 4-fold, with associated Lagrangian data

set (V6, V5,A), such that (10) holds. The map σ̃ : F1(X) → ỸA,V5 is then a

small resolution of singularities of ỸA,V5 . In particular, F1(X) is a smooth

irreducible 3-fold.

Proof

By Lemma 2.6(b) and (11), we have Sing(ỸA,V5) = f−1
A,V5

(v0). Since σ̃ is an iso-

morphism over the complement of f−1
A,V5

(v0), it remains to show that F1(X) is
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smooth along σ̃−1(f−1
A,V5

(v0)). In other words, we have to show that F1(X) is

smooth at points corresponding to lines L⊂X such that σ([L]) = v0. By defor-

mation theory, it is enough to prove H1(L,NL/X) = 0 for any of these lines.

By the definition of the map σ, a line L with σ([L]) = v0 lies on the 2-

dimensional quadric Q0 = ρ−1
1 (v0), which is smooth by Lemma 2.4. Therefore,

there is an exact sequence

0→ NL/Q0
→NL/X → NQ0/X |L → 0.

The first term is OL, since Q0 is a smooth quadric. It is enough to show that

the last term is either OL ⊕OL or OL(1)⊕OL(−1). Since Q0 is the transversal

intersection of Π and a quadric cutting out X in MX , we have

NQ0/X � NΠ/MX
|Q0 .

On the other hand, since MX is a hyperplane section of Gr(2, V5), we have an

exact sequence

0→NΠ/MX
→ NΠ/Gr(2,V5) → OΠ(1)→ 0.

Finally, one easily proves the isomorphism NΠ/Gr(2,V5) � TΠ(−1). Combining all

these, we obtain an exact sequence

0→ NQ0/X |L → TΠ(−1)|L → OL(1)→ 0.

Since Π�P3, the middle term is OL(1)⊕OL ⊕OL. It follows that NQ0/X |L is

either OL ⊕OL or OL(1)⊕OL(−1). This completes the proof of the proposition.

�

Under our assumptions, the set f−1
A,V5

(v0) consists of two points, which we denote

by p′ and p′′. We also denote by

P′ := σ̃−1(p′)⊂ F1(X) and P′′ := σ̃−1(p′′)⊂ F1(X)

the nontrivial fibers of the map σ̃ : F1(X)→ ỸA,V5 . (Each of them is isomorphic

to P1.)

REMARK 5.4

The involution τA of the double cover fA : ỸA → YA restricts to the involution of

the double cover fA,V5 : ỸA,V5 → YA,V5 . However, it does not extend to a regular

involution of F1(X): the small resolutions of the two singular points p′ and p′′

of ỸA,V5 are not compatible with this involution.

Denote by ι : ỸA,V5 → ỸA the canonical embedding.

PROPOSITION 5.5

Let X be a smooth ordinary GM 4-fold, with associated Lagrangian data

set (V6, V5,A), such that (10) holds. The restriction ι∗ : H2(ỸA;Z)→H2(ỸA,V5 ;

Z) is an isomorphism and the composition
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H2(ỸA;Z)
ι∗−−→H2(ỸA,V5 ;Z)

σ̃∗
−−−→H2

(
F1(X);Z

)
induces an isomorphism of integral Hodge structures between H2(ỸA;Z) and

〈P′,P′′〉⊥ ⊂H2(F1(X);Z).

Proof

Since (10) holds, ỸA is smooth; hence, ι∗ is an isomorphism by the Lefschetz

theorem (Lemma 3.2). Set U := ỸA,V5 � {p′,p′′} � F1(X)� (P′ ∪P′′). We have
a commutative diagram

· · · H1({p′,p′′};Z)

σ̃∗

H2
c (U;Z) H2(ỸA,V5

;Z)

σ̃∗

H2({p′,p′′};Z)

σ̃∗

H3
c (U;Z) · · ·

· · · H1(P′ ∪ P′′;Z) H2
c (U;Z) H2(F1(X);Z) H2(P′ ∪ P′′;Z) H3

c (U;Z) · · ·

of exact sequences in cohomology with compact supports. The first column is

zero, and the fourth column is the inclusion 0→Z⊕Z. The third column there-

fore extends to an exact sequence

(14) 0 H2(ỸA,V5 ;Z)
σ̃∗

H2(F1(X);Z)
r

Z⊕Z,

where r(x) := (x · [P′], x · [P′′]). This proves the proposition. �

Let p : L1(X) → F1(X) be the universal line, and let q : L1(X) → X be the

natural morphism. These two morphisms define a correspondence between X

and F1(X) and, hence, a map between H•(X;Z) and H•(F1(X);Z), which we

investigate. We extend diagram (9) to a commutative diagram

(15)

L1(X)

q p

q′ q′′

X PX (UX )
π

ρ1

PX (UX ) ×P(V5) YA,V5
F1(X)

σ̃

P(V5) YA,V5
ỸA,V5

fA,V5 ι

ỸA

where the map q′ is defined in the same way as the dashed arrow in (9) and the

map q′′ is constructed by the universal property of the fiber product.

Denote by h the hyperplane class ofX and by h̃ the hyperplane class of P(V6)

and its restrictions to P(V5) and ỸA.

LEMMA 5.6

The map q′′ is finite and birational, and q′∗([L1(X)]) = 6ρ∗1h̃ in H2(PX(UX);Z).

In particular, the map q is generically finite of degree 6.

Proof

Let (x, v) ∈PX(UX)×P(V5) YA,V5 ⊂PX(UX)⊂X×P(V5). If γX(x) = [U2], then

this means that v is in P(U2)∩YA,V5 and that (q′′)−1(x, v) is the Hilbert scheme
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of lines in ρ−1
1 (v) passing through x. But ρ−1

1 (v) is either a reducible conic or

a double line if v �= v0, or the quadric Q0 defined in (13) if v = v0. Therefore,

there is a unique line through x, unless x is a singular point of a singular conic

or v = v0, in which case there are two lines through x. Thus, q′′ is finite and

birational. It follows that the pushforward q′∗([L1(X)]) ∈H2(PX(UX);Z) is the

class of the divisor PX(UX)×P(V5) YA,V5 and, hence, the pullback via ρ1 of the

class of YA,V5 , which is equal to 6h̃. �

Geometrically, this means that, for a general point x of an ordinary GM 4-fold X ,

there are six lines passing through x and contained in X .

COROLLARY 5.7

One has q∗p
∗σ̃∗ι∗h̃2 = 6c2(V5/UX) = 6γ∗

Xσ2.

Proof

We need to compute the pullback of h̃2 to L1(X) and its pushforward via q to X .

We can rewrite this as π∗q
′
∗q

′∗ρ∗1h̃
2. By the projection formula and Lemma 5.6,

this is equal to π∗(ρ
∗
1h̃

2 · 6ρ∗1h̃) = 6π∗ρ
∗
1h̃

3. Since π is the projectivization of UX

and ρ∗1h̃ is a relative hyperplane class, we have

(16) ρ∗1h̃
2 + c1(UX)ρ∗1h̃+ c2(UX) = 0.

Therefore, ρ∗1h̃
3 = (c1(UX)2 − c2(UX))ρ∗1h̃+ c1(UX)c2(UX) and

π∗ρ
∗
1h̃

3 = c1(UX)
2 − c2(UX) = c2(V5/UX).

The corollary follows. �

LEMMA 5.8

We have q∗p
∗(P′) = q∗p

∗(P′′) = [Q0] ∈H4(X;Z).

Proof

The subscheme P′ �P′′ ⊂ F1(X) parameterizes lines on X that are contained in

the smooth quadric surface Q0. The lines in each of the components P′ and P′′

sweep out Q0 once—hence, this proves the lemma. �

Let X be a smooth GM 4-fold. Consider the morphism

(17) α : H4(X;Z)−→H2
(
F1(X);Z

)
, x �−→ p∗(q

∗x).

The classes (see Lemma 3.6)

(18) c2(UX) = γ∗
Xσ1,1 and [Q0] = γ∗

X(σ2 −σ1,1) = h2 − 2c2(UX)

in H4(X;Z) generate the subgroup γ∗
X(H4(Gr(2, V5);Z)). In the following two

lemmas, we compute their images by the map α. We assume as before that X

satisfies the assumptions (10).
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LEMMA 5.9

We have α(c2(UX)) = σ̃∗ι∗h̃.

Proof

Consider the diagram (15). The pullback of the bundle UX to PX(UX) is an

extension 0→ O(−ρ∗1h̃)→ π∗UX → O(ρ∗1h̃− π∗h)→ 0 of line bundles; hence,

π∗c2(UX) = ρ∗1h̃(π
∗h− ρ∗1h̃).

Therefore, we have

q∗c2(UX) = q′
∗
π∗c2(UX) = q′

∗(
ρ∗1h̃(π

∗h− ρ∗1h̃)
)
= p∗σ̃∗ι∗h̃ · q∗h− p∗σ̃∗ι∗h̃2

and since p is a P1-bundle with relative hyperplane class q∗h, the pushforward

by p of the right-hand side equals σ̃∗ι∗h̃. �

Recall that the surface Q0 = X ∩ P(v0 ∧ (V5/v0)) defined in (13) is a smooth

quadric. To compute the class α([Q0]) in H2(F1(X);Z), we need some prepara-

tion.

First, the Hilbert scheme of lines on Q0 is F1(Q0) =P′ �P′′, and the cor-

responding universal line is L1(Q0) = Q′
0 � Q′′

0 , where the first (resp., second)

component corresponds to lines parameterized by P′ (resp., P′′) and the map

L1(Q0)⊂ L1(X)
q−−→X induces isomorphisms Q′

0 �Q0 and Q′′
0 �Q0.

Second, we have UQ0 := UX |Q0 � OQ0 ⊕ OQ0(−1) by Lemma 3.7; hence,

ρ1(PQ0(UQ0)) ⊂ P(V5) is the quadratic cone Cv0Q0 over Q0 ⊂ P(V5/v0) with

vertex v0. Set

S := YA,V5 ∩ Cv0Q0 ⊂P(V5).

This is an intersection of two distinct irreducible hypersurfaces in P(V5) (see

Lemma 2.6(b)), hence a Cohen–Macaulay surface containing v0.

LEMMA 5.10

There is a surface R⊂ F1(X) such that

α
(
[Q0]

)
= [R] ∈H2

(
F1(X);Z

)
,

and the map σ = fA ◦ σ̃ : R→P(V5) is birational onto S.

Proof

We first describe q−1(Q0). Since L1(X) is smooth of dimension 4 (see Proposi-

tion 5.3) and q is dominant (see Lemma 5.6), q−1(Q0) has everywhere dimension

at least 2. We see on the diagram (15) that the map q : L1(X) → X factors

through the map q′′ : L1(X)→PX(UX)×P(V5) YA,V5 ; moreover, we have

q−1(Q0) = q′′−1
(
PQ0(UQ0)×P(V5) YA,V5

)
.

The situation is summarized in the following Cartesian diagram:
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Q0 PQ0(UQ0)
π

PQ0(UQ0)×P(V5) YA,V5 q−1(Q0)
q′′

X PX(UX)
π

PX(UX)×P(V5) YA,V5 L1(X)
q′′

The projection PQ0(UQ0) ×P(V5) YA,V5 → P(V5) factors through the sur-

face S and is an isomorphism over the dense open subscheme S0 := S � {v0}.
Let S̃0 ⊂PQ0(UQ0)×P(V5) YA,V5 be the preimage of S0, and set

R0 := q′′−1(S̃0)⊂ q−1(Q0)⊂L1(X).

Let S̃00 ⊂ S̃0 be the open subscheme of S̃0 parameterizing pairs (x, v) such

that v �= v0 and x is not a singular point of the conic ρ−1
1 (v). Let S00 be its

isomorphic image in S0 ⊂ S, and let R00 be its preimage in R0. By Lemma 5.6,

the map q′′|R0 : R0 → S̃0 induces an isomorphism of schemes R00
∼→ S̃00. Thus,

the map σ ◦ p : R0 → P(V5) induces an isomorphism R00
∼→S00; since we show

below that S00 is dense in S, it follows that R00 has pure dimension 2.

Consider now R1 := R0 � R00. By definition, its image in S is contained

in S1 := S0 � S00. We show below dim(S1) ≤ 1; hence, S00 is dense in S, and

since the map R1 → S1 is finite (since the Hilbert scheme of lines in any conic is

finite), we also have dim(R1)≤ 1.

Finally, consider the scheme q−1(Q0) � R0 = q−1(Q0) ∩ p−1(σ−1(v0)).

Since σ−1(v0) = F1(Q0), we have q−1(Q0) � R0 = L1(Q0) ×X Q0 = Q′
0 � Q′′

0 .

All this shows that q−1(Q0) has pure dimension 2 and that we can write

q∗
(
[Q0]

)
= a′[Q′

0] + a′′[Q′′
0 ] + [R00]

for some integers a′ and a′′. The map p contracts the surfaces Q′
0 and Q′′

0 onto

the curves P′ and P′′, respectively; hence, p∗ kills their classes, and we obtain

α
(
[Q0]

)
= p∗

(
q∗
(
[Q0]

))
= a′p∗

(
[Q′

0]
)
+ a′′p∗

(
[Q′′

0 ]
)
+ p∗

(
[R00]

)
= p∗

(
[R00]

)
.

Recall that the map σ ◦ p induces an isomorphism R00
∼→S00. Setting

R := p(R00)⊂ F1(X),

we obtain α([Q0]) = [R] and the map σ : R→P(V5) is birational onto S00 = S.

It remains to prove dim(S1) ≤ 1. Let E ⊂ W ⊗ OS1 be the rank-3 vector

bundle over S1 with fiber at a point v of S1 the linear span of the conic ρ−1
1 (v)

(see the proof of Theorem 4.7(c) for its description). Consider the line sub-

bundle L ↪→ E whose fiber over a point v ∈ S1 which is the image of a

point (x, v) ∈ S̃0 is given by the point x. (Alternatively, L � π∗OX(−1)|S1 ,

where π : PX(UX) → X is the natural projection, we consider here S1 as a

subscheme in S̃0, and the embedding L ↪→ E is induced by the natural isomor-

phism E ∨ � ρ1∗(π
∗OX(1))|S1 .) By the definition of S1, the subbundle L ⊂ E is

contained in the kernel of the quadratic form on E corresponding to the conic

bundle PX(UX)×P(V5) S1 ⊂PS1(E )→ S1 and, hence, induces a quadratic form
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on the quotient bundle E /L . Its discriminant locus is a divisor in S1 which, by

construction, is contained in the corank-2 locus of ρ1.

Assume by contradiction that dim(S1) ≥ 2. The dimension of this locus is

then at least 1. Since, away from v0, it coincides with the smooth irreducible

curve Y 2
A,V5

, this curve is contained in S and, hence, in the quadric Cv0Q0. This

contradicts Corollary B.6. �

COROLLARY 5.11

One has ι∗σ̃∗α(h
2) = 3h̃2.

Proof

By (18), we have

ι∗σ̃∗α(h
2) = ι∗σ̃∗α([Q0]) + 2ι∗σ̃∗α(c2(UX)) = ι∗σ̃∗([R]) + 2ι∗σ̃∗σ̃

∗ι∗h̃.

(We use Lemmas 5.9 and 5.10 in the last equality.) By the projection formula,

the second summand equals 2h̃2, so it remains to show that the first sum-

mand ι∗σ̃∗([R]) equals h̃2. Since F1(X) ×P(V5) S is birational to the double

cover ỸA,V5 ×P(V5) S of S and contains a surface R that maps to S birationally,

we have

F1(X)×P(V5) S =R ∪ τA(R),

where τA is the birational involution of F1(X) induced by the involution of ỸA.

Since S is cut out in YA,V5 by a quadric, we have

ι∗σ̃∗
(
[R]

)
+ ι∗σ̃∗

([
τA(R)

])
= 2ι∗ι

∗h̃= 2h̃2.

The two summands on the left-hand side are interchanged by the involution τA
of the double cover fA : ỸA → YA. We would like to show that they are equal.

For that, let us first assume that X , hence also A, is very general. The vector

space H2,2(ỸA)∩H4(ỸA;Q) then has rank 2, generated by h̃2 and c2(ỸA) (see

[24, Proposition 3.2]), and both of these classes are τA-invariant. Since ι∗σ̃∗([R])

and ι∗σ̃∗([τA(R)]) both belong to this space, they are also τA-invariant and,

hence, equal. Finally, since H4(ỸA;Z) is torsion-free (see [18, Theorem 1]), they

are both equal to h̃2.

Going back to the general case where X only satisfies (10), we note that the

class ι∗σ̃∗([R])− h̃2 ∈H4(ỸA;Z) depends continuously on X and is zero for X

very general, as we showed above. Therefore, it is zero for all X . �

We are now ready to prove Theorem 5.1 for general GM 4-folds. Recall that,

in (15), the map p : L1(X)→ F1(X) is a P1-fibration for which q∗h is a relative

hyperplane class. Therefore, L1(X) is isomorphic to the projectivization of a

rank-2 vector bundle. We denote by c1 and c2 its Chern classes, so that

(19) q∗h2 + p∗c1 · q∗h+ p∗c2 = 0.
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The primitive and vanishing cohomology subgroups H2(ỸA;Z)0 ⊂H2(ỸA;Z) and

H4(X;Z)00 ⊂H4(X;Z)0 ⊂H4(X;Z) were defined in (5) and (6), and the map

α was defined in (17).

THEOREM 5.12

Let X be a smooth ordinary GM 4-fold, with associated Lagrangian data

set (V6, V5,A), such that assumption (10) holds. We have

(20) ∀x ∈H4(X;Z)0 α(x)2 · α(h2) =−6x2.

In particular, the restriction α0 : H
4(X;Z)0 → H2(F1(X);Z) of α is injective.

Furthermore, it induces an isomorphism

β : H4(X;Z)00
∼−→H2(ỸA;Z)0

compatible with the Beauville–Bogomolov form

∀x ∈H4(X;Z)00 qB
(
β(x)

)
=−x2

and, hence, an isomorphism H4(X;Z)00(−1) ∼→H2(ỸA;Z)0 of polarized Hodge

structures.

Proof

We follow the argument from [2]. Since p is a P1-bundle and q∗h is a relative

hyperplane class, we may write

∀x ∈H4(X;Z) q∗x= p∗x1 · q∗h+ p∗x2,

where xi ∈H2i(F1(X);Z) for i ∈ {1,2}. We then have

α(x) = x1.

To see what the primitivity of x means, we compute, using (19),

q∗(x · h) = p∗x1 · q∗h2 + p∗x2 · q∗h= p∗(x2 − x1 · c1) · q∗h− p∗(x1 · c2).

Thus, x · h= 0 implies that

x1 · c2 = 0, x2 = x1 · c1,

and we can rewrite as

q∗x= p∗
(
α(x)

)
· (q∗h+ p∗c1).

Taking squares and using (19), we obtain

q∗x2 = p∗
(
α(x)2

)
· (q∗h2 + 2p∗c1 · q∗h+ p∗c21)

= p∗
(
α(x)2

)
·
(
p∗c1 · q∗h+ p∗(c21 − c2)

)
= α(x)2 · c1.

On the other hand, since, by Lemma 5.6, the degree of q is 6, we have q∗x2 = 6x2.

We obtain α(h2) =−c1 from (19) and all this proves (20). This relation implies

that α0(x1)α0(x2)α(h
2) =−6x1x2 for all x1, x2 ∈H4(X;Z)0 and the injectivity

of α0 follows from the nondegeneracy of the intersection pairing on H4(X;Z)0.
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If x ∈H4(X;Z)00, then we have, by adjunction and Lemma 5.8,

α(x) · [P′] = x · q∗p∗[P′] = x · [Q0] = 0

because, by (18), the class [Q0] is in the subgroup γ∗
XH4(Gr(2, V5);Z). Similarly,

we have α(x) · [P′′] = 0. From (14), we obtain that α maps H4(X;Z)00 into the

subgroup σ̃∗ι∗H2(ỸA;Z) of H2(F1(X);Z). By Proposition 5.5, this defines an

injective map β : H4(X;Z)00 →H2(ỸA;Z) such that

∀x ∈H4(X;Z)00 α(x) = σ̃∗(ι∗(β(x))).
It remains to show that the image of β is the primitive cohomology H2(ỸA;Z)0
and that β is compatible with the Beauville–Bogomolov form. Keeping the

assumption x ∈H4(X;Z)00 and using Corollary 5.7, we have

0 = x · 6c2(V5/UX) = x · q∗p∗σ̃∗ι∗(h̃2) = α(x) · σ̃∗ι∗(h̃2)

= σ̃∗ι∗
(
β(x)

)
· σ̃∗ι∗(h̃2) = ι∗

(
β(x)

)
· ι∗(h̃2) = β(x) · ι∗ι∗(h̃2) = β(x) · h̃3.

This proves β(x) ∈H2(ỸA;Z)0 by the definition (6) of the primitive cohomology

group.

For the compatibility with the Beauville–Bogomolov form qB , we observe

−x2 =
1

6
α(x)2α(h2) =

1

6
σ̃∗ι∗β(x)2α(h2) =

1

6
β(x)2 · ι∗σ̃∗α(h

2) =
1

6
β(x)2 · 3h̃2

= qB
(
β(x)

)
.

The first equality is (20), the second is the definition of β, the third follows from

adjunction, the fourth is Corollary 5.11, and the last is (7).

Finally, the lattices H4(X;Z)00 and H2(ỸA;Z)0 both have rank 22 and

the same discriminant group (Z/2Z)2 (see [4, Proposition 5.1] or Proposi-

tion 3.9 for H4(X;Z)00, and [23, (1.0.9)] for H2(ỸA;Z)0); hence, the injective

anti-isometry β is a bijection. �

5.2. Periods of GM 6-folds
Our aim in this section is to prove Theorem 5.1 for a smooth GM 6-fold X , with

associated Lagrangian data set (V6, V5,A). Again, we will provide an explicit

isomorphism for general X , namely, for those satisfying the same assumption

(10)—which implies (11). Since X is a 6-fold, Σ1(X) is empty, and in contrast

with the 4-fold case, Lemma 2.6(b) says that YA,V5 is smooth away from Y ≥2
A,V5

,

and ỸA,V5 is a smooth 3-fold.

The scheme of σ-planes on X was described in Theorem 4.3(a). Under our

generality assumption, this description takes the following simple form.

COROLLARY 5.13

Let X be a smooth GM 6-fold, with associated Lagrangian data set (V6, V5,A),

such that assumption (10) holds. Then, F σ
2 (X) is a smooth 4-fold and the

map σ̃ : F σ
2 (X)→ ỸA,V5 is a P1-fibration.
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We denote by Py �P1 the fiber of σ̃ over a point y ∈ ỸA,V5 . These fibers all have

the same cohomology class which we denote by [P] ∈H6(F σ
2 (X);Z). As before,

we let ι : ỸA,V5 → ỸA be the canonical embedding.

PROPOSITION 5.14

Let X be a smooth GM 6-fold, with associated Lagrangian data set (V6, V5,A),

such that (10) holds. The composition

H2(ỸA;Z)
ι∗−−→H2(ỸA,V5 ;Z)

σ̃∗
−−−→H2

(
F σ
2 (X);Z

)
induces an isomorphism of integral Hodge structures between H2(ỸA;Z) and

[P]⊥ ⊂H2(F σ
2 (X);Z).

Proof

The map ι∗ is an isomorphism by Lemma 3.2. We then use the fact that σ̃ is

a P1-fibration with fiber class [P]. �

Let p : L σ
2 (X) → F σ

2 (X) be the universal σ-plane, and let q : L σ
2 (X) → X be

the natural morphism. The analogue of the diagram (15) is

Lσ
2 (X)

q p

q′ q′′

X PX (UX )
π

ρ1

PX (UX ) ×P(V5) YA,V5
Fσ
2 (X)

σ̃

P(V5) YA,V5
ỸA,V5

fA,V5 ι

ỸA

(21)

where ρ1 is a fibration in 3-dimensional quadrics, and the dashed and dotted

arrows are constructed in the same way.

LEMMA 5.15

The map q′′ is generically finite of degree 2 and q′∗([L
σ
2 (X)]) = 12ρ∗1h̃. In partic-

ular, the map q is generically finite of degree 12.

Proof

Take a point (x, v) ∈PX(UX)×P(V5)YA,V5 ⊂X×P(V5). If γX(x) = [U2], then we

have v ∈P(U2)∩YA,V5 and (q′′)−1(x, v) is the Hilbert scheme of planes in ρ−1
1 (v)

passing through x. But ρ−1
1 (v) is either a cone over P1 ×P1 or a cone over a

conic with vertex a line. In the first case, there is a unique plane of each type

through x, unless x is the vertex of the cone, and in the second case, there is a

unique plane (with multiplicity 2) through any point of the cone not lying on the

vertex. Thus, q′′ is generically finite of degree 2.

It follows that the class q′∗([L
σ
2 (X)]) ∈H2(PX(UX);Z) is twice the class of

the fiber product PX(UX)×P(V5) YA,V5 and, hence, twice the pullback via ρ1 of

the class of YA,V5 , which is equal to 6ρ∗1h̃. �
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Geometrically, this means that, for a general point x of a GM 6-fold X , there

are 12 planes passing through x and contained in X .

For every v ∈P(V5), set

Qv := π
(
ρ−1
1 (v)

)
= γ−1

X

(
P(v ∧ V5)

)
⊂X.

This is a 3-dimensional quadric.

LEMMA 5.16

Let y ∈ ỸA,V5 , and set v := fA,V5(y) ∈ YA,V5 ⊂P(V5). We have

q∗p
∗([P]) = [Qv] = γ∗

Xσ3 ∈H6(X;Z).

Proof

By the proof of Theorem 4.3, the line Py parameterizes planes (of one of the two

possible types) on the singular quadric Qv . Since these planes cover the whole

quadric and there is a unique such plane through any smooth point of Qv , the

map q : p−1(Py) → Qv is birational; hence, q∗p
∗([P]) = [Qv]. By the definition

of Qv , we have [Qv] = γ∗
X([P(v ∧ V5)]) = γ∗

Xσ3. �

COROLLARY 5.17

For any u ∈P(V5), we have p∗q
∗[Qu] · [P] = 2.

Proof

By adjunction and Lemma 5.16, it is enough to prove [Qu] · [Qv] = 2 for any

distinct u, v ∈P(V5). Since the quadrics are preimages of the spaces P(u ∧ V5)

and P(v∧V5) under the double covering γX : X → Gr(2, V5), it is enough to show

that the intersection of those spaces is 1, that is, that σ2
3 = 1, which follows from

Schubert calculus. �

LEMMA 5.18

The class q∗p
∗(p∗q

∗[Qu] · σ̃∗ι∗h̃2) ∈ H6(X;Z) is contained in the subgroup

γ∗
X(H6(Gr(2, V5);Z)) of H6(X;Z).

Proof

Using diagram (21), we can rewrite the class in question as

q∗p
∗(p∗q∗[Qu] · σ̃∗ι∗h̃2

)
= π∗

(
q′∗
(
p∗p∗q

∗[Qu]
)
· ρ∗1h̃2

)
.

The class q′∗(p
∗p∗q

∗[Qu]) is in H4(PX(UX);Z) � H4(X;Z) ⊕ H2(X;Z) · ρ∗1h̃;
hence, by Proposition 3.4(b), it can be written as a linear combination of the

classes π∗h2, π∗c2(UX), and π∗h ·ρ∗1h̃. It is thus enough to show that each of these

classes multiplied by ρ∗1h̃
2 and pushed forward to X is in the required subgroup.

From (16) and the equality c1(UX) =−h, one easily obtains π∗(π
∗h2 ·ρ∗1h̃2) = h3,

π∗(π
∗c2(UX) · ρ∗1h̃2) = h · c2(UX), and

π∗(π
∗h · ρ∗1h̃3) = h3 − h · c2(UX).

This proves the lemma. �
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Consider the morphism

α : H6(X;Z)−→H2
(
F σ
2 (X);Z

)
, x �−→ p∗(q

∗x).

The map p is a P2-fibration for which q∗h is a relative hyperplane class. There-

fore, L σ
2 (X) is isomorphic to the projectivization of a rank-3 vector bundle. We

denote by c1, c2, and c3 its Chern classes, so that

(22) q∗h3 + p∗c1 · q∗h2 + p∗c2 · q∗h+ p∗c3 = 0.

Multiplying by q∗h, one obtains

(23) q∗h4 + p∗(c2 − c21) · q∗h2 + p∗(c3 − c1c2) · q∗h− p∗(c1c3) = 0.

The primitive and vanishing cohomology subgroups H2(ỸA;Z)0 ⊂H2(ỸA;Z)

and H6(X;Z)00 =H6(X;Z)0 ⊂H6(X;Z) (they are equal by Lemma 3.8) were

defined in (5) and (6).

THEOREM 5.19

Let X be a smooth GM 6-fold, with associated Lagrangian data set (V6, V5,A),

such that assumption (10) holds. We have

(24) ∀x ∈H6(X;Z)00 α(x)2 · c2 = 12x2.

In particular, the restriction α0 : H
6(X;Z)00 →H2(F σ

2 (X);Z) is injective. Fur-

thermore, it induces an isomorphism

β : H6(X;Z)00
∼−→H2(ỸA;Z)0

compatible with the Beauville–Bogomolov form

∀x ∈H6(X;Z)00 qB
(
β(x)

)
= x2,

that is, an isomorphism of polarized Hodge structures.

Proof

We use the same argument as in the proof of Theorem 5.12. Since p is a P2-bundle

and q∗h is a relative hyperplane section, we may write

∀x ∈H6(X;Z) q∗x= p∗x1 · q∗h2 + p∗x2 · q∗h+ p∗x3,

where xi ∈H2i(F σ
2 (X);Z) for i ∈ {1,2,3}. We then have α(x) = x1. To see what

the primitivity of x means, we compute, using (22),

q∗(x · h) = p∗x1 · q∗h3 + p∗x2 · q∗h2 + p∗x3 · q∗h

= p∗(x2 − x1 · c1) · q∗h2 + p∗(x3 − x1 · c2) · q∗h− p∗(x1 · c3).

Thus, the condition x · h= 0 implies that

x1 · c3 = 0, x2 = x1 · c1, x3 = x1 · c2,

and we can rewrite as

q∗x= p∗
(
α(x)

)
· (q∗h2 + p∗c1 · q∗h+ p∗c2).
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Taking squares and using (22) and (23), we obtain

(q∗x)2 = p∗
(
α(x)2

)
·
(
q∗h4 + 2p∗c1 · q∗h3 + p∗(c21 + 2c2) · q∗h2

+ 2p∗(c1c2) · q∗h+ p∗c22
)

= p∗
(
α(x)2

)
·
(
p∗c2 · q∗h2 + p∗(c1c2 − c3) · q∗h+ p∗(c22 − c1c3)

)
= α(x)2 · c2.

On the other hand, by Lemma 5.15, we have (q∗x)2 = 12x2. This proves (24).

The injectivity of α0 then follows as in the proof of Theorem 5.12.

Since x ∈H6(X;Z)00, we have

α(x) · [P] = x · q∗p∗[P] = x · [Qv] = x · γ∗
Xσ3 = 0.

A combination of this equality with Proposition 5.14 shows that there is an

injective map β : H6(X;Z)00 →H2(ỸA;Z) such that

α(x) = σ̃∗(ι∗(β(x))).
It remains to show that the image of β is in the primitive cohomology H2(ỸA;Z)0
and that β is compatible with the Beauville–Bogomolov form.

Let x ∈H6(X;Z)00. Set m := β(x) · h̃3 = β(x) · ι∗ι∗h̃2 = ι∗β(x) · ι∗h̃2. Then

α(x) · σ̃∗ι∗h̃2 = σ̃∗ι∗β(x) · σ̃∗ι∗h̃2 =m[P].

Multiplying this by p∗q
∗[Qu] and using Corollary 5.17, we obtain

α(x) ·
(
p∗q

∗[Qu] · σ̃∗ι∗h̃2
)
= 2m.

By adjunction, this is equal to x · q∗p∗(p∗q∗[Qu] · σ̃∗ι∗h̃2), and by Lemma 5.18,

the latter is zero since x is in the vanishing cohomology; therefore, m= 0. This

proves β(x) ∈H2(ỸA;Z)0.

To show compatibility with the Beauville–Bogomolov form, we observe

12x2 = α(x)2c2 = σ̃∗ι∗β(x)2c2 = β(x)2ι∗σ̃∗c2.

On the other hand, by Proposition 5.23 below, we have ι∗σ̃∗c2 = 6h̃2; hence,

by (7),

x2 =
1

12
β(x)26h̃2 =

1

2
β(x)2h̃2 = qB

(
β(x)

)
.

Finally, the lattices H6(X;Z)00 and H2(ỸA;Z)0 have the same rank 22 and

same discriminant group (Z/2Z)2 (see Proposition 3.9 for H6(X;Z)00 and [23,

(1.0.9)] for H2(ỸA;Z)0); hence, the injective isometry β is a bijection. �

5.3. Nearby Lagrangians
Our aim here is to prove Proposition 5.23, which was used in the proof of Theo-

rem 5.19. This section was inspired by [10, Section 6].

We start with some preparation. Let A1 and A2 be Lagrangian subspaces in

a symplectic vector space V such that the intersection
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B :=A1 ∩A2

has codimension 2 in both A1 and A2.

LEMMA 5.20

If codimA1(B) = codimA2(B) = 2, then the Lagrangian subspaces A ⊂ V such

that

codimA1(A∩A1) = codimA2(A∩A2)≤ 1

are parameterized by the line P(A1/B)�P(A2/B)�P1. Moreover, if A′,A′′ ⊂V

are two distinct such subspaces, then A′ ∩A′′ =B.

Proof

Since B = A1 ∩ A2, we have B⊥ = A1 + A2 ⊂ V. The vector space B⊥/B is

symplectic of dimension 4, and for any Lagrangian subspace A⊂V,

Ā := (A∩B⊥)/(A∩B)

is a Lagrangian subspace in B⊥/B (called the B-isotropic reduction of A). Since

the subspaces Āi = Ai/B do not intersect, they give a Lagrangian direct sum

decomposition

B⊥/B = Ā1 ⊕ Ā2.

Assume now that codimAi(A∩Ai)≤ 1. Note that A∩A1 �=A∩A2 (since other-

wise A1∩A2 would be at most 1-codimensional); hence, A= (A∩A1) + (A∩A2).

This implies that A ⊂ A1 + A2 = B⊥; hence, we have B ⊂ A⊥ = A. Thus,

Ā=A/B ⊂B⊥/B, and in particular, A is determined by the space Ā as its

preimage under the linear projection B⊥ →B⊥/B.

The conditions codimAi(A∩Ai)≤ 1 imply that the line P(Ā) intersects each

skew line P(Āi) in P(B⊥/B). Finally, the pairing between Ā1 and Ā2 induced by

the symplectic form on B⊥/B is nondegenerate; hence for every point of P(Ā1),

there is a unique point in P(Ā2) such that the line joining them is Lagrangian.

Thus, the set of Ā (and, hence, the set of A as well) is parameterized by either

of the lines P(Ā1) or P(Ā2).

It follows from the above description that the lines P(Ā) form one con-

nected component of the scheme of lines on a smooth quadric in P(B⊥/B) (the

lines P(Ā1) and P(Ā2) being in the other component). In particular, two such dis-

tinct lines do not intersect; hence, their preimages inP(B⊥) intersect alongP(B).

This proves the second statement. �

Assume now that the symplectic vector space V is
∧

3V6. Let B ⊂
∧

3V6 be an

isotropic subspace of dimension 8 (hence, of codimension 2 in any Lagrangian

subspace containing it). Set

YB :=
{
v ∈P(V6)

∣∣∣B ∩
(
v ∧

∧
2V6

)
�= 0

}
and YB,V5 := YB ∩P(V5).
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REMARK 5.21

A parameter count shows dim(YB)≤ 2 for general B. In fact, this is even true for

a general B inside a given Lagrangian subspace which contains no decomposable

vectors.

Let A1,A2 ⊂
∧

3V6 be Lagrangian subspaces with no decomposable vectors

such that B := A1 ∩ A2 has codimension 2 in each of them. Consider the

family {Ap}p∈P1 of Lagrangian subspaces discussed in Lemma 5.20, and set

Y ≥2
A1,A2

:=
{
(v, p) ∈P(V6)×P1

∣∣ v ∈ Y ≥2
Ap

}
⊂P(V6)×P1.

We denote by pr : Y ≥2
A1,A2

→P(V6) the first projection and set

Y ≥2
A1,A2;V5

:=Y ≥2
A1,A2

×P(V6) P(V5).

LEMMA 5.22

Let A1,A2 ⊂
∧

3V6 be Lagrangian subspaces with no decomposable vectors such

that B = A1 ∩A2 has codimension 2 in each of them. If dim(YB) ≤ 2, then we

have

YA1 ∩ YA2 = pr(Y ≥2
A1,A2

)

and the map pr: Y ≥2
A1,A2

→ YA1 ∩ YA2 is an isomorphism over a dense open sub-

set of YA1 ∩ YA2 . Moreover, for any V5 ⊂ V6 such that dim(YB,V5)≤ 1, the map

pr : Y ≥2
A1,A2;V5

→ YA1,V5 ∩ YA2,V5 is again an isomorphism over a dense open sub-

set.

Proof

Let us prove pr(Y ≥2
A1,A2

)⊂ YA1 ∩YA2 . If Ap is any of the Lagrangian spaces in the

family and v ∈ Y ≥2
Ap

, then we have dim(Ap ∩ (v ∧
∧

2V6))≥ 2. But codimAi(Ap ∩
Ai)≤ 1; hence, Ai ∩ (v ∧

∧
2V6) �= 0, so v ∈ YAi for both i= 1 and i= 2.

Since Y ≥2
A1,A2

is proper, it remains to show that pr is an isomorphism over a

dense open subset. Since YA1 and YA2 are distinct hypersurfaces in P(V6) =P5,

any irreducible component of their intersection has dimension at least 3, so it is

enough to show that the map pr: Y ≥2
A1,A2

→ YA1 ∩ YA2 is an isomorphism over

the complement of YB .

Let v ∈ (YA1 ∩ YA2) � YB . We first show that v is a smooth point of YAi .

Assume to the contrary that v ∈ Y ≥2
A1

. Then, dim(A1 ∩ (v ∧
∧

2V6)) ≥ 2

but B ∩ (v ∧
∧

2V6) = 0. It follows that

A1 =B ⊕
(
A1 ∩

(
v ∧

∧
2V6

))
(and, in particular, the second summand is 2-dimensional). On the other hand,

take any nonzero a ∈A2 ∩ (v ∧
∧

2V6). Then, a is orthogonal to both summands

in the above equation (since the first summand is contained in A2 and the sec-

ond is contained in v ∧
∧

2V6). Therefore, a ∈A⊥
1 =A1; hence, a ∈A1 ∩A2 =B

and v ∈ YB , a contradiction. The same argument works for A2 instead of A1.
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We now know that both spaces Ai ∩ (v ∧
∧

2V6) are 1-dimensional. If a1
and a2 are generators, then their projections to B⊥/B are linearly independent

(otherwise, v ∈ YB). Furthermore,

A :=B ⊕ 〈a1, a2〉

is a Lagrangian subspace in
∧

3V6 and its intersections with the spaces A1

and A2 are both 9-dimensional. Therefore, A = Ap for some p ∈ P1, and

since 〈a1, a2〉 ⊂A∩ (v ∧
∧

2V6), we obtain (v, p) ∈ Y ≥2
A1,A2

and v ∈ pr(Y ≥2
A1,A2

).

Now let (v, p) ∈ Y ≥2
A1,A2

with v /∈ YB . The space Ap intersects v ∧
∧

2V6 away

from B; hence, by the second part of Lemma 5.20, p is uniquely determined by v.

This means that the map pr is an isomorphism over the complement of YB .

Finally, if a hyperplane V5 ⊂ V6 satisfies dim(YB,V5) ≤ 1, then the subset

(YA1,V5 ∩ YA2,V5)� YB,V5 is dense open in YA1,V5 ∩ YA2,V5 and the map pr is an

isomorphism over it. �

Now let X be a smooth special GM 6-fold such that (10) holds, with Lagrangian

subspace A1 ⊂
∧

3V6 and Plücker hyperplane V5 ⊂ V6. Since A1 ∩
∧

3V5 = 0,

the canonical projection
∧

3V6 →
∧

3V6/
∧

3V5 �
∧

2V5 induces an isomor-

phism A1 �
∧

2V5.

Recall that L σ
2 (X) = PFσ

2 (X)(P), where P is a rank-3 vector bundle

on F σ
2 (X) and the map q in (21) is induced by an embedding of vector bun-

dles P → (C⊕
∧

2V5)⊗OFσ
2 (X). The composition of the above embedding with

the projection to
∧

2V5 ⊗ OFσ
2 (X) is still a monomorphism of vector bundles

(since planes on X do not pass through the vertex of the cone CGr(2, V5)).

The vector bundle P∨ is globally generated by its space
∧

3V5 �
∧

2V ∨
5 of

global sections; therefore, for ω general in P(
∧

3V5), the zero-locus in F σ
2 (X) of ω

viewed as an element of H0(F σ
2 (X),P∨) has dimension 1 and the set of ω such

that this dimension jumps has codimension 2 or more. Thus, for a general choice

of a line P1 ⊂P(
∧

3V5), the zero-locus is 1-dimensional for every point ω ∈P1.

Choose a general codimension 2 subspace B ⊂A1 such that

• XB :=X ×P(
∧

2V5) P(B) is a smooth special 4-fold,

• dim(YB,V5)≤ 1,

• for any ω ∈B⊥ ∩
∧

3V5, the zero-locus of ω in F σ
2 (X) is 1-dimensional.

Note that dim(B⊥ ∩
∧

3V5) = 2. (The dimension is obviously at least 2, and it

is at most 2 since A1 ∩
∧

3V5 = 0.) By [5, Proposition 3.14(a)], the Lagrangian

subspace of the 4-fold XB is

A2 :=B ⊕
(
B⊥ ∩

∧
3V5

)
.

Each ω ∈B⊥ ∩
∧

3V5 determines a hyperplane in P(
∧

2V5) containing P(B). We

denote by Xω the corresponding hyperplane section of X . For all ω, we have

inclusions

XB ⊂Xω ⊂X,
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and every Xω is a special GM 5-fold which is smooth for general ω. We set

D̃(B) :=
{
(Π, ω)

∣∣∣Π⊂Xω, ω ∈P
(
B⊥ ∩

∧
3V5

)}
⊂ F σ

2 (X)×P1.

Let pr : D̃(B) → F σ
2 (X) be the natural projection. It gives a birational map

D̃(B)→D(B), where D(B) ⊂ F σ
2 (X) is the degeneracy locus of the morphism

of vector bundles (B⊥ ∩
∧

3V5)⊗OFσ
2 (X) → P∨. It satisfies[

D(B)
]
= c2(P)

in H4(F σ
2 (X);Z).

PROPOSITION 5.23

We have ι∗σ̃∗c2(P) = 6h̃2 in H4(ỸA1 ;Z).

Proof

The above discussion shows that we need to describe ι∗σ̃∗[D(B)]. Let P1
0 ⊂P1

be the open subset of those ω such that Xω is a smooth hyperplane section of X ,

let D̃ω ⊂ D̃(B) be the fiber of D̃(B) over ω ∈ P1, and let D̃0 ⊂ D̃(B) be the

preimage of P1
0.

Choose any ω ∈P1
0, and let Aω :=A(Xω) be the Lagrangian subspace asso-

ciated with Xω . By [5, Proposition 3.14(a)], we have

dim(Aω ∩A1) = dim(Aω ∩A2) = 9.

This shows that the pencil P1 is the same as the pencil of Lemma 5.20.

By Theorem 4.3(b), the Stein factorization of the map σ : F σ
2 (Xω)→P(V5)

is the double covering Ỹ ≥2
Aω,V5

of Y ≥2
Aω,V5

⊂P(V5). This means that the Stein fac-

torization of the map σ : D̃0 →P(V5)×P1
0 is a double covering of the subscheme

Y ≥2
A1,A2;V5

×P1 P1
0.

By Lemma 5.22, its projection to P(V5) is birational onto YA1,V5 ∩ YA2,V5 .

This means that the composition pr◦σ : D̃(B)→P(V5) is generically finite

of degree 2 onto YA1,V5 ∩ YA2,V5 . Since it factors through ỸA1,V5 , the induced

map σ̃ : D̃(B)→ ỸA1,V5 is either birational onto ỸA1,V5 ×P(V5) YA2,V5 or generi-

cally surjective of degree 2 onto a section of the double cover

ỸA1,V5 ×P(V5) YA2,V5 → YA1,V5 ∩ YA2,V5 .

In the first case, we have σ̃∗[D(B)] = 6ι∗h̃; hence, ι∗σ̃∗[D(B)] = 6h̃2. In the second

case, we have ι∗σ̃∗([D(B)]) + τ∗A1
(ι∗σ̃∗([D(B)])) = 12h̃2, where τ∗A1

is the action

on H4(ỸA1 ;Z) of the involution of the double covering fA1 . In the second case,

the same arguments used at the end of the proof of Corollary 5.11 show that we

also have ι∗σ̃∗[D(B)] = 6h̃2. �

5.4. Period points and period maps
In this section, we discuss period points and period maps for smooth GM vari-

eties of dimensions 4 or 6 and for double EPW sextics. We use the notation of
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Section 3.3. In particular, we consider the lattices Γ4, Γ6, and Λ defined by (8).

Consider the automorphism group O(Λ) and the stable orthogonal group

Õ(Λ)⊂O(Λ)

of automorphisms of Λ which act trivially on its discriminant group

D(Λ) = Λ∨/Λ.

It has index 2 in O(Λ).

Another description of Õ(Λ) will be important. Consider the even lattice Γ6.

By choosing vectors e1 and e2 with square 2 in the first and second copies of U

in Γ6, we obtain a primitive embedding of the lattice I2,0(2) into Γ6. Further-

more, the group O(Γ6) acts transitively on the set of such embeddings (see [14]).

The orthogonal sublattice 〈e1, e2〉⊥ ⊂ Γ6 is isomorphic to Λ(−1). (It is even, of

signature (2,20), with discriminant group (Z/2Z)2.)

The subgroup O(Γ6)〈e1,e2〉 ⊂ O(Γ6) stabilizing the sublattice 〈e1, e2〉 pre-

serves the orthogonal Λ(−1). This defines a map O(Γ6)〈e1,e2〉 → O(Λ) which is

surjective, and the stable group Õ(Λ) is the isomorphic image under this map of

the subgroup O(Γ6)e1,e2 ⊂O(Γ6)〈e1,e2〉 of elements stabilizing both e1 and e2.

Analogously, in the lattice Γ4, there are vectors e1 and e2 generating a sublat-

tice isomorphic to I2,0(2) such that e1 + e2 is characteristic in Γ4. Again by [14],

the group O(Γ4) acts transitively on the set of such embeddings, the orthogo-

nal 〈e1, e2〉⊥ is isomorphic to Λ, and there are morphisms O(Γ4)〈e1,e2〉 � O(Λ)

and O(Γ4)e1,e2
∼→ Õ(Λ) (see [4, Section 5.1] for details).

The groups Õ(Λ) and O(Λ) act properly and discontinuously on the complex

variety

(25) Ω :=
{
ω ∈P(Λ⊗C)

∣∣ ω · ω = 0, ω · ω̄ < 0
}
.

The quotient

D := Õ(Λ)\Ω

is a quasiprojective 20-dimensional variety. It has a canonical involution rD ,

associated with the further degree-2 quotient D →O(Λ)\Ω.

PROPOSITION 5.24

Let X be a smooth GM variety of dimension n = 4 or 6. The 1-dimensional

subspace Hn/2+1,n/2−1(X)⊂Hn(X,C) gives rise to a well-defined point in D .

This point is called the period point of X and will be denoted by ℘(X).

Proof

Assume first that n = 4. The abelian group H4(Gr(2, V5);Z) is generated by

the Schubert classes σ1,1 and σ2. By [4, Section 5.1], there exists an isome-

try φ : H4(X;Z) ∼→Γ4, called a marking of X , such that

(26) φ−1(e1) = γ∗
Xσ1,1 and φ−1(e2) = γ∗

Xσ2 − γ∗
Xσ1,1,
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where e1, e2 ∈ Γ4 were defined above. Any two markings differ by the action of an

element of the group O(Γ4)e1,e2 � Õ(Λ). The marking carries the vanishing coho-

mology lattice H4(X;Z)00 (defined in (5)) onto the orthogonal 〈e1, e2〉⊥ �Λ.

Its complexification φC : H4(X;C) ∼→Γ4 ⊗ C takes the 1-dimensional sub-

space H3,1(X) (see Proposition 3.1), which is orthogonal to γ∗
XH4(Gr(2, V5);C),

to a point in the manifold Ω defined in (25). The equivalence class of this point

in the quotient D = Õ(Λ)\Ω is well defined.

The situation when n = 6 is similar: the abelian group H6(Gr(2, V5);Z) is

generated by σ2,1 and σ3, there exists a marking φ : H6(X;Z) ∼→Γ6 such that

(27) φ−1(e1) = γ∗
Xσ2,1 and φ−1(e2) = γ∗

Xσ3,

where again e1, e2 ∈ Γ6 were defined above, and any two markings differ by

the action of an element of the group O(Γ6)e1,e2 � Õ(Λ). The marking carries

the vanishing cohomology lattice H6(X;Z)00 (defined in (5)) onto the orthogo-

nal 〈e1, e2〉⊥ � Λ(−1), and its complexification φC takes the 1-dimensional sub-

space H4,2(X) (see Proposition 3.1) to a point in the same domain Ω (note that

the anti-isometry property of φC is offset by the change in sign in the Hodge–

Riemann relations for a (4,2)-class on a 6-fold in comparison with a (3,1)-class

on a 4-fold) whose equivalence class in D is well defined. �

REMARK 5.25

If, in the above construction of the period point, we replace the conditions (26)

and (27) by similar conditions with e1 and e2 exchanged, we obtain a new period

point which is rD(℘(X)). (This is because there is an element of O(Γn)〈e1,e2〉
which exchanges e1 and e2, and the image of this isometry by the surjection

O(Γn)〈e1,e2〉 �O(Λ) is not in Õ(Λ).)

An analogous construction can be made in another situation: if ỸA is a smooth

double EPW sextic, the 1-dimensional subspace H2,0(ỸA) ⊂ H2(ỸA;C)0 gives

rise to a period point ℘EPW(ỸA) in the same variety D (see [26, Section 4.2]).

This period point may also be defined for all Lagrangian subspaces A with no

decomposable vectors (i.e., even when Y ≥3
A �=∅; see [26, Section 5.1]). The main

result of [23] is ℘EPW(ỸA⊥) = rD(℘EPW(ỸA)).

LEMMA 5.26

For any smooth GM variety X of dimension 4 or 6, with associated Lagrangian

subspace A(X) satisfying (10), one has

either ℘(X) = ℘EPW(ỸA(X)) or ℘(X) = rD(℘EPW(ỸA(X))).

Proof

Consider first the case of 4-folds. Choose markings φ for X and ψ for ỸA(X), and

consider the commutative diagram
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H4(X;Z)00(−1)

φ

β

H2(ỸA(X);Z)0

ψ

Λ
ψ◦β◦φ−1

Λ

where β is the isomorphism of Theorem 5.12. Since β is compatible with polar-

izations, the bottom map g := ψ ◦ β ◦ φ−1 is in O(Λ). Since β is a morphism of

Hodge structures, we have

g
(
φC

(
H3,1(X)

))
= ψC(H

2,0(ỸA(X)).

If g ∈ Õ(Λ), then we have ℘(X) = ℘EPW(ỸA(X)); otherwise ℘(X) =

rD(℘EPW(ỸA(X))).

For 6-folds, we use the same argument with the isomorphism β of Theo-

rem 5.19. �

PROPOSITION 5.27

Either, for any smooth GM variety X of dimension 4 (resp., 6) whose associated

double EPW sextic ỸA(X) is smooth, one has ℘(X) = ℘EPW(ỸA(X)), or for any

such variety X, one has ℘(X) = rD(℘EPW(ỸA(X))).

Proof

Let X → S be a smooth family of GM varieties of dimension 4 (resp., 6) over

an irreducible base S such that every GM variety of dimension 4 (resp., 6) is

isomorphic to some fiber of that family (see the proof of [16, Proposition 3.4] for

a construction of such a family). It is classical that the period point construction

defines a period map ℘S : S → D which is algebraic.

By [8], we have a family of Lagrangian data sets (V6,V5,A ), where V6 is a

rank-6 vector bundle on S, V5 ⊂ V6 is a rank-5 vector subbundle, and A ⊂
∧

3V6

is a Lagrangian subbundle. We choose an open covering (Sα) of S such that

these vector bundles are all trivial on each Sα. Refining further the covering

and applying [25, Proposition 3.1], we construct, for each α, a family Ỹα → Sα

of (possibly singular) double EPW sextics. These families define period maps

which fit together to define an algebraic map ℘EPW
S0 : S0 → D , where S0 ⊂ S is

the dense open subset where the double EPW sextics are smooth.

Since D is separated, the sets

S0
1 :=

{
s ∈ S0

∣∣ ℘S(s) = ℘EPW
S0 (s)

}
and

S0
2 :=

{
s ∈ S0

∣∣ ℘S(s) = rD ◦ ℘EPW
S0 (s)

}
are closed in S0. By Lemma 5.26, the dense subset S00 ⊂ S0 corresponding to

smooth GM 4-folds (resp., 6-folds) satisfying (10) is the union of its closed sub-

sets S0
1 ∩ S00 and S0

2 ∩S00. Since S00 is irreducible, one of them, say, S0
i , is S

00.

This means that S0
i contains S00 and, hence, its closure S0, and this proves the

proposition. �
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To go from one of the possibilities of the proposition to the other, it suffices to

change the convention defining the period point ℘(X) (and the period map) as

explained in Remark 5.25. We may therefore assume that

(28) ℘(X) = ℘EPW(ỸA(X))

holds for any smooth GM 4-fold or 6-fold with smooth ỸA(X). This implies The-

orem 5.1 in full generality.

We end this section with some consequences of (28) based on results from [5]

and [4].

REMARK 5.28 (Period partners)

In [5, Section 3.6], we said that smooth GM varieties of the same dimen-

sion are period partners if they are constructed from the same Lagrangian

subspace A⊂
∧

3V6 (with no decomposable vectors) but possibly different hyper-

planes V5 ⊂ V6. By Theorem 5.1, period partners of dimensions 4 or 6 have the

same period point.

Conversely, since double EPW sextics have the same period point if and

only if they are isomorphic (see [26, Theorem 1.3]), smooth GM 4-folds (or 6-

folds) are period partners if and only if they have the same period point. By [5,

Theorem 3.25], isomorphism classes of period partners of a GM 4-fold are param-

eterized by Y 1
A⊥ �Y 2

A⊥ , modulo the finite group Aut(YA⊥). (For A general, Y ≥3
A⊥ is

empty and Y 1
A⊥ � Y 2

A⊥ = YA⊥ .) Similarly, isomorphism classes of period partners

of a GM 6-fold are parameterized by P(V ∨
6 )� YA⊥ , modulo Aut(YA⊥).

REMARK 5.29 (Hodge-special GM varieties)

Pretending that smooth GM varieties have coarse moduli spaces (see [8]), we go,

following [4], through some geometrically defined subvarieties of these moduli

spaces and discuss, using the period map, their relation with some natural divisors

in the period domain D . We use the notation introduced in [4].

• Smooth GM 4-folds containing σ-planes (see [4, Section 7.1]). They form

a codimension-2 family Xσ-planes whose period points cover a divisor D ′′
10 ⊂ D .

A smooth GM 4-fold X contains a σ-plane if and only if Y ≥3
A,V5

�=∅ (see Theo-

rem 4.3(c)). In particular, Y ≥3
A �=∅; this means that A is in the O’Grady divi-

sor Δ (see [26, (2.2.3)]) and implies that ℘EPW(Δ) =D ′′
10.

If A is general in Δ, then the set Y ≥3
A is just one point v (see [21, Section 5.4]).

The condition Y ≥3
A,V5

�=∅ is then equivalent to v ∈ V5, that is, to pX ∈ v⊥. Thus, a

general fiber of the period map Xσ-planes → D ′′
10 is equal to the hyperplane section

of YA⊥ defined by v⊥ (modulo automorphisms). This fiber was also described

in [4, Section 7.1] as a P1-bundle over a degree-10 K3 surface.

• Smooth GM 4-folds containing τ -quadratic surfaces (see [4, Section 7.3]).

They form a codimension 1 family Xτ -quadrics whose period points cover the divi-

sor D ′
10 = rD(D ′′

10)⊂ D . A general fiber of the period map Xτ -quadrics → D ′
10 is,

on the one hand, isomorphic to YA⊥ (modulo automorphisms) and, on the other
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hand, birationally isomorphic to the quotient by an involution of the symmetric

square of a K3 surface (see [4, Section 7.3]). This fits with [25, Corollary 3.12

and Theorem 4.15]: a desingularization of ỸA⊥ is the symmetric square of a K3

surface.

• Smooth GM 4-folds containing a cubic scroll (see [4, Section 7.4]). They

form a codimension 1 family which contains the 3-codimensional family of smooth

GM 4-folds containing a τ -plane (called a ρ-plane in [4]), and the period points

of both families cover an rD -invariant divisor D12 ⊂ D . By Theorem 4.5(c), the

condition to contain a τ -plane implies that Z≥4
A �=∅. The divisor D12 is therefore

contained in the closure of the image by the period map ℘EPW of the locus of

Lagrangian subspaces A such that Z≥4
A �= ∅; since this locus is an irreducible

divisor (see [12, Lemma 3.6]), they are equal.

• Singular GM 4-folds (see [4, Section 7.6]). The O’Grady divisor Σ (see [26])

corresponds to Lagrangian subspaces A containing decomposable vectors. The

corresponding period points (under a suitable extension of the period map ℘EPW

discussed in [26]) fill out a divisor S�2 ⊂ D (see [26, (4.3.3) and Proposition 4.12]);

this is the rD -stable divisor D8 of [4], which corresponds to periods of nodal GM

4-folds (see [4, Section 7.6]).

• Smooth GM 6-folds containing a P3. By Theorem 4.2, a smooth GM 6-fold

contains a P3 if and only if Y ≥3
A,V5

�=∅. In particular, A is in Δ, and the period

point is in D ′′
10. As above, when A is general in Δ, one has Y ≥3

A = {v}, and
the condition Y ≥3

A,V5
�=∅ is equivalent to pX ∈ v⊥. Thus, the fiber of the period

map is equal to the hyperplane section of P(V ∨
6 )� YA⊥ defined by v⊥ (modulo

automorphisms), and the codimension of the family of GM 6-folds containing

a P3 is 2.

Appendix A: Linear spaces on families of quadrics

Let S be a base scheme which we assume to be Cohen–Macaulay and irreducible.

Let E be a vector bundle on S of rank m, and let L ⊂ S2 E ∨ be a line sub-

bundle. Consider the projectivization pr : PS(E )→ S and the relative line bun-

dle O(1) on PS(E ). Let Q ⊂ PS(E ) be the family of quadrics defined as the

zero-locus of the section of the line bundle pr∗ L ∨ ⊗O(2) corresponding to the

morphism L ↪→ S2 E ∨ via the isomorphism

H0
(
PS(E ),pr∗ L ∨ ⊗O(2)

)
�H0(S,L ∨ ⊗ S2 E ∨)�Hom(L ,S2 E ∨).

We denote by Dc(Q) ⊂ S the corank-c degeneracy locus of the induced

map E ⊗L → E ∨ of vector bundles and denote by C the cokernel sheaf of

this map; it is supported on D1(Q).

In this appendix, we discuss the relative Hilbert scheme

Fk(Q) := HilbP
k

(Q/S).

We concentrate on the cases k ∈ {1,2} (i.e., on the Hilbert schemes of lines and

planes) and describe the Stein factorization of the morphism ϕ : Fk(Q)→ S. Note
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that Fk(Q) is a subscheme in the relative Grassmannian π : GrS(k+ 1,E )→ S.

We denote by U the tautological subbundle of rank k+ 1 on GrS(k+ 1,E ).

PROPOSITION A.1

Assume that Dm−2(Q) �= S. We have a resolution

0→L ⊗3 ⊗
(
det(U )

)⊗3 → L ⊗2 ⊗ S2 U ⊗ det(U )

→ L ⊗ S2 U → OGrS(2,E ) → OF1(Q) → 0

on GrS(2,E ). Moreover, the pushforward to S of OF1(Q) is given as

• if m= 3, then ϕ∗OF1(Q) � OD1(Q) ⊕ (C ⊗L ⊗ det(E ));

• if m= 4, then ϕ∗OF1(Q) � OS ⊕ (L ⊗2 ⊗ det(E ));

• if m≥ 5, then ϕ∗OF1(Q) � OS .

Proof

Since F1(Q) is the zero-locus of a section of the rank-3 vector bundle L ∨⊗S2 U ∨

on GrS(2,E ), its codimension is at most 3. On the other hand, for a quadric of

rank r in Pm−1, the dimension of the Hilbert scheme of lines is equal to 2m− 7

for r ≥ 3 and to 2m − 6 for r ≤ 2. Stratifying F1(Q) by the preimages of the

subsets S �Dm−2(Q) and Dm−2(Q), we see that the codimension of the first

stratum is 3 and the codimension of the second stratum is codim(Dm−2(Q))+2.

Since Dm−2(Q) �= S, the codimension of F1(Q) is at least 3. Since GrS(2,E ) is

Cohen–Macaulay, the section of L ∨ ⊗ S2 U ∨ defining F1(Q) is regular, and the

Koszul complex provides a resolution of its structure sheaf. A standard descrip-

tion of the exterior powers of a symmetric square (see [27, Proposition 2.3.9])

gives the above explicit form.

For the second part, we apply the Borel–Bott–Weil theorem to compute the

derived pushforwards to S of the terms of the Koszul complex. The result is

R•π∗OGrS(2,E ) �OS ,

Riπ∗ S
2 U �

{
det(E )⊗ E ∨ if m= 3 and i= 1,

0 otherwise,

Riπ∗
(
S2 U ⊗ det(U )

)
�

⎧⎪⎪⎨⎪⎪⎩
det(E )⊗ E if m= 3 and i= 1,

det(E ) if m= 4 and i= 2,

0 otherwise,

Riπ∗
((
det(U )

)⊗3)�{
(det(E ))⊗2 if m= 3 and i= 2,

0 otherwise.

Therefore, whenm= 3, the first page of the spectral sequence for the pushforward
of the Koszul complex is
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L ⊗3 ⊗ (det(E ))⊗2 0 0 0

0 L ⊗2 ⊗ det(E )⊗ E L ⊗ det(E )⊗ E ∨ 0

0 0 0 OS

(the arrow is the unique nontrivial differential d1) and converges to ϕ∗OF1(Q). It

follows that there is an exact sequence

0→
(
L ⊗3 ⊗

(
det(E )

)⊗2)⊕ (
L ⊗2 ⊗ det(E )⊗ E

)
α−−→

(
L ⊗ det(E )⊗ E ∨)⊕OS → ϕ∗OF1(Q) → 0.

The map α is the direct sum of a twist of the map α1 : L ⊗ E → E ∨ and of a

twist of its determinant α0 : L ⊗3 ⊗ (det(E ))⊗2 → OS . The cokernel of α1 is C ,

and the cokernel of α0 is the structure sheaf of the degeneracy locus D1(Q). This

gives the result for m= 3.

For m = 4, the pushforward of the Koszul complex gives an isomorphism

ϕ∗OF1(Q) � OS ⊕ (L ⊗2 ⊗ det(E )), and for m≥ 5, just ϕ∗OF1(Q) � OS . �

For k = 2, the computation is analogous, but more complicated, since the Koszul

complex is longer. We denote by Σa,b,cU the Schur functor of the rank-3 tauto-

logical subbundle U on GrS(3,E ) corresponding to the highest weight (a, b, c) of

the group GL3. We also consider the composition

L ⊗ E ⊗ E ∨ −→ E ∨ ⊗ E ∨ −→
∧

2E ∨,

where the first map is given by the family of quadrics and the second is canonical.

Denote by C2 its cokernel sheaf; it is supported on the degeneracy locus D2(Q).

PROPOSITION A.2

Assume that Dm−4(Q) �= S and codim(Dm−2(Q))≥ 3. There is a resolution

0→ L ⊗6 ⊗Σ4,4,4U → L ⊗5 ⊗Σ4,4,2U →L ⊗4 ⊗Σ4,3,1U

→ (L ⊗3 ⊗Σ4,1,1U )⊕ (L ⊗3 ⊗Σ3,3,0U )

→ L ⊗2 ⊗Σ3,1,0U → L ⊗ S2 U → OGrS(3,E ) → OF2(Q) → 0

on GrS(3,E ). Moreover, the pushforward to S of OF2(Q) is given as

• if m= 4, then we have ϕ∗OF2(Q) �OD2(Q) ⊕ (C2 ⊗L ⊗ det(E ));

• if m= 5, then we have ϕ∗OF2(Q) �OD1(Q) ⊕ (C ⊗L ⊗2 ⊗ det(E ));

• if m= 6, then we have ϕ∗OF2(Q) �OS ⊕ (L ⊗3 ⊗ det(E ));

• if m≥ 7, then we have ϕ∗OF2(Q) �OS .

Proof

By definition, F2(Q) is the zero-locus of a section of the rank-6 vector bun-

dle L ∨ ⊗ S2 U ∨ on GrS(3,E ), so its codimension is at most 6. On the other

hand, for a quadric of rank r in Pm−1, the dimension of the Hilbert scheme of



50 Olivier Debarre and Alexander Kuznetsov

planes is equal to 3m−15 for r ≥ 5, 3m−14 for 4≥ r ≥ 3, and 3m−12 for r ≤ 2.

Thus, stratifying F2(Q) by the subsets S �Dm−4(Q), Dm−4(Q) �Dm−2(Q),

and Dm−2(Q), we see that, under our assumption, the codimension is 6, the sec-

tion of L ∨ ⊗ S2 U ∨ defining F2(Q) is regular, and the Koszul complex provides

a resolution of its structure sheaf. A standard description of the exterior powers

of a symmetric square (see [27, Proposition 2.3.9]) gives the above explicit form.

For the second part, we apply the Borel–Bott–Weil theorem to compute the

derived pushforwards to S of the terms of the Koszul complex. The result is

R•π∗OGrS(2,E ) � OS ,

Riπ∗ S
2 U �

{
det(E )⊗

∧
2E ∨ if m= 4 and i= 1,

0 otherwise,

Riπ∗Σ
3,1,0U �

⎧⎪⎪⎨⎪⎪⎩
det(E )⊗ ((E ⊗ E ∨)/OS) if m= 4 and i= 1,

det(E )⊗ E ∨ if m= 5 and i= 2,

0 otherwise,

Riπ∗Σ
3,3,0U �

{
(det(E ))⊗2 ⊗ S2 E ∨ if m= 4 and i= 2,

0 otherwise,

Riπ∗Σ
4,1,1U �

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
det(E )⊗ S2 E if m= 4 and i= 1,

det(E )⊗ E if m= 5 and i= 2,

det(E ) if m= 6 and i= 3,

0 otherwise,

Riπ∗Σ
4,3,1U �

{
(det(E ))⊗2 ⊗ ((E ⊗ E ∨)/OS) if m= 4 and i= 2,

0 otherwise,

Riπ∗Σ
4,4,2U �

⎧⎪⎪⎨⎪⎪⎩
(det(E ))⊗2 ⊗

∧
2E if m= 4 and i= 2,

(det(E ))⊗2 if m= 5 and i= 4,

0 otherwise,

Riπ∗Σ
4,4,4U �

{
(det(E ))⊗3 if m= 4 and i= 3,

0 otherwise.

Writing down the spectral sequence for the pushforward of the Koszul complex

as in the proof of Proposition A.1, we obtain, when m= 4, the exact sequence

· · · →
(
L ⊗3 ⊗

(
det(E )

)⊗2 ⊗ S2 E ∨)⊕ (
L ⊗2 ⊗ det(E )⊗

(
(E ⊗ E ∨)/OS

))
α−−→

(
L ⊗ det(E )⊗

∧
2E ∨

)
⊕OS → ϕ∗OF2(Q) → 0.

The map α is the direct sum of a twist of the map

α1 : L ⊗ ((E ⊗ E ∨)/OS)→
∧

2E ∨
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and of the exterior cube of the family of quadrics

α0 : L ⊗3 ⊗ S2(
∧

3E )→ OS .

The cokernel of α1 is C2, and that of α0 is OD2(Q). This gives the result for m= 4.

For m= 5, the pushforward of the Koszul complex gives

0→
(
L ⊗5 ⊗

(
det(E )

)⊗2)⊕ (
L ⊗3 ⊗ det(E )⊗ E

)
α−−→

(
L ⊗2 ⊗ det(E )⊗ E ∨)⊕OS → ϕ∗OF2(Q) → 0.

The map α is described as in Proposition A.1 and gives the result for m= 5.

For m= 6, the pushforward of the Koszul complex gives an isomorphism

ϕ∗OF2(Q) � OS ⊕ (L ⊗3 ⊗ det(E )), and for m≥ 7, just ϕ∗OF2(Q) � OS . �

Appendix B: Resolutions of EPW surfaces

In this appendix, we discuss a resolution of the structure sheaf of an EPW sur-

face Y ≥2
A in P(V6) and compute some cohomology spaces related to its ideal

sheaf. We freely use the notation and results of [5, Appendix B], especially those

introduced in Proposition B.3. In particular, we set

ŶA :=
{
(v,V5) ∈ Fl(1,5;V6)

∣∣∣A∩
(
v ∧

∧
2V5

)
�= 0

}
and

(29) Ŷ ′
A :=

{
(a, v,V5) ∈P(A)× Fl(1,5;V6)

∣∣∣ a ∈P
(
A∩

(
v ∧

∧
2V5

))}
.

When A contains no decomposable vectors, the projection Ŷ ′
A → Fl(1,5;V6)

induces an isomorphism Ŷ ′
A

∼→ ŶA. We denote by H and H ′ the hyperplane

classes of P(V6) and P(V ∨
6 ) and by p : ŶA → YA and q : ŶA → YA⊥ the projec-

tions. (We switch back from the notation prY,1 and prY,2 used in the main body

of the article to the notation used in [5].) We also denote by HA the pullback

of the hyperplane class of P(A) to ŶA via the map ŶA →P(A) provided by the

identification of ŶA with Ŷ ′
A (when A contains no decomposable vectors). We

begin with a simple lemma.

LEMMA B.1

If A contains no decomposable vectors, then there is an isomorphism p∗OŶA

∼→
OYA

and R>0p∗OŶA
= 0.

Proof

By definition, ŶA = Ŷ ′
A is the zero-locus of the composition

OP(A)(−HA)�OP(V6) →A⊗OP(A)×P(V6)

→
∧

3V6 ⊗OP(A)×P(V6) → OP(A) �
(∧

3TP(V6)

)
(−3H)

on P(A) × P(V6) and, hence, equals the zero-locus of the corresponding sec-

tion of the vector bundle OP(A)(HA)� (
∧

3TP(V6))(−3H). Since the codimension
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of ŶA in P(A)×P(V6) equals the rank of that vector bundle, we have a Koszul

resolution

· · · → OP(A)(−2HA)�
(∧

2
(∧

2TP(V6)

))
(−6H)

→ OP(A)(−HA)�
(∧

2TP(V6)

)
(−3H)→ OP(A)×P(V6) → OŶA

→ 0.(30)

Pushing it forward to P(V6), we obtain an exact sequence

0→ det
(∧

2TP(V6)(−3H)
)
→OP(V6) → p∗OŶA

→ 0

and deduce the vanishing of higher pushforwards. The first nonzero term of this

sequence is isomorphic to OP(V6)(−6H); hence, p∗OŶA
is the structure sheaf of

a sextic hypersurface, which clearly coincides with YA. �

The crucial observation on which the results of this appendix are based is the

following.

LEMMA B.2

If A contains no decomposable vectors, then there is a linear equivalence of divi-

sors

(31) 2HA≡linH +H ′.

Proof

The definition (29) implies that the image of the tautological embedding

OŶA
(−HA) ↪→A⊗OŶA

is contained in the kernel of the composition

A⊗OŶA
→

∧
3V6 ⊗OŶA

→ p∗
((∧

3TP(V6)

)
(−3H)

)
,

itself identified with the kernel of the morphism

p∗((
∧

2TP(V6))(−3H))→ ((
∧

3V6)/A)⊗OŶA
.

Thus, we have a natural embedding

OŶA
(−HA) ↪→ p∗

((∧
2TP(V6)

)
(−3H)

)
of vector bundles: over a point (a, v,V5) of ŶA = Ŷ ′

A with a = v ∧ η, it is given

by η ∈
∧

2(V5/v)⊂
∧

2(V6/v). Its wedge square is a map

OŶA
(−2HA)→ p∗

((∧
4TP(V6)

)
(−6H)

)
� p∗(ΩP(V6))

that sends a point (a, v,V5) of ŶA, with a= v∧η, to η∧η ∈
∧

4(V5/v)⊂
∧

4(V6/v),

which is nonzero since a is indecomposable. This map is therefore an embedding

of vector bundles. Twisting it by O(H) and composing with the canonical embed-

ding gives a map

OŶA
(H − 2HA) ↪→ p∗

(
ΩP(V6)(H)

)
↪→ V ∨

6 ⊗OŶA
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which defines a map ŶA → P(V ∨
6 ), (a, v,V5) �→ v ∧ η ∧ η. In the proof of [5,

Proposition B.3], it was shown that this map is the projection q : ŶA → YA⊥ .

Therefore, we have an isomorphism of line bundles OŶA
(H − 2HA)� OŶA

(−H ′)

and, hence, (31). �

This allows us to find a simple resolution of the ideal sheaf I
Y

≥2
A ,YA

of the EPW

surface Y ≥2
A in the EPW sextic YA.

LEMMA B.3

If A contains no decomposable vectors, then there is an exact sequence

0→
(∧

2
(∧

2TP(V6)

))
(−12H)→A∨ ⊗

(∧
2TP(V6)

)
(−9H)

→ S2A∨ ⊗OP(V6)(−6H)→I
Y

≥2
A ,YA

→ 0(32)

of sheaves on P(V6).

Proof

Denote by E the exceptional divisor of the birational morphism p : ŶA → YA.

We show first that E coincides with the scheme-theoretic preimage of the EPW

surface Y ≥2
A . For this, recall that Y ≥2

A is by definition the corank-2 degeneracy

locus of the composition

A⊗OP(V6) →
∧

3V6 ⊗OP(V6) →
(∧

3TP(V6)

)
(−3H).

When pulled back to ŶA, it extends to a complex

OŶA
(−HA) ↪→A⊗OŶA

→ p∗
((∧

3TP(V6)

)
(−3H)

)
� OŶA

(HA);

hence, the preimage of Y ≥2
A is the degeneracy locus of the induced map

(A⊗OŶA
)/OŶA

(−HA)→Ker
(
p∗
((∧

3TP(V6)

)
(−3H)

)
�OŶA

(HA)
)
.

This is a morphism between two vector bundles of rank 9; hence, the preimage

of Y ≥2
A is the Cartier divisor in ŶA defined by a section of the line bundle

det
(
Ker

(
p∗
((∧

3TP(V6)

)
(−3H)

)
� OŶA

(HA)
))

⊗ det
(
(A⊗OŶA

)/OŶA
(−HA)

)∨ � OŶA
(6H − 2HA).

But 6H−2HA≡lin 6H−H−H ′≡lin 5H−H ′, and this is linearly equivalent to E

by a computation in [5, a paragraph before Lemma B.6]. All global sections of

the line bundle OŶA
(E) are proportional (since E is the exceptional divisor of a

birational morphism); hence, the scheme-theoretic preimage of Y ≥2
A equals E.

Since E = p−1(Y ≥2
A ), there is an embedding of schemes p(E)⊂ Y ≥2

A . On the

other hand, p(E) and Y ≥2
A coincide set-theoretically (see [5, Proposition B.3]),

and the scheme Y ≥2
A is reduced and normal (see [5, Theorem B.2]); hence,

p(E) = Y ≥2
A . Since the fibers of the map p : E → Y ≥2

A are connected, it also follows

that there is an isomorphism p∗OE
∼→O

Y
≥2
A

.
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We now compute p∗OE . We use the linear equivalence 6H − 2HA≡linE

shown above and compute the derived pushforward of the line bundle

OŶA
(−E)� OŶA

(2HA − 6H).

Twisting the Koszul resolution (30) by OŶA
(2HA − 6H) and pushing forward

to P(V6), we obtain an exact sequence

0→
(∧

2
(∧

2TP(V6)

))
(−12H)→A∨ ⊗

(∧
2TP(V6)

)
(−9H)

→ S2A∨ ⊗OP(V6)(−6H)→ p∗OŶA
(−E)→ 0

and the vanishing of higher pushforwards. Using this and Lemma B.1 and apply-

ing pushforward to the standard exact sequence

0→ OŶA
(−E)→ OŶA

→ OE → 0,

we obtain an exact sequence

0→ p∗OŶA
(−E)→ OYA

→ p∗OE → 0.

The right-hand term is isomorphic to O
Y

≥2
A

, as we have shown above; hence, the

left-hand term is I
Y

≥2
A ,YA

. This proves the lemma. �

REMARK B.4

The equality E = p−1(Y ≥2
A ) shown in the proof means that ŶA is the blowup

of YA along Y ≥2
A .

The sequence (32) can be merged with the standard resolution of YA to give an

exact sequence

0→
(∧

2
(∧

2TP(V6)

))
(−12H)→A∨ ⊗

(∧
2TP(V6)

)
(−9H)

→ (S2A∨ ⊕C)⊗OP(V6)(−6H)→ OP(V6) → O
Y

≥2
A

→ 0,(33)

which can be used to compute the cohomology of line bundles on Y ≥2
A .

COROLLARY B.5

If A contains no decomposable vectors, then the following table computes the

cohomology spaces for some twists of the sheaf O
Y

≥2
A

.

t= 0 t= 1 t= 2 t= 3 t= 4 t= 5 t= 6

H2(Y ≥2
A ,O

Y
≥2
A

(tH))
∧
2A 0 0 0 0 0 0

H1(Y ≥2
A ,O

Y
≥2
A

(tH)) 0 0
∧
2V6

∨ A∨ 0 0 0

H0(Y ≥2
A ,O

Y
≥2
A

(tH)) C V6
∨ S2 V6

∨ S3 V6
∨ S4 V6

∨ S5 V6
∨/V6 S6 V6

∨/(S2A∨ ⊕C)

Moreover, H0(P(V6),IY
≥2
A ,P(V6)

(2H)) =H1(P(V6),IY
≥2
A ,P(V6)

(H)) = 0.
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Proof

It consists of a straightforward computation using (33) and the Borel–Bott–Weil

theorem. �

In Section 5, we used the following simple consequence of these computations.

COROLLARY B.6

If A contains no decomposable vectors, then the curve Y ≥2
A,V5

⊂P(V5) is not con-

tained in a quadric.

Proof

We have an exact sequence

0→ I
Y

≥2
A ,P(V6)

(−H)→ I
Y

≥2
A ,P(V6)

→ I
Y

≥2
A,V5

,P(V5)
→ 0

of sheaves on P(V6). The cohomology sequence of its twist by OP(V6)(2H) gives

an exact sequence

H0
(
P(V6),IY

≥2
A ,P(V6)

(2H)
)
→H0

(
P(V5),IY

≥2
A,V5

,P(V5)
(2H)

)
→H1

(
P(V6),IY

≥2
A ,P(V6)

(H)
)
.

By Corollary B.5, the spaces at both ends vanish and, hence, so does the middle

space. �

Added in proof: After this paper was accepted, we developed in [7] a more

general approach to deal with double coverings of various EPW varieties that

allow us in particular to answer some of the questions raised in this paper. For

instance, we constructed in [7, Theorem 5.2(2)] the double cover Ỹ ≥2
A → Y ≥2

A , and

the equivalence of its base change to P(V5) with the cover of Theorem 4.3(b) is

proved in [7, Corollary 5.5]. Similarly, [7, Corollary 5.5] applies to identify the

base change to P(V5) of the double EPW sextic with the cover of Theorem 4.7(c).
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Boston, Boston, 2010, 219–243. MR 2605171.

DOI 10.1007/978-0-8176-4934-0_9.

[16] A. Kuznetsov and A. Perry, Derived categories of Gushel–Mukai varieties,

Compos. Math. 154 (2018), no. 7, 1362–1406. MR 3826460.

DOI 10.1112/s0010437x18007091.

[17] D. Logachev, Fano threefolds of genus 6, Asian J. Math. 16 (2012), no. 3,

515–559. MR 2989233. DOI 10.4310/AJM.2012.v16.n3.a9.

http://www.ams.org/mathscinet-getitem?mr=0818549
http://www.ams.org/mathscinet-getitem?mr=3380447
http://www.ams.org/mathscinet-getitem?mr=3734109
https://doi.org/10.14231/ag-2018-002
https://doi.org/10.14231/ag-2018-002
http://arxiv.org/abs/arXiv:1606.09384v1
http://arxiv.org/abs/arXiv:1803.00799v3
http://arxiv.org/abs/arXiv:1812.09186v1
http://www.ams.org/mathscinet-getitem?mr=1194180
https://doi.org/10.1007/978-1-4612-4404-2
https://doi.org/10.1007/978-1-4612-4404-2
http://www.ams.org/mathscinet-getitem?mr=2995162
https://doi.org/10.1007/s00209-012-0980-5
https://doi.org/10.1007/s00209-012-0980-5
http://www.ams.org/mathscinet-getitem?mr=1189136
https://doi.org/10.1007/978-3-663-14045-0
https://doi.org/10.1007/978-3-663-14045-0
http://www.ams.org/mathscinet-getitem?mr=3918436
https://doi.org/10.1515/crelle-2016-0044
https://doi.org/10.1515/crelle-2016-0044
http://www.ams.org/mathscinet-getitem?mr=2839455
https://doi.org/10.24033/asens.2146
https://doi.org/10.24033/asens.2146
http://www.ams.org/mathscinet-getitem?mr=0234913
http://www.ams.org/mathscinet-getitem?mr=2605171
https://doi.org/10.1007/978-0-8176-4934-0_9
https://doi.org/10.1007/978-0-8176-4934-0_9
http://www.ams.org/mathscinet-getitem?mr=3826460
https://doi.org/10.1112/s0010437x18007091
https://doi.org/10.1112/s0010437x18007091
http://www.ams.org/mathscinet-getitem?mr=2989233
https://doi.org/10.4310/AJM.2012.v16.n3.a9
https://doi.org/10.4310/AJM.2012.v16.n3.a9


Gushel–Mukai varieties: Linear spaces and periods 57

[18] E. Markman, Integral generators for the cohomology ring of moduli spaces of

sheaves over Poisson surfaces, Adv. Math. 208 (2007), no. 2, 622–646.

MR 2304330. DOI 10.1016/j.aim.2006.03.006.

[19] J. Nagel, The generalized Hodge conjecture for the quadratic complex of lines in

projective four-space, Math. Ann. 312 (1998), no. 2, 387–401. MR 1671729.

DOI 10.1007/s002080050227.

[20] V. V. Nikulin, Integer symmetric bilinear forms and some of their geometric

applications, Izv. Akad. Nauk SSSR Ser. Mat. 43 (1979), no. 1, 111–177;

English translation in Math. USSR Izv. 14 (1979), no. 1, 103–167. MR 0525944.

[21] K. G. O’Grady, Involutions and linear systems on holomorphic symplectic

manifolds, Geom. Funct. Anal. 15 (2005), no. 6, 1223–1274. MR 2221247.

DOI 10.1007/s00039-005-0538-3.

[22] , Irreducible symplectic 4-folds and Eisenbud–Popescu–Walter sextics,

Duke Math. J. 134 (2006), no. 1, 99–137. MR 2239344.

DOI 10.1215/S0012-7094-06-13413-0.

[23] , Dual double EPW-sextics and their periods, Pure Appl. Math. Q. 4

(2008), no. 2, 427–468. MR 2400882. DOI 10.4310/PAMQ.2008.v4.n2.a6.

[24] , Irreducible symplectic 4-folds numerically equivalent to (K3)[2],

Commun. Contemp. Math. 10 (2008), no. 4, 553–608. MR 2444848.

DOI 10.1142/S0219199708002909.

[25] , Double covers of EPW-sextics, Michigan Math. J. 62 (2013), no. 1,

143–184. MR 3049300. DOI 10.1307/mmj/1363958245.

[26] , Periods of double EPW-sextics, Math. Z. 280 (2015), no. 1–2, 485–524.

MR 3343917. DOI 10.1007/s00209-015-1434-7.

[27] J. Weyman, Cohomology of Vector Bundles and Syzygies, Cambridge Tracts in

Math. 149, Cambridge Univ. Press, Cambridge, 2003. MR 1988690.

DOI 10.1017/CBO9780511546556.
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