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On higher-dimensional del Pezzo varieties

We study del Pezzo varieties, higher-dimensional analogues of del Pezzo
surfaces. In particular, we introduce ADE classification of del Pezzo varieties,
show that in type A the dimension of non-conical del Pezzo varieties is bounded
by 12 — d — r, where d is the degree and r is the rank of the class group, and
classify maximal del Pezzo varieties.
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§ 1. Introduction

Del Pezzo surfaces form one of the most important and classical families of vari-
eties in algebraic geometry. In this paper we study their higher-dimensional ana-
logues.

DEFINITION 1.1. A del Pezzo variety is a variety of dimension n = dim(X) > 2
with at worst terminal singularities such that

—KX:(’I’L—l)Ax, (11)

where Ay is an ample Cartier divisor class, called the fundamental divisor class
of X.

We will see later that the class group Cl(X) of Weil divisors of a del Pezzo variety
is torsion free (see below Corollary 3.4), so Ax is intrinsic to X; however, we will
sometimes include it into the notation. The main discrete invariants of a del Pezzo
variety X is its degree

d(X) = (Ax)" (1.2)

and the rank of the class group
r(X) := rank(Cl(X)). (1.3)

For n = 2 we have the relation d(X) + r(X) = 10, but it does not hold in higher
dimensions.

We state a general classification theorem for del Pezzo varieties in Theorem 1.2
below. This theorem has a long history: first results of this sort for threefolds
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were obtained in the works of G. Fano in the first half of 20th century and in
the case of smooth threefolds the classification was completed by V. A. Iskovskikh
in [1, Theorem 4.2|. In higher dimensions the systematic study of del Pezzo varieties
was initiated by T. Fujita [2]; in particular, Fujita proved Theorem 1.2 for smooth
del Pezzo varieties of arbitrary dimension, as well as parts (i)—(iv) of Theorem 1.2 in
full generality. However for other parts of the classification (especially for part (v))
it is hard to find references, so we provide a general statement here and give a proof
in the body of the paper. See also Theorem 7.1 for more details about del Pezzo
varieties of degree 5.

Recall that a line on a polarized variety (X, A) is a smooth rational curve whose
degree with respect to A equals 1. A polarized variety (X, A) is said to be conical if
there is a point v € X (called a vertex of X) such that X is swept by lines passing
through v.

THEOREM 1.2. Let X be a del Pezzo variety of dimension n > 3. Then the
degree is bounded by 1 < d(X) < 8 and
(i) if d(X) =1, then X is isomorphic to a hypersurface in a weighted projective
space
X C P(1",2,3)

of degree 6 which does not pass through the singular points of P(1™,2,3);
(ii) of d(X) = 2, then X is isomorphic to a hypersurface in a weighted projective
space
X, Cc P(1"*2)

of degree 4 which does not pass through the singular point of P(1"+1 2);
(iil) if d(X) =3, then X is isomorphic to a cubic hypersurface

X3 C P
(iv) if d(X) =4, then X is isomorphic to a complete intersection of two quadrics
X2’2 C P”+2;

(v) if d(X) = 5 and X is non-conical, then X is isomorphic to a complete
intersection

Gr(2,5) NP3 c P,

in particular n < 6;
(vi) if d(X) = 6 and X is non-conical, then X is isomorphic to a complete
intersection
(P2 xP?)NP"T CcP® or P! xP!x P!

in particular v(X) > 2 and n < 4;

(vii) if d(X) = 7 and X is non-conical, then X is isomorphic to the blowup
of P3 at a point, in particular v(X) =2 and n = 3;

(viii) if d(X) = 8 and X is non-conical, then X = P3, in particular r(X) = 1
and n = 3.
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Note that a del Pezzo variety X of degree d < 4 is conical if and only if in
an appropriate coordinate system of the ambient (weighted) projective space some
variables of degree 1 do not appear in the equations. Similarly, conical varieties of
degree d > 5 are obtained as linear sections of iterated cones over the del Pezzo
varieties

Gr(2,5), P?*xP? P'xP'xP!, Blp(P?), and P?

in the embeddings given by their fundamental classes. In what follows we mostly
consider non-conical varieties.

So far, the story looks quite boring and does not differ much from the story of
del Pezzo surfaces. It becomes much more interesting when one takes into account
the birational aspect, which allows one to connect in an interesting way del Pezzo
varieties of different degrees. It turns out very useful to introduce the following
weakening of the definition.

DEFINITION 1.3. An almost del Pezzo variety is a variety with at worst terminal
singularities of dimension n = dim(X) > 2 for which (1.1) holds, where Ax is
a nef and big Cartier divisor, and the map @, 4, X — PV given by the linear
system |mAx/| for m > 0 is a small morphism, i.e., it does not contract divisors.

REMARK 1.4. P. Jahnke and T. Peternell in [3] used the name “almost del Pezzo”
for a different class of varieties; on the one hand, they considered only smooth
varieties (they called them “almost del Pezzo manifolds”); on the other hand they
did not assume the morphism ®,,4,| to be small. In this setup they provided
a birational classification, which is quite close to our results stated in Theorem 1.7
below.

For surfaces Definition 1.1 is equivalent to Definition 1.3, but in higher dimensions
these definitions differ. To explain the difference note that for an almost del Pezzo
variety X one can always consider its anticanonical model

Xecan ::q)\mAX\(X) for m>0

(i.e., the image of the morphism @, 4, ); see Lemma 2.6 for another description
of Xcan. Then the anticanonical morphism

& X — Xean

is small. Conversely, Q-factorializations (see Definition 2.8) of any del Pezzo variety
are almost del Pezzo, and any pair of almost del Pezzo varieties X’ and X" such
that X/, = X/ is related by a pseudoisomorphism, i.e., by a birational map
x: X’ --» X" which induces an isomorphism of complements of some closed subsets
of codimension 2. Moreover, if both X’ and X" are Q-factorial, the map x is
a composition of flops (Lemma 2.11).

Thus, classification of del Pezzo varieties up to isomorphism is equivalent to
classification of almost del Pezzo varieties up to pseudoisomorphism or Q-factorial
almost del Pezzo varieties up to flops. Note that the invariants d(X) and r(X) can
be defined for almost del Pezzo varieties by the same formulas (1.2) and (1.3), and
that

d(Xean) = d(X), r(Xean) = r(X)

for any almost del Pezzo variety X.
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Our approach to birational classification of del Pezzo varieties is quite close to
the approach of Jahnke and Peternell. Namely, to classify del Pezzo varieties bira-
tionally we introduce the following definition.

DEFINITION 1.5. An almost del Pezzo variety X is imprimitive if it is pseudo-
isomorphic to a Q-factorial almost del Pezzo variety X’ which admits a K-negative
birational extremal contraction. Otherwise, we say X is primitive.

In fact, using a result from [4] we show in Lemma 2.15 that any K-negative
birational contraction of a Q-factorial almost del Pezzo variety is the blowup of
several distinct smooth points on another almost del Pezzo variety. Using this, we
deduce the following structural result.

THEOREM 1.6. For any del Pezzo variety X there is a primitive del Pezzo vari-
ety Xo and a collection Py,..., P, € Xo of distinct smooth points such that

X = (Blp,.p(Xo0)) ..
Moreover, d(X) = d(Xy) — k and r(X) =1(Xo) + k.

Similarly, we show in Lemma 2.16 that any K-negative extremal contraction
from a Q-factorial almost del Pezzo variety to a lower-dimensional variety is
a P"~2_fibration over a del Pezzo surface or a flat quadric bundle over P!. Using
this, we obtain the following theorem.

THEOREM 1.7. If X is a primitive non-conical del Pezzo variety, then one of
the following holds:

(i) r(X )—1andthedegreezsd( )6{1 ,3,4,5,8};

(i) r(X) =2 and X = Xean, where X — P! is a quadric bundle, and the degree
is d(X) € {1,2,4};

(iii) r(X) = 2 and X = )?Cgm, where X = Pp2(&), and d(X) € {1,2,3,5,6};

(iv) 1(X) = 3 and X = Xcan, where X = Ppiyp1 (&), and d(X) € {2,4,6}.

In the last two cases & is a vector bundle of rank n — 1 with ¢1(&) = K.

This motivates us to give the following definition.

DEFINITION 1.8. A vector bundle & on a surface Z is a del Pezzo bundle if
k(&) > 2, ¢1(&) = Kz and Pz(&) is an almost del Pezzo variety such that
P2 (& )can is non-conical.

Looking at Theorem 1.6 and Theorem 1.7 together, it is natural to ask how one
can distinguish which of types (i)—(iv) a primitive contraction Xy of a given almost
del Pezzo variety X has.

To answer this question we combine the birational point of view as in [3] with the
lattice structure of the class group C1(X) introduced in the three-dimensional case
by the second named author. So, following [5], for any almost del Pezzo variety X
we define a symmetric bilinear form on Cl(X) by

(D1, D) := A% 2 Dy - Ds. (1.4)

Note that (Ax, Ax) = d(X). When n = 2, this boils down to the standard inter-
section product (Dy, D) = Dy - Do in the Picard group of a del Pezzo surface.
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In the statement of the next theorem a “general linear surface section” is an
intersection of n — 2 general fundamental divisors in X (i.e., divisors from the
linear system |Ax|); we prove in §2.1 that it is a smooth del Pezzo surface S of
degree d(S) = d(X).

THEOREM 1.9. Let X be an almost del Pezzo variety of dimension n > 3.
(i) If i: S X is a general linear surface section of X, then the restriction map

Cl(X) 55 Cu(s)

induces an isomorphism of lattices C1(X) = Z(X)+ C CI(S), where Z(X)* is the

orthogonal complement of a negative definite sublattice Z(X) C K& C CI(S) of
rank m = 10 — d(X) — r(X) which has one of the following Dynkin types:

A,, 1<m<7, or D, 4<m<7 or E, 6<m<S8

(ii) If dim(X) >4 and Y C X is a general fundamental divisor containing S,
then Y is an almost del Pezzo variety and

2(Y)=E(X) and CLY)=ClX),

as sublattices in C1(S).
(iii) If X' = Blp(X), where P € X is a smooth point and X' is almost del Pezzo,
then
E(X)=Z(X) and CUX')=ClIX)a®Z,

as sublattices in C1(S”), where S" = Blp(S) is a general linear surface section of X'.

REMARK 1.10. Of course, a given del Pezzo variety has many non-isomorphic
linear surface sections; but, as we will see in Proposition 3.3, their class groups can
be identified (and such an identification can be made canonical up to monodromy
action) in such a way that the sublattices i* C1(X) C CI(S) and Z(X) C CI(S) are
identified.

The following result relates Dynkin type of the lattice Z(X) from Theorem 1.9
to the type of a primitive contraction Xy of X from Theorem 1.7.

THEOREM 1.11. Let X be a non-conical del Pezzo variety of dimension n > 3.
(i) 2(X) has type Ay, 1 <m <7, if and only if
o X =P3 hencer(X)=1and m=1, or
e X = Gr(2,5) NP3, a smooth linear section, hence r(X) =1 and m = 4,
or
o X 2Blp,  p (Pz(&))can where Z =P2 or Z =P xP! and & is a del Pezzo
bundle on Z; in this case k =1v(X) —v(Z) — 1 and m = c2(&) — 1.
(ii) 2(X) has type Dy, 4 < m < 7, if and only if X = Blp, . p.(Xo)ecan,
where Xg is
e a complete intersection in PL x P2 of three divisors of bidegree (1,1), (1,1),
and (0,2); in this case d(Xo) =4, r(Xo) =2, k=r(X) — 2, and m = 4;
e a complete intersection in P"T2 of two quadrics; in this case d(Xo) = 4,
1(Xo)=1, k=r(X) -1, and m = 5;
e a divisor in P* x P of bidegree (2,2) in this case d(Xg) = 2, 1(Xo) = 2,
kE=1(X)—-2, and m = 6;
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e a complete intersection in P* x P?™ of n divisors of bidegree (1,1) and one
divisor of bidegree (1,2); in this case d(Xy) =1, 1(Xo) =2, k =r(X) — 2,
and m =T7.

In all these cases A(X) < 4 and d(X)+1(X) < 6, while dim(X) = n is arbitrary.
(iii) E(X) has type Eg¢, E7, or Es, if and only if X = Blp, . p._,(Xo0)can;
where Xq is

e a divisor of degree 3 in P"*1 d(Xo) =3, r(Xy) =1, m = 6;

e a divisor or degree 4 in P(1"T12), d(Xo) =2, 1(Xo) =1, m =7,

e a divisor or degree 6 in P(1",2,3), d(Xo) =1, r(Xp) =1, m =38.

In these cases d(X) < 3 and d(X) +r(X) < 4, while dim(X) = n is arbitrary.

In the case of del Pezzo varieties of type A,, we can give the following uniform
description.

THEOREM 1.12. If X is a non-conical del Pezzo wvariety of type A,, with
r(X) =2, then
X= IPZ((g))cam

where Z is a del Pezzo surface, & is a del Pezzo bundle with co(&) =m + 1,
d(X) =K% —c2(&), and r(X)=11—-K% =1(Z)+1.
In particular, 2 < co(&) < K% — 1.

This story would not be complete without a classification of del Pezzo vector
bundles. We say that a non-conical del Pezzo variety is mazimal, if it cannot
be represented as a fundamental divisor in another non-conical del Pezzo variety.
Similarly, a del Pezzo bundle on a del Pezzo surface Z is mazimal if there is no
embedding & — &” into another del Pezzo bundle &’ with §'/& = 0.

THEOREM 1.13. Let Z be a del Pezzo surface and let & be a del Pezzo bundle
on Z.
(i) There is a canonical exact sequence

05 &—E— HYZ,E Q@ Oy — 0, (1.5)

where & is a mazimal del Pezzo bundle and Pz(&)can is a linear section of
P(&)can. Moreover, tk(&) < tk(&€) = ca(&) = ca(&).

(ii) A mazimal del Pezzo bundle & with co(&) < K% — 2 is unique up to iso-
morphism except for the case K% = 4, ca(&) = 2, where there is a 1-dimensional
family of such bundles.

(iii) There is a bijection between isomorphism classes of mazimal del Pezzo bun-
dles & with c2(&) = K% — 1 and points z € Z such that Bl,(Z) is del Pezzo;

in particular, if K% > 6 then the isomorphism class of Pz(&) is unique.

We describe explicitly maximal del Pezzo bundles on P? and P! x P! in Propo-
sition 4.9 and Proposition 4.10, respectively, and sketch the classification on the
other del Pezzo surfaces in Remark 4.11.

Combining the inequality rk(&) < co(&) from Theorem 1.13 (i) with inequali-
ties of Theorem 1.11 for varieties of types D,, and E,,, we obtain the following
boundedness results.
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COROLLARY 1.14. Let X be a del Pezzo variety of dimension n > 3. Then
d(X)+1r(X)<9.
If, moreover, X is non-conical of type A,,, then
d(X) 4+ r(X)+n < 12.

The next theorem provides a detailed classification of del Pezzo varieties of
type A.

THEOREM 1.15. For each pair (d,r) of integers such that d > 1, r > 2, and
d+r <9 and each 3 < n < 12 —d —r there is a del Pezzo variety X = Xq,n
with d(X) =d, r(X) =r, dim(X) = n of type A19—4q—r; it is contained as a linear
section in the unique mazimal del Pezzo variety Xg,12—q—r. Moreover,

(i) for (d,r) € {(1,6),(1,7),(1,8),(2,7)} there is a family of dimension 2r—d—9
parameterizing mazimal del Pezzo varieties Xqr12—d—r;

(ii) for (d,r) € {(2,3), (4,3), (6,3)} there are exactly two distinct mazimal
del Pezzo varieties Xq,12—d—r and X;,r,lQ—d—r;

(iii) for all other (d,r) there is a unique mazimal del Pezzo variety Xg,12—d—r-

In Appendix A we list explicit equations for the most of maximal del Pezzo vari-
eties of type A, and here we just show del Pezzo varieties of all types schematically.

r(X)
81 Ay
7| Ay
6| Az r(X)
5| Ay 5| Dy
4| As 4| D5 r(X)
3| Ag 3| Ds 3| Ee
{IAN (AN |
1 1 1| Bs i\\
d(x) d(x) d(X)
1 2 3 4 5 6 7 8 1 2 3 4 1 2 3

The three “maps” of this “atlas” correspond to varieties of types A, D, and E,
respectively. Black dots stand for primitive and white dots for imprimitive varieties,
and the arrows correspond to the operation of blowup of a general point (which
decreases d(X) by 1 and increases r(X) by 1, keeping their sum constant), followed
by passing to the anticanonical model. The grey area on the first map shows those
maximal varieties of type A that have moduli.

REMARK 1.16. If & is a del Pezzo bundle with 2 < ¢3(&) < K% — 2, then the
dual bundle &V is globally generated (see Lemma 4.1), and we prove in Corollary 4.7
that the operation

& &L =Ker(HY(Z,6V)® Oy — &)



82 A.G. KUZNETSOV, YU.G. PROKHOROV

is an involution sending a del Pezzo bundle & with c3(&) = k to the del Pezzo
bundle &+ with co(&+) = KZ—k. Combining this with linear homological projective
duality from [6, § 8], we obtain an interesting relation between derived categories of
the corresponding maximal del Pezzo varieties of type Ap_; and A KZ—1-k} See [7]
for a discussion of the case where Z is the quintic del Pezzo surface and k = 2.

The involution of the set of all del Pezzo bundles with 2 < (&) < K% —2
described in Remark 1.16 gives rise to a duality that takes a del Pezzo variety
P2 (&)can of degree K2 — ca(&) > 2 to the del Pezzo variety Pz(£+) of degree
co(&) = 2. Our last theorem explains what happens in the missing case of del Pezzo
varieties of degree 1.

Recall from Theorem 1.2 that any del Pezzo variety X with d(X) =1 is a hyper-
surface in P(17,2,3). We denote by zy € X the base point of the linear projection
X --» P"~! and by

D(X)c P!

the discriminant divisor of the elliptic fibration Bl,,(X) — P"~!. On the other
hand, given a del Pezzo surface S of degree d we denote by H(S) C S x P4 the
universal anticanonical divisor, and given a line L C S we set I1;, := (L xP4)NH(S);
this is a divisor in H(SS).

THEOREM 1.17. For 3 < n <9 there is a bijection between the sets of isomor-
phism classes of

e mazximal non-conical del Pezzo varieties X of type A,_o with d(X) =1, and
e smooth del Pezzo surfaces S of degree n — 1,

such that the surface S is projective dual to ©(X) and there is a pseudoisomorphism
Bly, (X) --» H(S) over P"~1 that takes the exceptional divisor of Bl,,(X) to the
divisor 11, C H(S).

This theorem generalizes and extends the main result of [8], which is its special
case where n = 3. For more details about this bijection see §5.5.

The paper is organized as follows. In §2 we discuss the basic properties of
del Pezzo varieties and study their birational geometry; in particular we classify
all K-negative extremal contractions of Q-factorial almost del Pezzo varieties. In § 3
we study the lattice structure of Cl(X) defined by the bilinear form (1.4), and
describe its behavior with respect to extremal contractions. In §4 we prove the
basic properties of del Pezzo bundles, including their classification. We also describe
relatively minimal almost del Pezzo quadric bundles over P'. In §5 we collect the
proofs of all results listed in the Introduction. In §6 we describe the effective and
moving cones of a del Pezzo variety in terms of its class group. We also describe all
possible Q-factorializations of del Pezzo varieties with r(X) < 3. In §7 we discuss
in more detail del Pezzo varieties of degree 5. In Appendix A we list equations of
maximal del Pezzo varieties of type A. Finally, in Appendix B we describe roots
and special classes of del Pezzo varieties.

Convention. We work over an algebraically closed field of characteristic 0.
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§ 2. Geometry of del Pezzo varieties

In this section we discuss the geometry of del Pezzo varieties.

2.1. Fundamental linear system. We start with basic properties of the linear
system of the fundamental divisor class A = Ay defined by (1.1). Recall the bilinear
form on the class group Cl(X) of Weil divisors defined in (1.4).

LEMMA 2.1. If X is an almost del Pezzo variety, dim(X) =n, and D € Cl(X)
is a nef class, then

HY(X,0x(kAx + D)) =0 for i>0and k>2—n,
HY(X,0x(kAx)) =0 for 0<i<mn and all k € Z.

Moreover, if the divisor class kAx + D is effective and non-trivial, then

kd(X)+ (D, Ax) >0 and k(D,Ax)+ (D,D) > 0.

PRrROOF. Using (1.1) we write kAx + D = Kx + (k+n —1)Ax + D. The first
equality follows from Kawamata—Viehweg vanishing because k +n — 1 > 1 by the
assumption and therefore (k +mn — 1)Ax + D is nef and big. The second equality
follows from the first (for D = 0) and Serre duality

HY(X,0x(kAx)) = H" (X, 0x(1 —n — k)Ax)".

Assume kA x + D is effective and non-trivial. Then the first inequality is obtained
by taking the product of kAx + D with Ax and follows from Definition 1.3 as ®| 4
does not contract divisors. Similarly, the second is obtained by taking the product
of kAx + D with D and follows from the nef property of Ax. |

In what follows we denote by
Dpgy X --» PhimlAx]

the rational map induced by the fundamental linear system |Ax|, which is regular
as soon as |Ax| is base point free (as we prove below, this holds if d(X) > 2). We
call divisors Y C X in |Ax| fundamental divisors. The following results are well
known and can be found in many papers (see [1, §2], [2], [9]-[11]).

PROPOSITION 2.2. Let (X, Ax) be a del Pezzo variety of dimension n. Then
the following assertions hold.

(i) dim [Ax| = d(X) +n — 2.

(i) If d(X) = 1, then the linear system |Ax| has a unique base point xg € X
which is a smooth point of X. Any fundamental divisor Y € |Ax| is smooth at the
point xg € X.

(iil) If d(X) > 2, then the linear system |Ax| is base point free and the mor-
phism ®| 4| is finite onto its image.

(iv) If d(X) > 3, then the linear system |Ax| is very ample.

(v) A general fundamental divisor Y € |Ax| is a del Pezzo variety of degree
d(Y) =d(X); if Y is conical, then so is X .
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PrOOF. (i) The dimension of |Ax| can be computed using Riemann—Roch the-
orem and Lemma 2.1 (see, e.g., [12, proof of Proposition 1-1]).

(ii), (ili) We use induction on n to prove these properties for the wider class
of canonical del Pezzo varieties, i.e., varieties with canonical singularities satisfy-
ing (1.1). The base of induction is the case n = 2; in this case X is a del Pezzo
surface with canonical (hence Du Val) singularities and the properties (ii) and (iii)
are well known (see [13, §4]). So, assume n > 3 and let Y € |Ax| be a general
fundamental divisor. The restriction map

HY(X, 0x(Ax)) — H(Y, Oy (Axly))

is surjective because H'(X,0x) = 0 by Lemma 2.1 (which holds for canonical
del Pezzo varieties by the same argument), hence Bs|Ax| = Bs|Ax|y|. On the
other hand, Y has canonical singularities by [12, Theorem 0-5] and

Ky:<Kx+Ax)|y=(2—’n)Ax|y (21)

by adjunction, therefore, the induction hypothesis holds for Y and we conclude that
both (ii) and (iii) hold for Y, and hence they also hold for X.

(iv) Here we also apply induction on the dimension as in [14] or [1, §2].

(v) If d(X) > 2 then |Ax| is base point free by (iii) hence a general fundamental
divisor is terminal by [15, Lemma 5.17|. Similarly, if d(X) = 1, then a general
fundamental divisor is terminal away from the base point o € X of |Ax| and
smooth at zp by (ii), hence it is terminal everywhere. Moreover, (2.1) still holds,
hence Y is a del Pezzo variety. Finally, the equality d(Y) = d(X) follows from the
projection formula.

If Y is conical, then there is a point v € Y such that there is an (n—2)-dimensional
family of lines on Y passing through v. Since Y is general, it follows that lines on X
passing through v form an (n — 1)-dimensional family, hence X is conical. (]

REMARK 2.3. If d(X) = 2 the morphism ®|4,: X — P" is a double covering.
Similarly, if d(X) = 1 it is easy to prove that the linear system |2A x| is base point
free and the morphism @54, : X — P(1",2) is a double covering. The involu-
tions of these double coverings are called Geiser involution and Bertini involution,
respectively, [16], [17].

Applying Proposition 2.2 (v) several times, we construct a chain
S=XoC--CX,1CX, =X

of del Pezzo varieties X}, of dimension k, which is useful for various inductive argu-
ments. Such a chain is called a ladder [11], and the surface S is called a linear
surface section of X.

LEMMA 2.4. If X is a del Pezzo variety, (X ) >2, and P € X is a smooth point,
then a general linear surface section S C X containing P is a smooth del Pezzo
surface of degree d(S) = d(X).

PROOF. Since X is terminal, codim(Sing(X)) > 3, hence a general linear surface
section S C X does not intersect Sing(X). Moreover, by Bertini’s theorem S is
smooth away from the base locus of the linear system |Ax — P|.
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If d(X) > 3, then the class Ax is very ample by Proposition 2.2 (iv), hence
Bs|Ax — P| = {P} and a general fundamental divisor containing P is smooth at P
because P € X is a smooth point.

If d(X) = 2, then the map ®4,: X — P" is a double covering (Remark 2.3)
and Bs|Ax — P| = {P,7(P)}, where 7 is the Geiser involution. Moreover, since
P € X is a smooth point, ®|4,|(P) € P" is either away from the branch divisor, or
on its smooth locus. In either case, a general fundamental divisor containing P is
smooth at P and 7(P).

A combination of the above observations and a simple induction proves the
lemma. g

REMARK 2.5. The statement of Lemma 2.4 is still true for d(X) = 1, but as we
do not need this case, we omit the proof.

2.2. Almost del Pezzo varieties. Recall that almost del Pezzo varieties have
been defined in Definition 1.3 and the anticanonical model X.,, of an almost
del Pezzo variety X has been defined as the image of the morphism ®,, 4, for
m sufficiently large.

LEMMA 2.6. If X is an almost del Pezzo variety and &: X — Xcan s the anti-
canonical morphism, then Xc.n is a del Pezzo variety and Ax = £*Ax Moreover,

can *

Xean = Proj ( P = (x, ﬁx(mAX))> o Proj( P = (X, @’X(mKX))>.

m=0 m=0

PrROOF. By the base point free theorem (see [15, Theorem 3.3|) the class Ax
is the pullback of an ample Cartier divisor on X.,,, which we denote by Ax
Since ¢ is small, we have

Axpn = & (" Ax,,,) = & Ax  and  Kx,,, = & Kx,

hence (1.1) implies Kx_,, = (1 —n)Ax
Gorenstein and ¢ is crepant. Also note that any resolution X of X is also a resolution
of Xcan, and since £ is crepant, the discrepancies of X over X and over Xean are
the same, in particular X, is terminal because X is. This proves that X ., is
a del Pezzo variety.

For the last part note that H°(X, Ox(mAx)) & H°(Xcan, Ox..,(mAx,,,)) for
any m because ¢ induces a bijection preserving linear equivalence between Weil
divisors on X and X, ,,, hence

Xean & Proj( P H® (Xean, Ox... (mAXm))> o Proj( P =#°(x, ﬁx(mAX))),

m2=0 m=0

can ®

where n = dim(X); in particular X, is

can’?

where the first isomorphism follows from ampleness of Ax_ . Passing to the
(n—1)-st Veronese subring in the right-hand side, we obtain an identification of X .y
with the projective spectrum of the plurianticanonical ring of X. O

LEMMA 2.7. If X is a del Pezzo variety and &: X' — X is a small birational
morphism, then X' is an almost del Pezzo variety, X!, = X, and

d(X)=d(X) and CUX')=CUX); in particular, 1(X')=1(X). (2.2)
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PROOF. Since ¢ is small, the singularities of X’ are terminal. Moreover, (1.1)
implies the equality Kx» = *Kx = (1 —n){*Ax, hence Ay, := £*Ax is a funda-
mental divisor for X’. It is nef and big by construction; moreover, we have

q)|mAX/\ = é\mAxl © 5;

also by construction, and since ¢ is small we conclude that ®|,, 4 ,| does not contract
divisors as soon as ®|,,4,| does not. Therefore, X’ is an almost del Pezzo variety
and X/ = X. The equalities (2.2) follow from smallness of £ and projection
formula. ([l

DEFINITION 2.8. A Q-factorialization of a normal variety X is a proper bira-
tional morphism £: X — X such that X is Q-factorial and ¢ is small.

Note that any Q-factorialization of a del Pezzo variety is almost del Pezzo by
Lemma 2.7. Note also that by [18, Corollary 1.4.3] a Q-factorialization exists for any
variety with at worst log terminal singularities; in particular, it exists for del Pezzo
varieties.

The following lemma uses the notion of pseudoisomorphism defined in the Intro-
duction.

LEMMA 2.9. If X' --» X" is a pseudoisomorphism of almost del Pezzo vari-
eties, then there is an isomorphism X!, = X! — compatible with the anticanonical

morphisms of X' and X". Conversely, if X' and X" are Q-factorializations of X,
then X' is pseudoisomorphic to X" over X.

PRrROOF. Let ¢: X' --+ X" be a pseudoisomorphism. Since 1) is small, v, induces
a bijection compatible with linear equivalence of Weil divisors on X’ and X", which
takes Kx to Kx~. It follows that we have isomorphisms

H (X', O0x/(-mKx)) = H* (X", Ox»(—mKxn))

for all m, hence X/, = X! by Lemma 2.6.
The second claim is obvious: if ¢': X' — X and £”’: X" — X are Q-factorializat-
ions, then the map (£”)~! o ¢’ is a pseudoisomorphism because neither ¢ nor ¢”

contract divisors. O

DEFINITION 2.10. A crepant model of an almost del Pezzo variety X is an almost
del Pezzo variety X' pseudoisomorphic to X.

LEMMA 2.11. Any almost del Pezzo variety X has a finite number of crepant
models. Any crepant model of X is a small contraction over Xcan of a Q-factorial-
ization of Xean. Any pair of crepant Q-factorial models are connected by a sequence
of flops over Xcan-

PROOF. Any almost del Pezzo variety X is an FT (“Fano type”) variety [19,
Lemma-Definition 2.6], i.e., there is a boundary B such that the pair (X, B) is
a kIt log Fano variety. Moreover, if X is Q-factorial, then it is a Mori dream
space [18, Corollary 1.3.2], hence it has only a finite number of crepant models |20,
Definition 1.10 and Proposition 1.11].

Let X’ be a crepant model of X and let X" be a Q-factorialization of X'.
Composing a pseudoisomorphism X’ --s X with a Q-factorialization morphism
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X" — X' we obtain a pseudoisomorphism v: X" --+ X of almost del Pezzo vari-
eties. Using Lemma 2.9 we conclude that X, = (X" )can hence X" is a Q-factorial-
ization of Xcan, and hence X’ is a small contraction of a Q-factorialization.

The last assertion follows from [18, Corollary 1.1.3]. O

The following observation is a partial converse to Proposition 2.2 (v); its second
part is extremely useful for verification of the almost del Pezzo property.

LEMMA 2.12. Let X be a Gorenstein variety of dimension n = 3 such that the
equality
—KX = (n — 1)AX

holds for a Cartier divisor class Ax .

(i) The variety X is almost del Pezzo if and only if X is terminal, Ax is nef
and big, and A’;{l - D >0 for any effective non-trivial divisor D C X.

(ii) Let Y C X be a dwisor in the linear system |Ax|. If (Y,Ax|y) is an
almost del Pezzo variety, X has terminal singularities away from Y and there are
no effective divisors on X disjoint from Y, then X is also an almost del Pezzo
variety.

PrOOF. (i) If X is an almost del Pezzo variety, then we only need to check
the inequality. Since the morphism ¢: X — X ,, does not contract divisors and
Ax =&"Ax,,,, we have

A D = (Ax,,,)" " €(D) > 0

because Ax,,, is ample. Conversely, the morphism ®|,, 4| cannot contract a divi-
sor D because A}71 - D >0, hence X is an almost del Pezzo variety.

(ii) First of all, X has terminal singularities by [21, Theorems 9.1.14|. Further,
consider the exact sequence of sheaves

0— ﬁx((m — l)Ax) — ﬁx(mAx) — ﬁy(mAxh/) — 0.

Since HY(Y, Oy (mAx|y)) = 0 for all m by Lemma 2.1 and H!(X, Ox(mAx)) =0
for all m < 0 (by Serre vanishing), we can prove using simple induction that
HY(X,0x(mAx)) =0 for all m, and hence the restriction morphism

HO(X, ﬁx(mAx)) — HO(Y, ﬁy(mAth))

is surjective for all m. Since mY € |mAx|, the base locus of |mAx| is contained
in Y, and since for m > 0 the linear system |mAx|y| is base point free (because
Y is an almost del Pezzo variety), it follows that [mAx| is base point free as well,
hence Ay is nef. Moreover, we have A% = (Ax|y)" ! > 0, hence Ax is also big.
It remains to note that

AV Y = (Ax|y)"™™' and A% '-D = (Ax|y)" 2 (DNY)

for any irreducible effective divisor D C X not contained in Y. Applying part (i),
the almost del Pezzo property of Y and the fact that DNY # @, we conclude that
both these numbers are positive, hence X is an almost del Pezzo variety, again by
part (i). O
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Recall that the blowup of a general point on a del Pezzo surface of degree at
least 2 is again a del Pezzo surface. We prove below that almost the same holds for
del Pezzo varieties, and make the generality assumptions explicit.

PROPOSITION 2.13. Let (X, A) be an almost del Pezzo variety of dimension n.
Let P € X be a smooth point and let o: X — X be the blowup of P with exceptional
divisor E. Then

Kg=(1-n)Ag, where Ag=0"Ax —FE,

and C1(X) = CI(X) & ZE.

Moreover, if X is del Pezzo and d(X) > 2, then X is almost del Pezzo if and
only if

(i) the family of lines in X, passing through P has dimension at most n — 3,

(i) in the case where d(X) = 2, the point P does not lie on the ramification
divisor of the double covering ®| 4, : X — P" given by |Ax]|.

Finally, d(X) = d(X) — 1 and r(X) = r(X) + 1.

PROOF. The first part follows immediately from the blowup formula for the
canonical class.

Assume the conditions (i) and (ii) are satisfied. Recall that by Lemma 2.4 a gen-
eral linear surface section S C X through P is smooth. Moreover, d(S) = d(X) > 2,
P does not lie on a line in S, and in the case where d(S) = 2, P does not lie on
the ramification divisor of ®|4,|. Therefore, Blp(S) is a del Pezzo surface (see, e.g.,
[22, Lemma 4.3]). Now the equality Ay = 0*Ax — E shows that S := Blp(9) is
a linear surface section of X. We check below that any effective divisor D C X has
a non-trivial intersection with S.

Indeed, if DNE # @, then DNE C E =2 P" ! is a hypersurface, while SNECE
is a line, hence the intersection D N E N S is nontrivial. On the other hand, if
DNE = @, then D = 071(Dy) for a divisor Dy C X, and DyNS # & because X is
almost del Pezzo, hence D N S %+ & as well.

Now applying Lemma 2.12 (ii) several times we see that X is an almost del Pezzo
variety.

Conversely, if X is an almost del Pezzo variety then Blp(S) must be a del Pezzo
surface, hence P does not lie on a line in S, and in the case where d(S) = 2, P does
not lie on the ramification divisor of ®| 4.

The last part of the proposition is obvious. (|

REMARK 2.14. One possibility for condition (i) to fail (similarly to the case of
surfaces) is if X itself is a blowup of a smooth point on X’ and P lies on the
exceptional divisor of this blowup. However this is not the only possibility; another
example is if P € X is an FEckardt point, i.e., the vertex of a conical divisor in X
(this is possible only for d(X) < 3).

2.3. Minimal model program for almost del Pezzo varieties. In this sub-
section we describe K-negative extremal contractions of almost del Pezzo varieties.
Recall that a contraction is a proper surjective morphism with connected fibers to
a normal scheme. We say that a contraction f: X — Z is K-negative if —Kx
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is f-ample, and extremal, if the relative Picard number of f is 1. We start with
birational contractions.

LEMMA 2.15. Let X be a Q-factorial almost del Pezzo variety and let f: X — X'
be a K -negative extremal birational contraction. Then X' is a Q-factorial almost
del Pezzo variety of degree d(X') = d(X) + 1, f is the blowup of a smooth point,
and the exceptional divisor E of f is isomorphic to P"~1 and satisfies

ﬁE(E) = ﬁﬂ))n—l(*l) and ﬁE(AX|E) = ﬁ]}»n—l(l). (23)
Moreover, the point P := f(E) € X' does not lic on a K-trivial curve.

PrROOF. We apply [4, Theorem 1.1]. Let R be the extremal ray contracted by f.
Since Ax is f-ample, we can choose a sufficiently ample divisor H on X’ so that
the divisor M = Ax + f*H is ample. Then

(Kx +(n—2)M) R=-Ax -R+(n—2)f*H-R=—-Ax -R<0

because R is contracted by f, so the assumptions of [4, Theorem 1.1] are satisfied,
and therefore f is a weighted blowup of a smooth point with weights (1,1,b,...,b),
where b > 0. But as X is Gorenstein, we have b = 1.

Let E C X be the exceptional divisor. Then E =2 P*~! and the first isomorphism
in (2.3) holds. Moreover, by Proposition 2.13 we have Ax = f*Ax, — F; restricting
this equality to E, we obtain the second isomorphism in (2.3).

Now it only remains to show that X’ is almost del Pezzo. For this we consider
a general linear surface section S C X and set S’ := f(S) € X’. Then S is
a del Pezzo surface and the morphism f|g: S — S’ is birational and contracts the
line L = SN E. Therefore, S’ is a smooth del Pezzo surface of degree

d(s) =d(S)+1=d(X)+1

(so that S is the blowup of a point on S’) and S" C X’ is a linear surface section.
If D C X' is a divisor disjoint from S’ then f~1(D) C X is a divisor disjoint from S,
which is impossible as X is almost del Pezzo. Therefore, applying Lemma 2.12 (ii)
several times, we conclude that X’ is almost del Pezzo.

Finally, if P lies on a K-trivial curve C’ C X’ and C' C X is its strict transform,
then

Kx~C:(f*KX/-l-(n—l)E)-C:KX/'Cl+(n—1)E-C=(7’L—1)E-C>O7
which contradicts to the nef property of —Kx = (n —1)Ax. O

Next, we describe non-birational K-negative extremal contractions. Recall Defi-
nition 1.8 of del Pezzo bundles.

LEMMA 2.16. Let X be a Q-factorial almost del Pezzo variety, dim(X) > 3 and
r(X) > 1, and let f: X — Z be a K-negative extremal contraction to a lower-
dimensional variety. Then dim(Z) < 2 and

(i) if dim(Z) = 2, then Z is a smooth del Pezzo surface and there is a vector bun-
dle & on Z with ¢1(&) = Kz such that X = Py (&); moreover, if X is non-conical,
then & is a del Pezzo bundle on Z;

(ii) if dim(Z) =1, then Z = P! and f: X — P! is a flat quadric bundle.
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PROOF. Let F' be the geometric general fiber of f. By adjunction we have
—Kp = (n—1)Ax|p, (2.4)

hence F' is a Fano variety of positive dimension with Gorenstein terminal singu-
larities. Applying [23, Theorem 3.1.14] we conclude that dim(F) > n — 2, hence
dim(Z) < 2.

(i) Let dim(Z) = 2. Since dim(F) = n — 2, it follows from (2.4), ampleness
of —Kp, and [23, Theorem 3.1.14| that F 2 P"~2 and Ox(Ax)|r = Opn—2(1).

Let S C X be a general linear surface section. It follows from the description of F’
that the morphism f|g: S — Z is birational, and since S is a smooth del Pezzo sur-
face, f|s is an iterated contraction of (—1)-curves, hence Z is a smooth del Pezzo
surface as well.

Since f is extremal and X is Q-factorial, all fibers of f have dimension n — 2,
therefore the sheaf f.0x(Ax) is reflexive by [24, Corollary 1.7], and since Z is
a smooth surface, it is locally free by [24, Corollary 1.4]. Denote

&= (f.0x(Ax))".
We claim that the natural morphism
&Y = f* f.0x(Ax) = Ox(Ax) (2.5)
is surjective. If d(X) > 2, this is obvious because the composition
HY(X,0x(Ax))® Ox = H*(Z, f.0x(Ax)) ® Ox — f*f.Ox(Ax) = Ox(Ax)

coincides with the natural epimorphism H°(X, Ox(Ax)) ® Ox — Ox(Ax), hence
the last arrow is surjective. So assume d(X) = 1. Then the same argument shows
that (2.5) is surjective away from the base point zo € X of |Ax]|, so it remains to
check the surjectivity at xy. Consider the restriction morphism Ox(Ax) — Ouy;
we will check that its pushforward

feOx(Ax) = Ofay) (2.6)

is still surjective. For this we take a general linear surface section S C X (then
xog € S) and consider the composition Ox(Ax) — Os(Ax|s) = Os(—Kg) — O,
and its pushforward

[eOx(Ax) = [Os(=Ks) = Ofay)-

Here the first arrow is surjective because R>° f, Ox(—kAx)=0for0<k<n-—3
by Kawamata—Vieweg vanishing [25, Theorem 1-2-5, Remark 1-2-6], and the second
arrow is surjective because f|g: S — Z is a birational morphism of del Pezzo
surfaces, hence it is an isomorphism near the base point zo € S of |—Kg/|, and the
surjectivity of (2.6) follows. Now consider the commutative diagram

[ fe0x(Ax) — Ox(Ax)

| i

f*ﬁf(ico) - ﬁfbo'
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Its left vertical arrow is surjective because (2.6) is, its bottom arrow is surjective
for obvious reasons, and its right vertical arrow is an isomorphism at xy. Therefore,
its top arrow is surjective at xg.

Now the surjectivity of (2.5) implies that the morphism f factors as the compo-
sition , ,

x L x=prye) L 2,

where [’ is a regular morphism and f” is the projection. The restriction of f’ to F
is an isomorphism onto the general fiber of f”, hence f’ is birational, and since
f=[f"of is extremal, f' is an isomorphism.

The standard formula for the canonical class of a projective bundle gives

(]. —TL)AX - KX = K[pz(g) = f*(KZ —Cl((ga)) + (1 —TL)A)(,

hence ¢1(&) = K. Finally, if X is non-conical, we conclude that & is a del Pezzo
bundle.

(ii) Let dim(Z) = 1. Since dim(F) = n — 1, it follows from (2.4), ampleness
of —Kp, and [23, Theorem 3.1.14] that F is a quadric hypersurface in P" and
Ox(Ax)|r & Opn(1)|F-

Let S C X be a general linear surface section. It follows from the description of F’
that the morphism f|s: S — Z is dominant, hence Z is unirational and normal,
hence Z = P'. Furthermore, the sheaf f,Ox(Ax) on P! is torsion free, hence locally
free, and defining % as its dual and arguing as in part (i) we prove that f factors
as

xxop e Lz
Now the restriction of f’ to F' is the natural embedding F' C P™, hence the image X'
of f'is a divisor in Pz(.%) of relative degree 2, and since f is extremal, f’ is an
isomorphism onto this divisor. Finally, X is irreducible, hence flat over Z = P'. O

Summarizing the results of Lemma 2.15 and Lemma 2.16, we obtain the main
result of this section.

PRrROPOSITION 2.17. Let X be a Q-factorial almost del Pezzo variety such that
r(X)>1, and let f: X — Z be an extremal K-negative contraction. Then

(i) either Z is a Q-factorial almost del Pezzo variety and f: X — Z is the
blowup of a smooth point on Z not lying on a K-trivial curve,

(ii) or Z is a smooth del Pezzo surface and X = Py (&), where & is a vector
bundle on Z with tk(&) > 2 and ¢1(&) = Kz; moreover, if X 1is non-conical, then
& is a del Pezzo bundle,

(iii) or Z =2 P! and X — Z is a flat quadric bundle.

We conclude this section with a few useful Minimal Model Program results.

COROLLARY 2.18. Let X be an almost del Pezzo variety. If f: X — Z is any
contraction, then either f is birational and Z is almost del Pezzo variety, or Z is
a del Pezzo surface, or P', or a point.

PROOF. Let &: X — X be a Q-factorialization; X is a Q-factorial almost
del Pezzo variety. Running the Minimal Model Program on X over Z, i.e., con-
tracting K-negative extremal rays over Z, we obtain a birational map X --» X’
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over Z such that X’ is an almost del Pezzo variety and we have one of the following
two situations (see [15, §2.14]).

(A) There exists a non-birational K-negative extremal contraction X' — Z’
over Z.

(B) The divisor K- is nef over Z.

In the first case Z’ is a del Pezzo surface, or P!, or a point by Proposition 2.17,
and hence the same holds for Z. In the second case, since X’ is almost del Pezzo,
the divisor — K x is nef, and since K x- is nef over Z, it is numerically trivial over Z,
hence the map f': X’ — Z is K-trivial. Therefore, the curves contracted by f’ are
K x/-trivial; in other words, they form a subset of the set of curves contracted by
the anticanonical morphism X’ — X/ . Thus, the anticanonical morphism factors
through f’, hence Z is an almost del Pezzo variety with Z.,, = X/ __; in particular,
Z is birational to X. |

Can’

LEMMA 2.19. Let X be a del Pezzo variety. For any class D € Cl(X) @R there
exists a Q-factorialization &: X — X such that every (£1),D-negative extremal
ray is K-negative. In particular, we have the following alternative.

(A) There exists a (€~1), D-negative K -negative extremal contraction f: X - 7
moreover, if D is pseudoeffective, then f is birational.

(B) The divisor (§71).D is nef.

PROOF. Let X — X be any Q-factorialization and let D be the strict transform
of D. Note that X is an FT variety [19, Lemma-Definition 2.6|, therefore we can
run D-MMP on X in the category of FT varieties [19, Corollary 2.7, Lemma 2.8]|.
At each step we flop a D-negative K-trivial extremal ray; clearly, this does not spoil
the nef and big properties of the anticanonical class, hence the resulting variety is
still almost del Pezzo. After a finite number of such flops we obtain a Q-factorial
crepant model X of X such that every D- negative extremal ray is K-negative, where
D is the strict transform of D. By Lemma 2.11 the variety Xisa Q-factorialization
of X, hence D= (67Y,D, where ¢: X — X is the anticanonical morphism. Now
obviously we are in the case (A) (if there are D-negative curves) or otherwise in the
case (B). O

§ 3. Lattice structure of the class group

Recall the bilinear form (1.4) defined on the class group Cl(X) of any almost
del Pezzo variety. In this section we investigate its properties.

3.1. Restriction morphisms. In this subsection we discuss the restriction
morphisms between the class groups of a ladder of (almost) del Pezzo varieties.

LEMMA 3.1. For any almost del Pezzo variety X the bilinear form (1.4) is well
defined. If i:'Y < X is a general fundamental divisor and i*: Cl(X) — CI(Y) is
the induced morphism, then

(D1, Ds) = (i*Dy,i* Ds)

for any D1, Dy € CI(X).
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ProOOF. All results follow from the projection formula because the base locus
of |[Ax| is empty or zero-dimensional and Y C X is a Cartier divisor. O

LEMMA 3.2. If ¢: X' --+ X" is a pseudoisomorphism of almost del Pezzo vari-
eties, then the map ¥,: CI(X’) — CU(X") is an isomorphism compatible with the
bilinear form (1.4).

PrOOF. By Lemma 2.9 we have X/, = X[/ . and if S is a general linear surface

section of that del Pezzo variety, then S is also a linear section of both X’ and X”'.
Therefore, applying Lemma 3.1 several times, we obtain

(D1, D2)x' = (D1|s, Dals)s = (¥« D1, 0. Da) x

for any Weil divisor classes Dy, Do € Cl(X). O

The following result provides a step towards Theorem 1.9. In the case where
d(X) > 2 its first part follows from [26], but we provide a uniform simple proof.

PRrROPOSITION 3.3. Let X be a del Pezzo variety of dimension n > 3. Consider
a ladder

iz i3 in—? in—l
S=Xo > X3 - —> X, 11— X, =X
of linear sections (where Xo =25 is a del Pezzo surface) and the chain of linear maps

-

CIX) = CI(X,) =5 Cl(Xno1) 225 - 5 C(X) 25 CI(X) = CU(S).
The maps i}, are isomorphisms for k>3, while i5 is an embedding. In particular, if
E(X) := Cl(X)* ¢ K& c CI(9)

is the orthogonal complement of the image of the composition map C1(X) — C1(S),
then

S(X,) = Z(X,_1) = - = 2(X3)
is a negative definite sublattice of rank 10—d(X)—r(X) in K& C CI(S). Moreover,
ClI(X) ==(X)* (3.1)
is a non-degenerate lattice of signature (1,r(X) —1).

As the proof given below shows, the sublattice Z(X) C CI(S) is generated by the
vanishing cycles of a Lefschetz pencil of hyperplane sections of X3, and since such
a pencil must have singular fibers, Z(X) # 0.

PROOF. Let C' C S be a general anticanonical divisor; this is a smooth elliptic
curve. Let X := Blg(X) be the blowup and let

p: X — P2

be the morphism induced by the linear system |Ax — C|. Then all fibers of p are
irreducible surfaces (because C' is irreducible) and the general fiber is a del Pezzo
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surface of degree d(X). Let U C P"~2 be the complement of the locus of singular
fibers of p. Then after restriction we obtain a family

pv: Xy =p HU) > U

of smooth del Pezzo surfaces. Let Picg U denote the étale sheafification of the
relative Picard group. Note that S is one of the fibers of py; we denote by ug € U
the point such that X,,, = S. Then by |27, Corollary 2.3] we have an isomorphism

Picg i, (U) = Pic(s)™ (), (3.2)

where 711 (U, ug) is the étale fundamental group of U acting on Pic(S) by monodromy
(see [27, §2.1]).
Now consider the commutative diagram with exact rows

*

0 — Pic(P"1) — C1(X) C1(X) 0

L

Pic(U) —“— Pic(Xy) —= Picg, ,(U) —=0.

0

Here the top row is obtained from the direct sum decomposition
CI(X) = CI(X) @ ZE,

where £ C X is the exceptional divisor of the blowup X=X , because the pullback
to X of the hyperplane class of P"~! is equal to the class Ax — E (thus, the second
arrow is identical on the first summand Cl(X) and takes the generator E of the
second summand to Ax). Furthermore, the bottom row is the sequence from [28,
Proposition 2.5] (it is exact on the right because any point of C' gives a section
for Xy /U). Finally, the vertical arrows are the restriction maps. Clearly, the left
and middle vertical arrows in the diagram are surjective with kernels generated by
the divisorial irreducible components of P*~1\ U and of X \ Xy, respectively, hence
p* induces an isomorphism of the kernels. It follows that the right vertical arrow is
an isomorphism. Combining this with (3.2), we conclude that the restriction map
induces an isomorphism

CI(X) = Pic(8)™ (Uruo), (3.3)

In particular, C1(X) is a saturated subgroup in Pic(S) = CI(S), hence we have
Cl(X) = (CI(X)1)*, and so (3.1) holds.

Now assume n > 4 and consider the general fundamental divisor i,,_1: X,,_1 — X
containing S, hence also C. Let H = p(Blg(X,—1)) C P"~2 be the corresponding
hyperplane and set Uy := U N H. The natural morphism 7ty (Ug, ug) — 11 (U, ug)
is surjective by [29, Théoreme 0.1.1]. Hence

CI(X) = Pic(8)™Uuo) = pig(§)™(Wrwo) =~ CI(X,, )

and the composition of the isomorphisms is given by 77 ;.
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The equality of the orthogonals Z(X;) follows immediately. The rank of Z(X)
equals
r(S) —r(X)=(10-4d(9)) —r(X) =10 — d(X) — r(X),

where the first equality follows from the standard relation between r(S) and d(S)
for a del Pezzo surface, and the second follows from the equality d(S) = d(X).
Since the class Ag = —Kg € CI(S) is equal to the image of Ax € Cl(X), it follows
that Z(X) C Kg, hence Z(X) is negative definite by the Hodge index theorem.
Therefore C1(X) = Z(X)* is non-degenerate and has signature (1,7(X) —1). O

COROLLARY 3.4. The class group Cl(X) is a free abelian group; in particular,
the fundamental class Ax is canonically defined by (1.1).

We will need the following simple observation.

LEmMA 3.5. If o: X — X is the blowup of a smooth point such that X is almost
del Pezzo, then the general surface linear section S C X is the blowup of a general
surface linear section S C X and the blowup morphism og: S — S induces an
equality of sublattices

2(X) = o5(2(X)) € CL(S).

PROOF. Let 7: S <+ X be the embedding. Since Ag = 0*Ax — E (see Propo-

sition 2.13), the surface S is the blowup of a linear surface section ¢: S — X, and
there is a commutative diagram

where og: S — S is the blowup. Moreover, we have

CI(X) =o*CUX)DZE,  CI(S) =05 CLS) @ ZE;,

where E C X and Fs C S are the exceptional divisors of the blowups and 7*FE = Eg.
Therefore 7* Cl(X) =7*0* Cl(X) ® Zi*E = 0&i* Cl(X) ® ZEs and

2(X) =7 CUX)*t = (oki* CUX))E N ES = o5(i* CUX)) = 05E5(X),
hence the claim. O

We will need the following useful observation.

LEMMA 3.6. If X is an almost del Pezzo variety and D C X is an effective
nontrivial divisor, then we have (Ax,D) > 1. Moreover, if (Ax,D) = 1, then
(D, D) > —1.

PRrROOF. For del Pezzo varieties the first follows from ampleness of Ay, and in
the almost del Pezzo case from the fact that the morphism X — X ., does not
contract divisors.
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To prove the second statement, let S C X be a general linear surface section.
Then the divisor Dg := D NS is a curve on S of anticanonical degree 1. Clearly, if
d(S) = d(X) > 2, it is a line, hence D% = —1, and if d(S) = d(X) = 1, it is a line
or an anticanonical divisor, hence D% = —1 or D% = 1. In all the cases the result
follows. |

3.2. Special classes. Let A be a lattice of signature (1, r) endowed with a posi-
tive characteristic element a € A, i.e., such that (a,a) > 0 and (a, x) = (x,x) mod 2
for all x € A. Then

at:={xcA|(ax)=0}

is a negative definite even lattice of rank r.
For each integer s € Z we define the set

Os(A,a):={xeA|(ax) =5, (x,x) =5—2}. (3.4)
Note that elements of ©y(A,a) are nothing but the roots of a’, so we write
A(A,a) :=0O¢(A,a). (3.5)
We also introduce the following terminology.

DEFINITION 3.7. We say that an element x € A is

e exceptional, if x € O1(A, a);

e a Pl-class, if x € Oz(A, a);

e a P?-class, if x € O3(A,a), excluding the case where d = 1 and x = a + 2e.
We write ©35(A, a) for the set of P2-classes.

REMARK 3.8. For del Pezzo surfaces P?-classes are nef classes corresponding to
birational contractions to P2, while the classes a + 2e in the case d = 1 have a non-
trivial base locus, and their moving part corresponds to a birational contraction
onto a del Pezzo surface of degree 2.

REMARK 3.9. In the case where (a,a) = 1 there exists a natural bijection
A(A,a) i>@1(A,a), o — &+ a.

Similarly, the maps x — x — sa are isomorphisms of O4(A,a), s € {2,3}, onto the
sets of elements in a' with square —4 and —8, respectively, and P?-classes corre-
spond to elements not proportional to roots; in particular, all these sets are finite.

We will apply all these notions to the lattice A = C1(X) with a = Ax (note that
the class Ax € Cl(X) is characteristic by Riemann-Roch theorem). In §6 we will
explain the geometric meaning of P!- and P2-classes and in this section we restrict
our attention to exceptional classes. We start with the well-known case of del Pezzo
surfaces.

LEMMA 3.10. Let (X, Ax) be a del Pezzo surface, and let E € CI(X) be an
exceptional class. Then dim H(X, Ox(E)) =1 and

HY(X,0x(F — kAx)) = H'(X,0x(E —kAx)) =0 for k>1. (3.6)
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PROOF. We have H?(X, Ox(E)) = H*(X,Ox(—Ax — E))¥ = 0 by Lemma 3.6
and Serre duality, therefore Riemann—Roch theorem gives

E?4+ Ax - E
dim H(X, Ox (E)) — dim H'(X, Ox (E)) = % +1=1,
hence FE is effective. Since Ax - E = 1, it is irreducible, and since E? = —1, it is

rigid; thus dim H(X, Ox(E)) = 1.

Since (Ax,E — kAx) < (Ax,E) = 1, the vanishing of H*(X, Ox(E — kAx))
follows from Lemma 3.6. To prove the vanishing of H'(X, Ox(E — kAx)) by Serre
duality, it is enough to show that H*(X, Ox(kAx — E)) = 0 for k > 0. For this,
we consider the standard exact sequence

The vanishing of H!(X,0x(kAx)) (proved in Lemma 2.1) shows that we need to
check the surjectivity of the restriction map H%(X, Ox(kAx)) — HY(E, Or(k)).
Since E is a line, the surjectivity follows easily for k& € {0,1}, and for higher k
it follows from the fact that the algebra ©®H®(E, Og(k)) is generated by the first
component. (|

The following proposition extends the above property to higher dimensions.

PRrROPOSITION 3.11. Let X be an almost del Pezzo variety of dimension n > 2.
If E € CI(X) is an exceptional class, then dim(H®(X, Ox(E))) = 1.

PRrROOF. First, we show by induction on n that (3.6) holds. The base of the
induction, n = 2, where X is a del Pezzo surface, is proved in Lemma 3.10. Now
assume n > 3. To prove the vanishing of H* (X, Ox (E —kAx)), we choose a general
fundamental divisor Y € |Ax| and consider the long exact sequence of cohomology
associated with the exact sequence of sheaves

0— ﬁx(E — (k? + 1)14)() — ﬁx(E — I{/’Ax) — ﬁy(E — kAx) — 0. (37)
By induction we have H(Y, Oy (E — kAx)) = HY (Y, Oy (E — kAx)) = 0, hence
H (X,0x(E - (k+1)Ax)) = H(X,0x(F — kAx))

for i € {0,1} and all k¥ > 1. On the other hand, we have H* (X, Ox(E —kAx)) =0
for k > 0 by Serre vanishing. Therefore, the same holds for any k& > 1.

Now we compute dim H(X, Ox(F)), again by induction on n. The base of
induction is again given by Lemma 3.10, and for the step we use the exact sequence

HY(X,0x(E — Ax)) = H*(X,0x(E)) — H*(Y, Oy(E)) — H' (X, Ox(E — Ax))

obtained from (3.7) with k = 0. Its first and last terms are zero by the first part of
the proposition, and so we conclude that H°(X, Ox(E)) = H°(Y, Oy (E)). O

PROPOSITION 3.12. Let X be a del Pezzo variety, and let E1, ..., E, € Cl(X)
be a collection of pairwise orthogonal exceptional divisor classes, i.e.,

<Ei,Ej>:0 fO?” 1<Z<]<k’
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Then there exists an almost del Pezzo variety )?()Aand a collection Py, ..., P € X’o
of smooth points such that the variety Blp, . p (Xo) is almost del Pezzo and

X = (B1P17~~;Pk (XO))CBW

In particular, if CI(X) contains an exceptional class, then X is imprimitive.

PrOOF. By Proposition 3.11 we can assume that each class F; is effective and
irreducible. Let D := > E; and let &: X = X bea Q-factorialization provided
by Lemma 2.19, set D= (671).D and E; = (671).E;. Then the pair ()?,13) has
the following properties:

(i) every D- negatlve extremal ray is also K-negative,

(i) D = ZEZ, where Ej; are pairwise orthogonal effective exceptional divisor
classes.

Indeed, the first is ensured by Lemma 2.19, and the second follows from the
assumptlon about the E; and Lemma 3.2. We show that these properties imply

= Blp,,.. P (Xo) where Xo is almost del Pezzo, P,..., P, € Xo are smooth
pomts7 and Ez are the exceptional divisors of the blowup.

To prove this, we use induction on k. If k& = 0 there is nothing to prove, so
assume k > 0. The class D cannot be nef because by (ii) we have

(D, E;) = (E;, E;) = —1,

therefore there is a D- negative extremal ray R. This ray cannot be K-trivial by (i),
hence the corresponding contraction f: X — X' is an extremal K- negative con-
traction. Since D-R<0and D is effective, the map f is birational, so Lemma 2.15
implies that X "is a Q-factorial almost del Pezzo variety, f is the blowup of a smooth
point Pj € X !, and the exceptional divisor of f is a component of D say E\.
Note that F; is Cartier and Ag¢ is ample on E; by (2.3), hence (ii) implies that
EiNE, =@ fori>2. Therefore, E’ I Z), < i < k, are pairwise orthogonal
exceptional divisor classes (see Lemma 3.13 (i) belovv for this simple computation).

On the other hand, if D' := f.D = Zf:2 E! and C C X' is a K-trivial
D’-negative curve then P| ¢ C (Lemma 2.15), hence f~1(C) is a K-trivial
D-negative curve, which contradicts (i). This shows that the pair ()A( D ) sat-
isfies the properties (i) and (ii) and by induction we have X’ = Blp,,...p, (Xo).
It remains to note that P; does not lie on an exceptional divisor of this blowup
by Proposition 2.13 (i), hence X~ Blp (Blp,,....p, ()?0)) = Blp, .p,...P, ()/fo), where
P is the image of Pj in )?0. |

3.3. Extremal contractions. Recall from Proposition 2.17 the classification
of extremal contractions of almost del Pezzo varieties.

LEMMA 3.13. Let (X, Ax) be a Q-factorial almost del Pezzo variety and let
f: X — Z be a K-negative extremal contraction.

(i) If f is birational, i.e., f is the blowup of a smooth point on Z with exceptional
divisor E, then Cl(X) = f*Cl(Z) ® ZE and for any D, Dy, Dy € CI(Z) one has

(f*Dy, f*Ds) = (D1, Ds),  (f*'D,E)=0, (E,E)=—
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(i) If f is a P"~2-bundle over a smooth surface Z , then Cl(X)= f* Cl(Z) ® ZAx
and for any D, Dy, Dy € CI(Z) one has

(f*D1, f*D3) = Dy - Do, (f*D,Ax)=—Kgz-D.

(iii) If f is a flat quadric bundle over Z = P! and F € C1(Z) is the class of
a fiber, then Cl(Z) = ZF @ ZAx and

(F,F) =0, (Ax,F) =2.

PRrOOF. Part (i) follows easily from the blowup formula, projection formula (note
that the blowup point on Z is smooth), the equality Ax = f*Az — E (see Propo-
sition 2.13) and isomorphisms (2.3).

The first formula in part (ii) is clear. Further, X =2 Pz(&) and ¢1(&) = Kz by
Proposition 2.17, so if D C Z is a smooth curve and Xp := f~1(D) = Pp(&|p),
then Ax|x, is the relative hyperplane class of Xp, and the intersection theory
implies

(f"D,Ax) = A" f*D = (Ax|x,)""" = deg(c1(¢")Ip) = Kz - D.

Since classes of smooth curves generate Cl(Z), the same formula holds for any D.
Part (iii) is again obvious because F2 = 0 and the restriction of Ax to any fiber
Q" ! of f is the hyperplane class. O

COROLLARY 3.14. An almost del Pezzo variety X is imprimitive if and only if
CI(X) contains an exceptional class.

PROOF. If X is imprimitive we apply Lemma 3.13 (i), and if X contains an
exceptional class we apply Proposition 3.12. ]

COROLLARY 3.15. If X =P4(&) is a primitive almost del Pezzo variety, then
Z=2P? or Z=2P! x PL. In particular, v(X) =2 or r(X) = 3.

PRrOOF. By Proposition 2.17 (ii) Z is a del Pezzo surface, so it remains to show
that Z is minimal. Indeed, if it is not, then Z contains a (—1)-curve D C Z, so that
Kz -D = D? = —1. Then by Lemma 3.13 (ii) the class E := f*D € Cl(X) is
exceptional, hence X is imprimitive by Corollary 3.14. ]

COROLLARY 3.16. If X is a primitive almost del Pezzo variety, then r(X) < 3.

Proor. If r(X) = 1 there is nothing to prove, so assume r(X) > 2. Then
an appropriate crepant model X of X has a K-negative extremal contraction
f: X — Z. By Proposition 2.17 either X = P4(&), and then r(X) < 3 by Corol-
lary 3.15, or f is a quadric bundle over P!, and then r(X) = 2 since f is extremal. [J

The next proposition describes the lattice structure of C1(X), where X is a pro-
jective bundle over P! x P*. We will see in Proposition 4.10 that any such X in fact
has d(X) <6

LEMMA 3.17. Let f: X — P' x P! be o K-negative extremal contraction of
a Q-factorial almost del Pezzo variety of degree d = d(X) < 6. Let Fy, Fy € C1(X)
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be the pullbacks to X of the rulings of P* x PL. The bilinear form (1.4) in the basis
Fi, F5, A of CI(X) has the matriz

0 1 2
1 0 2
2 2 d

The variety X is primitive for d € {2,4,6} and imprimitive for d € {1,3,5}.

PROOF. To compute the matrix of the lattice, we apply Lemma 3.13 (ii). For the
second part note that by Corollary 3.14 imprimitivity is equivalent to the existence
of an exceptional class. For an element 1 F + 29F5 + yA € Cl(X) the definition of
exceptionality reads as

211 4 20 +dy = 1, 221 To + Az1y + daoy + dy? = —1.
Squaring the first and subtracting the second multiplied by d, we obtain
4((131 + £E2)2 — 2d1‘11‘2 =1+ d.

Clearly, d must be odd, and for 1 < d < 6 the integer solutions are
od=1: Ei:A:‘:(Fl_FQ);
e d=3: Ele—Fl, EQZA—FQ;
.d:5lE:A—F1—F2.
In particular, for d € {2,4,6} the variety X is primitive. O

A similar computation describes C1(X) when X is a projective bundle over P2.
We will see in Proposition 4.9 that any such X has d(X) < 7.

LEMMA 3.18. Let f: X = P? be a K -negative extremal contraction of a Q-factor-
ial almost del Pezzo variety of degree d = d(X) < 7. Let G € CI(X) be the pullback
to X of the line class of P2. The bilinear form (1.4) in the basis G, A of CI(X)

has the matriz
1 3
3 d)’

The variety X is imprimitive for d € {4,7} and is primitive otherwise.

PrOOF. The proof is similar to that of Lemma 3.17. Now the equations of
exceptionality for an element G + yA € CI(X) are

3z +dy =1, 2 4 6xy + dy? = —1.
Squaring the first and subtracting the second multiplied by d, we obtain
(9 —d)z? =1+ d.
The only integer solutions with 1 < d < 7 are
ed=4: FE=A—-G,

ed=7. F=A-2G.
Therefore, for d € {1,2,3,5,6} the variety X is primitive. O
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Next, we describe C1(X) when X is a quadratic fibration over Pt. We will see
in Lemma 4.13 that any such X has d(X) < 6.

LEMMA 3.19. Let f: X =P be a K -negative extremal contraction of a Q-factor-
ial almost del Pezzo variety of degree d = d(X) < 6. Let F € CI(X) be the class of
a fiber. The bilinear form (1.4) in the basis F, A of Cl(X) has the matriz

0 2
2 d)’
The variety X is imprimitive for d = 3 and is primitive otherwise.
Moreover, C1(X) contains a P*-class F' # F if and only if d € {1,2,4}.

PROOF. The proof is similar to that of Lemma 3.17. Now the equations of
exceptionality for an element zF + yA € Cl(X) are

2z +dy =1, day + dy? = —1.
Squaring the first and subtracting the second multiplied by d, we obtain
4% =1+d.

The only integer solution with 1 < d < 6 is
ed=3: E=A-F.

Therefore, for d € {1,2,4,5,6} the variety X is primitive.
If F/ = 2F + yA is a P'-class, then

2z + dy = 2, 4oy + dy* = 0.

The only solution distinct from F is F' = (4/d)A — F; it is integral if and only
if d € {1,2,4}. O

Finally, we will need the following similar computation.

_ LEmMMA 3.20. Let X be a del Pezzo variety with d(X) > 2 and r(X) = 1. Let
X = Blp(X) be its blowup at a point P € X with exceptional divisor E such that
X is an almost del Pezzo variety. Then E is the only exceptional class in Cl(X)

if and only if a crepant model of X admits a non-birational extremal contraction if
and only if d(X) > 4.

PROOF. Let E be the exceptional divisor of the blowup o: X — X. By
Lemma 3.13 (i) the classes E and Ay = 0*Ax — E form a basis of CI(X), and
in this basis the matrix of the bilinear form is

-1 1
1 d-1)’

where d = d(X). Since r(X) = 2, a Q-factorial crepant model of X must have
a second K-negative extremal contraction, and if it is birational, C1(X) must have an
exceptional class distinct from E. If this class is 7 + yA ¢, then the conditions of
exceptionality are

x4+ (d—1)y =1, —2? 4 2y + (d — 1)y? = —1.
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Squaring the first and subtracting the second multiplied by d — 1, we obtain
dz? = d,

hence x = +1. If z = 1, then y = 0, and this solution corresponds to the original
exceptional class E. If x = —1, then y = 2/(d—1) is integral if and only if d € {2, 3}.
Thus, for d = d(X) > 4, the other extremal contraction must be non-birational. [J

We refer to §6.2 for a description of the other extremal contractions.

§ 4. Del Pezzo vector bundles and quadric bundles

In this section we investigate del Pezzo bundles (see Definition 1.8) and almost
del Pezzo varieties that have a structure of a P*~2-bundle or flat quadric bundle.
We always assume n > 3.

4.1. Del Pezzo varieties and del Pezzo bundles. First, we prove the basic
properties of del Pezzo vector bundles. We will say that a vector bundle .% on
a variety Z is almost globally generated if the cokernel of the natural morphism
HY(Z,7)® 0z — Z is the structure sheaf of a point.

LEMMA 4.1. If Z is a surface and & is a del Pezzo bundle on Z, so that the
projectivization X = Pz (&) is a non-conical almost del Pezzo variety, then Z is
a smooth del Pezzo surface and

dim(X) — 1 =1k(&) < cao(&) = K — d(X); (4.1)

in particular, 2 < co(&) < K% — 1. Moreover, H*(Z,&) = H*(Z,&) =0, and

o if co(&) < K% — 2, then &V is globally generated;

o if co(&) = K% — 1, then & is almost globally generated.

PROOF. We proved in Lemma 2.16 (i) that Z is a smooth del Pezzo surface. We
also proved that Ax is a relative hyperplane class for Pz (&’). Therefore, (almost)
global generation of @x (Ax) implies the analogous property of &, which in its turn
implies the inequality c3(&) = c2(&Y) > 0. On the other hand, by Definition 1.8
we have ¢1(&) = K.

Furthermore, multiplying the standard relation

AT AT fra(8) + AT frea(8) =0

in the Chow ring of X by Ax we obtain d(X) = A% = ¢1(&)?—c2(&) = KZ—ca(&),
i.e., the last equality in (4.1).
To prove that H?(Z,&) = 0, note that Lemma 3.13 (ii) implies

AV (Ax + [fKz) =d(X) — K7 = — (&) <0,

therefore the divisor class Ax + f* K7 (which is nontrivial because rk(&’) > 2) cannot
be effective by Lemma 3.6. Combining this with Serre duality we obtain the required
vanishing

H*(Z,6)=H%Z,&V(Ky))Y = H (X, 0x(Ax + f*Kz))¥ = 0.
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To prove that H%(Z,&) = 0, we let by contradiction s be a nontrivial section
of &. Since &Y is (almost) globally generated, the composition

HO(Z7éaV)®ﬁz—>éav i)ﬁz

is generically surjective, and since this is a morphism of trivial vector bundles,
it is surjective everywhere, and a copy of 0z splits from &, ie., & = Oy © &'.
It follows that the section of Pz (&) corresponding to the trivial summand &y is
contracted by the morphism ®| 4| to a point v € Xcay, and furthermore, that Xca,
is covered by lines through v, so it is a cone. This contradicts Definition 1.8 and
proves the vanishing of H%(Z, &).
Using the vanishing of H°(Z, &) and H?(Z, &) and Riemann-Roch theorem, we
obtain
0 < dimH (Z,8) = —1k(&) + ca(&), (4.2)

which gives the inequality in (4.1). As the first equality in (4.1) is obvious, dim(X) >3
and d(X) > 1, we obtain that 2 < ca(&) < K% — 1. This completes the proof of
the lemma. O

COROLLARY 4.2. If & is a del Pezzo vector bundle on a del Pezzo surface Z
and X =Py(&), then
d(X) 4+ r(X)+n < 12.

PROOF. This follows from K% =10 —r(Z) = 11 — r(X) combined with (4.1). O

Recall that a del Pezzo bundle & is mazimal if there is no embedding & «— &’
into another del Pezzo bundle &’ with &'/& = 0.

LEMMA 4.3. For any del Pezzo bundle & on a surface Z there is a canonical
exact sequence _
08 —&— HY(Z,6)@ 07 — 0, (4.3)

where & is a mazimal del Pezzo vector bundle. Moreover, P (&) is a linear section

of Pz(&). A del Pezzo bundle & is mazimal if and only if k(&) = co(&) if and
only if H*(Z,&) = 0.

PROOF. The extension (4.3) is given by the canonical element in
Ext' (HY(Z,8)® 07,6) = H(Z,6)" @ Ext'(07,6) 2 H'(Z,8)" @ H'(Z, ).

Let X := Pz(g ). Then the second arrow in the exact sequence (4.3) gives an
element in

Hom(&, HY(Z,&) ® 07) = HY(Z,&) @ H*(Z,&")
=~ Hom(H°(X, 0% (A3))", H (Z,&))

hence a linear subspace in P(HY(X, & ¢(A%))Y). Tt is clear that the correspond-
ing linear section of X is X = Pz(&). If D C Pz(&) is a nontrivial effective

divisor, D N P(&,) contains a hypersurface for at least one point z € Z, while

P(&,) C P(&,) contains a line, hence D NPz (&) # &. Therefore, applying several
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times Lemma 2.12 (ii), we conclude that X is an almost del Pezzo variety, hence &
is a del Pezzo bundle.

Looking at the cohomology exact sequence of (4 3) and using the cohomology
vanishings of Lemma 4.1, we conclude that H®*(Z, &) = 0. Now the equality in (4.2)

applied to & implies that & is maximal. Conversely, for any maximal & the equal-
ity in (4.2) combined with the cohomology vanishings of Lemma 4.1 proves the

vanishing H*(Z, é"v) =0. O

4.2. Del Pezzo bundles and blowups. In this subsection we investigate the
behavior of del Pezzo bundles under birational transformations of underlying sur-
faces.

PROPOSITION 4.4. Assume that Z' is a del Pezzo surface and o: Z' — Z is the
blowup of a point z € Z. If &' is a del Pezzo bundle on Z', then & = 0,8’ is
a del Pezzo bundle on Z and there is an exact sequence

0—=0*¢ =& — 0L(—1) =0, (4.4)

where L C Z' is the exceptional line of o. Moreover, there is a point P € Py (&)
and a pseudoisomorphism

X: BIP(PZ((g))) - le(éal)
which is an isomorphism away from the subvarieties
Blp(P(&.)) C Blp(Pz(&)) and L xP" 3 CPy(&),

where the latter corresponds to a trivial subbundle in &”|y,.

PROOF. Since &’ is a del Pezzo bundle, its dual is (almost) globally generated
by Lemma 4.1, hence the bundle &'"|; is globally generated (because an almost
globally generated vector bundle on P! is globally generated). On the other hand,
deg(&’|L) = Kz - L = —1, therefore

&L= 0" g oL(-1). (4.5)

Consider the epimorphism &" — &”'|, = Or(—1) and let & be its kernel, so that
we have an exact sequence

08" =& — 0L(—1) —0. (4.6)

Restricting it to L and taking into account that Tor, (0, 0r) = O (—L) = 0(1),
we obtain an exact sequence

0= 0, — &, — &L — OL(—1) =0, (4.7)

which implies that &"|; = ﬁf(nfl). Therefore, & = ¢*& for a vector bundle &
on Z, so that (4.6) takes the form of (4.4), and pushing forward (4.4) to Z, we also
obtain & & 0.&”.



ON HIGHER-DIMENSIONAL DEL PEZZO VARIETIES 105

Now consider the following diagram of birational maps:

Bl pn-s(Bz/(£")) 7> Blp(P2())

27T
Py(6)<—————mmmmm = Py (0*E) ——=P4(&).

Here 7 is the blowup of the projectivization L x P"=3 of the first summand in (4.5)
and 7 is the blowup of the section L C P, (c*&|1,) corresponding to the first arrow
in (4.7), so that the dashed arrow at the bottom is the elementary transformation
of projective bundles induced by the morphism o¢*& — &’. Furthermore, & is the
blowup of the fiber P(&%) = P2 of Pz (&) over the point z, and p is the blowup of
the point P := &(L). As the maps 79, ¢ and p are birational, there is a birational
map o that makes the right square commutative.
_ Note that the scheme preimage of the point P € Pz(&) in Pz (c*&) is the curve
L C Pr(c*&|L), and its preimage in Bl ypn—3(Pz/(&”)) is the exceptional divisor
of my. As this is a Cartier divisor, the universal property of blowup shows that
the rational map & is in fact regular. Note also that the strict transform of the
exceptional divisor L x P(&,) of & is equal to the exceptional divisor E; of 7y, that
its image in Blp(Blz(&)) is the smooth subvariety Blp(P(&,)) of codimension 2 and
the relative Picard number of & is 1. Applying [30, Lemma 2.5|, we conclude that
& is the blowup of Blp(P(&,)) = Blp(P"2).

Since both 71 and & are blowups of smooth subvarieties of codimension 2 with
the same exceptional divisor Fq, we conclude that the composition

X = T10 (/T\_ll BIP(Pz(éa)) - le(éﬂ)
is a pseudoisomorphism. O

The converse to Proposition 4.4 is also true.

LEMMA 4.5. If X =P4(&) Ly Z is an almost del Pezzo variety and, moreover,
P € Pz(&) is a point such that X" = Blp(X) is also almost del Pezzo, then there is
a pseudoisomorphism X' --+ Pz/(8"), where o: Z' — Z is the blowup of the point
z:= f(P) € Z and &' is defined by the exact sequence (4.4). In particular, &' is
a del Pezzo bundle.

Proor. Consider the variety X" := Py (0*&). If L C Z’ is the exceptional line
of o, then
(c"8)|L =& 0.
In particular, the point P € f~1(2) = P(&,) corresponds to an embedding of vector
bundles &, < ¢*&|r,. Now we can define &’ as

&' =Ker(c*&Y — 01)Y,

where the map is the dual of the above embedding; this is the unique vector bundle
that fits into exact sequence (4.4) that after restriction to L gives the sequence (4.7)
(where &” = ¢*&) with the first arrow equal to the above embedding. Now the
argument of Proposition 4.4 provides a pseudoisomorphism Pz (&) --+ Blp(X),
hence &” is a del Pezzo bundle. O
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4.3. Del Pezzo bundles and duality. In the next lemma we give a useful
explicit description of del Pezzo bundles. We will say that points z1,...,z4 on
a del Pezzo surface Z are in general position if either d < K% and Bl,,, . ., (2)
is a del Pezzo surface, or d = K% and Bl,,, . .,(Z) is a rational elliptic surface
with nef anticanonical class and no (—2)-curves. Note that if the set z1,..., 24 is
in general position, then the same is true for any its subset.

LEMMA 4.6. Let & be a del Pezzo vector bundle on a del Pezzo surface Z. Set
X =Pz(&), n=dim(X) and d =d(X). Then there is an exact sequence

0=8& = 03" = I u(—Kz) =0, (4.8)
where z1,...,zq € Z are points in general position.
Conversely, if z1,...,zq € Z are points in general position and & is defined

by (4.8), where the second arrow is induced by an n-dimensional subspace in
HYZ, 7., .,(—~Kz)), then & is a del Pezzo bundle and d(Pz(&)) = d. Finally,
& is mazimal if and only if the middle term is H°(Z, 7., .,(—Kz)) ® Oz and
the map 1is the evaluation.

PRrROOF. Recall from Proposition 2.2 that |Ax| is almost base point free, and if
d(X) = 1, every divisor in |Ax| is smooth at the base point of |Ax|. Consider
a general linear surface section S C X and a general intersection R C S of two
anticanonical divisors on S. Then S is a del Pezzo surface of degree d and the
scheme R = {x1,...,z4} is a reduced scheme of length d such that the elliptic
surface S := Bl,, ... 2,(S) has nef anticanonical class and no (—2)-curves.

Since HY(X, 0x(Ax)) = H°(Z,6V) = Hom(&, Oz), the fundamental divisors
cutting out R in X correspond to a morphism ¢: & — ﬁ?” of vector bundles
such that its degeneration scheme f(R) = {z1,...,24} C Z is also reduced, where
f:+ X — Z is the projection. Therefore, Coker(y) is a torsion-free sheaf of rank 1
and its first Chern class equals — ¢1 (&) = —Kz, so that we have an exact sequence
of the form (4.8).

It remains to show that z1, ..., z4 are in general position. For this, note that the
morphism f|g: S — Z is birational, hence S = Bl.,, .. ..., (Z), where k = K —d
and 2g41,...,24+k € Z are in general position because S is del Pezzo. Recall that

S = Blwh---,ld(s) = Bll‘h---wd(Blzd+17~~-,zd+k (Z)) = B121,~~7Zd72d+1,-~72d+k (Z)

is an elliptic surface with nef anticanonical class and no (—2)-curves, hence any

subset in z1, ..., 24, 2441, - - - , Za+ % Of cardinality less than d+k is in general position;
in particular, so is the set zq,..., z4.
Conversely, let z1,...,24 € Z be points in general position, choose an n-dimen-

sional generating space of global sections of .., . (—Kz), and let & be defined
by (4.8). Consider a general anticanonical pencil in Z corresponding to a 2-dimen-
sional subspace of this n-dimensional space and let z411, ..., 241 be its extra base
points. It is easy to see that these points form the degeneracy locus of the corre-
sponding composition

& — 09" 5 o2,

ar1sezarn (Z) is alinear section of Pz(&). It remains to
7) is a rational elliptic surface with nef anticanonical

therefore the surface S = Bl
note that Bl.,

~-:Zd72d+1a-~7zd+k(
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class and no (—2)-curves, hence S is a del Pezzo surface. If D C Pz(&) is a nontrivial
effective divisor, either DNP(&,) contains a hypersurface for each point z € Z, while
the fiber of S over z; contains a line for d +1 < i < d+ k, or D is the preimage of
a divisor in Z. In either case DNPz(&) # &, and hence Pz (&) is almost del Pezzo
by Lemma 2.12 (ii).

Finally, maximality of & is equivalent to the vanishing of H*(Z, &) by Lemma 4.3,
hence the last claim. ]

Using this construction, we easily deduce the following duality property.

COROLLARY 4.7. Let & be a del Pezzo bundle on a del Pezzo surface Z such
that

2 < co(6) < K% —2,

and hence &V is globally generated. Then the vector bundle &+ defined by the exact
sequence
0= &= HYZ,V)0 0, — &Y =0 (4.9)

is @ maximal del Pezzo bundle with c3(&1) = K% — co(&). If & is mazimal, then

(6H)*t =6,

PROOF. By definition, c¢; (&) = K. Dualizing the sequence (4.8), we obtain
0= O0z(Kz) = 03" — &Y — O, ., — 0.
Combining it with the sequence (4.9), we obtain an exact sequence
0= Oz(Kz) — &+ — ﬁ?(d_l) — Osy..2y — 0.

Geometrically, this means that the linear section of Pz(&) corresponding to the
morphism &+ — ﬁg(d_l) is isomorphic to the blowup of the points z1,...,zq4
in Z. Since these points are in general position, the blowup is a del Pezzo surface.
Applying the argument from the proof of Lemma 4.6, we conclude that Pz (&) is
an almost del Pezzo variety, hence & is a del Pezzo bundle. It is maximal because
exact sequence (4.9) implies H*(Z,&+) = 0, and the relation between the second
Chern classes also follows immediately from (4.9).
If & is maximal, H®*(Z,&) = 0 by Lemma 4.3, hence the dual of (4.9)

0—&— HYZ,EV) @0 — (&)Y =0

implies that H°(Z,&V)Y = HY(Z,(&+)Y), hence (6+)+ = &. O

The case where co(&) = K% — 1 missing in Corollary 4.7 is discussed below. Note
that as ca(&) > 2 by Lemma 4.1, we may and will assume K2 > 3.
Recall from the Introduction that for a smooth del Pezzo surface Z we denote
by
H(Z):={(D,2) e P(H"(Z,0(~Kz))) x Z | z € D} (4.10)
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the universal anticanonical divisor on Z. Note that the projection H(Z) — Z is
a projectivization of a vector bundle (because &(—K ) is globally generated), hence
H(Z) is smooth and, moreover, if L. C Z is a line, the subvariety

I, :={(D,2) e H(Z) | z€ L} Cc H(Z) (4.11)
is a divisor in H(Z).

PROPOSITION 4.8. Let & be a mazimal del Pezzo bundle with co(&) = K% — 1
on a del Pezzo surface Z. Let xg € X :=Pz(&) be the base point of |Ax| and let
20 € Z be its image. Set S := Bl (Z) and let Ly C S be the exceptional line over
the point zo. Then there is a commutative diagram

where @4 is induced by the anticanonical map of Pz (&), pr is the natural projec-
tion, and x is a pseudoisomorphism.

Moreover, the exceptional divisor Ey C Bly, (Pz(&)) is mapped by x to the divisor
I, C H(S), and the indeterminacy loci of x and x~* are contracted to the linear
subspace P(HO(S, 0(—Ks — Lg))) C P(H°(S, 0(—Ks))) of codimension 2.

PROOF. Let o: S :=Bl,,(Z) — Z be the blowup. The argument of Lemma 4.6
shows that 2y is in general position, hence S is a del Pezzo surface. Applying
Lemma 4.5, we find a vector bundle &’ on S and a pseudoisomorphism

Bl (Pz(&)) --» Ps(&)

(note that the left-hand side is not a del Pezzo variety, but rather the blowup of
a del Pezzo variety of degree 1 at its base point, but the construction of the pseudo-
isomorphism in Proposition 4.4 in this case works in the same way).

On the other hand, combining the sequence (4.4) defining &’ with (4.8) (or
repeating the argument of Lemma 4.6 for Pg(&”)), we obtain an exact sequence

0— & — HO(S, Os(—Kg))® Os — Os(—Kg) — 0.

It follows that Pg(&”) = H(S). Combining this isomorphism with the pseudo-
isomorphism constructed above, we obtain the pseudoisomorphism Y.

Note that the morphism ®| 4| is given by the anticanonical class of Bl,,(Pz(&)).
Since y is a pseudoisomorphism, it corresponds to the anticanonical class of H(S),
which is equal to a multiple of the hyperplane class of P(H°(S, &(—K3s))). There-
fore, the diagram commutes.

Moreover, by Proposition 4.4 the indeterminacy locus of x ™" is equal to the pro-
jectivization over Lg of the trivial subbundle in H°(S, 0(—Kg— Lo))® O, C &'|L,
of codimension 2, hence its image under pr is equal to P(H°(S, 0(—Kg—Lg))). Since
X is a pseudoisomorphism, the image of the indeterminacy locus of x is the same.

1

Finally, x is compatible with the projection to Z, and the divisors Ey and Il
are the only divisors supported over zy € Z, hence x.(Ep) = II,. |
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4.4. Classification of del Pezzo bundles. In this subsection we classify max-
imal del Pezzo bundles on minimal del Pezzo surfaces and sketch a classification in
other cases.

PROPOSITION 4.9. Let & = &p2y, be a mazimal del Pezzo bundle on P2 with
co(&) = k. Then d = d(Pp2(ép2 i) =9 —k <7 and

if d=3, then ép2 g = o3

if d =2, then there is a canomcal exact sequence

o if d=17,then ép2 o= 0(—1)® O(-2);
o if d=6, then &py = O(—1)%3

o if d=05, then &p2 4 = O(— 1)@2 @ Q(1);
o if d=4,then p2p5 = O(— )EB (1)%2;
. o

[ ]

0— &p2r— 0% = O(1) @ 0(2) — 0;
e if d=1, then there is an exact sequence
0= &g — 0P @0(1) > 02) @ 0(2) — 0.

In particular, for d > 2 the bundle &p2 g_q is unique up to isomorphism, and
for d =1 the variety Pp2(&p2,9_q) is unique up to isomorphism.

Proor. By Lemma 4.1 we have k > 2 and d = KJ§2 —k=9—-k<T.

For d < 4 we consider the description of & provided by Lemma 4.6 and combine
it with the following resolutions (where we use the generality position property
of z1,...,2q):

0—=>0(1)—=02)a0(2) — 7.(3) >0
0—-0—-01)80Q2)— S, .,3) =0
0— 0% - 0o1)® = 7, .,..,(3) =0
0= 0(-1) = 01)% = 7, ., .i.(3) =0

Here the first, second and fourth sequences are the Koszul resolutions, and the third
follows easily by decomposing .%,, ., »,(3) with respect to the exceptional collection
(0,0(1),0(2)) on P2. Using the fact that ¢'(1) is globally generated and the kernel
of its evaluation morphism is Q(1) (by the Euler sequence), we obtain the required
descriptions.

For d € {5,6} we use the Euler exact sequence to rewrite the descriptions of &p2 5
and &p2 4 obtained above in the form of exact sequences

0= &g — 0% 5 0(1)® T(-1)%* -0,
0— &p23 — 0% - 7(-1)% — 0.

Dualizing these sequences and applying Corollary 4.7, we obtain the required
descriptions of &p2 5 and &p2 . Similarly, for d = 7 the required description fol-
lows immediately from Corollary 4.7.

The uniqueness of &p2 g_4 for d > 2 is obvious from the above construction.
Similarly, for d = 1 the bundle &p2 g is determined by a point z € P2, hence the
uniqueness of Pp2(&p2 g) follows from the transitivity of the PGLs-action on P2. [J
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PROPOSITION 4.10. Let & = &piyxpr i, be a mazimal del Pezzo bundle on the
surface P! x P! with c2(&) = k. Then d = d(Pp1ypr (prxpr i) =8 — k < 6 and

o if d=06, then Epiypr o = O(—1,—1)%%;

if d=75, then &pypr 3 = o(-1,-1)® 0(-1,0)® 0(0,—1);

if d=4, then &piypr g = O0(—1,0)92 @ 0(0,—1)%2;
if d=3,then &pypr 5 = O0(—1,0)® 0(0,—1) ® Qps (1) |p1xpr;
Zf d= 2, then gpl xP!,6 = st(l)lgafxpl;
if d =1, then there is an exact sequence

0— &pixpryr — O @ O(1,1) = 0(1,2) © 6(2,1) — 0.
In particular, for d > 2 the bundle &prpr g_q is unique up to isomorphism, and
for d =1 the variety Ppiyp1 (p1ypr g—q) 1S unique up to isomorphism.

Proor. By Lemma 4.1 we have k > 2 and d = Kﬁlxpl —k=8—k<6.

For d < 4 we consider the description of & provided by Lemma 4.6 and combine
it with the following resolutions (where we use the generality position property
of z1,...,2q):

0—-0(1,1)—=0(1,2)®0(2,1) — .2,
0—-0—-01,1)®e0(1,1) = Fy 2
0—0(—1,0) - 0(1,1)® 0(0,1) = F,, 45 24
0— 0% - 00,1)20 0(1,0)%% = 2, 1y 252

i

i

i

NN

(2,2) -0
(2,2) =0,
(2,2) -0
(2,2) -0

i

Here the first three sequences are the Koszul resolutions, and the last sequence
follows easily by decomposing of the sheaf .7, ., .. .,(2,2) with respect to the
exceptional collection (&, 0(0,1), 0(1,0), 0(1,1)) on P! x P. Using the fact that
0(0,1), 0(1,0) and €(1,1) are globally generated and the kernels of their evalu-
ation morphisms are (0, —1), ¢(—1,0) and Qps(1)|p1«p1, we obtain the required
descriptions.

For d € {5,6} we use the Euler exact sequence to rewrite the descriptions of
Ep1xpt 2 and &p1 pr 3 obtained above in the form of exact sequences

0 — Epiyxpr g — OF = 0(1,0) ® 0(0,1) @ Fps (—1)[p1xpr — 0,
0= &pixpr o — OFF = Fpa(—1)|52 51 — 0.

Dualizing these sequences and applying Corollary 4.7, we obtain the required
descriptions of &p1p1 5 and &p1yp1 6.
The uniqueness is proved in the same way as in Proposition 4.9. |

REMARK 4.11. Using Proposition 4.4 and the descriptions of del Pezzo bundles
on P? and P! x P!, one can also describe del Pezzo bundles on other del Pezzo
surfaces Z. Here we give a description in the cases where d > K%/2 > 2, i.e.,
ca < K%/2, (note that the cases where 2 < d < K%/2 can be obtained from these
via the construction of Corollary 4.7). In the following table we use the description
of Z as the blowup of P? in 9 — K% points, denote by h the pullback of the line
class from P?, by e;, 1 <4 < 9— K%, the classes of the exceptional lines, and write
Q(h) for the pullback of £2(1). We write Z; for a del Pezzo surface of degree d and
I for the Hirzebruch surface.
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Z | d | Description

Fi | 6| & 2=0(—2h+e;) @ O0(—h)

Fi | 5| & 32 0(-h+e)® 0(—h)®?

Fi | 4| &, 42 0(-h+e;)® 0(—h)®Q(h)

Z7 | 5| 2,22 0(—2h+e1 +e2) @ O(—h)

Z7 | 4| 2,32 0(—h+e)® O(—h+e3) & 0(—h)

Zg | 4| Ez52 = O(—2h+ e +ex+e3) d O(—h)

Zs | 3| 82,32 0(~h+e)®O(~h+ey)®0(—h+e3)

Finally, for the quintic del Pezzo surface Z5 we have
Ez0=U and Ep 3= U™,

where % is the pullback of the tautological bundle of rank 2 from the embedding
Z5 — Gr(2,5), and for the quartic del Pezzo surface Z, we have a 1-dimensional
family of del Pezzo bundles that can be described as

Ez,2 = S| 245

where ¢ runs through the punctured pencil of smooth quadrics passing through Z,4
and .%; stands for the spinor bundle on the corresponding 3-dimensional quadric.

REMARK 4.12. By Lemma 4.6 any maximal del Pezzo bundle & on a del Pezzo
surface Z with co(&) = K% — 1 fits into the exact sequence

0—=&— HYZ, 9,(-Kz))® Oz — I,(—Kz) — 0,

where z € Z is a point in general position and the second arrow is the evaluation
map. Conversely, the point z € Z is determined by the vector bundle & as the
image of the base point of the almost del Pezzo variety X = Pz(&) of degree 1
under the contraction X — Z.

5. Quadric bundles. In this subsection we discuss almost del Pezzo vari-
eties X that have a structure of a flat quadric bundle f: X — P!. Recall from the
proof of Lemma 2.16 (ii) that any such X is a divisor of relative degree 2 in Px (%),
where .7 = (f.0x(Ax))". Note also that every vector bundle over P! splits, hence

we can write .
F = EB O(—a;).

Finally, note that the Picard group of Pp: ( 7 ) is generated by the relative hyperplane
class A and the class of a fiber F', hence X is linearly equivalent to 24 — kF for
some k € Z.

LEMMA 4.13. Let X C Ppi(®O(—a;)) be a divisor of type 2A—kF . If (X, Alx)
is an almost del Pezzo variety of degree d = d(X), then d < 6. Moreover,

(i)Y a;=d—2and k=d—4;

(ii) all a; are nonnegative, with the only exception of the case d = 1, where we
have a = (—1,0™).
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PRrROOF. (i) First, using Proposition 2.2 (i) we obtain
d+n—1=dimH(X,0x(Ax)) =dim H'(P", V) = > a; +n+1,

which gives the equality Y a; = d—2. Furthermore, the relation A" 1= (3" a;)A"-F
in the Chow ring of Pp: (.%) implies

d=A"-(2A—kF)=2> a; -k,

and therefore k = d — 4.

(ii) First, HY(P', #V) = HY(X,0x(Ax)) = 0 by Lemma 2.1, hence a; > —1
for all . Assume a; < 0, i.e., a; = —1 for some j. Let C' = Pp1(0(—a;)) be the
corresponding section in Ppi (B0 (—a;)). Then

A-C=aj=-1, X-C=QA—kF)-C=-2—(d—4)=2—d.

The nef property of Ax shows that C' ¢ X, hence X - C' > 0, hence d < 2. On the
other hand, for d < 2 we have

(Ax,Ax —F)=d—2<0,

so Lemma 3.6 shows that the divisor class Ax — F' cannot be effective, hence we
have a; < 0 for all i. As " a; = d—2, the only possibility is d = 1 and a = (—1,0™).

It remains to prove that d < 6. For this, note that a general intersection of n — 3
divisors in the linear system |Ax| is an almost del Pezzo threefold X’. Clearly, it

can be represented as a divisor of type 2A — kF in Ppi (F'), where %’ is a vector
bundle from an exact sequence

0—.F —.F — 0°"=3) -,
so that rank(#’) = 4 and deg(.#’') = deg(¥) = —>.a; = 2 —d. Since X' is

terminal, it has at most isolated singular points, hence the fibers of X’ — P! are
generically smooth. This means that the morphism .%’ — .Z""(—k) induced by the
divisor X € |24 — kF| is generically injective, hence

2-d<d—2—4k=14— 3d,

and the inequality d < 6 follows. O

In the next proposition we give a classification of almost del Pezzo quadric bun-
dles. A more explicit description of the case d = 5 is given in Lemma 4.16 and
Lemma 7.5.

PROPOSITION 4.14. Let X C Ppi(®0(—a;)) be a divisor of type 2A —kF. If X
is a non-conical almost del Pezzo variety with d = d(X) and r(X) = 2, then d < 5.
Moreover,

o if d=75, then dim(X) <5, a= (0""2,1%), k=1;

o if d=4,then a = (0"112), k = 0, and X is a complete intersection in
Pt x P**2 of three divisors of bidegree (1,1), (1,1) and (0,2);
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e if d =3, then a = (0", 1), k = =1, and X 1is a complete intersection in
P! x P*1 of two divisors of bidegree (1,2) and (1,1);
o if d =2, then a = ("), k = -2, and X is a divisor in P! x P of

bidegree (2,2);
e if d =1, then a = (—=1,0"), k = =3, and X is a complete intersection in
P x P2 of n divisors of bidegree (1,1) and one divisor of bidegree (1,2).

Note that for d < 4 the dimension dim(X) = n may be arbitrary (greater than 2).

PRrROOF. Recall from Lemma 4.13 that d < 6. Assume d = 6. Then the argu-
ment of Lemma 4.13 shows that a general 3-dimensional linear section X' of X
corresponds to a vector bundle .%’ of rank 4 and degree —4 and a generically injec-
tive morphism .#' — ﬁ'v(—2). In this case the degree of the source and the target
are the same, hence the morphism is an isomorphism, and therefore X’ — P! is
an everywhere non-degenerate quadric surface bundle. Therefore, its discriminant
double covering is étale over P!, hence trivial, and hence the relative Picard num-
ber of X’ over P! is 2, so that r(X’) = 3. But as we showed in Proposition 3.3,
r(X’) =r(X) = 2. This contradiction shows that d < 5.

Now let d < 5. Note that

<Ax,AX72F>:d74 and <AX72F,AX72F>:d78,

hence by Lemma 3.6 the divisor class Ax —2F cannot be effective. This means that
a; < 1 for all i. Combining this with the bounds established in Lemma 4.13 (ii),
we conclude that

- (OnJrde7 1d72)’ if d> 27
~ | (=1,0m), if d=1.

Let d = 5, so that a = (0"=2,13). If n > 6, then the morphism
o8 (n—2) ® ﬁ(_l)@B —F g;\/(_l) = 0% g ﬁ(_l)@(nfﬁ

contains a summand ¢ in the kernel. This means that there is a section of X — P*
that consists of singular points of the fibers and which is contracted to a point
v € Xcan by the anticanonical morphism of X. Since any singular quadric is covered
by lines passing through its singular point, we conclude that X, is covered by lines
passing through v, hence X ., is a cone. Thus, n < 5.

Let 2 < d < 4. To obtain a complete intersection description of X note that the
vector bundle .Z = ¢®(+3-d) gy ¢(—1)®(@=2) fits into an exact sequence

0—.F — 650N 5 g5 (1)214-2) 0,

hence the projective bundle Pp:i (F) is a complete intersection in P! x Pr+d=2 of
d —2 divisors of bidegree (1,1), and X is its intersection with an extra divisor
of bidegree (—k,2).

In the last case d = 1 we use the exact sequence

0— F(-1)— ﬁlﬁ(znﬂ) - Op1 (1)®" =0

to describe Pp1 (F) and X as complete intersections. O
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REMARK 4.15. It is easy to show that the quadric bundles X — P! such that
d(X) = 6 and r(X) = 3 are isomorphic to Fg xp1 Fg 2 P! x P! x P, or to Fy xp1 F;.

We conclude this section with a lemma explaining the relation of quadric bundle
structures to P"~2-bundle structures in the case d(X) = 5.

LEMMA 4.16. If f: X — P! is a quadric bundle such that X is a non-conical
almost del Pezzo variety with d(X) =5 and r(X) = 2, there is a flop X --» Pp2(&),
where & is a del Pezzo bundle that fits into an exact sequence

0—=&—=0(-1)2aQ(1) - 0°6~ 0.

PrOOF. The map f: X — P! is an extremal K-negative contraction. Since
r(X) = 2, the variety X (possibly after a flop) has another K-negative extremal
contraction. By Lemma 3.19 the variety X is primitive, hence the other contraction
cannot be birational. On the other hand, the other contraction cannot be a quadric
fibration over P! because the P!-class F' given by the fiber of f is the unique P'-class
on X. Therefore, the other contraction must be a P*~2-bundle over P2. By Propo-
sition 4.9 and Lemma 4.3 the corresponding bundle & fits into the required exact
sequence. (|

In §7 we will describe the flop explicitly (see Lemma 7.5) and show that the
corresponding del Pezzo variety is a Schubert divisor in Gr(2,5).

§ 5. Classification of del Pezzo varieties

In this section we prove all the main results of the paper as stated in the Intro-
duction.

5.1. Reduction to primitive varieties. We start with proving the reduction
theorem.

PROOF OF THEOREM 1.6. If X is primitive there is nothing to prove. So, assume
X is imprimitive. Let Eq,..., E; be a maximal sequence of pairwise orthogonal
exceptional classes in the class group Cl(X), i.e.,

(Ax, E;) =1, (B, Ej) = =85, 1<i<j<k
By Proposition 3.12 there is a Q-factorialization ¢: X — X such that
X =Bl 5 (Xo),

where Xo is a Q- factorlal almost del Pezzo variety and P1, .. ﬁk IS )?0 are smooth
points. We set Xy := (XO)can Note that the points P do not lie on the K-trivial
curves of X by Lemma 2.15, hence there is a commutative diagram

X =——=Bls 7~ X
fl \Lgo lgo
X

BlPl,m,Pk(XO) o Xo,
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where & and 50 are small contractions, P; = &, (131) are smooth points of Xy, and
o and o are the blowups. The exceptional divisors E; of ¢ are the preimages of the
exceptional divisors E; of 0. By Corollary 2.18 the blowup Blp, . p, (Xy) is almost
del Pezzo, and hence Lemma 2.9 implies

(Blp,,.... P (X0)) e = (Blp, 5, (X0)) o = Xean = X.

can

It remains to check that X is primitive. For this, note that Cl(X,) C CI(X) is
the orthogonal of the exceptional classes Ei, ..., Fx by Lemma 3.13 (i), so if Xg
is imprimitive, Corollary 3.14 shows that there is an exceptional class Ey € Cl(Xj),
which is orthogonal to Fy, ..., Fy by Lemma 3.13 (i), which contradicts to the max-
imality of this collection. O

REMARK 5.1. It is not true in general that the primitive contraction Xq is
uniquely determined by X (essentially because there may be different maximal
sequences of pairwise orthogonal exceptional classes), see for instance Corollary 5.5.

5.2. Biregular classification. In this subsection we prove Theorem 1.2. We
start with two lemmas.

LEMMA 5.2. The variety )?673’3 := Blp, p,(P3) is almost del Pezzo of degree 6
and its anticanonical model is a singular hyperplane section Xg 33 C P? x P2.

ProOF. Let V be a 4-dimensional vector space, let L1, Ly C V be two distinct
1-dimensional subspaces, set V; := V/L;, and let p;: V' — V; be the projections.
Consider the map

P(V) --» P(V1) x P(V3), v (p1(v), p2(v)).

It extends to a regular morphism &: Xg 33 := Blp, p,(P(V)) = P(V1) x P(Vs),
where P; are the points of P(V') corresponding to L;. Since )?673,3 is almost del Pezzo
of degree 6 by Proposition 2.13 and the composition of £ with the Segre embedding
of P(V1) x P(V3) is the anticanonical morphism of X 33, the anticanonical model

X6,3’3 = 5(556,3,3) C ]P)(Vl) X P(Vz) = ]P2 X P2

is a sextic del Pezzo threefold. By construction, Xg 3 3 is the hyperplane section
corresponding to the bilinear form

Vi@Vy— (V/(L1® Ly)) ® (V/(L1 ® Ly)) — A*(V/(L1 ® L)),

which is obviously singular at the point (p1(Ps),p2(P1)) € P(V1) x P(V3). O

REMARK 5.3. Lemma 4.5 and Remark 4.11 provide a pseudoisomorphism

B1P17P2 (]P)g) = B1P2 (]P>]P’2 (gIP’QQ)) --» Pp, (5}*172)
= IP)]Fl(ﬁ(—Qh + e) D ﬁ(—h)) = Fl Xp1 Fl,

thus the fiber product F; xp: F; is another Q-factorialization of Xs 3 3.
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LEMMA 5.4. The varieties
X505 = Pp(0(—1)%2 @ Q(1)),
X534 := Blp(P? x P?), (5.1)
X543 :=Blp(P' x P! x P')

are almost del Pezzo of degree 5 and their anticanonical models are linear sections
of Gr(2,5) by 1, 2 and 3 general Schubert divisors, respectively.

PrOOF. Let V be a 5-dimensional vector space. Consider the diagram

F1(1,2;V)

P(V) Gr(2,V),

where p; is the projectivization of the twisted tangent bundle 5y (—2) and ps
is the projectivization of the tautological bundle % on Gr(2,V). Let K C V be
a 3-dimensional subspace. Passing to the preimage of the plane P(K) C P(V),
we obtain the diagram

f 3
P(K) / \ X595,

where f is the projectivization of Fpyv)(—2)lpx) = O(—1)%? & Q(1) and £ is
a Springer resolution of the degeneracy locus X525 C Gr(2,V) of the morphism

U—->VeO0—-V/IK®O.

Thus, X525 C Gr(2,V) is a Schubert divisor and ¢ has nontrivial fibers (iso-
morphic to P!) over the plane Gr(2, K), hence ¢ is a small morphism. Therefore,
)/(:572’5 & P2 (0(—1)%2 @ Q(1)) is almost del Pezzo, and X525 is its anticanonical
model.
Now consider 3-dimensional subspaces K1, Ko C V with dim(K; N K»3) = 1 and
the map
]P(Kl) X IP)(KQ) - GT(27V)7 (Ul,’vg) — <1)1,U2>.

It extends to a regular morphism &: )?573,4 = Blp(P(K;) x P(K3)) — Gr(2,V),
where P is the point that corresponds to K1 NK5. Since )/(:573’4 is almost del Pezzo of
degree 5 by Proposition 2.13 and the composition of £ with the Pliicker embedding
of Gr(2,V) is the anticanonical morphism of )25’3’4, the image

X534 = 5(25,3,4) C Gr(2,V)

is a quintic del Pezzo fourfold. By construction, X534 is the intersection of the
Schubert hyperplanes corresponding to K; and K.
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Finally, consider three 3-dimensional subspaces K; C V, 1 < ¢ < 3, such that
d1m(K1 n KQ) = d1m(K1 n Kg) = dll’Il(Kg N Kg) =1 and K1 N K2 N Kg = 0,
and consider the map

]P)(Kf_) X P(KQJ_) X ]P)(Ké_) -2 GI‘(Q,V), (flaf27f3) — <f17f23f3>J_

It extends to a regular morphism
€: X543 := Blp(P(Ki") x P(Ky) x P(K3)) — Gr(2,V),

where P is the point that corresponds to the unique 3-dimensional subspace Ko C V'
such that Kd- ﬂKf- # 0 for 1 <4< 3. Since )/(\'57473 is almost del Pezzo of degree 5 by
Proposition 2.13 and the composition of £ with the Pliicker embedding of Gr(2,V)
is the anticanonical morphism of )?5’4,3, the image

X543 = 5(25,4,3) C Gr(2,V)

is a quintic del Pezzo threefold. By construction, X543 is the intersection of the
Schubert hyperplanes corresponding to K7, K, and Kj. O

PrROOF OF THEOREM 1.2. We start with the cases where d > 6.

First, assume r(X') = 1. By Proposition 2.13, if P € X is a general point, then the
blowup X := Blp(X) is an imprimitive almost del Pezzo variety with r(X) =2 and
d(X) = d—1 > 5. Therefore, by Lemma 3.20, there is a flop X --» X’ such that X’
admits a non-birational K-negative extremal contraction. This contraction cannot
be a quadric bundle over P! by Lemma 3.19 because X is imprimitive. Therefore,
Proposition 2.17 implies that X' = Pz(&), where Z is a del Pezzo surface with
r(Z) = r(X )—1=1,1ie, Z = P2 Finally, by Lemma 3.18 the imprimitivity of X'
implies that d(X ) =1, and Proposition 4.9 gives

X' > Pp(0(—1) ® 0(-2)) = Blp(P?).

But Blp(P?) is a smooth del Pezzo variety, hence it does not have small bira-
tional modifications, hence XX , and since by Lemma 3.20 the exceptional class
in C1(X) is unique, we conclude that X = P3 and d(X) = 8. B
Now assume that X is primitive, d(X) > 6, but r(X) > 2. Let X be
a Q-factorialization of X. It must have a non-birational K-negative extremal con-
traction, hence, by Proposition 4.9, Proposition 4.10 and Proposition 4.14, the only
possibilities are
X 2 Xgo4 = Pp(0(—1)%) 2 P2 x P2, or
X = Xg 45 :=Ppiypi (0(—1,-1)%%) 2 P! x P! x P,
or X is a smooth hyperplane section of the first of these (because a singular hyper-
plane section of P? x P? is imprimitive by Lemma 5.2).
Finally, assume that d(X) > 6 and X is imprimitive. By Theorem 1.6 there

is a primitive del Pezzo variety X, with d(Xy) = d(X) + &k > 7 such that X is
the anticanonical model of a blowup of Xy3. The above argument proves that
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Xo = P3, hence k < 2, and either X = Blp(P3), the del Pezzo variety of degree 7, or
X = Blp, p,(P3)can, which is a singular hyperplane section of P? x P? by Lemma 5.2.
Next we consider the case where d(X) = 5. If X is primitive, then we have
r(X) < 3 by Corollary 3.16, and if X is imprimitive, then it is pseudoisomorphic to
Blp(Xp) for a del Pezzo variety of degree 6, and, as we have seen above, r(Xg) < 3,
hence r(X) < 4.
First, assume r(X) = 1. If P € X is a general point, then the blowup

X := Blp(X) is an imprimitive almost del Pezzo variety (by Proposition 2.13)

with r(X) = 2 and d(X) = 4, hence it is pseudoisomorphic to an almost del Pezzo
variety X' that admits another K -negative extremal contraction. This contraction
cannot be a projective bundle over P! x P! because r(X) = 2, it cannot be birational
because, by Lemma 3.20, the exceptional class in Cl()N( ) is unique, and it cannot be
a quadric bundle over P! because the latter is primitive by Lemma 3.19. Therefore,
Proposition 2.17 implies that X’ must be a P"~2-bundle over P2, and Proposition 4.9
together with Lemma 4.3 imply that X’ is a linear section of Ppz(€0(—1) & Q(1)%2).
On the other hand, it was shown in [31] that there is a flop

Blp(Gr(2,5)) --» Pp2(0(—1) @ Q(1)%?).

Therefore, X is pseudoisomorphic to a linear section of Blp(Gr(2,5)), hence X is
isomorphic to a linear section of Gr(2,5).

Next, assume r(X) =2. Then X cannot be imprimitive because, as we have shown
above, there are no del Pezzo varieties Xy with d(Xp) = 6 and r(Xy) = 1. It also
cannot be pseudoisomorphic to a projective bundle over P! x P* because r(X)=2.
If it is a quadric bundle over P!, then it is pseudoisomorphic to a P”~2-bundle
over P2 by Lemma 4.16. Therefore, by Proposition 2.17 and Lemma 4.3, we may
assume that X is a linear section of Ppz (&), where & is a maximal del Pezzo bundle
with co(&) = 4. By Proposition 4.9 and Lemma 5.4 we have Pp2 (&) = )?572,5 and
any linear section of its anticanonical image is a linear section of Gr(2,5).

Next, assume r(X) = 3. Then X must be imprimitive by Lemma 3.17, hence it
is pseudoisomorphic to Blp(Xy), where d(Xy) = 6 and r(Xy) = 2. As we showed
above, the variety X, must be isomorphic to a linear section of P? x P2, hence X is
isomorphic to a linear section of the anticanonical image of Blp(PP? x P?). Applying
Lemma 5.4, we see that X is a linear section of Gr(2,5).

Finally, assume r(X) = 4. Again X must be imprimitive, and moreover, it must
be pseudoisomorphic to Blp(P! x P! x P!). Applying Lemma 5.4, we see that X is
a linear section of Gr(2,5).

In the remaining cases d(X) < 4 the theorem is classical and follows from classi-
fication of del Pezzo surfaces of the corresponding degrees as complete intersections
(see, e.g., [1, §2], [9], [11]). O

5.3. ADE classification. In this subsection we explain the ADE classification
of del Pezzo varieties described in Theorems 1.7-1.11.

PrOOF OF THEOREM 1.7. If r(X) = 1 it is enough to show that d(X) is in the
given list, which follows from Theorem 1.2 because in the cases where d(X) € {6,7}
we have r(X) > 2.
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If r(X) > 2, we deduce from Proposition 2.17 and Corollary 3.15 that X has an
extremal K -negative contraction to P!, P? or P! x P!, which is a quadric bundle
in the first case, and a P"~2-bundle in the last two. For contractions to P* x P! we
apply Lemma 4.3 and Proposition 4.10 to prove d(X) < 6, and then Lemma 3.17 to
exclude odd d(X). Similarly, for contractions to P? we apply Lemma 4.3 and Propo-
sition 4.9 to prove d(X) < 7, and then Lemma 3.18 to exclude d(X) = 7. Finally,
for contractions to P! we apply Proposition 4.14 to prove d(X) < 5, and then
apply Lemma 4.16 and Lemma 3.19 to exclude the cases d(X) = 5 and d(X) = 3,
respectively. O

PrOOF OF THEOREM 1.9. The most important part of the theorem has been
proved in Proposition 3.3 and Lemma 3.5; it only remains to describe the possible
sublattices Z(X) C CI(S). We start with the cases where X is primitive.

First, consider the case where r(X) = 1 and X # P3 (ie., d(X) < 5 by
Theorem 1.2). Then CI(X) is generated by Ax, hence i* Cl(X) is generated
by Ag = —Kg, hence

2(X) = K3 c CI(S).

This lattice is well known to be the root lattice of Dynkin type Eg, E7, Eg, Ds,
or Ay (see, e.g., |32, Theorem 25.4]). Similarly, if X = P3, then C1(X) is generated
by (1/2)Ax, we have i*((1/2)Ax) = (1/2)As, where S 2 P! x P, and its orthogonal
is the root lattice of type Aj.

Now consider the case where r(X) > 2. Replacing X with its Q-factorialization
(it does not change C1(X) by Lemma 3.2) we may assume that X is a Q-factorial
almost del Pezzo variety with an extremal non-birational contraction as in Propo-
sition 2.17.

First, assume that f: X = Pz(&) — Z is a projective bundle over a minimal
del Pezzo surface Z. In this case, S has a natural birational morphism fgs: S — Z
(the restriction of f; see the proof of Lemma 2.16 (i)), and by Lemma 3.13 (ii) the
image of CI(X) in CI(S) is generated by Ax and f§ Cl(Z). Note that fg is
the blowup of k = d(Z) — d(X) points. If ey, ..., e, € CI(S) are the classes of the
exceptional divisors of fg, the orthogonal to f& Cl(Z) in CI(S) is the sublattice gen-
erated by ey, ..., ey, and the orthogonal in (eq,...,ex) to Kg= f§Kz+e1+---+ey
is generated by the roots

X =€ —€, Ky=ey—e€e3, ..., &K_1=€g_1— €,

which obviously generate the root lattice of type Ay_1.

Next, assume that f: X — P! is a quadric fibration with r(X) = 2. Then
d(X) < 5 by Proposition 4.14, and if d(X) = 5, then X has a Q-factorial crepant
model with a structure of P~ 2-bundle over P? by Lemma 4.16 which was already
considered above. So, we may assume that d(X) < 4. Then the induced morphism
fs: S — P! is a conic bundle with 4 < k < 7 degenerate fibers. We can choose
one component €;, 1 < i < k, in each of the degenerate fibers in such a way that
the contraction of these components is S =2 P! x P!, so that the map fg is the
composition S — S — P!, where the second map is the projection to the second
factor. Let f; and fy be the classes of the rulings of S. By Lemma 3.13 (iii) the
group * CI(X) is generated by fy and Kg = —2f; — 2fs + e; + --- + e,. The
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orthogonal of f5 in CI(S) is the sublattice generated by fy and eq,...,e;, and
the orthogonal in (fs,eq,...,e;) to Kg is generated by

x; =e; —e, OKy=e€ey—e3, ..., Op_1=€,1—e Oop=1FfHh-—e,_1—e

These roots obviously generate the root lattice of type Dy.
Now, finally, if X is imprimitive, the theorem follows from a combination of
Theorem 1.6 and Lemma 3.5 (applied several times). O

PrROOF OF THEOREM 1.11. By Theorem 1.6 we have

X = (Blp,,.. p.(X0))

can’

where X is primitive, and by Lemma 3.5 we have Z(X) = Z(Xj).

First, assume Z(Xy) = A,,. Then the proof of Theorem 1.9 shows that either
1(Xo) = 1 and d(Xy) € {5,8} (i.e., Xo = P3, or Xy = Gr(2,5) N P"*3 by Theo-
rem 1.2), or a Q-factorialization )?0 of Xy is isomorphic to Pz(&), where Z = P?
or Z=P! x P! and & is a del Pezzo bundle.

Next, assume Z(Xg) = D,,,. Then, again, the proof of Theorem 1.9 shows that
either 1(Xy) = 1 and d(Xy) = 4, hence Xy is an intersection of two quadrics in P*+2
by Theorem 1.2, or a Q-factorialization X’o of Xy is a quadric bundle over P!, hence
)?0 is a complete intersection of the specified type by Proposition 4.14 (recall that
d(Xo) # 3 by Lemma 3.19).

Finally, assume =(X() =E,,. Then, the proof of Theorem 1.9 shows that r(Xy)=1
and d(Xp) < 3, and the description of Xy as a hypersurface in a weighted projective
space is established in Theorem 1.2. O

5.4. Type A. In this subsection we provide a detailed classification in type A.

PROOF OF THEOREM 1.12. By Theorem 1.11 (i) we have

X = (Blp, . (Pz(£)))

can’

where Z is a minimal del Pezzo surface and & is a del Pezzo bundle on Z,. Apply-
ing Lemma 4.5 several times, we conclude that X = P (& )can for a (non-minimal)
del Pezzo surface Z and a del Pezzo bundle &. The formula for d(X) is proved
in Lemma 4.1 and the formula for r(X) follows from r(Z) = 10 — K2. O

PrROOF OF THEOREM 1.13. This is a combination of Lemma 4.1, Lemma 4.3,
Proposition 4.9, Proposition 4.10, Remark 4.11 and Remark 4.12. (|

PROOF OF COROLLARY 1.14. If X is of type D,, or E,,, then d(X) +1(X) < 6
by Theorem 1.11, so if d(X) + r(X) > 7, then X is of type A,, and the required
inequality follows from Theorem 1.12 and Corollary 4.2 because n > 3. |

PROOF OF THEOREM 1.15. Let X be a maximal del Pezzo variety of type A.
By Theorem 1.12 we have X = Pyz(&)can where Z is a del Pezzo surface and
& is a del Pezzo bundle. Since K% = 11 — r(X), the surface Z is unique up to
isomorphism for r(X) € {2,4,5,6}; moreover, if additionally d(X)>2, or d(X)=1
and r(X) < 5, a del Pezzo bundle & on Z is also unique by Theorem 1.13. We are
left with the four cases listed in part (i), and with the case r(X) = 3.
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Assume d(X) = 1 and r(X) > 6 (hence K% < 5). Since Pz(&) is a crepant model
of X, and X has a finite number of crepant models, the isomorphism class of X
depends on as many parameters as pairs (Z,&) do. Now the surface Z depends
on 10 — 2K% = 2r(X) — 12 parameters, and by Theorem 1.13 (iii) the bundle &
depends on a general point z € Z which gives other 2 parameters. Thus, we have
a family of del Pezzo varieties of dimension

2r(X) —12+2=21r(X) — 10 = 2r(X) — d(X) — 9.

Similarly, if d(X) = 2 and r(X) = 7 (hence K% = 4), then the surface Z depends
on 2 parameters and the bundle & depends on 1 parameter (see Remark 4.11).
Altogether, we have 3 parameters, and this number matches 21(X) — d(X) — 9.

Now assume 1(X) = 3, hence K% = 8. We have two del Pezzo surfaces of degree 8,
one is P! x P! and the other is Fy, and by Theorem 1.13 each of these surfaces Z
has a unique (up to isomorphism of the projectivization) del Pezzo bundle &%, for
each 2 < k < 7. Note that Pg, (&F, ) is always imprimitive by Corollary 3.14, while
Pp1«p1 (6p1wp1 i) is primitive if and only if its degree is in {2,4,6} by Lemma 3.17.
This gives the cases in part (ii) of the theorem. It remains to show that

(Per bt (651 xp1 1))

Since by Lemma 3.17 and Corollary 3.14 both sides are imprimitive, we can write
using Lemma 4.5 both of them as (Bl,(Xo))., , where

= (]P]Fl (éa[pl)k)) for ke {3,5,7}

can can

XO = ]P)]P’2 (éaIP2,k)can

and z € X is a point in general position (i.e., such that the blowup of z is almost
del Pezzo). So, it is enough to show that such point is unique up to automorphisms
of Xo.

When k = 3, we have Xy = P2 x P? by Proposition 4.9, and the uniqueness is
obvious.

When k = 5, the variety X has degree 4, hence it is imprimitive by Lemma 3.18,
hence

Xo = (Bl (Gr(2,5)))

can’

since Gr(2,5) is the unique maximal del Pezzo variety with d =5 and r =1. f U
and U’ are the 2-dimensional subspaces corresponding to the points x and ', then
the generality assumption for x means that UNU’ = 0. Since PGLj5 acts transitively
on such pairs (U, U’), the uniqueness follows.

Finally, let £ = 7. Using the description of &p2 ; in Proposition 4.9, it is easy
to see that X is isomorphic to the double covering of P® ramified over the quartic

0 r1 X I3
Tr1y X9 T4 Ts
T2 Tg T8 Te
T3 Ts Te L1

B = { det =0, CP5;

in other words, B is the discriminant hypersurface in the space of quadrics in P3
passing through a fixed point p € P3. Since by Proposition 2.13 the point = cannot
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lie on the ramification divisor of the morphism X, — P8, its image is in P8\ B, so
it is enough to check that Aut(X) acts transitively on P®\ B, the space of smooth
quadrics in P? passing through p. But this is obvious because Aut(Xy) contains
the stabilizer of p in PGL, and the group PGL,4 acts transitively on the set of pairs
consisting of a smooth quadric with a point.

This completes the proof of Theorem 1.15. |

We note the following funny consequence. We use the notation
Xay1,29-a = Pp2(6p28_q) and Xj39 4= Ppiypr (Ep1xpt 8—a)

(see the statement of Theorem 1.15).

COROLLARY 5.5. For d € {2,4,6}, for any point P € Xi39-q and for any pair
of points Q1,Q2 € Xat1,2,9—a such that BIP(X;’3797d) and Blg, 0, (Xat1,2,0-4q) are
almost del Pezzo, there is a pseudoisomorphism

Blp(Xg39-a) = Blg,.q.(Xat1.29-4)-

PROOF. Indeed, the anticanonical model of the left side is the maximal del Pezzo
variety Xq_1.4,9-q, and the same is true for the right side. Therefore, the existence
of a pseudoisomorphism follows from the uniqueness of X;_1,4.9_4. O

REMARK 5.6. In the case where d = 6, a pseudoisomorphism between
Blp (Pp1wp1 (6p1xp12)) = Blp(P! x P! x P')

and
BlQl,Qz (]PDIP’2 (‘9@?2,2)) = BIQI,Q2;Q3 (]P)?’)

is well known (see, e.g., [33, Theorem 3.1]).

5.5. Del Pezzo varieties of degree 1 and del Pezzo surfaces. Recall
the definition of the discriminant hypersurface ®(X) C P(H°(X, Ox(Ax)))Y of
a del Pezzo variety X of degree 1, as well as the definitions of the universal anti-
canonical divisor H(S) C S x P(H°(S,0x(—Kg))) and the divisor II;, C H(S)
associated to a del Pezzo surface S and a line L C S (see the Introduction and §4.3).

PRrROOF OF THEOREM 1.17. Let X be a maximal del Pezzo variety of type A,, o
with d(X) = 1. Note that dim(X) = n. By Theorem 1.12 we have

X = ]P)Z(g)cana

where Z is a del Pezzo surface of degree K2 = n and & is a maximal del Pezzo
bundle on Z with k(&) = c2(&) = n — 1. Let x9 € Pz(&) be the base point, let
20 € Z be its image, and let S := Bl, (Z). By Proposition 4.8 we have a pseudo-
isomorphism

x: Blg, (Pz(&)) --» H(S) (5.2)

compatible with the natural elliptic fibration structures of these spaces induced by
the anticanonical map of Pz (&) and the projection pr: H(S) — P(HY(S, 0(—Kg))).
Furthermore, y is an isomorphism over the complement of a linear subspace
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of codimension 2. Therefore, the discriminant divisors for these elliptic fibrations
agree, and since the first is ©(X) by definition, and the second is the projective
dual of S, we obtain an isomorphism

D(X) =SV,

which by projective duality implies S = D(X)V.
Furthermore, the pseudoisomorphism y identifies the canonical divisors

Kpy, (x)=(1—n)(Ax — Ey) and Kgs) = (1-n)H,

where H is the pullback to H(S) of the hyperplane class of P(HY(S, 0(—Kg))).
Moreover, by Proposition 4.8 the pseudoisomorphism x identifies the divisor Ej
with the divisor IIr,,, where Lo is the line on S over zy; it follows that the divisor
Ax = (Ax —Ey)+Ep on Bl (X) is identified by x with the divisor H+1I,,. There-
fore, the corresponding graded algebras and their projective spectra are identified
as well, i.e.,

X = Proj( P H(x, ﬁx(mAX))> = Proj( P B (B, (X), ﬁBlmo<x><mAx)))

m=0 m=0
= PI‘Oj (@ HO (H(S)7 ﬁH(S) (m(H + HLO)))) = XS,Lm (53)
m=0

where we use the last equality above as the definition of Xg 1.

It remains to check that the variety Xg r, does not depend on the choice of
a line Ly on S, ie., that Xg; = Xg 1 for any pair of lines. Note that if n > 6,
then there is nothing to prove because both X and X 7 are maximal del Pezzo
varieties with the same d = 1 and r < 5, hence they are isomorphic by Theorem 1.15.
So, we assume n < 5.

First, assume that L and L’ do not intersect. Let S — Z, S — Z’, and S — Z,
be the contraction of L, L', and both L and L’, respectively, so that there are two
points zg, 2, € Zp in general position such that

Z =Bly(Z), Z'=BL,(Z), and 8 =BL,(Z)=Bl, . (Z)=Bl,(Z).

Then by Proposition 4.4 and Lemma 4.5 there is a maximal del Pezzo bundle &
on Zy with a pseudoisomorphism X --+ Bl (Xo), where Xo = Pz (&) is an
almost del Pezzo variety of degree 2, and a maximal del Pezzo bundle &’ on Z’ with
a pseudoisomorphism X’ := Pz (8’) --» Bl,,(Xo). Moreover, as zg is the base
point of X and X is pseudoisomorphic to Bl (Xo), we have xg = 7(x(), where T is
the Geiser involution of X, and hence the pseudoisomorphisms

Blyy (X) ¢ Blyy 4 (Xo) - Bl (X')

swap the divisors Ey and E{). Combining this with the pseudoisomorphism (5.2) and
a similar pseudoisomorphism for Bl,, (Pz/(£”)), we obtain a pseudoautomorphism
of H(S) that swaps the divisors Iy, and II7,. Therefore, it induces an isomorphism
of the graded algebras in (5.3) and of their projective spectra, i.e., an isomor-
phism X&L = XS,L'-
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Finally, assume that L, L’ is an arbitrary pair of distinct lines. Since n < 5 and
S is a del Pezzo surface of degree n — 1 < 4, we can find a line L on S which inter-
sects neither L nor L. Then we have isomorphisms Xg; = Xg 1, and similarly
Xs 1 =2 Xg 1. Composing these isomorphisms, we obtain Xg 7 = Xg 1. O

§ 6. Effective, moving, and ample cones

In this section we describe the structure of the space C1(X) ® R associated with
an almost del Pezzo variety X. This space contains three important cones:

e the effective cone Eff (X)) — the closed convex cone generated by the classes of
effective divisors;

e the moving cone Mov(X) — the closed convex cone generated by the classes
of movable divisors, i.e., divisors M such that the linear system |M| is non-empty
and has no fixed components;

e the ample cone Amp(X) — the closed convex cone generated by the classes of
ample divisors.

The first two cones Eff(X) and Mov(X) are invariant under pseudoisomorphisms:

Eff(X') = ¢, Ef(X) and Mov(X') = 1), Mov(X)

for any pseudoisomorphism 1: X --+ X', so they are the same for all crepant models
of a given del Pezzo variety. The third cone Amp(X), on a contrary, depends on
a crepant model (and determines it). We will usually consider Amp(X) only when
X is Q-factorial; in this case it has full dimension and coincides with the cone of
nef classes. Clearly,

Amp(X) C Mov(X) C Eff(X).

Note that a priori the elements of Eff(X) or Mov(X) could be represented by
non-effective or even non-rational classes. Elements of Eff (X) are said to be pseudo-
effective.

6.1. Description via special classes. In this subsection we describe the cones
Eff(X) and Mov(X) in terms of P'- and P?-classes in Cl(X), see Definition 3.7.
Since this definition is given purely in terms of the canonical bilinear form on X, we
conclude from Proposition 3.3 that D is a P*-class if and only if D|y is a P*-class for
a general fundamental divisor Y C X if and only if D|g is a P*-class for a general
linear surface section S C X.

We start with an evident observation about P°-classes on del Pezzo surfaces.

LEMMA 6.1. If X is a del Pezzo surface and D € ClX) is a P*-class with
s € {1,2}, then D 1is semiample and induces a morphism X — P which is a conic

bundle for s = 1 and a birational morphism for s = 2. In particular, D is not
ample for d(X) < 8.

The following results generalize this to higher dimensions.

LEMMA 6.2. Let X be an almost del Pezzo variety and let D € ClI(X) be
a P?-class with s € {1,2}. If D is nef, then the linear system |D| is base point free
and defines a contraction X — P*.
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PROOF. By the base point free theorem [15, Theorem 3.3] the class D is semi-
ample and defines a contraction f: X — Z such that D = f*D, for an ample
divisor class Dyz. Consider the alternatives for Z given by Corollary 2.18.

If Z is an almost del Pezzo variety birational to X, then Dy is also a P°-class
by Lemma 3.2 and Lemma 3.13, hence the restriction of Dy to a general linear
surface section Sz C Z is an ample P*-class, which is impossible by Lemma 6.1.
Similarly, if Z is a del Pezzo surface, then Dy is again a P*-class by Lemma 3.13, so
Lemma, 6.1 shows that Z = P2 and s = 2. Finally, if Z = P!, then D is a P'-class. O

PROPOSITION 6.3. Let X be a del Pezzo variety and let D € C1(X) be a P*-class,
s € {1,2}. Then there exists a Q-factorialization §: X — X such that the strict
transform (€71).D is nef and defines a contraction X — P*.

PROOF. First, we prove that no Q-factorial almost del Pezzo variety X can have
a D-negative and K x-negative extremal contraction. For this we use induction
on n = dim(X). If n = 2 there is nothing to prove because D is nef by Lemma 6.1.
Assume n > 2 and let Y C X be a general fundamental divisor. Let f: X — Z
be a D-negative and K x-negative extremal contraction. By Proposition 2.17 this
is the blowup of a smooth point, or a P*~2-bundle over a del Pezzo surface, or
a quadric bundle over P'. In the first case, if E = P"~! is the exceptional divisor,
then Y N E = P"~2. In the other cases, the fibers of Y — Z are hyperplane
sections of the fibers of X — Z, and at least one of them has positive dimension
(this is obvious when n > 3 or f is a quadric bundle, and when n = 3 and f is
a Pl-bundle this follows from (4.1) as d(Y) = d(X) > d(Z)). Thus, in all these
cases there is a curve C' C Y which generates in X the extremal ray contracted by f.
This curve is D|y-negative and Ky-negative, hence there must be a D|y-negative
and Ky-negative extremal contraction of Y, which is impossible by the induction
hypothesis.

Now we consider the Q-factorialization ¢: XX provided by Lemma 2.19. As
we proved above, the alternative (A) is impossible, hence D = (£71), D is nef, and
Lemma 6.2 gives the required contraction. O

Now we are ready to describe the cones. For any convex cone C € RY a ray
R C C is said to be extremal if a nonzero element r € R cannot be represented as
a sum r = 11 + ro with 71,79 € C\ R. This is equivalent to the existence of a linear
function v: RN — R such that »(C) C Rso and CN {v = 0} = R. We start with
an easy observation.

LEMMA 6.4. Let X be an almost del Pezzo variety.

(i) Any exceptional class E € CI(X) generates an extremal ray of Eff(X).

(i) Any P'- or P2-class lies in the boundaries of Eff(X) and Mov(X), and
if v(X) =2 it generates an extremal ray in each of these cones.

Proor. (i) If E is exceptional, then there is a Q-factorialization &: X — X such
that X is the blowup of an almost del Pezzo variety X’ at a smooth point and
E = (671),E is the exceptional divisor of the blowup (Proposition 3.12). Then
the function v(D) := (Axs, D) has the required property by Lemma 3.13 (i) and
Lemma 3.6.
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(i) If D is a P-class, s € {1, 2}, then there is a Q-factorialization £: X — X and
a morphism f: X — P* such that D = (671D is the pullback of the hyperplane
class (Proposition 6.3). The argument of Lemma 2.16 shows that the general fiber
of f is a projective space P2 or a quadric Q® !, hence a curve of minimal degree in
the general fiber of f is a free rational curve. In this case the function v(D) := D-C
has the required property. O

The next lemma will be used in the proof of the next proposition.

LEMMA 6.5. Let X be an almost del Pezzo variety and let M be a movable divi-
sor on X. Then for m > 0 the base locus of |mM)| is contained in the exceptional
locus of the anticanonical morphism X — Xcan.

PRroOOF. Let &: X = Xecan be a Q-factorialization provided by Lemma 2.19 f9£
D = M. Since M is movable, case (A) is impossible, hence the strict transform M
of M to X is nef. By the base point free theorem [15, Theorem 3.3| the class [mM|
is base point free for m > 0. On the other hand, the composition X --+ X ., --» X is
an isomorphism away from the exceptional loci of X — X_,, and X = Xecan, hence
the claim. O

Recall that X has a finite number of Q-factorializations x;: X; — X (see
Lemma 2.11).

PROPOSITION 6.6. Let X be a del Pezzo variety with r(X) > 1.
(i) The moving cone Mov(X) has the following chamber decomposition

Mov(X) = xi. (Amp(X,). (6.1)

where x;: X; — X are all Q-factorializations of X, and the class Ax is contained
in the interior of Mov(X).

Moreover, the cones Eff (X)) and Mov(X) in Cl(X) ® R are rational polyhedral
and

(ii) each extremal ray of Eff(X) is generated by an exceptional class, P*-class,
or P2-class;

(iii) each extremal ray of Mov(X) is generated by a P'-class, P?-class, or a big
class H such that for m > 0 the linear system |mH| defines a birational map
Y: X --» X' to a del Pezzo variety X' with r(X’) = 1.

PRrROOF. (i) The chamber decomposition of Mov(X) follows from a combination
of [20, Proposition 1.11], [18, Corollary 1.3.2] and [19, Lemma-Definition 2.6].

To prove that Ax lies in the interior of Mov(X), let D be any divisor on X.
For each Q-factorialization y;: X; — X the Mori cone NE(X;) is generated by
a finite number of extremal rays R; ;; each of these is generated by a class of
a curve ;. Therefore, there exists a constant ¢ € R such that the strict
transforms D; = (Xfl)*D on X; of D satisfy D; - v;; > ¢; we can and will
assume that ¢ is negative. Then for 0 < € < —1/¢ the R-divisor Ax, + €D;
is almost nef, i.e., all curves having negative intersection with it are Ax,-trivial,
hence X; cannot have (Ax, + eD;)-negative K-negative contractions. Now con-
sider the Q-factorialization provided by Lemma 2.19. It coincides with one of the
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Q-factorializations x;: X; — X discussed above, hence case (A) is impossible.
Therefore, the divisor class Ax, + €D, is nef, and thus

Ax, +eD; € Amp(X;) C Mov(X;) = Mov(X).

Since D is an arbitrary divisor, this shows that Ax is contained in the interior
of Mov(X).

(ii), (iii) Let D € CI(X) ® R be a class generating an extremal ray of Eff(X)
or Mov(X). Let &: X > X bea Q-factorialization provided by Lemma 2.19, let
D= (671).D, and consider the two cases (A) and (B).

First, consider case (A) and let f: X =7 be the corresponding extremal con-
traction. In this case D ¢ Mov(X) because f is D-negative. Thus, D is a generator
of an extremal ray in Eff(X). Since D is pseudoeffective, the _contraction f is bira-
tional. Let E be the exceptional divisor of f and let Dz := f*D Then D, € Eff(Z)
and D = f*Dz 4+ aE, where a > 0 because f is D- negative. Since D generates an
extremal ray of Eff (X), we must have Dz = 0, i.e., D is proportional to the excep-
tional class E.

Now consider case (B). Since X is Q-factorial, Amp(X) is the nef cone, so D is
in Amp(X) and generates in Amp(X) an extremal ray; in particular, D is rational.
By the base point free theorem [15, Theorem 3.3] there is a morphism f: X2z
such that D = f*Dy for some ample Dy € Pic(Z). Since D generates an extremal
ray, we have rk Pic(Z) = 1. If f is non-birational, we conclude using Corollary 2.18
that either Z = P? (hence D is proportional to a P2-class) or Z = P! (hence D is
proportional to a P!-class). Finally, if f is birational, then Z is a del Pezzo variety
by Corollary 2.18, hence Dy is a multiple of Az (because rk Pic(Z) = 1). Thus we
may assume that D= f*Az. In particular, Dis big. But since any big class can
be written as a sum of effective and ample classes (see, e.g., [25, Lemma 0-3-3]) and
since any ample class lies in the interior of Mov(X ) = Mov(X), the class D cannot
be an extremal ray of Eff(X). It remains to show that r(Z) = 1.

Assume for a contrary that r(Z) > 1. Then (i) implies that Az = My + Mo,
where My and M, are movable divisors non-proportional to Az. The argument
of Corollary 2.18 shows that there is a factorization

f:)?LZiZ,

where ¢ is a Q-factorialization and ]?I/S\ a blowup of points not lying on K-trivial
curves. Then Az = M; + My, where M; is the strict transform of M;. Note that
f*]\//fl and f*]\//fg are movable by Lemma 6.5, hence D= f*AZ = f*]T/I\l + ]?*]\72 is
not an extremal ray of Mov(X), a contradiction. O

6.2. Del Pezzo varieties with r(X) = 2. Let X be a del Pezzo variety of
dimension n > 3 with r(X) = 2. If X is not Q-factorial, then there exist exactly
two Q-factorializations &;: )?Z — X, i = 1,2. Indeed, in this case Mov(X) is
a two-dimensional cone, and by Proposition 6.6 the class Ax is in its interior and at
the same time in each chamber of the decomposition (6. 1) hence there are exactly
two such chambers Furthermore two Q- factorlahzatlons X 1 and Xg are connected
by a flop x: X1 S X2 If X is Q-factorial, we put X1 = Xg = X and y = id.
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In both cases we obtain a diagram:

(6.2)

where f; are K-negative extremal contractions. If f; is birational we denote by E;
the corresponding exceptional divisor, if it is a quadric bundle over P! we denote
by F; the corresponding P!-class, and if it is a P"~2-bundle over P? we denote by G;
the corresponding P2-class.

PROPOSITION 6.7 (cf. [5, Theorem 5.3, [3]). Let X be a del Pezzo variety of
dimension n > 3 with r(X) = 2. Then in the above notation, up to symmetry

of the diagram (6.2), one has one of the following situations:

aX) [2X) [ A 2 CIx)
1 Ar P*—2.bundle P*—2.bundle G1+ Gy =6Ax
1 D~ quadric bundle | quadric bundle | F; + F5 = 4Ax
1 E, birational birational FEi1+ FEy =2Ax
2 Ag | P""2-bundle P*—2.bundle Gi+ Gy =3Ax
2 Dsg quadric bundle | quadric bundle | F; + Fy = 2Ax
2 Eq birational birational FEi+Ey=Ax
3 As P"*—2_-bundle P"~2_bundle Gi1+ Gy =2Ax
3 Ds quadric bundle | birational i+ FE,=Ax
4 Ay P*—2_-bundle birational Gi+E,=Ax
4 Dy quadric bundle | quadric bundle | F} + Fo = Ax
5 As P"2_bundle quadric bundle | Gy + F5 = 6Ax
6 A, P"*—2_-bundle P*—2_bundle G1+ Gy = Ax
7 Aq P"~2-bundle birational 2G1 + Ey = Ax

PROOF. Assume d := d(X) < 6. By Proposition 2.17 each f; is either a bira-
tional contraction, or a morphism to P!, or a morphism to P2. Let D; denote the
corresponding exceptional class (in the first case), or P!-class (in the second case),
or P2-class (in the last case). Since r(X) = 2, there is a linear relation in CI(X)
between D, Do, and Ax:

x1D1 4+ 29Dy = kAx,

where x1, 2, and k have no common divisors. On the one hand, by Lemma 3.13
for each ¢ € {1,2} the classes Ax and D, generate Cl(X), hence xz; = £1. On the
other hand, by Lemma 6.4 the classes Dy and Dy generate the effective cone of X,
hence x1, o and k have the same sign. Therefore, we may assume z; = z2 = 1
and k£ > 0.

Taking the product of this relation with Ax we obtain

$1 + 89 = kd,
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where s; = (Ax, D;) € {1,2,3} and d = d(X). In particular, s;+ss is divisible by d.
This immediately implies that we have the following possibilities (up to permutation
of the s;):

e for d = 6 we have s1 = s =3 and k = 1;

e for d =5 we have s; =3, sy =2 and k = 1;

e for d =4 we have s1 =3, s =1,0r s =sys =2 and k =1;

e ford=3 wehave s1 =2, ss=1landk=1,0r s1 = s, =3 and k = 2.

Finally, when d € {1, 2}, the variety X is acted upon by an involution 7 (Bertini
or Geiser; see Remark 2.3) which acts on Eff(X) and swaps D; and Ds. Indeed, in
these cases the involution 7 acts non-trivially on Cl(X) because the quotient X /7
is isomorphic to P" (if d = 2) or P(1™,2) (if d = 1), hence any 7-invariant divisor
class on X is proportional to Ax. Thus, we have s; = s5, which gives the following
possibilities:

e if d =2 we have s1 = s9 =k € {1,2,3},

o if d =1 we have s; = s9 = k/2 € {1,2,3}.

This exhausts all the cases in the table (except for the last row). Conversely,
looking at Proposition 4.9 and Proposition 4.14, we see that all cases of types A,,,
m > 2, and D,, indeed appear, and blowing up a del Pezzo variety X of degree 3
and 2 with r(Xy) = 1 at a general point, we construct the cases of types Eg and E-,
respectively.

The last case d = 7 is obvious, as X = Blp(P?). O

REMARK 6.8. By Proposition 6.6 and Proposition 6.7 the effective cone Eff (X) is
generated by the summands in the last column of the table, and to get the generators
of the moving cone Mov(X) one should replace the exceptional classes F; by the
big classes H; = Ax + E;. Note also that Mov(X) is the union of two ample cones
(with the wall generated by Ax) in all cases except for d € {6,7}, where Ax is
ample and there is a single ample cone.

In fact, in all these cases the diagram (6.2) is easy to construct:

e when d(X) =7 and Z(X) = Ay, the diagram is obvious;

e when d(X) = 6 and Z(X) = A,, the diagram is symmetric via the transposition
involution of X = P? x P? or X = FI(1,2;3);

e when d(X) =5 and Z(X) = Asg, the explicit flop is constructed in Lemma 4.16;

e when d(X) =4 and =(X) = Ay, the explicit flop is constructed in [31, Theo-
rem 2.2 and §2.3[;

e when d(X) = 4 and Z(X) = Dy, the diagram is symmetric via two Springer
resolutions of the determinantal quadric X inside a fixed quadric hypersurface;

e when d(X) = 3 and Z(X) = Aj, the diagram is symmetric via two Springer
resolutions of the determinantal cubic X;

e when d(X) = 3 and Z(X) = D, the diagram can be constructed by projecting
an intersection of two quadrics in P**2 from a general point to get a cubic hypersur-
face in P"*! containing a P"~! and then projecting out of this P"~! to get a quadric
bundle over P';

e when d(X) € {1, 2} in all types, the diagram (6.2) is symmetric via the Bertini
or Geiser involution of X.
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6.3. Del Pezzo varieties with r(X) = 3. In this subsection we show the
pictures of the effective and moving cones of all del Pezzo varieties X with r(X) =3
(see also Appendix B for other material). For each variety we show a slice of
the cones, and write the type of the variety; types AX , m€{1,3,5}, stand for the
primitive varieties that have a structure of P*~2-bundle over P! x P!,

In the pictures of the cones listed below we use the following conventions. We
write E; for exceptional classes, F; for P'-classes, G; for P2-classes, and H; for big
classes, as in Proposition 6.6 (iii). The dark grey part of the picture is a slice of
the moving cone Mov(X), and its union with the light grey part is a slice of the
effective cone Eff(X). We also draw the walls showing how the moving cone splits
into the union of ample cones Amp(X;) of crepant Q-factorial models X; of X.

G F1
FE1 " Er E3

Fy P Fy
e \>o, )
F3 GE2 Ey P 1)
2 2
2(X) = As E(X) = Dg =(X) = Es

F E E E F:
1 1 2 Hl 1 2 v 1
Gy Z Gs R 2 Fy, F3 AA F,

F3
2(X) = Ay =(X) =Dy,
G
Eq ! y Fy Fy
d(X) =4 n G &
I3 F) F3 Fy
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The computations that lead to these descriptions are analogous to those made
above, so we omit them.

§ 7. Schubert varieties

Recall from Theorem 1.2 (v) that every non-conical del Pezzo variety of degree 5
is a linear section of Gr(2,5); in this section we classify such varieties.
Let V' be a 5-dimensional vector space. Consider the Grassmannian

Gr(2,V) Cc P(A?V)

in the Pliicker embedding. Note that the group PGL(V') acts on the space P(A2V'Y)
of hyperplane sections of Gr(2, V') with two orbits:

e The open orbit, formed by points of P(A2V") corresponding to skew-symmetric
forms of rank 4; the corresponding hyperplane sections of Gr(2,V’) are smooth.

e The closed orbit, formed by points of P(A2V") corresponding to skew-symmet-
ric forms of rank 2; the corresponding hyperplane sections of Gr(2,V’) are singular.

More precisely, given a 3-dimensional subspace K C V, the subvariety of Gr(2,V)
parameterizing 2-dimensional subspaces U C V such that U N K # 0 is a singular
hyperplane section of Gr(2,V), called a Schubert divisor. Let

X5,r,n C Gr(27 V)7

be an intersections of  — 1 general Schubert divisors and 7 — r — n general hyper-
planes. We prove the following theorem.

THEOREM 7.1. There are exactly 10 isomorphism classes of mon-conical del
Pezzo varieties of degree d(X) = 5 and dimension dim(X) = n > 3, namely,
the varieties

Xsim, 3<n<6, Xson, 3<n<5, Xszn, 3<n<4, and Xs543.

Moreover, (X5 rn) =1 and
(1) the varieties X51.,, 3 < n <6, are all smooth;
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(ii) the varieties X525, 3 < n < 5, have Sing(X52,) = P2 and admit two
small resolutions; one is

555,2@ = ]P]p2 (Ker(ﬁ’(fl)Qz S5 Q(l) - ﬁ®(57n))> (71)

and the other is a flat quadric bundle over P';
(iii) the varieties X533, 3 < n < 4, have Sing(X53,,) = P" 3 UP" 3 and admit
four small resolutions; one is

X534 :=Blp(P? x P?)  or X533 :=Blp(FI(1,2;3)), (7.2)

another is a P"~2-bundle over P! x P! and the other two are P"~2-bundles over Fy;
(iv) the variety X5 4.3, has 3 singular points and admits eight small resolutions;

one of them is R
X543 :=Blp(P! x P* x P!), (7.3)

another is Blp, p, p,(P?), three others are blowups at a point of P'-bundles over Fy,
and the last three are P*-bundles over the del Pezzo surface of degree 7.

We split the proof in three steps. We start with a discussion of linear sections
of Gr(2,V). If W C A%V is a vector subspace, we denote by

Xw = Gr(2,V)NnP(W)

the corresponding linear section. We consider the space of linear equations of Xy,
i.e., the annihilator W+ C A2VY of W. Each vector in W+ is a skew-symmetric
form on V7; if this form is degenerate, then the corresponding hyperplane section is
a Schubert divisor. Note that if dim(Xy ) > 3, then dim(W+) < 3.

LEMMA 7.2. If Xw is a del Pezzo variety and n = dim(Xyw) > 3, then the
scheme
X5 = Gr(2, V) nP(Wt)

is a finite reduced scheme of length £ := K(Xév) < dim(WH).
Moreover, if Kq,...,Ky CV are the 3-dimensional subspaces corresponding to
the points \; € XE,V, then

dim(IG;NK;) =1 forall 1<i<j<{ and KiNK;NK3=0 if £=3. (7.4)

Finally, if Z(XE,V) = dim(W+), then W+ is spanned by \i,..., \;.

PROOF. If Xy is a del Pezzo variety, then a general linear surface section of X is
a del Pezzo surface, i.e., for general Wy C W, dim(Wp) = 6, the linear section Xy,
is smooth. Then by [34, Proposition 2.24] the scheme XE,VO is a reduced scheme of
length 5. But
Xiy = Gr(2, V) NP(WH) = X5, NP(WH),

hence it is also finite and reduced.

On the other hand, XE,V C P(W+) is an intersection of quadrics (because the
Grassmannian Gr(2, V") is), therefore its length is bounded by 1 if dim(W+) =1,
by 2 if dim(W+) = 2, and by 4 if dim(W+) = 3. It remains to note that the
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length cannot be equal to 4 by [35, Appendix A]; indeed, the standard resolu-
tion of Gr(2,V") = Gr(2,5) shows that it satisfies the property Ny of Green and
Lazarsfeld hence it is not tetragonal (see [35, Definition A.1 and Proposition A.4]),
hence (X ) < 3.

If dim(K; N K;) = 2, then the line spanned by \; and A; lies in Gr(2, V"), hence
in X%, Similarly, if L := K;NKoNK3 # 0, then A, Ao, A3 € Gr(2, L) € Gr(2,VY),
hence X‘h/v is a conic. In both cases this contradicts to finiteness of XE/V. Finally, if
E(X{.,V) = dim(W+), but \; do not generate W+, then K(X{\‘,V) = 3 and the points \;
are collinear. But since Gr(2, V") is an intersection of quadrics, it follows that X ‘h/v
contains a line, which is again impossible. (|

The next step is the classification of varieties for which £(Xy, 1) = dim(W2);
these are, in fact, ‘maximal del Pezzo varieties of degree 5. Recall the varieties
X5 2,5, X5 3,4 and X54 3 defined in (7 1) (7 3)

PROPOSITION 7.3. For each ¢ < 3 there is a unique isomorphism class of quintic
del Pezzo varieties Xy C Gr(2,V) with K(Xév) = dim(W+) = £. Moreover,
if £=0,then Xy = Gr(2,V) is smooth and r(Xw) =1;
if £ =1, then )?5,275 is a small resolution of Xy, hence r(Xw) = 2;
if £ =2, then )?5,374 is a small resolution of Xy, hence r(Xw) = 3;
o if { =23, then )/(\’5,473 is a small resolution of Xy, hence r(Xw) = 4.

In all these cases Sing(Xyy) is the union of £ disjoint projective spaces P3~%.

PRrROOF. The uniqueness of Xy is easy: in each case the space W+ is gener-
ated by ¢ degenerate skew-symmetric forms \;, the corresponding subspaces K;
satisfy (7.4) by Lemma 7.2, and there is a single GL(V)-orbit on ¢-tuples of such
subspaces for ¢ < 3. Therefore, we just need to show that the varieties (7.1) with
n =>5, (7.2) with n =4, and (7.3) are almost del Pezzo and that their anticanonical
models have £ =1, ¢ =2, and ¢ = 3, respectively.

On the other hand, we checked in Lemma 5.4 that )?57275, )?57374 and )?57473 are
almost del Pezzo and their anticanonical models X525, X534 and X543 can be
written as linear sections Xy of Gr(2,V') with E(XF,V) > {, where £ =1, 2 and 3,
respectively. Applying Lemma 7.2, we obtain E(XE,V) =/

It remains to describe the singular locus of X525, X534 and X5 43. Since the
varieties )?5,2,5, )?573,4 and )?5,473 are smooth, this singular locus is the image of
the locus contracted by &: )?577”,74 — X5,7—r. To understand this, we recall the
descriptions of ¢ provided by Lemma 5.4.

When r = 2, the locus contracted by ¢ is the union of the P!-fibers of FI(1,2;V)
over the points of Gr(2, K) C Gr(2,V), hence Sing(X525) = Gr(2, K) = P2,

When r = 3, the locus contracted by £ is the union of strict transforms of two
coordinate planes of P(K;) x P(K3) through P, hence Sing(X53.4) is the union of
two disjoint lines.

Finally, when r = 4, the locus contracted by & is the union of strict transforms of
the three coordinate axes of P(Ki-) x P(K3 ) x P(K3") through P, hence Sing(X5 4.3)
is the union of three points. O
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Now we are ready for the last step.

PROOF OF THEOREM 7.1. In the case where K(X{h,v) = dim(W+), we have
already proved the uniqueness and constructed one small resolution (see Propo-
sition 7.3). To show that the other small resolution for X5, 5 is a quadric bundle,
we apply Lemma 4.16 or Proposition 6.7. To construct the other small resolutions
for X5 3.4, we apply Lemma 4.5 (it gives P2-bundles over F;) and [33, Theorem 3.1
and §4.1] (it gives a P2-bundle over P! x P1). Similarly, to construct the other small
resolutions for X5 4 3, we first apply [33, Theorem 3.1| (it gives Blp, p, p,(P?)) and
then apply Lemma 4.5 (it gives blowups of P!-bundles over F; and P!-bundles over
the del Pezzo surface of degree 7).

Now we prove the uniqueness in the cases where £ := E(X‘h,v) < dim(W+) <3
In the case where ¢ = 0, the subspace W+ C A?VY consists of forms of corank 1,
hence it is unique up to GL(V')-action by [36, §§ 5-7], so assume ¢ € {1,2}.

If £ =1 let Wy C A%V be the hyperplane corresponding to the unique point
A€ XF/V and let K C V be the corresponding 3-dimensional subspace. Then Xy
is a linear section of Xy, = X525 of codimension 5 — n and

dim(Gr(2, K)NP(W)) =2— (5—n) =n— 3,

since otherwise there is a point A\ # X in P(W+) such that K is isotropic for N,
and then XE/V is not reduced at A. Recall the morphism ¢: X5 25 — X5,2,5 from
Lemma 5.4 and note that the above observation shows that the induced morphism

& Xw = HXw) = Xw

is small. On the other hand, all fibers of the projection )A(W C )?5’2,5 — P(K) are
linear spaces, and if the fiber over a point v € P(K) has dimension greater than
n — 2, then there is a point X' # X in P(W) such that v € Ker()\), and then
the line spanned by A and X is contained in Gr(2,v), which implies (X ) > 2.
Therefore, )A(W = Pp() (&), where & is a vector bundle of rank n — 1 that fits into
exact sequence
0—&— 0(-1)P2a01) L 0967 0,

so that Xy = )?5727,,, see (7.1). Note also that ¢|g1): Q1) — 0®6=") is generi-
cally surjective (because dim(Gr(2, K) NP(W)) =n—3). It remains to show that the
projective bundle Pp (&) corresponding to such ¢ is unique up to isomorphism.

First, assume n = 4. Since the morphism ¢|g): (1) — & is nontrivial, its
kernel is isomorphic to &(—1), and its cokernel is isomorphic to the structure sheaf
of a point z € P2, Therefore, we have an exact sequence

0= 0(-1) =& — 0(-1)% = 0, - 0.

Now P? is homogeneous, hence the position of z does not matter. Further, there
is a single isomorphism class of epimorphisms ¢'(—1)%2 — @, the kernels of these
epimorphisms are isomorphic to 0(—1) ® £, (—1), and

Ext'(0(-1) @ 4.(-1),0(-1)) 2 Ext' (S (-1),0(-1))

is 1-dimensional, hence the projective bundle Pp(x)(&') is unique.
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Next, assume n = 3. The morphism ¢|qg): Q(1) — €% is injective and its
cokernel is isomorphic to the sheaf &7 (1), where L C P? is a line. Therefore, we
have an exact sequence

0= & — 0(-1)% = 0,(1) = 0.

The position of L also does not matter, and there is a single isomorphism class of
epimorphisms &(—1)%% — & (1), hence again Pp() (&) is unique.

Now let £ = 2 and dim(W+) = 3. Let Wy C A%V be the subspace of codimen-
sion 2 such that Wy is spanned by the two points A1, \g € XE,V and let K1, Ko CV
be the corresponding 3-dimensional subspaces. Then Xy is a linear section of
Xw, = X534 and dim(Gr(2, K;) NP(W)) = 0 by the same reason as above. Recall
from Lemma 5.4 the morphism &: )?573,4 — X5,3,4 and note that the induced mor-
phism R

& Xw = Xw) = Xw
is small. It also follows that the intersection of )?W C )?5,374 with the exceptional
divisor of )?5,3’4 = Blp(P(K;) x P(K3)) is a plane, hence the image

o(Xw) C P(K1) x P(K>)
is a hyperplane section smooth at P (where o: )2573,4 — P(K;) x P(K») is the
blowup). Therefore, r(o(Xw)) = r(Xw) — 1 = 2, hence o(Xw) = FI(1, 2;3). O
In the rest of this section we provide a few more details about Schubert varieties.

REMARK 7.4. The class group of the variety X = X5,3 has 4 exceptional
classes: the exceptional class Ey that comes from the exceptional divisor of the
small resolution )?5,473 = Blp(P! x P! x P!), and three pairwise orthogonal excep-
tional classes Fy, FE5, E3, that come from the exceptional divisors of the small
resolution Blp, p, p,(P?). It is easy to see that E;, 0 < i < 3, generate C1(X),
and that

<E0,Ei>:1, <E¢,Ej>:0, 1<Z<]<3, and AX:2E0+E1 +E2+E3

Moreover, E;, 0 < i < 3, are the extremal rays of the effective cone Eff(X), while
the moving cone Mov(X) is generated by the 7 classes

Fi2:E0+Ei, Gi,jZ:E()‘FEi‘{*Ej, and HI:E0+E1+E2+E3, 1<Z<]<3

To conclude this section, we describe explicitly the flop associated with the small
resolution £: X525 — X525 (cf. [3, §3(C)]).
LEMMA 7.5. If V is a 5-dimensional vector space and K C V is a 3-dimensional

subspace, then there is a diagram

Py (1) © (V/K) @ 0(-1)) = = = Grevyx) (2, K@ 0@ 6(-1))

P(K) X525 P(V/K),
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where f is a P3-bundle, ft is an everywhere non-degenerate Q*-bundle, & and £+
are small resolutions and x is a flop, with the flopping locus

and the flopped locus
Grpv/) (2, K ® 0) 2 P(V/K) x Gr(2,K) = P! x P2,
ProoF. Consider the standard flip diagram

Pe(xyxe(v/x) (A2 K ® 0@ 0(—1,-1))

/\

Pex) (NPK® 0@ (V/K)® O(— Prv iy (NPK @O0 & K@ 0(-1))
) xP(V/K)) P(V/K),

where C(P(K) x P(V/K)) C P(A’K & K ® (V/K)) is the cone with vertex P(A%K).
The flipping locus is P(K) x P(A?2K) in the left side and P(V/K) x P(A2K) in the
right side, and the common exceptional divisor in

M = Ppx)xp(v/i) (NP K @ 0 @ O(—1,-1))

is E=P(K) x P(V/K) x P(A\’K).

Denote by F and G the pullbacks of the hyperplane classes of P(V/K) and
P(K), and by A the hyperplane class of P(A2K @& K @ (V/K)) and its pullbacks to
all varieties above. Then on M we have a relation

A=E+F+G.

Now we note that Pp(x)(Q(1)®(V/K)®0(—1)) CPp(r) (NP KQO®(V/K)20(—1))
and its preimage in M is a divisor of class

A+G=2A—-F—-FE,

hence it is equal to the strict transform of a divisor in Pp(y/ k) (N2 K@OBGKQ0(—1))
of class 24— F containing P(V/K) x P(A?K). Finally, it is easy to see that this divi-
sor coincides with the relative Grassmannian, as in the statement of the lemma. []

Appendix A. Varieties of type A,,

In this section we list varieties of type A,,, providing when possible their explicit
equations. We consider only non-conical varieties, and in most cases, only maximal
ones. Throughout the section we use notation Xg,, for a del Pezzo variety X
of type A with d(X) = d, r(X) = r, and dim(X) = n and X3, ,, d € {2,4,6},
for the extra primitive del Pezzo varieties of type A (those that have the structure
of P"~2-bundle over P* x P1).
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A.1. Degree 5, 6, 7 and 8. By Theorem 1.11 all del Pezzo varieties of degree
d(X) > 5 have type A,,. Moreover, if d(X) > 7, there are only two isomor-
phism classes, if d(X) = 6, there are exactly four isomorphism classes, and if
d(X) = 5, there are exactly ten isomorphism classes (four maximal varieties and
six non-maximal); see §7.

A1l d(X) =38. In this case r(X) =1, Z(X) = Ay, and
Xg13 2P

[1]

A1.2. d(X) ="7. In this case r(X) =2, Z(X) = Ay, and
X725 2 Blp(P?) 2 Ppe (0(—1) @ 0(-2)).
A1.3. d(X) =6 and r(X) = 2. In this case Z(X) = Ay and either dim(X) =4

and
X67274 = P2 X ]P)Q,

or dim(X) = 3 (in this case the variety is non-maximal) and
Xe2,3 = FI(1,2;3) = {2191 + 2292 + 23y3 = 0} C P? x P2,

A14. d(X) =6 and r(X) = 3. In this case dim(X) = 3, E(X) = A4, and there
are two varieties, the first is
X633 = {T1y1 + T2y2 = 0} C P? x P?;
it has a single node and two small resolutions (see Lemma 5.2), and the second is

X¢s3 =P xP' x P

A.15. d(X) =5 and r(X) = 1. In this case dim(X) < 6, Z(X) = A4, and there
is one maximal variety
X571’6 = GI‘(?, 5),
and three non-maximal (smooth linear sections of X5 ;1 ¢) varieties:
X515 = {z12 + 234 = 0} C Gr(2,5),
X514 = {x12 + 234 = w23 + 245 = 0} C Gr(2,5),
X513 ={x12+ 234 = T3 + T45 = 15 + T24 = 0} C Gr(2,5),
where z;;, 1 <@ < j <5, are the Pliicker coordinates.
A1.6. d(X) =5 and r(X) = 2. In this case dim(X) < 5, Z(X) = A3, and there
is one maximal Schubert variety

X525 = {12 =0} C Gr(2,5).

This variety has nodal singularities along the embedded plane P? = (€34, €35, €45).
Besides, there are two non-maximal (general linear sections of X5 o 5) varieties:

X524 = {x12 = 23 + w45 = 0} C Gr(2,5),
X523 = {T12 = Ta3 + Ta5 = T13 + T24 + 35 = 0} C Gr(2,5).

These varieties have nodal singularities along the line (es4, e35) and the point [es4],
respectively.
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A1.7. d(X) =5 and r(X) = 3. In this case dim(X) < 4, Z(X) = A, there is
one maximal double Schubert variety

X534 = {212 = 34 = 0} C Gr(2,5),

an intersection of two Schubert divisors. This variety has nodal singularities along
two lines (e3s5, €45) and (ey5, €5).
Besides, there is a non-maximal (general hyperplane section of X5 3 4) variety:

X533 ={x12 = T34 = 215 + 35 + 24 = 0} C Gr(2,5).

This variety has two nodal singularities at the points [es5] and [eys].

A18. d(X) =5 and r(X) =4. In this case dim(X) = 3, E(X) = A4, and there
is a single maximal triple Schubert variety

X543 ={x12 =234 = 215 + 35 = 0} C Gr(2,5),

an intersection of three Schubert divisors. This variety has three nodal singularities
at the points [eq5], [e25] and [ea4].

A.2. Degree 4. Starting from this degree, we only list maximal del Pezzo vari-
eties.
A2.1. d(X) =4 and r(X) = 2. In this case dim(X) < 6, =(X) = A4, and the

maximal variety is
8
X47276 = {l’lxg —+ ToTe + 3Ty — X153 —+ oy + T3Tg — O} C P .

Its singular locus is P! x P2, with the equations 21 = o =x3 =0 and rk (52 3¢ 74) <1.

A22. d(X) =4 and r(X) = 3. In this case dim(X) < 5, E(X) = Ags, and the
maximal varieties are

X4,375 = {331568 + Tokg + X3xy4 = T1X5 + Tox7 = 0} C Hﬂ,

7
XZ’375 = {Z‘Ql‘6 + X3T4 = X1T5 + Trxg = O} c P'.

The first variety X4 3 5 is a special hyperplane section of X4 5 ¢, given by the equation
29 = 0, and its singular locus is the union of the two planes (ey4, €4, es) and (e, eg, €s)
and the quadric {z; = 72 = ¥3 = 24 = w576 — 2728 = 0}. The second variety X} 5 5
is the join of two quadric surfaces, and its singular locus is the union of those
surfaces.

A23. d(X) =4 and r(X) = 4. In this case dim(X) < 4, E(X) = Ao, and the
maximal variety is

X474,4 = {IEQZL‘ﬁ + T3T4 = T1T5 + Tox7 = 0} C ]P)G.

This is a special hyperplane section of X435, given by the equation zg = 0, and
its singular locus is the union of 5 lines. It can be also represented as a special
hyperplane section of Xj 5 5 given by the equation zg = x».
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A24. d(X) =4 and r(X) = 5. In this case dim(X) =3, Z(X) = Ay, and
X4,573 = {1‘1$5 = —ToTg = l‘3.134} C HD5.

This is a special hyperplane section of Xy 44, given by the equation x7 = x¢, and
its singular locus is the union of the six points [e;], 1 < ¢ < 6. This toric threefold
is known as the tetrahedral quartic threefold (see [37, Chapter VIII, 2.31]).

A.3. Degree 3. In this subsection we list the maximal cubic hypersurfaces of
type A.

A3.1. d(X) =3 and r(X) = 2. In this case dim(X) < 7, E(X) = As, and the
maximal variety is

Tg T1 T2
Xzo7=(det [zg g x3| =07 CP
Trs T X7
This is the determinantal cubic. Its singular locus is the Segre variety P? x P2.

A3.2. d(X) =3 and r(X) = 3. In this case dim(X) < 6, =(X) = A4, and the

maximal variety is

0 r1 X2
X3’3,6 =<cdet|zg4 x5 3] =0 C P7.
I5 Te L7

This is a special hyperplane section of X3 o 7, given by the equation z9 = 0, and its
singular locus consists of the 3-space (e3, eg, €7, €g) and two cubic scrolls

{Qﬁ::xQ ::O,rk ($4 s Ig) é@l}
Irs Xg T7

{m4 =x5=0, rk (ml 8 x6) < 1}.
Ty X3 X7

A3.3. d(X) =3 and r(X) = 4. In this case dim(X) < 5, E(X) = Az, and the

maximal variety is

and

0 r1 X2
Xsus=<det|zy 0 3| =0, CPS.
rs e X7

This is a special hyperplane section of X3 3, given by the equation zg = 0, and its
singular locus consists of four planes (e, €3, e7), {(ea,es5,e7), {es,eq,€7), (€5,€6,€7),
and two quadric surfaces

{xl = x9 = xg = det (174 1:3) = O} , {xg =1x4 = x5 = det (Il x2> = O} .
Trs X7 Te T7
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A34. d(X) =3 and r(X) = 5. In this case dim(X) < 4, E(X) = As, and the
maximal variety is

0 Tr1 T2
Xzsa=<(det[zg 0 3| =0pCP.
rs Tg 0

This is a special hyperplane section of X345, given by the equation 7 = 0, and
its singular locus is a configurations of nine lines (e;, e;), where ¢ is odd and j is
even. This is a toric cubic hypersurface, known as the Perazzo primal (see [38],
[39, Exercise 9.16]).

A35. d(X) =3 and r(X) = 6. In this case dim(X) =3, E(X) = Ay, and

6 0 x1 9
X363 = Zl‘i =det|zy 0 3| =0} CP°.
=1 Trs Te 0

This is a special hyperplane section of X354, given by the equation Y z; = 0,
and it has 10 nodes. In fact, this is the Segre cubic (see [38], [40, Section 3.2],
[39, §9.4.4]).

A.4. Degree 2. In this subsection we list the maximal double coverings of
type A.

A4.1. d(X) =2 and r(X) = 2. In this case dim(X) < 8, E(X) = Ag, and the
maximal variety is
0 xr1 X9 I3
X1 X9 a4 Ty
T2 T4 Ty T
r3 I Tg I7

X2)2’8 = y2 = det C P(lg, 2)

Its singular locus is the union of P® = (ey, e5, €6, €7, €3, €9) With a projection of the
Segre variety P? x P3.
A4.2. d(X) =2 and r(X) = 3. In this case dim(X) < 7, E(X) = Aj;, and the

maximal varieties are

0 Tr1 X9 T3
1 0 x4 x5

Xo37 =14 y" =det ;
” T2 T4 T e

T3 Ts Te T7
2 2 2 2 2 2 2 2 2
y® = xirg + r577 + 2375 + TyT5 — 201020778 — 2X1X3T6X3
X5’3,7 = — 2$1$4$5$8 — 2$2$3$6JJ7 — 2.’132I4.%‘5l‘7 — 2$3$4$5$6 5
+4rix50677 + 4T2T374T8

both in P(18,2). The first variety Xs 57 is a special hyperplane section of X5 o

) y ,3, y 12,89
given by the equation g = 0, and its singular locus is the union of two copies of P4,
a projection of P! x P3, and a projection of P2 x P2. The second variety X3 37 1s the

double covering ramified over the Cayley hyperdeterminant, and its singular locus
is the union of three copies of P! x P3,
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A4.3. d(X) =2 and r(X) = 4. In this case dim(X) < 6, Z(X) = A4, and the
maximal variety is
0 r1 X I3
T 0 Ty Ts
To T4 0 Te
r3 I Tg 7

X2’4’6 = y2 = det C IP(17, 2)

This is a special hyperplane section of X3 37, given by the equation xg = 0, and its
singular locus is the union of four copies of P? and three copies of P! x P2. It can
be also represented as a special hyperplane section of X3 5 7, given by the equation
g = 0 (up to renumbering the variables and rescaling one of them).

A44. d(X) =2 and r(X) = 5. In this case dim(X) < 5, Z(X) = Ag, and the
maximal variety is
0 z x99 z3
T 0 Ty Ty
To T4 0 Te
r3 ITs Tg 0

X2’575 = 'y2 = det C ]P(lG, 2)

This is a special hyperplane section of X5 4 ¢, given by the equation x7 = 0, and its
singular locus is the union of eight planes P? and three quadrics P! x P'.

A45. d(X) =2 and r(X) = 6. In this case dim(X) < 4, E(X) = Ao, and the

maximal variety is

0 1 X9 I3
Tq 0 Ty s
T x4 0 x4
Tr3 X5 Tg 0

6
X27674 = Z T, = y2 — det

i=1

=0, CcP(1%2).

This is a special hyperplane section of X5 5 5, given by the equation »_ x; = 0. It is
known as the Coble fourfold (see [41]), its branch divisor is the Igusa quartic, and
its singular locus is the Cremona—Richmond configuration of 15 lines.

A46. d(X) = 2 and r(X) = 7. In this case dim(X) = 3, Z(X) = Ay, and
the variety X573 is a Kummer double solid, i.e., the double covering X — P3
branched at a Kummer surface; in particular, it has 16 nodes. Note that in contrast
to the other cases considered above, varieties of this type are parameterized by
a 3-dimensional moduli space.

Appendix B. Roots of Cl(X)

In this section we use the computation in the proof of Theorem 1.9 to describe
uniformly the roots and exceptional classes in ClI(X) for all del Pezzo varieties X
with 1(X) > 2 (note that when r(X) = 1, we have A% = 0, so in this case there are
neither roots nor exceptional classes).

B.1. Type A,. Let X be a del Pezzo variety of type A, with r(X) > 2.
Assume that X has a Q-factorialization X such that X = Blp, . p, (Pp2(&)) (this
holds for all varieties of type A except for the varieties X7 5 . that will be discussed

separately). Let o: X = Xo = Ppe (&) be the blowup. Let S C X be a general
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linear surface section and set Sy := o(S) C Pp2(&); this is a general linear surface
section of Xy. We have morphisms

S;SQLPQ;

the morphism f blows up m + 1 points, and the morphism ¢ blows up k points.
Note that
r(X)=k+2 and d(X)+Ek+m=358; (B.1)

in particular, k +m < 7. Since also m > 1 and d(X) > 1, we have k <

6.
Let h € CI(S) be the pullback of the line class of P2, let €9,...,e2 € CI(S) b
the pullbacks of the exceptional divisors of f, and let eq,...,e; € CI(S) be the

exceptional divisors of o, and set

eO::e8+~--+e9n, e:=e;+- -+ e
Then the proof of Theorem 1.9 shows that
EX)=(e)—e),...,ed | —e), Cl(X) = (h,e’ eq,...,ep).

Now after a simple computation we see that the roots in Cl(X) are

+(e; — em) if k> 2,
+(h—e;, —e;, —ei,), if k>3,

o +(2h — ) ?fmzl, k=6, (B.2)
+(h-e’—e; — ~-—ei27m)7 iftm<2 k>22-—m,
+(2h—e’—e;, — - —e;_, ), ifm<5 k>=5—m,
+(3h — e fefel) itm<6, k=7—m,

where 1 < i1 < -+ < igs <k, and the exceptional elements in Cl(X) are

e;, ifk>1,

h—e; —e,, if k> 2,

h—e’, ifm=1,

2h —e;, — - — ey, if k>5,

2h—e’—e;, — - —e;, iftm<4, k>4—m,

e=¢3h—-e'"—e;, — - —e;,, —2e,, , iftm<5 k>6-m, (B.3)
4h—e’—2e+e;, +--+e;, ifm<4, k=7—-m,

4h —2e’ —2e+e; + - +e;., ifm<2 k=7-—m,

5h —e? — 2e, ifm=1, k=7-m,

5h —2e’ — 2e +e;, +e;,, ifm<5, k=7—m,

6h —2e’ — 2e —e;, iftm<6, k=7—m

We can also describe the roots and exceptional classes for the special varieties
Xj3n d€{2,4,6}. Recall that these varieties are (the anticanonical models of)
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P"~2_bundles over P! x P1. We denote by fi, fy € C1(X) the pullbacks of the rulings
and by a € C1(X) the fundamental class. Then the roots in C1(X) are

L£(f; — £2), if d € {2,4,6},
o +(a—1f;), %fd=2, (B.A)
:t(a—fl—fg) lfd=4,
(

t(a—2f, —f;), ifd=6,
where i # j € {1,2} and there are no exceptional elements.

B.2. Type D,,. Let X be a del Pezzo variety of type D,, with r(X) > 2. By
Theorem 1.11 (ii) the variety X has a Q-factorialization X = Blp,....p, (Xo), where
X, is a flat quadric bundle over P!. As above, let o: X - X be the blowup, let
Sc Xbea general linear surface section, and set Sp := o(S5) C Xp; this is a general
linear surface section of Xy. We have morphisms

S % 5 Lpt,
where f is a conic bundle with m singular fibers, and the morphism ¢ blows up
k points. The equalities (B.1) still hold; in particular, k +m < 7. Since also m > 4
and d(X) > 1, we have k < 3.

As in the proof of Theorem 1.11 (ii), contracting one component in each singular
fiber of f, we factor f through a birational contraction fy: So — Sy = P! x P!,
We denote by fi,fy € CI(S) the pullbacks of the classes of the rulings of S,

by e!,...,e2 € CI(S) the pullbacks of the exceptional divisors of fy. Finally,

rm

we let e, ..., e, € CL(S) be the exceptional divisors of o, and set

0 0 0
e :=e]+---+e,, e:=ej; +- -+ eg.

Then the proof of Theorem 1.9 shows that
E(X)=(e)—e),...,ed ;—ed fo—el ,—el), ClIX)=(2f,—e’ f e, ... ,ex).

Now after a simple computation we see that the roots in Cl(X) are

t(e;, —€,), if k> 2,
o — j:(fg eil — eiz) lf k‘ 2 , (B5)
+(2f, +f—e’—e;, —--—e;_,), fm<6, k>6-—m,
+(2f) + 2f, — e —e—el) ifm<6, k=T7—m,
where 1 <41 < -+ < ig <k, and the exceptional elements in Cl(X) are
€;, if k = 1,
£ — ey, if k> 1,
2f1+f2—e0—e¢1—---—ei57m, ifm<5, k>=5—m,
e=<¢2f; +2f,—e’—e, —---—e;,  —2e, ., ifm<5 k>6-—m, (B.6)
2f1+3f27e072e+e¢1+-~+ei5_m, 1fm§5,k:7—m,
Af, + 3f; — 2e0 — 2e + ey, ifm<6, k=7—m,
Af + 4f, — 2e0 — 2e — e, ifm<6, k=7-m
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B.3. Type E,,. Let X be a del Pezzo variety of type E,,. By Theorem 1.11 (iii)
the variety X has a Q-factorialization X = Blp, ...p.(X0), where Xg has type E,,
and r(Xp) = 1. As above, let o: X — X, be the blowup, let S C X be a general
linear surface section, and set Sy := o(S) C Xp; this is a general linear surface
section of Xy and o: S — Sy is the blowup of k points. Note that m € {6,7}
and 1 < k<8 —m.

We denote by ag € CI(S) the pullback to S of the anticanonical class of the
surface Sp, by e1,...,e; € CI(S) the exceptional divisors, and set € = e1 +- - - + €.
Now we see that the roots in Cl(X) are

+(e; — ifm=6, k=2
o= (el 62)7 1 m ) ) (B?)
+(agp—e—e;), ifm=6, k=8—m,
where 1 < ¢ < k, and the exceptional elements in C1(X) are
€e;, if k> 1,
€=4qap— 2e’ia it m= 63 k P 1; (Bs)

2ag —2e —e;, ifm=>6, k=8—m.

B.4. Table. The results of the above computations are summarized in the fol-
lowing table. We list del Pezzo varieties X according to Dynkin types of Z(X)
and for each variety we show its degree, the rank of the class group, the root sys-
tem A := A(CI(X), Ax), and the cardinalities of the sets ©; := 01 (C1(X), Ax) of
exceptional classes, O := O5(C1(X), Ax) of P'-classes, and 03 := O3(C1(X), Ax)
of P2-classes (see Definition 3.7). The last column shows if the corresponding variety
is primitive or not.

d(X) r(X) A [©1] [©2] |©3] Primitive
E(X)=A dim(X) =3
1 8 E; 126 756 4032 —
2 7 Dsg 32 60 192 —
3 6 As 15 15 30 —
4 5 Al x As 8 6 8 —
5 4 Ao 4 3 3 —
6 3 Ay 2 1 2 —
6" 3 Ao 0 3 0 +
7 2 (%) 1 0 1 -
8 1 (%} 0 0 0 +
E(X) =4,  dim(X) <4
1 7 Es 72 270 864 —
2 6 As 20 30 60 -
3 5 2A, 9 9 12 -
4 4 2A4 4 4 4 —
5 3 A, 1 2 2 —
6 2 Ay 0 0 2 +
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aX) r(X) A 01 [©2] |©3] Primitive
E(X)=4;  dim(X)<5

1 6 Ds 40 90 160 —

2 5 Al x As 12 14 16 —

3 4 Al x Ay 5 5 4 -

4 3 (%) 2 2 2 —

4* 3 Al x Ay 0 4 0 +

5 2 %) 0 1 1 +
E(X)=A;  dim(X)<6

1 5 Ay 20 30 40 —

2 4 A, 6 6 6 -

3 3 Ay 2 2 2 —

4 2 (%) 1 0 1 —

5 1 %) 0 0 0 +
2(X) =As dim(X) <7

1 4 A X A, 8 12 12 —

2 3 A, 2 2 4 —

2% 3 A, 0 6 0 +

3 2 Ay 0 0 2 +
2Z(X) = As dim(X) < 8

3 A 2 4 4 —
2 (%] 0 0 2 +

2(X) =Ar dim(X) <9

1 2 %) 0 0 2 +
=(X) =D

1 5 Dy 24 24 0 -

2 4 A1l X A1 x Ay 8 6 0 —

3 3 %) 3 3 0 —

4 2 %) 0 2 0 +
2(X) =Ds

1 4 Az 12 6 0 —

2 3 Ay 4 2 0 —

3 2 %) 1 1 0 —

4 1 %) 0 0 0 +
Z(X) = Dg

1 3 Al x Ay 4 4 —

2 2 Ay 0 2 0 +
=Z(X) =D~

1 2 %) 0 2 0 +
=(X) = Eo

1 3 A, 6 0 0 —

2 2 1% 2 0 0 —

3 1% 0 0 0 +
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ax) 1(x) A |©1] [©2] 03] Primitive
=(X) = Er
2 Ay 2 0 0 —
1 @ 0o 0 0 +
=(X) = Es
1 1 %) 0 0 0 +
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