RATIONALITY OF FANO THREEFOLDS OVER NON-CLOSED FIELDS

By ALEXANDER KUZNETSOV and YURI PROKHOROV

Abstract. We give necessary and sufficient conditions for unirationality and rationality of Fano three-
folds of geometric Picard rank 1 over an arbitrary field of zero characteristic.
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1. Introduction.

1.1. The main result. The goal of this paper is to explore the questions
of rationality for smooth Fano threefolds with geometric Picard rank one over an
arbitrary field k of zero characteristic. A k-rational variety is a fortiori rational over
the algebraic closure k of k. Therefore we restrict our attention to the following
eight families of geometrically rational Fano varieties:

e 3, a projective 3-space;

e ()3, a 3-dimensional quadric in P*;

e Vj, a quartic del Pezzo threefold in P3;

e V5, a quintic del Pezzo threefold in PS;

e X7, a prime Fano threefold of genus 7 in P8,

e X6, a prime Fano threefold of genus 9 in P!;

e X3, a prime Fano threefold of genus 10 in P'!;

e X5, a prime Fano threefold of genus 12 in P'3;
see Section 2.3 for a geometric description of varieties in these families.

The precise question that we address in the paper is: under what conditions a
k-form of one of these varieties is k-rational or k-unirational (cf. [Man93, Exer-
cises 2.3 and 2.4]). A complete answer to this question is given in the following
theorem, which is the main result of our paper.

THEOREM 1.1. Let k be a field of characteristic zero.
(1) If X is a k-form of V5 then X is k-rational.
(2) If X is a k-form of P3, Q3, X12, or X» then X is k-rational if and only if
X (k) # 2.
3) If X is a k-form of V4, X6, or X3 then X is k-unirational if and only if
X (k) # @. Moreover,
(@) a k-form X of Vi is k-rational if and only if X(k) # @ and
Fi(X)(k) # @;
(b) a k-form X of X is k-rational if and only if F3(X)(k) # &,
(c) a k-form X of Xig is k-rational if and only if X(k) # @ and
Fa(X)(K) # 2.
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Here F;(X) denotes the Hilbert scheme of degree d (with respect to the am-
ple generator of the Picard group of X}) genus O curves on X. The statement of
the theorem is classical for P* and Q3, and for Vj it has been proved in [BW19,
Theorem Al].

The proof of this theorem takes up all the paper. Some parts are really easy. The
classical and well-known cases of forms of P> and @)? are discussed in Section 2.
The criterion for quintic del Pezzo threefolds V5 can be considered as a higher-
dimensional version of Enriques’ theorem, and is deduced from it in Section 3, see
Theorem 3.3. The sufficiency of the rationality and unirationality conditions for
quartic del Pezzo threefolds V is also classical, see Theorem 3.5 in Section 3. The
other cases require more work.

In a subsequent paper [KP21] we discuss the question of k-rationality for geo-
metrically rational Fano threefolds of geometric Picard number higher than 1.

1.2. Rationality constructions. The proofs of rationality and unirational-
ity in the remaining cases of threefolds X5, X6, Xis, and Xy; is accomplished
in Section 6 after some preparations in Section 4, where we remind some standard
Minimal Model Program results used in the paper and prove some criteria for uni-
rationality, and Section 5, where we construct various Sarkisov links for these Fano
threefolds. For the reader’s convenience we outline the argument of Section 6 here.
In what follows we denote by g € {7,9,10, 12} the genus of a prime Fano threefold
X =Xo4 0.

If g € {7,12} and there is a k-point = € X which is sufficiently general, i.e.,
does not lie on any line, then the Sarkisov link with center at x (Theorem 5.17)
transforms X to a quintic del Pezzo threefold (for g = 7), or to P (for g = 12), so
rationality of X follows.

Similarly, for g = 10 the same link transforms X to a sextic del Pezzo fibration
with a rational 3-section. If, moreover, the point = is in a general position with
respect to the conic corresponding to a k-point of F,(X'), the conic gives a 2-section
of this fibration, and rationality of X follows from [AHTVA19, Proposition 8].

Finally, for ¢ =9, let C' C X be a cubic curve defined over k. If C' is smooth
and has no bisecants in X, then the Sarkisov link with center at C' (Theorem 5.10)
transforms X to a quintic del Pezzo threefold, so rationality follows. If C' is the
union of three lines meeting at a point, the double projection out of the meeting
point transforms X to an intersection of three quadrics in P® containing a plane,
and then the projection out of this plane gives a birational isomorphism onto P3
(Corollary 5.15). In all other cases there exists a line on X defined over k and the
Sarkisov link with center at it (Theorem 5.8) provides a birational isomorphism of
the threefold X onto P.

It is clear from the above explanation that for g € {7,10,12} for the proof
of rationality it is essential to find a k-point of X in a general position. So, before
proving rationality, we prove unirationality of X under the assumption of existence
of a k-point. The proof uses more or less the same instruments as before: Sarkisov
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link with center at a point (if the point does not lie on a line), Sarkisov link with
center at a line (if the point lies on a k-line), Sarkisov link with center at a singular
conic (if the point lies on two Galois-conjugate lines), and the double projection
from a point (if the point lies on three Galois-conjugate lines). In the last case we
use the unirationality criterion (Proposition 4.15) of Section 4.

It should be mentioned that Sarkisov links of Theorems 5.8, 5.10, and 5.17 are
well known over an algebraically closed field (except for the case of the Sarkisov
link with center at a point and g = 7, where we provide all necessary computations).
The case of the Sarkisov link with center at a singular conic (Theorem 5.9) is not
so standard, so we discuss it with more details than the other links.

1.3. Obstructions to rationality. Finally, we explain how we prove that
the conditions of rationality of Theorem 1.1 are necessary. For forms of V5 there is
nothing to prove and for forms of P3, Q3, X12, and Xy the argument is standard.
So, the only interesting cases are those of varieties V4, X6, and X 5. These cases
are discussed in Section 7.

In fact, in this section we prove a more general necessary criterion for ratio-
nality (Theorem 7.2), which is interesting by itself. Roughly speaking, it tells the
following. Consider the Hilbert schemes F;(X}), d € Z~, for the extension of
scalars X of X to the closure k of k, parameterizing degree d genus 0 curves
on Xj. Assume that two particular Hilbert schemes F.(X}) and Fy, (X}) among
these have a structure of a rationally connected fibration over a curve I'y and of an
abelian variety, respectively, and such that the Abel-Jacobi maps induce isomor-
phisms

(1.3.1)  Alb(Fyu.(X7)) 2 Pic’(T) & Jac(X;) and Fg, (X;) = Jac(X}),

where Jac(X7) is the intermediate Jacobian. Assuming also a couple of technical
conditions, we prove that if X is k-rational, then Fy,.(X) (k) # @.

The proof of Theorem 7.2 is based on the theory of intermediate Jacobians over
non-closed fields as developed by Benoist and Wittenberg in [BW20, BW19]. Us-
ing their results we associate to each Hilbert scheme Fy(X) a torsor over Jac(X),
the intermediate Jacobian of X over k. Benoist and Wittenberg prove that if X is
k-rational, then every such torsor is isomorphic to Pic”(I"), a connected compo-
nent of the Picard scheme of I', where I" is a k-form of the curve I';. Applying
this to the Hilbert scheme of lines F; (X) and using some general properties of this
construction, we conclude that the torsor associated with F;(X) is isomorphic to
the torsor Pic™¢(I").

On the other hand, the existence of a fibration F4.(X) — I" implies that the
torsor associated with F4.(X) is isomorphic to Pic! (T"). It follows that the class of
the torsor Pic!(T") is annihilated by mdc — 1. Since it is also killed by 2g(T") — 2, it
follows from a numerical assumption of the theorem that it is killed by mdr. There-
fore, the torsor Fq, (X), isomorphic to Pic™T(T'), is trivial, hence has a k-point.



RATIONALITY OF FANO THREEFOLDS OVER NON-CLOSED FIELDS 339

A funny feature of Theorem 7.2 is that although it gives a criterion for rational-
ity over k, all its conditions are formulated, and can be verified, over k. In particu-
lar, one can use various results, such as Mukai’s description of Fano threefolds, to
check these conditions. In fact, what we use, is the semiorthogonal decomposition
of the bounded derived category D®(X}) of coherent sheaves on X. The advan-
tage of this approach is that besides proving abstract isomorphisms (1.3.1), it also
shows that these isomorphisms are induced by the Abel-Jacobi maps, precisely as
we need for Theorem 7.2.

We prove some general results in this direction in Section 8; in particular, we
show in Proposition 8.4 that the intermediate Jacobian of a rationally connected
threefold whose derived category has a semiorthogonal decomposition with several
exceptional objects and the derived category of a curve as components is isomor-
phic (not just isogenous!) to the Jacobian of that curve.

At the first glance it may look that the conditions of Theorem 7.2 are far too
strong to be satisfied in practice. However, it turns out that all these conditions
hold for the three cases of our interest: V4, X6, and X;g. This is proved in Sec-
tion 9 (see Section 9.1 for X¢, Section 9.2 for X g, and Section 9.3 for V4). The
descriptions of the Hilbert schemes F3(X6) and F3(Xg) of cubic curves on Fano
threefolds of genus 9 and 10, obtained in Theorems 9.4 and 9.11 are completely
new.

As it is clear from the above discussion, the paper consists of two parts: the
construction part (Sections 3—6) and obstruction part (Sections 7-9) that use com-
pletely different techniques and are almost independent of each other. The reader
interested only in one of these parts can safely ignore the other.

It should be mentioned, that similar results were established independently by
Hassett and Tschinkel, see [HT19a, HT19b].
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2. Preliminaries. We work over a field k of zero characteristic. We denote
by G the Galois group of k over k.

2.1. Standard results. We will frequently use the following standard facts.
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LEMMA 2.1 ([Nis55]). Let ip: X --+ Y be a rational map from a smooth
variety X to a proper variety Y. If X (k) # @ then Y (k) # @.

LEMMA 2.2. If X is k-unirational, then X (k) # & and the set X (k) is Zariski
dense in X.

Proof. By definition of k-unirationality there is a dominant map ]P’]kv --» X.
Therefore, there is a Zariski open subset U C }P’ﬁv and a regular map U — X with
Zariski dense image. Since k-points are dense in P.¥, they are dense in U, and so
they are dense in X. U

The following result is also well known.

LEMMA 2.3. Let X be a proper k-variety with X (k) # &. Then the natural
map
Pic(X) — Pic(X})¢

is an isomorphism. In particular, if X is projective, X (k) # @, and Pic(X}) = Z,
then every Cartier divisor class of X is defined over k.

Proof. The first part is [Car58, Ch. 4, Proposition 12]. For the second part note
that the Galois action on Pic(Xj) is trivial since it preserves ampleness, hence
Pic(X;)C = Pic(X}). O

The following useful result can be extracted from [Lic68, proof of Theorem 3]
and [Lic69, proof of Theorem 7]; we provide below a proof for completeness.

LEMMA 2.4. Assume X is projective. If D € Pic(X})C then
x(0(D))- D € Pic(X),
where x(O(D)) :=Y_(—1)"dim H(Xy, Ox, (D)) is the Euler characteristic.

Proof. The Hochschild—Serre spectral sequence gives us the following stan-
dard exact sequence

(2.1.1) 0 — Pic(X) —» Pic(X;)¢ 25 Br(k) — Br(X) — H'(G,Pic(X})).

Let 5p be the image of D in Br(k). We show below that x(&'(D)) - 5p = 0.
First, assume H~%(Xy, O, (D)) =0, so that

X(0(D)) = dim H°(Xg, Ox, (D)),
and D is very ample. By [Liel7, Theorem 3.4] the class Sp can be represented by

a Severi-Brauer variety that is a k-form of P(H°(X}, Ox, (D))); in particular, it is
annihilated by x (0 (D)).
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Now consider the case of arbitrary D. Let H € Pic(X) be an ample class.
Then for m > 0 the divisor class D + mH satisfies the assumption of the lemma

and Spmm = Bp by (2.1.1), hence
x(0(D+mH))-fp =0.
Since the above holds for all m > 0, the class Sp is killed by
ged{x(O(D+mH)) | m> 0} =ged{x(O(D+mH))|meZ},

hence it is killed by x(&'(D)).

Finally, the equality x(&'(D)) - Sp = 0 proved above implies that the class
By(o(D))-p € Br(k) is zero, hence the divisor class x(0(D))- D € Pic(X;)€ comes
from Pic(X). O

2.2. Severi-Brauer varieties and quadrics. The following criteria for ra-
tionality of Severi—Brauer varieties and quadrics are classical.

PROPOSITION 2.5. Let X be a k-form of P} and let H € Pic(P}) be the hy-
perplane class. The following conditions are equivalent

(@) X (k) #2;

(b) Pic(X) = Pic(X});

(c) dH € Pic(X) for some d € Z such that gcd(d,n+1) = 1;

(d) X =P

Proof. Implication (d)=-(a) is trivial and by Lemma 2.3 condition (a) im-
plies (b). Furthermore, since the canonical class Kx = —(n -+ 1)H is defined over
the field k, and since the image of Pic(X) in Pic(X})® = Pic(X}) is a subgroup, it
follows that (b) is equivalent to (c). So it remains to show that (b) implies (d).

Indeed, if H € Pic(X), then the map to the projective space

P(HO(X, Ox(H))") = P"

associated with H becomes an isomorphism after extension of scalars to k, hence
it is an isomorphism over k. O

A similar argument proves:

PROPOSITION 2.6. A form X of a smooth quadric is rational if and only if
X (k) # 2.

Proof. One direction follows from Lemma 2.2. To prove the other, as-
sume X (k) # @. The hyperplane class H of X} is Galois-invariant because
—dim(X)H ~ Kx, and Pic(Xy) is torsion-free, therefore, by Lemma 2.3 it is
defined over k. The map

X —PHYX,0x(H))Y) =P !
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after extension of scalars to k becomes the embedding of X[, into IPELH as a quadric
hypersurface, hence it identifies X with a quadric hypersurface in P**!. The projec-
tion out of a k-rational point provides a birational isomorphism of X and P". [

2.3. Fano threefolds. Let X be a smooth Fano threefold. We denote by
p(X) the Picard rank of X and by p(Xj}) its geometric Picard rank. We define the
index ¢(X) as the maximal integer dividing the canonical class Kx, in Pic(Xp).

If (X)) > 3, then X 2 P?, or X 2 @ (see, e.g., [[P99, Corollary 3.1.15]).

Fano threefolds X with ¢(X) = 2 are usually called del Pezzo threefolds (see
[Fuj90]). We will denote by H the class in Pic(X}) such that 2H ~ — K, . Recall
that the Picard group of a Fano variety is torsion free [IP99, Proposition 2.1.2 (ii)],
so H is defined unambiguously and is Galois-invariant. In particular, if X (k) # &,
then H is defined over k by Lemma 2.3. We set

d(X):= H?®=(-Kx)*/8.
By Riemann—Roch one has (see [Isk80, Ch. 1, Proposition 4.5])
(2.3.1) dim HO(Xg, Ox (H)) =d(X) +2.
Classification of del Pezzo threefolds is well known, in particular we have:

THEOREM 2.7 ([Isk80, Ch. 2, Theorem 1.1], [IP99, Theorem 3.3.1], [Fuj90,
Theorem 8.11]). If X is a smooth del Pezzo threefold with p(Xy) = 1 then the
degree of X satisfies 1 <d(X) <5.

We will discuss here two types of del Pezzo threefolds:

e quintic del Pezzo threefolds, i.e., del Pezzo threefolds X with p(X) =1
and d(X) = 5; over an algebraically closed field any such threefold is isomorphic
to a codimension 3 linear section of Gr(2,5) (see, e.g., [[P99, Theorem 3.3.1]); and

e quartic del Pezzo threefolds, i.e., del Pezzo threefolds X with p(X}) =1
and d(X) = 4; over an algebraically closed field any such threefold is isomorphic
to a complete intersection of two quadrics in P3 (see, e.g., [IP99, Theorem 3.3.1]).

If a Fano threefold X satisfies p(Xg) = «(X) = 1, i.e., if Pic(X}) = Z- Kx,,
it is called prime. Note that the canonical class Kx of any variety is defined over
the ground field k. The genus g(X) of a Fano threefold X is defined as

(2.32) g(X) :=dimH(X,0x(—Kx))-2=1-K%/2

(the equality follows from Riemann—Roch).
We will frequently use the following classical result:

THEOREM 2.8 ([Isk80, Ch. 1, Theorem 6.3; Ch. 2, Theorems 2.2 and 3.4]).
Let X be a Fano threefold with 1(X) = p(X) = 1.
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(i) If g := g(X) > 5 then the anicanonical class —K x is very ample and the
anicanonical image
X = Xpy o C PO
is an intersection of quadrics (as a scheme).
(ii) If additionally p(Xy) = 1 then the threefold X contains no surfaces of
degree less than 2g — 2.

In this paper we will discuss threefolds X5, X6, X138, and X5, of genus 7,
9, 10, and 12, respectively. Over an algebraically closed field they can be repre-
sented as zero loci of equivariant vector bundles on homogeneous spaces of simple
algebraic groups, see [Muk92].

2.4. Hilbert schemes. If X C P" is a projective variety we denote by
F4(X) the Hilbert scheme of curves in X with Hilbert polynomial hg(t) = dt + 1.
Recall that formation of Hilbert schemes commutes with base change, in particular
with extension of scalars, so that

Fd(XR) = Fd(X>R~

Similarly, if z € X is a closed point, we denote by Fy(X,2) C F4(X) the sub-
scheme of curves that pass through x; this is the fiber over x of the universal curve
over the Hilbert scheme Fy(X).

When d = 1 or d = 2 every curve parameterized by F;(X) is a line or conic in
the projective space P" lying on X, respectively, (see [KPS18, Lemma 2.1.1]). We
will also need the following classification result.

LEMMA 2.9. Assume k is algebraically closed. Let X C IP™ be an intersection
of quadrics which contains no planes and let C C X be a curve that corresponds
to a point of F3(X). Then either

(1) C is a smooth rational twisted cubic curve, or

(ii) C is the union of a smooth conic and a line, or

(iii) C is a chain of three lines, or

(iv) C'is the union of three lines that meet in a point but do not lie in the same
plane, or

(v) C is a purely one-dimensional curve that contain a unique multiple line as
a component.

Proof. See [LLSvS17, §1] and take into account that X contains no plane cu-
bic curves. O

The following easy observation allows us to simplify the criterion of Theo-
rem 1.1 (b).

LEMMA 2.10. If X C P" is a projective variety such that either F1 (X ) (k) # @
or F3(X)(k) # @, then X (k) # @.
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Proof. 1f L is a line defined over k, its intersection with a hyperplane in P™ is
a k-point on X.

Now let C' C X be a curve corresponding to a k-point of F3(X). First, assume
that Cy, is one of the curves listed in Lemma 2.9. If Cf, is of types (ii), (iii), or (v),
one of its line-components is Galois invariant, hence defined over k, hence X has
a k-point by the first part of the lemma. Similarly, if Cf, is of type (i), then Cf = IP)}(
and the restriction of the hyperplane class of P" to C has degree 3, hence C' = P!
by Proposition 2.5, hence C' has k-points, hence X (k) # @. If C'is of type (iv), the
meeting point of the components of C' is Galois-invariant, hence is defined over k.

Otherwise, Cf is a plane cubic curve with an extra (possibly embedded) point
(see [PS85] and [LLSvS17, §1]). In this case the extra point is Galois-invariant,
hence defined over k. g

2.5. Veronese surfaces and their projections. Let U be a vector space of
dimension 3. Let R C P(S?U) 22 P5 be the Veronese surface, i.e., the image of the
double Veronese embedding P(U) — P(S2U). Recall that the group SL(U) acts
on the space P(S?U) with three orbits

R, D\R, P(S?U)\D,

where D C P(S?U) is the symmetric determinantal cubic hypersurface (the secant
variety of R).

Recall from [FH, §13.4] that R is an intersection of quadrics, and the space of
quadratic forms vanishing on R is naturally identified with the space

Ker (S*(S*UY) — S*UY) = S*U

as representations of the group SL(U). Thus, quadrics through the surface R in
P(S?U) are parameterized by the same space P(S?U). To avoid confusion, we
will use notation S>U’ for the space of quadratic forms vanishing on R and

R' c D' CP(S*U)

for the corresponding SL(U )-orbit stratification of the space of quadrics through
the surface R. Using this stratification it is easy to check the following facts about
quadrics passing through R.

LEMMA 2.11 ([FH, §13.4]). Let Q be a quadric in P(S*U) containing R.

() If Q corresponds to a point of P(S*U")\ D' then Q is nonsingular.

(i) If Q corresponds to a point [ujuy] € D'\ R/, uy,uy € U, uj # uy, then Q
has corank 2 and

Sing(Q) = P(<u%,u%>) chcC ]P’(SZU), Sing(Q)NR = {[uﬂ, [u%] }.
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(iii) If Q corresponds to a point [u*] € R/, u € U, then Q has corank 3 and
Sing(Q) =P(u-U) C D C P(S*U), Sing(Q)NR = {[«*]}.

In particular the singular loci of all singular quadrics passing through R sweep
the hypersurface D, and for any singular quadric () containing R the intersection
Sing(Q) NR is finite.

Using Lemma 2.11 we deduce the following result that will be used in Sec-
tion 5.

LEMMA 2.12. Let Y C P be a reduced and irreducible complete intersection
of three quadrics. If Y contains a Veronese surface R C P> C PO then its hyperplane
section Y N (R) by the linear span of R cannot contain R with multiplicity 2.

Proof. We can identify the linear span (R) of R with the space P(S?U). Let N
be the 3-dimensional space of quadratic forms on P® vanishing on Y. Since Y is
a reduced and irreducible threefold, none of the quadratic forms in N vanishes on
P(S2U), hence the restriction defines an embedding

N — S2U' c §*(S*UY)

of N into the space of quadratic forms on P(S2U) vanishing on R. From now on
we will identify P(N) with a net of quadrics in P(S?U) containing R.

If the hyperplane section Y NIP(S?U) contains R with multiplicity 2, then the
intersection of this net of quadrics in P(S?U) has tangent space of dimension at
least 4 at each point of R. Therefore, for every point of R there is a quadric in
P(N) singular at this point. In particular, the set of pairs (Q,y), where @ is a
quadric from the net P(IV) and y € Sing(Q) NR, is at least 2-dimensional, hence
by Lemma 2.11 the set of singular quadrics in P(/N) is at least 2-dimensional,
hence any quadric in P(V) is singular. On the other hand, by Lemma 2.11 every
singular quadric containing R corresponds to a point of the hypersurface D, so it
follows that P(N) C D'.

Now note, that the hypersurface D’ contains two types of projective planes:

e planes of the form P(S%U}) C P(S?U’), where U}, C U’ is a 2-dimensional
subspace;

e planes of the form P(U] - U’) C P(S?U’), where U] C U’ is a 1-dimensional
subspace.

It is easy to check that the intersection of quadrics parameterized by the plane
P(S?Uj) is the union of R with the infinitesimal neighborhood of a plane; in par-
ticular, its multiplicity along R is 1. Similarly, the intersection of quadrics param-
eterized by the plane P(U7 - U’) is a cone over a cubic surface scroll; in particular,
it is three-dimensional and of degree 3, so it cannot be a hyperplane section of a
reduced and irreducible complete intersection Y of three quadrics. U
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Another fact that we need is the following:

LEMMA 2.13. Let S C P* be a regular linear projection of the Veronese sur-
face R C P(S?U). Any quadric containing S is singular, and if S is smooth it is not
contained in a quadric.

Proof. Let v € P(S%U) be the center of the projection P(S?U) --» P*. The
preimage of a quadric containing the image S of the Veronese surface R is a singu-
lar quadric in P(S?U) containing R. By Lemma 2.11 this is a quadric of corank at
least 2, hence the corresponding quadric in P* has corank at least 1. In particular,
it is singular. Furthermore, by Lemma 2.11 in this case v lies on the secant variety
D of R, hence S is singular. H

Finally, we will need the following observation:

LEMMA 2.14 ([SR49, Ch. VII, §3.2]). If S C Pk ke {3,4}, is a regular linear
projection of the Veronese surface R C P(S*U), then Sing(S) is a union of a finite
number of lines.

3. Rationality of del Pezzo varieties.

3.1. Quintic del Pezzo varieties. In this section we consider quintic del
Pezzo threefolds, see Section 2.3. The following observation is very useful:

LEMMA 3.1. If X is a quintic del Pezzo threefold then the class H is defined
over k.

Proof. As we explained in Section 2.3, we have H € Pic(X})¢. By (2.3.1)
we have x(Ox;, (H)) = 7. Therefore, Lemma 2.4 shows that 7H € Pic(X). On
the other hand, since Kx, = —2H is defined over k, it follows that 2H € Pic(X).
Since ged(7,2) = 1, we conclude that H € Pic(X). O

Recall the classical Enriques theorem.

THEOREM 3.2 ([SB92]). If X is a smooth quintic del Pezzo surface then X is
k-rational.

Now we deduce from it the proof of Theorem 1.1 (1).

THEOREM 3.3. Let X be a smooth quintic del Pezzo threefold. Then X is
k-rational.

Proof. By Lemma 3.1 the class H is defined over k and by [Isk80, Ch. 2,
Theorem 1.1 (ii)] it induces an embedding

X < PS.



RATIONALITY OF FANO THREEFOLDS OVER NON-CLOSED FIELDS 347

Consider a general projective subspace P* C P defined over k. Restricting to X the
linear projection P° --» P! with center in P4, we see that X is birational to a quintic
del Pezzo surface fibration over the projective line P!, hence by Theorem 3.2 it is
rational over P!, hence is k-rational. O

Remark 3.4. One can also define a quintic del Pezzo variety of any dimen-
sion n < 6 as a smooth Fano variety X with p(Xy) =1, «(X) =n—1, and
(=Kx)"/(n—1)" =5.1f 2 <n <5 the argument of Lemma 3.1 shows that the
ample generator H of Pic(Xj) is defined over k and the argument of Theorem 3.3
shows that X is k-rational.

Note that both results fail for n = 6—it is easy to construct a form of Gr(2,5)
for which the Pliicker class is not defined over k, and which has no k-points, hence
is not k-rational.

3.2. Quartic del Pezzo threefolds. Let X be a quartic del Pezzo threefold,
i.e., an intersection of two quadrics in a Severi—Brauer variety of dimension 5. The
following rationality result is very classical.

THEOREM 3.5 ([CTSSD87, Proposition 2.2, 2.3]). Let X be a smooth quartic
del Pezzo threefold. If X (k) # @ then X is k-unirational and if X (k) # & and
F1(X)(k) # @ then X is k-rational.

This proves that the conditions of (uni)rationality of X from Theorem 1.1 (a)
are sufficient.

4. Results from Minimal Model Program. In this section we remind
some results from MMP and prove a couple of unirationality criteria. The first
of them (Lemma 4.14) is quite standard. The second (Proposition 4.15) is a
bit technical and will be only used at the end of Section 6.1, see the proof of
Proposition 6.6.

4.1. Terminal singularities. In this subsection we remind some basic defi-
nitions and results of the Minimal Model Program, for more details see e.g. [KM98,
Mor88, Kol97].

For a morphism f: Y’ — Y of normal varieties and a Q-Cartier divisor class
D on Y we denote by f*D the pullback of D to Y. Similarly, for a rational map
¥:Y’ --»Y and a subvariety Z C Y’ not lying in the indeterminacy locus of
we write 1, (Z) C Y for the strict transform of Z.

For a normal variety Y we denote by Ky the canonical class (in general it
is a Weil divisor class). Recall that Y has terminal singularities if it is normal,
Q-Gorenstein (i.e., Ky is Q-Cartier) and for any birational morphism 7: ¥ — Y
from a normal variety one has

4.1.1) Ky =m"Ky+)> aFE
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with a; > 0 for all 7, where FE; are the exceptional divisors of 7. The coefficients a;
are called discrepancies of the divisors F; over Y. The discrepancy of a divisor Ef
over Y only depends on the valuation of the field k(Y") of rational functions on Y’
defined by F.

We will need the following standard results about terminal singularities.

LEMMA 4.1 ([Kol97, Lemma 3.10]). If f: Y’ — Y is a small proper birational
morphism of normal Q-Gorenstein varieties then Y has terminal singularities if
and only if Y’ has.

LEMMA 4.2 ([KM98, Corollaries 5.18, 5.38]). IfY is a threefold with terminal
singularities then the set Sing(Y") is finite. If, moreover, Y is Gorenstein, then for
any point y € Sing(Y") we have dimT,Y < 4.

LEMMA 4.3 ([Kaw88, Lemma 5.1, Corollary 5.2]). Let Y be a threefold with
terminal singularities and let D be any Weil Q-Cartier divisor. If r K x is Cartier
for some integer r then rD is Cartier as well. In particular, if the singularities of
Y are Gorenstein then any Weil Q-Cartier divisor on 'Y is Cartier. In particular, if
Y is terminal Q-factorial and Gorenstein, it is locally factorial.

LEMMA 4.4 ([Kaw88, Corollary 4.5]). IfY is a threefold with terminal singu-
larities then there exists a small birational morphism 7:Y — 'Y such that Y has
Q-factorial terminal singularities.

Let Y’ be a variety with Q-factorial terminal singularities. Recall that an ex-
tremal Mori contraction of Y’ is a proper morphism f: Y’ — Y with connected
fibers such that Y is normal, the relative Picard numberis p(Y'/Y) =1, and — Ky~
is f-ample.

We need the following result which is known over an algebraically closed
ground field [Cut88] (for more details see [Pro21, Theorems 7.1.1, 8.2.4, and 10.2
and Proposition 9.1]).

THEOREM 4.5. Let Y' be a projective threefold with terminal Q-factorial
Gorenstein singularities and let f: Y' — 'Y be an extremal Mori contraction. Then
one of the following possibilities takes place:

(1) The map f contracts a k-irreducible divisor D onto a k-irreducible 0-
dimensional subvariety of Y ; the discrepancy of D takes values in the set { %, 1,2}

(ii) The map f is the blowup of a k-irreducible locally complete intersection
curve I lying in the smooth locus of Y ; the discrepancy of the exceptional divisor
D equals 1.

(iii) The map f is a flat generically smooth conic bundle over a smooth sur-
faceY.

(iv) The map f is a flat generically smooth del Pezzo fibration over a smooth
curve Y, every fiber of f is k-irreducible and reduced.

(V) Y is a point and Y is a Fano threefold with p(Y') = 1.
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Remark 4.6. In cases (i) and (ii) if p(Y]) — p(Y}) = 1 then D is connected and
Dy, is irreducible [Cut88, Theorem 4].

Proof. First, if Y is a point, then Y is a Fano variety with p(Y”’) = 1 because
f is extremal. This proves (v).

Assume Y is a curve. Recall that Y is normal, hence smooth. Since Y’ has
isolated singularities, a general fiber of f is smooth, and since — Ky~ is rela-
tively ample, it is a smooth del Pezzo surface. Let D C f~!(y) be a k-irreducible
component with reduced structure of a fiber of f. Since Y’ is locally factorial
(Lemma 4.3), D is a Cartier divisor. Since f is extremal, D = f~!(y) (see [KM98,
Theorem 3.7 (4)]). Therefore, every fiber of f is k-irreducible and reduced. This
proves (iv).

Next, assume that Y is a surface. Let us show that Y is smooth; in fact, this is
proved in [Cut88, Theorem 7], but this part of the argument is very vague, so we
provide an alternative argument for the reader’s convenience.

Assume that Y has a singular point, say y. Shrinking Y if necessary, we can
find a smooth anticanonical divisor S C Y’ which does not contain fibers of f,
see [Cut88, Proposition 1]. Then the restriction fg: S — Y is a finite morphism
of degree 2. Therefore, f.0g = Oy ® £, where Z is a reflexive sheaf of rank 1.
But Y is locally factorial by [Cut88, Lemma 3], hence .Z is locally free, and hence
the morphism fg is flat. Since S is smooth, it follows from [EGA4-2, Proposi-
tion 6.5.2 (i)] that Y is smooth as well. The rest of the argument just repeats that
of [Cut88, Theorem 7]. This proves (iii).

Finally, assume that the contraction f is birational. Then the exceptional locus
D of f is a divisor; indeed, if the exceptional locus is the union of a finite number
of curves, the contraction is minimal in the sense of [Be85, Definition 0.4], which
by [Be85, Theorem 0 (ii)] implies that Y is not Gorenstein, thus contradicting the
assumptions of the theorem. Since Y” is locally factorial and the contraction is
extremal, D is k-irreducible. Then Y has only (Q-factorial) terminal singularities
(see e.g. [KM9S, Corollary 3.43]).

Assume that f(D) is a curve. Then all the fibers over points in f(D) are one-
dimensional. In this case, the proof of [Cut88, Theorem 4] works without any
changes. This proves (ii).

It remains to consider the case when f (D) is O-dimensional. As k-irreducibility
of f(D) follows from that of D, we only need to compute the discrepancy.

Consider the morphism fi : Y/ — Y. If Dy is irreducible, then f is a birational
extremal Mori contraction, hence [Cut88, Theorem 5] applies. So, from now on
assume that Dy is not irreducible.

If a is the discrepancy of D then KYR/ = f*Ky, +aDy. Let 7: Y — YR/ be a
Q-factorialization (Lemma 4.4) and let D = (77 !).(Dy) be the strict transform of
the divisor Dy. Note that 7 is small, hence

(4.1.2) Ky =1"f"Ky, + aDy.
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Since —Ky, =7" (—Kyk/) is nef and not trivial over Y, there exists a Ky, -negative
extremal ray R, trivial over Y;. By [Mor88, Theorem 6.2(i)] the contraction
7v: Yg — Y of R fits into a diagram

Y
PN
v, vy
f\x v /

k

and must be a divisorial contraction. Its exceptional divisor is, therefore, a compo-
nent DY C Dy. By (4.1.2) we have

(4.1.3) KYR-R:a(Dg-RJrD&-R),

where D& = DR — Dg. According to [Cut88, Theorem 5] we have the following
possibilities:

(a) -y is the blowup of a smooth point; then KY’; -R=-2and DE R=-1;

(b) ~ is the blowup of a Gorenstein terminal point or a curve; in both cases
Ky -R=—-1,D)-R=—1;

(c) 7y is the blowup of a non-Gorenstein terminal point then KY& -R=-1,
DY-R=-2.
Since a > 0 (by terminality), we have DY - R+ D} - R < 0 in all these cases. On
the other hand, D& - R is a nonnegative integer (because D& is a Cartier divisor by
Lemma 4.3 and the curves in the ray R sweep out Dg), hence it must be equal to 0
in cases (a) and (b), and to 0 or 1 in case (c). Using (4.1.3) we compute ¢ = 2 in
case (a), a = 1 in case (b), and a € {%, 1} in case (c). O

The following notion will be useful later (see Theorem 5.9 (iii) and Proposi-
tion 6.5).

Definition 4.7. We will say that a k-point y € Y is infinitesimally k-rational if
the exceptional divisor of the blowup of Y at y is a k-rational variety.

A smooth k-point is always infinitesimally k-rational. Moreover, an ordinary
double point is infinitesimally k-rational if there is a smooth k-curve passing
through it.

LEMMA 4.8. Assume Y is a threefold with a unique singular point vy, which
is an ordinary double point, and let Y --+Y' be a flop. Then Y' has a unique
singular point y' which is also an ordinary double point. Furthermore, let () and
Q' be the exceptional divisors of the blowups 2 Y —Y and i/ : Y —Y' aty
and y' respectively. Then Q is birational to Q'; in particular, v is infinitesimally
rational if and only if y is.
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Proof. Consider a common resolution ¥ of ¥ and Y. We have a commutative
diagram:

where 7 and 7’ are small crepant contractions of Y and Y’, and the dashed arrow
is the flop. By [KM98, Theorem 3.25.5] the canonical divisor Ky of Y is Cartier.
The singularity of Y and Y” are the same by [Kol89, Theorem 2.4], hence Y has
a single ordinary double point y'. Moreover, we have 7(y) = 7’(y') and we denote
this point by 7 € Y.

Let Q C Y and Q' C Y be the strict transforms of @ and Q’. We have

KY/:M*quLQ:,u*ﬂ'*KYJrQ, K?:G*KY+Z&iEA‘i,

where Ei CY are prime exceptional divisors and a@; € Z~g. Then

A

Ko =00 Ky +0°Q+ Y ;B = 0"y n" Ky + Q+ Y _(ai+ i) Ej,

where 17; is the multiplicity of £; in 6*Q. For any prime divisor £; with center
at () we have M; > 1 and so a; + m; > 1. Therefore, Q is the only divisor in v
with discrepancy 1 over Y whose image in Y is {y}. A similar computation shows
that the discrepancy of Q’ over Y is also 1. So, if 1£(6(Q')) = {y}, it follows that
Q' = Q. Similarly, if 1/(8'(Q)) = {y/}, it follows that ' = Q. In both cases, it
follows that @ is birational to Q.

Finally, assume 1(0(Q’)) # {y} and 1/(¢'(Q)) # {y/}. Note that we have
w(0(Q")) € 7(7). On the other hand, 7~ (7) is a tree of smooth rational curves
(this follows, e.g., from [Rei83, Theorem 1.14]). Hence there is a unique minimal
chain of components of 7! () connecting  with 1(8(Q’)), and in this chain there
is a unique curve passing through y. By uniqueness this curve is defined over k and
gives a k-point on Q. Similarly, we find a k-point of Q. But @ and Q' are smooth
quadrics in IP?, because y and v/ are ordinary double points, hence both @ and Q'
are k-rational, and a fortiori, birational to each other. O

4.2. Terminal and canonical pairs. For a linear system M of Weil divi-
sors we denote by Bs(M) the base locus of M (as a subscheme).
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Definition 4.9 ([Ale94, §1.9], [Kol97, §4.6]). Let Y be a normal projective
variety with a linear system M of Weil divisors on Y such that Ky + M is Q-
Cartier. The pair (Y, M) is called terminal (resp. canonical), if for any birational
morphism 7: ¥ — Y from a normal variety ¥ and for a general member M € M
one has

42.1) Ky + (r7") (M) =7"(Ky + M)+ _ aE;

with aZM > 0 (resp. aZM > 0) for all 7, where E; are the prime exceptional divisors
of 7, and where recall that (7~!), denotes the strict transform under the rational

map 7!, see Section 4.1.

Remark 4.10. Assume that Y is Q-factorial and the pair (Y, M) has terminal
singularities. Then the MMP for pairs [Ale94] applied to (Y, M) preserves these
properties. The standard arguments apply because the steps of the MMP do not
contract M, see [KM98, Lemma 3.38, Corollaries 3.42-3.43]. In particular, MMP
for pairs over a non-closed field k works well as soon as the linear system M is
defined over k (see, e.g., [Mor88, Remark 0.3.14]).

The following lemma relates terminality of a pair to that of the underlying
variety.

LEMMA 4.11 ([Ale94, Lemma 1.13]). Assume that members of M are Q-
Cartier.

(i) If (Y, M) is terminal then Y has terminal singularities.

(ii) Moreover, if dimY = 3 then Bs(M) is finite, Bs(M) N Sing(Y') = &, and
a general member M € M is smooth. In particular, M is a linear system of Cartier
divisors.

(iii) Conversely, if Y has terminal singularities and M is base point free then
(Y, M) is terminal.

Proof. Let7: Y — Y be a birational morphism from a normal variety Y. The
statement (i) is straightforward: besides (4.1.1) and (4.2.1) write

(W_l)*(M) :W*M—Zszz

Clearly, m; > 0. Therefore, a; = a{” +m; > azM, hence Y has terminal singular-
ities if (Y, M) is terminal. This also proves statement (iii) since m; = 0 if M is
base point free.

For the proof of (ii), let y € Y be a singular (terminal) point of Gorenstein
index r. Assume that y € Bs(M). By Lemma 4.3 the divisor class rM is Cartier
at y. Hence, m; € %Z>0 for any divisor E; with center y, in particular m; > 1/r.
Furthermore, by [Kaw92, Mar96] there exists a divisor E; with center y such that
a; = 1/r. Therefore, for this ¢ we have

0<a{-w:ai—m¢§0.



RATIONALITY OF FANO THREEFOLDS OVER NON-CLOSED FIELDS 353

This contradiction shows that y ¢ Bs(M) and we conclude that
Bs(M)NSing(Y) = @.

In particular, a general divisor in M does not pass through Sing(Y"), hence M is
Cartier.

Now assume that y € Bs(M) is a singular point of a general member M € M
which is smooth on Y. Since M is Cartier, for the exceptional divisor of the blowup
of y we have m > 2 and a = 2, hence a™ = a—m <0, a contradiction. Therefore,
M is smooth.

If dimBs(M) > 1, then we obtain a contradiction as above by blowing up a
curve in Bs(M). O

LEMMA 4.12 ([Cor95, Proposition 2.8]). If (Y, M) is canonical then there
exists a birational morphism f:Y — Y such that for the strict transform of the
linear system M = (f~1).(M) the pair (¥, M) is terminal, the variety Y is Q-
factorial, and

(4.2.2) Ky + M= f*(Ky + M).

Remark 4.13. A map f as in Lemma 4.12 is called maximal crepant blowup
of (Y, M). A maximal crepant blowup is defined over the base field k, but is not
unique. Indeed, it can be constructed by first resolving the singularities of the pair
(Y, M) and then running the MMP for pairs relative over (Y, M) as in [Cor95,
Prop. 2.8].

If in the assumptions of Lemma 4.12 the pair (Y, M) is terminal, then the mor-
phism f is small, i.e., it does not contract divisors (indeed, a combination of (4.2.1)
and (4.2.2) shows that f has no exceptional divisors). In this case f is called Q-
factorialization.

4.3. Unirationality criteria. As we already mentioned, the first criterion is
well known.

LEMMA 4.14. Let Y — B be a proper dominant morphism of irreducible va-
rieties and let Z C Y be a k-unirational subvariety dominating B. Assume one of
the following conditions hold:

(i) the general fiber of Y — B is a smooth geometrically rational curve, or

(i) the general fiber of Y — B is a conic bundle over P! with at most 3 sin-
gular fibers, or

(iii) the general fiber of Y — B is a smooth del Pezzo surface of degree d>3, or

(iv) the general fiber of Y — B is a smooth del Pezzo surface of degree d =2
and the general fiber of Z — B is not contained in the union of lines and the ram-
ification divisor of the anticanonical morphism on the general fiber of Y — B, or

(V) the general fiber of Y — B is a cubic hypersurface, which is not a cone.
Then'Y is k-unirational.
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Proof. Consider the base change Y X g Z — Z of the morphism Y — B along
Z — B. Its general fiber is a geometrically rational curve, or a conic bundle, or a
del Pezzo surface of degree d > 2, or a cubic hypersurface over the field k(7). On
the other hand, the diagonal morphism Z — Y x g Z provides it with a k(Z)-point
(and in the case of a degree 2 del Pezzo surface this point does not lie on a line).
Applying [Man74, Theorems IV.7.8, IV.8.1], [Isk70, Theorem 2], [STAV 14, Corol-
lary 3.3], and [Kol02, Theorem 1.2] we conclude that the general fiber is k(Z)-
unirational, hence Y X g Z is unirational over Z. Since Z is unirational over k, it
follows that Y x g Z is unirational over k as well. O

In the rest of the section we prove another unirationality criterion.

PROPOSITION 4.15. Let Y be a normal projective threefold and let S C'Y be
a k-unirational surface. Assume there is a linear system M of Weil divisors such
that

43.1) Ky +M+S5~0,

the pair (Y, M) is terminal, and the map Y --» PN given by the linear system M
is generically finite onto its image. Then Y is k-unirational.

Note that the assumptions of the proposition imply that the surface .S is a Q-
Cartier divisor on Y (because Ky + M is Q-Cartier by terminality of (Y, M)).
Note also that (4.3.1) implies that M is a subsystem in | — , and if some
subsystem satisfies the other assumptions, then the full system also does. Replacing
M with | — Ky — S| we may (and will) assume that M is a complete linear system.
So, M is not really an additional data.

The proof takes up the rest of the section. The techniques applied in the proof
are more or less standard (cf. [CF93]).

LEMMA 4.16. Let f: Y —Y be the Q-factorialization and set S:=(f~1).(S).
If the assumptions of Proposition 4.15 hold for (Y, S), they also hold for (Y, 5).

Proof. Set M = (f~1),(M). Since f is small, we have § = f*(S); moreover,
S is birational to S, hence S is k-unirational. By definition of a Q- factorialization
(see Remark 4.13) the pair (Y, ./\/l) is terminal. Furthermore, the map given by M
coincides with the composition Y = Y --» PV hence is generically finite, and

Ky + M+8 = [*(Ky + M)+ [*(8) = [ (Ky + M+8) ~ 0,
so the condition (4.3.1) is satisfied for (Y, 5). O

From now on we assume that Y is Q-factorial.
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LEMMA 4.17. The assumptions imposed in Proposition 4.15 are preserved by
(Ky + M)-MMP. In other words, if f: Y --»Y" is a divisorial contraction or a
flip of a (Ky + M)-negative extremal ray then the strict transform

S' = f.(S) Y’

is a k-unirational surface, the pair (Y', f.(M)) is terminal, Ky '+ f.(M)+5’~0,
and the map Y' --» PN given by f.M is generically finite.

Proof. Assume the map f is obtained from the contraction of a (Ky + M)-
extremal ray R, so that (Ky + M) - R < 0. From (4.3.1) we obtain S- R > 0.
Therefore, S is not contracted by f, and so S’ is a surface.

The map f: S --+ .S’ is dominant, hence S’ is k-unirational. Furthermore, the
map given by f,M is equal to the composition of f~! and the map given by M,
hence it is generically finite. Finally, the linear equivalence Ky + f,(M)+.5 ~0
follows from (4.3.1) and terminality of the pair (Y, f.(M)) follows from Re-
mark 4.10. O

The assumption (4.3.1) excludes the possibility that (Ky + M) is nef, there-
fore, after running the (Ky + M)-MMP we can assume that Y is a Mori fiber
space.

LEMMA 4.18. In the situation of Proposition 4.15 assume that f: Y — B is
a morphism to a normal variety B with dim(B) < 2 such that —(Ky + M) is
f-ample and p(Y') = p(B) + 1. Then —Ky, M, and S are all f-ample.

Proof. Since the map defined by M is generically finite, the restriction of M
to the general fiber of f is big. On the other hand, —(Ky + M) is ample on the
general fiber. Therefore, — Ky is also ample on the general fiber of f. Since we
have p(Y') = p(B)+ 1 and M is big on the general fiber, it is also f-ample. Finally,
S'is f-ample by (4.3.1). O

The case when the base of the Mori fiber space has positive dimension is easy.

LEMMA 4.19. In the situation of Proposition 4.15 assume that f:Y — B is
a morphism with connected fibers to a normal variety B of dimension 1 or 2 such
that —(Ky + M) is f-ample and p(Y) = p(B) + 1. Then'Y is k-unirational.

Proof. Since the singularities of Y are terminal (Lemma 4.11 (i)), they are iso-
lated (Lemma 4.2). Therefore, the general fiber of f is smooth. If dim(B) = 2 then
the general fiber of f is a geometrically rational curve. Similarly, if dim(B) = 1
then for a general geometric fiber D of f we have

—Kp~S|p+M|p
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is a sum of two ample (by Lemma 4.18) divisor classes, hence D is a smooth del
Pezzo surface of index at least 2, i.e., of degree d > 8. Moreover, in both cases .S
is f-ample, hence dominates B. Therefore, Y is k-unirational by Lemma 4.14 (i),
(iii). O

From now on we may assume that Y is a (terminal) Fano threefold.

LEMMA 4.20. In the situation of Proposition 4.15 assume that Y is a terminal
Q-factorial Fano threefold with p(Y) = dim1. Then M is ample, every divisor
in M is Cartier, and a general divisor M in M is a smooth del Pezzo surface.
Moreover, there are a positive rational number a and a positive integer d such that

(432 M=aS, S*=dja, S* M=d, S-M?>=da, M?>=dd’,
where a is also integer if d < 7. Finally,
(4.3.3) da(a+1) > 4.

Proof. By Lemma 4.11 any M is Cartier and a general M is smooth. By ad-
junction (4.3.1) implies
Ky = =S|,
and since S is ample (by Lemma 4.18) it follows that M is a smooth del Pezzo
surface. We denote by d := K ]2\/[ its degree (so that d is an integer); then d = S2- M.
Since p(Y') = 1, we have a numerical equivalence

M=aS

for some (a priori rational) positive number a; then M is ample and all the equal-
ities in (4.3.2) follow. Furthermore, if d < 7, then the canonical class of M is
primitive, hence S is a primitive element of the group of Weil Q-Cartier divisors
modulo numerical equivalence, hence a is an integer.
Finally, to prove (4.3.3) we compute the dimension of M. In the exact se-
quence
0— Oy — Oy (M) — Oy(M) —0

we have H!(Y, 0y) = 0 since Y is a Fano variety. Furthermore,
dim|M || = dim | — aKy| = da(a+1)/2,

hence dim|M| = 1 +da(a+ 1)/2. Since M defines a generically finite map, we
have dim|M| > 3, and (4.3.3) follows. O

Unirationality of Y now follows from the following two lemmas.

LEMMA 4.21. In the situation of Proposition 4.15 assume that Y is a terminal
Q-factorial Fano threefold with p(Y') = 1 and let d be defined as in Lemma 4.20.
Ifd > 2 thenY is k-unirational.
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Proof. We claim that S NBs M = @. Indeed, by (4.3.1) we have
M—-S~Ky+2M

and since M is ample by Lemma 4.20 the Kawamata—Viehweg vanishing (see,
e.g., [KM98, Theorem 2.70]) implies H'(Y, Oy (M — S)) = 0 and so from the
exact sequence

0—Oy(M—-S)— Oy(M)— Os(M)—0

we obtain SNBsM = BS‘M |5‘ Furthermore, (4.3.1) and the adjunction formula
imply
—Kg=M]s,

hence SNBsM = Bs| — Kg| and S is a Gorenstein del Pezzo surface (possibly
non-normal) of degree M? - S = da. Finally, da > 2 because, being the degree of a
Gorenstein del Pezzo surface, it is a positive integer, and da = 1 is impossible since
then a > 3 by (4.3.3) while d > 2 by assumption. Now we obtain Bs| — Kg| = &
by [HW81, §4] and [Rei94, Corollary 4.10], hence SNBs M = &.

Since M is ample by Lemma 4.20, the linear system M| g defines a finite mor-
phism, hence by Bertini’s theorem for a general divisor M in M the intersection
M NS is geometrically irreducible. Take two general members M, M’ € M. Again
by Bertini’s theorem the curve C' := M N M’ is geometrically irreducible and has
no embedded components because Y is Cohen—-Macaulay [KM98, Corollary 5.25].
Moreover, SNC'is a finite set. By Lemma 4.20 the divisor M is a smooth del Pezzo
surface of degree d > 2 and C' is a Cartier divisor on M.

Consider the pencil 22 C M generated by M and M’ and the corresponding
map

VY --» Pl
The intersection of S and the general member M € &7 is a curve that is not con-
tained in Bs &2, hence the restriction of v to S is dominant. Since the curve M NS
is geometrically irreducible and it is a member of the anticanonical linear sys-
tem | — K[, in the case d = 2 this curve is not contained in the union of lines
and the ramification divisor of the anticanonical morphism on M. Now applying
Lemma 4.14 (iv) to the blowup Y Y of Y along the curve C' = Bs & we con-
clude that Y (and therefore Y as well) is k-unirational. O

LEMMA 4.22. In the situation of Proposition 4.15 assume that 'Y is a terminal
Q-factorial Fano threefold with p(Y') = 1 and let d be defined as in Lemma 4.20.
Ifd=1thenY is k-unirational.

Proof. By Lemma 4.20 the general member M of M is a smooth del Pezzo
surface of degree d = 1. Besides, we have a > 2 by (4.3.3) and since M = a5 we
conclude that |S — M| = &. Consider the exact sequence

0— Oy(S—M)— Oy(S) — Op(S) — 0.
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Note that S — M ~ Ky 425 and the surface S is an ample divisor (Lemma 4.18),
hence we have H!(Y, Oy (S — M)) = 0 by the Kawamata—Viehweg vanishing (see,
e.g., [KM98, Theorem 2.70]). On the other hand, we have Oy;(S) = Op(— Ky ),
hence dim |S| = |S|p| = 1.

Furthermore, the class of S cannot be represented as a sum of effective classes
in C1(Y") (because any effective class on Y is ample by the assumption p(Y) =1,
hence restricts nontrivially to M, while on the del Pezzo surface M the anticanon-
ical class —K); = S|ps has degree 1 hence cannot be represented as a sum of
effective classes) hence the pencil |S| has no fixed components. Let S’, S” € |S|
be general members; then Bs|S| = 5" N S”. From (4.3.2) we deduce

(4.3.4) (S'NS"yM=8"-8"M=8*M=d=1.

This implies that S’ N S” is k-irreducible, and generically reduced curve (on the
other hand, S’ N S” may have some O-dimensional embedded components). By
Bertini’s theorem S’ is smooth outside of S’ N/S” and has only isolated singularities
on S’NS”. Moreover, S’ is Cohen—Macaulay by [KM98, Corollary 5.25], hence it
is normal. By adjunction and (4.3.1) we have

(4.3.5) Ky =-M|g=—-aS|g, and K% =M?.S=a>2.

Since M is a Cartier divisor class (Lemma 4.20), it follows that S” is a normal
Gorenstein del Pezzo surface. Hence, by [HW81] either the surface S’ has only du
Val singularities or S’ is a generalized cone over a smooth elliptic curve C, i.e., S’
is obtained by contracting the negative section on a ruled surface P (€0 @ £) with
deg(¥) = —a; below we will discuss these two cases separately.

First, assume that S’ is a del Pezzo surface with du Val singularities. Then
(Y,]S|) is a canonical pair (see [Kol97, 4.8.3'] and [Ale94, Lemma 1.21]), hence
by Lemma 4.12 there exists a crepant birational morphism f: ¥ — Y such that the
pair (¥, 8) is terminal, where S = (f~1).(|S|). In particular, the base locus of the
pencil S is at most finite (Lemma 4.11), hence empty. Therefore, the linear system
S induces a morphism

Y — P!
that resolves the rational map Y --» P! induced by |S]|.

Let & = (f~1),(9). It is a general member of S. By Lemma 4.12 we have

Ky + 8 = f*(Ky +5'), hence by adjunction

(4.3.6) Kg=fKg=—f"M.
Therefore, S’ is a crepant partial resolution of singularities of S’. In particular,
2 2 2
KS'/:KS/:SM =a,

so 7 is a family of weak del Pezzo surfaces of degree a > 2 with du Val singulari-
ties.
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Let I' ¢ S’ be the strict transform of (S’ N S”)q With respect to the map
S' — §'. By (4.3.6) and (4.3.4) it is a (—1)-curve. Thus, the family of weak del
Pezzo surfaces 7: Y — P! contains a distinguished family of (—1)-curves. In par-
ticular, the schematic generic fiber of 7 is a weak del Pezzo surface with du Val sin-
gularities of degree a > 2 over k(P!) with a (—1)-curve. Contracting the curve, we
obtain a weak del Pezzo surface with du Val singularities of degree a+ 1 > 3 over
k(P') with a point that does not lie on (—2)-curves (if there are any). By [Man74,
Theorem 1V.7.8], [CT88, Theorems A, B, C], and [Kol02, Theorem 1.2] it is uni-
rational over k(P'), hence Y (and therefore Y as well) is k-unirational.

To conclude, we show that the case where a general member S’ of |S| is a
generalized cone over an elliptic curve is impossible. By Bertini’s theorem the
vertex v of S’ lies on the curve S’ N.S”, If v is a smooth point of Y, then S’ is a
Cartier divisor at v and S’ N S” is a Cartier divisor on S” at v. In particular, the
curve S’NS” is Cohen—Macaulay, hence reduced. By [HW81, Theorem 4.4] the
linear system | — Kg| is base point free, hence by (4.3.5) and (4.3.4) the curve
SN S” is smooth. But any Cartier divisor is singular at any singular point of the
ambient variety. This contradiction shows that v € Sing(Y). Since Y has only a
finite number of singular points, it follows that a general member of |.S| has vertex
at a fixed singular pointv € Y.

Let 7: Y — Y be a resolution of singularities of Y at the point v € Y and let
5" = (771, (8") C Y’ be the strict transform of S’. We have

KY/ZTF*KY‘FZCI@'E@, S’IZW*S/—ZmZ‘Ei,
where E; are the exceptional divisors. Summing up and using adjunction, we obtain
Kg=(n|g) Ks+> (a;—mi)Eilg.

On the other hand, the singularity v € S’ is strictly log canonical [Kol97, Exam-
ple 3.8] and has a unique exceptional divisor (the negative section on Po(0 © %))
with discrepancy —1. Moreover, this divisor is the unique divisor that intersects
nontrivially the strict transform [ of a general ruling [ of S’. We can assume that
this divisor is FoN S’. Then

apgp—mo = —1.

On the other hand, since |S’| is a movable linear system and 1 = M -1 = aS’ -1, we
have

0<8 I=x"8"-1-> miE;-I=5"1—my=1/a—my.

Therefore, mo < 1/a < 1, hence ap = my— 1 < 0. Thus Y is not terminal at v (and
even not canonical). This contradiction completes the proof. O

A combination of the above results gives the proof of the proposition.
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Proof of Proposition 4.15. By Lemma 4.16 we may assume that the variety Y
is Q-factorial. Running the ( Ky + M)-MMP for pairs (see Remark 4.10) and using
Lemma 4.17 we may assume that Y is a Mori fiber space. If the dimension of the
base is positive, we apply Lemma 4.19. If Y is a Fano variety and the parameter d
defined in Lemma 4.20 is at least 2, we apply Lemma 4.21. Otherwise, we apply
Lemma 4.22. In all cases we deduce k-unirationality of Y. U

5. Birational transformations. In this section we describe some Sarkisov
links for prime Fano threefolds that were discussed in Theorem 1.1, i.e., for smooth
Fano threefolds X such that

(5.0.1) Pic(X) =Z-Kx, and g(X)e€ {7,9,10,12},

where g(X) is the genus of X defined in (2.3.2), i.e., for threefolds X2, X6, X3,
and X»;. Throughout the section we denote g(X) simply by g.

5.1. Sarkisov links. In this subsection we prove some general results about
certain Sarkisov links for Fano threefolds. We will only need Sarkisov links that
start with a blowup.

Definition 5.1. Let X be a smooth Fano threefold with p(X)=1andlet Z C X
be a reduced k-irreducible subvariety of codimension at least 2. A Sarkisov link of
X with center at 7 is a diagram

), =Xt

(5.1.1) - lm
¢ 4

X X X+,

where o is the blowup along Z, ¢ is an extremal Mori contraction, ¢ and ¢ are
small crepant birational contractions, so that

KX:gb*KX and KXJr :gf)j_Kx—,

and ¢ = gbjrl o ¢ is a flop. In particular, we allow ¢, ¢, and ¢ to be isomorphisms;
in that case we require o to be distinct from o.

Remark 5.2. We restrict to the case where the singularities of Z are at worst
ordinary double points. Then X also has a unique ordinary double point over each
singularity of Z and is smooth elsewhere. By [Kol89] the same is true for X+,

The following result holds for all Fano threefolds of Picard number 1 and is
quite useful.

PROPOSITION 5.3. Let X be a smooth Fano threefold with p(X) =1 and
let 0: X — X be the blowup of a reduced k-irreducible subvariety Z C X of
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codimension at least 2. If the linear system | —nK | is base point free for some
n > 0 and the induced morphism ¢: X — PN is a small birational contraction (or
an isomorphism) then there exists a Sarkisov link (5.1.1) with center at Z and it is
defined over k.

Proof. The blowup X of X along Z is obviously defined over k. The o-
exceptional divisor FE is k-irreducible, hence

(5.1.2) p(X) =1kCI(X) =2;

in particular X is Q-factorial.

First, assume that —K ¢ is not ample. Since | —nK | is base point free, — K ¢
is orthogonal to one of the two rays of the Mori cone of X. The other ray is orthog-
onal to 0*(—Kx ). Then the flop v exists by the standard MMP argument: it can
be directly defined by

X = broj (@ (X, 05 (0" Ky - akix)) ).

n>0

for any sufficiently positive a (see, e.g., [KM98, Corollary 6.4]). In particular, X *
is defined over k. Furthermore, p(X*) = p(X) = 2, hence the Mori cone of X
also has two rays. One of them corresponds to the contraction ¢, hence is K 5 -
trivial. The other should be K 5. -negative and gives the extremal Mori contraction
o+ which must be defined over k.

If —K ¢ is ample, we set X+ = X = X with the identity maps ¢, ¢, and 1),
and define o as the extremal Mori contraction corresponding to the second ray
of the Mori cone (the one, on which o*(—Kx) is positive). Since the first ray is
Galois-invariant, so is the second ray, hence o is defined over k. O

In the rest of this subsection we work under slightly more general than (5.0.1)
assumptions

(5.1.3) Pic(X)=7Z-Kx and g(X)>6.

Let X be a Fano threefold satisfying (5.1.3), and set g = g(X'). We consider the
anticanonical embedding

X c pot!

(note that — K x is very ample and X is an intersection of quadrics by Theorem 2.8)
and write

H.=-K X,
so that H is the restriction of the hyperplane class. Considering the blowup of X

along Z and the Sarkisov link as in (5.1.1) we abuse notation by abbreviating o* H
to just H; as it will always be clear from the context on which variety this divisor
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class is considered, this should not cause any confusion. We also denote by E the
exceptional divisor of o.
We will need some standard results about linear systems on blowups of X.

LEMMA 5.4. Let X be a Fano threefold satisfying (5.1.3).
() Ifo: X — X is the blowup of a reduced conic C such that X N (C) = C
with the exceptional divisor E C X then

dim|H—E|=g—2, dim|H—-2E|>g—8, dim[2H—3E|>5g-3I.

(i) If o: X — X is the blowup of a smooth twisted cubic curve C such that
X N(C) = C with the exceptional divisor E C X then

dim|H — E|=g—3, dim|2H —3E| > 5g—239.

(iii) Ifo: X — X is the blowup of a point with the exceptional divisor E C X
then
dim|H —2E|=g¢g-3, dim|2H —5E| >5(9—17),
dim|H —-3E|>¢g—9, dim|3H —7E| > 149 —92.
Proof. By Riemann-Roch we have dim|H| = g+ 1, dim|2H| = 5¢g — 1,

dim|3H| = 14g — 8. Furthermore, for all integers a and b we have an exact
sequence

0— Ox(aH—(b+1)E) — O3 (aH —bE) — Og(aH —bE) — 0.
Therefore
(5.14) dim|aH — (b+1)E| > dim|aH — bE| —dim (H°(E, Op(aH — bE))).

If the blowup center is a curve C, then E' = Po( A, x) and Op(—E) is the
bundle &'(1). Note that the assumption X N (C) = C implies that the sheaf I (H)
is globally generated, and hence so is the sheaf Jl/cv/ «(H) = (Ic/1%)(H). There-

fore, for b < a we have the vanishing H'(C, Symb(Ji/c,\//X) ® Ox(aH)|c) =0,
hence by Riemann—Roch

dim (HO(C,Symb(,/VCV/X) ® Ox(aH)|c)) = (b+1)((a—b/2)deg(C)+b+1).

Similarly, if the blowup center is a point, then £ =2 P? and O (—E) = Op2(1),
hence

dim(H(E, 0p(aH —bE))) = dim (H° (P2, 6p2(b))) = (b+1)(b+2)/2.

Applying (5.1.4) several times, and using very ampleness of |H| and linear
normality of C at the first step to obtain the equality, we deduce the lemma. U
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The following lemma is useful for the construction of Sarkisov links with cen-
ter at a curve.

LEMMA 5.5. Let X be a Fano threefold satisfying (5.1.3). Let C' C X be a
k-irreducible reduced conic or a smooth twisted cubic curve and set d = deg(C).
If there is an equality of schemes

(5.1.5) Xn({C)=C

then the anticanonical linear system | — K | = |H — E| on the blowup X of X
along C'is base point free and dim| — K | = g —d. If

o: X s pod

is the induced morphism then one of the following two options holds:

(i) either ¢ is a small contraction and there exists a Sarkisov link (5.1.1) with
center at C,

(i1) or ¢ contracts an irreducible divisor D such that

2g—-2—d
5.1.6 D~t|H———F
510 (-2

for some t € Z~q. Moreover, if |aH — bDE| is a nonempty linear system such that
b > a then D is its fixed component.

Proof. Since |H| is very ample, the base locus of |H — C| is X N (C), so
if (5.1.5) holds, this is C, hence on X the linear system | H — E| is base point free.
The standard intersection theory gives

(5.1.7) H3=29—-2, H?>.E=0, H-E’=-d, E*=2-d,

therefore (H — E)* = 2(g—2—d) > 0 (because g > 6 by (5.1.3) and d < 3),
hence the morphism ¢ defined by |H — E| is generically finite. The computation
of Lemma 5.4 shows that dim |H — E| = g — d.

If ¢ is a small contraction, a Sarkisov link exists by Proposition 5.3. Otherwise
¢ contracts a divisor D. By (5.1.2) the divisor D is k-irreducible. Furthermore, we
must have (H — E)?- D = 0, hence equalities (5.1.7) imply (5.1.6). Finally, if R is
a curve in a fiber of D — ¢(D), we have (H — E)-R=0and H - R > 0, hence
for b > a we have (aH —bE) - R < 0 and so any divisor in [aH — bE| contains D,
hence D is a fixed component of that linear system. U

A similar result can be proved for a point instead of a curve. Before stating it we
will need a general result about the Hilbert scheme F; (X, z) of lines of a projective
variety X C PV passing through a point z. We denote by 7}, X the tangent space
to X at z and by T, X C PV the embedded tangent space. Note that T, X can be
thought of as a cone over P(7, X)) with vertex .
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LEMMA 5.6. If X C PV is an intersection of quadrics there is a natural em-
bedding

Fi(X,z) C P(T,X).

Moreover, if F1(X,z) = @ the intersection X N'T, X is the first-order neighbor-
hood of x, and otherwise X NT, X is the cone over Fi(X,x).

Proof. For every quadric containing X the embedded tangent space T, X is
contained in the tangent space to the quadric, hence the intersection of the quadric
with T, X is a cone with vertex at x. Since X is an intersection of quadrics, it
follows that X N'T, X is the cone over an intersection of quadrics in P(7;.X) and
since F1(PV,z) = P(T,P"), it follows that the base of this cone is isomorphic to
Fi(X,z) and X NT,X is the cone over it. Moreover, if F;(X,z) = & it follows
that X NT, X is the first-order neighborhood of z. U

LEMMA 5.7. Let X be a Fano threefold satisfying (5.1.3) and assume
Fi(X,z) = @. Then the anticanonical linear system | — K ¢| = |H —2E| on the
blowup X of X at x is base point free and if

o: X —p93

is the induced morphism then one of the following two options holds:
(1) either ¢ is small and there exists a Sarkisov link (5.1.1) with center at z,
(ii) or ¢ contracts an irreducible divisor D such that

(5.1.8) D~t<H—g21E>,

for some t € Z~o. Moreover, if |aH — bE)| is a nonempty linear system such that
b > 2a then D is its fixed component.

Proof. Since X C P9™! is an intersection of quadrics and Fi(X,z) = &,
Lemma 5.6 proves that the intersection X N'T;X is the first-order neighborhood
of x, hence | H — 2E| is base point free. The standard intersection theory gives

(5.1.9) H3=2¢9—2, H> E=H-E’=0, E’=1,

therefore (H —2E)3 =2g— 10 > 0 (because g > 6 by (5.1.3)), hence the morphism
¢ defined by |H — 2 E| is generically finite. Using Lemma 5.4 (iii) we conclude that
the target of ¢ is P93,

If ¢ is a small contraction, a Sarkisov link exists by Proposition 5.3. Otherwise
¢ contracts a divisor D. By (5.1.2) the divisor D is k-irreducible. Furthermore, we
must have (H —2FE)?- D = 0, hence (5.1.9) imply (5.1.8). Finally, if R is a curve
in a fiber of D — ¢(D), we have (H —2FE)-R=0and H - R > 0, hence for b > 2a
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we have (aH —bE) - R < 0 and so any divisor in |aH — bE| contains D, hence D
is a fixed component of that linear system. O

5.2. Sarkisov links with center at curves. From now on we return to Fano
threefolds satisfying (5.0.1). The simplest link starts with a blowup of a line. The
following result is well known in the case of an algebraically closed field.

THEOREM 5.8 (cf. [Isk89], [IP99, §4.3]). Let X be a Fano threefold satis-
fying (5.0.1) and let L C X be a line defined over k. There exists a Sarkisov
link (5.1.1) with center at L and for o the following hold:

() Ifg(X) =7, then X+ ~P' and o, is a del Pezzo fibration of degree 5.

(i) Ifg(X) =9, then X+ ~P? and o, is the blowup of a smooth connected
curve I of genus 3 and degree 7.

(i) Ifg(X) =10, then X+ C P* is a smooth k-rational quadric and o  is the
blowup of a smooth connected curve 1" of genus 2 and degree 7.

(v) If g(X) = 12, then X C PS is a smooth quintic del Pezzo threefold and
o+ is the blowup of a smooth connected rational curve I' of degree 5.

Proof. By Proposition 5.3 the diagram (5.1.1) constructed over k in [IP99,
§4.3] is defined over k. Furthermore, it follows from [IP99, §4.3] that X is a
k-form of P!, or P3, or a smooth 3-dimensional quadric, or a quintic del Pezzo
threefold, respectively. It remains to show that the forms of P! and P3 are trivial
and the quadric is k-rational. By Propositions 2.5 and 2.6 it is enough to note that
X (k) # @ by Lemma 2.10, hence X (k) # @ by Lemma 2.1. O

The second link we consider has center at a singular conic.

THEOREM 5.9 (cf. [Tak89]). Let X be a Fano threefold satisfying (5.0.1)
and let C C X be a reduced singular k-irreducible conic. There exists a Sarkisov
link (5.1.1) with center at C and for o the following hold:

() Ifg(X) =17, then X+ C P*is a k-rational quadric and o . is the blowup of
a connected curve I of degree 10 and arithmetic genus 7.

(i) Ifg(X) =9, then X ~P' and o is a del Pezzo fibration of degree 6.

(iii) If g(X) = 10, then X ~P? and o is a conic bundle with discriminant
curve A C X+ of degree 4. The variety X* has a single ordinary double point
which is infinitesimally rational and whose image in X is a singular point of A.
Moreover, conics on X intersecting C' are parameterized by a curve.

(iv) Ifg(X) = 12, then X C P* is a k-rational quadric and o is the blowup
of a connected curve I" of degree 6 and arithmetic genus 0.

Proof. We apply Lemma 5.5. Since X is an intersection of quadrics and con-
tains no planes by Theorem 2.8, condition (5.1.5) holds. If ¢ contracts a divisor
D, then D ~ t(H — QT_ZE) for some t € Z~o by (5.1.6). By Lemma 5.4(i) we
have dim|H —2E| > g — 8, hence for g > 9 the divisor D is a fixed component of
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|H —2E|. If g = 9 this contradicts the equivalence D ~ ¢(H — 1 E) proved above
and for g € {10,12} it follows that the movable part of | H — 2E| must be equal to

2 —6
|H—2E—D|= H—2E—H+92E' _ ‘92]3'

which is absurd since E is the exceptional divisor of a blowup.

Similarly, if g =7 we have dim|2H — 3 F| > 0 (again by Lemma 5.4 (i)), hence
D is a fixed component of |2H — 3 E|. The equivalence D ~ t(H — %E) then re-
duces to D ~ 2H — 5E, hence the movable part of |2H — 3 E| must be equal to

2H —3E—D|=[2H —3E —2H + 5E| = |2E]

which is again impossible.

Thus ¢ is a small contraction and so by Lemma 5.5 there exists a Sarkisov
link (5.1.1). It remains to determine the type of the contraction o . We start with
some preparations.

Let x € C be the singular point of the conic; it is defined over k. By Remark 5.2
the variety X has a unique ordinary double point & € X over x and the variety X+
also has a unique ordinary double point #, € X*. The point Z is infinitesimally
rational, because the smooth curve o~ !(x) =2 P! passes through # and gives a k-
point on the exceptional divisor of the blowup of X at # (which is a k-form of a
smooth quadric, since Z is an ordinary double point). By Lemma 4.8 the point ¥
is also infinitesimally rational.

Furthermore, X and X have the same ranks of the Picard and class groups.
Since the exceptional divisor E of ¢ is irreducible over k and has two components
over k, we conclude that

kCl(X*) =2 and rkCl(X])=3.

On the other hand, over k there is a small contraction from the consecutive blowup
of the components of C' to X, which shows that the components of E are not
Q-Cartier, hence

(5.2.1) p(X") =p(X)) =2
Since under the contraction o the Picard number must decrease, it follows that
(5.2.2) p(XT) = p(X{) =1.

To proceed we will also need to know some intersection numbers on X . For
this note that by Definition 5.1 the classes K ¢ and K ¢, are the pullbacks of the
same Cartier divisor class on X . Therefore, using the projection formulas for ¢ and
¢4 we deduce Ky, - (ET)*"" = K - (E)*" fori > 0, where E* = ¢ (E) is the
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strict transform. Therefore, for an arbitrary divisor class
(5.2.3) D=u(—-Kg.)—vE"

in Pic(X ™) using (5.1.7) we obtain

D* (=Kgi) =2(gu’* = (2u+v)?),
(5.2.4) D - (—Kg:)? =2(gu—2Qu+v)),
(—Kx.) =2(g—4).

Now we are ready to consider the possibilities for . We will use Theorem 4.5.

First, assume that o is a del Pezzo fibration, i.e., dim X ™ = 1. Since X " is ge-
ometrically rationally connected (because X is) and has a k-point (by Lemma 2.1),
we have X ~ P! If D is the class of a general fiber of o, then D?- (=K. ) =0,
and writing D in the form (5.2.3) with u, v € Z~¢ and ged(u,v) = 1 and us-
ing (5.2.4), we obtain the equation

gu® — (2u+v)? = 0.

For g € {7,9,10,12} this equation has only one solution: g =9, u = v = 1. Us-
ing (5.2.4) again we obtain K7, = D-(—Kg.)? = (29 —8)u—4v = 6, hence o
is a sextic del Pezzo fibration. This gives case (ii) of the theorem.

Now assume that o is a conic bundle, i.e., dim X = 2. The surface X " is
smooth by Theorem 4.5 (iii) and geometrically rationally connected (because X is),
hence geometrically rational. Since it also satisfies (5.2.2), we see that X RJF = IPE.
Finally, X " (k) # @ by Lemma 2.1, hence

Xt xp?,

If D is the pullback of the class of a line on X then D?- (—K 4. ) = 2, and
writing D in the form (5.2.3) with u, v € Z~¢ and gcd(u,v) = 1 and using (5.2.4),
we obtain the equation

gu? — (2u+v)? = 1.
This time for g € {7,9,10,12} the only solution is g = 10, u = v =1 (see, e.g.,
[Tak89] or [IP99, Lemma 4.1.6]). Using (5.2.4) again we compute the degree of
the discriminant curve A as

degA=12—D-(—Kg.)* =12—2(gqu—22u+v)) = 4.

Note that the total space of a conic bundle is smooth away from the preimage of the
singular locus of the discriminant curve. Therefore, the image 2 =0, () € X+
of the singular point #, € X is a k-rational point on Sing(A).

Let us show that conics on X intersecting C are parameterized by a curve.
Indeed, by the above computation the map o otp: X --» X+ is given by the linear
system |D| = |H —2E|. If C’ is a conic intersecting C' (and having no common
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components with C), the strict transform C” of C’ in X has nonpositive intersection
index with H — 2F. So, excluding the finite number of flopping curves of ¢, we
see that this intersection index should be 0, hence the intersection index of C” with
Ky = —H+ F, or equivalently with K ¢, should be —1. This means that the strict
transforms of such C’ on X+ become components of the fibers of a;l (A) = A,
hence are parameterized by a double covering of A. This gives case (iii) of the
theorem.

Now assume that o is birational. By Theorem 4.5 it contracts a k-irreducible
divisor D. Moreover, a combination of (5.2.1), (5.2.2), and Remark 4.6 shows that
D is connected.

Consider the case where o (D) is O-dimensional. Let S € | — K. | be a
general member. Since —K 5 is base point free, S is a smooth K3 surface and
T :=5nND is a connected reduced contractible curve on S. In this situation,
T2 <0, Ks-T =0and Y2+ 1 = p,(Y) = 0 by the genus formula. Therefore,
we have D?- (=K ¢.) = T? = —2. We also have

1
KX+:Uin++aD, (16{2,1,2}

by Theorem 4.5 (i). Furthermore,
D-(—Kg.)?=D-(-Kg.) - (—0:Kx+ —aD) = —aD*- (—K ¢, ) = 2a.

Writing D in the form (5.2.3) with u, v € Z~( and using (5.2.4) we obtain the
equations

2(gu—2(2u+v)) € {1,2,4}.
One can check that this system has no solutions for g € {7,9,10, 12}, so this case
is impossible.
Finally, assume that o (D) is a curve I' C X . Note that I" is connected be-
cause D is. The threefold X is a terminal Gorenstein Fano variety with Picard
number 1, hence

{ gu? — Qu+v)? = —1,

(—KX+)3 €42,4,6,8,10,12,14,16,18,22,24,32,40,54,64},
(_KX+) -I'>0, pa(F) > 0.

On the other hand, in this case K ¢ = o Kx+ + D, hence we have

),

(0t Kx+) = (~Kg: +D)*- (~Kx-
’ _KX+)7

(—0 Kx+)-T'=(~Kg. +D)-D-(
2pa(l) ~2= (~Ky.)- D’

(for the first and third equalities we use the fact that (—o% Kx+)?- D = 0, and
for the second that X * is smooth along I'). Writing D in the form (5.2.3) with
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u, v € Z~¢ and using (5.2.4) we obtain the following equations
(29 —8)(u+1)*—8(u+1)v —20°
€{2,4,6,8,10,12,14,16,18,22,24,32,40,54,64},
(29 —8)(u+ 1)u —8uv —4v —2v* >0
(2g — 8)u? — 8uv — 20% > 2.

(5.2.5)

Furthermore, rewriting K ¢+ = 07 Kx+ + D in the form
(5.2.6) o Kx+ =(14+u)Kg. +ovET

and taking modulo K ., we see that v is equal to the Fano index of X, hence
ve{1,2,3,4}.

One can check that the only solutions to (5.2.5) satisfying all these restrictions
are:

e g=7,D~5—-Kg.)-3E, X" C P* is a quadric, degI’ = 10, p,(I') = 7;

e g=7,D~3(—Kg.)—2E, X" CP*isacubic, degl' = 4, p,(I") = 0;

¢ g=9,D~—Ky.—FE, X" CP"isaFano threefold of genus 12, degI" =6,
pa(F) =0;

e g=12,D~2(—Kx.)—3E, X CP*is a quadric, degI" = 6, p,(I') = 0.

When X is a quadric, its singular locus consists of at most one point (because
the singularities of X are at worst terminal). On the other hand, Xt contains the
k-point ;. = o (%). If z; is a smooth point, then X is k-rational. If = is
singular, then the map o is an isomorphism over a neighborhood of z, hence x
is infinitesimally k-rational (because % is). Thus, X is the cone over a k-rational
quadric, hence is again k-rational. This gives cases (i) and (iv).

The case where g = 9 is impossible, because

dim|D|=dim| - K¢, — E"|=dim|H —2E| > 0

(see Lemma 5.4 (1)).

Finally, if g = 7, then the cubic hypersurface X ' is geometrically rational (be-
cause X is). Then X ' is singular and its singular locus consists of a unique node.
In this case, X' is locally factorial (see, e.g., [FW]). On the other hand, the curve I'
lies in the smooth locus of Xt by Theorem 4.5(ii), therefore if I" is singular, the
singular locus of X* would have more than one point; this contradiction shows
that I" is smooth, and since p,(I") = 0 and I is geometrically connected, it is geo-
metrically irreducible. Then rk C1(X ;’ ) = 2, a contradiction. O

The third link we consider is the one that starts with the blowup of a (smooth)
rational twisted cubic curve. Here we restrict ourselves to the case g = 9.

THEOREM 5.10 ([IP99, Proposition 4.6.3]). Let X be a prime Fano threefold
with g(X) =9. Let C C X be a smooth rational twisted cubic curve such that no
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bisecant line to C'is contained in X. There exists a Sarkisov link (5.1.1) with center
at C, where X" is a quintic del Pezzo threefold and o is the blowup of a smooth
connected curve I of degree 9 and genus 3.

Proof. We apply Lemma 5.5. Since X is an intersection of quadrics and con-
tains no quadric surfaces by Theorem 2.8, the intersection X N (C) is either C
or the union of C' with a bisecant. So, the assumption of the theorem implies
that (5.1.5) holds.

If ¢ contracts a divisor, then D ~ t(H — 22 E) for some ¢ € Z~ by (5.1.6).
By Lemma 5.4 (ii) we have dim|2H — 3E| > 0, hence the divisor D is a fixed
component of |2H — 3 E/|. These two observations contradict each other, hence ¢ is
a small contraction and so there exists a Sarkisov link (5.1.1). Now we can apply
the standard computations (see [IP99, §4.1]) and determine the type of o . O

5.3. Double projection from a point. In this subsection we discuss the
double projection from a point; under an additional assumption it provides the
half-link ¢oo~': X --» X for the Sarkisov link with center at z, and it is also
important by itself.

We prove in Corollary A.6 that the length of the Hilbert scheme F;(X,x) of
lines on X passing through a point z € X is bounded by 3, so, a fortiori, there is at
most 3 distinct k-lines through z.

LEMMA 5.11. Let X be a Fano threefold satisfying (5.0.1) with a k-point x
such that F1(X,z) is reduced. Let Ly, ..., Ly, be the lines (defined over k) on X
passing through x, where k < 3 is the length of F1(X,x). Let 0: X — X be the
blowup of = with exceptional divisor E, let L; C X be the strict transforms of L;.

(i) The curves L; are disjoint, intersect E at k distinct points xy,...,x, and
= |H —2E)| is equal to

the base locus of the anticanonical linear system | — K ¢
the union UL;. Consider the blowup

5: X — X
of all L; with exceptional divisors F;. The anticanonical linear system
|~ Kgl=|H-2E-3 Fj
is base point free and defines a regular morphism
p: X — X cP9 .

(ii) There exist no divisors D C X such that $(D) is contained in a linear

subspace P97 C P973; in particular ¢ does not contract divisors to points or lines
in X. If

(5.3.1) X2 % opes



RATIONALITY OF FANO THREEFOLDS OVER NON-CLOSED FIELDS 371

is the Stein factorization for ¢, where ¢ is a finite morphism, then
(5.3.2) deg(¢”)deg(X) =2g—10

and deg(¢") < 2.

(iii) The strict transform E of E in X is isomorphic to the blowup of E at
points x1,...,T, and

B = §(E)

is a k-unirational surface. If k = O then E is a regular projection of the Veronese
surface, and if additionally dim|H —3E| = g — 9 then E is embedded into P9~3
by the complete linear system. Finally, if k > 0 then F; := ¢(F;) are k-planes, the
Ik E — E and B|r, . F; — F; are generically finite, and if k = 3
then E is a k-plane.

morphisms ¢

Proof. The curves L; are evidently disjoint away from F, and the points z; are
distinct, because different lines have different tangent vectors at z. By Lemma 5.6
the scheme X N'T, X is the cone over the reduced scheme F; (X, ) of length k,
if £ > 0, or the first-order neighborhood of x, if £ = 0. Therefore, the base locus
of |H — 2E| is the union of L;, hence the base locus of |[H —2E — > F;| on X is
empty, and hence this linear system defines a morphism ¢. The dimension of the
linear system | H — 2 F/| has been computed in Lemma 5.4 (iii). This proves part (i).

If the linear projection ¢ out of T, X contracts a divisor D and ¢(D) is con-
tained in P97, then o(D) C X is a divisor contained in the linear span of T, X
and P93, i.e., in a projective space of dimension at most 4+ (g —5) = g — 1. But
X C P91, 50 the codimension of the linear span of o (D) is bigger than 1. There-
fore, a general hyperplane section of X through o(D) contains o(D) as a fixed
component, which contradicts the assumption Pic(X) =7Z- H.

To compute the degree of ¢ we note that

(533) (H-2E)*-F;=0, (H-2FE)-F}=1, F}=3, F;-F;=0 fori#j

(the second equality follows from (H —2E)-L; = 1 —2 = —1, the third from
deg(-47,,%) = —3, and the last from disjointness of L; and L;). Taking into ac-
count equalities (5.1.9), we compute

(H-2E-Y F) = (29-2)—8+3k—3k =29 10,

and (5.3.2) follows. Furthermore, since X C P93 by definition is not contained in
a hyperplane, we have deg(X) > codim(X)+1 = g — 5, hence deg(¢’) < 2. This
proves part (ii).
Since the curves L; intersect E transversely, the strict transform E of E is
isomorphic to the blowup Bl,, ., (E). Therefore, its image E is k-unirational.
If k=0 the map ¢|; is given by a base point free linear system of conics
on £ = P2, hence F is a regular projection of the Veronese surface. If moreover
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dim|H —3E| = g — 9, the argument of Lemma 5.4 (iii) shows that ¢
the complete linear system of conics.

Using (5.3.3) we obtain (H —2E — Y F;)?- F; = —2+3 = 1. This proves
that each Fj is a R—plane and the morphisms ¢|r, : F; — F; are generically finite.
Similarly, (H —2E — Y_ F;)?- E = 4 — k; since k < 3 the morphism ¢|5: £ — E
is generically finite, and, if k£ = 3, its image is a k-plane. 0

£ 1s given by

Now we will show that the morphism ¢” in (5.3.1) is an isomorphism.

LEMMA 5.12. Assume we are in the situation of Lemma 5.11. The morphism
@" in the Stein factorization (5.3.1) is an isomorphism, hence X is normal,

deg(X) =29 —10, and ¢ = ¢' has connected fibers.

Proof. Recall that deg(¢”) <2 by Lemma 5.11. Assume deg(¢”) = 2, so that
deg(X) = g —5 by (5.3.2). Since codim(X) = g — 6, we see that W := X is a
variety of minimal degree hence by [SD74, Theorem 1.11] it is either a quadric, or
a scroll, or a cone over a Veronese surface.

First, note that W cannot be a smooth quadric in P*. Indeed, if k = 0 then the
regular projection F of the Veronese surface is contained in W and if & > 0 then W
contains a R—plane F,. Tt remains to note that a smooth quadric can contain neither
of these surfaces (see Lemma 2.13).

To show that the other cases are also impossible, note that the singular locus
of a 3-dimensional variety of minimal degree is a point or a line. Since ¢ does not
contract divisors to points or lines by Lemma 5.11, we conclude that

(5.3.4) dim (¢! (Sing(W))) < 1.

On the other hand, if the variety W is not a smooth quadric, the hyperplane class
of W\ Sing(W) can be represented as the sum of two movable classes (e.g., if W
is a scroll or a cone over a scroll, one of these can be taken to be the class of the
fiber of the projection to P'), so (5.3.4) implies that the same is true for the class
H —2E -3 F; in Pic(X) = Pic(X \ ¢! (Sing(W))), and hence the same is true
for the hyperplane class of X, which is absurd. Thus deg(¢") = 1.

It remains to show that ¢” is an isomorphism. Let S € | — K ¢ | be a general
anticanonical divisor. By Bertini’s theorem S is a smooth K3 surface. The restric-
tion A := —K ¢|g is a nef and big divisor, and the linear system |A| is base point
free and defines a morphism which is birational onto its image. By [SD74, Theo-
rem 6.1] the graded algebra

R(S,A):= P H(S,nA)

n>0
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is generated by its component of degree 1. Moreover, Kawamata—Viehweg vanish-
ing shows that the natural restriction homomorphism

R(X,~Kg):=PH"(X,-nKg) — R(S,A)

n>0

is surjective. Therefore, the algebra R(X ,—K ¢ ) is also generated by its compo-
nent of degree 1. Since the morphism ¢” is defined by the anticanonical linear
system |H —2F — " F;| = | — K ¢/, it follows that ¢” is an isomorphism. Finally,
since X is smooth and (5.3.1) is a Stein factorization, X 2 X’ is normal. O

LEMMA 5.13. Assume again we are in the situation of Lemma 5.11. Then
Sing(X) contains no lines. Moreover; if g(X) > 9 then X C P9~ is an intersection
of quadrics.

Proof Assume Sing(X) contains a line L. Since X is normal, over every point
of Sing(X) the fiber of ¢ is at least 1-dimensional, hence ¢! (L) contains a divisor,
which is impossible by Lemma 5.11.

Now assume g(X) > 9. Let W C P93 be the (scheme) intersection of all
quadrics passing through X. Assume W # X. Then we apply the argument
of [Isk80, Ch. 2, Proposition 3.3] and conclude that W C P93 is a 4-dimensional
variety of minimal degree smooth outside of Sing(X). Indeed, [Isk80, Ch. 2,
Proposition 3.3] is stated and proved for a smooth Fano variety, but smoothness is
only used when constructing a smooth curve section (whose linear span contains a
given point of W), which can be also done for a normal variety (when the given
point of W does not lie on Sing(X)). In particular, we see that deg(W) = g — 6.

Note that W is not a quadric since g > 9. Since the singular locus of a variety
of minimal degree is a linear subspace, and Sing(X) contains no lines, it follows
from Lemma 5.11 that (5.3.4) holds, and the movable decomposition argument of
Lemma 5.12 provides a contradiction. (|

LEMMA 5.14. Assume again we are in the situation of Lemma 5.11 and either
k=3ork=2and g>09. Then ¢ is a small contraction and X C P93 is a
Fano variety with terminal Gorenstein singularities, not a cone, and Ky = —H.
In particular, the variety X is not covered by lines.

Proof. Assume that ¢ contracts an irreducible divisor D. Let C' C D be a curve
in a general fiber of D — ¢(D), so that (H —2E ~YF;)-C=0.1f H-C =0,
ie.,c06: X — X contracts C, then C' is contained in the union of £ and Fj. But
the map ¢ is generically finite on £ and F; by Lemma 5.11 (iii), hence there is
at most finite number of curves contracted by ¢ in the union of £ and F}, while
C varies in a family. Thus H - C' > 0, hence either E-C>0,or F;-C > 0 for
some i. Therefore, the curve ¢(D) is contained either in E or in F;. The latter
is impossible for all g > 7 by Lemma 5.11 (ii) since g —5 > 2, and the former is
impossible either if K =3 orif k =2 and g > 9, since g — 5 > 3, while the linear
span of the quadric surface £ is P3.
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Thus, the morphism ¢ is small. The equality H = — K ¢ follows from
¢'H=H-2E-) Fi=-Kg

since ¢ is small. Since X is smooth and ¢ is small and crepant, it follows that X
is Gorenstein and the singularities of X are terminal (Lemma 4.1). By Lemma 4.2
the tangent space to X at any singular point is 4-dimensional. So, if X is a cone, its
linear span is P*, hence ¢ = 7 and X C P* is a quartic hypersurface. But then the
base of the cone is a smooth quartic surface in P?, hence X is not geometrically
rationally connected, which is absurd.

Assume that X is covered by lines, so that Fj(X) contains a component ¥
of dimension at least 2, such that lines parameterized by ¥y cover X. Since X
is not a cone, we have dimF;(X,z) < 1 for any point # € X, hence a general
line parameterized by ¥ is contained in the smooth locus of X. The argument
of [KPS18, Lemma 2.2.3] then shows that lines parameterized by >y could only
cover a surface in X. This contradiction completes the proof. g

COROLLARY 5.15. Assume again we are in the situation of Lemma 5.11, and
moreover k =3, and g > 9. The linear projection out of F

Mgt X --» P96
is birational onto its image.

Proof. Recall that X € P973 is an intersection of quadrics by Lemma 5.13. The
fibers of 75 can be described as follows. Let IT; be a 3-space in P93 containing the
plane E that corresponds to a point ¢ € P95, For each quadric @ passing through
X the intersection Q N1II; is the union of £ and the residual plane. Intersecting
these residual planes for all quadrics we obtain a linear subspace in 1I;. Thus, the
general fiber of the map 7 is a linear space.

On the other hand, the general fiber of 75 cannot be a linear space of pos-
itive dimension, because otherwise X would be covered by lines, contradicting
Lemma 5.14. Therefore, the map 7 is birational onto its image. U

LEMMA 5.16. Assume again we are in the situation of Lemma 5.11. If g =9
then X C P% is a complete intersection of three quadrics and if k =2 then E is a
smooth quadric surface.

Proof. By Lemma 5.13 the subvariety X C P9 is an intersection of quadrics.
Its codimension is 3, and by Lemma 5.12 its degree is 2g — 10 = 8. Therefore, it is
a complete intersection of three quadrics.

If k = 2 the map ¢|, is given by the linear system of conics on E = IP? passing
through two points z;. Since ¢ is regular and small (Lemma 5.14), £ is a smooth
k-quadric. U
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5.4. Sarkisov link with center at point. Now we impose an additional
assumption on the point € X and construct a Sarkisov link.

THEOREM 5.17 (cf. [Tak89]). Let X be a Fano threefold satisfying (5.0.1). Let
x be a k-point on X such that

(5.4.1) Fi(X,z) = @.

There exists a Sarkisov link (5.1.1) with center at x and for o, the following hold:

() If g(X) =1, then X+ C P® is a smooth del Pezzo threefold of degree 5 and
o4 is the blowup of a smooth connected curve I' of degree 12 and genus 7.

(i) If g(X) =9, then X+ C P'0 is a smooth Fano threefold of the same type
and o is the blowup of a k-point x. € X*. The map o, opoo 11 X -5 X+
contracts the irreducible divisor D, which is a unique member of the linear system
|H — 3x|. This divisor is a k-rational surface.

(iii) If g(X) =10, then X ~P' and o is a del Pezzo fibration of degree 6.
Moreover, the map o o): X --» X is given by the linear system |H —3FE|, and
its restriction to a general line in E = P? is regular and has degree 3. Finally, the

flopping locus of 1 is the union of strict transforms of smooth conics in X passing
through z.

(v) Ifg(X) = 12, then X ~P3 and o, is the blowup of a smooth connected
rational curve T of degree 6.

Proof. We apply Lemma 5.7. Assume the morphism ¢ contracts a divisor D.
Since p(X) = 2, we have p(X) = p(X) + 1, hence all curves in fibers of ¢ are
proportional, hence intersect D negatively, hence are contained in D. Thus, away
from D the morphism ¢ is an isomorphism, hence X and FE are nonsingular
away from ¢ (D). Furthermore, since ¢ is the anticanonical morphism, we have

Sing(X') = ¢(D) (because the contraction ¢ is crepant), hence
(5.4.2) Sing(E) C Sing(X).

Assume g € {10, 12}. By Lemma 5.4 (iii) we have dim | H —3E/| > g —9, hence
by Lemma 5.7 (ii) the divisor D is a fixed component of the linear system | H —3E|.
On the other hand, by (5.1.8) we have D ~ t(H — %E) for ¢ € Z. These two
observations clearly contradict each other.

Next assume g = 9. Again by Lemma 5.4 (iii) the divisor D is a fixed compo-
nent of | H —3E|, hence by (5.1.8) we have

(5.4.3) D~H-4FE.
If the linear system |H — 3E/| is movable, then |H —3E — D| = | E| must be mov-

able, which is absurd, hence dim|H —3F| = 0. By Lemma 5.11 (iii) this implies
that & C P93 = P® is the Veronese surface.
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On the other hand, X C PP° is a complete intersection of three quadrics by
Lemma 5.16. Since the pullback to X of the hyperplane class of X is equal to
H —2E, it follows from (5.4.3) that there exists a hyperplane section of X that
contains £ with multiplicity 2, which is impossible by Lemma 2.12. This contra-
diction proves that in the case g = 9 the map ¢ does not contract divisors.

Finally, assume g = 7. This time by Lemma 5.4 (iii) and Lemma 5.7 (ii) the
divisor D is a fixed component of the linear system |3H — 7F)|, hence by (5.1.8)
we have

5.4.4) either D~ H —-3E, orD~2H—-6F, orD~3H-9E.

On the other hand, X C P*is a quartic hypersurface and £ C X is a projection of
the Veronese surface. The first equality in (5.4.4) means that £ C P* is contained in
a hyperplane, while the second means that it is contained in a quadric. In both cases
E is singular, and its singular locus contains a line (see Lemma 2.14). By (5.4.2)
we conclude that Sing(X) contains a line, which is impossible by Lemma 5.13.
Finally, if D ~ 3H — 9F then the linear system |3H —7E — D| = |2E| must be
movable, which is absurd.

Thus ¢ is a small morphism and by Lemma 5.7 (i) there exists a Sarkisov
link (5.1.1) and it remains to describe the contraction o . For g € {9,10,12} we
refer to [Tak89].

Let us discuss the case ¢ = 10 in more details. Let C' C X be a flopping curve,
so that C' is contracted by ¢. Then (H —2FE)-C =0.If C-E > 1, then ¢(C) is a
singular point of . But then a combination of (5.4.2) and Lemma 2.14 proves that
the singular locus of X contains a line, which is impossible by Lemma 5.13. Thus
E-C=1,hence H-C =2,s0 Cis the strict transform of a conic passing through x.

Furthermore, by [Tak89] the map o, o1): X --» P! is given by the linear
system |H — 3E|, which is base point free away from a finite number of flopping
curves, neither of which is contained in E. Therefore, the restriction of this map to
E = P? is given by a linear system of cubics that has no fixed components, hence
its restriction to a general line in & has degree 3.

Finally, assume g = 7. Arguing as in the proof of Theorem 5.9 we can check
that additionally to (i) we have the following numerical possibilities:

(i) the morphism o is a contraction of a divisor D ~2(—K¢.)—E" toa
point on a smooth prime Fano threefold X ™ of index 1 and genus 7;

(i”) the morphism o is a contraction of a divisor D ~2(—K¢.)— ET toa
conic on a smooth prime Fano threefold X ™ of index 1 and genus 6.

But in both these cases the image ¢ (D) is a quadric containing the surface

E = (B) = 6. (EY).

Then the surface £ cannot be smooth by Lemma 5.11 (iii) and Lemma 2.13, hence
by Lemma 2.14 its singular locus Sing(£) contains a line, and by (5.4.2) the
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same is true for Sing(X), which contradicts Lemma 5.14 and Lemma 4.2. This
contradiction shows that neither of the cases (i’) and (i”) is possible. O

6. Rationality and unirationality. In this section we prove the sufficient
conditions for rationality and unirationality of Fano threefolds satisfying (5.0.1).
We start with an elementary consequence of Theorem 5.8.

LEMMA 6.1. If a Fano threefold X satisfying (5.0.1) contains a line defined
over k, then X is k-rational.

Proof. Consider the Sarkisov link described in Theorem 5.8. If g(X) = 7 we
deduce from Theorem 3.2 that X T is rational over X * =2 P!, hence X is k-rational.
For g(X) € {9,10,12} we conclude that X is birational to X which is a P3, a k-
rational quadric, or a quintic del Pezzo threefold, respectively, hence is rational (in
the last case we use Theorem 3.3). O

6.1. Unirationality. Now we will prove unirationality of X under the as-
sumption X (k) # &. We fix a k-point = and consider all possibilities for the Hilbert
scheme F; (X, x) of lines through x.

LEMMA 6.2. If a Fano threefold X satisfies (5.0.1) and x € X is a k-point
then one of the following possibilities hold:

() Fi(X,z) =2;

(ii) Fi(X,x) contains a k-point;

(iii) Fy(X,z) is k-irreducible and reduced of length 2.

(iv) Fi(X,x) is k-irreducible and reduced of length 3.

Proof. By Corollary A.6 the scheme F; (X, x) is finite and its length is bounded
by 3. Therefore, the scheme F; (X, z) has a k-point, unless the scheme is reduced
of length 2 or 3 and the Galois group action on F; (X, z)j, is transitive. O

Below we prove k-unirationality of X in all cases of Lemma 6.2. The easiest
case is (i1).

LEMMA 6.3. Let X be a Fano threefold satisfying (5.0.1) with a k-point x such
that F1 (X, x) contains a k-point. Then X is k-rational.

Proof. The line on X corresponding to a k-point of F; (X, z) is defined over k,
hence Lemma 6.1 applies. O

The next case is (i).

PROPOSITION 6.4. Let X be a Fano threefold satisfying (5.0.1) with a k-point
x such that

F; (X , l’) = .
Then X is k-unirational.
Proof. First, assume g(X) € {7,12}. It follows from Theorem 5.17 (i) and (iv)

that X is birational to a quintic del Pezzo threefold, or to IP3, hence is k-rational
(by Theorem 3.3 in the former case).
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Next, assume g(X) = 10. Then Theorem 5.17 (iii) shows that X is birational
to a sextic del Pezzo fibration o : X+ — X+ and a general line in E = P? gives a
k-rational curve in X that dominates X T =2 P!. The general fiber of o is smooth
because X+ is smooth. We conclude that X+ is k-unirational by Lemma 4.14.

Finally, assume g(X) = 9. In this case Theorem 5.17 (ii) provides an irre-
ducible k-rational divisor D, € |H — 3x|. This provides many new k-points on X,
and we complete the proof of unirationality by a “spreading out” argument.

Let D; C D, be the open subset of points of D, not lying on lines (it con-
tains x, hence is nonempty). Applying to each point 2’ € DS the above construc-
tion, we obtain a family of k-rational surfaces {D,/}./epe in X. The surface D,/
has multiplicity at least 3 at point 2, hence this is not a constant family of sur-
faces. This means that the surface D,, corresponding to the general point 1 of D,
dominates X. Since D), is rational over the residue field of 7, which is a pure tran-
scendental extension of k (since D, is k-rational), we conclude that D, is rational
over k, hence X is k-unirational. O

Now we discuss case (iii) of Lemma 6.2.

PROPOSITION 6.5. Let X be a Fano threefold satisfying (5.0.1) with a k-
point x such that Fi(X,z) is reduced and k-irreducible of length 2. Then X is
k-unirational.

Proof. We consider the union of the two lines corresponding to k-points of
Fi(X,z) as a k-irreducible singular conic and apply the Sarkisov link of Theo-
rem 5.9. If g(X) € {7,12}, it follows that X is birational to a k-rational quadric,
hence is k-rational.

Now assume g(X) = 9. Then, instead of the Sarkisov link we consider the
double projection from the point x. We obtain a birational isomorphism of X onto
a complete intersection of three quadrics X C IP® (Lemma 5.16) which contains the
smooth k-rational quadric surface £/ C X defined over k. Note that the linear span
(E) = P3 of E is not contained in X (because X is irreducible), but in the net of
quadrics defining X there is a pencil of quadrics containing (E). In other words,
we can choose three quadrics Qg, Q1, Q> C P, such that

X=QoNQiNQ2, (E)CY:=QiNQ2, and QyN(E)=FE.
We consider the linear projections
my: Blig (Y) —P? and mg: Blg(X) — P
out of the linear span of £ and check that the general fiber of 7y is P2, and that of
¢ 1S a conic.

Indeed, a general fiber of 7y can be described as follows. For a point ¢ € P? let
IT; C PS be the corresponding 4-space containing the linear span of . The quadrics

@1 and @, intersects I1; along quadrics, containing the hyperplane (E) C II;, hence
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we can write

QNI =(E)UDy, QNI = (E£)U Dy,
where D;; C II; are hyperplanes. Therefore, every nonempty fiber Y; of 7wy can be
described as
Y = Dy N Dy,
i.e., Y; is a linear subspace in II; of codimension at most 2. Thus, if the map 7y is
dominant, its general fiber is a P2, and otherwise its general fiber is P" with n > 3.
Now, the general fiber X; of 7 ¢ is the intersection

X =Y:NQo.

If the map 7y is not dominant, X; is a quadric of dimension n — 1 > 2. Note
that any such quadric is covered by lines, hence X is covered by lines, which is
impossible by Lemma 5.14. Therefore, 7y is dominant, its general fiber is P?, and
the general fiber of 7 ¢ is a conic in it.

Furthermore, Y; N (E ) is a hyperplane section of Y7, i.e., a line, and X; N Eis
the intersection of this line with the quadric (Jy, hence is nonempty. This means that
the exceptional divisor of the blowup Blz(X) dominates the base P? of the conic
bundle 7 . It remains to note that since £ C X is a Weil divisor, it is birational

to the exceptional divisor of Bl;(X), hence the latter is a k-rational surface. So,
applying Lemma 4.14 (ii), we conclude that Bl ;(X) is k-unirational, and hence so
is X.

Finally, assume g(X') = 10. Then by Theorem 5.9 (iii) X is birational to a conic
bundle X+ — X+ over X T 22 P2, Moreover, X * has a single ordinary double point
Zyandxy =0, (F,) C X7 is a singular point of the discriminant curve A C X"
of this conic bundle. Let X+ — X+ be the blowup of Z_ . Following the argument
of [Avil4, Lemma 8], we apply the relative MMP to X+ over X*. Since —K St

is nef over X ™ [Avil4, Lemma 7], it follows that there is a commutative diagram

X+ X
\U:X+ y X

,,,,,, > P!

where py is a flat conic bundle and oy is a divisorial contraction. The surface
X' is smooth by Theorem 4.5 (iii) and the map oy is an isomorphism over the
complement of x, hence it is the blowup of z.. Finally, the strict transform
D =4, (D) of the exceptional divisor D C X of the blowup p dominates
the exceptional line L = o} !(x4) (because py is flat), and the discriminant curve
AR C X" of the conic bundle py does not contain L (cf. [Prol8, Lemma 10.10]),
hence it is equal to the strict transform of A under oy,
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Now we consider the morphism 7: X% — P! induced by the linear projection
of XT =P? out of x4, and the composition

Topy: Xt Pl

Note that L is dominant over P!, hence so is D?. Note also that the point 7 is
infinitesimally rational (Theorem 5.9 (iii)), i.e., D7 is a k-rational surface. Thus P!
is dominated by a rational surface in X7.

On the other hand, the fiber of 7 o p; over a point ¢ € P! is a conic bundle over
7~ 1(t) =P!. Since z is a singular point of A, we have

At (1) = (0 )u(A) 7 (1) S Aoy (n (1) —2=4-2=2,

so this conic bundle has at most two singular fibers. Now we apply Lemma 4.14 (ii)
and conclude that X is k-unirational. By construction X is birational to X, hence
it is also k-unirational. U

Finally, we consider the case (iv) of Lemma 6.2.

PROPOSITION 6.6. Let X be a Fano threefold satisfying (5.0.1) with a k-
point x such that Fi(X,z) is reduced and k-irreducible of length 3. Then X is
k-unirational.

Proof. Consider the image X C P93 of the double projection ¢: X — X
described in Section 5.3. By Lemma 5.11 the variety X contains a k-plane £ = P?
and the anticanonical class of X is the hyperplane class (Lemma 5.14). Let Y be
the blowup of X along E and let S be the strict transform of £. Then we have a
commutative diagram

E X Y S

(6.1.1) N /
NN

where the middle horizontal arrow is the blowup map and the dashed arrow is the
restriction of the linear projection P9~3 —-» P96 with center at £. Since E is a
Weil divisor on X, the blowup map Y — X is small. Moreover, the exceptional
divisor S of the blowup is a Cartier divisor, which is birational to £, hence is a
k-rational surface.

First, assume g(X) > 9. We check below that the assumptions of Proposi-
tion 4.15 are satisfied by the pair (Y,.5). Indeed, Y has terminal singularities by
Lemma 4.1, because X has terminal singularities (Lemma 5.14), and the morphism
Y — X is small. Furthermore, the linear system | — Ky — S| is the pullback of
the linear system |¢&'(1)| from P9~6, hence it is base point free and Cartier, hence
the pair (Y,| — Ky — S]) is terminal by Lemma 4.11 (iii). Finally, the morphism
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7Y — P976 given by this linear system is generically finite, because so is
the map X --» P9~ (Corollary 5.15). Thus, Proposition 4.15 implies that Y is
k-unirational. Since by construction Y is birational to X, the latter is k-unirational
as well.

Now assume g(X) = 7, so that X is a quartic threefold in P*, and £ is a
k-plane on it. Again, we consider the diagram (6.1.1). In this case the projective
space at the bottom of the diagram is just a P'. Let t € P! and let H; C P* be the
corresponding hyperplane containing . Then

XnNH;,=FEUY,,

where Y; is a cubic surface and the fiber of the map 7: ¥ — P! over ¢ is Y}, so that
7 is a family of cubic surfaces. Note that a general fiber Y; is not a cone, because X
is not covered by lines by Lemma 5.14. On the other hand, the surface S dominates
P!, because the divisor £ dominates P! under the map X --» P! (indeed, its fiber
over a point ¢ € P! is the cubic curve £NY}). Therefore, Lemma 4.14 (v) proves
that Y is k-unirational, and again, X is k-unirational as well. O

A combination of Lemmas 6.2 and 6.3 with Propositions 6.4, 6.5, and 6.6 fi-
nally proves k-unirationality of a Fano threefold satisfying (5.0.1) which has a
k-point:

COROLLARY 6.7. Let X a Fano threefold satisfying (5.0.1). If X (k) # @ then
X is k-unirational.

6.2. Rationality. Now we are ready to prove the sufficient conditions for
rationality of Fano threefolds satisfying (5.0.1).
For g(X) € {7,12} the result was essentially proved in Proposition 6.4.

PROPOSITION 6.8. Let X be a prime Fano threefold of genus g(X) € {7,12}.
If X (k) # @ then X is k-rational.

Proof. As we already know, X is k-unirational (see Corollary 6.7), hence the
set of k-points on X is Zariski dense. In particular, X has a k-point z such that
Fi(X,z) = &. We choose such a point, apply Theorem 5.17, and conclude that
X is birational to a quintic del Pezzo threefold, or to IP3, hence is k-rational (by
Theorem 3.3 in the former case). Il

Next, we consider the genus 9 case.

PROPOSITION 6.9. Let X be a prime Fano threefold of genus g(X) = 9. If
F3(X)(k) # @ then X is k-rational.

Proof. Let C' C X be a cubic curve of arithmetic genus O defined over k. Then
C is one of the curves listed in Lemma 2.9. Below we consider all of its possible

types.
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First, assume that C' is a smooth curve (type (i)). Then the intersection of X
with the linear span of C is either C itself, or the union of C' and a bisecant line. In
the latter case, the line is defined over k, hence X is k-rational by Lemma 6.1.

So, assume that C' is smooth and has no bisecant lines in X. We then apply the
Sarkisov link of Theorem 5.10. It shows that X is birational to a quintic del Pezzo
threefold, hence is k-rational by Theorem 3.3.

Next, assume that C' is of types (ii), (iii), or (v). Then one of its irreducible
components (the middle one in the case (iii)) is a Galois-invariant line, hence it is
defined over k, hence X is k-rational by Lemma 6.1.

Finally, assume that C'is of type (iv), i.e., is the union of three Galois-conjugate
lines meeting at a point x. The point x is Galois-invariant, hence is defined over k,
and F; (X, z) is reduced of length 3 (Corollary A.6). By Lemma 5.16 the double
projection X --» X out of x is a birational isomorphism onto a complete intersec-
tion X C PS of three quadrics which contains the plane = C X. By Corollary 5.15
the projection

g X —-» P

is birational onto its image. Therefore, X is birational to P3, hence it is k-rational
and X is k-rational as well. O

Finally, we consider the genus 10 case.

PROPOSITION 6.10. Let X be a prime Fano threefold of genus g(X) = 10. If
X (k) # @ and F»(X)(k) # @ then X is k-rational.

Proof. Let C be a conic on X defined over k. If C' is a double line, or is
reducible over k, a component of C' is a k-line on X, hence X is k-rational by
Lemma 6.1.

Assume now that C' is reduced and k-irreducible. Let us check that X has a
k-point = such that

Q) Fi(X,2) =2,

(i1) « does not lie on any conic intersecting C'.

Indeed, (i) holds for a general point of X because dim(F;(X)) = 1. Similarly,
conics intersecting C' are parameterized by a curve (see [[P99, Lemma 4.2.6 ()]
for the case where C' is smooth and Theorem 5.9 (iii) for the case where C' is
singular), hence sweep a surface, hence (ii) also holds for a general x. But X is
k-unirational by Corollary 6.7 since X (k) # &, therefore the set of k-points on X
is Zariski dense, and so there is a k-point for which the conditions (i) and (ii) hold.

We choose such a point and apply Theorem 5.17 (iii). We conclude that X is
birational to a sextic del Pezzo fibration X+ — X+ = P!,

By Theorem 5.17 (iii) the flopping locus of the flop ¥ is the union of con-
ics passing through x, and none of these intersects C' by the condition (ii) above.
Therefore, the conic C' does not intersect the flopping locus of . Since the map
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X+ ——s X7 is given by the linear system | — 3 E)| it follows that its restriction to
the strict transform of C'in X is regular and has degree 2.

Thus, C provides a 2-section for the del Pezzo fibration o : X+ — P!. On the
other hand, by Theorem 5.17 (iii) a general line in £ provides a 3-section for the
morphism o, . Therefore, X+ is rational over P! by [AHTVA19, Proposition 8],
hence it is k-rational, and hence X is k-rational as well. O

7. Obstructions to rationality. In the previous sections we showed that
the criteria of Theorem 1.1 (3) for rationality of threefolds V4, X6, and X5 are
sufficient. Starting from this section we prove they are also necessary. Since the
existence of a k-point is a necessary condition by Lemma 2.2, we only have to
show that the existence of a line, a conic, and a cubic curve on the threefolds V4,
X3, and X ¢, respectively, are necessary conditions for rationality. In this section
we prove a general result of this sort, and in the remaining part of the paper we
check that it applies to the varieties of our interest.

7.1. Rationality criterion. In this section we state a general criterion of
rationality. We assume that X is a smooth projective geometrically rationally con-
nected threefold and H € Pic(X) is a very ample divisor class (defined over k). To
state the criterion we need some notation.

Let Jac(X) denote the intermediate Jacobian of X (we refer to [BW20, §2]
for details). Recall that Jac(X) is an abelian variety defined over k endowed with
a natural principal polarization and with the Abel-Jacobi map

AJ: CH,(Xy) — Jac(Xp) = Jac(X)y

from the group of algebraically trivial codimension 2 cycles on X, to the group of
k-points of Jac(X).

As before we denote by F;(X) the Hilbert scheme of curves of degree d with
respect to H and arithmetic genus 0 (see Section 2.4). If Fy4(X}) is connected,
the cycles associated with all curves parameterized by Fy(X}) are algebraically
equivalent, hence for each curve [Cp] € F4(X}) the map AJ induces the (shifted)
Abel-Jacobi map

Al = Alg,: Fg(Xy) — Jac(Xy), [C]—— AJ([C] —[Co)).
Changing the curve Cy results in a composition of this map with a translation in
Jac(X}). Furthermore, by the universal property of the Albanese variety, the map

Al ¢, factors as the composition

al

(7.1.1) Fa(X:) —205 Alb(Fa(Xg)) -4 Jac(Xy),
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where a4 is a morphism of abelian varieties that does not depend on the choice
of Cy and is Galois-invariant. In particular, oy is defined over k as a morphism
agq: Alb(Fy(X)) — Jac(X).

Definition 7.1. We will say that the Hilbert scheme F;(X}) admits nice de-
generations if there is a point [C] € F;(X}) such that every irreducible component
C" C C taken with its reduced scheme structure corresponds to a point of Fy (X})
for some d’ < d, i.e., [C! 4] € Fy(X}).

red

Now we can formulate the main result of this section.

THEOREM 7.2. Let X be a smooth projective geometrically rationally con-
nected k-variety with a very ample divisor class H € Pic(X). Assume that the
following conditions are satisfied for X:

(T) There exists dt € Z~q such that the Abel-Jacobi map

Al: FdT(XR) — Jac(Xl-()

is an isomorphism.

(C) There exists dc € Z~q such that the Hilbert scheme Fq.(X}) admits a map
Fa.(Xy) — 'y with rationally connected fibers to a curve I'y of genus g(I'y) > 1,
such that the induced map

Pic®(T') = Alb(Fuo (X7)) —Cs Jac(X},)

is an isomorphism of principally polarized abelian varieties.

(H) For each 1 < d < max(dc,dr) the Hilbert scheme Fq(X}) is connected
and when d > 1 it admits nice degenerations.

(N) The maximal divisor of 29(I'y) — 2 coprime to dc divides dr.
If X is k-rational then ¥4, (X)(k) # @, i.e., X contains a curve of degree dy and
arithmetic genus 0 defined over k.

Note that all the conditions of the theorem are geometric, i.e., they only depend
on Xj.

7.2. Rationality criterion of Benoist—Wittenberg. The proof of Theo-
rem 7.2 is based on the results of [BW19]; we briefly remind these results in this
subsection.

Let Y be a smooth projective k-variety of dimension n. For 1 < k < n we con-
sider the Néron—Severi group NS*(Y) = CH*(Y})/ ~a of algebraic equivalence
classes of codimension k cycles on Y} and the group NS’“(YR)G of Galois-invariant
classes in NS¥(Y7).

If Y is geometrically connected the degree map gives an isomorphism
NS™(Y;)¢ 22 Z, and for each d € Z there is a torsor Alby(Y") over the Albanese
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variety Alb(Y') and a Galois-invariant Albanese morphism
albd: CHZ(YR) — Albd(Y)R

from the coset of O-cycles of degree d which is universal among morphisms to
torsors over abelian varieties. In particular, for d = 1 we obtain the morphism

alb;: Y — Alb (V).
Note also that when Y = I' is a geometrically connected curve, we have
(7.2.1) AIb(T) = Pic’(T'),  Albg(T") = Pic(T).

On the other hand, if X is a threefold then for each class y € NS? (X} )€ Benoist
and Wittenberg define a torsor Jac, (X') over the intermediate Jacobian Jac(.X') and
a Galois-invariant morphism

Al CHZ(Xp) — Jacy (X))

from the coset of codimension 2 cycles algebraically equivalent to ~, so that the
morphism AJ,, is universal among morphisms to torsors over abelian varieties.

Note that by definition Jaco(X ) = Jac(X), and for any 1,7y, € NS?(X)C the
universal property implies the equality

(7.2.2) Jacy, 1, (X)] = [Jacy, (X)] + [Jacy, (X)]

of Jac( X )-torsor classes. Here for a torsor 7" over an abelian k-variety A we denote
by [T its class in the Weil-Chatelet group H'(G, A) of A-torsors.
The following result was proved by Benoist and Wittenberg.

THEOREM 7.3 ((BW19, Theorem 3.10]). Let X be a smooth projective three-
fold over k. If X is k-rational and there is an isomorphism Jac(X) = Pic®(T') of
principally polarized abelian varieties, where I is a curve of genus g > 1 then for
any vy € NSZ(X R)G, there is an integer m such that there is an isomorphism

Jac, (X) = Pic™(I)
of torsors over Jac(X) = Pic(T).

In the next subsection we use this result to prove Theorem 7.2.

7.3. Proof of Theorem 7.2. To prove the theorem we need some prepara-
tions.

First, we derive some consequences of condition (H). Assume the Hilbert
scheme F;(X) is geometrically connected. Then all curves in X parameterized
by the scheme F;(X) are algebraically equivalent and the class of these curves



386 A. KUZNETSOV AND Y. PROKHOROV

in NS?(X}) is Galois-invariant. We denote the corresponding torsor over Jac(X)
simply by Jac;(X). The Abel-Jacobi map then restricts to the map

Aly: Fd(X) — Jacd(X).

LEMMA 7.4. Assume condition (H) of Theorem 7.2 is satisfied. Then we have
an equality of torsors over Jac(X)

(7.3.1) [Jacy(X)] = d[Jac, (X)],
forall 1 < d <max{dc,dr}.

Proof. If d > 1 and the Hilbert scheme F;(X) admits nice degenerations,
there is a point [C] € Fq(X}) such that

C=C1U---UCy,

where C; has multiplicity m; and [(C;)red] € Fq,(Xg) with 1 < d; < d and
> - m;d; = d. It follows that we have an equality of classes [C] = > m;[C;] in
NS?(X;)C, therefore

Facy(X)] =D mifJacy,(X)]
by (7.2.2). Iterating this argument, we eventually obtain (7.3.1). g

On the other hand, we can use condition (C) of Theorem 7.2 to get a description
of the torsor Jacg.(X).

PROPOSITION 7.5. Assume condition (C) of Theorem 7.2 is satisfied and the
scheme Fy.(Xy) is connected. Then there is a geometrically connected k-curve I’
and isomorphisms

(7.3.2) Jac(X) = Pic’(T) and [Jacy.(X)] = [Pic'(I)].
of principally polarized abelian varieties and torsors over them.

Proof. Let &: Fy.(X) — Z be a maximal rationally connected fibration of the
Hilbert scheme F;(X'), which recall is defined over k and is unique up to birational
equivalence [Kol96, Theorem IV.5.4]; in particular, one can assume Z to be normal.
Then & : Fy.(X}) — Zj is a maximal rationally connected fibration for Fg.(X}),
and therefore condition (C) implies that Z is birational to I';, and since I'g is a
smooth curve, it follows that Z = I';. Thus, the curve I'; is actually defined over
k and there is a morphism

¢ Fg(X)—T
such that & coincides with the morphism in condition (C). The curve I is geomet-
rically connected since I'} is connected.
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Furthermore, F4.(X) is geometrically connected, so Jac,. (X)) is well-defined.
Consider the Abel-Jacobi map AJg.: Fg.(X) — Jacg.(X). Since the fibers of £
are geometrically rationally connected, it factors as a composition

Fuo(X) =5 T — Jacg. (X).

By the universal property of the Albanese map and (7.2.1), the second map factors

as

T P pic!(I') — Jacy, (X).

Over k the second map induces the morphism oy, of the corresponding abelian
varieties. So, if arg.. is an isomorphism, the corresponding abelian varieties PicO(F)
and Jac(X) are isomorphic and the above map Pic!(I") — Jacg.(X) is an isomor-
phism of torsors. 0

Finally, we rewrite the numerical condition (N).

LEMMA 7.6. Assume the condition (N) of Theorem 7.2 is satisfied. Then for
any integer m € Z the product mdr is divisible by gcd(mdc —1,2¢g(Ty) —2).

Proof. Denote h = ged(mdc — 1,2g(I';) —2). Since h divides mdc — 1, it is
coprime to dc. By condition (N) then h divides dr, and a fortiori divides mdr. [J

A simple exercise left to the reader is to show that the statement of Lemma 7.6
is equivalent to condition (N) of Theorem 7.2.
Now we are ready to prove Theorem 7.2.

Proof of Theorem 7.2. By Proposition 7.5 we have an isomorphism
Jac(X) = Pic’(I)

of principally polarized abelian varieties. So if X is rational over k then by Theo-
rem 7.3 we have an isomorphism of torsors

[Jaci (X)] = [Pic"(T')] = m[Pic"(T)]
for some integer m. By Lemma 7.4 we deduce
(7.3.3) [Jacq(X)] = md[Pic'(I")]

for any d < max(dr,dc). Furthermore, by Proposition 7.5 we have isomor-
phisms (7.3.2). Combining the second of them with (7.3.3) for d = dc, we
deduce

(mdc —1)[Pic"(I')] =0.
On the other hand, the canonical class of the curve I' is defined over k, hence
Pic?('®)=2(I") has k-rational points, and so

(29(T'x) —2)[Pic'(T)] = 0.
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Therefore, the greatest common divisor of mdc — 1 and 2¢g(T';) — 2 kills the class
of the torsor Pic!(T"). By Lemma 7.6 we conclude that

mdr[Pic'(I')] =0.

Using (7.3.3) for d = dr we deduce that Jacg, (X)) is a trivial Jac(X)-torsor, hence
has a k-rational point. Finally, condition (T) implies that the Abel-Jacobi map
Fa,(X) — Jacg, (X) is an isomorphism, hence Fy, (X) (k) # @. O

7.4. Rationality criteria for Fano threefolds. Below, as promised, we ap-
ply Theorem 7.2 to Fano threefolds V}, Xig, and X¢. The following lemma ver-
ifies the main part of condition (H). Definitely, the same is true in a much larger
generality, but we restrict to the cases we really need.

LEMMA 7.7. If X = V4 is a quartic del Pezzo threefold then Fi(X) is con-
nected and F,(X) admits nice degenerations. If X is a prime Fano threefold of
genus 9 or 10 then F, (X)) is connected while F»(X ) and F3(X) admit nice degen-
erations.

Proof. We may assume that the base field is algebraically closed.

If X =V} then F;(X) is an abelian surface (Theorem 9.16), in particular
it is connected. Moreover, F;(X,z) is a finite scheme of length 4 [KPS18, Re-
mark 2.2.7] for each point € X; choosing in it a subscheme of length 2 we obtain
a singular conic on X (with singularity at x). This shows that F»(X') admits nice
degenerations.

From now on let X = X or X = X3 and let us show that F,(X) admits nice
degenerations, i.e., that there are singular or non-reduced conics on X.

If the Hilbert scheme of lines F; (X)) is singular, there is a special line, i.e., a
line L, C X such that A7,x = O(1) @ 0(-2) [KPS18, Corollary 2.1.6, proof of
Proposition 2.2.8]. Then L admits a structure of a non-reduced conic (see [KPS18,
Remark 2.1.2]).

So, assume that F;(X) is smooth. Let us show that for any connected com-
ponent of F;(X) there are pairs of distinct lines parameterized by it which inter-
sect (hence form a singular conic). Indeed, the natural morphism p: € (X) - X
from the corresponding component of the universal line cannot be a closed embed-
ding, because %) (X) is a smooth ruled surface, while any smooth divisor in X has
nonnegative Kodaira dimension. Therefore, either there is a pair of meeting lines
parameterized by the component of F;(X), or there is a special line in X. As we
assumed F;(X) to be smooth, the latter case is impossible, hence the former case
takes place.

Now let us show that F3(X') admits nice degenerations. Let C' be a general
conic on X. Then C is irreducible by [KPS18, Lemma 2.3.3]. Let L be a line on
X intersecting C' (it exists because lines on X sweep a surface, which is ample,
because p(X) = 1). The union C'U L is a degenerate cubic curve. It is not contained
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in a plane (because X is an intersection of quadrics and contains no planes) hence
its arithmetic genus is 0, and so it corresponds to a point of F3(X).

It remains to prove that F;(X) is connected. If X = X6 connectedness of
F1(X) is proved in [I1i03, Corollary 5.1.b] and for X = X g we argue as follows.

First, F2(X) = Jac(X), see Corollary 9.10. The intermediate Jacobian Jac(X)
is an abelian surface, which is general when X is general (in fact, [IP99, Theo-
rem 4.3.7 (ii) and Remark 4.3.9] show that for each curve I" of genus 2 there is X
with Jac(X) 2 Pic®(T")), in particular, its Néron-Severi group has rank 1, hence
any effective divisor on F,(X) is ample, hence connected.

We apply this to the divisor A C F,(X) that parameterizes singular conics (it
is nonempty, because F,(X') admits nice degenerations). Let A — A be the double
covering that parameterizes pairs (L, C') of aline and a conic on X such that L C C..
Since A is connected, A has at most two connected components.

On the other hand, consider the natural morphism

A —F(X)xF((X), (L,C)—(L,C\L).

If F; (X) has at least two connected components F; (X) and F{/(X) then A should
have at least four connected components—the preimages of

Fi(X) xFj(X), F/(X)xF/(X), F(X)xF{(X), and F](X)xF|(X).

Indeed, the preimage of the first two of the above products is nonempty because
by the argument above for each component of F; (X) either there is a pair of meet-
ing lines parameterized by this component or a special line also parameterized
by this component. Similarly, the preimage of the last two of the above products
is nonempty because any line from one component of F;(X) intersects the other
since p(X) = 1. This contradiction finishes the proof for general X. Finally, for
arbitrary X we conclude by the argument of [DK20, Lemma 2.13]. O

Now we are ready to deduce Theorem 1.1 (a)—(c) from Theorem 7.2. For the
reader’s convenience we collect the parameters dr, dc, and 2¢(I';) — 2 in a table.

dr de 2g9(I'y) -2

Vo | 1 2 2
Xig] 2 3 2
Xig| 3 2 4

This should facilitate verification of the numerical condition (N) of Theorem 7.2.

COROLLARY 7.8. Let X = V4 be a quartic del Pezzo threefold. Then X is
k-rational if and only if X (k) # @ and X contains a line defined over k, i.e.,
Fi(X)(K) # .

Proof. For the “if” direction see Theorem 3.5. For the “only if” direction we
apply Theorem 7.2, so we must verify all its conditions.
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By Theorem 9.18 there is a P3-fibration F(X}) — I'; to a curve of genus
g(I'x) = 2. The induced Abel-Jacobi map is an isomorphism by Corollary 9.22,
so condition (C) holds with dc = 2. Furthermore, by Corollary 9.17 condition (T)
holds for dr = 1. In particular, both schemes F;(X}) and F»(X}) are connected.
Moreover, F»(X}) admits nice degenerations by Lemma 7.7, hence condition (H)
holds. Finally, condition (N) is evident. Applying Theorem 7.2 we conclude that
F1(X)(k) # @, hence X contains a line defined over k. Finally, we have X (k) # &
by Lemma 2.2. U

COROLLARY 7.9. Let X = X ¢ be a prime Fano threefold of genus 9. Then X
is k-rational if and only if F3(X ) (k) # @.

Proof. For the “if” direction see Proposition 6.9. For the “only if” direction
we apply Theorem 7.2, so we must verify all its conditions.

By Theorem 9.2 there is a P!-fibration F2(X}) — T'; to a curve of genus
g(I'z) = 3 and by Corollary 9.3 the induced Abel-Jacobi map is an isomorphism,
so condition (C) holds with dc = 2. Furthermore, by Corollary 9.8 condition (T)
holds for dr = 3. In particular, both schemes F»(X}) and F3(X}) are connected.
Furthermore, F; (X}) is connected and F»(X}) and F3(X) admit nice degenera-
tions by Lemma 7.7, hence condition (H) holds. Finally, condition (N) is evident.
Applying Theorem 7.2 we conclude that F3(X ) (k) # @. O

COROLLARY 7.10. Let X = X3 be a prime Fano threefold of genus 10. Then
X is k-rational if and only if X (k) # @ and X contains a conic defined over k,
i.e, Fp(X)(k) # @.

Proof. For the “if” direction see Proposition 6.10. For the “only if” direction
we apply Theorem 7.2, so we must verify all its conditions.

By Theorem 9.11 there is a P?-fibration F3(X}) — I to a curve of genus
g(I'z) = 2 and by Corollary 9.15 the induced Abel-Jacobi map is an isomorphism,
so condition (C) holds with dc = 3. Furthermore, by Corollary 9.10 condition (T)
holds for dr = 2. In particular, both schemes F(X}) and F3(X}) are connected.
Furthermore, F; (X}) is connected and F»(X}) and F3(X) admit nice degenera-
tions by Lemma 7.7, hence condition (H) holds. Finally, condition (N) is evident.
Applying Theorem 7.2 we conclude that F,(X)(k) # &, i.e., X contains a conic
defined over k. Finally, we have X (k) # @ by Lemma 2.2. O

8. Semiorthogonal decompositions and Abel-Jacobi maps. To prove the
structural results for the Hilbert schemes Fy(X) of Fano threefolds X used in
Corollaries 7.8, 7.9 and 7.10 we will use the technique of derived categories. In
this section we prove several useful results that allow us to deduce the required
properties of Abel-Jacobi maps from semiorthogonal decompositions. In this sec-
tion we work over an algebraically closed field k (of zero characteristic).
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8.1. Null-algebraic correspondences. We will need some results about
Chow groups.

Definition 8.1. Let X and X, be smooth projective varieties over k. A cycle
a € CH@(XI x X») is a null-algebraic correspondence if for all ¢ it induces zero
maps

CHijp 0(X1) i>CH;g@dimX' (X;) and CHfﬂng(X2)%CHQ@%dimXZ(Xl)

on algebraically trivial cycles with rational coefficients.
We denote by
(8.1.1) CHpy (X1 x X2) C CHp (X1 x X>)

the graded subgroup of null-algebraic correspondences. The following property is
evident.

LEMMA 8.2. Let X;, X be smooth projective varieties.
(1) Let app € CH?Q(Xl x X3) and aps € CH@(XZ x X3). If either we have
o € CHr.mll,Q(Xl X Xz) or a3 € CHI.lull,Q(XZ X X3) then

where p;j: X1 x Xy X X3 = X; x X are the projections.
(ii) Let o € CHyy (X1 X X2), @ € CHyy o(X| % X3); then for any mor-
phisms f;: X! — X;

(fix fo)'a€CHyyo(X] x X3) and (fix fo).a' € CHyy (X1 x X2).

(iii) The map CHg(X,) ® CHy(X2) — CHYy(Xy x Xz) factors through
CHRu,o(X1 X X2).

In other words, the subgroups CHy, o C CHg) form an ideal with respect to
the convolution product which is closed under pullbacks and pushforwards with
respect to morphisms of factors and contains all decomposable classes.

Proof. Convolution product of cycles corresponds to composition of maps in-
duced by correspondences. If one of the maps is zero on algebraically trivial cycles
then so is the composition. This proves (i). Furthermore, pullback and pushfor-
ward of correspondences with respect to morphisms of factors can be rewritten as
their convolutions with the graphs of the morphisms, so (i) implies (ii). Finally, the
tensor product map can be rewritten as the convolution of correspondences to and
from Spec(k), so (i) also implies (iii). O

We will also need the following simple observation.

LEMMA 8.3. Let I' be a smooth projective curve and let X be a smooth pro-
Jective rationally connected threefold. Then
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(i) CHE,, o(T'x T) = CH (D x T) for p # 1;
(ii) CHY (T x X) = CH(I' x X) for p # 2
(iii) CHY (X x X) = CHE(X x X) forp #3.

Proof. Clearly, CHfﬂng(F) = 0 for i # 1. Furthermore, since X is rationally
connected, we have CHzlg’Q(X ) = 0 for i # 2. Now all equalities follow by degree
reasons. 0

8.2. From semiorthogonal decompositions to intermediate Jacobians.
Now let X be a smooth projective threefold. Assume there is a semiorthogonal
decomposition

(8.2.1) D°(X) = (@5 (D°()),E1,..., En),

where I' is a smooth projective curve, Fy,..., F, is an exceptional collection in the
category D?(X), and
®s: DP(T') — D°(X)

is a fully faithful Fourier-Mukai functor with kernel & € DP(X x I'). We consider
the Chern classes of & as elements of the Chow ring CH®*(X x I'), and the Chern
character as an element of CH)(X x I'). Note that the second Chern class ¢2(&)
gives maps CHfﬂg(X) — CH;;; (T") and CHglg(F) — CHgfg'l (X).

PROPOSITION 8.4. Let X be a smooth projective rationally connected three-
fold. If there is a semiorthogonal decomposition (8.2.1) then the maps

c2(6)

CHyy (T)

(8.2.2) CH?2

alg (X)

Cg(g)

induce an isomorphism Jac(X) = Pic%(T) of principally polarized abelian vari-
eties.

Remark 8.5. Note that the same result for Chow groups with rational coeffi-
cients (and as a consequence an isogeny between the intermediate Jacobian of X
and the Jacobian of I') can be deduced from the theory of noncommutative motives
[BT16, Theorem 1.4]. However, it is crucial for our applications to have a result on
integral level.

Proof. As we already mentioned, the class c;(&) € CH?(X x T') defines maps

between CH;lg(F) and CHglg

abelian varieties Jac(X ) and Pic®(T") these maps induce morphisms

(X)) in both directions. By the universal property of

Cz(g)

Jac(X) Pic’(I").

(&)
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We will check that the compositions of these two are the minus identity maps, i.e.,
that the maps

(&) ocy (&) +1id: CHglg(X) — CHglg(X) and CH;Ig(r) — CHjﬂg(r)

factor through torsion, i.e., that the induced maps on Chow groups with rational
coefficients

(&) oo (&) +id: CHy, o(X) — CHp, o(X) and CHyy, (') — CHy, ()

are zero.
To prove this, note that full faithfulness of ® implies that (Pig, XOFR=XOP Ap?

where <I>(’§ = D ov (g 1s the right adjoint functor of ® . Computing the compo-
sition of Fourier—Mukai functors in the left side of this isomorphism, we obtain an
isomorphism

p13*(pf2((§v(KF)[1]) ®p§3(éa)) = ﬁAr
in D*(I" x I), where the maps p;; are the projections

I’'x X xT
P12 l D23
P13

I'x X I'xTI X xT

and all functors (here and further on) are derived. This implies equality of Chern
characters of both sides. Using Grothendieck—Riemann—Roch to compute the left
side, we obtain

—ch(&) o (Astdx) och(€Y (Kr)) = ch(Oa,),

where the left-hand-side is the convolution of correspondences. Using Lemma 8.3
and Lemma 8.2 (iii), we see that modulo null-algebraic correspondences we have

ch(&) =chy(&) = —c2(&), ch(&Y(Kr)) =ch(EY(Kr)) = —ca(&),
Atdx = (Astdx )3 =[Ax],  ch(A.0r) =ch(A.0r) = [Ar].

Using Lemma 8.2 (i) we deduce the equality
—Cz((ga) o Cz(éa) = [AF]

modulo CHy ; o(I" x T'), which implies that ¢3(&") oc2(&) +id acts trivially on the
Chow group CH;lng ().

Similarly, the fact that the orthogonal of the image of ®¢ is generated by an
exceptional collection implies that there is a morphism of functors

Peod, — Dp,
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whose cone is the projection functor onto the subcategory of D°(X) generated by
the exceptional collection. Passing to Chern characters of the kernels, we deduce

ch(Oay)+ch(&) o (Autdr)och(6Y(Kr)) + Y ch(E; K E]) =0,

where E are appropriate exceptional objects on X . Being computed modulo null-
algebraic correspondences as above, this equality gives

[Ax] +Cz((§’)002(é‘7) =0,

which implies that ¢, (&) o ¢y (&) +1d acts trivially on CH;lg’Q(X ).
The above arguments also show that the compositions of the maps

H3(X,Q0/Z(2)) H}(T,Qq/Z(1))

1)

are equal to —1 for any prime ¢. On the other hand, the morphisms c;(&’) above
are adjoint with respect to intersection product, i.e.,

(&) () - f = a-ca(&)(B)

for any a € H3(X,Qy/Z¢(2)) and 3 € H}(T',Q¢/Z¢). Combining this with the
previous observation, we conclude that

(&) (ar) - c2(&)(2) = a1 - c2(&)(c2(E) () = —ar -z,

hence these maps are compatible up to sign with intersection products, and there-
fore the isomorphism Jac(X) 2 Pic’(I") is compatible with the natural principal
polarizations. g

8.3. Abel-Jacobi maps. Consider again a semiorthogonal decomposi-
tion (8.2.1). In this section we abbreviate the functor ® ¢ to just . By base change
(see [Kuzll]) for any quasiprojective scheme S it induces a semiorthogonal
decomposition

(8.3.1) DP(X x §) = (®g(D*(I'x 9)), By ®DP(S),..., E,®D"(S)),
where ®g is the Fourier-Mukai functor with kernel
ER Oy €DP((X x 8) x (T'x S)).

This allows us to apply the functor ®g and its adjoints to S-families of objects in X.
Below we do this for ideals of curves, but the same procedure can be analogously
applied to other families of objects.

Let 4,4(X) C X x Fq(X) denote the universal curve. Let ®*, &%, ®', ® be
the left and right adjoint functors of ® and ®g respectively.
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LEMMA 8.6. Let X be a smooth projective variety with a semiorthogonal de-
composition (8.2.1). Fix some d € Z~q. Assume that there are integers r,e,s € 7,
with r > 0 and ged(r,e) = 1 such that for any curve C C X from the Hilbert scheme
Fq(X) there is an isomorphism

e (lo) = Fls],

for some stable sheaf F' of rank r and degree e on 1.
Then there is a morphism f: Fy(X) — Mp(r,e) to the fine moduli space of
stable sheaves of rank r and degree e on I such that there is a unique isomorphism

inDP(T"' x Fy(X)), where . is the universal sheaf on T' x Mr(r,e) and & is a line
bundle on F4(X). The same result holds for the left adjoint functor ®* replaced by
the right adjoint ®'.

Proof. The proof is analogous to the proof of [Kuz19, Theorem 4.5], so we
skip it here. O

If the assumptions of Lemma 8.6 hold true, we will say that the morphism f
is induced by the functor ®% (functor <I>!g, respectively). The next result can be
used to prove that the Abel-Jacobi map associated with a universal curve is an
isomorphism. Recall the map o4 defined in (7.1.1).

PROPOSITION 8.7. Let X be a smooth projective rationally connected three-
fold with a semiorthogonal decomposition (8.2.1). Assume that either of the func-
tors ®% or <I>!éa induces a morphism

fi Fd(X) — MF(T,G).
Then there is a commutative up to sign and torsion diagram

[€a(X)]

CHglg (X) CHalllg (Fd (X))
cz(esf’)l Tf*

(#)
CHL () —— CH},(Mr(r,e))

where .F is the universal sheaf on T' x Mr(r,e) and c(.F) € CHY(T' x Mr(r,e))
is considered as a correspondence. In other words, the morphism

froei(F)oca(8)£[€a(X)]: CHy(X) — CHy,(Fa(X))

factors through torsion for an appropriate choice of sign.
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In particular, if the maps ¢\ () and f* in the diagram are isomorphisms then

the map
ag: Alb(Fy(X)) — Jac(X)
defined in Section 7.1 is an isomorphism.

Proof. We discuss the case of the morphism f induced by the functor ®%; the
other case being analogous. Since we aim at proving commutativity up to sign and
torsion, it is enough to check commutativity up to sign with rational coefficients.

Since the morphism f is induced by the functor ®%, we have an isomor-
phism (8.3.2) for some line bundle . on F;(X) and some integer s. It follows
that there is a morphism

I, (x) — Pp,x) ((idr x ) (F) @py2)[s]

whose cone is contained in the subcategory (E; XD (Fy(X)),..., E,XDP(F;(X))).
The Chern characters of decomposable objects are in CHp (X x Fa(X)) by
Lemma 8.2 (iii), hence we obtain an equality modulo CH};; o (X x F4(X)):

(8.3.3) ch(Iy,(x)) = (=1)°ch(Pp,x) ((idr x f)*(F) @p5.2)).
By Grothendieck—Riemann—Roch the right-hand side can be written as convolution
ch(&) o (Astdr) och((idr x f)*(F) @ p5.%).
Modulo null-algebraic correspondences this is equal to
—co(&) o[Ar]o (idr x f)*ch(F).

So, taking the component of (8.3.3) in degree 2 modulo CHﬁulLQ(X x Fg(X)) we
obtain
—[ng(X)] = ChZ(Lﬁd(X)) = —(—1)802(053) o (idr X f)*Chl (ﬁ)
= —(—1)802((50 o (idp X f)*Cl(ﬁ)

It follows that the morphism
froci(F)oea(é) = (—1)°[€a(X)]: CHiy o(X) — CHy, o(X)

is zero, which implies the first claim of the proposition.
By the universal property of the intermediate Jacobian and the Picard scheme,
we conclude that the composition of maps
& F *
Jac(X) 2% picd(1) 27 Picd (M (r, €)) L Pic®(Fy( X))
coincides up to sign with the map induced by [¢;( X )]. Moreover, the first map is an

isomorphism by Proposition 8.4. So if the second and the third maps are isomor-
phisms, then so is the composition. Therefore, the map Alb(F4(X)) — Jac(X),



RATIONALITY OF FANO THREEFOLDS OVER NON-CLOSED FIELDS 397

transposed to the composition and again induced by [6;(X)], is also an isomor-
phism. O

We extract the following two corollaries.

COROLLARY 8.8. In the situation of Proposition 8.7 assume that r = 1, and
that the induced map f: Fq(X) — Mr(r,e) = Pic®(T") = Pic%(T") is an isomor-
phism. Then the Abel-Jacobi map AJ: F4(X) — Jac(X) is an isomorphism.

Proof. The map f is an isomorphism by assumption and the map

CHy, (') — CHyy, (Pic”(I))
given by the Poincaré line bundle .# on I' x PicO(F) is an isomorphism, hence
Proposition 8.7 implies that cg: Alb(F4(X)) — Jac(X) is an isomorphism. Since
F4(X) is isomorphic (via f) to an abelian variety, the Albanese map alb: F;(X) —
Alb(F4(X)) is an isomorphism, hence the composition AJ = a0 alb is an isomor-
phism as well. U

COROLLARY 8.9. In the situation of Proposition 8.7 assume thatr =0, e = 1,
so that Mp(r,e) = T, and that the induced map f: Fy(X) — T' has rationally
connected fibers. Then the induced map

Pic’(I") 22 Alb(Fy(X)) =% Jac(X)
is an isomorphism of principally polarized abelian varieties.
Proof. Since f has rationally connected fibers, the induced map

f* : CH:}dg(F) — CHelllg (Fd(X))

is an isomorphism. Furthermore, the universal sheaf .%# on I' x I is the structure
sheaf of the diagonal, hence the map given by c;(.#) = [Ar] is also an isomor-
phism. Using Proposition 8.7 we conclude that the map « is an isomorphism. It is
compatible with the principal polarizations by Proposition 8.4. 0

9. Semiorthogonal decompositions for Fano threefolds. Throughout
this section we work over an algebraically closed field k of characteristic zero.
Semiorthogonal decompositions for Fano threefolds X of types Vi, X6, and X g
were constructed in [Kuz06]. They take the form

D°(X) = ((D"(I"),0,E)

where I is a curve of genus 2, 3, and 2, respectively, E is an exceptional vector
bundle, and

®: D°(T') — D°(X)
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is the embedding functor (we will provide below the details in each case). We
will show that its adjoint functors ®* and ®' induce morphisms from appropriate
Hilbert schemes of X to the curve I' or its Jacobian and then apply Corollaries 8.8
and 8.9 to deduce the results about Abel-Jacobi maps that were required in Sec-
tion 7 for the proofs of Lemma 7.7 and Corollaries 7.8, 7.9 and 7.10.

We start with the following general result.

LEMMA 9.1. Assume that X C P" is an intersection of quadrics and contains
no planes. Then for any d < 3 and any curve C' corresponding to a point of Fg(X)
we have H*(C,0¢) = k and the ideal I¢ is contained in the orthogonal 0.

Proof. The Hilbert polynomial of C' is equal to dt+ 1, so to prove the equality
H*(C,0¢) = k it is enough to show that the first cohomology vanishes. For lines
and conics this is easy (see, e.g., [KPS18, Lemma 2.1.1]) and for cubic curves this
follows from classification of Lemma 2.9. Now the short exact sequence

0—Ic—0— OCc—0
implies that I € 0. O

Note that the result of Lemma 9.1 is no longer true for d > 3. For example, the
union of an elliptic quartic curve on X with a point is an element in F4(.X), whose
ideal is not contained in &',

9.1. Fano threefold of genus 9. Let X be a smooth prime Fano threefold of
genus 9 over an algebraically closed field of characteristic 0. Mukai proved that X
admits a natural embedding into LGr(3, V), the Lagrangian Grassmannian of a 6-
dimensional symplectic vector space V. We denote by % C Vg ® O the restriction
to X of the rank 3 tautological subbundle on LGr(3, ;). By [Kuz06, §6.3] we have
a semiorthogonal decomposition

9.1.1) D°(X) = (®(D"()),0,%"),

where I' is a curve of genus 3. We will remind a description of the embedding
functor

®: D(I') — D°(X)
below (see (9.1.4)). Meanwhile, recall that & and % are exceptional bundles and
that

9.1.2) H*(X,%)=0, H*(X,0)=k, H"X,%")=Vs.

The following result is well known.

THEOREM 9.2 ([BF13, Proposition 3.10], cf. [11i03, Theorem 4.6]). The left
adjoint functor
®*: D°(X) — D°(I)
induces a morphism Fy(X) — T which is a P'-bundle.
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Applying Corollary 8.9, we deduce
COROLLARY 9.3. The Abel-Jacobi map
AJ: Pic’(T) =2 Alb(F (X)) — Jac(X)
is an isomorphism of principally polarized abelian varieties.

Below we prove an analogue of this result for rational cubic curves on X.

THEOREM 9.4. The left adjoint functor ®*: D*(X) — DP(T") induces a non-
canonical isomorphism

F3(X) = Pic"(I).

The proof will take the rest of the subsection. We will show that the ideals of
twisted cubic curves in X belong to the component D*(T") of (9.1.1) and corre-
spond to line bundles on I'.

Note that the restriction to X of the tautological exact sequence on LGr(3, V;)

(9.1.3) 0—U% —Ve@ 0 —U" —0
shows that % € (0, % ") and %" € (% ,0).
LEMMA 9.5. If C C X is a rational cubic curve then
Ic €0, U = (u,0)" .

Proof. Let us check that H*(C, % |¢) = 0 for all i. Indeed, C'is a curve, hence
the cohomology vanishes for i ¢ {0,1}. Furthermore, the rank of % is 3 and the
first Chern class is —1, hence up to codimension 2 classes in the Grothendieck
group Ko (X)) the bundle % is equivalent to & @ & @ €/(—1). Therefore,

X(%lc) =x(Oc)®x(0c) ®x(0(=1)|c) = 2hc(0) +ho(=1) =0,

where ho(t) = 3t + 1 is the Hilbert polynomial of C. So, it only remains to prove
H(C,%|c) =0.

Assume, to the contrary, that % |- has a global section. The short exact se-
quence

0 —Ylc—Ve®Oc — U"|c —0

then shows that there is a vector v € Vg such that the zero locus of the corresponding
global section of %" vanishes on C. But [BF13, Lemma 3.6] shows that this is
impossible.

This proves that O is in the orthogonal to %7 V. By (9.1.2) the same is true for
the ideal . Finally, orthogonality of I to & is proved in Lemma 9.1. U
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COROLLARY 9.6. If C' C X is a rational cubic curve then the restriction mor-
phism
HY(X,%") — H(C,%"|0)
is an isomorphism and H>°(C, %" |c) = 0.

Proof. Tensoring the standard exact sequence
0—Ic—0—0c—0
with 2V, taking into account that
HY(X, %" ®Ic) 2 Ext"(%,Ic) =0,
by Lemma 9.5, and using (9.1.2), we deduce the claim. O

For the description of the functor ®: D®(T") — D®(X) from (9.1.1) we refer
to [Kuz06, §6.3] and [BF13, §3.2.1] which show that ® is the Fourier—Mukai func-
tor with kernel a vector bundle & of rank 2 on X x I' such that there is an exact
sequence

9.1.4) 0—&— ORI — U RFH — &H+ Kr) — 0,
where .%, and .%¢ are vector bundles of ranks 2 and 6 on I".

PROPOSITION 9.7. If C C X is a rational cubic curve then ®' (I¢)[—1] is a
line bundle on T'.

Proof. The shifted right adjoint functor ®'(—)[—1] is the Fourier-Mukai func-
tor with kernel &Y ® wr. For y € T let & be the rank 2 vector bundle on X corre-
sponding to the point y. Note that

9.1.5) E=(0,) (0, %)

and ¢ (&) = —H. Restricting (9.1.4) to the fiber over the point y and taking into
account isomorphism gyv = &,(H) we obtain an exact sequence

(9.1.6) 0— & — 0 ' ou’ — & —0.
Using (9.1.2) and (9.1.5) we obtain

0 vy _
9.1.7) H~> (X,é’y)—O.

Furthermore, it follows from (9.1.6) and (9.1.3) that é"yv is globally generated,
hence

(9.1.8) H>%(C,&)|c) =0.
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Let us also show that the restriction homomorphism H°(X,&,") — H°(C,&)|¢)
is surjective. Indeed, we have a commutative diagram

X2 ew')—HC (% eou")c)

| |

H°(X,6,) HY(C,6) o),

where the horizontal arrows are induced by restriction and the vertical arrows are
induced by the morphism from (9.1.6). The top horizontal arrow is an isomorphism
by Corollary 9.6. Furthermore, the restriction of (9.1.6) to C and the vanishing of
H>%(C,0¢) (Lemma 9.1) imply that the right vertical arrow is surjective. There-
fore, the bottom horizontal arrow is surjective as well.

Combining this surjectivity with (9.1.7) and (9.1.8) we deduce that

H>(X,6)®1c) =0.

On the other hand, computing the Euler characteristic X(éayv) = 6 (this follows
from (9.1.6), (9.1.5), and (9.1.2)) and X(é?yv |c) =5 (this follows from rank(&),) =2
and ¢ (&) = —H), we obtain

dim H°(X, & @lo)=x(6/®@Ic)=1.

These two facts imply (see [Kuz19, Lemma 4.4] for an argument) that the Fourier—
Mukai functor with kernel & takes I to a line bundle, hence the same is true for
the functor ®'(—)[—1]. O

Now we can complete the proof of the theorem.

Proof of Theorem 9.4. By Proposition 9.7 and Lemma 8.6 the functor ®' in-
duces a morphism
F3(X) — Pic(T).
Arguing as in [KPS18, Proposition B.5.5] we check that it is étale, proper, and has
right inverse (given by the functor ®(—)[1]). By Grothendieck—Riemann—Roch, it

is an isomorphism onto a connected component of Pic(T"). In particular, we have
an isomorphism F3(X) 22 Pic’(T). O

The particular component of Pic(I") onto which F3(X) is mapped by ®' de-
pends on the choice of the bundle &, which is defined by (9.1.6) only up to twist
by a line bundle on I'.

Applying Corollary 8.8 we deduce

COROLLARY 9.8. The Abel-Jacobi map AJ: F3(X) = Alb(F3(X)) — Jac(X)
is an isomorphism.
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9.2. Fano threefold of genus 10. Let X be a smooth prime Fano threefold
of genus 10 over an algebraically closed field of characteristic 0. Mukai proved
that X admits a natural embedding into G,Gr(2, V7), the Grassmannian of the sim-
ple algebraic group of type G, that parameterizes 2-dimensional subspaces in a
7-dimensional vector space V5 annihilated by a Gs-invariant 3-form A € A3 7A0
We denote by % C V7 ® O the restriction to X of the rank 2 tautological subbun-
dle on the Grassmannian Gr(2, V7). By [Kuz06, §6.4] we have a semiorthogonal
decomposition

92.1) D°(X) = (®(D"(I)),0,%"),

where I' is a curve of genus 2. We will remind a description of the embedding
functor

®: D°(I'") — D°(X)

below (see (9.2.4)). Meanwhile, recall that & and % are exceptional bundles and
that

(9.2.2) H*(X,%)=0, H*(X,0)=k, H'(X,%")=Vy.
Note also that 27V = % (1). Recall the following result.
THEOREM 9.9 ([KPS18, Proposition B.5.5]). The left adjoint functor
$*: D’(X) — D°()
induces a noncanonical isomorphism
F(X) = Pic’(I).
Applying Corollary 8.8, we deduce:

COROLLARY 9.10. The Abel-Jacobi map AJ: F,(X )= Alb(F, (X)) — Jac(X)
is an isomorphism.

Below we prove an analogue of this result for rational cubics on X.

THEOREM 9.11. The Hilbert scheme F3(X) of rational cubic curves on X is
a P2-bundle over T.

The proof will take the rest of the subsection. We will show that appropriate
extensions of ideals of rational cubic curves in X belong to the component D°(T")
of (9.2.1) and correspond to structure sheaves of points in I'.

LEMMA 9.12. If C' C X is a rational cubic curve then

Ext!(Ic, %) = k.
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Let Fo be the corresponding nontrivial extension, so that we have an exact se-
quence

(9.2.3) 0O—U —Fc— 0 — Oc— 0.

Then F¢ is a stable vector bundle of rank 3 on X with ¢|(F¢) = —H. Moreover,
Feo € <ﬁ , 52/\/>J‘.

Proof. The argument of [KPS18, Lemma B.3.3] shows that H%(C,%|¢) = 0.
Since C' is a curve, the only non-vanishing cohomology of % |¢ is H'(C,% |c).
Furthermore, the rank of % is 2 and the first Chern class is —1, hence up to codi-
mension 2 classes in Ko(X) the bundle 7 is equivalent to & & &'(—1). Therefore,

x(#|c) =x(0c)®x(0(=1)|c) = hc(0) +ha(—1) = -1
where hc(t) = 3t + 1 is the Hilbert polynomial of C'. It follows that

Ext'(Io, %) = Ext* (%" ,1c)" 2 H* (X, % @ Ic)" = H (X, % @ 0¢)"
=~ H'(C,%|c)" =k

(in the first isomorphism we used Serre duality, and in the third we used (9.2.2)).

This also proves that Ext!(Ic,% ) = 0 for i # 1. Therefore, if F¢ is defined
as the corresponding extension, then Ext*(Fo,% ) = 0, hence by Serre duality
Ext*(%",F¢) =0, hence Fo € %V~ Furthermore, as % € 0 by (9.2.2) and
Ic € 0+ by Lemma 9.1, we deduce F € 0.

The rank and first Chern class computations for Fo are straightforward, and
local freeness can be proved by the same argument that proves local freeness
of Serre’s construction. So, it remains to prove stability of Fo. For this we use
Hoppe’s criterion. According to it it is enough to check the vanishing of H°( X, F()
and of HY(F)(—1)) = H3(X, F¢)V. But both vanishings follow from the contain-
ment F € 0 proved above. O

PROPOSITION 9.13. If C' C X is a rational cubic curve then ®'(F¢) = 0y,
where y € I.

Proof. Since ® is fully faithful, it is enough to show that Fio = ®(J,). Recall
from [Kuz06, §6.4] and [KPS18, §B.5] that ® is the Fourier—Mukai functor whose
kernel is a rank 3 vector bundle & on X x I' such that for each point y € I" the
corresponding bundle &, on X fits into an exact sequence (see [KPS18, (B.5.2)])

(9.2.4) 0—6&— 0% =W oU o' — (1) — 0.

Applying the functor Ext*(—, F7) and taking into account that Fx € (€, % V)" by
Lemma 9.12, we conclude that Exti(é’y, F¢) =0 for i > 2. Using Riemann-Roch
it is easy to check that

X (gyv Fe) =0,
hence either Ext* (&), Fo) = 0 or Hom(&),, Fo) # 0.
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If the first holds for all y € T then Ext®(&,,,®'(F¢)) = 0 for all y € I, hence
®'(F¢) = 0, hence F = 0, which is absurd. Therefore, there is y € I" and a non-
trivial morphism &, — F¢. Since both &, and F are stable of the same slope, this
is an isomorphism. It remains to recall that &, = ®(0))). O

This proposition already proves that the functor ®' induces a morphism
F3(X) — T. It remains to identify it with a P>-bundle.

LEMMA 9.14. The object ®*(% ) is a vector bundle of rank 3 on .

Proof. Recall that the functor ®* is given by the kernel &V (K x)[3] on X x T,
To check that it takes % to a rank 3 bundle, it is enough (see [Kuz19, Lemma 4.4]
for an argument) to show that

H* (X, % 9.6 (—1)) = kP[]
for each y € I'. For this we dualize (9.2.4) and tensor it by % :
0= %RE/ (1) —= (UQU)P — U — U8 — 0.

Note that % is acyclic by (9.2.2). Using Serre duality and exceptionality of % we
obtain

H (X, % QU) 2 Ext™ (%", %) 2 Ex* (%, %)" =k[-3].
Finally, using Serre duality and the fact that &, € ®(D°(I")) C % V<, we obtain
H*(X, % ®£yv) = Ext*(&y, % ) = Ext3_'(%v,3y)v =0.
Combining all the above together, we deduce the lemma. O
Now we can complete the proof of the theorem.

Proof of Theorem 9.11. We associate with a rational cubic curve C on X the
pair (y, ¢), where y € I is the point such that ®'(F¢) & 0, and

¢ € Hom(% ,Fc) = Hom(% ,®(0,)) = Hom(®* (% ), Oy)

is the first map in (9.2.3), which is nonzero and determined by C up to rescaling.
This defines a morphism

F3(X) — Pr(3*(%)").

The target is a P2-bundle over T, so it remains to check that the morphism is an
isomorphism. For this we will construct its inverse.
Let (y, ) be a pair as above. Then ¢ gives a nonzero morphism

U —(0,)=6,
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Both % and &), are stable vector bundles (see [KPS18, Theorem B.1.1 and Re-
mark B.5.3]) of ranks 2 and 3 and ¢; (%) = ¢1(&,) = —H, hence the morphism is
injective. The kernel of the dual map gyv — 9V is a reflexive sheaf of rank 1 with
¢ = 0, hence isomorphic to &. Thus, we have an exact sequence

0—>ﬁ’—>é"yv—>%v—>T—>O

for some coherent sheaf T'. The rank and the first Chern class of 1" vanish, hence
the support of 7" is 1-dimensional. Therefore, after dualization we obtain an exact
sequence

0—«% — & — 0 —T —0.

Now 7" is the structure sheaf of a subscheme of X, and Riemann—Roch shows that
its Hilbert polynomial is 3¢+ 1. Thus, 7" & & for a rational cubic curve. This
defines a map
Pr(®*(%)") — F3(X).
It is easy to see that the two maps constructed above are mutually inverse. O
Applying Corollary 8.9 we deduce:

COROLLARY 9.15. The Abel-Jacobi map
AJ: Pic®(I") 22 Alb(F3(X)) — Jac(X)
is an isomorphism of principally polarized abelian varieties.

9.3. Del Pezzo threefold of degree 4. Let X be a smooth del Pezzo
threefold of degree 4 over an algebraically closed field of characteristic 0, i.e.,
a complete intersection of two quadrics in P(Vg) = P°. By [Kuz06] we have a
semiorthogonal decomposition

(9.3.1) D°(X) = (®(D"(I)),0,6(1)),

where I' is a curve of genus 2. We will remind a description of the embedding
functor

®: D(I') — D°(X)
below (see (9.3.4)). Meanwhile, recall that & and ¢(1) are exceptional bundles
and that

9.3.2) H*(X,0(-1))=0, H*(X,0)=k, H*(X,0(1))=V.
Recall the following result.
THEOREM 9.16 ([Kuzl12, Lemma 5.5]). The left adjoint functor
®*: D°(X) — D°(I)

induces a noncanonical isomorphism Fy(X) = Pic®(T").
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Applying Corollary 8.8 we deduce:

COROLLARY 9.17. The Abel-Jacobi map AJ: F;(X) = Alb(F; (X)) —Jac(X)
is an isomorphism.

Below we prove an analogue of this result for conics on X.

THEOREM 9.18. The Hilbert scheme F(X) of conics on X is a P3-bundle
over I

We will show that appropriate extensions of ideals of conics in X belong to
the component D°(I") of (9.3.1) and correspond to structure sheaves of points in I'.
The proof is analogous to the proof of Theorem 9.11.

LEMMA 9.19. If C C X is a conic then
Ext' (Ig,0(—1)) = k.

Let F be the corresponding nontrivial extension, so that we have an exact se-
quence

(9.3.3) 0—0(-1)— Foc— 0 — Oc—0.
Then F¢ is a stable vector bundle of rank 2 with ¢\ (F¢) = —H. Moreover,
Foe(0,001)*.

Proof. Analogous to the proof of Lemma 9.12. g
PROPOSITION 9.20. If C C X is a conic then ®'(F) & 0, where y € T.
Proof. Analogous to the proof of Proposition 9.13 with exact sequence

(9.3.4) 0— & — 0% — 0(1)* — &,(1) — 0

used instead of (9.2.4). O

This proposition already proves that the functor ®' induces a morphism
F»(X) — T. It remains to identify it with a P3-bundle.

LEMMA 9.21. The object ®*(&(—1)) is a vector bundle of rank 4 on T.

Proof. Analogous to the proof of Lemma 9.14. U

A combination of the above results proves Theorem 9.18 along the lines of the
proof of Theorem 9.11.

Of course, the isomorphism F»(X) and a P*-bundle over I' can be established
geometrically (see, e.g., [KPS18, Proposition 2.3.8 (ii)]). However, the above ar-
gument gives a categorical flavor to this isomorphism, and also allows to apply
Corollary 8.9 and deduce the following:
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COROLLARY 9.22. The Abel-Jacobi map
AJ: Pic®(I') =2 AIb(F, (X)) — Jac(X)
is an isomorphism of principally polarized abelian varieties.

Appendix A. Tetragonal property. Recall that a curve C'is called tetrag-
onal if it has a positive dimensional linear system of degree 4. The geometric
Riemann—Roch theorem implies that a smooth canonical curve C' C P9~ is tetrag-
onal, if and only if it has a subscheme of length 4 contained in a plane. This moti-
vates the following:

Definition A.1. A projective variety X C P" is not tetragonal if it is an inter-
section of quadrics and there is no plane II C P"* such that X NII is a finite scheme
of length 4.

The following lemma is obvious.

LEMMA A.2. An intersection of quadrics X C P™ is not tetragonal if an only
if the same is true for any (not necessarily transverse) linear section of X.

On the other hand, recall the property N, of Green and Lazarsfeld [GL86].

Definition A.3. A projective variety X C P" satisfies the property N, if its
structure sheaf has a locally free resolution of the form

oo Opn (—=3)9™ — Opn (—2)9"™ — Opn — Ox — 0.
We have the following implication.

PROPOSITION A.4. If a projective variety satisfies the property No, it is not
tetragonal.

Proof. Assume X satisfies the property N,. The form of the resolution implies
that X is an intersection of quadrics. Assume there is a plane II C P™ such that
Z = X N1lis a finite scheme of length 4. Tensoring the resolution of &'x with 071
we obtain a complex

(A.0.1) cee—> ﬁn(—3)@m3 — ﬁn(_z)@mz — O,

whose cohomology in p-th term is Tor, (&1, Ox ), which is an Artinian sheaf sup-
ported on Z. Moreover, the cohomology at the right term is ¢z, hence the right-
most map in (A.0.1) is an epimorphism O (—2)*"2 — I 1.

On the other hand, the scheme Z is an intersection of conics in II, hence it is a
complete intersection of two conics. Therefore, the ideal of Z on II has a resolution

0 — On(—4) — O (—2)" — Izn — 0.
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The epimorphism &y (—2)%"2 — I ; 11 constructed above lifts canonically to a mor-
phism Oy (—2)®™ — ¢r(—2)2, which also has to be surjective (otherwise the
composition Op(—2)¥™ — O (—2)®? — I 11 factors through &;(—2) and thus
cannot be surjective). Therefore, the kernel of the rightmost arrow in (A.0.1) is
isomorphic to Oy (—2)9™272 @ O (—4), and hence we have an exact sequence

ﬁn(—3)@m3 — ﬁn(—Z)EBmziz &, ﬁn(—‘l-) — Torl(ﬁn, ﬁx) — 0.

But Hom(&11(—3), O11(—4)) = 0, hence O11(—4) is a summand of Tor; (011, Ox ),
which is absurd since the latter is an Artinian sheaf. This contradiction shows that
X is not tetragonal. O

LEMMA A.5. If X is one of the following homogeneous varieties
OGr, (5,10) P, Gr(2,6) c P, LGr(3,6) c P12,
G,Gr(2,7) c P, Gr(3,7) c P

and x € X is any point then the Hilbert scheme F(X,x) C P(T,X) of lines on X
through the point x satisfies the property N».

Proof. By [LM78] the Hilbert schemes of lines F; (X, x) for the above homo-
geneous varieties have an explicit description, namely

Gr(2,5)CcP’, P'xP’CP’, (P?)cP, u(P')cP’, P*xP’cP',

where v, and v3 stand for the Veronese embeddings of degree 2 and 3, respectively.
All of their structure sheaves have explicitly known locally free resolutions which
take the following forms:

0—>0(=5) —=0(-3) —= 0(-2)" —= 0 —= Og25) — 0,
0—> 0(—4)B —= 0(-3) —= 0(-2)% —= 0 —= Opips — 0,

0 — O(—4) — 0(-3)® — 6(-2)%®0 — 6 — ﬁvz(ﬂ”z) —0,

0 O(-3)%2 — 6(-2)%3 — 0 — Oyypty —= 0,
ﬁ(—3)@52 —— ﬁ(—2)@18 —_— ﬁ —— ﬁPZXPS I 0,
see [Wey03], in particular, the property N, holds for F; (X, ). O

COROLLARY A.6. For any prime Fano threefold X of genus g > 7 the length
of the Hilbert scheme F|(X,x) is at most 3.

Proof. By [Muk92] any prime Fano threefold X of genus g > 7 is a lin-
ear section (not necessarily transverse) of one of homogeneous varieties X of
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Lemma A.5. Therefore, for any = € X the scheme F;(X,x) is a linear section
(not necessarily transverse) of F;(X,z). The scheme F;(X,z) satisfies the prop-
erty N, by Lemma A.5, hence F; (X, z) is not tetragonal by Proposition A.4, and
hence F; (X, z) is not tetragonal by Lemma A.2.

On the other hand, by Lemma 5.6 the scheme Fy(X,z) C P(7T,X) = P? is an
intersection of quadrics, so either it contains a conic, or it contains a line, or it is
finite of length at most 4. The first two cases are impossible, because X contains
neither quadratic cones of dimension 2, nor planes by Theorem 2.8. In the last
case, the length cannot be equal to 4 because F (X, x) is not tetragonal. Therefore,
Fi(X,x) is a finite scheme of length at most 3. O
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