Noncommutative Field Theories

I.Ya. Aref’eva^{a, 1}, D.M. Belov^{b, a, 2}, A.A. Giryavets^{c, 3}, A.S. Koshelev^{a, d, 4} and P.B. Medvedev^{e, 5}

aSteklov Mathematical Institute, Russian Academy of Sciences bDepartment of Physics, Rutgers University, Piscataway, NJ 08855 cFaculty of Physics, Moscow State University dPhysics department, University of Crete, Greece eInstitute of Theoretical and Experimental Physics

Based on lectures given by I.Ya. Aref’eva at the Swieca Summer School, Brazil, January 2001;

Summer School in Modern Mathematical Physics, Sokobanja, Serbia, Yugoslavia, 13-25 August 2001;

Max Born Symposium, Karpacz, Poland 21-24 September, 2001; Workshop ”Noncommutative Geometry, Strings and Renormalization”, Leipzig, Germany, September 2001

1E-mail: arefeva@mi.ras.ru 2E-mail: belov@physics.rutgers.edu 3E-mail: alexgir@mail.ru 4E-mail: koshel@orc.ru 5E-mail: medvedev@heron.itep.ru

Contents

1 Introduction. 2

2 Noncommutative Geometry. Examples. 9 2.1 Axioms of Noncommutative Differential Geometry . . . . . . . . . . . . . . . 9 2.2 Examples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2.1 Noncommutative torus T^d_θ . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2.2 Noncommutative flat space R_θ . . . . . . . . . . . . . . . . . . . . . . 13 2.2.3 Noncommutative sphere S^2_θ . . . . . . . . . . . . . . . . . . . . . . . . 15

3 Noncommutative Field Theory Models. 16 3.1 Noncommutative φ^4-model. . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2 Noncommutative Complex φ^4-model. . . . . . . . . . . . . . . . . . . . . . . 21 3.3 Noncommutative Yang-Mills Theory. . . . . . . . . . . . . . . . . . . . . . . 23 3.4 Noncommutative Scalar Electrodynamics. . . . . . . . . . . . . . . . . . . . 25 3.5 Noncommutative N = 2 Super Yang-Mills Theory. . . . . . . . . . . . . . . . 28 3.6 UV/IR Problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1 Introduction.

It is well known that the gauge invariance principle is a basic principle in construction of modern field theories. Both general relativity and Yang-Mills theory use the gauge invariance. Another example of gauge invariant theory is string field theory [1]. To formulate this theory it is useful to employ notions of noncommutative differential geometry.

Noncommutative geometry has appeared in physics in the works of the founders of quantum mechanics. Heisenberg and Dirac have argued that the phase space of quantum mechanics must be noncommutative and it should be described by quantum algebra. After works of von Neumann and more recently by Connes mathematical and physical investigations in noncommutative geometry became very intensive.

Noncommutative geometry uses a generalization of the known duality between a space and the algebra of functions on it [2, 3]. One can take A to be an abstract noncommutative associative algebra A with a multiplication ⋆ and interpret A as an ”algebra of functions” on a (nonexisting) noncommutative space. One can introduce many geometrical notions in this setting. A basic set consists of an external derivative Q (or an algebra G of derivatives) and an integral, which satisfy ordinary axioms. In Section 2 we will present several examples of noncommutative spaces.

Let us sketch motivations/applications of models of noncommutative differential geometry (NCDG) in physics:

• Noncommutative space-time;

• Large N reduced models (quenched Yang-Mills theory);

• D-brane physics, (M)atrix theory;

• Description of the behavior of models in external fields;

• Noncommutative Solitons and Instantons;

• Smoothing of singularities;

• String Field Theory (SFT).

Noncommutative Space-Time

▶ Uncertainty principle in gravity

There is an absolute limitation on length measurements in quantum gravity

ℓ ⩾ ℓ_{P l}. (1.1)

The reason is the following. If we want to locate a particle we need to have energy greater than the Planck mass m_{P l} = (ℏcG^{−1})^12 (G is Newton’s constant). The corresponding gravitational field will have a horizon at r = 2Gm_{P l}c^{−2} = 2ℓ_{P l}, shielding whatever happens inside the Schwarzschild radius and therefore the smallest “quanta” of space and time exists. It is tempting to relate the uncertainty δx in the length measurement (1.1) to the noncommutativity of coordinates

[x^μ, x^ν ] = iℏθ^{μν} . (1.2)

The idea of quantization of space-time using noncommutative coordinates x_μ is an old one [4]-[10]. Snyder [5, 6] has proposed to use the noncommutative space to improve the UV behavior in quantum field theory. An extension of the Snyder’s idea was considered in [11, 12] where the field theory with the momentum in the de Sitter space was considered. A proposal for a general (pseudo)Riemannian geometry in the momentum space was discussed in [13].

Deriving relation (1.1) from (1.2) by analogy with the derivation of the Heisenberg uncertainty inequality one gets the problem because (1.1) has to hold even for one-dimensional space. In [14] it was suggested that (1.1) indicates that at the Planck scale one should use non-Archimedean geometry. For recent discussion of space-time noncommutativity see [15]-[19]. The space-time stringy uncertainty has been discussed in [16, 20].

▶ UV divergences in QFT

One of earlier motivations to consider field theories on noncommutative space-time (noncommutative field theories) was a hope that it would be possible to avoid quantum field theory divergences [15, 16, 3, 22, 18, 23, 21]. Now a commonly accepted belief is that a theory on a noncommutative space is renormalizable if (and only if) the corresponding commutative theory is renormalizable. Results on the one-loop renormalizability of noncommutative gauge theory [24]-[26] as well as the two-loop renormalizability of the noncommutative scalar ϕ^4 theory [27] support this belief. However the renormalizability [28] does not guarantee that the theory is well-defined. There is a mixing of the UV and the IR divergences [29, 27]. For further developments see [30]-[78] and refs. therein.

Large N reduced models

It has been found that the large N limit in QCD can be described by a reduced quenched model [79, 80]. This model is equivalent to a noncommutative gauge model. A special large N matrix model was proposed to describe strings [81, 82] (see [83] in the context of noncommutative gauge models). It occurs that the master fields in the large N matrix models are the subject of the noncommutative plane [84].

D-branes and M(atrix) theory

Connes, Douglas and Schwartz [85] (see also [88]) have shown that supersymmetric gauge theory on a noncommutative torus is naturally related to a compactification of the M(atrix) theory [86, 87]. M(atrix) theory is a maximally supersymmetric quantum mechanics with the action: S = ∫ dt Tr 9∑ i=1 (D_tX)^2 − ∑ i<j [X^i, X^j]^2 + χ^†(D_t + Γ_iX^i)χ. (1.3)

Here D_t = ∂/∂t + iA_0, and variation over A_0 yields a Gauss law. This action is also known as a regularized form of the supermembrane action [89]. Equations of motion for the action (1.3) admit the following static solutions

[X^μ, X^ν ] = iℏθ^{μν} (1.4)

that are nothing but commutation relations (1.2) defining noncommutative space-time. About spectral properties of the corresponding Hamiltonian see [90] and [91] and references therein.

Compactification on torus [92]

U^{−1}_i X^jU_i = X^j + δ^j_i 2πR_i.

leads to the relations U_iU_j = e^{iθij} U_jU_i, which define the algebra of functions on a noncommutative torus with the noncommutativity parameter θ. For reviews and further developments see [93]-[123].

One of the natural questions is whether noncommutative gauge theory can be used to describe more general compactifications in string theory. In order to have progress in this direction one has to develop the theory of noncommutative quantum gauge fields not only on the torus, but also on more general manifolds [105]-[108]. A framework for a noncommutative gauge theory on Poisson manifolds by using recently developed deformation quantization [109, 110] has been discussed in [21].

Models in external fields

▶ Dipole in a magnetic field

It is well known that the position operators in quantum mechanics in the presence of a magnetic field does not commute. A model consisting of a pair of opposite charges moving in a strong magnetic field can be described as a particle moving on the noncommutative 2-plane [112].

▶ Quantum Hall effect

The model describing electrons in a magnetic field projected to the lowest Landau level can be naturally treated as a noncommutative field theory. Thus noncommutative field theory is relevant to the theory of the quantum Hall effect [112, 113]. It has been proposed that a good description of the fractional quantum Hall effect can be obtained using noncommutative Chern-Simons theory [114, 115].

▶ Strings in a magnetic field

Noncommutative geometry appears in string theory with a nonzero B-field [116] (for earlier considerations see [117]-[120]) S = 1 4πα^′ ∫ Σ d^2z ( g_{ij}∂_ax^i∂^ax^j − 2πiα^′B_{ij} ϵ^{ab}∂_ax^i∂_bx^j ) . (1.5)

Seiberg and Witten have found a limit in which the entire string dynamics is described by a supersymmetric gauge theory on a noncommutative space and shown an equivalence between ordinary gauge fields and noncommutative gauge fields. See [124]-[127] for further developments of these ideas.

Noncommutative Solitons and Instantons

In commutative scalar field theories there is Derrick’s theorem, which prohibits the existence of finite energy solitons in two and more spatial dimensions. The proof is based on a simple scaling argument according to which no finite size minimum can exist, since upon shrinking all length scales both kinetic and potential energies decrease. This argument does not work in the presence of a length scale √ θ. It has been shown in [128], that for sufficiently large θ stable solitons exist in the noncommutative scalar field theory. For example, for a cubic potential solitons are defined as solutions of the following equation

ϕ = ϕ ⋆ ϕ. (1.6)

While in a commutative theory this equation would admit only constant solutions, in a noncommutative theory there are countable many solutions, see [129, 130] for more details.

As for noncommutative instantons it was found that the ADHM construction admits a generalization to the noncommutative case [131]. Noncommutative instantons in the limit θ → 0 are pure U(1) gauge configurations with a singularity at the origin. For nonzero θ instantons are nonsingular objects with a size of order √ θ. Smoothing of singularities

Solutions of a local field theory usually can be extended to the solutions of noncommutative theory. As a rule in such extensions any singularities disappear due to the position-space uncertainty. In particular, the noncommutative rank 1 theory has non-singular instanton, monopole and vortex solutions.

Solitons in noncommutative theories can be stable even when their commutative counterparts are not, so noncommutativity provides a natural mechanism of stabilization for objects of the size √ θ. This behavior is naturally related to nonlocality. In other words, noncommutativity inevitably leads to nonlocality.

String Field Theory

One of the main motivations to construct string field theory (SFT) — an off-shell formulation of a string theory — was a hope to study non-perturbative phenomena in string theory [1]. The Witten SFT action for open bosonic string is S = 1 2 ∫ Φ ⋆ QΦ + 1 3 ∫ Φ ⋆ Φ ⋆ Φ. (1.7)

Open bosonic string has a tachyon that leads to a classical instability of the perturbative vacuum. In the early works by Kostelecky and Samuel [138] it was proposed to use SFT to describe condensation of the tachyon to a stable vacuum. By using the level truncation scheme they have shown that the tachyon potential in open bosonic string has a nontrivial minimum. Further [139], the level truncation method has been applied to study an effective potential of auxiliary fields in the cubic superstring field theory (SSFT) [140, 141, 142]. It was found that some of the low-lying auxiliary scalar fields acquire non-zero vacuum expectation values that was considered as an indication of supersymmetry breaking in this vacuum.

Later on, Sen has proposed [143] to interpret the tachyon condensation as a decay of unstable D-brane. In the framework of this interpretation the vacuum energy of the open bosonic string in the Kostelecky and Samuel vacuum cancels the tension of the unstable space-filling 25-brane. This cancellation has been checked with high accuracy [147, 148].

The cubic open string field theory around the tachyon vacuum, or the vacuum string field theory (VSFT) was proposed in [157] and it is investigated now very intensively [158]-[181]. This VSFT has the same form as (1.7) but with a new differential operator, which after restriction to the space of string fields can be written in the following form Q_{new} = Q + {Φ_{vac}, · }.

The triviality of the cohomology of the new BRST operator Q_{new} around the tachyon vacuum is expected [143]. This means that this theory should not contain physical open string excitations. The evidence in favor of this conjecture was also found by demonstrating the absence of kinetic term for the tachyon field in nonperturbative vacuum [?, ?]. VSFT is conjectured to describe the appearance of closed strings after the open string tachyon condensation. Moreover, it was suggested [157] that after some (maybe singular) field redefinition Q_{new} can be written as a pure ghost operator Q. If this conjecture is true it is instructive to search solutions of VSFT equation of motion

QΦ + Φ ⋆ Φ = 0 (1.8)

in the factorized form Φ = Φ_{matter} ⊗ Φ_{ghost}, thus obtaining a projector-like equation for matter sector: Φ_{matter} = Φ_{matter} ⋆ Φ_{matter} . (1.9) An equation similar to (1.9) has appeared in construction of solitonic solutions in noncommutative field theories in the large coupling limit [128].

As an example of the projector-like solution, there is a state called sliver, |Ξ⟩. This projector was constructed in the oscillator formalism by Kostelecky and Potting [156]. In fact a wedge state as a candidate to solve (1.9) was appeared first in the CFT framework [150]. Then it was at first identified with the sliver numerically [158] and later on by direct calculations [170]. The sliver state is special in a sense that it can be defined in an arbitrary boundary CFT [150].

The projector-like form of eq. (1.9) gave a new impulse for the development of the halfstring formalism [1],[190]-[194], which drastically simplifies Witten’s ⋆-product. To construct projections more systematically, it is useful to find a matrix representation of open string fields. To see matrix representation in a more transparent way it is fruitful to use the so-called “comma” form of the overlap vertex [191, 192],[165],[170]. The Bogoliubov transformation that makes the sliver to be a new vacuum requires the 3-string vertex to take a comma form [156]. The Bogoliubov transformation relating the sliver and initial Fock vacuum cannot be defined as an operator in the Fock space [177]. This is not surprising since we deal with infinite number of degrees of freedom. One can use the dressing transformation technique [182] to give to the sliver a meaning of a state in the Hilbert space. Just due to the infinite dimensional nature of the star product appear associativity anomaly [136, 137, 213] and twist anomaly [176].

Several tools are used to study VSFT:

1. the functional approach, where string fields are discussed in terms of left-right modes functionals, is developed in [161],[162],

2. the operator approach, where explicit Fock-space operators for left-right parts of the string are explored, is presented in [193].

Using these two descriptions the sliver states and their generalizations are studied in [163, 168, 169, 171, 172]. In these lectures (Section ??) we will discuss the half-string formalism with main focus on the operator description of the matter sector.

In [157] a simple linear form for Q = c_o + ∑ f_n(c_n + (−1)^nc^†_n) was proposed. Under this assumption the ghost part of the equation admits an analytical investigation [175, 176, 177, 178, 180, 181]. Since an analytic tachyon vacuum solution is unknown, it is impossible to derive this form of VSFT action [157] from the initial Witten action (1.7). However, one can check if the proposed VSFT action passes some tests to be acceptable. In particular, in [173] a classical solutions of VSFT that reproduces the perturbative open string vacuum is constructed (see [176, 181]). Several attempts of getting closed strings from VSFT have been recently performed [179, 180].

This consideration concerns only bosonic cubic SFT. To study the same questions in the superstring case it is worth to work with a formalism which deals with equations of motions in the simple form (1.8) without any modifications. String fields in 0 picture [140], [141],[142] (see also [199]) give us a suitable formalism.

In this lecture notes we would like to explain and discuss some ideas concerning noncommutative geometry in general, as well as noncommutative field theories and string field theories. The material of the lectures is organized as follows. In Section 2, we explain basic mathematical notions of noncommutative differential geometry (NCDG) and give the most important examples of noncommutative spaces used in physical applications. In Section 3, we consider noncommutative quantum field theories emphasizing an issue of their renormalizability. Also we pay a special attention to the problem of the UV/IR mixing.

Let us say a few words about the style which we tried to follow in these lecture notes. We do not pretend to write complete notes textbook on noncommutative quantum filed theories, but would like to present key ideas about these subjects and show explicitly how to perform the calculations.

Sometimes the reader may find our exposition very technical but we try to be explicit and to keep track of instructive computations. However, not to make a text extremely cumbersome we will present in several cases just the results.

We do not pretend to put the complete list of the references on the subject, and apologize to those authors whose papers are not in the list.

2 Noncommutative Geometry. Examples.

In this section we consider the basic ideas of the noncommutative geometry [2] and give several examples of noncommutative spaces.

Noncommutative geometry uses a generalization of the known duality between a space and its algebra of functions, see [2, 3, 85]. If one knows the associative commutative algebra A(M) of complex-valued functions on topological space M then one can restore the space M. Therefore, all topological notions can be expressed in terms of algebraic properties of A(M). For example, the space of continuous sections of a vector bundle over M can be regarded as a projective A(M)-module. (We are speaking about left modules. A projective module is a module that can be embedded into a free module as a direct summand). So, the vector bundle over a compact space M can be identified with projective modules over A(M). 2.1 Axioms of Noncommutative Differential Geometry

Let A be an abstract associative algebra with the multiplication ⋆

⋆ : A ⊗ A → A (2.1)

One can interpret A as an ”algebra of functions” on a (nonexisting) noncommutative space.

Let us introduce some basic geometrical notions on this algebra A: external derivative Q (or an algebra G of derivatives) Q : A → A (2.2a)

and integral (linear map) ∫ : A → C . (2.2b)

Noncommutative space is the set ( A, Q, ∫ ) , (2.2c)

which satisfies the following axioms:

• associativity A ⋆ (B ⋆ C) = (A ⋆ B) ⋆ C, A, B, C ∈ A; (2.2d) • nilpotency Q^2 = 0; (2.2e)

• Leibnitz rule Q(A ⋆ B) = (QA) ⋆ B) + A ⋆ (QB), A, B ∈ A; (2.2f)

• cyclicity property ∫ (A ⋆ B) = ∫ (B ⋆ A); (2.2g)

• “integration by part” ∫ (QA) = 0. (2.2h)

In the most applications the algebra A is also equipped with a natural Z_2-grading: |A ⋆ B| = |A| + |B|. For example, in Section 3 Z_2-grading is usual boson/ferimon super-grading. One has to modify Leibnitz rule (2.2f) and cyclicity property (2.2g) to be in agreement with Z_2-grading: Q(A ⋆ B) = (QA) ⋆ B + (−1)^{|A|}A ⋆ (QB), A, B ∈ A; (2.2f^′) ∫ (A ⋆ B) = (−1)^{|A||B|} ∫ (B ⋆ A), A, B ∈ A (2.2g^′) where (−1)^{|A||B|} = −1 if both A and B are odd elements and equal 1 otherwise.

If A admits a Lie algebra of derivatives one can develop a noncommutative bundles theory generalizing the standard theory. Let G be a Lie algebra of derivatives on A and α_1, . . . , α_d be generators of G. Then one can generalize the notion of non-commutative space (2.2c) to the set ( A, G, ∫ ) , (2.3a)

which satisfies axioms (2.2d) and (2.2g) as well as α_i(A ⋆ B) = (α_iA) ⋆ B + A ⋆ (α_iB), A, B ∈ A, α_i ∈ G; (2.3b) and ∫ α_i A = 0. (2.3c)

If V is a projective module over A (i.e. a “vector bundle over A”) one defines a connection in V as the set of linear operators ∇_1, . . . , ∇_d on V satisfying

∇_i(aϕ) = a∇_i(ϕ) + α_i(a)ϕ (2.4)

for all a ∈ A and ϕ ∈ V, i = 1, . . . , d. The curvature of connection ∇_i is

F_{ij} = ∇_i∇_j − ∇_j ∇_i − f^k_{ij}∇_k (2.5)

belongs to the algebra of endomorphisms of the A-module V .

A profit from such kinds of constructions is that we can immediately write an action that is invariant under gauge transformations. If we deal with the set of axioms (2.2e)-(2.2f^′) we can define the gauge transformation as δA = QΛ + A ⋆ Λ − Λ ⋆ A, A, Λ ∈ A. (2.6) The gauge invariant action is [1] S[A] = 1 2 ∫ A ⋆ QA + 1 3 ∫ A ⋆ A ⋆ A. (2.7) This is a generalization of the Chern-Simons action.

In the case of axioms (2.2d), (2.2g), (2.4), (2.3b) and (2.3c) one has a generalization of the Yang-Mills action S = − 1 4 ∫ (F_{ij} F^{ij}) (2.8)

with F_{ij} = α_iA_j − α_jA_i + A_i ⋆ A_j − A_j ⋆ A_i. (2.9)

The action is invariant under the following gauge transformations

δ(A_i) = α_i(ω) + A_i ⋆ ω − ω ⋆ A_i, (2.10)

where ω ∈ A is a gauge parameter.

There are several examples of realization of axioms (2.2) and (2.3). We will discuss the following realizations of axioms (2.3):

• The d-dimensional noncommutative torus T^d_θ .

• The d-dimensional noncommutative Euclidian space R_θ .

String field theory (SFT) presents an example of axioms (2.2). There is also a realization of axioms (2.2) on matrices [?].

2.2 Examples.

2.2.1 Noncommutative torus T^d_θ .

The d-dimensional noncommutative torus is defined by its algebra A_θ with generators U_1, . . . , U_d satisfying the relations U_iU_j = e^{2iπθij} U_j U_i where i, j = 1, . . . , d and θ = (θ_{ij} ) ia a real antisymmetric matrix. The algebra A_θ is equipped with an antilinear involution ∗ obeying U^∗_i = U^{−1}_i (i.e. A_θ is a *-algebra). An element of A_θ is a power series f = ∑ f(p_1, ..., p_d)U^{p1}_1 ...U^{pd}_d where p = (p_1, ..., p_d) ∈ Z^d and the sequence of complex coefficients f(p_1, ..., p_d) decreases faster than any power of |p| = |p_1| + ... + |p_d| when |p| → ∞. The function f(p) is called the symbol of the element f. We denote by U^p the product U^{p1}_1 ...U^{pd}_d . Then one has U^pU^k = e^{2iπφ(p,k)}U^{p+k}, where φ(p, k) = ∑ φ_{ij}p_ip_j and φ_{ij} is a matrix obtained from θ after deleting all its elements below the diagonal. To simplify the product rule we replace U^p by e^{iπφ(p,q)}U^p so that we have U^pU^k = e^{iπθ(p,k)}U^{p+k}. If f and g are two elements of A_θ, f = ∑ p f(p)U^p, g = ∑ k g(k)U^k then the product fg = ∑ p,k f(p)g(k)U^pU^k = = ∑ p,k f(p)g(k)e^{2iπθ(p,k)}U^{p+k} = ∑ q (f ⋆ g)(q)U^q, where the star-product (f ⋆ g)(q) of symbols f(p) and g(k) is (f ⋆ g)(q) = ∑ p f(p)g(q − p)e^{iπθ(p,q−p)}. The differential calculus on the noncommutative torus is introduced by means of the derivations ∂_j defined as ∂_j U^p = ip_j U^p, j = 1, . . . , d. They satisfy the Leibnitz rule ∂_j (fg) = ∂_j f · g + f · ∂_j g for any f, g ∈ A_θ.

The integral of f = ∑ f(p)U^p is defined as ∫ f = f(0), which is in correspondence with the commutative case. The integral has the property of being the trace on the algebra A_θ, i.e. ∫ fg = ∫ gf for any f, g ∈ A_θ. Moreover one has ∫ ∂_j f · g = − ∫ ∂_j g · f. The gauge field A_i on the noncommutative torus is defined as

A_i = ∑ p∈Z^d A_i(p)U^p, i = 1, . . . , d.

Here A_i(p) is a sequence of N × N complex matrices indexed by a space-time index. It corresponds to the Fourier representation of the ordinary gauge theory on commutative torus. The gauge field is antihermitian, A^∗_i = −A_i, or A_i(p)^∗ = −A_i(−p). A_i is an element of a matrix algebra with coefficients in A_θ and its curvature is defined as

F_{ij} = ∂_iA_j − ∂_j A_i + [A_i, A_j ],

where ∂_i is a derivative on A_θ defined above. The Yang-Mills action is S = − 1 4 ∫ tr(F_{ij} F^{ij}). This action is invariant under gauge transformations

A_i → ΩA_iΩ^{−1} + Ω∂_iΩ^{−1}, F_{ij} → ΩF_{ij} Ω^{−1},

where Ω is a unitary element of the algebra of matrices over A_θ.

2.2.2 Noncommutative flat space R_θ .

The main property of the noncommutative flat space R^d_θ space is the non-zero commutator of the coordinates [x_i, x_j] = iθ_{ij} where θ is called the parameter of noncommutativity. We begin with the formulation of the Moyal product as one of the important realization of such multiplication law.

Let us consider one-dimensional quantum mechanics in the Hilbert space of square integrable functions on the real line L^2(R) with ordinary canonical operators of position q̂ and momentum p̂, [p̂, q̂] = −iℏ, acting as q̂ψ(x) = xψ(x), p̂ψ(x) = −iℏdψ(x)/dx. If a function of two real variables f(q, p) is given in terms of its Fourier transform f(q, p) = ∫ e^{i(rq+sp)}f̃(r, s)drds, then one can associate with it an operator f̂ in L^2(R) by the following formula

f̂ = ∫ e^{i(rq̂+sp̂)}f̃(r, s)drds. This procedure is called the Weyl quantization and the function f(q, p) is called the symbol of the operator f̂ [109, 110]. One has the correspondence f̂ ←→ f = f(q, p).

If f̂^∗ is the Hermitian adjoint to f̂ then its symbol is f^∗ = f^∗(q, p) f̂^∗ ←→ f̂^∗(q, p) = f̄(q, p). If two operators f̂_1 and f̂_2 are given with symbols f_1(q, p) and f_2(q, p) then the symbol of product f̂_1f̂_2 is given by the Moyal product f_1 ⋆ f_2 = (f_1 ⋆ f_2)(p, q) as [109, 110]

(f_1 ⋆ f_2)(p, q) = ∑ α,β (−1)^β α!β! ( iℏ 2 )^{α+β}(∂^α_q ∂^β_p f_1(p, q)) · (∂^β_q ∂^α_p f_2(p, q)) =

= e^{iℏL}(f_1(q_1, p_1)f_2(q_2, p_2))|_{q1=q2=q, p1=p2=p},

where L = 1 2 ( ∂^2 ∂q_1∂p_2 − ∂^2 ∂q_2∂p_1 ). This is also can be written as (we assume ℏ = 1)

(f_1 ⋆ f_2)(p, q) = 1 (2π)^2 ∫ e^{2i[(q−q2)p1+(q1−q)p2+(q2−q1)p]}f_1(q_1, p_1)f_2(q_2, p_2)dq_1dq_2dp_1dp_2.

Introducing the constant Poisson structure on the plain ω^{μν} = −ω^{νμ}, ω^{12} = 1 and notations x = (q, p), x_i = (q_i, p_i), i = 1, 2 , x_1ωx_2 = q_1p_2 − q_2p_1 one obtains

(f_1 ⋆ f_2)(x) = 1 (2π)^2 ∫ f_1(x_1)f_2(x_2)e^{2i(xωx1+x1ωx2+x2ωx)}dx_1dx_2.

On the other hand the exponential factor can be rewritten as

2i(xωx_1 + x_1ωx_2 + x_2ωx) = 2i ∫ △ pdq, where △ is the triangle on the plane with vertices x = (p, q), x_1 = (p_1, q_1) and x_2 = (p_2, q_2) and there is the path integral representation e^{2i ∫△ pdq} = ∫ e^{2i ∫△ pdq} ∏ dx(τ). One integrates over trajectories x = x(τ), 0 ⩽ τ ⩽ 1 in the phase plane with the boundary conditions x(0) = x(1) = x, x(1/3) = x_1, x(2/3) = x_2.

Therefore, we conclude that the Moyal product is represented in the form (f ⋆ g)(x) = ∫ K(x, x_1, x_2)f(x_1)g(x_2)dx_1dx_2 and the kernel K(x, x_1, x_2) has a path integral representation

K(x, x_1, x_2) = ∫ e^{iS} ∏ dx(τ), where S = 2 ∫ pdq and the path integral is taken over the trajectories x = x(τ), 0 ⩽ τ ⩽ 1 subject to the boundary conditions specified above. About a connection with deformation quantization see [21] and refs. therein.

2.2.3 Noncommutative sphere S^2_θ .

The last example of the noncommutative space we would like to describe in this section is the noncommutative sphere S^2_θ introduced by Madore [3] (see also [105]). This space is associated with an algebra of operators x^i, i = 1, 2, 3 satisfying the relations [x^i, x^j ] = iθϵ^{ijk}x^k and_3 ∑ i=1 (x^i)^2 = R^2.

The derivative and curvature can be defined in the following form: ∂_if = [X^i, f] and F_{ij} = i[∂_i + A_i, ∂_j + A_j ] − i[∂_i, ∂_j].

3 Noncommutative Field Theory Models.

In this section we discuss main features of field theory models on R_θ. We pay the most attention to the problem of the renormalizability of these theories and the UV/IR mixing.

3.1 Noncommutative φ^4-model.

The simplest nontrivial model which can demonstrate the most important properties of the noncommutative field theories is a non-commutative φ^4-model [22].

The theory is defined by the action

S = S_0 + S_{int} = ∫ d^dx [ 1 2 (∂_μφ)^2 + 1 2 m^2φ^2 + g 4! (φ ⋆ φ ⋆ φ ⋆ φ)(x)], (3.1) where ⋆ is a Moyal product (f ⋆ g)(x) = e^{iξθμν ∂μ⊗∂ν} f(x) ⊗ g(x), ξ is a deformation parameter, θ^{μν} is a non-degenerate skew-symmetric real constant matrix, θ^2 = −1, d is even. In this section we deal with four dimensional Euclidean space. Also, we introduce the convenient notation

p_1 ∧ p_2 ≡ ξp_1θp_2.

Let us rewrite the interaction term in the Fourier representation S_{int} = g 4!(2π)^d ∫ dp_1dp_2dp_3dp_4 e^{−ip1∧p2−ip3∧p4} φ(p_1)φ(p_2)φ(p_3)φ(p_4)δ(p_1 +p_2 +p_3 +p_4). (3.2)

There are the following distinguished properties of the deformed theory as compared with standard local φ^4_d model:

• There are non-local phase factors in the vertex.

• These factors provide regularization for some loop integrals but not for all [24, 25, 26, 21, 112].

• To have renormalizability the sum of divergences in each order of perturbation theory must have a phase factor already present in the action.

To single out phase factors it is convenient to use the ’t Hooft double-line graphs and a notion of planar graphs. For planar graphs the phase factors do not affect the Feynman integrations at all (see [22] for details). In particular the planar graphs have exactly the same divergences as in the commutative theory [112]. There are no superficial divergences

Figure 1: Planar graph with a nonplanar subgraph.

in nonplanar graphs since they are regulated by the phase factors [24, 25, 26, 21, 112, 28]. Moreover, oscillating phases regulate also divergent subgraphs, unless they are not divergent planar subgraphs.

So, at first sight it seems that the proof of renormalizability is rather trivial. One has divergences only in planar graphs, so one can use the fact that planar theory is renormalizable if its scalar counterpart does [132]. In other words, one can expect that it is enough to take the planar approximation of an ordinary theory, find divergences within this approximation and write counterterms in the noncommutative theory as divergent parts of planar graphs multiplied on the phase factors. However, these arguments work only for superficial divergences. The situation is more subtle for divergent subgraphs. The reason is that a planar graph can contain nonplanar subgraphs (see simple example on Fig.1) and these divergences should be also removed. Therefore, renormalizability of the theory (3.1) is not obvious. This gave us [27] a reason to consider explicitly the two-loop renormalization of the theory (3.1) and the authors of [28] to study the renormalizability of (3.1) up to an arbitrary order.

In explicit calculations we will use single-line graphs and symmetric vertices. After the symmetrization of (3.2) we get S_{int} = g 3 · 4! 1 (2π)^d ∫ dp_1dp_2dp_3dp_4 φ(p_1)φ(p_2)φ(p_3)φ(p_4)δ(p_1 + p_2 + p_3 + p_4)

× [cos(p_1 ∧ p_2) cos(p_3 ∧ p_4) + cos(p_1 ∧ p_3) cos(p_2 ∧ p_4) + cos(p_1 ∧ p_4) cos(p_2 ∧ p_3)]

and the vertex is a sum of three terms (see Fig.2).

Figure 2: The symmetric vertex.

Here we would like to say a few words about a general technique of calculations in the presence of non-local phase factors in the vertex. In our calculations we always denote external momenta by p_i and loop momentum by k. In order to perform an integration over loop momenta the α-representation and Feynman parametrization are used. The useful formulae are the following [133] 1 F_1F_2 . . . F_n

= (n − 1)!

∫_1 0 δ(x_1 + x_2 + · · · + x_n − 1)dx_1dx_2 . . . dx_n (x_1F_1 + x_2F_2 + · · · + x_nF_n)^n , 1 F^s = 1 Γ(s) ∫_∞ 0 α^{s−1}e^{−αF} dα. These expressions are used to pass to the Gauss type integral over internal momentum ∫ e^{−ωAω+lω}d^Dω = π^{D/2} √ det A e^{14 lA−1l}. (3.3)

Namely, an expression for an arbitrary graph is a product of n propagators with exponential factor coming from trigonometric structure of the vertex. We put the parameter α_i in correspondence to the i-th propagator.

The most general expression for a one loop graph can be written schematically as

L_1 = ∫ d^dk exp [ −(ak^2 + lk + M^2) + ibθk ] , where a depends on α_i, l and M depend on α_i and p_j, b depends on p_j. Using (3.3) the integration over k is evident and the result is

L_1 = π^{d/2} a^{d/2} e^{−M 2+ 14a (l2−b2+2ilθb)} The next step is an integration over parameters α_i. There are two formulae we work with ∫_∞ 0 α^{ν−1}e^{−μα}dα = 1 μ^ν Γ(ν), (3.4) ∫_∞ 0 α^{ν−1}e^{−γα− βα} dα = 2 ( β γ )_{ν/2} K_ν (2 √ βγ). (3.5)

Note that function Γ(ν) has simple poles at points ν = 0, −1, −2, . . . , which correspond to UV divergencies (the momentum space ultraviolet divergencies become a small α divergence). Meanwhile the RHS of (3.5) for β ≠ 0 has no singularities at points ν = 0, −1, −2, . . . , since the factor e^{− β}α produces a regularization for small α. It is easy to show that the integral ∫ L_1dα_1 . . . dα_n also is well defined if b ≠ 0.

Now we are going to compute explicitly one-loop counterterms using dimensional regularization d = 4 − 2ϵ. We will also present the explicit form of finite part for two point and four point 1PI functions Γ^{(2)} and Γ^{(4)} in the one loop approximation. We use the standard notations for perturbation expansion of 1PI-functions

Γ^{(i)} = ∑ n g^nΓ^{(i)}_n ,

Γ^{(2)} = Γ^{(2)}_{f.p.} + ΔΓ^{(2)} and Γ^{(4)} = Γ^{(4)}_{f.p.} + ΔΓ^{(4)}.

The only graph 3a contributes to Γ^{(2)}_1 and

Figure 3: Γ^{(2)}_1 − ΔΓ^{(2)}_1 .

Γ^{(2)}_1 = − g(μ^2)^ϵ 6(2π)^d ∫ dk 2 + cos 2p ∧ k k^2 + m^2 . Here we have introduced a new parameter μ of dimension of mass to leave the action dimensionless in 4 − 2ϵ dimensions.

We present this expression as a sum of planar and nonplanar parts

Γ^{(2)}_1 = Γ^{(2)}_{1,pl} + Γ^{(2)}_{1,npl}

where Γ^{(2)}_{1,pl} = − g(μ^2)^ϵ 6(2π)^d ∫ dk 2 k^2 + m^2 , Γ^{(2)}_{1,npl} = − g(μ^2)^ϵ 6(2π)^d ∫ dk cos 2p ∧ k k^2 + m^2 . We see that only the planar part has a divergence

Γ^{(2)}_{1,pl} = g 32π^2 2 3 m^2 ( 1 ϵ + ψ(2) − ln m^2 4πμ^2 + O(ϵ) ) (3.6)

and this divergent part is subtracted by the counterterm 3b.

The nonplanar part can be calculated explicitly using α-representation

Γ^{(2)}_{1,npl} = − g 32π^2 2 3 √ m^2 ξ^2p^2

K_1(2mξ|p|) (3.7)

and as has been mentioned above has no divergencies. Note that this representation takes place only for p ≠ 0.

Γ^{(4)}_2 is a sum of s-, t- and u-channel graphs, Γ^{(4)}_2 = Γ^{(4)}_{2,s} + Γ^{(4)}_{2,t} + Γ^{(4)}_{2,u}. The explicit form of Γ^{(4)}_{2,s} is

Γ^{(4)}_{2,s} = g^2(μ^2)^{2ϵ} 18(2π)^d ∫ P_{4a}({p}, k) (k^2 + m^2)((P + k)^2 + m^2) dk where P = p_1 + p_2,

P_{4a}({p}, k) = [2 cos(p_1 ∧ p_2) cos(k ∧ P ) + cos(p_1 ∧ p_2 + (p_1 − p_2) ∧ k)]×

[2 cos(p_3 ∧ p_4) cos(k ∧ P ) + cos(p_3 ∧ p_4 + (p_4 − p_3) ∧ k)].

The trigonometric polynomial P_{4a} can be rewritten in the form

P_{4a} = 2 cos(p_1 ∧ p_2) cos(p_3 ∧ p_4) + ∑ j ′c_j e^{iΦj (p)+ibj (p)∧k} (3.8)

where the sum ∑_′ goes over all j for which linear functions b^j (p) are nonzero for almost all {p}. This representation is useful to separate the terms which do not depend on internal momentum and, therefore, produce divergencies. Other terms have phase factors which contain k and provide a finite answer. Thus, the only first term in (3.8) contributes to a pole part (see Fig. 4a) and we have

Figure 4: a) ΔΓ^{(4)}_{2,s}, b) Cross denotes the 4-vertex counterterm.

Γ^{(4)}_{2,s} = g^2 32π^2 2 9 [ cos(p_1 ∧ p_2) cos(p_3 ∧ p_4) ( 1 ϵ + ψ(1) −

∫_1 0 dx ln m^2 + x(1 − x)P^2 4πμ^2 ) +

+ ∑ j ′c_j e^{iΦj (p)} ∫_1 0 dxK_0( √ ξ^2b^{j 2}(m^2 + P^2x(1 − x)))e^{ixbj ∧P} ] .

This representation is well defined only if all b^j are nonzero, i.e. for non exceptional momenta. It is the matter of a simple algebra to sum up the divergent parts of Γ^{(4)}_{2,s}, Γ^{(4)}_{2,t} and Γ^{(4)}_{2,u} to obtain a graph with the symmetric vertex.

Therefore, at the one-loop we have

ΔΓ^{(2)}_{1l} = g 48π^2 m^2 ϵ , ΔΓ^{(4)}_{1l} = g^2 16π^2 1 9ϵ [cos(p_1 ∧ p_2) cos(p_3 ∧ p_4) + cos(p_1 ∧ p_3) cos(p_2 ∧ p_4) + cos(p_1 ∧ p_4) cos(p_2 ∧ p_3)].

3.2 Noncommutative Complex φ^4-model.

Here we consider noncommutative quantum field theories of complex scalar field [21] whose commutative analogue (ϕ^∗ϕ)^2 is renormalizable in four-dimensional case. There are only two noncommutative structures that generalize a commutative quartic interaction (ϕ^∗ϕ)^2:

(a) ϕ^∗ ⋆ ϕ ⋆ ϕ^∗ ⋆ ϕ,

(b) ϕ^∗ ⋆ ϕ^∗ ⋆ ϕ ⋆ ϕ.

In the commutative case the quartic interaction (ϕ^∗ϕ)^2 is invariant under local U(1)- transformations. In the noncommutative theory we can consider a ”deformed” U(1)-symmetry (U ⋆ U^∗ = 1). One sees that only the structure (a) is invariant under these transformations. Using (a) and (b) we can construct an interaction V (ϕ^∗, ϕ) = Aϕ^∗ ⋆ ϕ ⋆ ϕ^∗ ⋆ ϕ + Bϕ^∗ ⋆ ϕ^∗ ⋆ ϕ ⋆ ϕ = (A − B)ϕ^∗ ⋆ ϕ ⋆ ϕ^∗ ⋆ ϕ + B 2 ({ϕ^∗, ϕ} ⋆ {ϕ^∗, ϕ}), where {, } is the Moyal anticommutator {f, g} = f ⋆ g + g ⋆ f. The action of the theory is S = ∫ d^dx ( ∂_μϕ^∗∂_μϕ + m^2ϕ^∗ϕ + λV (ϕ^∗, ϕ) ) . (3.9)

Let us rewrite the interaction term in the Fourier components and symmetrize it, i.e. V (ϕ^∗, ϕ) = 1 (2π)^4 ∫ dp_1 . . . dp_4δ( ∑ p_i)× ×[A cos(p_1 ∧ p_2 + p_3 ∧ p_4) + B cos(p_1 ∧ p_3) cos(p_2 ∧ p_4)]ϕ^∗(p_1)ϕ(p_2)ϕ^∗(p_3)ϕ(p_4).

We would like to analyze counterterms to one loop Feynman graphs in the theory (3.9) and find conditions when this theory is renormalizable by renormalization of one coupling constant λ. We will show that this takes place only in two special cases: B = 0 and A = B.

Figure 5: The vertex and one-loop graphs.

Moreover, in the case B = 0 the model does not suffer from IR divergencies at least at oneloop insertions level. All one-loop corrections to the interaction are presented on Fig.5:b,c,d. ”In” arrows are the fields ”ϕ” and ”out” arrows are the fields ”ϕ^∗”.

The following analytic expression corresponds to the graph on Fig.5:b

Γ_{5b} =

N_b(μ^2)^{2ϵ} (2π)^d ∫ d^dk P_{5b}(p, k) (k^2 + m^2)((k + P )^2 + m^2)

, (3.10)

where N_b is a number of graphs (N_b=8), P = p_2 + p_4 = −p_1 − p_3 and P_{5b}(p, k) is the trigonometric polynomial

P_{5b}(p, k) = [A cos(k ∧ p_2 + (−k − p_2) ∧ p_4) + B cos(p_2 ∧ p_4) cos(k ∧ P )]

×[A cos(p_1 ∧ (−k) + p_3 ∧ (k − p_1)) + B cos(p_1 ∧ p_3) cos(k ∧ P )].

The terms containing exp[(. . . ) ∧ k] give a finite contribution to (3.10). Divergencies come from the terms ΔP_{5b} of the polynomial P_{5b}

ΔP_{5b} =

B^2 2 cos(p_1 ∧ p_3) cos(p_2 ∧ p_4).

The graphs Fig.5:c and 5:d mutually differ by permutation of momenta 1 ↔ 3 only and the analytic expressions for these graphs coincide. For the graph Fig.5:c we have

Γ_{5c} =

N_c(μ^2)^{2ϵ} (2π)^d ∫ d^dk P_{5c}(p, k) (k^2 + m^2)((k + P )^2 + m^2) , where N_c is a number of graphs (N_c = 16), P = p_1 + p_2 = −p_3 − p_4 and P_{5c}(p, k) is the trigonometric polynomial

P_{5c}(p, k) = [A cos(p_1 ∧ p_2 + (−k − P ) ∧ k) + B cos(p_1 ∧ (k + P )) cos(p_2 ∧ k)]

×[A cos(p_3 ∧ p_4 + (−k) ∧ (k + P )) + B cos(p_3 ∧ k) cos(4 ∧ (k + P ))].

The polynomial ΔP_{5c} that gives contribution to a divergent part of this graph is equal (after symmetrization p_2 ↔ p_4) to

ΔP_{5c} = cos(p_1 ∧ p_2 + p_3 ∧ p_4) [ A^2 2 + B^2 8 ] + AB 2 cos(p_1 ∧ p_3) cos(p_2 ∧ p_4).

We obtain the same answer for the graph on Fig.5:d, i.e.

N_d = N_c, ΔP_{5c} = ΔP_{5d}.

The following condition is equal to one coupling constant renormalizability of the theory (3.9) at one-loop level

N_bΔP_{5b} + 2N_cΔP_{5c} = C[A cos(p_1 ∧ p_2 + p_3 ∧ p_4) + B cos(p_1 ∧ p_3) cos(p_2 ∧ p_4)],

where C is a constant. This condition yields two algebraic equations: N_c [ A^2 +

B^2 4 ] = AC, N_b B^2 2 + N_cAB = BC. This system is self consistent if B(BN_c − 2AN_b) = 0. The latter equation has two solutions: B = 0 and A = B. Therefore, one coupling constant renormalizability takes place at one-loop only in two cases

B = 0 and V (ϕ^∗, ϕ) = A(ϕ^∗ ⋆ ϕ)^2,

A = B and V (ϕ^∗, ϕ) = B 2 ({ϕ^∗, ϕ})^2. It is straightforward to check the renormalizability of the propagator. We do not perform here explicit calculations of the one-loop correction to the propagator.

Here and in three next subsections we consider the corrections to the interaction only. Corrections to the propagator are more simple and we do not write down explicit calculations. The result is that these corrections do not impose any new restrictions on the coupling constants in the case of the complex scalar field, noncommutative U(1) Yang-Mills theory, noncommutative scalar electrodynamics or N = 2 noncommutative super Yang-Mills theory. Nevertheless, we consider one-loop corrections to the propagator describing the UV/IR mixing in the last subsection of this section.

3.3 Noncommutative Yang-Mills Theory.

In this subsection we explain the very important example of noncommutative theories: the noncommutative Yang-Mills Theory. But in contrast to the ordinary commutative theories we have a nontrivial interaction already with U(1) group. Roughly speaking, this is noncommutative electrodynamics but it exhibits properties of the Yang-Mills theory with non-abelian gauge group. This is because of the deformation of the abelian gauge group. This deformation was described in [34]. We have to replace the ordinary product by the Moyal one. Such a replacement yields the following form of the deformed group element: U = e^{⋆iλ} = ∞∑ n=0 1 n! (iλ)^{⋆n} where the ⋆ denotes the Moyal multiplication.

The U(1) noncommutative connection D_μ is the following: D_μ = ∂_μ − ig[A_μ, ·]_⋆, where g is a coupling constant and [f, g]_⋆(x) = (f ⋆ g)(x) − (g ⋆ f)(x) = 2i sin (θ^{μν} ∂_μ ⊗ ∂_ν ) f(x) ⊗ g(x).

The expressions for the curvature is the following F_{μν} = ∂_μA_ν − ∂_ν A_μ − ig[A_μ, A_ν ]_⋆. Indeed, the commutator does not vanish and it produces three- and four-point vertices for the gauge field and a nontrivial interaction with the Faddeev-Popov ghosts to be introduced below.

The noncommutative U(1) Yang-Mills (NCYM) action is given by S = − 1 4 ∫ d^dxF_{μν} F^{μν} , (3.11) where we have dropped the ⋆ because of the property of the integral. This action is invariant under the following transformation: A_μ → UA_μU^† + i g U∂_μU^† A gauge fixed generating functional is of the form Z[J, η, η̄] = ∫ [dA][dX][dΘ][dC̄][dC]e^{−S[A,X,Θ]+SGF [A,X,Θ]+SF P [A,C,C̄]+sources}, where C and C̄ are Faddeev-Popov ghosts, S_{GF} is the gauge fixing term S_{GF} [A_μ] = − 1 2α ∫ (∂_μA_μ)^2 and S_{F P} is Faddeev-Popov term S_{F P} [A_μ, C, C̄] = ∫ ∂_μC̄(∂_μC − ig[A_μ, C]).

The generating functional can be computed perturbatively using Feynman graphs [24]- [26]. The quadratic terms (propogators) are identical to the ones appearing in non abelian gauge theories. However, interaction vertices involve non polynomial functions of the momenta (see explicit definition of the Feynman rules in the next subsections).

The generalization of this action to the other groups U(N) is possible. However, Lie algebras of SU(N), SO(N) or Sp(N) are not closed under the Moyal commutator and, therefore, cannot be considered. This fact was shown in [33]. Also this action can be made supersymmetric by adding the correct fermionic and scalar degrees of freedom [34, 25].

Explicit calculations [24]-[26] show that noncommutative U(1) gauge theory is renormalizable at one-loop.

3.4 Noncommutative Scalar Electrodynamics.

Next, we proceed with a consideration of noncommutative scalar electrodynamics in Euclidean space R^4 . The classical action is given by S = ∫ d^4x ( −^1_4 F_{μν} ⋆ F^{μν} + (D_μϕ^∗) ⋆ (D^μϕ) + V [ϕ^∗, ϕ] ) , V [ϕ^∗, ϕ] = λ^2(aϕ^∗ ⋆ ϕ ⋆ ϕ^∗ ⋆ ϕ + bϕ^∗ ⋆ ϕ^∗ ⋆ ϕ ⋆ ϕ), (3.12)

where the covariant derivative is defined by D_μϕ = ∂_μϕ − ig[A_μ, ϕ]_⋆. g and λ are coupling constants and a and b are fixed real numbers. It has been shown in [32], that the pure complex scalar field theory is one-loop renormalizable only if a = b or b = 0. The purpose of the present analysis is to find the analogous restrictions on a and b in the case of scalar electrodynamics.

The action (3.12) is invariant under the following gauge transformations ϕ → U ⋆ ϕ ⋆ U^†, ϕ^∗ → U ⋆ ϕ^∗ ⋆ U^†, A_μ → U ⋆ A_μ ⋆ U^† + i g U∂_μU^†, where U is an element of the noncommutative U(1) group [34]. Note that since our fields are in adjoint representation we could consider the theory with two real scalar fields instead of one complex.

The Feynman rules for the theory (3.12) are presented in Table 1. Solid lines denote the scalar fields, ”in” arrows stand for the field ϕ and ”out” arrows stand for the field ϕ^∗.

D_{μν} (k) =^1_{k2} [ δ_{μν} − (1 − α)^{kμkν}_{k2} ]

D(p) =^1_{p2}

4g^2δ^{μν} [cos(k_1 ∧ p_1 + k_2 ∧ p_2) − cos(p_1 ∧ p_2) cos(k_1 ∧ k_2)]

2ig(p_1 − p_2)_μ sin(p_1 ∧ p_2)

− 4λ^2[a cos(p_1 ∧ p_2 + p_3 ∧ p_4) + b cos(p_1 ∧ p_3) cos(p_2 ∧ p_4)]

− 2ig sin(k_1 ∧ k_2)[(k_1 − k_2)_ρδ_{μν} + (k_2 − k_3)_μδ_{νρ} + (k_3 − k_1)_ν δ_{μρ}]

4g^2[(δ_{μρ}δ_{νσ} − δ_{μσ}δ_{νρ}) sin(k_1 ∧ k_2) sin(k_3 ∧ k_4) +(δ_{μν} δ_{ρσ} − δ_{μσ}δ_{νρ}) sin(k_1 ∧ k_3) sin(k_2 ∧ k_4) +(δ_{μν} δ_{ρσ} − δ_{μρ}δ_{νσ}) sin(k_1 ∧ k_4) sin(k_2 ∧ k_3)]

Table 1: Feynman rules for scalar electrodynamics.

We do not specify the Feynman rules for ghosts, since they do not contribute to one-loop graphs with the external matter lines.

All calculations are performed in Landau gauge α = 0. This is a convenient choice, since in this gauge a great number of graphs do not have divergent parts. One can prove that the theory is gauge invariant on quantum level (cf. [24, 25, 26, 33]), so our results and conclusions are valid for an arbitrary value of α.

The above mentioned restriction on a and b can come from one-loop corrections to the 4-scalar and 2-scalar-2-gluon vertices. First we consider one-loop corrections to the 4-point scalar vertex. The graphs that have non zero divergent parts in Landau gauge are presented in Figure 6. Using the dimensional regularization (d = 4 − 2ϵ) we find that the sum of divergent parts of these graphs is equal to 4 (4π)^2ϵ

[(3g^4 +4λ^4a^2 +λ^4b^2) cos(p_1 ∧p_2 +p_3 ∧p_4)+(3g^4 +4λ^4ab+λ^4b^2) cos(p_1 ∧p_3) cos(p_2 ∧p_4)]. (3.13)

Figure 6: One-loop corrections to the 4-point scalar vertex.

The condition of one-loop renormalizability yields a system of two algebraic equations on a and b

3g^4 + 4λ^4a^2 + λ^4b^2 = ca, 3g^4 + 4λ^4ab + λ^4b^2 = cb,

where c is a constant. These equations are self-consistent only in the case a = b. Therefore the renormalizable potential for scalar electrodynamics has the form V [ϕ^∗, ϕ] = a λ^2 2 ({ϕ^∗, ϕ}_⋆)^2, (3.14)

where {f, g}_⋆ = f ⋆ g + g ⋆ f. Note that in contrast to the pure noncommutative complex scalar field theory [32] we do not have the solution b = 0.

Let us turn to an analysis of one-loop corrections to the 2-scalar-2-gluon vertex. The graphs that have non zero divergent parts in the α = 0 gauge are presented in Figure 7.

Figure 7: One-loop corrections to the 2-scalar-2-gluon vertex.

The sum of the divergent parts of these graphs is 12 (4π)^2ϵ g^4δ_{μν} [cos(p_1 ∧ k_1 + p_2 ∧ k_2) − cos(p_1 ∧ p_2) cos(k_1 ∧ k_2)]. (3.15)

Note that the graphs 7c and 7e do contain 4-point scalar vertex and there are terms depending on a and b. However the contributions of these graphs mutually cancel and the sum does not depend on a and b. Therefore, there are no new restrictions on these constants. We see that a counterterm requiring for a cancellation of (3.15) has just the same trigonometric structure as the initial 2-scalar-2-gluon vertex in the action, i.e. this vertex is one-loop renormalizable.

Thus the above analysis leads to the conclusion that noncommutative scalar electrodynamics (3.12) is one-loop renormalizable only if the scalar potential has the anticommutator form (3.14).

3.5 Noncommutative N = 2 Super Yang-Mills Theory.

The action for the Euclidean noncommutative N = 2 SUSY Yang-Mills theory reads [74, 75] S = ∫ d^4x ( −^1_4 F_{μν} ⋆ F^{μν} + (D_μϕ_−) ⋆ (D_μϕ_+) − iχ^∗ ⋆ ^Dχ −g √ 2χ^∗ ⋆ (R[χ, ϕ_+]_⋆ + L[χ, ϕ_−]_⋆) −^{g2}_2 ([ϕ_−, ϕ_+]_⋆)^2 ) , (3.16)

where D_μ = ∂_μ − ig[A_μ, ·]_⋆, L, R =^1_2 (1 ± Γ^5), ϕ_± are real scalar fields, χ is a complex four-component spinor^6. The action (3.16) is a noncommutative generalization of Euclidean N = 2 SYM theory. A formulation of noncommutative N = 2 supersymmetric theories in terms of superfields was given in [34].

Note that the scalar electrodynamics examined in the previous section can be considered as a bosonic part of N = 2 NCSYM. The identification is evident: ϕ and ϕ^∗ corresponds to ϕ_+ and ϕ_−, respectively. Also we should replace λ by g and take a = −b = −1. The fact that fields ϕ_± are not complex conjugate does not affect the performed calculations. The Feynman rules for the bosonic part of the action (3.16) can be easily obtained from the Feynman rules for scalar electrodynamics (see Table 1) using the above mentioned identification. The Feynman rules for fermion fields are presented in Table 2. S(p) =^{Γμpμ}_{p2}

− 2igΓ^μ sin(p_1 ∧ p_2)

2ig √ 2 sin(p_1 ∧ p_2)R

2ig √ 2 sin(p_1 ∧ p_2)L

Table 2: Feynman rules for fermion fields.

As in the case of scalar electrodynamics we start with the examination of the one-loop corrections to the 4-point scalar vertex. The graphs with fermion loops are presented in Figure 8. The divergencies coming from these graphs are − 32 (4π)^2ϵ g^4 cos(p_1 ∧ p_2 + p_3 ∧ p_4). (3.17)

6Note that N = 2 SYM in Minkowski space contains a complex scalar field.

Figure 8: One-loop fermion corrections to the 4-point scalar vertex.

Figure 9: One-loop fermion corrections to the 2-scalar-2-gluon vertex.

Thus, taking into account the contribution (3.13) of the boson graphs we find that the boson and fermion divergencies mutually cancel. The similar result is valid for ordinary N = 2 SUSY Yang-Mills theory where the 4-point scalar vertex is finite at one-loop [134].

Next we calculate one-loop corrections to the 2-scalar-2-gluon vertex. The graphs with fermion loops are presented in Figure 9. The sum of divergent parts of these graphs is − 16 (4π)^2ϵ g^4δ_{μν} [cos(p_1∧ (3.18)

Summing the contributions of the boson (3.15) and fermion (3.18) graphs we get − 4 (4π)^2ϵ g^4δ_{μν} [cos(p_1 ∧ k_1 + p_2 ∧ k_2) − cos(p_1 ∧ p_2) cos(k_1 ∧ k_2)].

Note that one-loop fermion corrections as well as boson ones restore the trigonometric structure of the initial vertex. So, we conclude that the noncommutative N = 2 D = 4 SYM with the action (3.16) is one loop renormalizable.

3.6 UV/IR Problem.

It is evident that our renormalized 1PI functions do not have the limit ξ → 0. Due to this there is a nontrivial mixing of UV and IR divergencies (see [29, 27] for details). It turns out that a type of the UV divergency of the integral corresponding to the Feynman graph in a local model J_{UV} (p) = ∫ f(k, p)dk is the same as a type of the IR behavior of the integral corresponding to the Feynman graph in a noncommutative model J_{IR}(ξp) = ∫ e^{iξkθp}f(k, p)dk. For example, the logarithmically divergent integral J_{UV} ∼ log Λ corresponds to a logarithmic singularity log(ξ|θp|) in J_{IR}, the quadratically divergent integral J_{UV} corresponds to a quadratic singularity (ξ|θp|)^{−2} in J_{IR}, and so on.

Indeed, the UV behavior of the Feynman graph is defined by its index of divergence ω. For ω > 0 one has the asymptotic UV behaviour as Λ → ∞ J^{as}_{UV} = ∫_Λ 0 k^{ω−1}dk = 1 ω Λ^ω. (3.19) The IR behavior is described by integral J^{as}_{IR} = ∫_∞ 0 k^{ω−1}e^{iξk}dk (3.20) as ξ → 0. This integral is the Fourier transform of the distribution k^{ω−1}_+ J^{as}_{IR} = ie^{i π2 (ω−1)} Γ(ω) (ξ + i0)^ω

, (3.21) i.e. for ω > 0 one has the correspondence with UV behaviour (3.19).

To see logarithmic singularities on ξ let us note that ∫_Λ m k^{−1}dk ∼ C ∫_Λ −Λ d^2k k^2 + m^2

∼ log Λ (3.22) and the corresponding non local integral is J^{as,0}_{IR} (ξp) = ∫ e^{iξp∧k} k^2 + m^2 d^2k. (3.23) The latter integral can be calculated explicitly and the result is J^{as,0}_{IR} = 2πK_0(mξ|p|). (3.24) The modified Bessel function K_0(z) has an expansion K_0(z)(ξp) = − ln(z) + ln(2) − C + O(z^2) where C is Euler constant, i.e. J^{as,0}_{IR} (ξp) has the logarithmic dependence on ξ.

IR poles appear in the corrections to propagators and can produce IR divergencies in multi-loop graphs even in the massive theories. One has not to worry about logarithms, since in the origin the logarithm is an integrable function. Let us consider several examples.

Example 1. One can calculate explicitly the finite part of the tadpole graph in the noncommutative φ^4 theory. The answer is given by the sum of (3.7) and (3.6). The behavior of (3.7) in the limit p^2 → 0 (the same as the limit ξ → 0) is the following Γ^{(2)}_{1,f.p.} ∼_{p2→0} c (ξ|p|)^2 . This result can be easily obtained from the series expansion of the modified Bessel function K_1(z) K_1(z) = 1/z + 1 2 z ln(z) + ( 1 2 C − 1 4 − 1 2 ln(2))z + O(z^3)

where C is Euler constant. Caused by this asymptotic there are problems with an IR behavior of graphs with tadpoles. They produce divergence in the IR region if the number of insertions is three or more (compare with an example of ref. [21] in [28]). Thus, theories with a real scalar field have problems with infrared behavior [29, 27] originated in multi one-loop insertions.

Example 2. Another example is a tadpole Fig.5:e in the case of complex scalar field. The analytic expression for this graph is the following

Γ(p) =

(μ^2)^ϵ (2π)^d ∫ d^dk A + B cos^2(k ∧ p) k^2 + m^2

= (A +^B_2 )(μ^2)^ϵ (2π)^d ∫ d^dk 1 k^2 + m^2 + B(μ^2)^ϵ 2(2π)^d ∫ d^dk e^{i2k∧p} k^2 + m^2

. (3.25)

Integrating this expression over momentum k we obtain

Γ(p) = m^{d−2}(μ^2)^ϵ (4π)^{d/2} (A + B 2 )Γ(1 − d/2) + B (4π)^{d/2} [ m ξ|θp| ]_{d/2−1} K_{d/2−1}(2mξ|θp|). For d = 4 the second term is singular when p → 0. But in the case B = 0 (one of the possible solution of the UV renormalizability) this term disappears and hence there is no IR problem at least at one-loop level.

Example 3. In the case of scalar electrodynamics all corrections to the scalar field propagator are presented in Figure 10a,b,c. For a = b (see notations in the subsection about scalar electrodynamics) the sum of the divergent parts is:

6g^2(μ^2)^{2ϵ}

(2π)^4 ∫ d^4k k^2 [ 1 − aλ^2 g^2 − ( 1 + aλ^2 3g^2 ) cos(2k ∧ p) ]

Figure 10: One-loop corrections to the scalar field propagator.

− 8g^2(μ^2)^{2ϵ} (2π)^4 ∫ d^4k

1 − cos(2k ∧ p) k^2(p + k)^2 [ p^2 −

(pk)^2 k^2 ]

where p is an external momentum. A quadratic UV divergence here is removed by a mass renormalization. To remove IR poles one has to impose the condition λ^2a = −3g^2.

Computing a one-loop correction to the scalar field propagator in the N = 2 d = 4 NC SYM (3.16) we have one more graph presented in Figure 10d. Summing all contributions we have −4g^2(μ^2)^{2ϵ} ∫ d^4k (2π)^4

1 − cos(2k ∧ p) k^2(p + k)^2 [ p^2 + 2

(pk)^2 k^2 ] . Since all UV divergencies are logarithmic there is no IR poles in the case of N = 2 D = 4 NC SYM theory.

All calculations of the one-loop corrections was performed using a dimensional regularization. Now we would like to show that appearance of the IR singularities does not depend on a regularization. Namely, we compute an answer for the tadpole graph in the noncommutative complex scalar field theory using another methods. The expression for this graph is given by (3.25).

First, we perform calculations using Pauli-Villars regularization. To do this we rewrite (3.25) in the following form Γ_{reg,P V} (p) = 1 (2π)^d ∫ d^4k [ A + B cos^2(k ∧ p) ] [ 1 k^2 + m^2 − C_1 k^2 + M^2_1 − C_2 k^2 + M^2_2 ]

with C_1 + C_2 = 1 and C_1M^2_1 + C_2M^2_2 = m^2. All integrals are finite and we get the following answer Γ_{reg,P V} (p) = 1 8π^2

(A + B 2 )(M^2_1 M^2_2 − m^2(M^2_1 + M^2_2 − m^2))× × 1 M^2_2 − m^2 [ log M^2_1 + M^2_2 − m^2 M^2_1 + M^2_2 M^2_1 − m^2 log M^2_1 + M^2_2 − m^2 M^2_2 + m^2 M^2_1 − m^2 log m^2 M^2_1 ]

+ B (4π)^2 ( m ξ|θp| K_1(2mξ|θp|) − C_1 M_1 ξ|θp| K_1(2M_1ξ|θp|) − C_2 M_2 ξ|θp| K_1(2M_2ξ|θp|) ) . (3.26)

Note, that for fixed values of M_i there is a cancellation of an IR pole 1/|pθ|^2, i.e. the sum of the last three terms has the following asymptotic behavior for small |pθ|^2 up to a numeric factor m^2 log(2mξ|θp|) − C_1M^2_1 log(2M_1ξ|θp|) − C_2M^2_2 log(2M_2ξ|θp|).

It is easy to see, that one cannot do this calculation for large M_i.

To remove a regularization (to take limits M_1 → ∞ and M_2 → ∞) one has to do the standard UV renormalization which corresponds to the UV renormalization of the planar part of this graph. The first two lines in the (3.26) contain these UV divergencies of the tadpole.

The non-planar part, i.e. the third line of (3.26), does not require a renormalization. If one takes limit M_1 → ∞ and M_2 → ∞ than two last terms in the third line of (3.26) go to zero since K_1(z) ∼ √ π 2z e^{−z} for z → ∞. Therefore, after removing a regularization we are left with the following term B (4π)^2 m ξ|θp| K_1(2mξ|θp|) that contains IR pole.

The same result is true for the ”cut-off” regularization. We have (up to numeric factors) Γ_{reg,Λ}(p) = ∫_∞ 0 dα ∫ d^4k [ (A + B 2 ) e^{−α(k2+m2)} + B e^{ik∧p−α(k2+m2)} ] · e^{− 1}4αΛ^2

= 1 (2π)^4 ∫_∞ 0 dα ( π α )_2 [ (A + B 2 ) e^{−αm2} + B e^{−αm2− ξ2|θp|24α} ] · e^{− 1}4αΛ^2

where Λ plays the role of a cut-off. For non-planar part we have B (2π)^4 ∫_∞ 0 dα α^2 e^{−αm} 2−^1_{4αΛ2ef f} ∼ m^2 √ Λ^2_{eff} m^2

K_1 ( m Λ_{eff} )

where 1 Λ^2_{eff} = ξ^2|pθ|^2 + 1 Λ^2 . We see that in the limit Λ → ∞ the integral remains finite and it has infrared pole. This is in an agreement with an absence of the pole in (3.26) for fixed regularization and a presence of the pole after the regularization is removed.

The mixing of UV and IR divergencies was noted in [29, 27] and as well as consistency of noncommutative quantum field theories were discussed in many papers [27]-[78] in last two years.

As it is seen from examples, theories without fermions have IR singularities (usually poles) at one loop level. There is a possibility to avoid appearance of IR singularities for complex scalar field in one special case: B = 0 in our notations. However, it should be checked that this one loop condition is not violated at higher loop levels. In the case of scalar electrodynamics it is possible to avoid an appearance of IR poles imposing additional condition on coupling constant: λ^2a = −3g^2.

In [33] the U(1) theory with additional fermion degrees of freedom was analyzed. It was shown that the IR pole modifies the dispersion relation of the photon in the following way

E^2 = p^2 − (N_B − N_F ) g^2 π^2 1 (θp)^2

where N_B and N_F are numbers of bosons and fermions in the adjoint representation. In particular, the energy becomes imaginary for N_B > N_F , indicating that such a theory may suffer from instability.

It is surprising that for the pure gauge theory without fermions we have IR poles which are not expected from the UV/IR correspondence found for the scalar models (See [30] for detailed calculations). The most intriguing point is that gauge invariance does not protect from appearence of the IR singularities. However, such singularities have pure noncommutative nature becuase of trigonometric factors in the vertices. This phenomenon is clear technically but not physically.

On the other hand supersymmetric theories do not have pole singularities in the IR region and this was shown explicitly in the third example. This became possible thanks to presence of supersymmetry because there is only one coupling constant which can be tuned and one is unable to remove singularities using this constant. Although logarithms are still present in the N = 2 NC SYM theory, we emphasize that the logarithm function is integrable in the origin and cannot produce non-integrable singularities in multi-loop graphs.

Moreover, it seems likely that the theories with vanishing β-function on the ordinary commutative space are to be free of nonanalytic dependence on θ in noncommutative case. In particular, one could expect that N = 4 NC SYM theory should be finite in both UV and IR regions [33].

Therefore, we see that all theories except N = 4 NC SYM theory have no a smooth limit θ → 0 in one-loop approximation and some of them have IR poles. This makes the issue of self-consistency of such theories rather questionable.

Acknowledgments.

We would like to thank B. Dragovic, J. Lukierski and I. Volovich for discussions. I.A. thanks the organizing committee of the Swieca Summer School, Summer School in Sokobanja, Max Born Symposium in Karpacz and Workshop ”Noncommutative Geometry, Strings and Renormalization” in Leipzig for warmest hospitality. A.K. would like to thank

E. Kiritsis and the HEP theory group of the University of Crete for the warmest hospitality where the final stage of this work has been done.

This work was supported in part by RFBR grant 99-01-00166 and by RFBR grant for leading scientific schools. I.A., D.B., A.K. and P.M. were supported in part by INTAS grant 99-0590. A.K. was supported in part by the NATO fellowship program.

References

[1] E. Witten, Noncommutative geometry and string field theory, Nucl. Phys. B268 (1986) 253. [2] A. Connes, Noncommutative Geometry, Academic Press, 1994.

[3] J. Madore, An Introduction to Noncommutative Differential Geometry and its Physical Applications, Cambridge Univ. Press, Cambridge University Press, 2nd Ed. 1999.

[4] M.A. Markov, JETF, 10 (1940) 1313; 21(1951) 11. [5] H.S. Snyder, Quantized Space-Time, Phys.Rev. 71 (1947) 38.

[6] H.S. Snyder, The Electromagnetic Field in Quantized Space-Time, Phys.Rev. 72 (1947) 68. [7] C.N. Yang, Are Mesons Elementary Particles, Rhys.Rev. 72 (1947) 38 [8] H. Yukawa, On the Radius of the Elementary Particle, Phys. Rev. 76 (1949) 300. [9] V.L. Averbach and B.V. Medvedev, On the Theory of Quantized Space-Time, DAN SSSR, LXIV, (1949) 41.

[10] D. Finkelstein, Rhys.Rev. 91(1969) 1261 [11] Yu.A. Golfand, Journ. Exp.Th. Phys. 37(1959)504 [12] V.G. Kadyschevsky, Journ.Exp.Th.Phys. 41(1961)41; V.G. Kadyschevsky, R.M. MirKasimov, N.B.Skachkov, Nuovo Cim.55A (1968) 233 [13] I.E. Tamm, In: Proc. Int. Conf. on Elementary Particles, Kyoto, 1965. I.E. Tamm, V.B. Vologodsky, Trudi FIAN, 57(1972)5.

[14] I.V. Volovich, p-adic String, Class.Quant.Grav. 4 (1987) L83.

I.V. Volovich, Number Theory as the Ultimate Physical Theory, CERN preprint, CERN- TH.4781/87.

V.S. Vladimirov, I.V. Volovich and E.I. Zelenov, P-Adic Analysis and Mathematical Physics, World Sci. 1994.

I.Ya. Arefeva, B. Dragovich, P.H. Frampton, I.V. Volovich, Wave function of the universe and p-adic gravity. Int.J.Mod.Phys.A6 (1991) 4341.

[15] J. Wess and B. Zumino, Covariant Differential Calculus on the Quantum Hyperplane, Nucl.Phys.Proc.Suppl. 18B (1990) 302.

[16] I.Ya. Aref’eva and I.V. Volovich, Quantum group particles and nonarchimedean geometry, Phys.Lett. B268 (1991) 179.

[17] S. Doplicher, K. Fredenhagen, J.E. Roberts, The Quantum Structure of Spacetime at the Planck Scale and Quantum Fields, Commun.Math.Phys. 172 (1995) 187 [18] A. Kempf, Minimal Length Uncertainty Relation and Ultraviolet Regularisation, Phys.Rev. D55 (1997) 7909.

[19] J. Lukierski, Deformed Quantum Relativistic Phase Spaces – an Overview, hep-th/9812063.

[20] T. Yoneya, On The Interpretation Of Minimal Length In String Theories Mod.Phys.Lett. A4 (1989) 1587;

T. Yoneya Space-Time Uncertainty and Noncommutativity in String Theory Int.J.Mod.Phys. A16 (2001) 945,hep-th/0010172

[21] I.Ya. Aref’eva and I.V. Volovich, Noncommutative Gauge Fields on Poisson Manifolds, in ”New Symmetries and Integrable Models”, eds.A. Frydryszak, J. Lukierski, Z. Popowicz, World.Scien., 2000, hep-th/9907114.

[22] T. Filk, Divergences in a field theory on quantum space, Phys.Lett. B376 (1996) 53.

[23] M. Chaichian, A. Demichev, P. Presnajder, Quantum Field Theory on Noncommutative Space-Times and the Persistence of Ultraviolet Divergences, Nucl.Phys. B567 (2000) 360, hep-th/9812180

[24] C.P. Martin, D. Sanchez-Ruiz, The one-loop UV Divergent Structure of U(1) Yang-Mills Theory on Noncommutative R^4, Phys.Rev.Lett. 83 (1999) 476.

[25] M.M. Sheikh-Jabbari, Renormalizability of Super Yang-Mills Theories on Noncommutative Torus, J. High Energy Phys. 9906 (1999) 015.

[26] T. Krajewski and R. Wulkenhaar, Perturbative Quantum Gauge Fields on the Noncommutative Torus, hep-th/9903187.

[27] I.Ya. Arefeva, D.M. Belov, A.S. Koshelev, Two loop diagrams in noncommutative ϕ^4 theory, Phys.Lett. B476 (2000) 431, hep-th 9912075.

[28] I. Chepelev and R. Roiban, Renormalization of Quantum Field Theories on Noncommutative R, I. Scalars, hep-th/9911098;

I. Chepelev, R. Roiban, Convergence Theorem for Non-commutative Feynman Graphs and Renormalization, JHEP 0103 (2001) 001, hep-th/0008090

[29] S. Minwalla, M. Raamsdonk and N. Seiberg, Noncommutative Perturbative Dynamics, hepth/9912072.

[30] M. Hayakawa, Perturbative analysis on infrared aspects of noncommutative QED on R^4, hepth/9912094;

M. Hayakawa,Perturbative analysis on infrared and ultraviolet aspects of noncommutative QED on R^4, hep-th/9912167;

M. Hayakawa, Perturbative ultraviolet and infrared dynamics of noncommutative quantum field theory, hep-th/0009098

[31] H. Grosse, T. Krajewski, R. Wulkenhaar, Renormalization of noncommutative Yang-Mills theories: A simple example, hep-th/0001182.

[32] I.Ya. Aref’eva, D.M. Belov and A.S. Koshelev, A Note on UV/IR for Noncommutative Complex Scalar Field, hep-th/0001215.

[33] A. Matusis, L. Susskind and N. Toumbas, The IR/UV Connection in the Non-Commutative Gauge Theories, hep-th/0002075.

[34] S. Ferrara, M.A. Lled, Some Aspects of Deformations of Supersymmetric Field Theories, JHEP 0005 (2000) 008, hep-th/0002084.

[35] M.V. Raamsdonk, N. Seiberg, Comments on Noncommutative Perturbative Dynamics, hepth/0002186.

[36] J.M. Gracia-Bondia, C.P. Martin, Chiral Gauge Anomalies on Noncommutative R^4, hepth/0002171.

[37] B.A. Campbell, K. Kaminsky, Noncommutative Field Theory and Spontaneous Symmetry Breaking, hep-th/0003137.

[38] I.Ya. Aref’eva, D.M. Belov, A.S. Koshelev, O.A. Rytchkov, UV/IR Mixing For Noncommutative Complex Scalar Field Theory, I, Phys.Lett. B487:357-365,2000. II. (Interaction With Gauge Fields). Nucl.Phys.Proc.Suppl. 102 (2001) 11. In ”Kharkov 2000, Supersymmetry and quantum field theory” 1, p.1, hep-th/0003176

[39] K. Furuta, T. Inami, Ultraviolet Property of Noncommutative Wess-Zumino-Witten Model, Mod.Phys.Lett. A15 (2000) 997-1002, hep-th/0004024

[40] F. Zamora, On the Operator Product Expansion in Noncommutative Quantum Field Theory, JHEP 0005 (2000) 002, hep-th/0004085

[41] J. Gomis, K. Landsteiner, E. Lopez, Non-Relativistic Non-Commutative Field Theory and UV/IR Mixing, Phys.Rev. D62 (2000) 105006, hep-th/0004115

[42] A. Armoni, Comments on Perturbative Dynamics of Non-Commutative Yang-Mills Theory, Nucl.Phys. B593 (2001) 229-242, hep-th/0005208

[43] H.O. Girotti, M. Gomes, V.O. Rivelles, A.J. da Silva, A Consistent Noncommutative Field Theory: the Wess-Zumino Model, Nucl.Phys. B587 (2000) 299, hep-th/0005272 V.O. Rivelles, Noncommutative Supersymmetric Field Theories, Braz.J.Phys. 31 (2001) 255- 262, hep-th/0103131 I.L. Buchbinder, M. Gomes, A.Yu. Petrov, V.O. Rivelles, Superfield Effective Action in the Noncommutative Wess-Zumino Model, Phys.Lett. B517 (2001) 191-202, hep-th/0107022

[44] S.S. Gubser, S. L. Sondhi, Phase structure of non-commutative scalar field theories, Nucl.Phys. B605 (2001) 395-424, hep-th/0006119

[45] J. Gomis, T. Mehen, M. B. Wise , Quantum Field Theories With Compact Noncommutative Extra Dimensions, JHEP 0008 (2000) 029, hep-th/0006160

[46] L. Alvarez-Gaume, J.L.F. Barbon, Non-linear Vacuum Phenomena in Non-commutative QED, Int.J.Mod.Phys. A16 (2001) 1123-1146, hep-th/0006209

[47] A. Micu, M.M. Sheikh-Jabbari, Noncommutative Φ^4 Theory at Two Loops, JHEP 0001 (2001) 025, hep-th/0008057

[48] W.-H. Huang, Two-loop effective potential in noncommutative scalar field theory, Phys.Lett.

B496 (2000) 206-211, hep-th/0009067

[49] F. Ardalan, N. Sadooghi, Anomaly and Nonplanar Diagrams in Noncommutative Gauge Theories, hep-th/0009233

[50] M. Chaichian, M. M. Sheikh-Jabbari, A. Tureanu, Hydrogen Atom Spectrum and the Lamb Shift in Noncommutative QED, Phys.Rev.Lett. 86 (2001) 2716, hep-th/0010175

[51] L.Bonora, M.Salizzoni, Renormalization of noncommutative U(N) gauge theories, Phys.Lett.

B504 (2001) 80-88, hep-th/0011088

[52] V.V. Khoze, G. Travaglini, Wilsonian Effective Actions and the IR/UV Mixing in Noncommutative Gauge Theories, JHEP 0101 (2001) 026, hep-th/0011218

[53] D. Zanon, Noncommutative N = 1, 2 super U(N) Yang-Mills: UV/IR mixing and effective action results at one loop, Phys.Lett. B502 (2001) 265-273, hep-th/0012009

[54] C.P. Martin, D. Sanchez-Ruiz, The BRS invariance of noncommutative U(N) Yang-Mills theory at the one-loop level, Nucl.Phys. B598 (2001) 348-370, hep-th/0012024

[55] F. Ruiz Ruiz, Gauge-fixing independence of IR divergences in non-commutative U(1), perturbative tachyonic instabilities and supersymmetry, Phys.Lett. B502 (2001) 274-278, hepth/0012171

[56] B. A. Campbell, K. Kaminsky, Noncommutativity and Spontaneously Broken Gauge Theories, hep-th/0101086

[57] F. J. Petriello, The Higgs Mechanism in Non-commutative Gauge Theories, Nucl.Phys. B601 (2001) 169-190, hep-th/0101109

[58] B.A. Campbell, K. Kaminsky, Noncommutative Linear Sigma Models, hep-th/0102022.

[59] A.A. Bichl, J. M. Grimstrup, L. Popp, M. Schweda, R. Wulkenhaar, Perturbative Analysis of the Seiberg-Witten Map, hep-th/0102044

[60] H.O. Girotti, M. Gomes, V.O. Rivelles, A.J. da Silva The Noncommutative Supersymmetric Nonlinear Sigma Model, hep-th/0102101, H.O. Girotti, M. Gomes, A.Yu. Petrov, V.O. Rivelles, A.J. da Silva The Three-Dimensional Noncommutative Nonlinear Sigma Model in Superspace, hep-th/0109222

[61] Guang-Hong Chen, Yong-Shi Wu, On Critical Phenomena in a Noncommutative Space, hepth/0103020

[62] L. Alvarez-Gaume, J.L.F. Barbon, R. Zwicky, Remarks on Time-Space Noncommutative Field Theories, JHEP 0105 (2001) 057, hep-th/0103069

[63] A. Bichl, J. Grimstrup, H. Grosse, L. Popp, M. Schweda, R. Wulkenhaar, Renormalization of the noncommutative photon self-energy to all orders via Seiberg-Witten map, JHEP 0106 (2001) 013, hep-th/0104097

[64] S. Sarkar, B. Sathiapalan, Comments on the renormalizability of the Broken Phase in Noncommutative Scalar Field Theory, JHEP 0105 (2001) 049, hep-th/0104106

[65] L. Griguolo, M. Pietroni, Wilsonian Renormalization Group and the Non-Commutative IR/UV Connection, JHEP 0105 (2001) 032, hep-th/0104217

[66] Y. Kinar, G. Lifschytz, J. Sonnenschein, UV/IR connection, a matrix perspective, JHEP 0108 (2001) 001, hep-th/0105089

[67] M. Chaichian, P. Presnajder, M.M. Sheikh-Jabbari, A. Tureanu, Noncommutative Standard Model: Model Building, hep-th/0107055

[68] R. Amorim, J. Barcelos-Neto, Remarks on the canonical quantization of noncommutative theories, J.Phys. A34 (2001) 8851-8858, hep-th/0108186

[69] I.L. Buchbinder, I.B. Samsonov, Noncommutative N=2 Supersymmetric Theories in Harmonic Superspace, hep-th/0109130 I.B. Samsonov, On Low-Energy Effective Action of Noncommutative Hypermultiplet Model, hep-th/0110203

[70] R.J. Szabo, Quantum Field Theory on Noncommutative Spaces, hep-th/0109162

[71] I. Jack, D.R.T. Jones, Ultra-violet Finiteness in Noncommutative Supersymmetric Theories, hep-th/0109195

[72] G. Arcioni, J. Barbon, Joaquim Gomis, M. Vazquez-Mozo, On the stringy nature of winding modes in noncommutative thermal field theories, JHEP 0006(2000) 038, hep-th/0004080.

[73] Adi Armoni, Ruben Minasian and Stefan Theisen, On non-commutative N=2 super Yang- Mills, hep-th/0102007.

[74] B. Zumino, Euclidean Supersymmetry and The Many-Instanton Problem, Phys. Lett. B69 (1977) 369

[75] A.V. Belitsky, S. Vandoren, P. van Nieuwenhuizen Instantons, Euclidean supersymmetry and Wick rotations Phys.Lett. B477 (2000) 335-340, hep-th/0001010

[76] X. Calmet, B. Jurco, P. Schupp, J. Wess, M. Wohlgenannt, The Standard Model on Non- Commutative Space-Time, hep-ph/0111115

[77] Branislav Jurco, Lutz Möller, Stefan Schraml, Peter Schupp, Julius Wess, Construction of non-Abelian gauge theories on noncommutative spaces, hep-th/0104153

[78] Yi Liao, One Loop Renormalization of Spontaneously Broken U(2) Gauge Theory on Noncommutative Spacetime, hep-th/0110112

[79] T. Eguchi and H. Kawai, Reduction of dynamical degrees of freedom in the large n gauge theory, Phys.Rev.Lett. 48 (1982) 1063.

[80] A. Gonzalez and C.P. Korthals, Reduced Model for Large-N continuum Field Theories, Phys.Lett. B131 (1983) 396.

[81] N. Ishibashi, H. Kawai, Y. Kitazawa, A. Tsuchiya A Large-N Reduced Model as Superstring,Nucl.Phys. B498 (1997) 467, hep-th/9612115

[82] N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa, Wilson Loops in Noncommutative Yang Mills, Nucl.Phys. B573 (2000) 573 hep-th/9910004

[83] J. Ambjorn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Nonperturbative Dynamics of Noncommutative Gauge Theory, hep-th/0002158;

J. Ambjorn, Y.M. Makeenko, J. Nishimura, R.J. Szabo, Lattice Gauge Fields and Discrete Noncommutative Yang-Mills Theory, JHEP 0005 (2000) 023, hep-th/0004147

[84] I.Ya. Aref’eva, I.V. Volovich The master field for qcd and q deformed quantum field theory, Nucl.Phys.B462 (1996) 600, hep-th/9510210

[85] A. Connes, M.R. Douglas, A. Schwarz, Noncommutative Geometry and Matrix Theory: Compactification on Tori, JHEP 02 (1998) 003, hep-th/9711162.

[86] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M Theory as a matrix model: a conjeture, Phys.Rev. D55 (1997) 5112.

L. Susskind, Another Conjecture about Matrix Theory, hep-th/9704080.

[87] A. Bilal, M(atrix) theory: a pedagogical introduction, hep-th/9710136.

[88] M.R. Douglas, C. Hull, D-branes and Noncommutative Torus, JHEP 02 (1998) 008, hepth/9711165.

[89] B. de Wit, J. Hoppe and H. Nicolai, On the quantum mechanics of supermembranes, Nucl.

Phys. B 305(1988), 545.

[90] J. Fröhlich, G.M. Graf, D. Hasler, J. Hoppe, S.-T. Yau, Asymptotic Form of Zero Energy Wave Functions in Supersymmetric Matrix Models, hep-th/9904182.

[91] I.Ya. Aref’eva, A.S. Koshelev, P.B. Medvedev, On Stable Sector in Supermembrane Matrix Model, Nucl.Phys. B579 (2000) 411-436, hep-th/9911149

[92] W. Taylor, D-brane field theory on compact spaces, Phys.Lett. B394 (1997) 283hepth/96110427 W. Taylor, M(atrix) Theory: Matrix Quantum Mechanics as a Fundamental Theory, Rev.Mod.Phys. 73 (2001) 419, hep-th/0101126

[93] A. Konechny, A. Schwarz, Introduction to M(atrix) theory and noncommutative geometry, hep-th/0012145.

A. Konechny, A. Schwarz, Introduction to M(atrix) theory and noncommutative geometry, Part II, hep-th/0107251.

[94] P.-M. Ho, Y.-S. Wu, Noncommutative Gauge Theories in Matrix Theory, hep-th/9801147.

[95] M. Li, Comments on Supersymmetric Yang-Mills Theory on a Noncommutative Torus, hepth/9802052.

[96] T. Kawano and K. Okuyama, Matrix Theory on Noncommutative Torus, hep-th/9803044. [97] M. Berkooz, Non-local Field Theories and the Noncommutative Torus, hep-th/9802069. [98] M.R. Douglas Two Lectures on D-Geometry and Noncommutative Geometry, hep-th/9901146. [99] D. Bigatti, Non commutative geometry and super Yang-Mills theory, hep-th/9804120. [100] H. Garcia-Compean, On the Deformation Quantization Description of Matrix Compactifications, Nucl.Phys. B541 (1999) 651, hep-th/9804188.

[101] G. Landi, F. Lizzi, R. J. Szabo, String geometry and the noncommutative torus, hepth/9806099.

[102] B. Morariu, B. Zumino, Super Yang-Mills on Noncommutative Torus, hep-th/9807198. [103] C. Hofman, E. Verlinde, U-Duality of Born-Infeld on Noncommutative Two-Torus, JHEP 9812 (1998) 010, hep-th/9810116.

[104] A. Konechny and A. Schwarz, Supersymmetry algebra and BPS states of super Yang-Mills theories on noncommutative tori, hep-th/9901077.

[105] J. Madore, The Fuzzy Sphere, Class.Quant.Grav. 9 (1992) 69.

[106] H. Grosse, J. Madore, H. Steinacker, Field Theory on the q-deformed Fuzzy Sphere II: Quantization, hep-th/0103164 [107] H. Grosse, A. Strohmaier, Towards a Nonperturbative Covariant Regularization in 4D Quantum Field Theory, Lett.Math.Phys. 48 (1999) 163 hep-th/9902138 G.Alexanian, A.P.Balachandran, G.Immirzi, B.Ydri, Fuzzy CP2, hep-th/0103023.

[108] S. Aoyama, T. Masuda, The Fuzzy Kaehler Coset Space with the Darboux Coordinates, hepth/0109020.

[109] J.E. Moyal, Quantum Mechanics as a Statistical Theory, Proc.Camb.Phil.Soc. 45 (1949) 99.

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, D. Sternheimer, Deformation Theory and Quantization. I. Deformation of Symplectic Structures, Ann.Phys. 111 (1978).

[110] F.A. Berezin and M. Shubin, The Schrodinger Equation, Nauka, 1983 (in Russian). [111] F.A. Berezin, Method of the Second Quantization, Nauka, 1965,1986 (in Russian). [112] D. Bigatti and L. Susskind, Magnetic fields, branes and noncommutative geometry, hepth/9908056.

[113] R. Jackiw, Physical Instances of Noncommuting Coordinates, hep-th/0110057. [114] L. Susskind, The quantum hall fluid and non-commutative chern simons theory, hepth/0101029.

[115] A.P. Polychronakos, Quantum hall states as matrix chern-simons theory, hep-th/0103013.

[116] N. Seiberg and E. Witten, String Theory and Noncommutative Geometry, JHEP 9909 (1999) 032, hep-th/9908142.

[117] Y.-K.E. Cheung, M. Krogh, Noncommutative Geometry From 0-Branes in a Background B Field, Nucl.Phys. B528 (1998) 185, hep-th/9803031.

[118] C.-S. Chu, P.-M. Ho, Noncommutative Open String and D-brane, hep-th/9812219. [119] M.M. Sheikh-Jabbari, Open Strings in a B-field Background as Electric Dipoles, hepth/9901080.

[120] V. Schomerus, D-Branes and Deformation Quantization, hep-th/9903205. [121] C.S. Chu, P.-M. Ho and Y.-C. Kao, Worldvolume Uncertainty Relations for D-Branes, hepth/9904133.

[122] M. Anazawa, D0-branes in a H-field Background and Noncommutative Geometry, hepth/990505.

[123] F. Ardalan, H. Arfaei, M.M. Sheikh-Jabbari, Dirac Quantization of Open Strings and Noncommutativity in Branes, hep-th/9906161.

[124] K. Okuyama, A Path Integral Representation of the Map between Commutative and Noncommutative Gauge Fields, hep-th/9910138.

[125] Y. Okawa and H. Ooguri, An Exact Solution to Seiberg-Witten Equation of Noncommutative Gauge Theory, hep-th/0104036.

[126] H. Liu, ⋆-Trek II: ⋆_n Operations, Open Wilson Lines and the Seiberg-Witten Map, hepth/0011125.

[127] H. Liu, J. Michelson, Ramond-Ramond Couplings of Noncommutative D-branes, hepth/0104139.

[128] R. Gopakumar, S. Minwalla and A. Strominger, Noncommutative Solitons, hep-th/0003160. [129] S. Minwalla, Lectures at the Swieca Summer School Brazil, January 2001. [130] J.A. Harvey, Komaba Lectures on Noncommutative Solitons and D-Branes, hep-th/0102076 [131] N. Nekrasov, A. Schwarz, Instantons on noncommutative R^4, and (2, 0) superconformal six dimensional theory, Commun.Math.Phys. 198 (1998) 689-703, hep-th/9802068 N.A. Nekrasov, Trieste lectures on solitons in noncommutative gauge theories, hepth/0011095 [132] G.’t Hooft Rigorious construction of planar diagram field theories in four dimensional Euclidian space, Comm.Math.Phys. 88 (1983) 1 V. Rivasseau, Construction and Borel Summability of Planar 4-Dimensional Euclidean Field Theory, Comm.Math.Phys. 95 (1984) 445.

[133] N.N. Bogoliubov and D.V. Shirkov, Introduction to the Theory of Quantum Fields, Nauka, 1976, third edition.

[134] S.J. Gates, M.T. Grisaru, M. Rocek and W. Siegel, Superspace or One Thousand and One Lesson in Supersymmetry, The Benjamin/Cummings Publishing Company, 1983.

[135] E. Witten, Interacting field theory of open superstrings, Nucl.Phys. B276 (1986) 291.

[136] G. Horowitz, J. Lykken, R. Rohm and A. Strominger, A purely cubic action for string field theory, Phys. Rev. Lett. 57 (1986) 283.

[137] G. Horowitz and A. Strominger, Translations as inner derivations and associative anomalies in open string field theory, Phys. Lett. B185 (1987) 45.

[138] V.A. Kostelecky and S. Samuel, The static tachyon potential n the open bosonic string theory, Phys.Lett. B207 (1988) 169.

V.A. Kostelecky and S. Samuel, The tachyon potential in string theory, DPF Conf. (1988) 813.

V.A. Kostelecky and S. Samuel, On a nonperturbative vacuum for the open bosonic string, Nucl.Phys. B336 (1990) 286.

[139] I.Ya. Aref’eva, P.B. Medvedev and A.P. Zubarev, Nonperturbative vacuum for superstring field theory and supersymmetry breaking, Mod.Phys.Lett. A6 (1991) 949.

[140] I.A. Aref’eva, P.B. Medvedev and A.P. Zubarev, Background formalism for superstring field theory, Phys.Lett. B240 (1990) 356.

[141] C.R. Preitschopf, C.B. Thorn and S.A. Yost, Superstring Field Theory, Nucl.Phys. B337 (1990) 363.

[142] I.Ya. Aref’eva, P.B. Medvedev and A.P. Zubarev, New representation for string field solves the consistency problem for open superstring field, Nucl.Phys. B341 (1990) 464.

[143] A. Sen, Stable non BPS bound states of BPS D-branes, JHEP 08 010 (1998), hep-th/9805019.

A. Sen, Descent relations among bosonic D-branes, Int. J. Mod. Phys. A 14 (1999) 4061, hepth/9902105.

A. Sen, SO(32) spinors of type I and other solitons on brane-anti-brane pair, JHEP 09 023 (1998), hep-th/9808141.

[144] A. Sen, Non-BPS States and Branes in String Theory, hep-th/9904207.

[145] A. Lerda and R. Russo, Stable non-BPS states in string theory: a pedagogical review, hepth/9905006

[146] A. Sen, Universality of the Tachyon Potential, JHEP 9912 (1999) 027, hep-th/9911116.

[147] A. Sen, B. Zwiebach, Tachyon condensation in string field theory, JHEP 0003 (2000) 002, hep-th/9912249.

[148] N. Moeller, W. Taylor, Level truncation and the tachyon in open bosonic string field theory, Nucl.Phys. B583 (2000) 105, hep-th/0002237.

[149] A. Iqbal, A. Naqvi, Tachyon Condensation on a non-BPS D-brane, hep-th/0004015. [150] L. Rastelli and B. Zwiebach, Tachyon potentials, star products and universality, hepth/0006240.

[151] W. Taylor, Mass generation from tachyon condensation for vector fields on D-branes, JHEP 0008 (2000) 038, hep-th/0008033.

[152] K. Ohmori, A Review on Tachyon Condensation in Open String Field Theories, hepth/0102085.

[153] B. Zwiebach, Trimming the tachyon string field with SU(1,1), hep-th/0010190. [154] A. Sen, Fundamental Strings in Open String Theory at the Tachyonic Vacuum, hepth/0010240.

[155] P. Mukhopadhyay and A. Sen, Test of Siegel gauge for the lump solution, JHEP 0102 (2001) 017, hep-th/0101014.

[156] V.A. Kostelecky and R. Potting, Analytical construction of a nonperturbative vacuum for the open bosonic string, Phys.Rev. D63 (2001) 046007, hep-th/0008252 [157] L. Rastelli, A. Sen, B. Zwiebach, String field theory around the tachyon vacuum, hepth/0012251.

[158] L. Rastelli, A. Sen, B. Zwiebach, Classical Solutions in String Field Theory Around the Tachyon Vacuum, hep-th/0102112.

[159] I. Ellwood, W. Taylor, Open string field theory without open strings, hep-th/0103085. [160] I. Ellwood, B. Feng, Y.-H. He and N. Moeller, The Identity String Field and the Tachyon Vacuum, hep-th/0105024 [161] D.J. Gross and W. Taylor, Split string field theory. I, JHEP 0108, 009 (2001), hep-th/0105059 [162] D.J. Gross and W. Taylor, Split string field theory. II, JHEP 0108, 010 (2001), hep-th/0106036 [163] L. Rastelli, A. Sen and B. Zwiebach, Half-strings, projectors, and multiple D-branes in vacuum string field theory, hep-th/0105058.

[164] L. Rastelli, A. Sen and B. Zwiebach, Boundary CFT construction of D-branes in vacuum string field theory, hep-th/0105168.

[165] T. Kawano and K. Okuyama, Open string fields as matrices, hep-th/0105129. [166] L. Rastelli, A. Sen and B. Zwiebach, Vacuum string field theory, hep-th/0106010. [167] I. Bars, Map of Witten’s ⋆ to Moyal’s ⋆, Phys.Lett. B517 (2001) 436. [168] J.R. David, Excitations on wedge states and on the sliver, hep-th/0105184.

[169] D.J. Gross, V. Periwal, String field theory, non-commutative Chern-Simons theory and Lie algebra cohomology, JHEP 0108 (2001) 008, hep-th/0106242 [170] K. Furuuchi and K. Okuyama, Comma vertex and string field algebra, hep-th/0107101. [171] Y. Matsuo, BCFT and sliver state, hep-th/0105175.

Y. Matsuo, Identity projector and D-brane in string field theory, hep-th/0106027. Y. Matsuo, Projection operators and D-branes in purely cubic open string field theory, hepth/0107007.

[172] N. Moeller, Some exact results on the matter star-product in the half-string formalism, hepth/0110204.

[173] H. Hata and T. Kawano, Open string states around a classical solution in vacuum string field theory, hep-th/0108150.

[174] P. Mukhopadhyay, Oscillator representation of the BCFT construction of D-branes in vacuum string filed theory, hep-th/0110136.

[175] I. Kishimoto, Some properties of string field algebra, hep-th/0110124. [176] H. Hata and S. Moriyama, Observables as twist anomaly in vacuum string field theory, hepth/0111034.

[177] G. Moore and W. Taylor, The singular geometry of the sliver, hep-th/0111069. [178] K. Okuyama, Siegel Gauge in Vacuum String Field Theory, hep-th/0111087. [179] A. Hashimoto and N. Itzhaki, Observables of String Field Theory, hep-th/0111092. [180] D. Gaiotto, L. Rastelli, A. Sen and B. Zwiebach, Ghost Structure and Closed Strings in Vacuum String Field Theory, hep-th/0111129.

[181] L. Rastelli, A. Sen and B. Zwiebach, A Note on a Proposal for the Tachyon State in Vacuum String Field Theory, hep-th/0111153.

[182] I.Ya. Aref’eva and P.P. Kulish, Representations of canonical commutation relations in the limit of infinite volume, Teor.Math.Phys. 17 (1973) 3.

[183] I.Ya. Arefeva, D.M. Belov, A.S. Koshelev and P.B. Medvedev, Tachyon Condensation in the Cubic Superstring Field Theory, hep-th/0011117.

[184] I.Ya. Arefeva, D.M. Belov, A.S. Koshelev and P.B. Medvedev, Gauge Invariance and Tachyon Condensation in Cubic Superstring Field Theory , hep-th/0107197.

[185] N. Berkovits, Super-poincare invariant superstring field theory, Nucl.Phys. B450 (1995) 90, hep-th/9503099.

[186] N. Berkovits, The Tachyon Potential in Open Neveu-Schwarz String Field Theory, JHEP 0004 (2000) 022, hep-th/0001084.

[187] N. Berkovits, A. Sen, B. Zwiebach, Tachyon Condensation in Superstring Field Theory, hepth/0002211

[188] P. De Smet, J. Raeymaekers, Level Four Approximation to the Tachyon Potential in Superstring Field Theory, JHEP 0005 (2000) 051, hep-th/0003220.

[189] P. De Smet, J. Raeymaekers, The Tachyon Potential in Witten‘s Superstring Field Theory, hep-th/0004112.

[190] I.Ya. Aref’eva and I.V. Volovich, Two-dimensional gravity, string field theory and spin glasses, Phys.Lett. B255 (1991) 197.

[191] J. Bordes, Chan H.-M., L. Nellen, Tsou S.-T., Half-string oscillator approach to string field theory, Nucl.Phys. B351 (1991) 441.

Chan H.-M. and Tsun S.-T., String theory considered as a local gauge theory of an extended object, Phys.Rev. D35 (1987) 2474; Yang-Mills formulation of interacting strings, Phys.Rev. D39 (1989) 555.

[192] A. Abdurrahman, F. Anton and J. Bordes, N-string vertices in string field theory, hepth/9306029.

[193] A. Abdurrahman and J. Bordes, The relationship between the comma theory and Witten’s string field theory, Phys.Rev. D58 (1998) 086003.

[194] A. Abdurrahman and J. Bordes, Witten’s cubic vertex in the comma theory (I), hepth/9902176.

[195] F. Anton, A. Abdurrahman and J. Bordes, Half string oscillator approach to string field theory (ghost sector 2). , Nucl. Phys. B411 (1994) 693.

F. Anton, A. Abdurrahman and J. Bordes, Half string approach to closed string field theory, Nucl. Phys. B397 (1993) 260.

[196] A. Abdurrahman and J. Bordes, Witten’s cubic vertex in the comma theory. II. , RAL-TR- 1999-021, Mar 1999.

[197] M.B. Green, J.H. Schwarz and E. Witten, 1987, Superstring theory, (Cambridge University Press, Cambridge, England).

[198] J. Polchinski, Introduction to Superstrings, Vol I and II, Cambridge university press.

[199] C.B. Thorn, String field theory, Phys.Rept. 175 (1989) 1.

[200] D. Friedan, E. Martinec, and S. Shenker, Conformal Invariance, Supersymmetry, and String Theory, Nucl.Phys. B271 (1986) 93.

[201] D. Friedan, Notice on String Theory and Two Dimensional Conformal Field Theory’ preprint EFI 85-99 (1986).

[202] S. Giddings, The Veneziano amplitude from interacting string field theory, Nucl.Phys. B278 (1986) 242.

[203] R. Bluhm and S. Samuel, The Off-Shell Koba-Nielsen Formula, Nucl.Phys. B323 (1989) 337. [204] D. Gross and A. Jevicki, Operator Formulation of Interacting String Field Theory, (I), (II), Nucl.Phys. B283 (1987) 1; Nucl.Phys B287 (1987) 225.

[205] E. Cremmer, A. Schwimmer and C. Thorn, The vertex function in Witten’s formulation of string field theory, Phys.Lett. B179 (1986) 57.

[206] S. Samuel, The physical and ghost vertices in Witten’s string field theory, Phys.Lett. B181 (1986) 255.

[207] N. Ohta, Covariant interacting string field theory in the Fock space representation, Phys.Rev. D34 (1986) 3785; Phys.Rev. D35 (1987) 2627 (E).

[208] A. LeClair, M.E. Peskin and C.R. Preitschopf, String field theory on the conformal plane I, Nucl.Phys. B317 (1989) 411.

[209] A. LeClair, M.E. Peskin and C.R. Preitschopf, String field theory on the conformal plane II, Nucl.Phys. B317 (1989) 464.

[210] B.V. Urosevic, A.P. Zubarev, On the component analysis of modified superstring field theory actions, Phys.Lett. B246 (1990) 391.

[211] M.V. Green, N. Sieberg, Contact interactions in superstring theory, Nucl.Phys. B299 (1988) 559.

[212] J. Greensite, F.R. Klinkhamer, Superstring scattering amplitudes and contact interactions, Nucl.Phys. B304 (1988) 108.

[213] I.Ya. Aref’eva, P.B. Medvedev, Anomalies in Witten’s field theory of the NSR string, Phys.Lett. B212 (1988) 299.

[214] C. Wendt, Scattering amplitudes and contact interactions in Witten’s superstring field theory, Nucl.Phys. B314 (1989) 209.

[215] T. Kugo, H. Kunitomo and K. Suehiro, BRS Invariance of String Vertex on General Ghost Vacuum, Preprint KUNS-864, HE-TH-87/06; Prog.Theor.Phys. 78:923,1987 [216] A. Hosoya and H. Itoyama, The Vertex as a Bogolyubov Transformed Vacuum State in String Field Theory, Nucl.Phys. B313 (1989) 116.

[217] E. Cremmer and J.L. Gervais, Combining and Splitting Relativistic Strings, Nucl.Phys. B76 (1974) 209; B90 (1975) 410.

[218] W. Siegel, Covariantly Second Quantized String I and II, Phys.Lett 151B (1985) 391,396. [219] I.Ya. Arefeva, P.B. Medvedev, Truncation, picture changing operation and space time supersymmetry in Neveu- Schwarz-Ramond string field theory, Phys.Lett. B202 (1988) 510.