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QUIVER VARIETIES AND HILBERT SCHEMES

ALEXANDER KUZNETSOV

To V. Ginzburg

ABSTRACT. In this note we give an explicit geometric description of
some of the Nakajima’s quiver varieties. More precisely, if X = C2,
I' € SL(C?) is a finite subgroup, and Xr is a minimal resolution of X/T
we show that X' (the I-equivariant Hilbert scheme of X), and Xan]
(the Hilbert scheme of Xr) are quiver varieties for the affine Dynkin
graph corresponding to I' via the McKay correspondence with the same
dimension vectors but different parameters ¢ (for earlier results in this
direction see works by M. Haiman, M. Varagnolo and E. Vasserot, and
W. Wang). In particular, it follows that the varieties XTI and XIL"] are
diffeomorphic. Computing their cohomology (in the case I' = Z/dZ) via
the fixed points of a (C* x C*)-action we deduce the following combina-
torial identity: the number UCY (n, d) of Young diagrams consisting of
nd boxes and uniformly colored in d colors equals the number C'Y (n, d)
of collections of d Young diagrams with the total number of boxes equal
to n.
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1. INTRODUCTION

The quiver varieties defined by Nakajima in [9] are of fundamental importance in
algebraic and differential geometry, theory of representations and other branches of
mathematics. They provide a rich source of examples of hyperkéahler manifolds with
very interesting geometry. For example, the quiver variety 91, (v, 0) corresponding
to an affine Dynkin graph with the dimension vector v° given by the minimal
positive imaginary root of the corresponding affine root lattice and with any generic
parameter (, is diffeomorphic to the minimal resolution X1 of the simple singularity
X/T', where X = C? and I is a finite subgroup in SL(C?) corresponding to the graph
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via the McKay correspondence (see [7]). Furthermore, Kronheimer and Nakajima
proved in [8] that for some dimension vectors v, w and for generic ¢ the regular
locus M (v, w) of the quiver variety M (v, w) is diffeomorphic to the framed
moduli space of instantons on the 1-point compactification of 9 _.(v?, 0). So, it
would be natural to hope that one can give an algebraic description of M (v, w)
as a moduli space of coherent sheaves on M_¢(v?, 0). The main result of this note
is a description of this kind in the case v = nv°?, w = w® — the simple root of
the extending vertex 0 of the graph, and ¢ = (0, (g) with (g lying in one of the

following two cones in the space R%:
C,={GReRY|E>0 0<k<d-1},

d—1
C_(n)= {C]RE]RCI %g’é >ZCD§'U? > 0, lékgd—l}.

i=0
We prove that for (g € C; the quiver variety im(oycm)(n'vo, w') is isomorphic to
the I'-equivariant Hilbert scheme of points on the plane X. This fact is well known,
see e.g. [13], [12]; we include a proof only for the sake of completeness. We also
prove that for (g € C_(n) the quiver variety Mg ¢, (nv°?, w®) is isomorphic to the
Hilbert scheme of points on Xr. After this paper was written H. Nakaijma kindly
informed me that this fact was known to him (see [13] and [3]), but his arguments
are different (see Remark 46). Our proof is based on an interpretation of quiver
varieties as moduli spaces of representations of the corresponding double quivers
suggested by Crawley-Boevey in [2].

The paper is organized as follows. In Section 2 we recollect the necessary back-
ground: the definition of quiver varieties, representations of quivers and the con-
struction of Crawley-Boevey. In Section 3 we reproduce in a short form a geometric
version of the McKay correspondence based on investigation of Xt. We also prove
here a generalization of the result of Kapranov and Vasserot [5]. More precisely, the
authors of loc. cit. have constructed equivalences of (bounded) derived categories

Db (Cohr (X)) # Db (Coh(Xr)),

where Coh stands for the category of coherent sheaves, and Cohr stands for the
category of I'-equivariant coherent sheaves. We show that there is a whole family
of equivalences

Dy

DY(Cohr (X)) ==——= D¥(Coh(Xr))

‘IICIR

which differ when parameters (g lie in distinct chambers of R% with respect to roots
hyperplanes. In Section 4 we prove the main results of this paper by constructing
isomorphisms

Xt for (p € Cy,

m ’ w’) =
(0.6x) (07, W) {Xgl], for (r € C_(n),

where XTI is the T-equivariant Hilbert scheme of X, and Xan] is the Hilbert
scheme of Xp. It follows immediately from the general properties of quiver varieties
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that XTI and Xan] are diffeomorphic. We also prove a generalization of the first
isomorphism in the Calogero-Moser context: we check that for an arbitrary 7 # 0
and (g € C, we have

m((77~~~,7)£n&)(nv07 ,wO) = (CMRN)Eegv
where N = |T'|, CM,, v is the Calogero-Moser space and (CM,, )L, is the connected

re

component of the set of I'-fixed points, where the fiber of the tafltological bundle
is a multiple of the regular representation.

Finally, in Section 5 we consider (C* x C*)-actions on X' and XIL”] for cyclic
I’ @ Z/dZ. We show that these actions have only a finite number of fixed points
and that the number of fixed points equals the dimension of the cohomology. Fur-
thermore, we check that the fixed points on X' are in a bijection with the set
of uniformly colored in d colors Young diagrams with dn boxes, and that the fixed
points on Xl[fL] are in a bijection with the set of collections of d Young diagrams with

total number of boxes equal n. Recalling that X" and Xan] are diffeomorphic we
obtain the following combinatorial identity (see [4] for a combinatorial proof)

UCY (n, d) = CY(n, d),

where UCY and CY denote the number of uniformly colored diagrams and the
number of collections of diagrams respectfully.

Acknowledgements. I am very grateful to V. Ginzburg for bringing quiver vari-
eties into the area of my interests and to H.Nakajima for helpful comments. Also
I would like to thank M. Finkelberg and D. Kaledin for fruitful discussions and the
referee for valuable remarks.

2. QUIVER VARIETIES

In this section we recall the definition and the basic properties of quiver varieties.
We follow the notation of [9].

Definition. Choose an arbitrary finite graph and let H be the set of pairs consist-
ing of an edge together with an orientation on it. Let in(h) (resp. out(h)) denote
the incoming (resp. outgoing) vertex of h € H. Let h denote the edge h with the
reverse orientation. Furthermore, we choose an orientation of the graph, that is a
subset  C H such that QUQ = H, QN Q = @. We define e(h) = 1 for h € Q and
e(h) = —1 for h € Q. Finally, we identify the set of vertices of our graph with the
set {0, 1,...,d—1}.

Choose a pair of Hermitian vector spaces Vi, Wy for each vertex of the graph
and let

v = (dime Vp, ..., dime Vy_1), w = (dime W, ..., dime Wy_,) € Z¢

be their dimension vectors. We consider a partial order on the lattice Z? of dimen-
sion vectors defined by

v <wv if v, <wvp forall0<k<d-—1.
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The complex vector space

M = M (v, w)
d—1
- (EB Hom (Vo (n), Vm(h))> &y (@ [Hom(W, Vi) & Hom(Vg, Wk)]>
heH k=0

can be identified with the cotangent bundle of the Hermitian vector space

d—1
]\49(’07 w) = (@ HOIII(Vout(h)7 Vin(h))) @ <@ HOHI(Wk, Vk)> .

heQ k=0

In particular, M can be considered as a flat hyperkdhler manifold.
Note that the group G, = [[t—p U(Vi) acts on M:

n—1,

9= (9x)1=0: (Bn, ir, jr) — (gin(h)Bhggult(h)a Grik, Jkgr ')

where B, € Hom(Vout(h), Vin(h))a ir € Hom(Wy, Vi), jr € Hom(Vj, Wy). This
action evidently preserves the hyperkahler structure. The corresponding moment
map p = (pr, 4c) is given by the following explicit formulas:

d—1
pe(B, i, j) = ( > e(h)BuB, ‘H'kjk) e@Pal(Vi) =9, ®C,

in(h)=k k=0

. d—1
.o 1 .. .
pr(B, i, j) = 2( > BB} — BB, +ii] —yh) € Puvi) = g0,
in(h)=k k=0
where g, is the Lie algebra of G,, which is identified with its dual space g;, via the
canonical Hermitian inner product.

Let Z, C g, denote the center of the Lie algebra g,. For any element ( =
(Ccy Gr) € (Z, ® C) @ Z,, the corresponding quiver variety 9 is defined as a
hyperkéahler quotient

M =M (v, w) ={(B, i, j) [ (B, i, j) = =C}/ G-
In general, M, has singularities, however its open subset
reg o —1,_ 4 | the stabilizer of (B, 4, j) in
M= = {(B, i, j) € w(=C) G, is trivial G

is a smooth hyperk&hler manifold (possibly empty).

Roots and genericity. The center Z,, of g, = @Z;é u(V) coincides with the set
{(¢o, -+ Ci—1) € gu}, where each (i is an imaginary scalar matrix and ( = 0 if
vy, = 0. So, Z, is naturally identified with (a subspace of) RY.
Let A denote the adjacency matrix of the graph and let C = 2I — A be the
generalized Cartan matrix. Then we consider the set of positive roots
Ry ={0= (k) € (Zz0)" | '0C0 < 2} \ {0}.
Further we put

Riy(v)={0 € Ry |0y <wviforallk=0,...,d—1},



QUIVER VARIETIES AND HILBERT SCHEMES 677

and for any positive root # we consider a hyperplane
Dy = {x = (.%‘k) S R? ‘ Z$k9k = 0} C R

The element ¢ € (Z, ®C)® Z, = R®*® Z,, C R? @R is called generic (with respect
to v) if for any 6 € Ry (v) we have

(ER?@Dy CREQRYIDOR3® Z, = (Zy @ C) @ Zy,.
The importance of generic parameters ( is explained by the following theorem of

Nakajima (see [9] and [2]).

Theorem 1. For any ¢, v, and w the quiver variety M (v, w) is either empty or
nonemty and connected. Furthermore, if ¢ is generic then M, is smooth and there
is a canonical map 7o: Mo ) — Mee,0) which is a resolution of singularities,
provided szgio) is nonempty. Finally, if both ¢ and (' are generic then the varieties
M (v, w) and M (v, w) are diffeomorphic.

Representations of quivers. Recall that a quiver @ is a finite oriented graph.
Let I(Q) denote the set of vertices and A(Q) denote the set of arrows of (). For
any arrow of the quiver o € A(Q) we denote by in(«) and out(e) the incoming and
outgoing vertices of a. A representation p of a quiver @ is the following data:

pP= (V7 B)7

where V' = (V;);cr(q) is a collection of vector spaces for each vertex of the quiver
and B = (Ba)aca(q) is a collection of linear maps By : Vout(a) — Vin(a) for each
arrow of the quiver. A morphism of representations

¢:p=(V,B)—p' =(V' B

is a collection of linear maps ¢;: V; — V/ for each vertex of the quiver such that
for any arrow « we have

¢in(a)Ba = B;(bout(a)'

The dimension of a representation p = (V, B) is the collection of dimensions of the
vector spaces V;:
dim p = (dim V;);er(q)-
For any dimension vector v = (v;);ecr(q) let
Repg, (v) = @ Hom(CVeut(e) | CVinte))
a€A(Q)
be the space of v-dimensional representations of (). The group
GL(v, C)= [] GL(vi, C)
i€l(Q)
acts on Repy(v) by conjugation:
9= (9)ie1@): (Ba)aca@) = (din(e) BaIous(a))-

This action evidently factors through the quotient group

PGL(v, C) = GL(v, C)/C,
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where the embedding C* — GL(v, C) maps A € C* to the element (diag(\))icr(q)-
Moreover, it is clear that the set of PGL(v, C)-orbits in Repy(v) is the set of
isomorphism classes of v-dimensional representations of Q.

Let x: I(Q) — R, x(i) = x* be a function on the set of vertices (a polarization).
For any dimension vector v we define

x(v) = Z X'vi.

i€l(Q)

A representation p of a quiver @ is called y-stable (resp. y-semistable) if x(dim p) =
0 and for any subrepresentation p’ C p such that 0 # p’ # p we have x(dim p’) > 0
(resp. x(dim p’) > 0). Representations p and p’ are called S-equivalent with respect
to a polarization x if both p and p’ are x-semistable and admit filtrations

/

0=poCp1C--Cpp=p and 0=py Cpy C---Cp,=p

such that x(dim p;) = x(dim p;) = 0 for all 4, and

n n
@Pi/ﬂi—l = @ P/ Pi—1-
i=1 i=1
The following theorem was proved in [6] and [10].

Theorem 2. For any quiver @, dimension vector v, and polarization x such
that x(v) = 0, there exists a coarse moduli space Modg(v, Xx) of v-dimensional
x-semistable representations of Q. Furthermore, if every x-semistable v-dimen-
sional representation is x-stable and the dimension vector v is indivisible, then
Modg (v, x) is a fine moduli space.

Quivers with relations. Recall that the path algebra C[Q] of a quiver @ is an
algebra with a basis given by (oriented) paths in the quiver and with multiplica-
tion given by concatenation of paths. It is clear that a representation of a quiver
p = (V, B) is the same as a structure of a right C[Q]-module on the vector space
Dicro) Vi-

A quiver with relations is a pair (@, J), where @ is a quiver and J is a two-sided
ideal J C C[Q] in its path algebra. A representation of a quiver with relations (Q, J)
is a representation p of its underlying quiver @) such that the ideal J acts by zero in
the corresponding right C[@Q]-module. In the other words, it is just a right C[Q]/J-
module. We denote by Repg, ;(v) the space of v-dimensional representations of the
quiver with relations (@, J). It is clear that Repg s(v) is a closed algebraic subset
in the vector space Repg(v).

It is easy to see that an analogue of Theorem 2 is true for quivers with relations.

Theorem 3. For any quiver with relations (Q, J), dimension vector v and po-
larization x such that x(v) = 0, there exists a coarse moduli space Modg j(v, X)
of v-dimensional x-semistable representations of (Q, J). Furthermore, if every x-
semistable v-dimensional representation is x-stable and the dimension vector v is
indivisible, then Modg j(v, X) is a fine moduli space.
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Remark 4. Fix the quiver (@, J) and the dimension vector v, and let y vary in
the space D, = {x | x(v) = 0}. Then it is easy to see that the notion of x-
(semi)stability can change only when the polarization y crosses a hyperplane D, N
D, C D, for some 0 < v/ <wv. Thus the space D, acquires a chamber structure
with hyperplanes D, N D,, being the walls.

Remark 5. The moduli space Modg_ (v, Xx) can also be constructed via symplectic
reduction. Namely, we can consider the representations space RepQJ(v) as a sym-
plectic variety with respect to the Kahler form (corresponding to the flat Kéhler
metric on the vector space Repg(v)). Then the compact algebraic group

PU(v>=U<v>/U<1>=( I1 U(vn)/Ua)

i€l(Q)

(a real form of PGL(v, C)) acts on Repy, ;(v) preserving the symplectic structure.
Let p: Repg ;(v) — pu(v)* denote the corresponding moment map. The polariza-
tion x can be thought of as an element of pu(v)*. Then one can check (see e. g. [6])
that

Modq s (v, x) = n~" (=x)/PU(v).

Modular description of quiver varieties. The following construction relating
quiver varieties to the moduli spaces of representation of quivers was suggested in
[2]. Assume that we are interested in a quiver variety M (v, w) corresponding to a
graph with the set of vertices {0, ..., d — 1} and with the set of oriented edges H.
We define a quiver Q = Q(w) (depending on the dimension vector w) with the set
of vertices

1(Q) = {}U {0, ..., d—1}

and with the following set of arrows. First, we consider every oriented edge h € H
as an arrow in the quiver with the same outgoing and incoming vertices. Second,
for every 0 < i < d — 1 we draw w; arrows from the vertex * to the vertex i and
backwards.

Then it is easy to see that a choice of bases in spaces Wy, ..., Wy_1 gives an
identification

M (v, w) = Repg ) ((1, v)).

Furthermore, the expression uc + (¢ can be considered as an element of the path
algebra C[Q(w)] of the quiver Q(w). We denote by J({c) the two-sided ideal in
C[Q(w)] generated by uc+(c. Then the algebraic subvariety ug'(—(c) € M (v, w)
gets identified with the algebraic subvariety Repg w), s(¢ce) (1, v)) CRepga) (1, v)):

1 (—=¢e) = Repg () (o) (1, 0)). (6)
Further, note that the quiver variety
M (v, w) = pg ' (—Ce) N g (—Gr) /G

is just the symplectic reduction of the variety u(gl(—gc) = Repg(w),s(co) (1, v))
with respect to its canonical Kéhler form. Finally, the group G, acting on pz' (—(c)
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is canonically isomorphic to the group PU((1, v)) acting on Repgay), s(co) (1, v)):

d—1 d—1
(%—IIU@0N<WDXIIWWO/WD,
i=0 1=0
and under this identification the element (g € g, corresponds to the polarization

Xv(Cr) = (=Cr(v), Cr) € pu™((1, v)). (7)
Summing up and taking into account Remark 5 we obtain the following proposition.

Proposition 8 (cf. [2]). For any ({c, (r) we have an isomorphism of algebraic
varieties

Mo ¢a) (v, w) = Modga), 1(¢e) (1, ), Xo(Cr))- (9)
Remark 10. The arguments of Remark 4 show that 9. (v, w) depend on (g as
follows. The space R? of all (g has a chamber structure. Whenever (g varies
within a chamber, the complex structure of M .. ¢.)(v, w) does not change at all
(but the hyperkéhler metric does), while when (g crosses a wall, M. ) (v, w)
undergoes a certain (usually birational) transformation.

We finish this section with the following useful lemma.

Lemma 11. If ¢ is generic then Modg(w),sco)((1, v), xo(Cr)) is a fine moduli
space.

Proof. Let x = x»(¢r). Since the dimension vector (1, v) is evidently indivisible
it suffices to check that every x-semistable (1, v)-dimensional representation p is
x-stable. So assume that p’ C p is a y-stable subrepresentation such that 0 #
P # p and x(dimp’) = 0. We have two possibilities: either dimp’ = (0, v’) or
dim p’ = (1, v’) for some v'.
Assume for example that dim p’ = (0, v’). Then we have
0 =x(dimp’) = (=Cr(v), (&)(0, v') = Gr(v").

Without loss of generality we can assume that p’ is y-stable. It follows from Theo-
rem 0.2 of [2] that (0, v’) is a positive root for the quiver Q(w), hence v’ € R (v),

hence (g € D, . On the other hand, by Proposition 8 the representation p’ corre-
sponds to a point (B’, 0, 0) of the quiver variety ¢ (v’, w), hence

n—1

) = ST TH(EE) = 3 Te(—pc(B', 0, 0))
k=0

k=0

=-Tr (Z e(h)Bng) = —Tr (Z (B, B%]) =0.
heH hen
Thus ¢ € R® ® D,, a contradiction with the assumtion that ¢ is generic.
Similarly, assume that dimp’ = (1, v’). Consider the quotient representation
" =p/p'. Then dim p” = (0, v") with v/ = v — v’, and without loss of generality
we can assume that p” is y-stable. Repeating the above argument for p” and v”
instead of p’ and v’ we again deduce that ¢ is not generic.
Thus we have proved that every y-semistable representation is x-stable, hence
the moduli space is fine. O
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3. THE McKAY CORRESPONDENCE

The McKay correspondence associates to every (conjugacy class of a) finite sub-
group of the group SL(C?) an affine Dynkin graph of type ADE. The graph
corresponding to a subgroup I' C SL(C?) can be constructed as follows. Let Ry,
..., Rq_1 be the set of all (isomorphism classes of) irreducible representations of
the group I', and assume that Ry is the trivial representation. Let L = C? be the
tautological representation. Furthermore, let ax,; be the multiplicities in the decom-
position of the tensor product R; ® L into the sum of irreducible representations:

d—1
Ry® L= R (12)

1=0
Then the graph with the set of vertices {0, ..., d — 1} and with aj,; edges between

the vertices k£ and [ is the corresponding affine Dynkin graph.

Quiver varieties for affine Dynkin graphs. From now on we will consider
quiver varieties corresponding to an affine Dynkin graph. Let I" be the correspond-
ing subgroup of SL(C?). Let d denote the number of irreducible representations of
I’ (which is equal to the number of vertices in the graph), and let N be the order
of the group I.

Let V and W be representations of I". Then

d—1 d—1
V= Vi@ R, W = Wi ® Rg. (13)
k=0 k=0

The dimension vectors
v=(dimVp, ..., dimVy_1), w=(dimWy, ..., dimWy_1).

can be thought of as classes of V' and W in the Grothendieck ring Ky(T"). Consider
a triple

(B, i, j) € Homp(V ® L, V) ® Homp (W, V) @ Homp(V, W),

where Homr denotes the space of all I'-equivariant linear maps. Then from (13)
and from

d—1 d—1 d—1
V®L=@Vk®Rk®L= @ Vi @ RP = @ VE @ R,
k=0 k,1=0 k,1=0

it follows that a choice of (B, i, j) is equivalent to a choice of a collection of triples
(B, ik, jr) € M (v, w). Thus,

M (v, w) = Homp(V @ L, V) @ Homp (W, V) & Homp(V, W).
Further, it is easy to check that

pc(B, i, j) = [B, Bl +ij, ur(B,1,j)=BB' - B'B+il —j1j,
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where [B, B], BB, and BB are defined as the compositions

=
B,B:V 2 veLeL 2 ver Ly,

h;/l@hgl
e

BBt v My By gt verLZ v,

-1

B )
BB vVEver M yegp By vy

and Ap, hy and hy stand for I'-invariant symplectic form and Hermitian inner
products on L and V respectively. Furthermore, we can consider the parameters
(c and (g as elements of Z(C[T']) and Z(R[I']), the centers of the group algebras
of I over C and R respectively (the element (¢ acts in Ry as (f-multiplication).
Finally, it is easy to see that G, = Ur(V) and thus we obtain the following lemma.

Lemma 14. We have
.. [B7 B]""ij:_gc
m(CC,CR)(va w) = {(B, i, J) ‘ (B, BT] + it _jTj _ _CR}/UI‘(V).

Let X = C? with the tautological action of I'; identify L with the space of linear
functions on X.

Lemma 15 (cf. [5], Pr. 3.4). For any point (B, i, j) € M c.)(v, w) such that
j = 0, the map B induces the structure of a I'-equivariant C[X]-module on V
(where the linear functions on X act via B).

Proof. Since we have
[B7 B] = :U’C(Ba i7 ]) _Zj = 07

the actions of linear functions on X commute. Therefore, they induce an action of
C[X]. The resulting C[X]-module structure on V' is evidently I'-equivariant. O

Combining this with (6), we obtain the following.

Corollary 16. There is an isomorphism

{(Va Ba i, .7) € RepQ(w),J(O)((1> 'U)) | .7 = 0} =

I-equivariant C[X]-module structures on V = @Z;é Vi ® Ry,
with a framing i € Homp(W, V) '

Abusing the notation we will denote by V. the representation of the quiver
(Q(w), J(0)) corresponding to a I'-equivariant C[X]-module V and T'-morphism
i: W — V. Vice versa, the I'-equivariant C[X]-module corresponding to a repre-
sentation p of the quiver (Q(w), J(0)) will be denoted by Tot(p).

Remark 17. In fact, one can reformulate Corollary 16 in terms of Morita equiv-
alence. Let e, € C[Q(w)] denote the idempotent of the vertex * (the path of
length 0 with % being the outgoing (and incoming) vertex). Then the algebra
ClQ(w)]/{J(0), e.) is Morita-equivalent to the smash product algebra C[X] # .
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Resolutions of simple singularities. We fix a pair of dimension vectors:
v’ = (dim Ry, dim Ry, ..., dimRy_;) and w®=(1,0,...,0).

Note that
d—1
N=> ()= (18)
k=0

We fix also the complex parameter (¢ = 0 but let the real parameter (g vary. The
quiver varieties Mg ¢,)(v?, w°) are described by the following theorem.

Theorem 19 (see [7]). (i) The quiver variety Mg o) (v°, w°) is isomorphic to the
quotient variety X/T.

(ii) For generic (g the quiver variety Xp(Cr) = Mo,¢,) (00, w°) is a minimal
resolution of the quotient variety X /T via the canonical map mo: DJT(O,CR)('UO, w’) —
M 0,0 (v, w?).

Remark 20. Results of [7] concern varieties M¢(v?, 0) rather than M (v?, w?).
However, it is easy to see that these varieties are canonically isomorphic. Indeed,
arguing like in the proof of Lemma 25 below, one can check that for any point of
M (vY, w’) we have

doio =Y GEvR, ioih — jbjo = —2v=1 ) (ko).

It follows that the map M (v°, w®) D p=1(¢) — p=(¢) € M(vY, 0) induced by
the canonical projection M (v°, w®) — M (v, 0) (forgetting of ip and jo) is a
principal U(1)-bundle. Moreover, this map is G o-equivariant and the action of
U(1) on fibers is nothing but the action of a subgroup U(1) C G,o. Hence the
quotients modulo G0 are canonically isomorphic.

Remark 21. In dimension 2 any two minimal resolutions necessarily coincide. Thus,
we have a canonical identification Xr((r) = Xr({g) for any generic (g and (g,
compatible with the projection to X/T". Thus, we can (and will) write Xr instead
of Xr(Cr) without a risk of misunderstanding.

Theorem 8 implies that for any (g we have an isomorphism

Xr = Modgw),1(0)((1, v°), X0 ((r)),

while Lemma 11 implies that X is a fine moduli space whenever (g is generic.
This means that for any generic (g we have a universal representation BQR of the

quiver (Q(w"), J(0)) over Xr, that is, a collection of vector bundles Y,fR over Xr,
ke {x}u{0, ..., d—1} the ranks of which are given by

r(VE) =1, (V&) =) forke{0,...,d—1}, (22)
and morphisms

B}CZ]R: VCJR N VCR

CR . ¢ 6 748
Vs = Yanyr 67 VR = V5™, j5: Vg™ — V&
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(recall the choice of w") satisfying the equations
> e(WBiBF =0 fork=1,...,d—1,
in(h)=k

Clx C]R + Z BERB}%R = 0
in(h)=0

and such that for any x € Xr the corresponding representation
p(2)% = (ViE, B (x), ig*(2), §& (x))
of the quiver Q(w") is x,0((r)-stable.

Remark 24. Actually, the family p* does not change when (g varies within a
chamber.

Note that the universal representation is defined up to a twist by a line bundle,
so without a loss of generality we may (and will) assume that V& = 0.

Lemma 25. For any (1, v)-dimensional representation (V, By, io, jo) of the quiver
(Q(w?), J(0)) we have joig = 0.

Proof. Since dim V, =1 it follows that
Joto = Tr joio = Triojo-
On the other hand, summing up equations (23) and taking the trace we see that

Triojo = »  Tt[Bn, By] + Trigjo = Tr pc(Bp, do, jo) = 0. 0
heQ

Since r(V<?) = r(VQR) = 1 by (22), it follows from Lemma 25 that for any € X
we either have ig“( ) =0, or ’LC]R( ) = 0. Assume that

Cr(v) > 0. (26)
In this case if 43" (z) = 0 then the x,o((r)-stability would be violated because then
p%%(x) would admit a (1, 0, ..., 0)-dimensional subrepresentation

Xoo (GR)(1, 0, ..., 0) = (—=&(v"), &)(1,0,...,0) = —C(v*) <0
So it follows that when (26) holds we have jCR = 0, and that i3* is an embedding

of line bundles, and hence an isomorphism. Thus we proved the following lemma.

Lemma 27. For any generic (g satisfying (26) there exists a universal X0 (Cr)-
stable family on Xr such that

V&2Vt =20, j$ =0, and if =id.

Remark 28. This universal family appeared earlier in [3].

Applying Corollary 16 we deduce

Corollary 29. For any generic (g such that (26) holds, Tot(BQR) is a family of
T-equivariant C[X]-modules over Xr.
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From now on we will denote by p°* the universal representation normalized as
in Lemma 27. Moreover, to simplify the notation we will omit the superscript (g
when this cannot lead us to a confusion.

Let po denote the unique (1, 0, ..., 0)-dimensional representation of the quiver
(Q(w?), J(¢c)). Tt follows from Lemma 27 that for any z we have canonical sur-
jective homomorphism p(z) — po. Denote its kernel by p(z).

Derived equivalences. For each generic (g we define the functors

o
Db (Cohr (X)) % D (Coh(Xt)) ,
53
where Cohr(X) denotes the category of I'-equivariant coherent sheaves on X,
Coh(Xr) denotes the category of coherenet sheaves on X, and DY stands for
the bounded derived category. To do this we consider the family Tot(p%*) of I'-
equivariant C[X]-modules as a sheaf on the product Xp x X. Denoting the projec-
tions to Xr and to X by p; and ps respectfully, we put

B¢, (F) = (Rpy RHom(Tot(p%), p3F))®,  and
W, (F) = Rpau(piF &% Tot(p%)).

Theorem 30. For any generic (g, the functors ®¢, and V¢, are mutually inverse
equivalences of categories.

This theorem is just a slight generalization of Theorem 1.4 of Kapranov and
Vasserot (see [5]). In fact, the equivalences ® and ¥ from loc. cit. are isomorphic
to the functors ®., and ¥¢, with

ReE{GRER" | <0forall0<i<n—1}.
The proof of this theorem can be done by the same argument as in loc. cit.

Remark 31. Actually, the equivalences ®¢, and ¥¢, do not change when (g varies
within a chamber (cf. Remark 24).

Remark 32. For any pair of generic (g and (g, the compositions of functors @, -
e and Ve, - @, are autoequivalences of the derived categorie Db(Coh(Xr)) and
Db(Cohr (X)) respectively. One can check that these equivalences generate the
action of the affine braid group described in [11].

4. INTERPRETATION OF QUIVER VARIETIES

Symmetric powers of X/I'. From now on we will be concerned with an explicit
geometric description of quiver varieties M (nv®, w) for (¢ = 0, v° and w° as
above, and various n and (g. We begin with the simplest case (g = 0. In fact, this

is well known, but we put here a proof for the sake of completeness.

Proposition 33. There is a bijection EDT(O’O)(nvO, w') = S™(X/T), where S™
stands for the symmetric power.
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Remark 34. Actually, it is natural to expect that the bijection constructed in the
proof is an isomorphism of algebraic varieties. However, it is not so easy to prove
since varieties Mg o) (nv?, w’) and S™(X/T') are not fine moduli spaces.

Proof. The case n = 1 follows from the first assertion of Theorem 19. So assume
that n > 1.
It follows from Proposition 8 that it suffices to check that

MOdQ(w),J(O)((L nvo)a O) = Sn(X/F)
Fix a generic (g. For a collection of points (z1, ..., ,), ©; € X/T" we put

90(1‘1, ceey xn) = pPo @ﬁ(i}l) D .. ﬁ(in)a

where z; € Wal(l'i) € Xr(Cr) are arbitrary lifts of the points x;. Since every
representation is semistable with respect to the trivial polarization x = 0, it follows
that gg induces a map

go: Sn(X/F) - MOdQ(wO),J((J)((17 n,UO), 0)
To construct the inverse we need the following lemma.

Lemma 35. Any (1, v)-dimensional representation of (Q(w°), J(0)) is S-equiva-
lent (with respect to x = 0) to a representation with j = 0.

Proof. Let p = (Vi, V.) be a (1, v)-dimensional representation of (Q(w?), J(0)).
Let B: VL —-V,i: W — V, and j: V — W be the corresponding I'-equivariant
morphisms. Let U be the minimal subspace of V such that i(W) C U and B(U ®
L) c U. Then U is invariant under the action of T, hence U = @ U; ® Ry.
Moreover, (Vi, U.) is a subrepresentation of (Vi, V.), thus

(V, VO R (V,, U) @ (0, V./U.),

where 2 denotes S-equivalence with respect to x = 0. On the other hand, the
arguments of [10], Lemma 2.8 show that j = 0 in the first summand in the RHS,
and in the second summand j = 0 for trivial reasons. (]

Now we need to construct a map inverse to gg. Take an arbitrary element p €
Modg(woy, 70y (1, nv°), 0). By Lemma 35 we can assume that j = 0 in p. Then
Tot(p) is a I'-equivariant C[X]-module. Regarding it as a I'-equivariant coherent
sheaf on X we define

fo(p) = supp(Tot(p)) € (S X)" = S"(X/T).

Note that the map fy is well defined. Indeed, assume that p’ ~ pand j =0
in p’. Then p and p’ admit filtrations with isomorphic associated factors (up to
a permutation). These filtrations induce filtrations of sheaves Tot(p) and Tot(p’)
with isomorphic associated factors. But then supp(Tot(p)) = supp(Tot(p’)).

Now we have to check that the maps gy and fy are mutually inverse. More
precisely, one has to check that

g0(fop) X p and  folgo(zr, ...\ @) = (21, .., 20). (36)
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Before we begin the proof let us note that from the explicit construction of isomor-
phisms in Theorem 19 it follows that for any point T € X we have

suppTot(p(z)) = 7o (Z).

Now, take p € Modg(wo),s(0)((1, nv°), 0). By Lemma 35 we can assume that
7 =0 1in p, hence p R po @ p. Now consider the sheaf Tot(p). It is a T-equivariant
sheaf of finite length on X, hence it admits a filtration with associated factors being
either the structure sheaves of a I'-orbit corresponding to a point 0 # x; € X/T or
length 1 skyscraper sheaves supported at zero. This filtration induces a filtration
on p with associated factors being either 5(Z;), with &; = wgl(mi), or pi, where pg
is the unique representation with dim(py) = w* = (0, ..., 0,1, 0, ..., 0) (1 stands
on the k-th position). Thus,

m -1 ®(n—m)vy
pRpo® (@ ﬁ(@‘)) © ( (Pk)) . (37)
=1 0

k=
Then

90(fo(p)) = go(suppTot(p)) = go(x1, ..., Tm, 0, ..., 0)

=po® <@ ﬁ(»@‘)) & p(T0) 2V,
i=1

where &y €7, ' (0). But decomposition (37) for the representation ,0069;3(:%0)@(”_’”)”2
gives

d—1 @(nfm)vg
e D (n—m)p® O
p(g) BTV A (@(w)) :

k=0

hence go(fo(p)) N p, the first equality of (36) is proved.
Now, take z1, ..., z, € X/I". Then

folgo(z1, ., zn)) = folpo @ pz1) & -+ & plan))
= supp(Tot(p(z1)) @ - - - ® Tot(p(zy))) = {z1, ..., Tn}-
This completes the proof of the proposition. O

I'-equivariant Hilbert scheme. The action of the group I' on X induces an
action of T on the Hilbert scheme XN of nN-tuples of points on X. Let (X[”N])F
denote the I'-invariant locus. Since the group I' acts on the tautological bundle V'
on XN the restriction of V to (X["N] )'' decomposes into the direct sum of locally
free sheaves indexed by the irreducible representations of I':
d—1
l/l-(X[nN])F = @Yk ® Ry. (38)
k=0
Let X " denote the locus of (X"™NT' where the rank of every Vj, equals nv? (or,
in other words, where V' is a multiple of the regular representation). It is clear that
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XTI is a union of connected components of (XN We will reffer to X" as
the I'-equivariant Hilbert scheme of X.
Denote by C the positive octant of R?, that is

C,={GeRY|E>0forall0<k<d—1}.

Note that any ¢ with (g € C is generic (because its real component (g is strictly
positive) and any (g € C; satisfies the restriction (26).
The following theorem is well known (see [13], [12]).

Theorem 39. For any integer n > 0 and any parameter (g € C4 the quiver variety
Mo,¢cq) (1 - 00, w?) is isomorphic to the T'-equivariant Hilbert scheme XTln]

We begin with the following obvious lemma.

Lemma 40. Let U be a T-equivariant finite dimensional C[X]-module with a T'-
invariant vector uw € U and let p be the corresponding (1, w)-dimensional represen-
tation of the quiver (Q(w®), J(0)). Then p is xu((r)-stable with (g € Cy if and
only if U has no proper I'-equivariant C[X]-submodule containing u.

Proof. Assume that u € U’ C U is a I'-equivariant proper C[X]-submodule. Let p’
be the corresponding (1, u’)-dimensional representation of the quiver. Then p’ is a
subrepresentation of p and

Xu(GR)(P) = (—Cr(uw), &)(L, v') = (r(u) — (r(u) = —Cr(u —u') <0
since u > u’ and (g is positive. Hence p is unstable.

Similarly, assume that p is unstable. Then it contains a subrepresentation p’
such that

Xu(C)(dim p') = (—Cr(w), Cr)(us, w') = (r(w') — ui(r(u) <O,
where (u,, v') = dim p’. Since (g is positive the case u, = 0 is impossible. Hence,
u!, = 1. This means that the subspace Tot(p’) C Tot(p) = U contains the vector
u. On the other hand, it is a proper I-equivariant C[X]-submodule in U. (]

Now we can prove the theorem.

Proof. Recall that V' carries the structure of a family of quotient algebras of the
algebra of functions C[X], and in particular, of a I'-equivariant C[X]-module. In
particular, the unit of the algebra C[X] induces a I'-equivariant morphism i: O —
V. Applying the relative analogue of Corollary 16 we see that for V, = O we obtain
on (Vi, Vi) a natural structure of a family of (1, nv?)-dimensional representations
of the quiver (Q(w?), J(0)).

Since V is a family of quotient algebras of C[X] it follows that it is pointwise
generated by the image of 1 € C[X] as a family of C[X]-modules. In other words,
it has no proper I'-invariant C[X]-submodules containig the image of 1. Hence
Lemma 40 implies the x,,»0 (Cg)-stability of the family (Vi, Vi). Thus, we obtain a
map

J+: XF[n] - MOdQ(wO),J(O)((L nvO)’ Xnv© (éR)) = SDt(O,C]]g)(n'UOa wO).

Similarly, let p = (Vi, Vi) be a universal family on the moduli space

Modgwy, 100y (1, n0%), Xnwo (C))-
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Twisting it by the line bundle (Vi)~! we can assume that V. = O. Then Corol-
lary 16 implies that Tot(p) is a family of I'-equivariant C[X]-modules endowed with
a morphism i: @ — Tot(p). Furthermore, x,,o((r)-stability of the family p com-
bined with Lemma 40 implies that Tot(p) is in fact a family of quotient algebras of
C[X], where 1 € C[X] corresponds to i(1) € Tot(p). The rank of this family is

d—1 d—1 d—1
r(Tot(p Zr Vi) dim Ry, = Z(nvg)vg = nZ(U%)Q = nN;
k=0 k=0 k=0

hence we obtain a map

9+ W(O)CR)(TL'UO, w ) MOdQ('wO 0)((15 n,UO)’ Xnvo° (CR)) - X[nN]
I-equivariance of V implies that g, goes in fact to the I-invariant part of X [V]
and moreover to X",

It remains to notice that the maps f, and g, are evidently mutually inverse. [

Remark 41. Tt is easy to see that the constructed isomorphism of varieties Mg ¢ .y (n-
v, w?) and X' is compatible with the bijection of M 0,0) (nv°, w®) and S™(X/T),
constructed in Proposition 33, that is that the diagram

M(0.¢p) (n - 07, w°) # Xt
i + J/
9o
M 0,0 (nv°, w?) <7T> S™(X/T)
0

is commutative, where the vertical arrows stand for the natural projections. Since
these projections are birational, it follows that the bijections fy and gg are birational
isomorphisms.

The Hilbert scheme of Xr. Let K,,, K, C Z% denote the following finite sets of
dimension vectors:
K,={ve Zgo | v’ < v < nv’},
K, ={v ezl vov’ <v < no’}.
Then
CR('UO> > 0,

_ d
c-m= {CR F Ce(v) > n¢e(v’), forallv e K"}

is a convex polyhedral cone.

Lemma 42. We have

C_(n)= {CR € R¢

d—1
0 ko0
mlnCR Z CRop > G > —ZCR%}-
k=1

In particular, the cone C_(n) is nonempty and for any (g € C_(n) we have (§ > 0
forall1<k<d-1.

Proof. Easy. O
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Theorem 43. Ifn > 0 and (g € C_(n), then the quiver variety DJT(OVQR)(TLUO, w?)
is isomorphic to the Hilbert scheme XILTL].

Proof. Let p = BCR = (Vi, Vi, Bn, o, ZO) be the universal family on X nor-
malized as in Lemma 27. Let Z C Xr be a length n subscheme in Xr and
let Oz be its structure sheaf. We associate to Z the following representation
p(2) = (Vu(Z), Vi(Z), B(Z), i0(Z), jo(Z)) of the quiver Q(w"). Put
Vk(Z)ZF(XF,Yk®Oz), k=0,...,d—1,
Vi(Z) =T(Xr, Ox.) =C

with morphisms Bp,(Z): Vous(n)(Z) — Vinn)(Z) induced by the maps B, ® ido,, :
Vous(n)®0z — Vin(ny®0z, while jo(Z) = 0 and io(Z) is induced by the composition

OXFgY()Hl/O@OZa

where the first is the isomorphism of Lemma 27 and the second morphism is ob-
tained from the canonical projection Ox. — Oz by tensoring with V.

Since Z is a length n subscheme of Xt and r(V}) = v?, it follows that Vj(Z) is
an nvg—dimensional vector space for any 0 < k < d—1. On the other hand, V,(Z) is
1-dimensional by definition. Hence p(Z) is a (1, nv")-dimensional reresentation of
the quiver Q(w?). Further, it follows from (23) and Lemma 25 that p(Z) satisfies
the relations J(0). Now we want to check that p(Z) is xne0(Cr)-stable for any
Cr € C_(n). We begin with the following proposition.

Proposition 44. If o' C p(Z) is a subrepresentation and p' # p(Z) then either
dim p’ = (0, v) with v € K,,, or dimp’ = (1, v) with v € K,,.
Proof. Choose a chain of subschemes
Z =0y DZn1D D1 DLy=9

such that Z; is a length ¢ subscheme. This chain of subschemes induces a chain of
surjections of structure sheaves

OZ:OZnHOZ —>~'~—>0Z1—>OZOZO,

n—1

and of representations of quivers

p(Z) = p(Zn) = p(Zn-1) = - = p(Z1) = p(Zo) = po. (45)
Note that for any i = 1, ..., n we have an exact sequence of sheaves

0—0,; — 0z — 0y

i—1—>0

for some x; € Xr which induces exact sequence of representations
0 — p(x;) — p(Zi) — p(Zi-1) — 0.
Assume now that p’ is a subrepresentation of p(Z). Let p} denote the image

of p' in p(Z;) with respect to the surjection (45). Then (45) induces a chain of

surjections

== Py = = ph = ph = po.
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Let p!/ denote the kernel of the map p} — p;_;. Then p/ is a subrepresentation of
p(z;), hence dim p!/ = (0, u®) for some dimension vector u’ < v°. Since v) = 1, it
follows that either u = 0 or u}) = 1.

Assume that u) = 1. Then it is easy to see that we can extend the subrepresen-
tation p!/ C p(x;) to a (1, u’)-dimensional subrepresentation p C p(z;). Note now
that if u’ < v° then since u{ = v] and that, since ¢(§ > 0 for all 1 <k < d—1 by
Lemma 42, it follows that

Xoo (Cr)(1, ') = (=Cr(v?), Cr)(1, u') < (—Cr(v°), ¢r)(1, v°) =0,

which contradicts the y,o(Cg)-stability of p(z;). Thus we proved that if u} = 1

then u? = v°.
On the other hand, if u) = 0 then certainly u’ > 0. Thus, in both cases we have
u’ > uévo.

Summing up these inequalities from ¢ = 1 to n we see that

n n
v = g u' > E ufv® = vov?,
i=1 i=1

hence v € K,,.

It remains to check that if dim p’ = (1, v) then v € K,,. The above argument
shows that v € K,,. So, if v € K,, then v = mw for some 0 < m < n. Let us check
that the case m < n is impossible.

For this we will use induction on n. The base of induction, n = 0, is trivial.
Assume that n > 0, Z C Xr is a length n subscheme, and that p’ C p(Z) is a
(1, mv°)-dimensional subrepresentation with m < n. Consider the commutative
diagram with exact rows

0 o o Pr1—=0
0 p(an) p(Z) p(Zn-1) —=0,

where p! and p/,_; were defined above. Denote
dlmp/ri = (Oa ’Ll;), dlmpln—l = (17 ’Ul)'

Then the above argument shows that

u>ugv?, v > v’

However, from u + v’ = mv® = (ug + v})v? it follows that

wu=m"", v =m’, m+m’=m.
In particular, p(Z,_1) contains a (1, m/v°)-dimensional subrepresentation. The
induction hypothesis for Z,,_; implies then that m’ = n — 1. On the other hand,
we have m” = 1 or m” = 0. In the first case we have m = n, a contradiction. In
the second case, it follows that p’ = p(Z,_1), hence the exact sequence

0— p(zn) — p(Z) = p(Zn-1) — 0
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splits. Comparing the definition of p(Z) with the definition of the equivalence ¥,
we deduce from Theorem 30 that the splitting of the above sequence implies that
the sequence

O—>Oln —>Oz—>OZ

also splits, and that this splitting is compatible with the projections Ox. — Oz
and Ox. — Oz, _,. But this means that

Jz, =2 Jz®0,,,

which is false. Thus we again come to a contradiction, and the Lemma is proved. [

n—1 - 07

Now we can continue the proof of the Theorem. The Y0 ((r)-stability of the
representation p(Z) follows immediately from the definition of the cone C_(n) and
from Proposition 44. Thus, p(Z) forms a family of (1, nv°)-dimensional X0 ((gr)-

stable representations of the quiver (Q(w°), J(0)) over the Hilbert scheme Xan].
This family induces a regular map

g—: Xr[?l] i MOdQ(wO)yJ(O)(<17 n’UO), Xnv0 (C]R)) = m(oygg)(nvo, wo).

Moreover, it is easy to see that the map fits into the commutative diagram

Xr[‘n] — E)n(ovCR)(nvO’ ,wO)

l |-

S(X/T) —Ls M 0) (000, w?),

where the left vertical arrow is the composition of the Hilbert—Chow morphism
Xﬁn] — S™(Xr) with the map induced by the projection mg: Xr — X/T". Since
both vertical maps are birational, and gy is an isomorphism by Proposition 33, it
follows that g_ is a regular birational map. To check that this map is a biregular
isomorphism we are going to check that both varieties XIL"] and Mg ¢,y (nv?, w)
are holomorphically symplectic varieties and that the map ¢g_ is compatible with
the symplectic forms.
To do this we extend the above commutative diagram to

g

X ——— Mg ¢ (0°, w°)

| |

S™(X/T) —L> M 0y (n0°, w°)

| |

(Xp)" == (M(0,0)(v°, w"))",

where the bottom isomorphism is the n-fold product of the isomorphism of The-
orem 19, the arrow (Xr)” — S™(X/I') is the composition (Xr)” — S™(Xr) —
S™(X/T), and the arrow (Mg ) (v?, w°))" — M g0y (nv’, wP) is defined as fol-
lows. Given an n-tuple (B®, i®, j*)2_; of points of Mg o) (nv’, w") we map it to

the point (@ B%, >_i%, 3 j%). Since j&i§ = 0 for all @ by Lemma 25 and v = 1,
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we have i§j§ = 0, hence [B¥, B*] = 0, and it follows that (5 B<, > i%, > j%) is
indeed a point of the quiver variety 9 o) (nv°, w").

Consider now the canonical holomorphic symplectic form on 90 o) (v”, w®) and
use the isomorphism of Theorem 19 to induce a symplectic form on Xr. Further-
more, we provide (Xp)™ and (Mg 0)(v°, w”))™ with the n-fold products of these
symplectic forms, so that the bottom arrow of the diagram becomes a symplectic
isomorphism. Then we use a classical result of Beauville [1] that the symplectic
form on Xt induces a symplectic form on the Hilbert scheme X ﬁn], and note that the
maps in the left column of the diagram are compatible with the symplectic forms
on certain open subsets of X%n] and (Xt)". On the other hand, it is easy to see
that the maps in the right column of the diagram are also compatible with the sym-
plectic forms on certain open subsets of ‘)ﬁ(o,cm)(nvo, w') and (M0,0) (00, w?))".
We conclude that the map g_ is compatible with the symplectic forms on open
subsets of Xan] and ‘.D?(O,C]R)(nvo, w?). Since this map is regular, it follows that it
is compatible with the symplectic forms everywhere. ([l

Remark 46. H. Nakaijma indicated to me an outline of his argument. He constructs
a map W(O,CR)(nv07 w') — Xan] (note that the direction is opposite to that of the
map g_) using a certain complex and utilizing the stability condition to ensure that
certain cohomology groups vanish.

Combining Theorems 39 and 43 with Theorem 1 we obtain the following corol-
lary.

Corollary 47. The T-equivariant Hilbert scheme X " is diffeomorphic to the
Hilbert scheme XILn], In particular, we have an isomorphism of cohomology groups

H (X" 7) = g (x[M, 7).
Remark 48. 1t is also easy to deduce that for any
e €{C |G =0,and ¢ >0forall 1 <k<d—1}

we have

Dﬁ(o,CR)(n’UO, wo) = Sn(XF)

Generalizations: the Calogero—Moser space. Let I' be a finite subgroup in
SL(2, C) and I'" C T its central subgroup. Let 9! and 9" denote the quiver
varieties corresponding to the affine Dynkin graphs of I and I" respectively.

Since IV is central in T', the embedding IV — T" induces embeddings

ot Z(C[')) — Z(C[T]), ox: Z(R[I']) — Z(R[T)).

Remark 49. The embedding ¢* can be described in terms of the Dynkin graphs as
follows. Let I and I’ be the sets (of isomorphism classes) of irreducible representa-
tions of I' and I" respectively. In other words, I and I’ are the sets of vertices of the
corresponding affine Dynkin graphs. Consider an irreducible I-module R}, i € I.
Since I is central it follows from the Schur Lemma that the restriction (R} )p is
a multiple of an irreducible representation of the group I, say Rf//, i e I'. So,
associating this way to arbitrary vertex i € I the vertex ¢ € I’ we obtain a map
o: I — I'. The map o* is induced by o.
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Let N = |I'/T”| denote the index of IV in I". Choose an arbitrary generic ¢ €
Z(C[I'"]) ® Z(R[I']). Let also W be an arbitrary representation of I', let W’ be the
restriction of W to IV, and let V'’ be an arbitrary representation of I'V. Let v’, w’
and w denote the classes of V', W/ and W in the Grothendieck rings of I and T'
respectively (i.e. their dimension vectors).

Recall that by Lemma 14 the quiver variety 90t = imgl (v, w’) coincides with
the set of all triples

(B7 1, j) S Homp/(V’ ® L, V/) @ Homp (W’, V/) S¥) HOIHF/(V/, WI)
such that
[B, Bl +ij = —Cc, B, BY] +ii' —jTj = —Ge
modulo action of Urs(V'). We define for every v € T another triple

B'=B-(187): VoL -5VveLEV, i"=i~y j=y"1j

Since I' commutes with I, it follows that (B7, i7, j7) gives another point of 9,
hence the correspondence B +— B7 defines an action of the group I' on the quiver
variety 9. Let ML denote the set of fixed points of ' on M.

Take an arbitrary (B, i, j) € 9. Then (B, 4, j) and (B", i, j7) should be
conjugate under the action of Ur/(V”). Hence there exists a g, € Ur/ (V') such that

gyBg;' =B, gyi=1, jg;'=j". (50)

Moreover, when ( is generic such g, is unique (because the action of Ur/ (V") is free
in this case). It follows that v — g, defines an action of I" on V' extending the
action of T,

Now let V be an arbitrary representation of I' such that its restriction to I' is
isomorphic to V’. Let v be its class in the Grothendieck ring of I'. Let 9L denote
the locus of the set 9", where the defined above structure of a representation of I’
on V' is isomorphic to V. Then we have.

Theorem 51. For any generic ¢ € Z(C[I'])@Z(R[I]), v, w € Ko(T') let v’ = v,
w' = wp. Then we have
(M (v, w’))z =ML (v, w).

Proof. Note that the equations (50) mean that the triple (B, 7, j) is I'-equivariant
with respect to the action v — g, of the group I' on V' and its canonical actions on
W and L. Choose an arbitrary I'-equivariant isomorphism V' — V. Then

(B, 14, j) € Homp(V ® L, V) ® Homp (W, V) @ Homp(V, W).
Furthermore, it follows from the definition of o* that
B, Bl +ij = —otGe, B, B +ii' —j'j = —0jice.
Thus we obtain a map
(Sﬁgl(vl, w’))z — E)ﬁg*g(v, w).
Similarly, forgetting the I'-structure on V and W for any (B, i, j) € Emg*g(v, w)

we can consider it as a point of Emg/(v’ , w'). Thus we obtain the inverse map. 0O
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Consider the case I" = {1}, W = Rg, W/ = C, V' = C"VN. Then the quiver
variety E)ﬁg,(v’ , w’) coincides with the Hilbert scheme X"V when (¢ = 0 and with
the so-called Calogero—Moser space CM,,y when (¢ # 0. Thus in the case (¢ = 0,
Theorem 51 specializes to Theorem 39, and in the case (¢ = 7 # 0 we obtain the
following.

Corollary 52. For any 7 # 0 and n > 0 we have
(CMnN)ZvU = fmg(m’()7 w0)7

where (¢ = (7, ..., 7) and (g is arbitrary.

5. COMBINATORIAL APPLICATIONS

From now on assume that I' & Z/dZ (the gd,l—case). Then both X and Xt
admit a I'-equivariant action of the torus C* x C*. The first action is the coordi-
natewise dilation, and the second is induced by the first one. These actions induce
actions on the Hilbert schemes X' and Xan]. In both cases, there is only a finite
number of fixed points. Now we give their combinatorial description.

Consider a Young diagram as a domain in the top right-hand octant of the
coordinate plane. We associate to a box of a diagram the coordinates of its bottom
left-hand corner. Thus the coordinates of any box are nonnegative integers. We
denote by (p, ¢) the box with the coordinates (p, ¢). A Young diagram A is called
uniformly colored in d colors if the integer

ni(A) =#{p, q) EA|p—g=i(modd)}, 0<i<d—1

(the number of boxes of the color i) doesn’t depend on 4. One can say that we
color the diagonals of the digram A periodically in d colors and call the diagram
uniformly colored if the number of boxes of each color is the same. Let UCY (n, d)
denote the number of uniformly colored in d colors Young diagrams with n boxes
of each color.

Lemma 53. The C* x C*-fized points on the T-equivariant Hilbert scheme X'
are in a 1 — 1 correspondence with Young diagrams that are uniformely colored in
d colors with n bozxes of each color.

Proof. Note that by definition XTI is a connected component of (X', The
fixed points on X[ are numbered by Young diagrams with dn boxes. All these
points are D-invariant (since the action of T' factors through the torus action), so it
remains to understand which of these points lie in the component.

Note that the fiber of the tautological bundle over X9 at the C* x C*-fixed
point corresponding to a Young diagram A is isomorphic as a I-module to the
representation @(p’ QeA R,_,;. In particular, it is a multiple of the regular repre-
sentation if and only if A is uniformly colored in d colors. t
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Let CY (n, d) be the number of ordered collections (Ay, ..., Ay) of Young dia-
grams such that d
DAk =n,
k=1

where |A| is the number of boxes in A.

Lemma 54. The C* x C*-fized points on the Hilbert scheme XILn] are in a1l —1
correspondence with ordered collections (A1, ..., Ag) of Young diagrams such that

d
Zk:l |Ag| = n.

Proof. First note that the number of C* x C*-fixed points on Xr equals d. It
follows, for example, from the evident fact that Xp = X! and UCY (1, d) = d.
Furthermore, denoting these points by x1, ..., x4 it is easy to see that Z is a fixed
point on Xan] if and only if it splits into a union Z = Z; U --- U Z4, where Z; is
a C* x C*-invariant length n;-subscheme in X with support at z;. Linearizing
the action of the torus in a neighbourhood of x; € Xt we see that such Z; are

numbered by Young diagrams A; with |A;| = n;. Finally, the condition Z € Xan]

is just 7, n; = n, whence the lemma. O
Theorem 55. For any n, d > 0 we have UCY (n, d) = CY (n, d).
Remark 56. See [4] for the combinatorial proof of this identity.

Proof. Using the argument of Nakajima (see [10], Chapter 5) one can check that

the dimensions of the cohomolgy groups of the Hilbert schemes X '™ and Xan] are
equal to the number of the fixed points with respect to the torus action. Thus,

H-(Xr[n]vz)gZUcy(n,d)7 HKX#%Z)gZCWm@,
and the theorem follows from Corollary 47. O
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