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Abstract

Using the technique of categorical absorption of singularities we prove that the
nontrivial components of the derived categories of del Pezzo threefolds of degree
d € {2,3,4,5} and crepant categorical resolutions of the nontrivial components of
the derived categories of nodal del Pezzo threefolds of degree d = 1 can be smoothly
deformed to the nontrivial components of the derived categories of prime Fano three-
folds of genus g = 2d + 2 € {4,6,8, 10, 12}. This corrects and proves the Fano
threefolds conjecture of the first author from (Kuznetsov in Tr. Mat. Inst. Steklova
264:116-128,2009), and opens a way to interesting geometric applications, including
a relation between the intermediate Jacobians and Hilbert schemes of curves of the
above threefolds. We also describe a compactification of the moduli stack of prime
Fano threefolds endowed with an appropriate exceptional bundle and its boundary
component that corresponds to degenerations associated with del Pezzo threefolds.

Contents

I Introduction . . ... ... .. ... ... 378
2 Thebridge . . . . . . . . . 389
3 Derived Categories . . . . . . v oo e e e e e e e e 398
4 Modulistacks . . . ... ... .. 404
5 Aboundary divisor . . . ... ... 410

B<1 A. Kuznetsov
akuznet@mi-ras.ru

E. Shinder
eugene.shinder @ gmail.com

Algebraic Geometry Section, Steklov Mathematical Institute of Russian Academy of Sciences
8 Gubkina str., Moscow 119991, Russia

Laboratory of Algebraic Geometry, National Research University Higher School of Economics,
Moscow, Russia

3 School of Mathematics and Statistics, University of Sheffield, Hounsfield Road, S3 7RH,
Sheffield, UK

4 Hausdorff Center for Mathematics at the University of Bonn, Endenicher Allee 60, 53115,
Bonn, Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00222-024-01304-x&domain=pdf
mailto:akuznet@mi-ras.ru
mailto:eugene.shinder@gmail.com

378 A. Kuznetsov, E. Shinder

Appendix: Nodal varieties . . . .. ... .. ... . ... ..., 418
References . . . . . . . . . . . . e 427

1 Introduction
1.1 Fano threefolds and their derived categories

The main characters of this paper are smooth or nodal Fano threefolds with Picard
number 1 and index 1 or 2, i.e.,

e 5 families of del Pezzo threefolds, i.e., threefolds Y with the Picard group Pic(Y)
generated by the half of the anticanonical class H := —%K vy, classified by the
degree

d(Y) == H’> = }(—Ky)’ €{1,2,3,4,5)

(see §2 for a more detailed description), and
e 10 families of prime Fano threefolds, i.e., threefolds X with the Picard group
Pic(X) generated by the anticanonical class — Ky, classified by the genus

2(X) == (—Kx)* +1€12,3,4,5,6,7,8,9,10, 12}

(see §4 for a more detailed description for g(X) € {4, 6,8, 10, 12}), so that

(—Kx)*=2g(X) —2.

Since any terminal Gorenstein Fano threefold is smoothable by [47], we can con-
sider singular varieties of this type as degenerations of smooth varieties. The main
advance of this paper is the discovery of a relation between derived categories asso-
ciated with some of these degenerations.

A systematic study of derived categories of smooth Fano threefolds was initiated
in [29], where it was shown that

o If X, is a prime Fano threefold with g(X,) =g € {4,6,7,8,9, 10, 12} (for genus
g = 4 the corresponding threefold should be general, see Proposition 4.2), there is
a semiorthogonal decomposition

D°(Xy) = (Ax,, Ox, . Uy ), )

where Uy p is the Mukai bundle, see Definition 1.2 below (if g = 4 and X4 is
general there are two different Mukai bundles, hence two different decompositions
of the form (1)).

o If X is a prime Fano threefold with g € {2, 3, 5} (or a special threefold with g = 4)
there is only a more coarse semiorthogonal decomposition

D(X,) = (Ax,, Ox,).

e If Y, is a del Pezzo threefold with d(Yy) =d, 1 <d <5, there is a semiorthogonal
decomposition

D°(Y,) = (By,, Oy,, Oy, (H)). 2)
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Derived categories of Fano threefolds and degenerations 379

The components Ay, and By, of these decompositions encode the most important
geometric properties of the corresponding varieties X, and Y. For instance, one can
detect rationality of the varieties X, or Yy from the properties of their components
Ax, and By,, see [31].

In some cases, the components Ay, have an explicit description:

Ax, ~DP(C7(X)),  Ax, ~DP(C3(X)),
AXIO = Db(CZ(X))s ‘AXIZ ~ Db(QU3),

where C,(X) is a (smooth proper) curve of genus g depending on X and Qus is the
quiver with 2 vertices and 3 arrows (which can be thought of as a noncommutative
curve), see [27, §§6.2—-6.4] for the first three equivalences and [29, Theorem 4.1]
(summarizing the results from [24, Theorem 3] and [25, Theorem 2]) for the fourth.
Similarly, for the categories By, we have

By, ~DP(C2(Y)), By, ~DP(Qus),

see [7, Theorem 2.9] or [27, §6.5], or [28, Corollary 5.7] for the first, and [48] or [27,
§6.1] for the second. In particular, we have equivalences

Ax,, = By, and Ax, = Bys ©)

for pairs (X190, Y4) such that Co(X) = C,(Y) and all pairs (X2, Ys5). In the other
cases no explicit description of the categories Ax, or By, is available, but still one
can prove yet another equivalence

Ax, >~ By, 4)
for many pairs (X3, Y3), see [26, Theorem 3.17] or [29, Theorem 4.7].
1.2 Fano threefolds conjecture

Motivated by the equivalences (3) and (4) and by some numerical coincidences, the
first author suggested in [29, Conjecture 3.7] so-called “Fano threefolds conjecture”,
saying that for any 1 < d <5 there is an equivalence

Ax 242 = B Ya

for “many” pairs (X2442, Y4). To explain what “many” means here, we need to define
appropriate moduli spaces. We introduce the necessary definitions in a slightly more
general form, allowing for singularities and dealing with the stack structure of the
moduli spaces; this will be useful later.

Definition 1.1 The moduli stacks MFx, and MFy, of nodal prime Fano threefolds
of genus g or nodal del Pezzo threefolds of degree d are the fibered categories over
(Sch /k) with fiber over a scheme S the groupoid of flat projective morphisms of
schemes f: X — S such that for every geometric point s € S the scheme Xj is
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380 A. Kuznetsov, E. Shinder

a prime Fano threefold of genus g or a del Pezzo threefold of degree d, respec-
tively, with only (isolated) ordinary double points as singularities. A morphism from
f: X — Sto f: X' — §is afiber product diagram

X — X

L

— .

The moduli stacks MFx, C MFx, and MFy, C MFy, of smooth prime Fano three-
folds or smooth del Pezzo threefolds are defined as the substacks of morphisms
f: X — S suchthat f is smooth.

In the case of prime Fano threefolds of even genus we will need an upgrade of the
stack MFx o> 1o define it we need the following notion:

Definition 1.2 Let X be a nodal Fano threefold of even genus g over a field k. A
Mukai bundle on X is a (— K x)-stable vector bundle I/ such that

k@) =2, cU)=Kx, H*X,U)=0, and Ext*U,U)=k. (5)
Note that if / is a Mukai bundle on X then the pair (Ox, ") is exceptional.

Given a morphism X — § we define the étale sheaf VB s of vector bundles
as the étale sheafification of the presheaf on § that takes an étale morphism S’ — §
to the set of isomorphism classes of vector bundles on X x g §; this is analogous
to the widely used étale sheaf Picy g of line bundles ([22, §9.2]). A global section
& of VBy/,s over § is, by definition, the data of an étale covering {S;} — S and a
collection of vector bundles & on X xg S; whose pullbacks to X xg (S§; x5 S;)
are isomorphic. For a global section & = (S;, &;) € VB x,5(S) and a geometric point
s € § we denote by £y, the vector bundle on A defined as the restriction of the local
section & of £ from any open X’ x s S; over s.

Definition 1.3 Let g € {4,6, 8, 10, 12}. The moduli stack MFMXg of Fano—Mukai
pairs is the fibered category over (Sch /k) with fiber over a scheme S the groupoid of
pairs (f: X — S,U), where

e f: X — §isaflat projective morphism of schemes and
o U € VBy/s(S) is a global section of the €tale sheaf of vector bundles,

such that f: X — S is an S-point of MFX and Uy, is a Mukai bundle on X; for
every geometric point s € S. Morphisms are defined as fiber product diagrams as in
Definition 1.1 such that there is an equality ¢% Y (U") =U of sections of VB y 15(8).
The stack MFMx, C MFMX of smooth Fano—Mukai pairs is defined as the substack
of pairs (f: X — S,U) such that f is smooth.
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Derived categories of Fano threefolds and degenerations 381

The Fano threefolds conjecture [29, Conjecture 3.7] claimed that for 1 <d <5
there is a substack

Z4 C MFMy,, ., x MFy, (6)

such that for each geometric point (X242, Ux, Y4) of Z4 there is an equivalence of
categories Ay,,., > By, defined in (1) and (2), respectively, and that Z; is dominant
over both factors.

The equivalences (3) and (4) proved the cases 3 < d < 5 of the conjecture. So only
the cases d =2 and d = 1 were left open. However, for d = 1 the dimensions of the
intermediate Jacobians of X4 and Y; differ by 1, so the components Ay, and By,
have no chance to be equivalent on the nose. Furthermore, for d = 2 the conjecture
also turned out to be wrong: it was recently disproved in [2, 61]; in fact, it was shown
that the categories Ay, and By, are never equivalent.

1.3 Modified Fano threefolds conjecture

The goal of this paper is to explain a modification of the Fano threefolds conjecture
and prove it. The key idea is to include into consideration singular Fano threefolds
(this is why we extended Definitions 1.1 and 1.3 to include singular threefolds), and
to rely on the technique of categorical absorption of singularities developed in [38].

Our main theorem, stated below, uses the notion of base change for B-linear
semiorthogonal decompositions for which we refer to [30]. It also uses a natural
crepant categorical resolution By (see Lemma 3.1 for its construction) of the cate-
gory By for a 1-nodal del Pezzo threefold of degree 1 (that is defined by (2), like in
the smooth case).

Theorem 1.4 (= Theorem 3.6) Let Y be a smooth del Pezzo threefold of degree
2 <d <5 or a 1-nodal del Pezzo threefold of degree d = 1. There is a B-point
(f: X = B,Uy) of WXMH for a smooth pointed curve (B, 0) and a B-linear
semiorthogonal decomposition

DP(X) = (D°(0), Ax, f*D°(B), f*D*(B) @ UY)

such that

(a) for each point b # o the fiber Xj is a smooth prime Fano threefold of genus
2d +2 and (Ax)p = Ax,s
(b) the fiber X, is 1-nodal and (Ax), ~ By if2<d <5 or (Ax), >~ By ifd = 1.

In particular, the category Ay is smooth and proper over B.

In other words, the category Ay provides a (smooth and proper) interpolation
between the components Ay, of smooth prime Fano threefolds of genus g = 2d + 2

defined by (1) and the components By (or their crepant categorical resolutions By)
of del Pezzo threefolds of degree d defined by (2).
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382 A. Kuznetsov, E. Shinder

Remark 1.5 We do not prove this here, but in the case d > 3 one can choose the
B-point (f: X — B,Uy) of the stack MFMy,,, in such a way that the family of
categories AX is isotrivial, i.e., (/_lX)b ~ (./_lx)o for all b; then Ay, ~ By, which
implies that the correspondence Z; C MFMy,, ., X MFy, defined in (6) is dominant
over MFy,.

In fact, Theorem 1.4 can be deduced by base change from a more general result
describing the structure of the derived category of more general families of Fano
threefolds, see (46) and the preceding discussion. Our techniques also allow us to
prove similar extension results for the moduli stacks of curves and moduli stacks of
prime Fano threefolds of genus 9, 7, and 5; these results will be presented elsewhere.

A similar result in the case d = 2 was proved by a completely different technique
in [2, Theorem 1.6]. However, the approach of [2] only works for special Y (for
double solids whose ramification divisor contains a line) and provides families X'/ B
of special threefolds of genus 6 (double covers of a quintic del Pezzo threefold), but
the category constructed in [2] in this case is equivalent to our category Ay .

1.4 Geometric applications

A smooth and proper family of complex varieties gives rise to a variation of pure
Hodge structures and, under appropriate assumptions, to a smooth and proper family
of principally polarized abelian varieties. In particular, the family of intermediate Ja-
cobians of a smooth and proper family of Fano threefolds is also smooth and proper.
We expect the same to be true for the smooth and proper family of triangulated cate-
gories Ay constructed in Theorem 1.4.

Recall that the intermediate Jacobian of an admissible triangulated subcategory
C C D(Z) in the derived category of a smooth and proper complex variety Z was
defined in [51, Definition 5.24] as

J(C) =T KP©),

where KtlOp (C) is the degree 1 component of the topological K-theory of categories,
endowed with appropriately defined pure Hodge structure of weight —1 (see [51,
Proposition 5.4]). On the other hand, a relative version of topological K-theory of
categories was constructed by Moulinos in [44, §7.2].

Conjecture 1.6 (cf. [51, Remark 5.8]) Let S be a scheme over C and let C/S be a
smooth and proper S-linear triangulated category. If for each point s € S the category
Cy is equivalent to an admissible subcategory in the derived category of a smooth
and proper variety, the relative topological K-theory KtIOP(C /S) admits a variation
of pure Hodge structures of weight —1 which for each point s € S agrees with the
Hodge structure of Ktlop (Cy). In particular,

JC/S) :=TXKP(C/S))

is a smooth and proper family of complex tori, such that for each point s € S we have

J(C/8)s = T (Cy).
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Derived categories of Fano threefolds and degenerations 383

Table 1 Dimensions of the intermediate Jacobians of Fano threefolds

Prime Fano threefolds X12 X10 X9 Xg X7 X6 X5 X4 - X3 Xo
Del Pezzo threefolds Ys Y4 - Y3 - Y - - Y - -
dim(Jac(—)) 0 2 3 5 7 10 14 20 21 30 52

Applying this to the smooth and proper family of categories Ay and using [51,
Theorem 1.6] to identify the fibers, we would obtain the following

Corollary 1.7 For Y and X constructed in Theorem 1.4 there is a family J — B of
principally polarized abelian varieties such that

_ [racx), irb o,
"= Jac(y), ifb=o,

where in the case d =1 the right-hand side is understood as Jac(Bly,(Y)), where
Yo € Y is the node.

Although we would like to see Corollary 1.7 as a consequence of Theorem 1.4
and Conjecture 1.6, there is a direct Hodge-theoretic proof, using the geometric con-
struction of X from Y; we deduce it in the Appendix from a slightly more general
Proposition A.16.

Corollary 1.7 provides a conceptual explanation for the coincidences between the
dimensions of the intermediate Jacobians that we list in Table 1 (Mukai calls it “the
periodic table of Fano threefolds”, see [46, Table 1.4]). Note how the discrepancy
between dim(Jac(X4)) and dim(Jac(Y()) matches the fact that in Theorem 1.4 and
Corollary 1.7 we consider 1-nodal threefolds of type Y;: if Y is a 1-nodal and Y’ is
a smooth del Pezzo threefold of degree d = 1, we have an equality of dimensions
dim(Jac(Y)) = dimJac(Y")) — 1 = 20.

Similarly, a proper family of varieties gives rise to various relative moduli spaces
of stable coherent sheaves; the same is true for families of categories if they are
endowed with appropriate stability conditions, see [3, Definition 1.1 and Theo-
rem 21.24]. We expect that stability conditions for the families of categories Ay
exist and give rise to interesting relative moduli spaces.

Conjecture 1.8 For a del Pezzo threefold Y, a family of prime Fano threefolds X /B,
and the B-linear category Ax /B constructed in Theorem 1.4, the étale sheafification
Ko™ (Ax/B) of the relative numerical Grothendieck group is locally constant, and

there is a numerical stability condition g on ./f_l/y over B such that the corresponding
stability condition o}, on the fiber (Ax)p of Ax is

o a numerical stability condition on Ay, , if b # o, and

e a numerical stability condition on By (for2 <d <5) or By (ford =1), if b=o.

Moreover, if v € Kgum(ﬂX/B)(B) is a section, there is a moduli space Mg(./_l)g, V)
over B such that

Mg, (Ax;,. V), ifb#o,

Mg (Axy, v)p = -
o(Ax: Ve !Mgo(By,V)ongo(By,v), ifb=oand2<d<5ord=1.
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384 A. Kuznetsov, E. Shinder

In other words, the fibers of ME(AX, V) are appropriate moduli spaces of stable
objects in Ay,, By, or By.

If d =2, an interesting example of a moduli space associated with a stability
condition in the category Ay C D°(X) for a general smooth Fano threefold X of
genus 2d + 2 = 6 is the minimal model Fzmin(X ) of the Hilbert scheme of conics
F>(X) on X, see [19, Theorem 7.12]. It is natural to expect that the analogous moduli
space associated with the category By C DP(Y) is the Hilbert scheme of lines F; (Y).
In this example we expect the following to be true.

Conjecture 1.9 For a quartic double solid Y — P3 that contains no lines in the
ramification divisor and a family of prime Fano threefolds X /B of genus g = 6
constructed in Theorem 1.4 there is a stability condition o on Ax and a section
Ve Kg”m(,é_lX/B)(B) such that the corresponding moduli space Mg(/_lx, v) is a
smooth and proper family of surfaces F (X /B) such that

min M
Fuypy, = (T2 I8 7o
Fi(Y), ifb=o.

By [11, Theorem 1.1] and [60, Theorem 4.1] the relative Albanese variety
Alb(F(X/B)/B) of the above family of surfaces should be isomorphic to the rel-
ative family of intermediate Jacobians, so Conjecture 1.9 should give yet another
proof of Corollary 1.7 for d = 2.

Of course, we expect a similar result to be true for d > 3, but it is less interesting,
because in this case F{ (Yy) = F2(X2442) for any Y, and appropriate X»442, see [39,
Propositions B.4.1, B.5.1, and B.6.1], and, for instance, if we consider a family X'/ B
giving rise to an isotrivial family of categories Ay /B (see Remark 1.5), the corre-
sponding family of surfaces F(X/B) will also be isotrivial.

On the other hand, the case d = 1 may be very interesting, and may provide a
useful insight into the geometry of the Hilbert scheme of conics on X4 and the Hilbert
scheme of lines on Y.

Remark 1.10 We were informed by the authors that Conjectures 1.8 and 1.9 are
proved when B is the spectrum of a complete DVR (and d > 2 for the first con-
jecture) in the forthcoming paper [40].

1.5 A sketch of the proof

Our proof of Theorem 1.4 and its generalization (46) is based on a geometric con-
struction, which we call a bridge. This construction connects the realms of del Pezzo
threefolds and prime Fano threefolds of even genus.

If d = 2 to construct a bridge we consider a smooth del Pezzo threefold ¥ of
degree d, a smooth rational curve C C Y of degree d — 1, and the blowup Blc (Y).
In Proposition 2.6 we show that the anticanonical class of Bl¢ (Y) is nef and big and
defines a small birational contraction

7 Ble(Y) = Ble(Y)ean =: X
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Derived categories of Fano threefolds and degenerations 385

to a 1-nodal nonfactorial prime Fano threefold X of genus 2d 4 2, the anticanonical
model of Blc(Y). The morphism 7 contracts a single smooth rational curve (the
strict transform of the unique bisecant line for C in Y) in Bl¢ (Y) to the node xg € X.
Furthermore, in Lemma 2.12 and Proposition 3.3 we construct a Mukai bundle Uy
on X it is worth pointing here that I{y depends on both Y and C.

If d =1 the construction is similar. In this case we consider a 1-nodal del Pezzo
threefold Y of degree d = 1, the blowup Bl (Y) of Y at the node y € Y, its anti-
canonical model X := Bly;(¥)can, and construct a Mukai bundle /x on X that de-
pends on a choice of ruling F of the exceptional divisor of Bly (Y) — Y (the ruling
F plays here the role similar to that of a curve C when d > 2).

From now on we concentrate on the simpler case where d > 2. Let (¥, C) be
a smooth del Pezzo threefold of degree d > 2 with a smooth rational curve of de-
gree d — 1, let X = Bl (Y)can be the anticanonical model of the blowup Bl¢(Y), and
let Ux be the corresponding Mukai bundle, obtained by the bridge construction. Let,
furthermore, f: X — B be a smoothing of X (it exists by [47, Theorem 11]) over
a smooth pointed curve (B, 0). Using exceptionality of the bundle /x we check that
(possibly after base change to an étale neighborhood of the point 0 € B) it extends
to a global section Uy € VB x/p(B) such that (f: X — B,Uy) is a B-point of the
stack MFMxy,,,, the central fiber X, is isomorphic to X, and the morphism f is
smooth over the punctured curve B \ {o}.

To complete the proof of Theorem 1.4 it remains to explain how the subcategory
Ax C D(X) is constructed and how its properties are verified. We do this using
the technique of categorical absorption of singularities developed in [38]. More pre-
cisely, applying [38, Theorem 1.5 and Theorem 6.1] we obtain semiorthogonal de-
compositions

D°(X) = (uPx,D), D°(X)=(Px,D,), and  D°(X) =D,

where t: X — X is the embedding of the central fiber, Py € Db(X) is a so-called
]P’°°'2-0bject, so that 1Py € Db(X ) is an exceptional object, D is a B-linear admis-
sible subcategory in DP(X’) which is smooth and proper over B, while D, and D,
are its base changes along the embeddings {0} — B and {b} < B. The category D
can be thought of as a family of smooth and proper triangulated categories parame-
terized by the curve B. For more details about this construction see Theorem 3.6 and
its proof.

Finally, we refine the above decomposition slightly. We observe that the structure
sheaf Oy and the dual Mukai bundle U/}, on X" are contained in the subcategory
D C DP(X) and form a relative over B exceptional pair, hence they induce a B-linear
semiorthogonal decomposition

D= (Ay, f*(D°(B) ® Oy, f*(D*(B)) @UY.),

thus defining a B-linear triangulated subcategory Ay C D C DP(X) which is
smooth and proper over B. It follows from [30, Theorem 5.6] that the fibers
(Ax)p of this category corresponding to points b # o are equivalent to the subcate-
gories Ay, C D®(X;,) from (1). On the other hand, the category (Ax), correspond-
ing to the origin o € B can be identified (by an appropriate sequence of mutations,
explained in Proposition 3.3) with the subcategory By C DP(Y) defined by (2).
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386 A. Kuznetsov, E. Shinder

In the case d = 1 the argument proving Theorem 1.4 is essentially the same.
1.6 Boundary components of the compactified moduli stack

Theorem 1.4 shows that the family of categories .Ax defined by (1) for all smooth
prime Fano threefolds (or, more precisely, for all smooth Fano-Mukai pairs) of
genus g € {4, 6, 8, 10, 12} extends naturally to some degenerations of these varieties.
In §5 we describe precisely the locus in the stack MFMy, corresponding to such
degenerations.

For this we consider the stack MFCy, parameterizing pairs (¥, C) or (Y, F) used
in the bridge construction as described in §1.3 (see Definition 5.1 for the actual def-
inition of this stack) and applying a relative version of the bridge construction we
define in Lemma 5.5 a morphism of stacks

1
u: MECy, - MFM, = C MMy,

where MFMi(lz)d+2 C MFMy,,,, is the 1-nodal locus of the stack of Fano—-Mukai pairs.

In fact, as we check in Theorem 4.5 the substack MFM;IZ){HZ is a Cartier divisor in

the open substack MFM)?ZI[{+2 C MFMy,,,, of at most 1-nodal Fano-Mukai pairs
and we prove in Theorem 5.7 that p is an isomorphism of MFCy, onto a connected

—(1 .
component of MFM;ZLH, which we denote

Vsl )
MFMX2d+2de - MFMXz,Hz - MFMX2d+2

and call the del Pezzo component of W;]z)d”. Thus, Theorem 1.4 (or rather its gen-
eralization (46)) can be interpreted as a construction of a smooth and proper extension
of the family of categories Ay across the del Pezzo component of the boundary of
the stack MFMy,,,,,. We discuss a convenient way to think about such an extension
in §1.7 below.

The above observation motivates the following problem, which is also interesting
by itself.

Problem 1.11 Classify all connected components of the boundary divisor

(1 et . . . .
M13M§(2)d+2 C MFMy,,,, and study possible extensions of the family of categories
Ay across these components.

The categorical absorption point of view suggests that a nice extension is possible
for those boundary components that correspond to nonfactorial 1-nodal degenera-
tions of X; such degenerations are classified in [36] and independently in [9], thus
answering the first half of this question.

1.7 The categorical period map

We finish the Introduction with a speculative section, discussing a possible reformu-
lation of our results in terms of a categorical period map.
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Derived categories of Fano threefolds and degenerations 387

To define the categorical period map we need to introduce a stack MTrCat of trian-
gulated categories. One option is to define it as the étale sheafification of the fibered
category over (Sch /k) whose fiber over a scheme S is the groupoid of S-linear en-
hanced triangulated categories and their S-linear enhanced equivalences. To make
this into a real definition, we need, however, to treat MTrCat as higher stack, which
goes very far out of the scope of this paper. Another option is to use the approach de-
veloped in [1]. Anyway, assuming that MTrCat is defined appropriately, given any flat
projective morphism f: X — S and an admissible S-linear triangulated subcategory
D C D(X) one should be able to produce an S-point of MTrCat, i.e., a morphism

©p: S — MTrCat

which (by analogy with Hodge theory) we call the categorical period map.

Now we explain how our results would be interpreted in the (hypothetical) terms
of the moduli stack MTrCat and the categorical period map . Since the components
Ax C Db(X ) and By C Db () of the family versions of decompositions (1) and (2)
associated to families (f: X — S,Uy) and g: Y — S are admissible S-linear sub-
categories, they should define the categorical period maps of stacks

A MFMy, — MTrCat, and 9B MFy, — MTrCat.

Then the original Fano threefolds conjecture (which holds for d > 3 but fails for
d < 2) can be rephrased as the dominance of the fiber product

Z; =MFMy,,,, X MFy,,
MTrCat
(with respect to the categorical period maps g 4 and gpg) over both factors.

On the other hand, the semiorthogonal decomposition of Theorem 1.4 (or rather
its generalization (46)) can be interpreted as a commutative diagram

w
IV ini Wil
MFCYd ?‘ MFMXZdJerYd

J/ \L&oj ford > 2, or

©B
MFy, ——— MTrCat

H (1
MFCy, — MFMy_ y,

J/ J/ © 4 ford =1.
MFy  —— MTrCat

In both diagrams the left vertical arrow is the forgetful map, g 7 is the categorical
period map associated with the component Ay C DP(X) of the semiorthogonal de-
composition from (46) for a family (f: X — §, Uy ) of Fano—Mukai pairs, while pp
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or gy is the categorical period map associated with (the categorical resolution Z§y of)
the component By C D°()). In particular, we see that

- Se——
MECy, CZ{" :=MFMy, , X MFy,,  or

MTrCat

_ (1) _ (D) ()
MFCy, cZ{" :=MFMy, X MR,/

MTrCat

and therefore Zd is dominant over MFy, for d > 2, and over the 1-nodal locus

MF,, C MFy, ford = 1.

Note that g 4 differs on the boundary of MFMy,,,, from the naive extension of
the categorical Period map £ A;.in fact, p A takes values in smooth and proper trian-
gulated categories, while the naive extension does not.

Thus, our construction provides a partial extension g 7 of the categorical period

map g 4 across the del Pezzo component W%%Y , C MFMy,,,,. but it has dif-
ferent flavor in the cases d >3 and d < 2.

When d > 3 the images of 4 and g ; are the same (and equal to the image
of pp), but the fibers of g 7 are partial compactifications of the fibers of g 4. For
instance, in the case d = 3 the fiber of g 4 over the point pg([Y]) = [By] for a
smooth cubic threefold Y is isomorphic to the “locally free” locus in a certain moduli
space of stable coherent sheaves of rank 2 on Y, see [26]. The complement of this
locus is the union of two divisors, see [13], and the corresponding fiber of o 1 also
includes a dense open subset of one of these. We expect that a dense open subset of
the second divisor corresponds to another boundary component of MFMy,; we plan
to discuss this elsewhere.

On the other hand, when d < 2 the fibers of 4 and g ; are the same, but the
image of g 7 is larger than the image of 4. Moreover, the fibers of p 7 over the
image of pp or g, respectively, are deformations of the fibers of g 4. For instance,
in the case d = 2 the fiber of p  j over the point g ([Y]) for a quartic double solid Y
is isomorphic to the Hilbert scheme of lines on Y, and this is a deformation of double
Eisenbud-Popescu—Walter surfaces that are (conjecturally) isomorphic to the fibers
of o 4.

Thus, g 7 compactifies p 4 “vertically” for d > 3, and “horizontally” for d < 2.

1.8 Structure of the paper

In §2 we explain the bridge construction of a 1-nodal prime Fano threefold X of
genus 2d + 2 from a del Pezzo threefold Y of degree d endowed with a curve C or
aruling F. In §3 we construct the Pw’z-object Px and the Mukai bundle U/x on X
and prove Theorem 1.4. In §4 we discuss general properties of the moduli spaces of
Mukai bundles and moduli stacks of Fano threefolds and Fano—Mukai pairs. Finally,
in §5 we identify the del Pezzo component of the boundary divisor of the moduli
stack MFMx,, ., .

In the Appendix we discuss some material about nodal varieties that is used in the
body of the paper and give a Hodge-theoretic proof of Corollary 1.7.
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1.9 Conventions

We work over an algebraically closed field k of characteristic 0. When we say that a
variety X is nodal (resp. k-nodal), we mean that Sing(X) is finite or empty (resp. has
length k) and every point in Sing(X) is an ordinary double point on X, see Defini-
tion A.1.

2 The bridge

In this section we present the main geometric construction of the paper — the bridge,
linking del Pezzo threefolds Y to prime Fano threefolds X of even genus. We upgrade
this construction to an isomorphism of moduli stacks in §5.

Recall that for any del Pezzo threefold Y with Pic(Y) =Z- H, where H := — %K Y,
we denote by d(Y) := H?3 the degree of Y. Thend =d(Y) € {1,2,3,4,5},and Y can
be described as follows (see [35, Theorem 1.2]):

if d =5 then Y = Gr(2, 5) NP° c P?;

if d = 4 then Y is a complete intersection of two quadrics in IP?;

if d =3 then Y is a cubic hypersurface in P*;

if d =2 then Y is a quartic double solid, i.e., a double covering of P3 branched at
a quartic;

e if d =1 then Y is a sextic hypersurface in the weighted projective space
P(1,1,1,2,3).

By the Riemann—Roch Theorem, we have dim | H| = d 4 1, and the linear system | H |
defines a map

©0=gq: Y - P4 7

If d > 3 itis a closed embedding, if d = 2 it is a regular double covering, and if d = 1
it is a rational elliptic fibration with a single indeterminacy point, called the base
point of Y that coincides with the intersection of ¥ with the weighted projective line
P2,3) cP(1,1,1,2,3).

Remark 2.1 1If d = 1 the linear system |2H | is base point free and defines a regular
double covering

o1: Y >P(1,1,1,2).

This follows from the analogous property of del Pezzo surfaces of degree 1 by the
argument of [35, Proposition 2.2(ii)]. Because of this property, Y is called a double
Veronese cone.

We will say that a singular point yg € Y is a cusp (also called generalized cusp
in [36]) if it is a hypersurface singularity such that Bl (Y) is smooth along the ex-
ceptional divisor E C Bly,(Y) which is an irreducible singular quadric surface and
Og(—E) is the hyperplane class of E.
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Setup 2.2 In the rest of the paper we work in one of the following two situations:
(a) (Y, C) isapair, where Y is a smooth del Pezzo threefold of degree d € {2, 3, 4, 5},
C C Y is a smooth rational curve on Y of degree d — 1, and

Y:=Blc(Y) > Y

is the blowup with exceptional divisor E C Y, or
(b) (Y, F) is a pair, where Y is a del Pezzo threefold of degree d = 1 with a single
node orcusp yp € Y,

Y :=Bl,(Y) Y
is the blowup with exceptional divisor E C Y, so that E is a quadric surface and
F € CI(E) is aruling.
Note that in any case Y is a smooth projective threefold, 0, Oy = 0,05 (E) = Oy,

and the derived pushforward of Oy (—E) is the ideal sheaf of C or yp.

Remark 2.3 In the case d = 2 the curve C C Y is a line; if it is contained in the
ramification divisor of ¢p: ¥ — P3, we say it is a ramification line. In the case d =1
the point yg € Y is distinct from the base point of Y ([35, Proposition 2.2(ii)]) and
contained in the ramification divisor of ¢|: ¥ — IP(1, 1, 1, 2).

Remark 2.4 Any del Pezzo variety Y as above is locally factorial: for 2 < d <5 this
follows from smoothness of Y, and for d = 1 this is proved in [50, Corollary 2.5]
or [36, Corollary B.4] (in the case of a cusp, see [21, (2.8) and Proposition 3.6]
or [36, Remark 2.2]). Thus, the class group of Weil divisors C1(Y) is generated by H
and the degree D - H? of any surface D C Y is divisible by d.

Lemma 2.5 Assume Setup 2.2. The linear system |H — E| on Y is a pencil, its base
locus

L:=Bs(|H—-E|)CY ®)
is a smooth rational curve such that
H-L=1, E-L=2, ©)
and
Nijy = 0p (=D, (10)

Moreover,

e ifd>3o0rd=2and C is not a ramification line the map o: L — o (L) is an
isomorphism onto a line o (L) C Y distinct from C, the scheme E N L has length 2,
it is not contained in a fiber of the P'-bundle E — C, and the scheme C N o (L)
has length 2 as well,
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e ifd =2 and C is a ramification line then L is the exceptional section of the P'-
bundle E — C cmd, moreover, the map o : L — a(l~,) is an isomorphism onto the
line O'(Z) =

e ifd=1 the scheme E N L has length 2, it is not contained in a ruling of E, the
map o : L—o(L)is the normalization morphism, and o(L) C Y is the fiber of
the elliptic fibration ¢1: Y --» P2 with singularity at the singular point yo of Y.

Proof In case 2.2(a) we consider the linear subsystem |H — C| C |H| and prove that
dim|H — C|=1.

Indeed, if 2 < d < 4 the image ¢4(C) C P4+ of C under the morphism (7) is a
smooth rational curve of degree 1 <d — 1 < 3, it spans a Pd—1 < Pd+l | hence
dim|H — C| = 1. On the other hand, if d =5 the image ¢5(C) C IP® is a smooth
rational quartic curve. If it only spans a IP3, then there is a unique quadric surface in
this P3 containing ¢5(C) (otherwise, C would be contained in a curve of degree 4 and
arithmetic genus 1, which is absurd), and since Y is an intersection of quadrics, this
quadric surface must be contained in ¥ which is impossible by Remark 2.4. There-
fore, 5(C) spans a P* and dim|H — C| =1.

Moreover, in all these cases the base locus Bs(|H — C|) = Y N (C) contains no
divisorial components (again by Remark 2.4), hence it is a local complete intersec-
tion curve. Since on the other hand, its degree equals d and it contains the curve
C of degree d — 1, it is equal to the union of C and an extra line L, or the curve
C with multiplicity 2 (this is only possible if d =2 and C C Y is a ramification
line). It also follows that the dimension of the tangent space to Bs(|H — C|) at any
point does not exceed 2; indeed, if d = 2 then Bs(|H — CJ) is the preimage of a
line in P? under the double covering ¢;: ¥ — P3, which factors as the composition
Y — P(1,1,1,1,2) --» P?, hence Bs(|H — C]) is contained in the smooth locus
of the surface P(1,1,2) C P(1,1,1,1,2), and if d > 2 this follows from the fact
that Bs(|H — C]) is a local complete intersection curve with two smooth compo-
nents.

Now consider the linear system |H — E| on the blowup Y; the morphism o in-
duces its isomorphism onto |H — C|, so it is a pencil. Note that Bs(|H — E|) does
not contain any fiber of £ — C, because the dimension of the tangent space to
Bs(|H — C|) at any point of C does not exceed 2; in particular E ¢ Bs(|H — EJ),
and therefore the scheme L := Bs(|H — E|) has no divisorial components. More-
over, it follows that L is a local complete intersection curve, the restriction of o to L
is finite, and

[L]=(H — E)*

in the Chow group CH?(Y). Standard intersection theory (see, e.g., [18, Lem-
ma 4.1.2]) gives

H?=d, H?> E=0, H-E’=1-d, E’=4-2d, (11)

and (9) follows. In particular, since H - L =1 and |H| is base point free, it fol-
lows that L is irreducible and generically reduced, and since it is a local complete
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intersection, it is everywhere reduced. Moreover, the image ¢4 (cr (L)) c P4t must
be a line, therefore o (L) C Y is also a line, and the map o : L — o (L) is finite
of degree 1, hence it must be an isomorphism; in particular, L is a smooth rational
curve.

Next, we consider the Koszul complex

0— O;E —2H) — O3(E — H)®* - 0; — 0; — 0. (12)

Restricting it to L and using (9), we deduce (10).

Finally, if L is not contained in the divisor E it follows from (9) that the inter-
section E N L is a scheme of length 2. This scheme is not contained in a fiber of
the P!-bundle E — C because the projection L — o (L) is an isomorphism. There-
fore, C N a(i) is a scheme of length 2 as well. On the other hand, if L C E then
we have o (L) = C, hence d — 1= H - C = H - L = 1 by definition of C and (9),
respectively, hence d = 2. Moreover, since Y in this case is a quartic double solid
and C is a line, the base locus of |H — C| is the union of C and its image under
the involution of the double covering ¢, : ¥ — IP3, therefore the equality o (L) =
means that C is fixed by the involution, hence it is a ramification line. Flnally, it
follows from (9) in this case that L is the exceptional section of the P!-bundle
E—C.

Now consider case 2.2(b). Since the singular point yp € Y is distinct from the
base point of the two-dimensional linear system |H| (see Remark 2.3), it follows
that

dim|H — yo| =1 and |H —2yo| =

Now consider the linear system |H — E| on the blowup Y; the morphism o in-
duces its isomorphism onto | H — yp|, so it is a pencil, and its base locus L does not
contain E. As before, L is a local complete intersection curve, hence Oj has the
Koszul resolution (12). Moreover, the equalities (11) still hold true (see, e. 2. [18,
Lemma 4.1.6]), hence (9) follows. In partrcular H - L =1, and therefore L has a
unique horizontal component Lo, the map Lo — U(LQ) is ﬁnrte of degree 1, and the
image o (L) =0 (Lo) is a fiber of the elliptic fibration ¢ : ¥ --» P2. Thus, o(Lo) is
a curve of arithmetic genus 1.

On the other hand, E is an irreducible quadric surface and Og(—E) is its
hyperplane class, hence the divisor E has negative intersection with any curve
in E. Therefore, E - I:o > FE - L= 2, hence the fiber of I:o — a(io) over the
point yo € U(Zo) has length at least 2. This implies that yo is a singular point
of O’(L()) Lo is a smooth rational curve, the map Lo — U(L()) is the normal-
ization morphism, the length of the fiber over yo is 2, and E - Lo=E L,
hence L has no vertical components. Moreover, the length 2 scheme E N L is
not contained in a ruling of E because it is an intersection in E of two divi-
sors equivalent to (H — E)|g and Oy (H — E) restricts to E as the hyperplane
class.

It only remains to prove (10). For this we again restrict the Koszul complex (12)
to L and use ). Il
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In what follows we will often use the notation introduced in Lemma 2.5. Further-
more, we consider the following two classes in the group of 1-cycles on ¥ modulo
numerical equivalence:

o 7 — the class of the curve L defined by (8);
e ¢p — the class of a fiber of E — C if d > 2, or the class of a ruling of E if d = 1.

Note that in the latter case, if yp € Y is a node, so that £ = P! x P!, the classes of the
two rulings are numerically equivalent because Y is locally factorial, see Remark 2.4.

Proposition 2.6 Assume Setup 2.2.

(1) The nef cone of Y is generated by H and 2H — E and the Mori cone is generated
by £ and .
(ii) The effective cone of Y is generated by E and H — E.
(iii) The linear system |2H — E| on Y is base point free and defines a small birational
contraction

7:Y—> X

onto a 1-nodal prime Fano threefold X of genus g =2d + 2. The exceptional
locus of m is the smooth rational curve LCcY defined in (8), and xo := 7T(L) is
the node of X.

Proof First, we show that the sheaf Oy (2H — E) on Y is globally generated. For
this we twist the Koszul complex (12) by Oy (2H — E), and using (9) we obtain the
following exact sequence:

0— Oj(E) — Oy (H)®? — 03 (2H — E) - O} — 0. (13)

The sheaves Oy (E), Oy (H), and O; have no higher cohomology, hence the same is
true for Oy (2H — E). It also follows that

dimH (Y, 0; QH — E)) =2(d +2) — 1+ 1=2d + 4, (14)

and (13) induces a long exact sequence of global sections. Therefore, there is a com-
mutative diagram

D2(d+2) B (2d+4)
0 0)7 (9{/ —_ O); 0)7 0

| .

0 —= Op(E) —= Oy(H)® —= OyQH - E) —= O; —= 0,

where the vertical arrows are given by evaluation and the rows are exact.

If d > 2 the sheaves Oy (H) and Oj are globally generated, hence the second and
fourth vertical arrows are surjective, hence so is the third arrow, i.e., O? (2H — E) is
globally generated.
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If d = 1 the above argument works as well over the complement of the base point
of |H|, therefore

Bs(2H — E|) C Bs(|H)).

On the other hand, the linear system |2H| defines the regular double covering
91: Y —> P(1,1,1,2) (see Remark 2.1) and the point yy lies on its ramification divi-
sor (see Remark 2.3), hence we have

Bs(2H — E|) CE.

The right sides of the inclusions are disjoint (by Remark 2.3), hence O; 2H — E) is
globally generated.

(i) Now we describe the nef cone and the Mori cone of Y. Since CI(Y)=Z-H (see
Remark 2.4) the group Pic(Y) = CI(Y) is generated by H and E. Since Oy (2H — E)
is globally generated, it is nef. Moreover, the line bundle Oy (H) is the pullback of
an ample line bundle from Y, hence it is also nef. On the other hand, using (9), we
compute

o~

H (=0, H.-t=1,
(15)

QH—-—E) tp=1, QH—-—E)-{=0.

Since both £ and { are effective curve classes, we conclude that H and 2H — E
generate the nef cone of 17, while £ and 7 generate the Mori cone.

(ii) Assume D = aH + bE is an effective divisor. It is enough to show that a > 0
and a + b > 0. The first follows immediately because o (D) ~ aH is also effective.
For the second, using (11) we compute

D-2H—-E)-(H-E)=(a+bd+1),

and since H — E has no fixed components and 2H — E is nef, this must be nonneg-
ative, hence a + b > 0.

(iii) We already checked that the linear system |2H — E| is base point free and has
dimension 2d + 3. Now consider the morphism ¥ — P?¢*3 induced by this linear
system, and its Stein factorization

Y 5 X — PXH3, (16)

where the morphism 7 has connected fibers, the scheme X is normal, and the mor-
phism X — P23 s finite.

Note that any curve in a fiber of 7 has zero intersection with 2H — E; therefore
the description of the Mori cone in (i) implies that its class is a positive multiple of
the class of L. Since (H — E) - L = —1 by (9), it follows that any such curve has
negative intersection with H — E, hence it is contained in the base locus of the linear
system |H — E| which, as we showed in Lemma 2.5, equals L. Thus, L is the only
curve contracted by 7; in particular m is birational and small.
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Since Y is smooth, X is smooth away from the point xq := 7(L). On the other
hand, (10) implies that the point xo € X is an ordinary double point, so X is 1-nodal.

Furthermore, by (9) the subgroup in Pic(Y) of classes restricting trivially to L
is generated by the anticanonical class 2H — E of 17, and since 7 is small, it is
the pullback of the anticanonical class of X, which therefore generates Pic(X). By
definition of 7, this class is the pullback of the hyperplane class of P?¢+3 under the
finite morphism in (16), hence it is ample, hence X is a prime Fano threefold. Finally,

HY(X, Ox(—Kx)) =H(Y,0; 2H — E)) =2d + 4,

where we used (14) in the second equality, so it follows that the genus of the Fano
threefold X is 2d + 2. O

In what follows we refer to the construction of Proposition 2.6 as the bridge con-
struction, and to the variety X constructed in Proposition 2.6 as the anticanonical
model of Bl¢ (Y), and use for it the notation

X = Blc(Y)ecan, ifd =2,

= . a7)
Blyy (Y)ean, ifd = 1.

Remark 2.7 By construction, X is not factorial; indeed, Pic(X) = Z - Kx while
CI(X) = CI(Y) = Z2. Furthermore, since H - L = 1, it follows that X is maximally
nonfactorial, see §A.3 or [38, Lemma 6.14], that is the map from CI1(X) to the direct
sum of local class groups of the singular points is surjective. This is not a coincidence:
in Proposition A.14 we show that every nodal Fano threefold such that

rk(C1(X)) = rk(Pic(X)) + | Sing(X)|

is maximally nonfactorial. This is important because maximal nonfactoriality is
a necessary condition for the categorical absorption of singularities [38, Proposi-
tion 6.12], which is crucial for our applications.

Remark 2.8 For d > 3 one can check that the anticanonical class of X is very ample,
so that the second arrow in (16) is a closed embedding, and its image is an intersection
of quadrics, see, e.g., [53, Theorem 4.5] or [36, Corollary 4.11]. On the other hand,
one can check that if d = 1 then X is a hyperelliptic threefold of type Hs from [54]
(see [53, Example 4.3] or [36, Proposition 4.4(iv)]), and if d =2 then X is a trigonal
threefold of type 77 from [54] (see [53, Example 4.7] or [36, Proposition 4.7(iv)]).

Remark 2.9 One can extend the blowup morphism o : Y — Y and the small contrac-
tion w: Y — X to a Sarkisov link by flopping the curve L. By [58] (or [36, Table 2])
the other extremal contraction is a del Pezzo fibration Y+ — P! of degree d + 1, so
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that we have the following diagram

N

Y ————— - = YTt (18)
Y X P!,

where the morphism X — Y is the blowup of L, the morphism X — X is the blowup
of the node x¢ € X, and ¢ is the flop of L. Moreover, if D is the exceptional divisor of
X over X, it is not hard to check that the nef cone of X is generated by the pullbacks
H,2H — E, and H — E — D of the ample generators of Pic(Y), Pic(X), and Pic(P!),
respectively. In particular, the three rays of the nef cone give contractions of different
type, which allows one to reconstruct the entire diagram (18) from X by blowing up
the node and running the minimal model program. We will use this idea in the proof
of Theorem 5.7.

We will also need the following observation regarding the Hilbert scheme F;_1(Y)
of curves with Hilbert polynomial p(t) = (d — 1)t + 1 on a del Pezzo threefold Y.

Lemma 2.10 Let Y be a smooth del Pezzo threefold of degree 2 < d < 5.

(i) The open subset ¥;;_|(Y) C Fy—1(Y) parameterizing smooth rational curves of
degree d — 1 is nonempty and connected.

(ii) Assume C C Y is a smooth rational curve of degree d — 1 which is not a ramifi-
cation line when d =?2. Then

H'(C,Ncjy)=0  and  dimHY(C,N¢jy)=2d—2.  (19)
In particular, the Hilbert scheme Fy_1(Y) is smooth of dimension 2d — 2 at [C].

Proof (i) If d =2 then F5_,(Y) =F4-1(Y) is the Hilbert scheme of lines; connect-
edness (and nonemptiness) of this Hilbert scheme is proved in [60, Theorem 3.57 and
Remark 3.58].

Assume d > 3. In this case we apply a construction converse to that of Lemma 2.5.
More precisely, we consider a general hyperplane section S C Y (this is a smooth del
Pezzo surface of degree d), choose any line L C S, and a general curve in the lin-
ear system |H — L| on S; it is easy to see that this is a smooth rational curve of
degree d — 1 (see, e.g., [41, Lemma 4.6]). This proves that F;_,(Y) has a structure
of a fibration over the Hilbert scheme of lines on Y (which is connected, see [39,
Proposition 2.2.10]) with fiber over a line L an open dense subset of the Grassman-
nian Gr(2, d) that parameterizes pencils of hyperplanes through L, hence F;_,(Y) is
nonempty and connected.

@ Springer



Derived categories of Fano threefolds and degenerations 397

(ii) We use notation of Lemma 2.5. Twisting the Koszul complex (12) by Oy (—E)
and pushing it forward along o, we obtain an exact sequence

0— Oy(=2H) = Oy (=H)** — Jc — 0,(O} (=E)) — 0. (20)
Combining it with (9) we obtain a right exact sequence
Oy(=H)®? - Jc — OL(=2) = 0,
where we set L := o (L). Restricting it to C we obtain a right exact sequence
Oc(l —d)®* — Ny - Ocar — 0.

where C N L is a scheme of length 2 by Lemma 2.5. Note that O¢ (1 — d)®? and C\‘//Y
are locally free sheaves of rank 2, and the cokernel of the first arrow is a torsion sheaf,
hence the kernel is a torsion subsheaf of a locally free sheaf, hence it vanishes, and
this morphism is injective. Thus, the above sequence is also left exact. Twisting it by

det(N¢/y) = Oc(2d — 4) we obtain
0— Oc(d—3)® — Ncjy — Ocnr — 0.

Since d > 2, the equalities (19) as well as the dimension and smoothness of the
Hilbert scheme follow. O

Remark 2.11 The argument does not work when d = 2 and C is a ramification line,
because in this case L = C, so restricting (20) to C we obtain a right exact sequence

Oc(=D% > Ny > Oc(=2) >0

which implies N¢ 1y = O0c(2) ® Oc(—2). In particular, the cohomology groups of
Ne¢/y jump, hence the point [C] on the Hilbert scheme is singular.

In the next lemma we construct an important vector bundle Uy of rank 2 on Y. As
we will prove later (see Proposition 3.3), the sheaf (U;) is locally free and dual to
a Mukai bundle on X.

If d = 1 the construction works both in the nodal and cuspidal cases, but the nodal
case is simpler and as we do not need the cuspidal case for applications, we omit it.

Lemma 2.12 Assume Setup 2.2 and if d = 1 assume that Y is 1-nodal. Then there is
an exact sequence

O—>L{)§/—>(’)?(H)®Ol;(H)—>(’)E(dF)—>O, (21)
where F is the class of a fiber of E — C if d > 2, or a ruling on E = P! x P if

d = 1. It defines a vector bundle Uy on Y of rank 2 with caUy)=E—2H =Kjy.
Moreover, the sheaf 1, (LI;) is (—Kx)-stable.
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Proof If d > 2 the curve C has degree d — 1, hence O;(H)|g=Op((d - 1)F), and
if d = 1 the divisor E is contracted by o to a point, hence Oy (H)|g = Og. In any
case, we have

Ext*(Oy(H), Op(dF)) =Ext*(Op((d — )F), Op(dF)) =H*(E, Op(F)) =K%

The natural evaluation morphism (’)y (H)® (’)}; (H) — Og(dF) is surjective because
the line bundle Of (F) is globally generated. Since E is a Cartier divisor, the projec-
tive dimension of the sheaf O (dF) on Y is 1, hence the kernel of this epimorphism
is a vector bundle of rank 2, and its first Chern class is obvious.

To prove the stability of . (U v) consider any saturated subsheaf F C m,. (U v) of
rank 1. The restriction of the sheaf F 1o X\ {xo} is reflexive; considering it as a sheaf
on Y \ L and taking its reflexive extension to the scheme Y, we obtain a reflexive
subsheaf F C Z/{; of rank 1, which is invertible because Y is smooth. Composing the
embeddings F e L{; — Oy (H Y92 we see that the line bundle F V(H) has global

sections. This line bundle is nontrivial, because H*(Y, Z/ll\?/(—H )) = 0 by construc-
tion, hence by Proposition 2.6(ii) we have

c1(FY(H)) =aE +b(H — E), a,b>0, (a,b) #(0,0).

It follows easily that ¢ (F) = H —aE — b(H — E), hence either ¢ (F) < H — E or
c1(F) <H — (H — E) = E. Now using (11) we see that the slope of F with respect
to 2H — E is bounded from above by the maximum of

(H—E)-QH—E)Y=d+1 and E-QH-E)>=2d.
On the other hand, the slope of L{; is equal to
JeH-EY =2d +1.

It follows that the slope of F is strictly less than the slope of Z/l;, hence the quadratic
term in the reduced Hilbert polynomial of 7, F is less than the quadratic term in the
reduced Hilbert polynomial of 7, (Z/{;). But the sheaves F and JT*]:" are isomorphic
away from the point xg, hence their reduced Hilbert polynomials agree up to a con-
stant, and hence the reduced Hilbert polynomial of F is less than the reduced Hilbert
polynomial of 7, (Z/{iv). Therefore, 7, (L[;) is stable. d

Remark 2.13 Note that in the case d = 1 the bundle U} depends on the choice of a
ruling of E.

3 Derived categories

In §2 we introduced the bridge construction of the 1-nodal prime Fano threefold X
from a del Pezzo threefold Y with some extra data as in Setup 2.2. In this section
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we relate the component By of the derived category of Y, defined in (2), and the
components Ay, of smoothings &}, of X, defined in (1).

We start with a remark about the case d = 1. Recall that in this case Y is singular,
hence the category By defined in (2) is not proper. On the other hand, Y is aresolution
of singularities of Y, so one can find a smooth and proper replacement for By inside
the category D°(Y). We do this in the next lemma.

In contrast to Lemma 2.12, it is crucial here to assume that Y is 1-nodal, be-
cause in the cuspidal case the sheaf Og(F) is not exceptional; in fact, in this case
Ext®*(Og(F), Op(F)) =k & k[—1] & k[—2] (where we consider O (F) as an ob-
ject of DP(Y)).

Lemma 3.1 Ler (Y, F) be as in Setup 2.2(b) and let Y be 1-nodal, so that F is a
ruling of the exceptional divisor E of the blowup Y = Bly (Y) at the node yo € Y.
Then there is a semiorthogonal decomposition

D°(Y) = (By, Oy, O3 (H), Op, O (F)), (22)
where By is a smooth and proper triangulated category.

Proof We apply [38, Theorem 5.8] (see also [8, Theorem 1.1] for a slightly dif-
ferent treatment or [28, §4] for a general approach). Using [38, (43)] we obtain a
semiorthogonal decomposition

D°(Y) = (Op(E), Op(E + F), Dy),

where the category Dy ={F eDP(Y) | Flg € (Op(—F), Og)} is smooth and proper
and contains the image of the fully faithful functor o*: Drerf(y) — Db(Y). Mutating
the objects O (E) and Of (E + F) to the right of ﬁy and using the fact that the class
—Kj; =2H — E restricts to E as —E, we obtain a semiorthogonal decomposition

D°(Y) = (Dy, O, Op(F)).

As o* is fully faithful, the pair (Oy, Oy (H)) from (2) gives rise to the exceptional
pair (Op, Oy (H)) in Dy and therefore to the semiorthogonal decomposition (22)

defining the subcategory By. It is admissible in the derived category of a smooth and
proper variety Y, hence it is a smooth and proper category. g

Remark 3.2 One can make a relation between the categories By and By more pre-
cise; in fact, using the techniques developed in [38] and [37] one can check that the
restrictions of the functors oy : DP(¥) — DP(Y) and o*: DP(Y) — DP(Y) give
functors

o.: By — By and o*: By NDP(y) — By

such that o, is a crepant categorical contraction and (By, 0™, 04) 1s a crepant cate-
gorical resolution of By.
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For convenience, in the case where 2 < d < 5 we will write
By :=o*(By) Cc D°(Y). (23)

Thus, in all cases By € DP(Y) is a smooth and proper admissible subcategory, and
when d > 2 the functors o, : By — By and o*: By — By are equivalences.

In the following crucial proposition we show that the bundle U/ constructed in
Lemma 2.12 is a pullback of a Mukai bundle I/x on X (as defined in Definition 1.2)
and construct a semiorthogonal decomposition of D?(X) containing By as one of
components.

Recall that an object P € D*(X) is called a P>*2-object if Ext®(P, P) = k[0] with
deg(0) =2, see [38, Definition 2.6 and Remark 2.7].

Proposition 3.3 Assume Setup 2.2 and if d = 1 assume that Y is 1-nodal. Let X be
the 1-nodal Fano threefold constructed in Proposition 2.6 and let Uy be the vector
bundle constructed in Lemma 2.12. Then

Uy = Uy, 24)

where Uy = 7'[*]/{)7 is a Mukai bundle on X, and there is a semiorthogonal decompo-
sition

D*(X) = (Px, Ax, Ox, Uy), (25)
where the category Py is generated by the P*2-object Py = (O (E — H)) and
Ax ~ By.

In particular, the category Ay is smooth and proper.

Proof 1f d > 2 we apply the blowup formula for the morphism o : ¥ = Bl¢(Y) — Y;
combining it with (2) and (23) and using the standard semiorthogonal decomposition
DP(C) = (Oc(d — 1), Oc(d)) for the curve C = P!, we obtain the semiorthogonal
decomposition:

D*(Y) = (By, O3, 03(H), Op((d — DF), O (dF)), (26)

where By is defined in (23) and F stands for the class of a fiberof E — C.If d =1
we use the semiorthogonal decomposition (22); it has exactly the same form as (26).
Next, we modify (26) by a sequence of mutations.
Step 1. First, mutate the last two objects to the left of Oy (H). The computation
similar to that of Lemma 2.12 shows that Ext*(Oy (H), Op((d — 1) F)) =k, hence
the mutation of Og((d — 1) F) is given by the exact sequence

0— O03(H—-E)— Op(H) = Og((d - 1)F) — 0;

in particular, the result of the mutation is the exceptional bundle Oy (H — E). The
mutation of O (dF) is described in Lemma 2.12 and the result is Z/{;. Thus, we
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obtain the semiorthogonal decomposition
D*(V) = (By, O3, Oy (H — E), Uy, Oy (H)). 27

Step 2. Next, mutate Oy (H — E) to the left of Oy. Twisting (12) by Oy (H — E)
and using (9) we obtain an exact sequence

0— Op(E — H) > OF — Op(H — E) > O (1) > 0. (28)

By (27) the pair (Oy, Oy (H — E)) is exceptional, hence He(Y, Oy(E—H)) =0,
and so it follows from (28) that H'(I?, Of(H — E)) = k? and that the middle arrow
in (28) is the evaluation morphism. Therefore, the result of the mutation is the cone of
the middle arrow in (28), and it also follows that the same object can be represented
as the cone of the morphism O; (—=1)[—1] — Oy (E — H)[1] associated with (28),
which itself is considered as Yoneda extension.

On the other hand, Serre duality gives

Ext*(O;(H — E), O3(E — H)) =H*(Y, O3 QE — 2H))
=H*(Y, 05 (—E)[3])Y =0.

Combining this with the vanishing H(Y, Oy (E — H)) = 0 proved above, we deduce
from (28) that

Ext*(O; (1), Oy (E — H)) ZExt* (O3 (E — H)[2], O3 (E — H)) =k[-2]
and that the morphism O;(=1)[—-1] — Oj(E — H)[1] associated with (28) is
the evaluation morphism. Since by (10) the object Oj(—1) is spherical, we fi-

nally conclude that the result of the mutation (up to shift) is the spherical twist
TOL(,])(OY (E — H)) and we have the triangle

O; (=D[=2] > Oy(E — H) = To, (-1y)(Oj (E — H)). (29)
Thus, we obtain the semiorthogonal decomposition
D°(Y) = (By, To, (-1)(O3 (E — H)), O3, U, Oy (H)).
Step 3. Next, we mutate Oi(H ) to the far left. Since K y=E— 2H, we obtain
D°(Y) = (O3 (E — H), By, To, (-1)(O3 (E — H)), O3, U).
Step 4. Finally, we mutate By to the right of T(’)Z(—l) (O5(E — H)):
D"(Y) = (O3(E — H), To, (—1)(O3 (E — H)),
Rro, 10—t Br). Op. U), (30)

where RTO~(71)(@?(E_ H)) is the right mutation functor through the subcategory
L
To, (O3 (E — H)).
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Now we check that (30) induces a decomposition of D®(X). Indeed, the func-
tor 7y : Db(Y ) — DP(X) is a Verdier localization with respect to the subcategory
generated by the sheaf Oj (—1) (this, e.g., follows from [38, Theorem 5.8 and Corol-
lary 5.11]), i.e.,

D°(X) ~D°(¥)/0; (-1).

By [37, Propositions 5.5 and 6.1] the functors 7, and n*‘induce an equivalence be-
tween the left orthogonal of O; (1) in DP(Y) and DPT(X). By (29) and (30) the
bundle Ll; belongs to this left orthogonal, hence Z/I; is the pullback of a perfect com-

plex Uy on X. Since pullback of perfect complexes commutes with dualization, we
obtain (24), and then the projection formula implies Ux = .U

It is clear that U/x is a vector bundle, rk(U/x) = 2, and c¢{ (dx) = Kx. Moreover,
Ux is (—Kx)-stable by Lemma 2.12, and it is acyclic and exceptional because 7*
is fully faithful and the pair (Oy, L{%/) is exceptional by (30). Thus, Uy is a Mukai
bundle on X.

Similarly, RToL<71)(O;(E*H))(BY) is left orthogonal to O (—1), hence 7, and 77*
induce an equivalence

RTOZ(,U(O};(E—H)) (By) ~ Ax

with a subcategory Ax C DP'(X) c DP(X), which is smooth and proper because By
is. Finally, applying [38, Proposition 4.1] we obtain the required decomposition (25),
where

Px = (05 (E — H), To, 1)(O3 (E — H))/O7 (~1).
and using [38, Theorem 6.17], we deduce that Py is generated by the object
Py i=m(O7(E — H)), (31)
which is a P>2-object. O

Remark 3.4 For future reference we note that the equivalence By ~ Ay is given by
the functors

Ty O RTOZ(—I)(O)‘/(E—H)) . By — ./_lx and
. . (32)
LTOI:(—I)(O)?(E—H)) om™: AX — BY,
where LTO~(—1>(09( E—m)) 18 the left mutation functor, and when d > 2 the equiva-
L —_
lence By >~ Ay is given by their compositions with o * and o, respectively.
Remark 3.5 When X is a smooth prime Fano threefold of genus 2d + 2 and Uy is a

Mukai bundle, then the dual bundle Z{y is globally generated and induces an embed-
ding X < Gr(2,d + 3). For d < 4 this leads to a nice description of X which will
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be recalled in §4. One can check that for 1-nodal threefolds constructed in Proposi-
tion 2.6 the dual Mukai bundle ¢/y constructed in Proposition 3.3 is globally gener-
ated if and only if d > 3; it would be interesting to understand how the description of
the image of X in Gr(2, d + 3) differs from the smooth case.

All the components of the semiorthogonal decomposition (25) constructed in
Proposition 3.3 except for Px are smooth and proper; in terminology of [38] this
means that Py absorbs singularities of X (see [38, Definition 1.1]). An important
property of a subcategory generated by a P>2-object, called the universal deforma-
tion absorption property in [38, Definition 1.4], is that it disappears in any smooth-
ing of the variety, while its orthogonal complement deforms. Using this property we
prove the main result of this section, a more precise version of Theorem 1.4 from the
Introduction.

Recall that a smoothing of X is a flat projective morphism f: X — B to a smooth
pointed curve (B, o) such that the total space X" is smooth, the central fiber X, is
isomorphic to X, and f is smooth over B \ {0}. Note also that by [47] any nodal Fano
threefold X admits a smoothing such that for each b # o the fiber X}, is a smooth
prime Fano threefold with g(&}) = g(X), see Theorem A.9 for details.

Theorem 3.6 Assume Setup 2.2 and if d = 1 assume that Y is 1-nodal. Let X be
the 1-nodal Fano threefold constructed in Proposition 2.6 and let Ux and Py be the
Mukai bundle and the P>2-object on X constructed in Proposition 3.3.

For any smoothing f: X — B of X after appropriate étale base change there is
a vector bundle Ux on X such that

o Ux|x =Ux,

o Ux|x, is a Mukai bundle for all b # o in B, and

o the object 1Py € DP(X) is exceptional, where .: X <> X is the embedding of the
central fiber.

Moreover, there is a B-linear semiorthogonal decomposition
D°(X) = (uPx, Ax, f*D°(B), f*D*(B) @ UY), (33)

where Ay is an admissible B-linear subcategory in DP(X) which is smooth and
proper over B. Finally,

(Ax)o = By and (Ax)p ~ Ax, forb#o,
where l?y is defined in (22) for d = 1 and in (23) for d > 2, and Ay, is defined in (1).

Proof To construct a vector bundle /y we consider the relative moduli space of stable
vector bundles on the fibers of X' /B. Since Uy is stable (by Proposition 3.3 and
Definition 1.2), it corresponds to a point of this relative moduli space over 0 € B, and
by [17, Corollary 4.5.2] the property Ext®(Ux, Ux) = k implies that the moduli space
is étale over B at the point [Ux]. Therefore, after a base change from B to a small
étale neighborhood of 0 € B, we will have a section of this relative moduli space,
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i.e., a fiberwise stable vector bundle /y of rank 2 on X which restricts to Uy on the
central fiber.

Since the Picard sheaf of X'/ B is locally constant by Corollary A.8 and we have
c1(Ux) = K, it follows that ¢;(Ux|y,) = Ky, for all b € B. Semicontinuity of
cohomology implies that, after appropriate shrinking of B, we may assume that for
each b € B the bundle Uy |y, is acyclic and exceptional; therefore, it is a Mukai
bundle.

The object Py is exceptional by [38, Theorem 1.8]. The sheaves Oy and
Uy, form a relative exceptional pair, and (25) implies that they are semiorthogonal
to .Px. Therefore, together they induce the required semiorthogonal decomposi-
tion (33).

Since Py is supported on the central fiber of f: A — B the base change of the
subcategory it generates along the embedding b < B for b # o is zero. Therefore,
such a base change results in a semiorthogonal decomposition

D°(X,) = ((Ax)p, Ox, UY, ).

Comparing it with (1) we conclude that (Ax)p = A,
On the other hand, using [38, Theorem 1.5] we obtain a semiorthogonal decom-
position

D°(X,) = (Px, (Ax)o, Ox,Uy)

and comparing it with (25), we conclude that (Ay), = Ayx. Finally, Proposition 3.3
provides an equivalence (Ax)o =~ By.

Since fl;(h is smooth and proper for all points b € B (including b = 0), the cate-
gory Ay is smooth and proper over B by [33, Theorem 2.10]. g

Informally, the category Ay provides an interpolation between the component
Ax, C Db (Xp) and the component By C Db(Y ) if d > 2 or its categorical resolution

By cDP(Y),ifd = 1.

4 Moduli stacks

In this section we study the stacks Wyd, Wxg, and Wxg of del Pezzo three-
folds, prime Fano threefolds, and Fano—Mukai pairs, respectively, introduced in Def-
initions 1.1 and 1.3 in the Introduction.

To start with, we discuss some properties of Mukai bundles, see Definition 1.2.
We denote by M (X; p) the coarse moduli space of (— K x)-semistable sheaves with
Hilbert polynomial p(t) € Q[¢] (computed with respect to —Kx) on X; this is a
projective scheme, see, e.g., [17, Theorem 4.3.4].

Lemma4.1 Let X be a nodal prime Fano threefold of genus g € {4, 6, 8, 10, 12}. For
any Mukai bundle U on X one has

@) Kx=-5%  and  pu)=pw() =220+ EE (34
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Moreover, the subscheme Mu(X) C M(X; pmu) corresponding to Mukai bundles is
an open subscheme. Finally, Mu(X) is a finite reduced scheme.

Proof Assume U is a Mukai bundle on a nodal prime Fano threefold X of genus
g€{4,6,8,10,12}. Let S C X be a general anticanonical divisor; then S is a smooth
K3 surface (when X is smooth, this is a result of Shokurov [57, Theorem 1.2] and
Reid [55, Theorem 0.5], and in the nodal case we can use [42, Theorem 1] because
we have g > 4). Consider the standard exact sequence

0->U'QUBwx > U’ QU — U|§ QU|s — 0.
Using exceptionality of ¢/ and Serre duality on X, we deduce that
Ext*U|s,Uls) =H*(S,Ulg ®Uls) =k © k[-2], (35)

hence x(U|s,U|s) = 2. Since c; (U) = Kx by Definition 1.2, we deduce the equality
crU] 5)2 =K )2( - (—Kx) =2g — 2, hence the Riemann—Roch theorem on § applied
toU[{ ®U|s gives

Ul =52 and  py0)=Q2g -2 -1+ 2

Since pyy(t) = py(t) — py(t — 1), these formulas imply (34) up to constant term
of py4(t). On the other hand, the constant term must be zero because U/ is acyclic by
Definition 1.2.

What we have proved so far implies that Mu(X) C M (X; pmu). This is an open
embedding because stability and local freeness of ¢/ and the conditions H* (X, /) =0
and Ext®* (U, U) = k defining Mu(X) are open properties. Furthermore, first order
deformations of I/ are classified by the space Ext! (I, i) and the obstruction space is
Ext? U, U) (see, e.g., [17, §2.A.6 and Corollary 4.5.2]); since U is exceptional, both
spaces vanish, hence both schemes Mu(X) and M (X; pmu) are smooth and zero
dimensional at [I/]. This means that Mu(X) is a union of reduced isolated points of
M(X; pmu), and since M (X; pmy) is projective, it follows that Mu(X) is a finite
reduced scheme. O

In the next proposition we identify the scheme Mu(X) in the cases where X is
smooth. Recall that a smooth prime Fano threefold of genus 4 is a complete inter-
section of a quadric and a cubic in P°; moreover, the quadric passing through X is
unique (and thus canonically defined by X) and has corank 0 or 1. We denote this
quadric by Q(X).

Proposition4.2 Let X be a smooth prime Fano threefold of genus g € {4, 6, 8, 10, 12}.
Then

Spec(k), if g €{6,8,10, 12},
Mu(X) = { Spec(k) u Spec(k), if g =4 and Q(X) is smooth,
a, if g =4 and Q(X) is singular.
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Proof 1If g € {6, 8,10, 12} this is [4, Theorem 1.1], see also [39, Theorem B.1.1,
Proposition B.1.5, and Lemma B.1.9].

Now let ¢ = 4. First, assume the quadric Q(X) is smooth. Let S be one of the
two spinor bundles on Q(X) (see [49]). Then the restriction S|y is a vector bundle
of rank 2 with ¢ (S|x) = Kx. Using the vanishing of cohomology of S and S(—3)
(see [49, Theorems 2.1 and 2.3]) and the Koszul resolution

0—>S(-3)—>S—i.(S|x) —> 0,

where i: X — Q(X) is the embedding, we deduce that S|x is acyclic. Similarly,
using the vanishing of Ext®(S, S(—3)) and exceptionality of S on Q(X), we deduce
that Ext®(S, i+(S|x)) =k, which by adjunction imples that S|y is exceptional. Fi-
nally, since S|x has rank 2 and ¢{(S]yx) = Kx and X is smooth of Picard rank 1,
stability of S|x follows from the vanishing of H*(X, S|x) proved above. We con-
clude that S|y is a Mukai bundle.

Similarly, the restriction S’|x of the other spinor bundle to X is another
Mukai bundle, not isomorphic to S|x. Indeed, one has Ext*(S’,S) = 0 and
Ext*(S’, S(—3)) = k[—3], therefore Ext*(S’|x, S|x) = k[-2].

On the other hand, the argument of [39, Proposition B.1.5] shows that if ¢/ is a
Mukai bundle on X then either i/ = S|x or Ext! (S|x(1),U) # 0. If we assume the
second then applying the functor Ext®(—, If) to the natural exact sequence (restricted
from Q(X), see [49, Theorem 2.8])

0 &'lx > 0% = Slx(1) -0

and using the acyclicity of ¢/ we deduce that Hom(S’|x, U) # 0. Since 8’| x and U
are stable bundles with equal rank and first Chern class, they are isomorphic. This
proves that either U = S|y or U = §’|x, hence the moduli space Mu(X) has exactly
two points: [S|x] and [S'|x].

Now assume that the quadric Q(X) is singular, i.e., Q(X) = Cone(Q) is the cone
over a smooth quadric threefold Q. Since X is smooth, the cubic hypersurface cutting
out X C Q(X) does not pass through the vertex of the cone, hence the projection out
of the vertex defines a regular triple covering X — Q. Let S|y be the pullback to X
of the unique spinor bundle of Q. It is stable, acyclic, but not exceptional; in fact it is
easy to see that

Ext*(Slx, Slx) =k @ k[—-1] @ k[-2].
Moreover, using the exact sequence (pulled back from Q, see [49, Theorem 2.8])
0— Slx - 0F* = Slx(1) >0

and the same argument as above, one can check that any Mukai bundle ¢/ would
have been isomorphic to S|y, but as S|y is not a Mukai bundle, we conclude that

Mu(X) =@. g
Remark 4.3 In [4, 5] the existence and uniqueness of Mukai bundles is proved for any

locally factorial Fano threefolds of genus g > 6 with terminal Gorenstein singulari-
ties.
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Before we pass to the stacks Wyd, Wxg, and Wxg, we discuss a simple
but instructive example of the moduli stacks MQ,, € MQ,, of smooth and nodal 7-
dimensional quadrics (with the definition analogous to Definition 1.1) and the moduli
stack MQS,, of smooth quadrics endowed with a spinor bundle (with the definition
analogous to Definition 1.3). We denote by &q: MQS,, — MQ,, the morphism of
stacks that forgets the spinor bundle.

Lemma 4.4 The stacks MQ,,, M—Qn, and Mﬁn are smooth irreducible Artin stacks
of finite type over k, the substack MQ,, C MQ,, is open and dense, and the comple-

ment MQ; ) :=MQ,, \MQ,, is a Cartier divisor. Moreover, if n is even the morphism
&q: MQS,, — MQ,, is a finite étale covering of degree 2, branched over M—Qil)

Proof Let V, > denote a vector space of dimension n + 2. Consider the open subsets
U9 cUs! c P(Sym? V,',,)

parameterizing n-dimensional quadrics in P(V,,47) of corank O (i.e., smooth) and
corank < 1 (i.e., nodal), respectively. Note that the complement IP’(Sym2 v+2) \US is
a Cartier divisor of degree n + 2, and its intersection U<1 \U0 with U !'is smooth. If
n is even, we denote by U<1 U<1 and U0 — U0 the flat double covermg branched
over U<1 \ U and its restriction, wh1ch is etale over U0 Then it is easy to prove the
following global quotient representations

MQ, = U%/PGL(V,12),  MQ,=U=!/PGL(V,12)  and
MQS,, = U%/PGL(V,42).

Thus, U=!, UY, and 62 are smooth irreducible atlases for MQ,,, MQ,,, and MQS,,,
respectively, and all statements of the lemma follow easily. g

Now we finally consider the moduli stacks of Fano threefolds. Below, when dis-
cussing the stacks MFy . of prime Fano threefolds we concentrate on the cases where
g €1{4,6,8, 10, 12} that are crucial for this paper, although the same arguments can
be also applied for g € {2,3,5,7,9}.

Recall from [18, §12.2], [45, §2], or [5, Theorem 1.1] the following descriptions of
smooth prime Fano threefolds X of genus g € {4, 6, 8, 10, 12} as zero loci of regular
global sections of vector bundles:

if g = 12 then X is the zero locus of a section of (/\21/{3v Y®3 on Gr(3,7),

if g = 10 then X is the zero locus of a section of Z/{zi(l) ® O(1)®% on Gr(2,7),
if ¢ = 8 then X is the zero locus of a section of O(1)®> on Gr(2, 6),

if g = 6 then X is the zero locus of a section of O(1)®3 @ O(2) on CGr(2, 5),
if g =4 then X is the zero locus of a section of O(2) & O(3) on P,

where U stands for the tautological vector bundle of rank k£ on the Grassmannian
Gr(k, n), Z/[k is the dual of the corresponding quotient bundle, and CGr(2, 5) is the

cone over Gr(2,5). The stacks MFX , MFy 4> and MFMX were defined in Defini-
tions 1.1 and 1.3; the 1-nodal loci are deﬁned in §A.1.
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Theorem 4.5 The stacks MFx, and MFMx, for g € {4,6,8, 10,12} and MFy, for
d € {1,2,3,4,5} are smooth irreducible algebraic stacks of finite type over Kk, their
substacks

MFx, C MFx,,  MFMy, CMFMy,,  and  MFy, C MFy,

are open and dense, and Wxg \MFxg, MFng \MFng, and Wyd \MFy, are

Cartier divisors, smooth along the 1-nodal loci ng), MFM;lg), and Wg} respec-

tively.

Moreover, the forgetful morphism §: MFMx, — Wxg is étale, separated, and
representable, and its fiber over [X] € MFx . IS the moduli space Mu(X) of Mukai
bundles on X. More precisely,

e if g > 6 then & is an open embedding and induces an isomorphism

§ImMPMy,
MFng —_— MFxg 5

o if g =4 then §|MFM><4 is induced by the double covering &q, i.e., there is a Carte-
sian diagram

MFMy, —> MQS,

& IMpmy, J/ l £q (36)

MFy, —— MQq,

where MF;4 C MFy, is the open substack parameterizing smooth X with smooth
quadric Q(X), and the bottom horizontal arrow is defined by [ X]— [Q(X)].

Proof Let M be either of the stacks MFx, or MFy, and let M be the corresponding
stack MFx, or MFy,,.

By [20, Lemmas 2.4 and 2.5] the stack M is a smooth algebraic stacks locally of
finite type over k (it is a union of connected components of the stack FANO considered
in [20]). Moreover, M is irreducible of finite type because the corresponding Fano
varieties have uniform descriptions listed just before the theorem (in the case where
M = MF, ) and at the beginning of §2 (in the case where M = MFy, ); indeed, we see
that in each case an open subset of an appropriate vector space (of global sections)
surjects onto M.

Note that smoothness of Fano varieties is only used in [20, §2] to deduce unob-
structedness of their deformations in the proof of [20, Lemma 2.5]. However, nodal
(or even terminal Gorenstein) Fano threefolds are also unobstructed by [47, Proposi-
tion 3], hence the same argument proves that the stack M is a smooth algebraic stack
of finite type over k (for finiteness just note that terminal Gorenstein Fano varieties
form a bounded family by [23, Proposition 2.6.4]). Furthermore, M is dense in M
because any nodal Fano variety is smoothable by [47, Proposition 4]; therefore irre-
ducibility of M implies irreducibility of M, and since M is smooth, also its integrality.
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Next, we prove that the boundary M \M is a Cartier divisor in M. First, the argu-
ment of [47, Theorem 11] shows that any nodal Fano variety has a partial smoothing
which is 1-nodal; this means that the boundary M \M is equal to the closure of the
1-nodal locus M(l) C M\M. On the other hand, as the property of being Cartier di-
visor is local on the base in the smooth topology, Corollary A.5 proves that M" isa
Cartier divisor_in MSI, the substack of greefolds Witg at most one _node. Therefore,
the boundary M \M is a Weil divisor in M, and since M is smooth, M \M is a Cartier
divisor in M. Note also that for any point [X] in the 1-nodal locus M" there is a
smoothing X' /B of X with smooth X' (see Theorem A.9), hence by Lemma A.4 the
corresponding curve B — M intersects the divisor Mm transversely at [ X], hence
the divisor is smooth at [ X]. L

Now consider the canonical morphism of stacks §: MFMx, — MFx,. Let
(X,Uyx) be a k-point of MFng. By standard deformation theory (see [17, Corol-
lary 4.5.2]) the relative tangent space to deformations of the pair (X, Uy) over MFy .
is Ext! (Ux, Ux) and the obstruction space is Extz(u 'x,Ux). Since Uy is exceptional,
both spaces vanish, hence the morphism £ is étale.

Since MFy, is smooth, we deduce that MFMy, is also smooth. Since the preimage
of a Cartier divisor under an étale map is a Cartier divisor, we conclude that the
boundary MFMy ” \ MFMy . is a Cartier divisor in MFMy - and since the complement

of a Cartier divisor is dense, we conclude that MFng is dense in MFng. It also

follows that the 1-nodal locus WS’ is smooth.

Now consider the fiber of £ over a ]]gg-point [X]. By Definition 1.3 this is the fibered
category over (Sch /k) whose fiber over a scheme S is the groupoid — or rather the
set — of global sections U/ € VBxx s/5(S) such that U is a Mukai bundle on X for
every geometric point s € S. By definition of the étale sheaf VB the datum of ¢/ is
the same as a collection of vector bundles on X x S; for an étale covering {S;} — S
whose pullbacks are isomorphic on X x (S§; x5 S;). Obviously, this fibered category
is equivalent to the étale sheafification of the usual functor of semistable sheaves as
in [17, §4.1]. Finally, using the condition that {{/; are Mukai bundles and Lemma 4.1,
we conclude that £~V ([X]) & Mu(X).

The same argument combined with a relative version of Lemma 4.1 shows that
& factors through an open embedding into a relative moduli space of semistable
sheaves, which is projective over MFx .- Therefore, § is separated and representable.

Now assume g > 6. If X is smooth then &~ ([X]) = Spec(k) by Proposition 4.2.
Since & is étale and separated, and MFxg is dense in Wxg, it follows that every
nonempty fiber of £ is a point. Since the property of being open immersion is local
on the base in the smooth (and even in the fpqc) topology (see [59, Lemma 02L3]),
it follows that § is an open embedding; in particular, it follows that MFMy,, is irre-
ducible.

Finally, assume g = 4. Given an S-point f: X — § of MFy, we consider the

relative anticanonical embedding X — Pg(V), where V := ( f*w}l)v. It is easy to
see that there is a unique flat family of quadrics Q(X) C Ps()) containing X', and
this family defines an S-point of MQ,. This construction is functorial in S, hence
defines a morphism of stacks MFy, — MQy. The argument of Proposition 4.2 then

@ Springer



410 A. Kuznetsov, E. Shinder

proves that MFMy, = MQS, xmq, MF§(4, i.e., that (36) is a Cartesian diagram. It
also follows that MFMy, is an open substack in a projective space bundle over MQS,,
and since MQS; is irreducible (by Lemma 4.4), MFMy,, and hence also MFMy,,, is
irreducible. O

Remark 4.6 1If g < 10 and d < 4 the stacks MFxg, MFng, and MFy, are Deligne—
Mumford stacks; this follows from finiteness of the automorphisms groups of the
corresponding Fano threefolds ([39, Theorem 1.1.2]) by the argument of [34, Propo-
sition A.2].

5 A boundary divisor

In this section we show that Fano threefolds obtained in §2 by the bridge construction
form a connected component of the open substack MFM;I; of the boundary divisor
MFM)Z1 = MFng \MFng. We also discuss generalizations of Theorem 3.6 for
families of nodal Fano threefolds over arbitrary bases.

We need to define yet another stack. Note that for any family of 1-nodal threefolds
Y — §,if yg is the nodal S-point of ) then the blowup Bl,, () is smooth over S and
its exceptional divisor E — § is a smooth family of quadric surfaces, see Lemma A.6.

Definition 5.1 For each d € {1, 2, 3, 4, 5} we define the stack MFCy, as the fibered
category over (Sch /k) whose fiber over a scheme S is the groupoid of:

e (ford > 2) pairs (Y — S, C), where ) — S is an S-point of MFy, i.e., a family of
smooth del Pezzo threefolds of degree d, and C C ) is a family of smooth rational
curves of degree d — 1;

e (ford =1) pairs (Y — S, F), where Y — § is an S-point of WQ), i.e., a family
of 1-nodal del Pezzo threefolds of degree 1, and F € Picg,s(S) is a global section
of the relative Picard sheaf for the exceptional divisor E of the blowup Bly, (),
where yp is the nodal S-point of )/, such that for each geometric point s € S the
divisor class F; € Pic(Ey) is a ruling of E; = P! x P!,

Morphisms in MFCy, are defined as morphisms in MFy, compatible with C or F in
the obvious way.

Lemma5.2 Foralld €{1,2,3,4,5} the stack MFCy, is smooth and connected.

Proof For d > 3 the stack MFCy 4 1s an open substack in the relative Hilbert scheme
of rational curves of degree d — 1 over the stack MFy, of del Pezzo threefolds of de-
gree d. Its connectedness and smoothness follow from Theorem 4.5 and Lemma 2.10.

Let d = 2. Since Lemma 2.10 fails for ramification lines, see Remark 2.11, we ar-
gue differently. Every smooth del Pezzo threefold Y of degree 2 is a quartic hypersur-
face in the weighted projective space P(1, 1, 1, 1, 2) (see, e.g., [35, Theorem 1.2(ii)]),
which can be thought of as a cone in P!0 over the second Veronese embedding
P3 < Y. The Hilbert scheme F{(P1,1,1,1,2)) of curves C CPP(1,1,1,1,2) of
degree 1 with respect to the generator of the class group CI(P(1, 1, 1, 1,2)) (i.e., of
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degree 2 in the ambient P'?) not passing through the singular point of the cone has
the following structure: the projection from the vertex of the cone maps any such
curve C isomorphically onto a line in P (which under the second Veronese embed-
ding becomes a conic in ]P’9), the preimage of this line in P(1, 1, 1, 1, 2) is P(1, 1, 2),
i.e., a quadratic cone in P2 ¢ P!°, and the curve C is a hyperplane section of this
quadratic cone. Thus, the Hilbert scheme Fj(IP(1, 1, 1, 1, 2)) is an open subscheme
in a projective space bundle over Gr(2,4), hence it is smooth and connected. Fur-
thermore, the Hilbert scheme of pairs C C Y is an open subscheme in a projective
space bundle over F{(P(1, 1, 1, 1, 2)), hence it is also smooth and connected. Finally,
the moduli stack MFCy, is the quotient stack of this smooth and connected scheme
by the automorphism group of the weighted projective space, hence it is smooth and
connected.

Finally, let d = 1. Every 1-nodal del Pezzo threefold Y of degree 1 is a sextic
hypersurface in the weighted projective space P(1, 1, 1,2, 3) (see, e.g., [35, Theo-
rem 1.2(i)]) and the position of the node yg € Y is constrained to the complement of
the line P(2, 3) C P(1, 1, 1, 2, 3), (see, e.g., [35, Proposition 2.2(ii)]). Therefore, the
Hilbert scheme of pairs yg € Y is an open subscheme in a projective space bundle
over P(1,1,1,2,3) \ P(2,3), hence it is smooth and connected. The moduli stack
W;ll) of 1-nodal del Pezzo threefolds of degree 1 is the quotient stack of this smooth
and connected scheme by the automorphism group of the weighted projective space,
hence it is smooth and connected.

Furthermore, since the spinor bundles on a smooth quadric surface are the line
bundles associated with the rulings, the definition of the stack MFCy, implies that
there is a Cartesian diagram

é
MFCy, —> MQS,

| i fo @)

_(1) €
MFy, —— MQ,,

where € takes a family )V — S of 1-nodal del Pezzo threefolds to the family of quadric
surfaces E — § where E is the exceptional divisor of Bly,())), and &q is the €tale
double covering defined in Lemma 4.4. It follows that the left vertical arrow in (37)

is finite étale of degree 2, hence the smoothness of W\((ll) proved above implies the
smoothness of MFCy, . It also follows that the morphism é: MFCy, — MQS, is a
quotient of a locally trivial fibration with smooth connected fibers by an algebraic
group, and since MQS; is connected by Lemma 4.4, the same is true for MFCy,. O

Next, we discuss a universal version of the bridge construction from §2 and its
inverse. To explain it we need universal versions of the line bundles Oy (H) and
Og(F) and the Mukai bundle U/x used in §2. A convenient notion to use here is that
of a vector bundle on a family of varieties twisted by a Brauer class pulled back from
the base of the family, see [32, §2.2] for a discussion of this notion.
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Note that if X — § is a flat morphism of schemes, 3 € Br(S) is a Brauer class,
and £ € Coh(X, B) is a B-twisted vector bundle on X, then there is an étale cov-
ering {S;} — S on which 3 becomes trivial, hence the pullbacks of £ to X xg S;
are untwisted vector bundles &; such that for all i, j the pullbacks of & and &; to
X x5 8; x5 S; are isomorphic. Therefore, the collection {£;} defines a global section
of the étale sheaf VBy/s. If this is the case we will say that the twisted bundle &£
represents the corresponding global section of VB /g, which we will abusively also
denote €.

In the next lemma we show that some global sections of VB can be represented
by twisted sheaves.

Lemma5.3 Letd €{1,2,3,4,5} and let S be a k-scheme.

(a) For any S-point Y — S of Wyd there is a 2-torsion Brauer class 33, € Br(S)
and a B-twisted line bundle Oy)(H) € Coh(), B) such that for any geometric
point s € S the restriction Oy (H)ly, is the ample generator of Pic(Vs).

(b) Forany S-point (Y — S,C) or (Y — S, F) of MFCy, there is a 2-torsion Brauer
class 3 € Br(S) and a B F-twisted line bundle Og(F) € Coh(E, Bx) on the
exceptional divisor E of Y=Ble(Y)or) = Bly, ()) such that for any geometric
point s € § the restriction O (F)|E, is the line bundle corresponding to the class
of a fiber of the map E; — Cj or to the chosen ruling of Ej.

(c) For any S-point (X — S,Ux) of MFMy,, , there is a 2-torsion Brauer
class Py € Br(S) and a Py-twisted vector bundle Uy € Coh(X, Byy) that repre-
sents the global section Uy € VB x5(S).

Proof We use [32, Lemma 2.11] which is stated for smooth morphisms and line bun-
dles, but the second part of this lemma that we are applying here does not use the
smoothness assumption, and besides, the same argument works for any global sec-
tion of VB whose fibers are simple sheaves.

() If Y — S is an S-point of MFy - the étale Picard sheaf Picy/g is constant of
rank 1 by Corollary A.8, hence there is a global section H € Picy,s(S) that restricts to
the ample generator of the Picard group of each geometric fiber. By [32, Lemma 2.11]
it gives rise to a Brauer class 37y and a twisted line bundle as required. The Fano
index of )/ S is 2, hence 39 is 2-torsion, see [32, Corollary 2.17].

(b) If (¥ — §,C) is an S-point of MFCy,, ford > 2,then C — Sis a P!-bundle.
The argument of part (a) allows us to construct a 2-torsion Brauer class on S and
a twisted line bundle on C that restricts to the ample generator of the Picard group
of each geometric fiber; its pullback along E — C is then the required twisted line
bundle on E.

Similarly, if (Y — S, F) is an S-point of MFCy, we just apply [32, Lemma 2.11]
to F € PiCE/S(S).

(c) Let (X — S,Uy) be an S-point of MFMy,,,,. Then arguing as in the second
part of the proof of [32, Lemma 2.11] and using exceptionality of ¢/x on the fibers
of X/S we construct the Brauer class 37y and a 3/-twisted vector bundle on X
representing U/ . The class Py, is 2-torsion, because A%y is, on the one hand, [5[2/{-
twisted (by [32, Lemma 2.13]), and on the other hand, it is untwisted, because it is
isomorphic to the canonical line bundle on each fiber. O
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Remark 5.4 Using the argument of [32, Corollary 2.17] it is easy to check that
By =1 whend€e{l,3,5}, and
By =1 whende{2,4},ie., g€ {6,10}.

Indeed, the pushforward of Oy (H) to S is a 33,-twisted vector bundle of rank d + 2,
hence its top wedge power is a Bd+2-tw1sted line bundle on S, hence Bd+2 = 1. Since
d+2isoddford € {1, 3,5} and [SH is 2-torsion, we conclude that 34y = 1. Similarly,
the pushforward of Z/{)v( to S is a 3y4-twisted vector bundle of rank d + 3 (this follows
from the Hilbert polynomial computation in Lemma 4.1), and the same argument
applies. It is also easy to see that 3 7 = 34 (hence B r- Py =1) ford € {2, 4}.

Now we explain the relative version of the bridge construction.

Lemma5.5 Foreachd € {1,2,3,4,5} there is a morphism of stacks

1
u: MECy, - MFMy,, _ (38)

which takes a geometric point (Y, C) or (Y, F) of the stack MFCy, to the Fano—
Mukai pair (X,Ux), where X is constructed in Proposition 2.6 and Uy is constructed
in Proposition 3.3.

Proof First, assume d > 2. Let (g: YV — §,C) be an S-point of the stack MFCy,.

Then 37 =Blg () AN Y is a family of smooth threefolds over the scheme S. Let
g:=go00:)Y — S, and let Oy (H) and Ofg(F) be the twisted line bundles con-
structed in Lemma 5.3, where E is the exceptional divisor of the blowup o . By Propo-
sition 2.6(iii) the (untwisted, because 37 is 2-torsion) line bundle (’)5, QH—E) is
globally generated over S. Let V := (g (95}(27{ — E))V. The Stein factorization

Y ox — Pg(V)

of the morphism to Pg(}) given by (’)5}(27{ — FE) (arelative version of (16)) gives a
family f: X — S of 1-nodal prime Fano threefolds of genus 2d + 2. Furthermore,
the relative version of (21)

0— U)Y, = 0y(H) ® §"8:0p(F) > Op(H+F) — 0,

defines a (3 - Bfy)-twisted vector bundle U/, on A Proposition 3.3 implies that
Uy = n*u isa (Br - Py)-twisted Mukai bundle on X such that Z/{j = 7* Uy, so

that (f: X — S,Uy) is an S-point of MFMX

Similarly, if d =1, let (g: YV — S, F) be an S-point of MFCy, and let yg be the
nodal S-point of Y/S. Then y := Bl () is a family of smooth threefolds over §
(see Lemma A.6), and as before we construct a family f: X — S of 1-nodal prime
Fano threefolds of genus 4 with a (3 r - 394)-twisted Mukai bundle /y on X so that
(f: X = S,Uy) is an S-point ofmg(l;.

In both cases the construction is functorial in §, hence defines a morphism of
stacks. O
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In the case d = 1 we will need the following obvious observation.
Lemma 5.6 There is a morphism of stacks [L: WQ) — Wgﬁ and a Cartesian dia-
gram

)
MFCy, — MFMy,

o

_ S8 _
MFy —— MFy,,

where the left vertical arrow is the natural étale double cover and & is defined in
Theorem 4.5.

Proof Indeed, in the case d = 1 the construction of the family f: X — S of prime
Fano threefolds in Lemma 5.5 does not depend on the choice of F € Picg,s(S) (only
the Mukai bundle does), therefore it defines a morphism [t such that the diagram (39)
commutes.

The diagram (39) induces a morphism

fvinvill IV in
MFCy, - MFMy~ x——a) MFy ",
Yi Xs TME)

which is étale, because the vertical arrows in (39) are étale. Now, the fibers of the left

side over W\((ll) are 2-point sets, while the fibers of the right side over ng) are at
most 2-points sets (by separatedness of & and Proposition 4.2), hence the morphism
is bijective, and therefore the diagram (39) is Cartesian. O

Recall from Lemma 5.2 that the stack MFCy, is connected. Now for each degree
de{l,2,3,4,5} let

e D &)
MFMdeJrz,Yd C MFMXM+2 C MFMy,,,

be the connected component of the 1-nodal locus MFMg(lz)d+2 of the stack MFMy,, .,
containing W(MFCy,).

Theorem 5.7 Foralld € {1,2,3,4,5} the morphism | defined in Lemma 5.5 induces
an isomorphism

— (1
MECy, - MFMy, v, -

~

(D
X2d+2,Yd

(1 . .
Let § — MFM;;(HLY , be a chart (i.e., a smooth morphism from a connected

Proof We will construct a morphism MFM — MFCy, inverse to .

scheme §) meeting the image of u. Since MFM;ZHN , is smooth by Theorem 4.5,
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the scheme S is also smooth. Let (X — S, U y) be the corresponding 1-nodal Fano—
Mukai pair. Let xo be the nodal S-point of X and let

X :=Bl,(X) ad DcCX

be the blowup and its exceptional divisor. For general s € S we have p()?s) =3 by
Remark 2.9. Therefore, by Corollary A.8 we have p(z’\?s) = 3 for every s € S, hence
X is nonfactorial for all s. Moreover, by [36, Theorem 1.1] for each point s € S the
anticanonical class of X is nef and big; it is also not ample for general s, hence not
ample for all s by openness of ampleness.

Let X — S be the relative anticanonical model of X — S. For general s € § it
follows from [36, Theorem 1.4 and Remark 1.5] that 2\?3 CcYxPlisa complete
intersection of ample divisors, where Y is a del Pezzo threefold of degree d, and
Pic(X;) is generated by the pullbacks of the ample generators of Pic(Y) and Pic(P').
By Corollary A.8 the étale Picard sheaf Pic 3 /s is constant of rank 2 and has relatively
nef generators H; and H that by semicontinuity satisfy the inequalities

dimH (X, O (H1)=d+2  and  dimH (&, O (H2) =2

for all s € S. Now applying [36, Theorem 1.4 and Remark 1.5] we conclude that for
each point s € S the anticanonical model of X is a divisor

)EscysXPl

of bidegree (1, 1), where ) is a del Pezzo threefold of degree d (which is smooth
if d > 2 and has a single node or cusp if d = 1) and H;, H; are the pullbacks of the
ample generators of the Picard groups of the factors. The relative over S contraction
defined by the class H; is a morphism

2?—)3),

where ) — S is a flat family of del Pezzo threefolds of degree d. If d > 2 this family
is smooth over § and if d = 1 the singular locus of ) over S is an S-point yy of
Y such that Bly, () is smooth over S and its exceptional divisor E is a family of
irreducible quadric surfaces over S.

Assume d > 2; then ) — S is an S-point of MFy,. Moreover, in this case the ex-
ceptional divisor of the composition X — X — Y has two irreducible components:
one of them is the exceptional divisor D and the other component E is contracted
onto a family of smooth rational curves C C Y of degree d — 1. Then () — §,C) is
an S-point of the stack MFCy,, and it is clear that

wy — S,0) =X — S,Uy). (40)

The above construction is obviously functorial in S, hence it gives a morphism of

stacks which is right inverse to p. Moreover, a simple verification shows that this

map is also left inverse to p, which completes the proof of the theorem for d > 2.
Now assume d = 1. Then the above argument gives a morphism

ED ~rEd)
MFy, y, = MFy, (41)
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from a component of the stack of 1-nodal Fano threefolds of genus 4 to the stack of
1-nodal or 1-cuspidal del Pezzo threefolds of degree 1 (whose definition is analogous
to Definition 1.1) which is inverse to the natural extension of the morphism [i to the

stack ng). Thus, these two stacks are isomorphic.
Furthermore, the morphism  is a lift of [i to the natural double coverings

MFCy, > ME{,  and  MEMyy, — MFy.y,

where the first is induced by &q, see diagram (37), and the second is the restriction
of the morphism defined in Theorem 4.5. Since £ is étale and &q is ramified over

the substack M—le) C MQ, of nodal quadrics by construction (see Lemma 4.4), it
follows that the image of MFM§(14))Y , under the composition

) ivisl) Ff

MEM,y, > MFyy, ME, "

—— MFy, = MQ,

does not intersect the branch divisor M—Qzl) C MQ, of &q, hence the image of i~ 0 &

does not intersect the cuspidal locus in MF\(( )

induces an isomorphism

. This proves that the restriction of f

Yinvi
[T MFY —> §(MFMy, v,)

Finally, Lemma 5.6 implies that 1 induces an isomorphism MFCy, —> MFM§(14)’Y1
over [L. Il

In conclusion we explain how one can construct semiorthogonal decompositions
for families of Fano threefolds more general than those considered in Theorem 3.6.
On the one hand, for all d € {1, 2, 3,4, 5} and all S-points

(f: X > S,Uy) € MFMx,,,, (S), (g: Y — S) eMFy,(S), and
(g: Y— S, F) e MFCy, (S)
the construction of Lemma 5.3 provides 2-torsion Brauer classes on S and the cor-
responding twisted sheaves Uy, Oy (H), and Og(F) on X, Y, and the exceptional

divisor E of 52 =Blg(Y) or JNJ = Bl,, (), respectively, that form relative exceptional
collections over S and induce semiorthogonal decompositions

D" (X) = (Ax. f*D°(S). £*DP(S. Br) ®UY). (42)
D"(V) = (By, g"D"(S), g*D"(S, B) ® Oy(H)), (43)
D°(Y) = (By. §*D"(8). g*DP(S. B) ® Op(H).,

Z*D°(S) ® Ok, §*D°(S, Br) ® Ok (F)). (44)
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Here g: 5{ — § is the composition of the blowup morphism with g and for d > 2 the
category BBy defined by (44) is equivalent to the category By defined by (43), while
for d = 1 it provides a crepant categorical resolution of By as in Remark 3.2.

On the other hand, consider the open substack

IVinvill
MFMX2d+2 Yd - MFMXZ{1+2 U MFMXZ(H»Z Ya

= MFMy,,,, U(MFCy,) C MFMy,, , (45)

that parameterizes Fano—Mukai pairs (X, Uy) such that either X is smooth or (X, Ux)
is obtained by the bridge construction of §2. Note that MFM;(];H,Y , CMFMx,, ,.v,

is a smooth Cartier divisor. Consider an S-point of MFMy,, ., v, transverse to the
boundary, i.e., an S-point (f: X — S, Uxy) such that the 1-nodal locus

D

M _ N
§7=5 ><MFM><2[, 12.Yg MFMX2d+2,Yd

is a smooth Cartier divisor in S. By Theorem 5.7 there is an S(V-point () — SV, C)
or (Y — S, F) of MFCy,, such that

XD =X x5 SW = Yean,
where 5) =Bl¢()) or 5) =Bl,,())), and
7:Y = Yean =&V
is a small birational contraction. Consider the twisted sheaf
P:=m.Oy(E —H) e DXV, Byy),

this is a relative twisted version of the Pw'z-object constructed in (31). Furthermore,
let t: XD < X be the embedding induced by the embedding S <> §. One can
prove that the S-linear Fourier—Mukai functor

®p: D°(SWV, Byy) = DO(X),  Pp(—) = L((flx1)* (=) ®P)

is fully faithful and there is an S-linear semiorthogonal decomposition
D) = (@p (5. B3, Ax. £ D). FDO(S. pu) @UY)  (46)

refining (42), where the category Ay, defined as the orthogonal complement in Ay
of the image of ®p, is smooth and proper over S. Finally, setting @ := $\ §( and
X0 .— x x s SO one can check that

By, ifd>2,

47
By, ifd=1, @7

(Ax)s0 ~ Ay and (Ax) g0 = {

where the categories in the right-hand sides are defined in (42), (43), and (44), re-
spectively.
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One way to prove (46) and (47) is by extending our results from [38] about [poo-2.
objects to the relative setting. Another way is to bootstrap from Theorem 3.6 by base
change to appropriate curves B C S and the technique developed in [27]. We leave
the details to the interested reader.

Appendix: Nodal varieties

In this appendix we discuss geometry of nodal varieties and of families of nodal va-
rieties. We assume that the base field k is algebraically closed of characteristic zero.
Recall that a scheme X of dimension n has hypersurface singularities if it is locally
isomorphic to a hypersurface {¢ = 0} in A"T!; this is equivalent to the inequality
dim 7y (X) < n + 1 for each geometric point x € X (the fact that this condition on
the Zariski tangent space implies that some Zariski neighborhood of x embeds as a
hypersurface in A”*! follows from a classical argument using generic linear projec-
tions). We will use the following

Definition A.1 A k-scheme X of dimension # is nodal if it has isolated hypersur-
face singularities and the Hessian matrix (3%/dx;dx j);”jio of its local equation is
nondegenerate at every singular point of X. '

By definition any nodal scheme X is Gorenstein. Moreover, it follows (see
Lemma A.6 for an argument in the relative case) that the blowup 7: X — X of
X at its singular points is smooth, each connected component E C X of the excep-
tional divisor is a smooth quadric of dimension n — 1 with conormal bundle O (—E)
isomorphic to the hyperplane bundle of the quadric. Moreover, the discrepancy of E
equals n — 2; in particular, X has terminal singularities when n > 3.

A.1 Morphisms with nodal fibers

We will say that f: X — § is a morphism with nodal fibers if f is flat and all geomet-
ric fibers of f are smooth or nodal. We always assume that the base S is Noetherian.

Lemma A.2 If every geometric fiber of a flat morphism f: X — S has hypersurface
singularities then X /S has hypersurface singularities, i.e., X is locally isomorphic
to a hypersurface in an affine space over S. In particular, a morphism with nodal
fibers has hypersurface singularities.

Proof Let x € X be a geometric point and set s = f(x) € S. Since the fiber X; has
hypersurface singularities, there is a Zariski neighborhood (Us, x) of x in A and
an open embedding Uy < {¢ = 0} C A"*!, where n = dim(X'/S). The morphism
Us — A"l s given by n + 1 functions; they extend to regular functions on a neigh-
borhood (U, x) of x in X such that U N X; = U and define an S-morphism

: +1
g: U — Aj

that restricts to the above morphism of U, over s. The image of g is a hypersurface
over s, hence it is a hypersurface over a neighborhood of s in S. The property of being
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an open immersion is local on the base (see [59, Lemma 02L.3]), hence, shrinking U
if necessary, we may assume that locally g is an open embedding into a hypersurface
in A%GHL. O

If f: X — S is a flat morphism and X'/§ has hypersurface singularities, the Ja-
cobian ideals of local equations of X C A’;H provide the relative singular locus
Sing(X'/S) with a scheme structure. More precisely, if {¢ = 0} C A’S’H is a local
presentation of X’ then

Sing(X/8) :={po=p1=---=¢, =0} C X,

where ¢; = d¢/dx; is the derivative of ¢ with respect to i-th coordinate on A’S'H. We
always endow Sing(X'/S) with this scheme structure.

LemmaA.3 If f: X — S is aflat proper morphism with nodal fibers then Sing(X /S)
is finite over S.

Proof The singular locus of X" over S is quasi-finite over S by Definition A.1, and on
the other hand it is closed in X', hence proper over S; therefore, it is finite over S. [

Now assume f: X — § is a morphism with nodal fibers and Sing(X'/S) is finite
over S (by Lemma A.3 this holds if f is proper). Then fiOsing(x/s) is a coherent
sheaf on S. We denote by

§$Z"cS and ST lcs

the closed subscheme where the rank of f,Osing(x/s) is at least m (it is defined by
an appropriate Fitting ideal) and its open complement, respectively. Furthermore, we
denote

s .— g=mn g=m,

The subscheme S is closed in S=", open in $=™, and locally closed in S; it
parametrizes points of S over which the fibers are exactly m-nodal. We also write
x=mys=m xzm/§=m and X /§™ for the corresponding families obtained from
X /S by base change.

Lemma A4 If f: X — S is a morphism with nodal fibers, the morphism
Sing(X'/S) — S is unramified. Moreover, if Sing(X /S) is finite over S then the closed
subscheme SV c S=! is locally principal and the morphism Sing(X D /§(1) — s
is an isomorphism. Finally, if S is smooth then SV is smooth if and only if X is
smooth along f~1(SM),

Proof By Lemma A.2 we may assume that X' C A’;’H is a hypersurface with local
equation ¢. Consider the critical locus of ¢, that is the subscheme

S={<ﬂ0=(ﬂ1=:(ﬂn :O}CAE+]
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Then Sing(X/S) = § N X, and since the Hessian matrix of ¢ is nondegenerate at
every point of Sing(X'/S), the projection f|g: S — § is étale along Sing(X/S),
hence Sing(X'/S) — S is unramified.

For the second claim we may assume S = S=!, i.e., $%? = @. The assumption
§>2 = @ implies that the sheaf of algebras f*(’)smg(;( /s) as Os-module is locally
generated by its unit, hence the morphism fsing(x/s): Sing(X'/S) — S is a closed
embedding and SV = £(Sing(X'/S)) by definition. Finally, since locally around SV
the morphism f|g: S — Sisan isomorphism, and Sing(X'/S) is cut out in S by the
equation ¢ = 0, it follows that Sing(X'/S) is locally principal in S, hence S™ is
locally principal in S.

For the last claim note that the scheme X is smooth away from Sing(X'/S). So
let x € Sing(X'/S) be a point such that s = f(x) € SM_ Then x € §, hence pi(x)=
for 0 <i <n, and the equality Sing(X/S) = Snx implies that the tangent space to
X at x is equal to the sum of the tangent space to Sing(X’/S) and the relative tangent
space to A'g“ at x. Therefore, X is smooth at x if and only if Sing(X'/S) is smooth
at x, and since Sing(X/§M) — §( is an isomorphism, this holds if and only if
SM is smooth at s. g

Corollary A.5 Let f: X — S be a flat proper morphism with nodal fibers over an
integral scheme S. If the general fiber of f is smooth then SV c S=! is a Cartier
divisor.

Proof By Lemma A.4 the subscheme S ¢ S=! is locally principal. It is not equal
to S=! because the general fiber of f is smooth, hence the equation locally defining
SM in $=! is nonzero, and since S is integral, this equation is not a zero divisor.
Therefore, SO ¢ S=! is a Cartier divisor. O

We will say that f: X — S is uniformly m-nodal if Sing(X’/S) is finite over S
and §” = §. In the special case where m = 1 the subscheme Sing(X'/S) C X is an
S-point of &’; it will be called the nodal S-point or simply the node of X'/S.

LemmaA.6 If f: X — S is a uniformly m-nodal flat morphism, then

(1) the scheme Sing(X/S) is finite étale of degree m over S,
(ii) the blowup Blgingx/5)(X) is smooth over S,
(iil) the exceptional divisor E C Blging(x/5)(X) is a smooth quadric fibration over
Sing(X/S), and
(iv) the conormal bundle Og(—E) is the relative hyperplane bundle on this quadric
fibration.

Proof (i) The equality S” = S means that f«Osing(s/s) is locally free of rank m,
hence Sing(X/S) is flat and finite over S. Since it is also unramified over S by
Lemma A 4, it is étale.

(i1)—(iv) All these claims are étale local around Sing(X'/S), so we may assume that
m = 1 and Sing(X'/S) is just the nodal S-point xg of X. Furthermore, by Lemma A.2
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we may assume that X C A’;’l is a hypersurface with equation ¢. Note that ¢ van-
ishes together with its first derivatives at x(, while the Hessian matrix of ¢ at xq is
nondegenerate. Clearly,

Bl (X) C Bl (AT

is the Cartier divisor with equation obtained by dividing the pullback of ¢ by the
square of the equation of the exceptional divisor E of Bl (A’;‘H ), and the exceptional
divisor E of Bly, (X) is the quadric in E= [P’ associated with the Hessian matrix at
the point xo. In particular, £ is smooth over S, hence Bly,(X) is smooth along E.
On the other hand, Bl,,(X) \ E = X"\ {x} is also smooth over S, hence Bl (X) is
smooth over S. Finally, the conormal bundle of E is isomorphic to the restriction of
the conormal bundle of E; the latter is obviously the hyperplane bundle, hence so is
the former. g

A.2 Families of nodal Fano varieties

In this section we study properties of families of nodal Fano varieties, i.e., proper
morphisms f: X — S with nodal fibers such that the relative anticanonical class
a)/,_\)/ g Is f-ample. However, for the statement of Proposition A.7 we can weaken the
assumptions.

We denote by Picy,s the €tale sheafification of the Picard functor, see [22, §9.2].

Proposition A.7 Let f: X — S be a flat projective morphism of relative dimension
n >3 such that

H(X;, Ox) =HX(X;, Ox,) =0 (48)

for any geometric point s € S. Assume also that either

(a) f has nodal fibers, or

(b) the scheme S is integral of positive dimension, the fiber of f over a geometric
point s € S has isolated hypersurface singularities, and over S\ {s} the morphism
f is smooth.

Then the étale sheaf Picy s is locally constant on S. In particular, if S is connected
then the Picard rank of geometric fibers of f is constant.

Proof Recall from [22, Theorem 9.4.8, Theorem 9.5.11, Remark 9.5.12, and Propo-
sition 9.5.19] that the assumption (48) implies that the Picard sheaf Picy s is repre-
sented by the Picard scheme Picy /s which is étale and separated over S. Therefore,
any line bundle on a geometric fiber Xy of f extends uniquely to a line bundle over
an étale neighborhood of s in S.

Let us prove that the morphism Picy /s — § satisfies the valuative criterion for
properness (note, however, that this morphism is not of finite type, hence not proper).
So, assume S is the spectrum of a discrete valuation ring, s € S is the closed point,
and Ly is a line bundle on the general fiber of X'/S. We need to show that there is a
line bundle £ on X which restricts to the general fiber as L.
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First, consider case (b). Then we extend Ly to a coherent sheaf on X" and then, by
taking the double dual, to a reflexive sheaf £ of rank 1. Since X'/S is smooth over
the general point of S, we have an inclusion Sing(X’) C Sing(X;). Moreover, X" has
isolated hypersurface singularities by Lemma A.2. Finally, since dim(&X) > 3, we
have dim(X) > 4. Now it follows from [15, XI, Corollaire 3.14] that X" is locally
factorial, hence £ is a line bundle.

Now, consider case (a). Since Sing(X'/S) is finite and unramified over S by Lem-
mas A.3 and A.4, we have

Sing(X/S)=Z U Z,

where Z is finite étale over S and Z’ is a finite reduced scheme contained in the
central fiber of X'/S. Consider the blowup

7: X :=Blz(X) = X.

By Lemma A.6 the map X" — S has nodal fibers, Sing(X’/S) = Sing(X)) = Z’, and
the exceptional divisor E of m is a smooth quadric fibration over Z. In particular,
the morphism X’ — § satisfies the assumption of part (b). Therefore, the line bundle
L :=m*Ly extends to a line bundle £ on &”. Let Eg and Z, be the general fibers
of E and Z over S. The line bundle £'|g, = L{)| g, = 7*Lo|E, is trivial over Zo, and
since E — Z is a smooth quadric bundle, £'| g is trivial over Z, and therefore there is
a line bundle £ on X such that £’ = 7* L. Clearly, the restriction of £ to the general
fiber of X'/ S is isomorphic to Ly.

Finally, since Picy/s is €tale and satisfies the valuative criterion for properness
over §, it follows that étale sheaf Picy s represented by it is locally constant. |

Since any nodal Fano variety satisfies (48) (see [18, Proposition 2.1.2(i)]), the
conclusion of Proposition A.7 holds for families of nodal Fano varieties of dimension
at least 3.

Corollary A8 If f: X — S is a family of nodal Fano varieties of dimension n > 3
then the Picard rank, Fano index, and anticanonical degree of the fibers of X /S are
locally constant.

Moreover, if the Picard rank of fibers is 1, the étale sheaf Pic xy /s = Zg is constant.

Proof The sheaf Picy/s is locally constant by Proposition A.7, hence by [32, §2.1]
it corresponds to a monodromy action of the étale fundamental group 711 (S) on the
Picard group Pic(X;) of a geometric fiber. It follows that the Picard rank is locally
constant. Since the canonical class K y, € Pic(Xy) is monodromy invariant (see [32,
Lemma 2.5]), the Fano index and anticanonical degree are also locally constant.
Assume now the Picard rank of X is 1. Since X is Fano, the group Pic(X}) is
class K x, € Pic(Xj) is monodromy invariant and nonzero, the monodromy action is
trivial, and the sheaf Pic y /S is constant. O

The following result proved by Namikawa is crucial for our paper.
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Theorem A9 ([47]) Let X be a nodal Fano threefold. There exists a smoothing of X,
i.e., a flat projective morphism X — B over a smooth connected pointed curve (B, 0)
such that

e the total space X is smooth,

e X, =X,

o the morphism f_1 (B\ {0}) = B\ {0} is a smooth family of Fano threefolds of the
same Picard number, Fano index, and anticanonical degree as X .

Proof In [47, Proposition 3] it is proved that deformations of a nodal Fano threefold
X are unobstructed, and in [47, Proposition 4] it is proved that any local deformation
of X around its singular locus lifts to a global deformation. Since nodal singularities
are hypersurface singularities, they are locally smoothable, hence a global smoothing
X — B also exists.

Since ampleness is an open property, shrinking B if necessary we can assume that
the line bundle a);{l 5 is ample over B, hence every fiber of X — B is a Fano variety.
The equalities of the Picard rank, Fano index, and anticanonical degree of all fibers
of X /B follow from Corollary A.8. d

A.3 Maximal nonfactoriality of Fano threefolds

In this subsection we work over k = C and study the topology of maximally nonfac-
torial threefolds.

Recall from [21, Definition 3.4] that a nodal threefold X is maximally nonfactorial
(respectively, Q-maximally nonfactorial) if the natural morphism from the class group
of X to the direct sum of the local class groups of X at the singular points is sur-
jective (respectively, has finite cokernel). See [38, Definition 6.10] for an equivalent
definition in terms of the blowup of X at the nodes. For us, however, the following
reformulation is more convenient: assume X has a small resolution of singularities
XX ,letCy,...,Cy C X be its exceptional curves, and consider the natural linear
map

Pic(X) — 7™, D (D-C)™,. (49)

Then by [38, Lemma 6.14] maximal nonfactoriality (respectively, Q-maximal non-
factoriality) of X is equivalent to surjectivity (respectively, surjectivity after tensoring
with Q) of (49). Restating this criterion in terms of homology groups, we obtain

Lemma A.10 Let w: X — X be a small resolution of a nodal projective complex
threefold X such that the condition (48) holds for X. Let Cy,...,Cy C X be the
exceptional curves of @ . Then

(1) X is Q-maximally nonfactorial if and only if the classes [Ci],...,[Cp] in
H) (X, Z) are linearly independent,
(ii) X is maximally nonfactorial if and only if the classes [C1], ..., [Cp] € Ha (X, Z)

are linearly independent and the subgroup in Hy(X,Z) generated by these
classes is saturated.
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Proof Lety: Z" — Hz(?, Z) be the map given ?\y the cla§§es [C1],...,[Cy] of the
exceptional curves. It follows from (48) that Pic(X) =~ H2(X, Z), hence the map (49)
can be rewritten as the composition

H2(X. Z) — Hom(Hy(X. Z). Z) —— Hom(Z", 7).

The first arrow is surjective by the universal coefficient theorem, hence (49) is sur-
jective if and only if y* is, which holds exactly when y is an isomorphism onto a
saturated subgroup of HZ(Y , Z). Similarly, tensor product of (49) with Q is surjec-
tive if and only if yé is, which holds exactly when y is injective. U

By [38, Proposition 6.13] for any (Q-maximally nonfactorial nodal threefold X
there exists a small resolution. We will need the following standard topological com-
putation (see, e.g., [16, §1]).

LemmaA.11_Let X be a maximally nonfactorial m-nodal threefold with a small res-
olution w: X — X. Then the map @w*: H3(X,Z) —> H3(X,Z) is an isomorphism.
If, moreover, X is proper then

b4 (X) =ba(X) +m (50)
and the natural mixed Hodge structure of H*(X, Z) is pure.

Proof Let Cy,...,Cy C X be the exceptional curves. The cohomology exact se-
quence of a pair gives

m
0 HX(X,Z) 2> H:(X,Z) 2 @Hz(c,», 7) - H(X,7) 2> H¥(X,Z) — 0,
i=1

where y: U C; — X is the embedding. Since (49) is surjective by the maximal
nonfactoriality assumption, y* is also surjective, hence @ *: H3 (X,72) — H3 ()? , )
is an isomorphism. It also follows that bz(f(\) =by(X)+m and b4(3(\) =by(X).

If X is proper, then X is smooth and proper, the Hodge structure of H3 (5(\ ,Z) is
pure, hence the Hodge structure of H3(X, Z) is pure as well. Finally, Poincaré duality
on X implies (50). O

The following result is well known but we could not find a reference. For an
abelian group A we denote by Ay C A the subgroup of torsion elements in A.

Lemma A.12 [f X is a smooth complex Fano threefold then
H (X, 2w =0 and  Ho(X, Lo =0.

Proof By the universal coefficient theorem it is enough to prove the second vanishing.
We use the classification of Fano threefolds and two simple observations.

First, using an appropriate version of the Lefschetz hyperplane theorem we de-
duce Ha (X, Z)ior = 0 if X is a smooth complete intersection of Cartier divisors in a

@ Springer



Derived categories of Fano threefolds and degenerations 425

weighted projective space (see [12, Proposition 6]), or a complete intersection of am-
ple divisors in a smooth rational variety (see, e.g., [10, Lemma 3.2(c)]), or a double
covering of a smooth rational variety with smooth ample branch divisor, (see, e.g.,
[10, Lemma 3.3(c)]).

Moreover, since Hy(X,Z),r is a birational invariant, we conclude that
Hy (X, Z)ior = 0 for all X birational to threefolds as above; in particular, this holds if
X is rational.

Finally, looking at the classification of smooth Fano threefolds (see [43] or [6]),
we see that the above observations cover all the possibilities. g

Remark A.13 Lemma A.12 also proves that the Brauer group Br(X) is zero for any
Fano threefold.

The proof of the following result, answering in the case of Fano threefolds the
question posed after [38, Proposition 6.13], uses an idea suggested to us by Claire
Voisin.

Proposition A.14 If X is a nodal Q-maximally nonfactorial complex Fano threefold
then X is maximally nonfactorial.

Proof Let w: X — X be a small resolution (recall that it exists by [38, Proposi-
tion 6.13]). Since X is Q-maximally nonfactorial, the classes [C1], ..., [Cy,] of the
exceptional curves are linearly independent in Hz(f(\ ,Z) by Lemma A.10. On the
other hand, by Theorem A.9 there exists a smoothing X of X over a smooth pointed
curve (B, 0). Using [14, Lemma 8.1] for b # o0 in B we obtain

Ha(Xp, Z) = Ha(X, Z) /([C1], . .., [Cn]).

Since A&}, is a smooth Fano threefold, Lemma A.12 proves that Hy (X}, Z) is torsion
free. Thus, the subgroup in H> (X, Z) generated by the classes [C1], ..., [Cy,] is sat-
urated, hence X is maximally nonfactorial by Lemma A.10. O

A.4 The family of intermediate Jacobians

In this section we discuss the Hodge theory of nodal complex Fano threefolds; in par-
ticular, we give a Hodge-theoretic proof of Corollary 1.7. We will need the following
standard topological computation for topological one-parameter degenerations see,
e.g., [52, §C.2.2].

Lemma A.15 Let f: X — (A, 0) be a smoothing of a proper 1-nodal maximally
nonfactorial threefold X = X, over a pointed complex disc. For any point b # o in the
disc A the monodromy action on H3 (Xp, Z) is trivial, and we have an isomorphism
of abelian groups

H3(X,Z) =H(X,Z) =H (X, 7). (51)
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Proof Since X is smooth, there is a continuous retraction map r : X — X. Obviously,
it induces an isomorphism of cohomology groups r*: H3(X, Z) — H3(X, Z).
Choose a point b # o in A, consider the map r :=r|y, : &, — X, and denote by
Si = rgl(xo) C A} the vanishing 3-sphere and by i), : Sg — X} its embedding. The
cohomology sequence of a pair (see, e.g., [52, (C-10)]) gives an exact sequence

0— H3(X, Z) —2> H3 (X, Z) 2> H3(S3, Z) — H*(X, Z) -2 H* (X}, Z) — 0.

It also follows that by (X) = b, (X}). Combining this with (50) and Poincaré duality
on X, we obtain

bs(X) =ba(X) + 1 =b2(Xp) + 1 =bs(Ap) + 1.

We see that the kernel of the morphism 7 : H*(X, Z) — H*(X,, Z) has rank 1, hence
the morphism H3(S3,7) — H*(X,Z) must be injective, and hence the morphism
ip: H3(X,,Z) — H3 (5137, 7Z) must be zero. This means that the vanishing sphere Sz
is homologically trivial, hence the natural monodromy action on H> (X}, Z) is trivial
as well, and the map r; : H*(X, Z) — H3(X}, Z) is an isomorphism. O

Now we can state the main result of this subsection. We denote by Jac(X) the
intermediate Jacobian of a smooth projective rationally connected threefold X; this
is a principally polarized abelian variety.

Proposition A.16 Let f: X — B be a smoothing of a 1-nodal maximally nonfacto-
rial Fano threefold X. There is a smooth and proper family J — B of principally
polarized abelian varieties such that

_ [Jac). ifb o,
" T JacX), ifb=o,

where X is a small resolution of X. Moreover, these isomorphisms are compatible
with the principal polarizations.

We note that a general approach for relative Jacobians of degenerations has been
developed in [62], but in our simple situation of trivial monodromy we do not need
that formalism.

Proof By Lemma A.15 the analytic sheaf 7—[% /= R3 £, Zx on B is locally constant

and we have a base change isomorphism

(M p)o —> H (X, Z). (52)

Moreover, away from the origin o € B the local system 7—[%{ /B is endowed with a
polarized variation of pure Hodge structures, and since the monodromy around the
origin o acts trivially on H3(X}, Z) (again by Lemma A.15) the Hodge filtration of
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(’Hg( / B)b has a limit when b approaches o, see [56, (6.15)], and the limiting filtration
endows (fo, / Blo with a rational mixed Hodge structure.

Consider a semistable reduction o : X — X of the family X' /B and the composi-
tion of maps

H (X, Q) = B (X, @) 2> B3, @) 2> (1, )0 8 Q —> (X, Q),

where sp is the specialization map, see [52, §11.3.1], and the last arrow is induced by
the map (52). Unwinding the definitions, we see that their composition is an isomor-
phism of QQ-vector spaces, hence sp oo, is also an isomorphism. On the other hand,
both ¢ and sp are compatible with the Hodge filtrations; this is obvious for ¢,*, and
for sp this is [52, Theorem 11.29]. Therefore, the limiting mixed Hodge structure
is isomorphic to the Hodge structure of H3(X, Q); in particular, it is pure and has a
natural integral structure.

Now we see that the local system HE\, /B carries a polarized variation of pure in-
tegral Hodge structures, so we can define 7 — B as the corresponding family of
principally polarized abelian varieties. The isomorphism 7, = Jac(A}) follows from
the definition of 7—[} /B and the isomorphism 7, = Jac (3(\ ) follows from the isomor-

phism of the limiting Hodge structure and the Hodge structure of H3(X, Z) proved
above combined with the isomorphism of Lemma A.11. O

Now we can use this to prove Corollary 1.7 from the Introduction.

Proof of Corollary 1.7 Consider the smoothing X — B constructed in Theorem 1.4.
Its central fiber X is maximally nonfactorial (either by Remark 2.7, or by Proposi-
tion A.14), hence Proposition A.16 provides a smooth and proper family 7 — B of
abelian varieties such that J, = Jac(X}) for b # 0. Moreover, using the small res-
olution 77 : ¥ — X from Proposition 2.6 we obtain an isomorphism 7, = Jac(f ).
Finally, if d > 2 the morphism o : Y — Y is the blowup of a smooth rational curve,
hence Jac(¥) = Jac(Y). O
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