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Introduction

A major concern of elementary linear algebra is the description of how
one linear transformation can act on a finite dimensional vector space
over a field. Stated in simplest terms, the central problem of this book
is to describe how a finite number of linear transformations can act
simultaneously on a finite dimensional vector space. While the language
of linear algebra suffices in dealing with one transformation on a vector
space, it is inadequate to the more general task of dealing with several
linear transformations acting simultaneously. As so often happens, when
straightforward approaches to seemingly simple problems fail, one adopts
a more devious strategy, usually involving a more abstract approach
to the problem. In our case, this more abstract approach is called
the representation theory of finite dimensional algebras, which in its
broadest terms is the study of modules over finite dimensional algebras.
One of the advantages of the module theoretic approach is that the
language and machinery of both category theory and homological algebra
become available. While these theories play a central role in this book,
no extensive knowledge of these subjects is required, since only the
most elementary concepts and results, as contained in most introductory
courses or books on homological algebra, are assumed.

Although many of the concepts and results presented here are of recent
origin, having been developed for the most part over the past twenty-five
years, the subject itself dates from the middle part of the nineteenth
century with the discovery of the quaternions, the first noncommutative
field, and the subsequent development, during the first part of this
century, of the theory of semisimple finite dimensional algebras over
fields. This well developed theory has played an important role in such
classical subjects as the representation theory of finite groups over the
complex numbers and the Brauer groups of fields, the first of which has

X1
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Xil Introduction

proven to be a powerful tool in finite group theory and algebraic number
theory, while the second is an object of deep significance also in algebraic
number theory as well as in algebraic geometry and abstract field theory.
However, since the theory of semisimple finite dimensional algebras
is not only well developed but also easily accessible either through
elementary algebra courses or textbooks, we assume the reader is familiar
with this theory which we use freely in discussing non-semisimple finite
dimensional algebras, the algebras of primary concern to us in this book.

While the interest in nonsemisimple finite dimensional algebras goes
back to the latter part of the nineteenth century, the development of a
general theory of these algebras has been much slower and more sporadic
than the semisimple theory. Until recently much of the work has been
concentrated on studying specific types of algebras such as modular group
algebras, the Kronecker algebra and Nakayama algebras, to name a few.
This tradition continues to this day. For instance, algebras of finite
representation types have been studied extensively, as have hereditary
algebras of finite and tame representation type. But there is at least one
respect in which the more recent work differs sharply from the earlier
work. There is now a much more highly developed theoretical framework,
which has made a more systematic, less ad hoc approach to the subject
possible. It is our purpose in this book to give an introduction to the part
of the theory built around almost split sequences. While this necessitates
discussing other aspects of the general theory such as categories of
modules modulo various subcategories and the dual of the transpose,
other important topics such as coverings, tilting, bocses, vector space
categories, posets, derived categories, homologically finite subcategories
and finitely presented functors are not dealt with. We do not discuss
tame algebras, except for one example, and we do not deal with quantum
groups, perverse sheaves or quasihereditary algebras. Some of the topics
which are omitted are basic to representation theory, and our original
plan, and even first manuscript, included many of them. Since we wanted
to include enough preliminary material to make the book accessible to
graduate students, space requirements made it necessary to modify our
original ambition and leave out many developments, including some of
our own favorite ones, from this volume. In particular we postponed the
treatment of finitely presented functors since we felt there would not be
enough space in the present volume to illustrate their use. It is hoped
that there will be a forthcoming volume dealing with other aspects of
the subject. Also some other aspects are dealt with in the books [GaRo],
[Hap2], (JL], [Pr], [Rin3], [Si].
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Besides personal taste, our reason for concentrating on the theory
centered around almost split sequences is that these invariants of inde-
composable modules appear either explicitly or implicitly in much of the
recent work on the subject. We illustrate this point by giving applications
to Grothendieck groups, criteria for finite representation type, hereditary
algebras of finite representation type and the Kronecker algebra, which
is of tame but not finite representation type.

Our proof of the existence theorem for almost split sequences has not
appeared before in the literature. It is based on an easily derived, but
remarkably useful, relationship between the dimensions of vector spaces
of homomorphisms between modules. Amongst other things, this formula
comes up naturally in studying cycles of morphisms and their impact
on the question of when modules are determined by their composition
factors, as well as in the theory of morphisms determined by modules,
which is in essence a method for classifying homomorphisms. In fact,
one of the important features of the present day representation theory
of finite dimensional algebras is this concern with morphisms between
modules in addition to the modules themselves.

Although we have been pretending that this book is about finite di-
mensional algebras over fields, it is for the most part concerned with
the slightly more general class of rings called artin algebras which are
algebras A over commutative artin rings R with A a finitely generated
R-module. The reason for this is that while the added generality con-
siderably widens the applicability of the theory, there is little added
complication in developing the theory once one has established the du-
ality theory for finitely generated modules over commutative artin rings.
Of course, we have not hesitated to specialize to fields or algebraically
closed fields when this is necessary or convenient.

The book is divided into eleven chapters, each of which is subdivided
into sections. The first two chapters contain relevant background material
on artin rings and algebras. Chapter III provides a large source of ex-
amples of artin algebras and their module categories, especially through
the discussion of quivers and their representations. The next four chap-
ters contain basic material centered around almost split sequences and
Auslander—Reiten quivers. The first seven chapters together with Chap-
ter VIII on hereditary algebras form the core of the book. The last four
chapters are more or less independent of each other. Following each
chapter is a set of exercises of various degrees of depth and complexity.
Some are superficial “finger exercises” while others are outlines of proofs
of significant theories not covered in the text. These exercises are followed
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by notes containing brief historical and bibliographical comments as well
as suggested further readings. There has been no attempt made to give a
comprehensive list of references. Many important papers related to the
material presented in this book do not appear in our reference list. The
reader can consult the books and papers quoted for further references.
We provide no historical comments or specific references on standard
facts on ring theory and homological algebra, but give references to
appropriate textbooks.

At the end of the book we list conjectures and open problems, some of
which are well known questions in the area. We give some background
and references for what is already known.

Finally we would like to thank various people for making help-
ful comments on parts of the book, especially Dieter Happel and
Svein Arne Sikko, and also @yvind Bakke, Bill Crawley-Boevey, Wei
Du, Otto Kerner, Henning Krause, Shiping Liu, Brit Rohnes, Claus
Michael Ringel, @yvind Solberg, Gordana Todorov, Stig Venas and
Dan Zacharia. In addition we are grateful to students at Brandeis,
Diisseldorf, Syracuse and Trondheim for trying out various versions of
the book.

Our thanks go especially to Jo Torsmyr for the excellent typing of the
manuscript.

Finally, we thank the Cambridge University Press, in particular David
Tranah, for their help and patience in the preparation of this book.

Some minor corrections are made in the paperback edition. We would
like to thank the people who sent us comments, in addition to our own
local students Aslak Bakke Buan, Ole Enge, Dag Madsen and Inger
Heidi Slungard.

Maurice Auslander died on November 18, 1994. We deeply regret that
he did not live to see the book in print.
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I

Artin rings

While we are assuming that the reader is familiar with general concepts
of ring theory, such as the radical of a ring, and of module theory, such
as projective, injective and simple modules, we are not assuming that the
reader, except for semisimple modules and semisimple rings, is necessarily
familiar with the special features of the structure of artin algebras and
their finitely generated modules. This chapter is devoted to presenting
background material valid for left artin rings, and the next chapter deals
with special features of artin algebras. All rings considered in this book
will be assumed to have an identity and all modules are unitary, and
unless otherwise stated all modules are left modules.

We start with a discussion of finite length modules over arbitrary rings.
After proving the Jordan—Holder theorem, we introduce the notions of
right minimal morphisms and left minimal morphisms and show their
relationship to arbitrary morphisms between finite length modules. When
applied to finitely generated modules over left artin rings, these results
give the existence of projective covers which in turn gives the structure
theorem for projective modules as well as the theory of idempotents in
left artin rings. We also include some results from homological algebra
which we will need in this book.

1 Finite length modules

In this section we introduce the composition series and composition
factors for modules of finite length. We prove the Jordan—Holder theorem
and give an interpretation of it in terms of Grothendieck groups.

Let A be an arbitrary ring. Given a family of A-modules {4;}ic; we
denote by [];; A: the sum of the A4; in the category of A-modules. The
reader should note that direct sum is another commonly used terminology

1


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.002
https://www.cambridge.org/core

2 Artin rings

for what we call sum, and another notation is @;c;A4;. We recall that a
A-module A is semisimple if A4 is a sum of simple A-modules and that A
is a semisimple ring if A is a semisimple A-module.

A basic characterization of such modules is that 4 is semisimple if and
only if every submodule of 4 is a summand of A. As a consequence,
every submodule and every factor module of a semisimple module are
again semisimple. But in general the category of semisimple modules,
or finitely generated semisimple modules, is not closed under extensions.
This leads to the study of modules of finite length, which is the smallest
category closed under extensions which contains the simple modules.

A module 4 is said to be of finite length if there is a finite filtration
of submodules 4 = Ay > A; > -+ 5 A, = 0 such that 4;/A;,, is either
zero or simple for i =0, ..., n— 1. We call such a filtration F of 4 a
generalized composition series, and the nonzero factor modules A;/A4;4;
the composition factors of the filtration F. If no factor module A4;/A;4; is
zero fori =0, ..., n—1, then F is a composition series for A. For a simple
A-module S we then define mf(4) to be the number of composition
factors of F which are isomorphic to S, and we define the length Ir(A) to
be 3" mE(A4), where the sum is taken over all the simple A-modules. We
define the length /(A) of A to be the minimum of Ir(A4) for composition
series F of A, and mg(A) to be the minimum of the mf(4). Note that
1(0) = 0. Our aim is to prove that the numbers mf(4) and Ir(4) are
independent of the choice of composition series F.

Let 0 > 4 ER B4 C - 0 be an exact sequence, and let F be a
generalized composition series B = By > B; o -+ > B, = 0 of B. This
filtration induces filtrations F’ of A given by 4 = f~(B) o f~}(B;) =

- > fY(B,) = 0 and F” of C given by C = g(B) > g(B;) > - ©
g(B,) = 0. We write f~1(B;) = A4; and g(B;) = C;. Then we have the
following preliminary result.

Proposition 1.1 Let the notation be as above.

(a) The filtrations F' of A and F" of C are generalized composition series.
(b) For each simple module S we have

m§ (4) + m§ (C) = m§(B).
(© Ip(A) + 1pn(C) = Ix(B).

Proof For eachi=0,..., n we have an exact sequence 0 —» A; — B; —


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.002
https://www.cambridge.org/core

L1 Finite length modules 3

C; —>0and foreachi=0,..., n—1 an exact commutative diagram

0 0 0
| | !

0 - 44y — By — Gy - 0

0 - A; — B; — G - 0

| | |

0 —» 4,/441 — Bi/Byy — GC/Ciyy — 0.

| l |
0 0 0

Hence we have that if B;/B;jy; = O, then A;/Aiy; = 0 = C;/Ciyy. If
B;/B;y; is simple, then either A;/A;y1 ~ B;/Biy1 and C;/Ciyqy = 0, or
B;/B;iy; ~ C;/Ciy1 and A;/Ai;1 = 0. Parts (a), (b) and (c) now follow
easily. O

We can now prove the Jordan—-Hélder theorem.

Theorem 1.2 Let B be a A-module of finite length, and F and G two com-

position series for B. Then for each simple A-module S we have m§(B) =
m§(B) = mg(B), and hence Ig(B) = lg(B) = I(B).

Proof We prove this by induction on I(B). Our claim clearly holds if
[(B) < 1. Assume now that /(B) > 1. Then B contains a nonzero submod-
ule A # B. Since it follows by Proposition 1.1 that I(4) + I(B/A) < I(B),
we have /(4) < I(B) and I(B/A) < I(B), using that I(4) and I(B/A) are
nonzero. Let F and G be two composition series for B and let F’ and
G’ denote the induced filtrations on 4 and F” and G” the induced ones
on C = B/A. For each simple A-module S we have by induction that
mE (4) = m§ (4) and mf"(C) = m§'(C). Since m§(B) = mf'(4) +mf"(C)
and m§(B) = m§ (4) +m§ (C) by Proposition 1.1, we get mE(B) = m§(B),
and hence also lp(B) = Ig(B). a

Let0— A4 ER B % C — 0 be an exact sequence. If F' is a generalized
composition series A = 49 > Ay > ... > A;, =0 of A and F" is a
generalized composition series C = Cp > C; o ... o G, = 0 of C,
then it follows as above that we get a generalized composition series
B=By>g (C))>...287YC:_1)  f(4) o f(A})... > f(A) = 0 of B.
Using Proposition 1.1 and Theorem 1.2 we then have the following,
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4 Artin rings

Corollary 1.3 Let 0 - A4 ER B2 C - 0 be an exact sequence of A-
modules where A and C have finite length. Then B has finite length and
I(A) + I(C) = I(B). o

A semisimple module of finite length is clearly uniquely determined by
its composition factors, but this does not hold in general for modules
with composition series. For example if B has finite length, then B
and [[ms(B)S, where the sum is taken over all nonisomorphic simple
A-modules S, have the same composition factors. Hence all finitely
generated A-modules are determined by their composition factors if and
only if A is a semisimple ring. It is however an interesting question when
indecomposable modules are determined by their composition factors,
and this will be discussed in Chapters VIII and IX.

Before giving the following useful consequence of Corollary 1.3 we
recall that a morphism of modules is called a monomeorphism if it is a
one to one map and an epimorphism if it is an onto map.

Proposition 1.4 Let A be a A-module of finite length and f:A — A a
A-homomorphism. Then the following are equivalent.

(a) fis an isomorphism.
(b) fis a monomorphism.
(c) fis an epimorphism.

Proof This follows directly from the fact that I(f(A))+1(4/f(4)) = I(4).
O

For a ring A we denote by Mod A the category of left A-modules. A
subcategory € of Mod A is closed under extensions if B is in ¥ for any
exact sequence 0 > 4 - B —» C — 0 with 4 and C in 4.

The following characterization of the category of finite length modules
which we denote by f.1. A is useful.

Proposition 1.5

(a) The category f.1. A is the smallest subcategory of Mod A closed under
extensions and containing the simple modules.

(b) A A-module A is of finite length if and only if A is both artin and
noetherian.

Proof (a) The category f.1. A contains the simple modules, and is closed
under extensions by Corollary 1.3. It is also clear that any subcategory of
Mod A closed under extensions and containing the simple modules must
contain f.1. A.
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L1 Finite length modules 5

(b) Since artin and noetherian modules are closed under extensions
and simple modules are both artin and noetherian, we have that any
module of finite length is artin and noetherian.

Suppose now that a module B is both noetherian and artin. Clearly
every submodule and every factor module of B have these properties.
Since B is noetherian, there exists a submodule A of B maximal with
respect to being of finite length. If 4 # B, then B/A has a simple
submodule C since B/A is artin. Let A’ be the submodule of B containing
A such that A'/A ~ C. Then A’ is of finite length, which contradicts the
maximality of A. Hence we get A = B and so B is of finite length. a

For semisimple modules it is easy to see that any one of the chain
conditions implies the other one. Hence we have the following.

Proposition 1.6 For a semisimple A-module B the following are equivalent.

(a) B has finite length.
(b) B is noetherian.
(c) B is artin. m]

A useful point of view concerning the composition factors of a module
of finite length is to study a special group associated with the finite
length modules. Since the finite length modules are finitely generated by
Proposition 1.5, the collection of isomorphism classes of modules of finite
length is a set. Hence we can associate with the category of finite length
modules f.L. A the free abelian group F(f.l. A) with basis the isomorphism
classes [A] of finite length modules A. Denote by R(f.L. A) the subgroup of
F(f.l. A) generated by expressions [4] + [C] — [B] for each exact sequence
0—>A4A— B— C —0inflA. Then the Grothendieck group Ko(f.l. A)
of f.I. A is defined to be the factor group F(f1. A)/R(f.1. A). Associated
with a finite length module A is the coset of the isomorphism class [4] in
the Grothendieck group Ko(f.l. A), which we also denote by [A]. It turns
out that this element [A] in K(f.l. A) contains all information on the
composition factors of A. It follows directly that Ko(f.l. A) is generated
by elements [S] where S is a simple A-module. Using the Jordan—-Holder
theorem we get the following stronger resuit.

Theorem 1.7 Ko(f.l. A) is a free abelian group with basis {[S]}ic1, where
the S; are the simple A-modules and for each finite length module A we
have that [A] = )", ms(A)[Si] in Ko(f.1. A).

Proof Let F(s.s. A) be the subgroup of F(f.l. A) generated by the [S;],
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6 Artin rings

where the S; are a complete set of simple A-modules up to isomorphism.
Define o: F(s.s.A) — Ko(f.L. A) by o([S;]) = [Si] in Ko(f.l. A). We have
seen that if 0 - A - B —» C — 0 is an exact sequence in f.1. A, then
mgs(B) = ms(A)+mg(C) for all simple A-modules S. Therefore if for each
A in f1 A we let B([A4]) be the element ) ., ms(A)[S;] in F(ss.A), we
obtain a morphism f:Ky(f1. A) — F(s.s. A). It is now not difficult to see
that fo = lres ) and af = 1gyi14). Hence a: F(s.s. A) — Ko(f.l. A) is an
isomorphism, giving our desired result. a

2 Right and left minimal morphisms

In this section we introduce the concepts of right minimal and left mini-
mal morphisms between modules. These notions are especially interesting
for modules of finite length, and they also specialize to the concepts of
projective covers and injective envelopes.

Let A be an arbitrary ring. For a fixed A-module C, consider the cate-
gory Mod A/C whose objects are the A-morphisms f: B — C, and where
a morphism g:f — f’ from f:B — C to f': B’ —» C is a A-morphism
g:B — B’ such that

B L ¢
ls 7
fe

Bl

commutes. It follows that g:f — f’ is an isomorphism in ModA/C
if and only if the associated morphism g:B — B’ is an isomorphism
in Mod A. We say that f: B — C is right minimal if every morphism
g:f — f is an automorphism. We introduce an equivalence relation
on the objects of Mod A/C by defining f ~ f’ if Hom(f,f’) # 0 and
Hom(f’, f) # 0. We now show that for modules of finite length, each
equivalence class contains a right minimal morphism.

Proposition 2.1 Let A be a ring and C a A-module. Every equivalence class
in Mod A/C containing some f:B — C with B of finite length contains a
right minimal morphism, which is unique up to isomorphism.

Proof Choose f:B — C in the given equivalence class with /(B) smallest
possible, and let g: f — f be a morphism in Mod A/C. We then have a
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commutative diagram

B L ¢
s

L 4

g(B) — B

which shows that g(B) = B by minimality of /(B). Then g:f — f must
be an isomorphism, so that f: B — C is right minimal.

Assume that f’: B’ — C is a right minimal morphism which is equiv-
alent to f: B — C. We then have morphisms g:f — f' and h:f’ — f.
Using that both f and f’ are right minimal, we get that hg and gh are
isomorphisms. Hence h and g are isomorphisms. m]

Let f:B — C be a morphism with B of finite length. Then the
unique, up to isomorphism in Mod A/C, right minimal morphisms in the
equivalence class in Mod A/C of f are called right minimal versions of f.

Whenever there is a morphism of A-modules f:M — N and M’ is a
submodule of M then f|p: M — N denotes the restriction of f to M’.
The next result gives a reduction to right minimal morphisms.

Theorem 2.2 Let A be a ring and C a A-module. Let g:X — C be an
object in Mod A/C with X of finite length. Then there is a decomposition
X = X'TI X" such that g|x:X' — C is right minimal and g|x» = 0.
Moreover, the morphism g|x is a right minimal version of g.

Proof Choose f:B — C minimal and equivalent to g: X — C, as is
possible by Proposition 2.1. We then have a commutative diagram

B L ¢
.
x 5% c
[
B L c.

Then f = fts, so that ¢s is an isomorphism. Letting Ims denote the
image of s and Ker ¢ the kernel of ¢, we get X = Ims]]Kert¢, and g|ims
is right minimal and g|ge;; = 0. It is easy to see that g|iys is in the same
equivalence class as g in Mod A/C. O
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8 Artin rings

We state the following easy consequence.

Corollary 2.3 The following are equivalent for a morphism f:B — C with
B of finite length.

(a) fis right minimal.
(b) If B’ is a nonzero summand of B, then f|p + 0. O

For a fixed A-module A consider the category Mod A\ A whose objects
are the A-morphisms f: 4 — B and where a morphism g:f — f’ from
f:A—> Bto f':A — B is a A-morphism g:B — B’ such that gf = f'.
Dual to the notion of right minimal morphism we define a morphism
f:A — B of A-modules to be left minimal if whenever g: B — B has
the property that gf = f, then g is an automorphism. We also have the
following dual version of Proposition 2.1. In each equivalence class in
Mod A\ A of a morphism h:4 — Y with Y of finite length there are
unique, up to isomorphism in Mod A \ 4, left minimal morphisms called
the left minimal versions of h. For the convenience of the reader we state
the following dual result.

Theorem 24 Let A be a ring and A a A-module. Let f:A — Y be an
object in Mod A\ A with Y of finite length. Then there is a decomposition
Y =Y'[1Y" such that p'f:A — Y’ is left minimal and p"f:A — Y" is
zero, where p':Y — Y' and p":Y — Y” are the projections according to
the decomposition Y = Y'[[Y". Moreover, p'f is a left minimal version

of f. a

3 Radical of rings and modules

In this section we give the definition and basic properties of the radical
of rings and modules for left artin rings. We are mainly interested in
rings A where all finitely generated A-modules have finite length. This
clearly holds for semisimple rings. Actually, we prove that A has this
property if and only if the A-module A has finite length, or equivalently,
A is both left noetherian and left artin. We show that it is superfluous to
assume left noetherian.

First we recall that the radical of a ring A, which we denote by r,, or
simply r, is the intersection of the maximal left ideals of A, as well as
the intersection of the maximal right ideals of A, and is hence an ideal,
where an ideal of A always means a two-sided ideal. The radical plays a
central role in the theory of left artin rings. We recall Nakayama’s lemma


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.002
https://www.cambridge.org/core
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which states that a left ideal a is contained in r if and only if aM = M
implies M = 0 when M is a finitely generated A-module.
We now prove that left artin rings are left noetherian.

Proposition 3.1 Assume that A is a left artin ring. Then we have the
Jfollowing.

(a) The radical x of A is nilpotent.

(b) A/t is a semisimple ring.

(c) A A-module A is semisimple if and only if tA = 0.

(d) There is only a finite number of nonisomorphic simple A-modules.
(e) A is left noetherian.

Proof (a) Since A is left artinand Aor>or? > o1 >---isa
descending sequence of left ideals, there is some n such that 1" = **1,
Suppose 1" # 0. Then r"*! = r"t = 1" # 0, so the class & of all left ideals
a with r"a # 0 is nonempty. Choose a left ideal a in A which is minimal
in #. Then there is some x in a with "x * 0 and therefore r"(Ax) # 0.
By the minimality of a we have a = Ax, so a is a finitely generated left
ideal. Now 0 # 1"a = r"*la = t"rq, 50 ra is also in & and therefore
a = ra. This is a contradiction by Nakayama’s lemma, and hence t* = 0.

(b) Let I be an ideal in A containing r such that I/t is nilpotent in
A/r. Then there is an integer t with I' < r. Since " =0, we have I =0
for s = nt. Let m be a maximal left ideal in A, and consider the natural
map p:A - A/m. If I & m, then p(I) # 0, and hence p(I) = A/m since
A/m is a simple A-module. Then we get p(I?) = Ip(I) = I(A/m) = A/m,
and further 0 = p(I°) = A/m, a contradiction. This shows that I < m,
and hence I < r, so that I/r is 0 in A/r. Since A/r has no nonzero
nilpotent ideals, and is left artin since A is left artin, we conclude that
A/t is a semisimple ring.

(c) If for a A-module 4 we have that vr4 = 0, then A is a (A/r)-module
and hence a semisimple (A/r)-module. Hence A is also a semisimple
A-module.

Conversely it is clear by the definition of ¢ that if 4 is a semisimple
A-module, then t4 = 0.

(d) Since there is only a finite number of nonisomorphic simple
(A/r¥)-modules and every simple A-module is a (A/r)-module, there is
only a finite number of nonisomorphic simple A-modules.

(e) It follows from (a) that A has a finite filtration Ao r>r? > >
t" = 0. We write A = 1°. Each t/x"*! is a semisimple A-module by (c)
fori=0,1,...,n—1 and is artin since A is a left artin ring. Hence r'/r'+!
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10 Artin rings

is noetherian by Proposition 1.6, and consequently A is a left noetherian
ring. m]

We now have the following description of the rings where all finitely
generated modules have finite length.

Corollary 3.2 For a ring A the following are equivalent.

(a) Every finitely generated A-module has finite length.

(b) A is left artin.

(c) The radical x of A is nilpotent and t'/v'*! is a finitely generated
semisimple module for all i > 0. O

In general it may be difficult to compute the radical of a left artin
ring A by first finding the maximal left ideals. The following criterion is
usually easy to apply. However, before giving this result, it is convenient
to introduce the following notation. If A and B are submodules of a
module C, we denote by 4 + B the submodule of C generated by A and
B.

Proposition 3.3 Let A be a left artin ring and a an ideal in A such that a
is nilpotent and A/a is semisimple. Then we have a = .

Proof Let a be a nilpotent ideal with A/a semisimple. To show that
a < r, assume to the contrary that there is a maximal ideal m in A with
a ¢ m. Then a +m = A, where a + m denotes the smallest left ideal
containing a and m. Hence a? +am = g, so that a> +m = A. Continuing
this way, we get a” + m = A for all n, which gives a contradiction since
a is nilpotent. This shows a < m, and consequently a < r.

Clearly the radical of A/a is equal to t/a, so that r = a since A/a is
semisimple. O

For left artin rings the radical of a module also plays an important
role. The radical rad A of a A-module A over an arbitrary ring A is the
intersection of the maximal submodules. We have the following useful
characterization of the radical of a module. Recall first that a submodule
B of a A-module A4 is small in 4 if B+ X = A for a submodule X of 4
implies X = A.

Lemma 3.4 Let A be a finitely generated module over an arbitrary ring A.
Then a submodule B of A is small in A if and only if B — rad 4.
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Proof’ Suppose B = rad 4 and let X be a submodule of 4 with B+X = A.
Since A is finitely generated, every proper submodule of A4 is contained
in a maximal submodule. We can then conclude that X = A since B is
contained in all maximal submodules of A.

Assume that B is a submodule of A which is not contained in rad A,
and let X be a maximal submodule of 4 not containing B. Then B is
not small in A since B+ X = 4, but X # A. O

The following gives a useful description of the radical of a module for
left artin rings.

Proposition 3.5 Let A be a finitely generated module over a left artin ring
A. Then we have rad A = rA.

Proof We first show t4 < rad A. Assume r4 + X = A for a submodule
X of A. Then we get that "4 4+ X = A for all n > 1, so that X = A since
r is nilpotent. Hence rA is small in A and is then contained in rad 4 by
Lemma 34.

Since 4/tA is a semisimple A-module, it is easy to see that rad(4/rA4)
is zero. On the other hand, rad(4/rA4) = (rad A)/xA, and we are done. O

We end this section by connecting the radical of modules with the
notion of an essential epimorphism. An epimorphism f: 4 — B is called
an essential epimorphism if a morphism g: X — A is an epimorphism
whenever fg: X — B is an epimorphism. The following result is an easy
consequence of Proposition 3.5.

Proposition 3.6 The following are equivalent for an epimorphism f:A — B,
where A and B are finitely generated modules over a left artin ring.

(a) fis an essential epimorphism.
(b) Kerf —rA.
(¢) The induced epimorphism A/xA — B/xB is an isomorphism. a

We also have the following connection with right minimal morphisms.

Proposition 3.7 Let A be a left artin ring. If A is a finitely generated A-
module and f: A — B is an essential epimorphism, then f is right minimal.

Proof Since Kerf = r4 by Proposition 3.6, it is easy to see that no
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12 Artin rings

nonzero summand A’ of A can be contained in Kerf. Therefore f is
right minimal by Theorem 2.2. O

For a module A4 of finite length over a left artin ring A the smallest
integer i with ¥'A = 0 is called the radical length of 4, denoted by rl(4),
and 0 < t"!4 < --- = 14 = A is the radical series of 4. Sometimes the
radical length of A is called the Loewy length of A.

4 Structure of projective modules

In this section we give the structure of projective modules over left artin
rings, and their connection with simple modules. For this the notion of
projective cover is important. All rings will be left artin and we will
deal with the category mod A of finitely generated left A-modules unless
otherwise stated.

Let A be a left artin ring and A a A-module. A projective cover of A is
an essential epimorphism f:P — A with P a projective A-module. Our
proof of the existence of projective covers for A in mod A is based on
the following characterization of projective covers.

Proposition 4.1 Let A be in mod A where A is a left artin ring and let
f:P — A be an epimorphism with P projective. Then f is a projective
cover if and only if f is right minimal.

Proof If f is a projective cover, then f is right minimal by Proposition 3.7.
Suppose f is right minimal and let g: X — P be such that fg: X — A4
is an epimorphism. We want to show that g is an epimorphism. Since
fg:X — A is an epimorphism and P is projective, we have the following
commutative diagram.
!

P — A
[
x & 4
]
p L 4

Using that f is right minimal, we get that gh is an isomorphism, which
shows that g is an epimorphism. O

As an immediate consequence of this proposition we have the following
existence and uniqueness theorem for projective covers.
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Theorem 4.2 Let A be in mod A where A is a left artin ring. Then we have
the following.

(a) There is a projective cover f:P — A in mod A.

(b) Any two projective covers f1: Py — A and f,: P, — A are isomorphic
in mod A/A.

Proof (a) Since A is in mod A, there is an epimorphism f:P — A in
mod A with P projective. But we know by Theorem 2.2 that P = P'[[ P”
where f|p/ is right minimal and f|p» = 0. Therefore f|p:P' — A is a
right minimal epimorphism with P’ projective and is hence a projective
cover by Proposition 4.1.

(b) We leave the proof to the reader. a

We now point out some easily verified properties of projective covers.

Proposition 4.3

(a) An epimorphism f:P — A with P projective is a projective cover if
and only if the induced epimorphism P /tP — A/tA is an isomorphism.

(b) Let {fi:P; = Ai}ict be a finite family of epimorphisms with the P;
projective modules. Then the induced epimorphism [[,c; Pi — [l;c; Ai
is a projective cover if and only if each f;:P; — A; is a projective
cover.

Proof Part (a) follows from Proposition 3.6, and (b) is an easy conse-
quence of (a). m]

We now apply these results to obtain the basic structure theorem for
projective modules in mod A. We denote the full subcategory of mod A
consisting of the projective modules by 2(A). We use projective covers
and the uniqueness of decomposition of a semisimple module into a
sum of simple modules to get a corresponding decomposition result for
projective modules. Recall that a A-module A is called indecomposable if
A cannot be decomposed as a sum of proper submodules.

Theorem 4.4

(a) For each P in P(A) the natural epimorphism P — P /xP is a projective
cover.
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14 Artin rings

(b) If P and Q are in P(A), then P ~ Q if and only if P/tP ~ Q/xQ.

(c) P in P(A) is indecomposable if and only if P /tP is simple.

(d) Suppose P isin P(A) and P = [[_, P; ~[[}_, Q; where the P; and Q;
are indecomposable modules. Then m = n and there is a permutation
o of {1,...,n} such that P, >~ Q. foralli=1, ..., n.

Proof Part (a) follows from Proposition 4.3 and (b) is a consequence of
Theorem 4.2 and Proposition 4.3.

(c) Clearly P /tP being simple implies that P is indecomposable. Sup-
pose P/xP is not simple. Then P/xP ~ U]V with U and V nonzero
semisimple modules. Let P(U) — U and P(V) — V be projective covers.
Then P ~ P(U)]] P(V) by (b) and so P is not indecomposable.

(d) Suppose P =[], Pi ~ ]_[;f;l Q; with P; and Q; indecomposable
modules. Then we have P/tP ~ [\ (P;/tP;) ~ ]_I}"zl(Q ;/1Q;). Since the
P;/tP; and the Q;/rQ; are simple modules, it follows that n = m and
there is a permutation ¢ of {1,...,n} such that P;/tP; >~ Qs /tQs for
i=1,..., n. Hence by (b) we have P; ~ Q,; foralli=1, ..., n, giving
the desired result. m|

As an immediate consequence of this theorem we have the following.

Corollary 4.5 Let Sy, ..., S, be a complete list of nonisomorphic simple
A-modules. Then their projective covers Py, ..., P, are a complete list of
nonisomorphic indecomposable projective A-modules. Moreover each P; is
isomorphic to a summand of A as a left A-module. m|

Before giving our final statement on the structure of projective modules,
we recall the definition of a local ring.

A (not necessarily left artin) ring A is local if the nonunits of A form
an ideal in A. We shall need the following property.

Proposition 4.6 If A is a (not necessarily left artin) local ring, then 0 and
1 are the only idempotents in A.

Proof Assume that the idempotent e is a unit. Then there is some f in
A such that ef = 1, and hence e = eef = e¢f = 1. So if e is an idempotent
different from 0 or 1, then e and 1 — e are not units. But their sum is a
unit, so that A would not be local. n

We now give the following useful characterizations of indecomposable
projective modules.
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Proposition 4.7 The following are equivalent for a projective module P over
a left artin ring A.

(a) P is indecomposable.
(b) tP is the unique maximal submodule of P.
(c) Endu(P) is a local ring.

Proof (a)=>(b) We know that P being indecomposable implies that
P/yP is simple. But this implies that P is a maximal submodule of
P, and hence the only one since rP is the intersection of the maximal
submodules of P.

(b)=>(c) Let f be in Enda(P). Since tP is the unique maximal sub-
module of P, we know that Im f ¢ tP if and only if f:P — P is onto.
But f: P — P being an epimorphism means that it is an isomorphism.
Therefore f is a unit in Ends(P) if and only if Imf ¢ ¢P. It follows
that the nonunits of Enda(P) are precisely the f in Ends(P) such that
Imf < P, which are easily seen to be an ideal in Ends(P). Hence
End,(P) is a local ring.

(c)=>(a) This follows from the fact that 1 and 0 are the only idempo-
tents in End(P) when End,(P) is local. a

We now show how we can find the indecomposable projective modules
by using idempotents. A set {ey,...,e,} of idempotents in A is orthogonal
if e;e; = 0 when i # j. A nonzero idempotent e is primitive if e cannot
be written as a sum of two nonzero orthogonal idempotents.

There is the following connection between decompositions of A as a
left A-module and idempotent elements in A.

Proposition 4.8 Let A be a left artin ring and e a nonzero idempotent in
A

(a) Suppose Ae = Py 1] -] P. with the P; + 0 and let e; in P; for all
i=1,...,n be such that e = e, + -+ + e,. Then {ey,...,e,} is a set
of nonzero orthogonal idempotents with the property Ae; = P; for all
i=1,...,n

(b) Suppose {ey,...,e,} is a set of nonzero orthogonal idempotents such
that e = ey +- - +ey,. Then Ae; is a submodule of Ae foralli=1,...,n
and Ae = Aei [ [] Aen.

(c) ein A is a primitive idempotent if and only if Ae is an indecomposable
projective A-module.

(d) 1 can be written as a sum of primitive orthogonal idempotents.
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Proof (a) Since e is in Ae, it follows that there are unique elements ¢; in
P; fori=1,...,n such that e = ¢; + - -- + ¢, Now each x in Ae can be
written as e, so xe = (le)e = Ae = x since e = e. Now let x; be in P; for
some i. Then x; = xje; + - + x;¢; + - - - + x;e,. Since x;e; is in P; for all
J=1,...,n and there is only one way of writing x; as a sum of elements
in the P;, it follows that x;e; = 0 for i # j and x;e; = x;. Hence P; = Ag;,
which implies e¢; # 0 for all i = 1,...,n since all the P; are nonzero. We
have also shown that e;e; = 0 if j # i and that ef = ¢;. Thus {ey,...,e,}
is a set of nonzero orthogonal idempotents.

(b) We have that eje = eje; + -+ eje; + -+ + ¢iey = e,.2 = ¢; since
eiej = 0 if j # i. Hence each ¢; is in Ae and so each Ae; = Ae. We
now want to show that each x in Ae can be written uniquely as a sum
X1 + -+ x, with the x; in Ae; for all i = 1,...,n. It is clear that every
element in Ae; can be written as such a sum, so we only have to show
the uniqueness or equivalently if 0 = x; 4+ --- + x, with the x; in Ae;,
then x; = 0 for all i. Suppose 0 = A;e; + Are; + - - - + Aye, with the 4; in
A. Then 0 = Adjeje; + Arere; + -+« + Aieie; + - - - + Aqene;. Since eje; = 0 if
Jj # i, we have that 0 = lie,-z = Jie;. So all the A;e; are 0, which is our
desired result.

(c) and (d) These follow easily from (a) and (b). O

This result shows that there is a close connection between the de-
composition of A into a sum of indecomposable A-modules and the
decomposition of 1 into a sum of primitive orthogonal idempotents.

We end this section by showing the connection between subgroups of
A of the form eAf and exf for idempotents e and f and the groups of
A-morphisms from Ae to Af and from Ae to tf respectively.

Proposition 4.9 Let A be a left artin ring and let e and f be idempotents.
The morphism ¢:eAf — Homy(Ae, Af) given by ¢(eif)(Ve) = Velf is an
isomorphism and ¢|ems gives an isomorphism from ex™f to Homy(Ae, t™f)
Sfor all m. a

Proof The proof of this is straightforward and left to the reader. m]

5 Some homological facts

This section is devoted to recalling some facts from homological algebra
which will be used freely (without reference) in the rest of the book. For
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the most part, no proofs are given. The reader is referred to the notes
for references for this material.

We begin with the following way of computing the left global dimen-
sion Lgldim A of a left artin ring A. For a A-module X we denote by
pds X the projective dimension of X.

Proposition 5.1 Let ¢ be the radical of a left artin ring A. Then we have
Lgldim A = pd,(A/x).

Proof By definition we have lgldimA > pd,(A/r). To prove the
reverse inequality it suffices to show that pd,(A/r) > lgldim A when
pda(A/r) = n < 0. Since A/t is a semisimple A-module containing every
simple A-module as a summand, it follows that pd,(A/r) = max{pd, S|S
a simple A-module}. Therefore we have that pd, S < n for all sim-
ple A-modules S. We now prove by induction on /(M) that this
implies that pdy M < n for all finitely generated A-modules M. If
I(M) = 0 we are done. If (M) =t > 0, then there is an exact sequence
0—->S—>M-—> M — 0 with S a simple A-module and I(M') =¢— 1.
Since pdy, M < max{pd, S, pds M'}, we have by the inductive hypothesis
that pd, M < n. But it is a standard fact that Lgl.dim A = sup{pdy, M|M
a finitely generated A-module }, and hence L.gl.dim A < n. This completes
the proof of the proposition. a

A ring A is called left hereditary if all left ideals are projective. It
is well known that if A is left hereditary then submodules of projective
A-modules are projective. A left artin ring A will be called hereditary if
A is left hereditary.

The following characterization of hereditary left artin rings is an im-
mediate consequence of Proposition 5.1.

Corollary 5.2 The following are equivalent for a left artin ring A.

(a) A is hereditary.

(b) r is a projective A-module.

(© pda(A/D) <L

(d) lgldimA <1. o

The rest of this section is devoted to a discussion of some basic facts
concerning short exact sequences. Since these concepts and results hold
for arbitrary modules over arbitrary rings we make no assumptions on
our ring A or on the A-modules we are considering.
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Let 4 and B be two fixed A-modules. Two short exact sequences
0—>B—>E—>A—->0and 0 > B> E' - A — 0 are said to be
equivalent if there is a commutative diagram

0 - B - E - 4 - 0

|| ! I
0 - B - E —- A - 0O

Clearly in such a diagram the morphism E — E’ is an isomorphism. This
shows that two sequences being equivalent is an equivalence relation. We
denote by E(A4, B) the set of equivalence classes of short exact sequences
0 - B - E - A — 0. The equivalence class of a short exact sequence
£:0 > B —- E —> A — 0 is denoted by [£].

Now suppose we are given an exact sequence £:0 - B —>E —>A4—0
and a morphism f:A4" — A. Then we have the exact commutative
pullback diagram

(it 0 > B —» Exyd —» 4 - 0

I ! ir
& 0 - B - E - A - 0

It can be shown that if [{] = [7] in E(A,B) then [{] = [t5] in
E(A’,B). Then we obtain the map E(f,B):E(A,B) — E(A',B) given
by E(f, B)[£] = [&f]. It is easily seen that E(14,B): E(A,B) — E(A,B) is
the identity and E(fg, B) = E(g, B)E(f, B) for morphisms g:4” — 4 and
f:A— A

Dually, given a morphism g: B — B’, we have the exact commutative
pushout diagram

& 0 - B -  E -5 A > 0

le } ||
8. 0 - B — BXPE - 4 - 0.

It can be shown that if [£] = [t} in E(A,B), then [£8] = [¢f] in
E(A,B’). Thus we obtain the map E(A4,g): E(4,B) — E(A4,B’) given
by E(A,g)([€]) = [£8]. It is easily seen that E(A, 15): E(A,B) — E(A, B)
is the identity and E(4,fg) = E(A,f)E(A, g) for morphisms g:B — B’
and f:B’ > B”".

We now point out the following important fact about these maps.

Proposition 5.3 Let f:A' — A and g: B — B’ be morphisms of A-modules.
Then we have E(f,B')E(A,2)[¢] = E(A,g)E(f,B)[{] in E(A',B’) for all
[€] in E(A, B). g
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This proposition suggests the following definition. Let f: 4" — A and
g:B — B’ be morphisms of A-modules. Then define E(f,g): E(4,B) —
E(4',B’) by E(f,g) = E(f, B)E(4,8) = E(4,g)E(f, B).

Using these observations we define an addition in E(A4, B) called the
Baer sum, which makes E(A4, B) an abelian group.

Let éuO—»BﬁEl % 4-0and 62:0—>B£2>E23>A——>0beexact
sequences. We define [£;] + [&;] in E(4, B) as follows. Let f:4 - A]] A4
be the map given by f(a) = (a,a) for allain 4 and let g:B][B — B be
given by g(b1,b2) = by + b, for all by, b, in B. Let &, [ &, be the sum

0 BUB " EIE "B all4 -0
in E(A][ A, B[] B) and define [¢1] + [£2] = E(f,g)(¢1 11 &2) in E(4, B).
Then E(A, B) with this addition is an abelian group with the class of
the split exact sequence 0 - B — B[4 — A — 0 the zero element

and the inverse of the class of 0 — B LA E 35 A — 0 being the class

of 0 - B L ES 4o 0. Also for all morphisms f:4" — A4 and
g:B — B’, the map E(f,g): E(A,B) — E(A,B') is a homomorphism of
abelian groups.

We also make the following useful observation. Let £:0 —» B LEL
A — 0 be an exact sequence of A-modules and f: 4’ — 4 a A-morphism.
Then E(f, B)([¢]) = 0 in E(E’, B) if and only if there is some t: 4" —» E
such that ht = f. To see this we use that an element in E(A4’, B) is zero
if and only if a corresponding exact sequence splits, together with the
universal property of pullbacks.

Before continuing with our discussion of the abelian groups E(A4, B)
we pause to review the notion of a bimodule.

In concrete situations where one has two rings A and I' operating
on an abelian group M, M is in a natural way either a A-module or
a A°?-module and M is either a I''module or a I'P-module. In all
such situations we will call M a A-I'-bimodule if for each 4 in A the
operation of A on M commutes with the operation of each y in I" on
M. If M is a A-module and a I'-module this is expressed by the relation
Aly(m)) = y(AMm)) forall A € A,y e " and m in M. If M is a A-module
and a right I'-module this commutativity relation is expressed by the
“associative” relation A(my) = (Am)y for all A€ A, y € T and m in M.
For brevity, if I' = A, we refer to a A-I'-module as a A-bimodule.

For the rest of this section we shall mean that M is a (left) A-module
and a (left) I'-module when M is a A-I'-bimodule. For example, suppose
M is a A-module and I = Ends(M). Then we consider M as a I'-module
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20 Artin rings

by means of the action f-m = f(m) for all f in Endy(M) and m in
M. Then M is a A-T'-bimodule since A(f(m)) = f(Am) for all A in A, all
f in Enda(M) and m in M. This is the only way we consider M as a
A-T"-bimodule.

Suppose now that A and B are A-modules and A4 is a A-I'-bimodule.
Then for each y in I' the map f,:4 — A given by f,(a) = ya for all
a in A is a A-module homomorphism. Also we have that f,,,,(a) =
(y1v2)(a@) = y1(y20) = f),(fy,a) for all y; and y, in I" and a in 4. Hence
we have f,,, = f,f,, for all y; and y, in I'. Then for each y in
I we can define the operation of y on the abelian group E(4,B) by
y1€] = E(f,, B)[¢]. 1t is not difficult to check that this operation makes
E(A,B) a I'P-module. It is a I'°P-module and not a I'-module since
P102LED) = E(fyy BXE(fysy BYED) = E(fyaf BE] = (ray)[€] for all 3,
and y, in I" and [£] in E(A4, B). This is the way we consider E(A,B) a
I'°P-module when A is a A-I'-bimodule. In particular, since 4 is always a
A-Endp(A4)-bimodule, we can always consider E(A, B) as an Enda(A4)°P-
module by means of the operation of Ends(A4)°P on E(A4, B) given above.
This is the only way we consider E(4, B) as an Enda(A4)°P-module.

Similarly, suppose A and B are A-modules and B is a A-Z-bimodule.
Then for each ¢ in Z, the map g,: B — B given by g,(b) = ob for all b
in B is a A-module morphism. Thus for each ¢ in = we can define the
operation of ¢ on E(A4, B) by ¢ - [£] = E(A, g,)[£] for all [£] in E(A, B).
It is then straightforward to check that this operation makes E(A,B) a
Z-module. This is the way we will consider E(A, B) as a X-module when
B is a A-Z-bimodule. Since B is always a A-End,(B)-bimodule, we can
always consider E(A, B) as an Enda(B)-module and this is the only way
we will consider E(A, B) as an Enda(B)-module.

Suppose now that A is a A-I'-bimodule and B is a A-Z-bimodule. Then
the abelian group E(A, B) is a I'°P-module and a Z-module. In fact, it is
a I"P-Z-bimodule. For let y be in I" and ¢ in Z and let f,: 4 — A be the
A-module morphism given by f,(a) = ya for all a in A. Let g.:B — B
be the A-module morphism given by g,(b) = ob for all b in B. Then
for [£] in E(4, B) we have that y(¢[¢]) = E(f,, B(E(A, g5)[£]) which by
Proposition 5.3 is the same as E(A4, g )(E(f,, B)[¢]) = a(y[£]). Therefore
E(A,B) is a I'°P-X-bimodule. In particular E(A4, B) is an End,(A4)°P-
End,(B)-bimodule.

Associated with each pair of A-modules (4,B) is also the abelian
group Ext,l\(A,B). We now describe for each pair of A-modules (A4, B)
isomorphisms of abelian groups ®s): E(4,B) — Ext}\(A, B) which are
functorial in A and B.
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Let 0 > K - P - A — 0 be an exact sequence with P a projective
A-module. Then for each A-module B we have the exact sequence
Homy(P,B) — Homa(K, B) 3 Ext}\(A,B) — 0. Now let £:0 - B —
E — A — 0 be an exact sequence. Then we have a commutative exact
diagram

0 - K - P - A —- 0
Lk le I
0 - B - E - A4 - 0

Now Jg(h¢) in Ext,l\(A,B) does not depend on the particular choice of
g:P - E. Also if ¢:0 - B - E' - A — 0 is in the same equivalence
class as £:0 > B - E — A — 0 and we have a commutative diagram

0 - K - P - A4 - 0
L H le [
0 - B —- E - A4 - 0,

then Sp(h}) = dgp(he) in Ext}\(A,B). Therefore we obtain a well defined
map O p):E(4,B) — Ext,l\(A,B) by setting O([¢]) = dp(he) for all [¢]
in E(4,B). One can prove that these maps ®4,s) have the following
properties.

Theorem 5.4 For each pair (A, B) of A-modules the maps ©4py: E(A, B) —
Ext,l\(A,B) are isomorphisms of abelian groups which are functorial in A
and B. O

Using the functorial isomorphism in Theorem 5.4 we get the following
important consequence of the equality E(f, B')E(4,g) = E(4’,g)E(f,B)
in Proposition 5.3.

Corollary 55 Let f:A — A and g:B — B’ be A-morphisms. Then
ExtA(f, B)Exth(4, 8) = Ext(4', g)Exty(f, B). o

Suppose now that 4 is a A-I"-bimodule and B is a A-module. Then we
define a I"°P-structure on Ext,l\(A, B) just as we did for E(A, B). Similarly if
B is a A-Z-bimodule, then we define a X-module structure on Ext,l\(A,B)
just as we did for E(A, B). Finally if 4 is a A-I'-bimodule and B is a
A-Z-bimodule, then Ext}\(A, B) is a I'°P-Z-bimodule and the isomorphism
© ) E(4, B) — Ext} (4, B) is an isomorphism of I'°P-E-bimodules. In
particular Ext,l\(A,B) is an Enda(A4)°P-Enda(B)-bimodule, and @4 p) an
Enda(A4)°P-End,(B)-bimodule isomorphism.

We end this section by pointing out connections between pullback
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22 Artin rings

diagram, pushout diagram and decomposition of the middle term B in a
short exact sequence 0 > A —- B — C — 0.

Proposition 5.6 Let
f

A > B
* lr le
B % c

be a commutative diagram of morphisms between A-modules.
(a) The following are equivalent.
(i) The diagram (*) is a pushout diagram.
(ii))  The induced sequence A (——ff;) BIIB @) C — 0 is exact.

(b) If (*) is a pushout diagram, then in the induced exact commutative
diagram

ALB—>Cokerf—->0
lr le i
B & Cc - Cokerg — 0
h is an isomorphism.
(c) The following are equivalent.
(i)  The diagram (*) is a pullback diagram.
f !
(ii)  The induced sequence 0 — A (_—';) BIIP il C is exact.

(d) If (*) is a pullback diagram, then in the induced exact commutative

diagram
0 - Kerf - A4 5 B
Lh br le
0 - Kerg — B 5 ¢
h is an isomorphism. m]

We have the following consequence.

] v
Corollary 5.7 Let 0 —» A 5B 118 &%) C — 0 be an exact sequence of

A-modules. Then the following hold.
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(a) The diagram

A L B
-1 le
B % C

is both a pushout and a pullback diagram.
(b) f is an epimorphism if and only if ¢’ is an epimorphism.
(c) f is a monomorphism if and only if g’ is a monomorphism. m|

Exercises

1. For each nonzero integer n let Z, denote the cyclic abelian group of
order n.

(a) Find all five composition series for Z4 x Z,.
(b) How many composition series exist for Z4 x Z4 and how many exist
for Zz X Zz X Zz?

2. Let k be a field, A = k[x]/(x?) and let f:A]Jk — A/(x?) be the
A-homomorphism given by f(1,a) = (A + ax)mod(x?), where k is the
trivial A-module. Prove that f is right minimal but not an essential
epimorphism.

3. In each of the three cases below give examples of exact sequences

0-—>A£>B—g>C—>Oand0—>A’il)B’iC’—»Oofﬁniteabelian
groups A, B, C, A/, B’ and C'.

i) A~A,B~B,C#(C.
(i) A~A,C~C,B#B.
(i) B~B,C~C,A#A.

4. Let A be a hereditary left artin ring. Let f:4 — P be a nonzero
A-homomorphism with P a projective A-module. Show that there exists
a nonzero left ideal I in A such that A ~ I [[ N for some A-module N.

5. Let k be a field and let A be a finite dimensional k-algebra. Show that
A is isomorphic to a k-subalgebra of a full matrix algebra over k.

6. Let 4 = {(ggé)la,b,c € R ;. Show that 4 ~ R x € where R is the
real numbers and € is the complex numbers.
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7. (Nakayama’s lemma) Let A be a ring with radical t and a a left ideal
of A. Prove that the following statements are equivalent.

i acr

(i) For every finitely generated A-module M we have that aM = M
implies M = 0.

(iii) For every finitely generated A-module M we have that aM is small
in M.

8. Let A be a left artin ring and P a finitely generated indecomposable
projective A-module. Prove that P/M is an indecomposable A-module
for each submodule M of P with M # P.

9. Let A be a left artin ring. Show that every finitely generated A-module
is isomorphic to a finite sum of indecomposable A-modules.

10. Show that a ring A has a composition series when viewed as a
module over itself if and only if every finitely generated A-module has a
composition series.

11. Let x be the radical of a left artin ring A.

(a) Show that for each A-module M we have (A/r) ® M ~ M /tM.

(b) Show that a finitely generated A-module M is projective if and only
if Tor(A/r, M) = 0.

(c) Show that a finitely generated A-module M is projective if and only
if Ext(M,A/r) =0.

(d Let 0 > K — P - M — 0 be an exact sequence of finitely
generated A-modules with P projective. Prove that the following are
equivalent.

(i M is projective

(i) The induced morphism K /tK — P /tP is a monomorphism

(iii) The induced sequence 0 — K /tK — P/tP — M/tM — 0 is
exact.

12. Let A be any ring and a a left ideal. Let X be the idealizer of a in A,
which is X = {1 € Alad c a}.

(a) Prove that X is a subring of A containing a as a two-sided ideal.

(b) Prove that ¢:X — Enda(A/a)°P, given by ¢(y)(A+a) = iy +a
for y € Z and 1+ a € A/q, is a surjective ring morphism with
kernel a.
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13. Let p be a prime number. Prove that f:(Z/pZ)[[(Z/p*Z) - Z/p*Z
given by f(x + (p),y + (p?)) = p*x + py + (p*) is not right minimal in
flZ.

Notes

The basic material on rings and modules can be found for example in
[AnF}]. Note that our proof of the Jordan—Hdlder theorem differs slightly
from the standard proofs through the use of generalized composition
series.

Right and left minimal morphisms were introduced in [AuS1] in con-
nection with work on preprojective partitions.

For the homological facts in the last section we refer to standard texts
on homological algebra, like [HiS], [No], and [Rot].
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Artin algebras

In this chapter we turn our attention to artin algebras and their finitely
generated modules, the main subject of this book. One important feature
of the theory of artin algebras as opposed to left artin rings is that en-
domorphism rings of finitely generated modules are again artin algebras.
In principle, this enables one to convert problems involving only a finite
number of modules over one artin algebra to problems about finitely
generated projective modules over some other artin algebra. This proce-
dure, which we call projectivization, is illustrated by our proofs of the
Krull-Schmidt theorem and other results. Another important property
of artin algebras is that there is a duality between finitely generated left
and finitely generated right modules. It is convenient to start the chapter
with a section on categories over a commutative artin ring R, and study
equivalences of such categories.

1 Artin algebras and categories

Generalizing the category mod A for an artin R-algebra A we intro-
duce the notion of R-categories, and study equivalences between such
categories.

Let R be a commutative artin ring. We recall that an R-algebra A is
a ring together with a ring morphism ¢:R — A whose image is in the
center of A. For an R-algebra ¢: R — A we usually write r4 for ¢(r)A
where r is in R and A is in A. If ¢1: R — A and ¢7: R — A; make A4
and A; R-algebras, then A; is an R-subalgebra of A, if it is a subring
of A; via i:Ay — A; and i¢; = . We say that A is an artin R-algebra,
or artin algebra for short, if A is finitely generated as an R-module. It is
clear that an artin algebra is both a left and a right artin ring. It can be

26
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shown that the center Z(A) of an artin R-algebra is a commutative artin
ring and that A is an artin Z(A)-algebra.

Important examples of artin algebras are finite dimensional algebras
over a field. Examples which are not of this type are found amongst
proper factor rings of principal ideal domains and endomorphism rings
of finite abelian groups.

It is clear that if A is an artin R-algebra via a ring morphism R — A,
then the same ring morphism R — A°P? makes A° an artin R-algebra.
We give another way of associating new artin algebras with a given
one. If A and B are in mod A for an artin R-algebra A, then A and B
are in mod R. For r € R and f € Homg(A4, B) we have f(ra) = rf(a)
for all a € A. We define rf by (rf)a) = rf(a) for a € A. Then
Homg(4, B) is an R-module. Homy (4, B) is contained in Homg(4, B)
and is clearly a subgroup. Since the image of R is in the center of A, we
have (rf)(4a) = r(f(Aa)) = r(Af(a)) = Arf(a) = A(rf)(a)) for 2 € A and
f € Homa(4, B). Hence Homy (A4, B) is an R-submodule of Homg(4, B),
and we shall always consider Homy(4, B) as an R-module this way.
Similarly for A in mod A we define for r € R a map ¢(r):A — A by
¢(r)(a) = ra for a € A. Since the image of R is in the center of A, we
have ¢(r)(a) = r(ia) = Mra) = A¢(r)(a) for A € A. Hence we have the
map ¢:R — Endp(A4) = Endg(A) which is clearly a ring morphism. For
g € Endr(A) and r € R and a € A we have (¢(r)g)(a) = r(g(a)) = g(ra) =
(gd(r))(a), so that Im ¢ = Z(Endr(4)) N Endp(4) = Z(Endp(4)). This
makes Endg(4) and Enda(A) R-algebras, with Ends(4) an R-subalgebra
of Endg(A4), and we shall always consider Endgr(4) and End(4) as R-
algebras this way. Note that the R-module structure on Endg(4) given by
¢:R — Endg(A) is the same as the R-module structure for Homg(A4, B)
with B = A.

We can now give the following result.

Proposition 1.1 Let A be an artin R-algebra.

(@) If A and B are in mod A, then Homu(A4, B) is a finitely generated
R-submodule of Homg(A, B).

(b) If A is in mod A, then Enda(A) is an artin R-algebra which is an
R-subalgebra of the artin R-algebra Endg(A).

Proof (a) Let A and B be in mod A. Since A is in mod A, and hence
in mod R, we have an epimorphism nR — A for some n > 0, where
nR denotes the sum of n copies of R. Hence we get a monomorphism
Homg(4, B) — Homg(nR, B) 5 nB. Since R is noetherian and nB is a
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28 Artin algebras

finitely generated R-module, we get that the submodule Homu(4, B) of
Homg(4, B) is a finitely generated R-module.

(b) We have seen that Ends(A) is an R-subalgebra of Endgr(A4). Now
Endr(A4) and Endy(4) are finitely generated R-modules by (a), and are
hence artin R-algebras. O

Recall that a category € is preadditive if for each pair of objects A, B
in € the morphism set Homg(A, B) is an abelian group and for 4, B, C in
% the composition morphism Hom(A4, B) x Homg(B, C) = Homg(A4, C)
is bilinear. If in addition % has finite sums, then % is additive. For
a commutative artin ring R we say that a preadditive category € is an
R-category if each Homg(4, B) is an R-module and the composition mor-
phism Homg(A, B) x Homg(B, C) — Homg(4, C) is R-bilinear. Further
we recall that a covariant (respectively contravariant) functor F: ¢ — 2
between two preadditive categories is additive if for each pair of objects
A, B in %, the induced morphisms Homg(A4, B) — Homg(F(A), F(B))
(respectively Homg(A4, B) — Homg(F(B), F(A))) are group homomor-
phisms. We say that an additive functor F:4¥ — < between two
R-categories is an R-functor if the induced morphisms above are R-
homomorphisms. Unless stated to the contrary, all our categories will be
R-categories and all our functors are R-functors for some commutative
artin ring R.

When A is an artin R-algebra we have seen in Proposition 1.1 that
Homy (4, B) is an R-module for A and B in modA. For f:A — B
and g:B — C in modA and r € R we have (g(rf))(a) = g(rf(a)) =
rg(f(a)) = ((rg)f)a) for a € A. Hence the composition morphism
Homy (A4, B) x Homa(B,C) — Homu (A, C) is R-bilinear. Since mod A
is clearly an additive category, it follows that mod A is an additive
R-category.

For A in mod A, add A denotes the full subcategory of mod A whose
objects are summands of finite sums of copies of A. Then it is easy to
see that add 4 is an R-category.

We now give some examples of R-functors. Various well known
functors from mod A to the category Ab of abelian groups are in fact
R-functors when A is an artin R-algebra.

First we note that the forgetful functor F:mod A — modR is easily
seen to be an R-functor, by using Proposition 1.1.

For A in mod A it follows from Proposition 1.1 that End(4) and
EndA(A)°P are artin R-algebras. Then A is an Ends(4)-module, when
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for a € A and f € Enda(A) we define fa = f(a), and hence A4 is a
right Enda(A4)°P-module. If X is also in mod A, then Homy(4, X) has
a natural structure as a module over I' = End(A4)°P given as follows.
Fort €T and f € Homy(4, X), define (tf)}(a) = f(t(a)) for a € A. Since
Homy (4, X) is in mod R by Proposition 1.1, it is also in mod I'. It is then
easy to see that the functor Homp(4, ):mod A — modT is an R-functor.

If B is in mod(A°P) for an artin algebra A, then B is a module over
the artin algebra I' = Endp«(B). For X in mod A we have that B ®, X
is then a I'-module, where f(b® x) = f(b)® x for f € ', b € B and
x € X. It is easy to see that the functors B ®\, —:mod A — modT and
B ®5 —:mod A — mod R are R-functors.

Similarly Ext,l\(A, ) is an R-functor from mod A to mod End,(4)°P or
to mod R, and Tor’l\(B, ) is an R-functor from mod A to mod Endp«(B)
or to mod R, when 4 is in mod A and B in mod(A°P).

We shall now see that there is a general procedure for associating
with any additive functor F:4 — Ab, where € is an R-category, an
R-functor F:4 — ModR, in a natural way. To see this we first note
that for each A in € there is a ring morphism R — Endg(A4) obtained by
sending r to r1,4. For since composition of morphisms in € is R-bilinear,
we have (r114)(rpl4) = 14(r1(r214)) = (rir2)14. Then we define F"(A)
in Mod R to be the abelian group F(4) with R-module structure given
by the composite ring morphism R — Endg(4) — Endg,(F(A4)). It is
then easy to see that for f:4 — B in ¥ the induced group morphism
F(f ):f(A) - F (B) is an R-morphism, and it is easily seen that we get
an R-functor F:% — Mod R this way.

To formally express that two R-categories ¥ and & are essentially the
same we say that a covariant R-functor F: 4 — & is an isomorphism if
there is an R-functor G: 2 — € such that GF = 14 and FG = 1.

We illustrate this concept through the following. For an R-algebra A
and a unit « in A we have a ring automorphism g,: A — A defined by
g.(A) = a~1Ja for A € A. There is an induced R-functor F,:modA —
mod A sending a A-module C to a A-module *C which is equal to C as an
abelian group and where the new A-structure is defined by A - ¢ = g,(4)c
for 2 € A and ¢ € “*C. We clearly have F,-1 F, = 1y0da = FyF,-1, so that
Fy:mod A — mod A is an isomorphism.

Isomorphisms of R-categories are, however, rare, and in practice it is
sufficient to have a weaker relationship between R-categories ¥ and 2
in order to ensure that their algebraic structures are essentially the same.
We say that a covariant R-functor F: 4 — 2 between two R-categories
is an equivalence of R-categories if there is an R-functor G: 2 — € such
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that the composite functors GF and FG are isomorphic to the identity
functors.

It is useful to have another way of describing when two categories are
equivalent. We say that an R-functor F: ¥ — 2 between R-categories
is faithful if the morphism F,p:Hom¢(4, B) - Homg(F(A4), F(B)) given
by F is a monomorphism for all A, B in ¥, and full if this morphism is
an epimorphism. The functor F is dense if for each M in 2 there is some
C in € with F(C) ~ M.

We have the following characterization of an equivalence of categories.

Theorem 1.2 A covariant functor F:€ — 2 between R-categories is an
equivalence if and only if it is full, faithful and dense.

Proof Assume first that F: € — 9 is an equivalence. We then have an R-
functor G: % — ¥ and isomorphisms ¢:GF — l¢ and p:FG — 14. For
each A and B in ¥ we then have an isomorphism ¢ 48 Homg(4, B) —
Home(GF(A4), GF(B)) given by ¢ ,45(f) = ¢5'fp4. But we clearly have
aA,B = GF(A),F(B)FA,B- Hence FA,B : Hom(g(A,B) g Hom@(F(A), F(B)) isa
monomorphism and Gr4),r(p) is an epimorphism. Using the isomorphism
p we get that F4p is an epimorphism. Hence F4p is an isomorphism
and therefore F is full and faithful. It is clear that F is dense.

Assume conversely that the R-functor F is full, faithful and dense.
Since F is dense, we can for each M in & choose an isomorphism
nm:M — F(A) for some A in 4. We define G(M) = A4, so that we
have a morphism #ny: M — FG(M) foreach M in 2. If f:M — N is a
morphism in 2, let h: FG(M) — FG(N) be given by h = nxfn;;, ie. the
diagram

M - N
1 1w
FGM) 5 FG(N)
commutes. Since F is full and faithful, there is a unique morphism
t:G(M) — G(N) such that F(t) = h. We define G(f) = t so that
h = FG(t). It is obvious that G(lp) = lgp for each M in £ and
G(g'g) = G(g')G(g) for morphisms g:M — N and ¢g:N — L in 2.
Hence G is a covariant functor and the 5, give an isomorphism between
15 and FG.
The functor FG is an R-functor since it is isomorphic to 15 by the
R-isomorphism 7, Let f and g be in Homg(M, N). Because F is also
an R-functor, we have FG(f +g) = FG(f) + FG(g) = F(G(f) + G(g)) and
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FG(rf) =rFG(f) = F(rG(f)) for r in R. Using that F is full and faithful
we get G(f + g) = G(f) + G(g) and (G(rf) = rG(f), and consequently G
is an R-functor.

It remains to show that we have an isomorphism €:15 — GF. For
A in € we have the isomorphism #;,:F(4A) — FGF(A). Since F is
full and faithful, there is a unique morphism ¢4:4 — GF(A) in € such
that F(e4) = fp4- Since #yy is an isomorphism, there is a morphism
g:FGF(A) — F(A) such that #:,8 = lpgr4) and gh,, = lr). Choosing
t:GF(4) — A such that F(t) = g we have F(eqt) = F(lgr)) and
F(te4) = F(1,). Since F is faithful we see that e4:A — GF(A) is an
isomorphism. Then for f: 4 — B in €, the diagram

I

A - B
Lo Lar
Gr4) & GFB)

has the property that after applying F it is commutative. Since F is
faithful, the diagram is then itself commutative, and we are done. O

Theorem 1.2 can be used to show that many homological properties
of R-categories are preserved under equivalence. We illustrate this on
projective and injective objects. To cover more general categories than
module categories, we generalize the following concepts. A morphism
g:B — C in an R-category ¥ is an epimorphism if for any nonzero
morphism h:C — X in ¥ we have hg + 0. And g:B — C is a
monomorphism if for any nonzero morphism f:Y — B we have gf # 0.
An object P in ¥ is projective if for any epimorphism g: B — C and
morphism h:P — C there is a morphism s: P — B such that gs = h.
Similarly an object I in ¥ is injective if for any monomorphism g: B — C
and morphism h: B — I there is a morphism s: C — I such that sg = h.
It is not difficult to check that in the case € is Mod A for some R-algebra
A, then the concepts just introduced coincide with the usual module
theoretic concepts of epimorphism, monomorphism and projective and
injective modules.

We then have the following direct consequence of the definitions and
Theorem 1.2.

Proposition 1.3 Let F: 4 — 2 be an R-functor which is an equivalence of
R-categories.

(a) A morphism g:B — C in € is an epimorphism (respectively mono-
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morphism) if and only if F(g): F(B) — F(C) is an epimorphism (re-
spectively monomorphism) in 9.

(b) An object C in € is projective (respectively injective) if and only if
F(C) is projective (respectively injective) in 2. ]

We shall see examples of equivalences of R-categories in the next
section and in later chapters. Here we just point out that if € =
2 = modk for a field k, then the natural functor F:modk — modk
defined on objects by F(C) = C** is an equivalence of k-categories where
C* = Homy(C,k) is the dual of the vector space C. Even though for
every finite dimensional vector space C we have a natural isomorphism
C 5 €™, not every C in modk is actually a dual vector space. Hence
the functor F:modk — modk is not an isomorphism of k-categories.

If F:4¥ — 2 is a contravariant R-functor between R-categories, there
is an induced covariant R-functor F:4°? — @ and F is a full, faithful
or dense R-functor if and only if F is a full, faithful or dense R-
functor respectively. We say that the R-functor F: 4 — & is a duality if
F:%°° — 9 is an equivalence. Then we have the following analogues of
Theorem 1.2 and Proposition 1.3.

Theorem 1.4 A contravariant R-functor F: 4 — & between two R-cate-
gories is a duality if and only if F is full, faithful and dense. m|

Proposition 1.5 Let F: 4 — 2 be an R-functor which is a duality of R-
categories.

(@) A morphism f:A — B in € is a monomorphism if and only if
F(f): F(B) — F(A) is an epimorphism.

(b) An object C in € is projective (respectively injective) if and only if
F(C) is injective (respectively projective) in 9. a

The functor F:mod k — mod k which sends a finite dimensional vector
space to its dual space is an example of a duality of k-categories. More
examples will be discussed later.

2 Projectivization

In this section we show that passing from an artin algebra A to the endo-
morphism algebra I' = Enda(4)°P for 4 in mod A provides a technique
for reducing questions about the module A to questions about projective
modules. We prove the Krull-Schmidt theorem using this procedure.
Throughout this section we assume that all rings are artin algebras.
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For 4 in mod A we denote the R-functor Homy(4, ):mod A — modT
by e4 and call it the evaluation functor at A. Note that e4 is a left exact
functor which commutes with finite sums. The following result gives the
basis for our reduction.

Proposition 2.1 Let A be in mod A where A is an artin algebra. Then the
evaluation functor e4:mod A — mod I has the following properties.

(a) eq:Homy(Z,X) — Homr(es(Z),eq(X)) is an isomorphism for Z in
add 4 and X in mod A.

(b) If X is in add A, then e4(X) is in 2(I').

(¢) eslaadq:add A — P(I') is an equivalence of R-categories.

Proof (a) It is clear that e4: Homa(A4,X) — Homr(es(A),e4(X)) is an
isomorphism. Our desired result follows by the additivity of e4.

(b) Since e4(A) ~ T, it is clear that e (nd) ~ aI” for all positive integers
n. Since e4 commutes with sums, it follows that e4(X) is in 2(I') for all
X in add 4.

(c) By (a) we know that ey, , is full and faithful. To see that it is dense
let P be in #(I'). Then we have that P [[Q = nI" for some n. Hence
there is an idempotent f € Endp(nI’) such that P = Kerf. Therefore
there is an idempotent u € Ends(nAd) such that e4(u) = f. Then Keru is
in add 4 and e4(Keru) >~ P since ¢4 is left exact. O

Our first application of this proposition will be the Krull-Schmidt
theorem for mod A.

Theorem 2.2

(a) A module A in mod A where A is an artin algebra is indecomposable
if and only if Endp(A) is a local ring.

(b) Let {Ai}ict and {Bj}jc; be two finite families of finitely generated
indecomposable A-modules. If [lic; Ai =~ [I;c; Bj, then there is a
bijection ¢:1 — J such that A; = B for allic 1.

Proof (a) Let A be in mod A and let I' = End,(A4)°P. Since e4 induces
an equivalence add 4 — 2(I") we have that A4 is indecomposable if and
only if e4(A) is an indecomposable projective I'module. But we have
already seen in I Proposition 4.7 that since e4(A) is a finitely generated
projective module over the artin algebra I, then e4(A) is indecomposable
if and only if Endr(e4(A4)) is local. But e4:Enda(A4) — Endr(e4(A4)) is
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an isomorphism. Hence A4 is indecomposable if and only if Enda(A) is a
local ring.

(b) Let C = [[,; Ai. Then C is a finitely generated A-module and
Bj and A; are in addC for all i and j. Let I' = Ends(C)® and let
ec:modA — modI" be the evaluation functor. Since ec induces an
equivalence add C — 2(I), we use the corresponding result about pro-
jective modules in I Theorem 4.4 to complete the proof. O

We now show how the evaluation functor can be used to connect up
right minimal morphisms of arbitrary modules with projective covers,
and use this to show that a direct sum of right minimal morphisms is
right minimal.

Proposition 2.3 Let A be in mod A and f:X — Y a morphism in add A
where A is an artin algebra. Then f is right minimal if and only if the
induced morphism

Homy (4, X) — Im(Homy (4, f))
is a projective cover in mod Endy(A)°P.

Proof LetT = Enda(A4)°P and let ¢4:mod A — mod I be the evaluation
functor. Since e4:add A — 2(I') is an equivalence of categories, it follows
from the definition of right minimal morphisms that f: X — Y is right
minimal if and only if Homu(4, f): Homp (4, X) = Homy(4, Y) is right
minimal. But Homu (4, f): Homa (4, X) — Homa(A4,Y) is right minimal
if and only if the induced morphism Homy (4, X) — Im(Homy (4, f)) is
a projective cover by I Proposition 4.1. O

As an easy consequence of this characterization of right minimal
morphisms we have the following.

Corollary 2.4 Let {f;: A; — Bi}ic1 be a finite family of morphisms in mod A
where A is an artin algebra. Then |1, fi:lliq; Ai = 1l Bi is right
minimal if and only if each f;: A; — B; is right minimal.

Proof Let A be a finitely generated A-module such that the 4; and B; are
in addA for alliin I. Let e4:mod A — mod I be the usual evaluation
functor. Now we have already seen that [{,; fi:[l;c; 4i = Ilie; Bi is
right minimal if and only if e4(J[;.; fi): ea(li; 4) = Imes([1ie; fi) is a
projective cover. But we know that e4(][,¢; f) is a projective cover if and
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only if each e4(f;) is a projective cover by I Proposition 4.3. Therefore
each f;: A; — B; is right minimal if and only if [1,.; fi:]1ie; 4i = 11ic; B
is right minimal. a

In many instances it is technically easier to deal with modules over
artin algebras A which have the property that if A = [[;_, P; with the P;
indecomposable projective modules, then P; % P; for i # j. Such artin
algebras are called basic artin algebras.

Suppose now that A is an arbitrary artin algebra and A = [, niP;
with the n; > 0 and the P; nonisomorphic indecomposable projective
modules. Let P = [[iL, P; and let I' = Enda(P)®. Consider the
evaluation functor ep:mod A — modI'. Then ep(P) = I" and the de-
composition P = [[i2, P; with nonisomorphic indecomposable P; gives
the decomposition I' = [[2, ep(P;) where the ep(P;) are nonisomorphic
indecomposable projective I'-modules. Thus I'" is a basic artin algebra
which is called the reduced form of A. Our next aim is to show that
ep:mod A — modT is an equivalence of categories, which means that A
and its reduced form I" have essentially the same module theory. This re-
sult will be a trivial consequence of a more general result which will have
other applications later on. It is convenient to first give some definitions.

Let X be a A-module. A projective presentation for X is an exact

sequence Py LIS Py ELY X — 0 with the P; projective modules for i = 0, 1.

A projective presentation P; ELt Py Ly 0 for X is called a minimal
projective presentation if fo: Py — X and fy:P; — Ker fy are projective
covers.

Suppose P is a projective module. Then we denote by mod P the full
subcategory of mod A whose objects are those 4 in mod A which have
projective presentations Py — Py — A — 0 with the P; in add P fori =0,
1.

Proposition 2.5 Let P be a projective A-module and let T = Ends(P)°P.
Then the restriction ep|modp:mod P — modI of the evaluation functor
ep:mod A — modT is an equivalence of categories.

Proof We first show that ep|modp is dense. Suppose X is a I'-module

and @ ER Qo — X — 0 a projective ['-presentation of X. Then there is
some P; in add P with ep(P;) >~ Q; for i = 0, 1. Hence there is a morphism
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P, LN Py in add P such that the diagram

ep(g)

ep(P1) = ep(Po)
12 2
)1 EX Qo

commutes. Therefore ep(Coker g) ~ Coker f = X since P being projec-
tive implies that ep is exact. This shows that ep|noqp is dense.

We now want to show that ep|noqap is full and faithful. Let A and B
be in mod P and let Py — Py — A — 0 be a projective presentation for
A. Then we have the following commutative exact diagram.

0 - HOmA(A,B) b d HOmA(Po,B) e d HOmA(P1 ,B)

l l |

0 — Homr(ep(A)ep(B)) — Homr(ep(Polep(B)) — Homr(ep(P1).ep(B))

Since the P; are in add P, we know that the second and third vertical mor-
phisms are isomorphisms. Hence ep: Homa(A, B) — Homr(ep(A4),ep(B))
is an isomorphism for all A and B in mod P. Therefore ep|moqp is full
and faithful and hence an equivalence of categories. |

As an immediate consequence of this result we have our desired result
about the reduced form I' of an artin algebra A.

Corollary 2.6 Suppose {Py, ..., P,} is a complete set of nonisomorphic inde-
composable projective A-modules. Let P = [[\_, P; and let T = Enda(P)°®.
Then ep:mod A — modT is an equivalence of categories.

Proof Clearly addP = 2(A), so mod P = mod A. Therefore by our
previous result, ep :mod A — mod T is an equivalence of categories. O

Finally it is not difficult to see that an artin algebra A is basic if and
only if A°P is basic. Using I Theorem 4.4 (b) it is not hard to obtain the
following result.

Proposition 2.7 The following statements are equivalent.

(a) A is basic.

(b) A/r is basic.

() A/xx~ ]_[',;1 D; where the D; are division rings.

(d) A°P is basic. |
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Another important reason for restricting our attention to artin algebras
is the existence of a duality between mod A and mod(A°P). We begin by
describing a duality D:mod R — mod R for a commutative artin ring R.

Recall that for an arbitrary ring A and arbitrary modules 4 and B
with B < A we say that A is an essential extension of B if X "B # 0
for all submodules X # 0 of 4. A monomorphism i:4 — I with I
injective is called an injective envelope of A4 if I is an essential extension
of i(4). Also recall that for an arbitrary ring A and any module 4
in Mod A there exists an injective envelope i:4 — I in Mod A unique
up to isomorphism. Let R be a commutative artin ring. Since R is
an artin ring, it has only a finite number of nonisomorphic simple
modules Sy, ..., S,- Let I(S;) be the injective envelope of S; and let
J =TI, 1(S:). Then J is the injective envelope of [ [, S; and for each
A in mod R there is a monomorphism 4 — J’ with J’ in add J. We have
S; ~ R/m; where m; is a maximal ideal of R, and we get R-isomorphisms
Homg(S;, S;) ~ Homg(R/m;, S;) ~ Hompg(R, S;) ~ S;. For i + j we have
Homg(S;,S;) = 0. As a consequence of these observations, using the
notation for the multiplicities of the simple composition factors from
Chapter I, we have the following.

Theorem 3.1 Let X be in mod R. Then we have the following.

(a) Homg(X,J) is of finite length and mg(Homg(X,J)) = mg,(X) for
i=1,...,n

(b) The natural morphism X — Homg(Homg(X,J),J) is an isomorphism.

(c) The contravariant R-functor D:mod R — modR defined by D =
Homg( ,J) is a duality.

Proof (a) We prove this by induction on /(X). If X = 0 there is nothing
to prove. Suppose /(X) = 1. Then X ~ §; for some j. But Homg(S;,J) =~
HOII]R(S]', H?=1 S,') >~ HomR(S,-,Sj) >~ Sj. So msi(X) = mgl.(HomR(X,J)).
Now suppose that (X) > 1 and let 0 - X' - X —» X" — 0 be exact
with X" ~ S; for some j. Then 0 — Homg(X",J) — Homg(X,J) —
Homg(X’,J) — 0 is exact. Since I(X') < [(X) and [(X") < I(X), the result
now follows from the induction hypothesis.

(b) Since by (a) we have that X and Homg(Homg(X,J),J) have the
same length, it suffices to show that ¢: X — Homg(Homg(X,J),J) is a
monomorphism. Because ¢(x)(f) = f(x) for all f in Homg(X,J) and
x in X, we have ¢(x) # 0 if there is an f: X — J such that f(x) # 0.
Suppose x is a nonzero element of X and let Rx be the submodule of
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X generated by x. But then Rx/(rad R)Rx # 0 by Nakayama’s lemma
and so there is a nonzero morphism Rx/(rad R)Rx — [[._, Si. Hence the
induced map g:Rx — J is not zero, in particular g(x) # 0. Since J is
injective, we can extend g to a map f:X — J which does not vanish on
x. It follows that ¢:X — Homg(Homg(X,J),J) is an isomorphism.

(c) This is a direct consequence of (b) and the definition of duality. O

As an immediate consequence of this we have the following facts about
J, by choosing X to be R in Theorem 3.1.

Corollary 3.2

(a) J and R have the same length, and ms(J) = ms,(R) for all i.
(b) R ~ Endgr(J). O

We now want to show that the duality D:modR — modR for a
commutative artin ring R induces a duality D:mod A — mod(A°P) for
an artin R-algebra A. To see this we first show that for X in mod A the R-
module Hompg(X,J) has the following natural structure as a A°°-module.
For f in Homg(X,J) and 4 in A we define (f2)(x) = f(Ax) for all x € X.
This is the way we will consider DX as a A°?’-module for each A-module
X. It is clear that Homg(X,J) is a finitely generated A°P-module since
it is a finitely generated R-module by Proposition 1.1. If f: X — Y is
a morphism in mod A, it is easy to see that Homg(f,J): Homg(Y,J) —
Homg(X,J) is a morphism in mod(A°P). This shows that D gives a
contravariant R-functor D:mod A — mod(A°P). In fact we have the
following.

Theorem 3.3 If A is an artin R-algebra, then the contravariant R-functor
D:mod A — mod(A°P) is a duality.

Proof If X is in mod A, then we have seen that Homg(X,J) is in
mod(A°P), and similarly Homg(Homg(X,J),J) is in mod A. The nat-
ural R-isomorphism ¢x:X — Homg(Homg(X,J),J) is then also a A-
isomorphism. For if A is in A and x is in X, we have ¢(Ax)(f) = f(Ax) =
(FAX(x) = ¢(x)(fA) = (Ad(x))(f) for all f in Homg(X,J), so that ¢(ix) =
A¢(x). Hence we have an isomorphism ¢: 10an — D?, and similarly an
isomorphism ¢: 1yoda») — DZ. 1t follows that D:mod A — mod(A°P) is
a duality. m]

For any left artin ring A the category mod A has enough projectives,
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that is, for each C in mod A there is an epimorphism f:P — C in mod A
with P projective. The category mod A is said to have enough injectives if
for any C in mod A there is a monomorphism g:C — I with I injective.
For an artin ring the category mod A does not necessarily have enough
injectives, but for artin algebras we have the following consequence of
the above.

Corollary 3.4 For an artin R-algebra A the category mod A has enough
injectives.

Proof For C in modA we have an epimorphism h:P — D(C) in
mod(A°P) with P projective. So we have a monomorphism D(h): D*(C) —
D(P), and D(P) is injective by Proposition 1.5. Since D*(C) ~ C, this
finishes the proof. 4

We end this section by showing the following alternative description
of the duality D which we will use freely in the rest of the book.

Proposition 3.5 The functors Homg( ,J) and Homa( ,DA) from mod A to
mod(A°P) are isomorphic.

Proof Considering the g Ay we have by using adjointness functorial iso-
morphisms Homg(M, J) = Homg(A®sM,J) > Homa(M, Homg(A,J)) =
Homa (M, DA). m]

4 Structure of injective modules

Throughout this section A will always denote an artin algebra. We have
seen that for an artin algebra A the category mod A has enough injectives.
In this section we investigate the structure of the injective modules in
mod A for an artin algebra A. In this connection we describe the injective
envelope of a finitely generated A-module and introduce the notion of
the socle of a module.

For A in mod A the socle of 4, denoted by socA, is defined to be
the submodule of 4 generated by all semisimple submodules of 4. We
have the following basic properties of the socle of a module for an artin
algebra A.
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Proposition 4.1 For A in mod A where A is an artin algebra we have the

JSollowing.

(a) A=0ifand only if socA=0.

(b) A is an essential extension of soc A.

(¢) A — I is an injective envelope of A if and only if the induced morphism
soc A — I is an injective envelope.

(d) An injective module I in mod A is indecomposable if and only if socl
is simple.

Proof (a) Clearly if A = 0 then socA = 0. Let 4 be a nonzero module.
Since the radical r of A is nilpotent, there is a largest integer ¢ such that
r'A # 0. Since 1’4 is semisimple, it follows that soc 4 # 0.

(b), (¢) and (d) are easily verified consequences of (a). a

It follows from the above proposition that one way to describe the
injective envelope of a module 4 is to describe socA and the injective
envelopes of simple modules. To describe the injective envelopes of the
simple modules it is first useful to investigate a duality between projective
left and right modules.

Given a A-module A we consider the abelian group Homy (4, A) to be
a A°?-module by the operation (fA)(a) = f(a)A for all A in A, for all f
in Homu(A4,A) and a in A. It is clear that if A4 is a finitely generated A-
module, then Homy (4, A), which we denote by A", is a finitely generated
A°P-module. Also it is easily checked that if f: 4 — B is a morphism of
A-modules, then Homa (f,A): B* — A* given by Homa(f, A)(g) = gf for
all g in B* is a morphism of A°’-modules, which we denote by f*. It is
clear that the contravariant functor T = Homu( ,A):mod A — mod A°P
given by A+— A* for all A4 in mod A and f +— f* for all morphisms f in
mod A is an R-functor.

As in the case of vector spaces we define ¢4:4 — A™ by ¢4(a)(f) =
f(a) for all a in A and all f in A*. This is easily seen to be a A-
morphism which is functorial in A4, i.e. we have a morphism of functors
& lmodn = T2

We now want to consider what happens to the category 2(A) of finitely
generated projective A-modules under the functor T. We begin with the
following easily verified result.

Lemma 4.2
(@) The map t: A — A" given by t(A)(x) = xA for all 2 in A and x in A
is a A°P-isomorphism which we view as an identification.
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(b) ¢a:A — A™ as defined above is a A-isomorphism. a

This readily gives the following.

Proposition 4.3

(a) Let A be an artin algebra. For each P in #(A) we have that P" is in
P(A°P),

(b) For each P in P(A), the morphism ¢p.P — P** is an isomorphism
which we will view as an identification.

(c) The functor Homa( , A)lpa): P(A) = P(AP) is a duality.

Proof For P = A we have by Lemma 4.2 that P* is in 2(A°P) and that
¢p: P — P*" is an isomorphism. Since Homy( , A) is an R-functor, the
same holds for ¢, when n is a positive integer. For an arbitrary P in
P(A) there is some Q in #(A) and some integer n such that nA ~ P[] Q.
Hence (a) and (b) follow by using the additivity of Homy( ,A) again.

It follows from (b) that the morphism ¢:lpn —
Homa( , A°P)|gacryHoma( , A)|#a) is an isomorphism. Since also the
morphism P 19(,\01)) d Hom,\( ,A)L@(A) HOmAOP( ,A)Igp(Aop) is an isomor-
phism, it follows that Homa( , A)|pa): 2(A) = P(AP) is a duality. O

We now give the final preliminary observation about finitely generated
projective A-modules we need in studying finitely generated injective
A-modules.

Proposition 4.4 Let A and B be in mod A, where A is an artin algebra.

(a) The morphism p:Homa(A,A) ®2 B — Homu(4, B), defined by
w(f ® b)(a) = f(a)b for all f in Homp(A,A), for all b in B and all a
in A, is functorial in A and B.

(b) If A is in P(A), then vy is an isomorphism for all B in mod A.

Proof The first part of the proposition is a routine calculation. Also it is
casily seen that y:Homy(A, A) ®2 B — Homy (A, B) is an isomorphism
for all B in mod A. Since 2(A) = add A, the rest follows from the func-
toriality of v in A. m|

We now make some observations concerning simple modules over
semisimple rings which we then generalize to projective A-modules.
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Lemma 45 Let A = A} X -+ X A, be the unique decomposition of a

semisimple ring A into a product of simple rings A; for i =1, ..., n. Let

my=[[;,4A foralli=1,.... n

(a) The my; are the unique maximal ideals in A.

(b) If S is a simple module, then ann S, the annihilator of S, is m; for
some 1.

(c) Two simple A-modules S and T are isomorphic if and only if ann S =
annT.

(d) If S is a simple A-module, then Homa(S, A) is a simple A°P-module
and ann S = ann Homy(S, A).

Proof We only discuss (d), and leave the rest as an exercise. Since A is
semisimple, S is an indecomposable projective A-module, so Homa(S, A)
is indecomposable and hence simple. Let m; = annS. Then the epi-
morphism A — A; gives an isomorphism Homa(S,A) ~ Homa(S, A;) of
A°P-modules, which shows that ann Homa (S, A) = m;, finishing the proof.

O

We now have our main result concerning injective envelopes.

Proposition 4.6 Let A be a semisimple module over the artin algebra A
and let P — A be a projective cover for A in mod A. Then D(P") is an
injective envelope of A.

Proof 1t clearly suffices to prove this in the case where 4 is a sim-
ple A-module and P its projective cover. Hence P is indecompos-
able and so P* is also an indecomposable projective A°P-module. Now
P*/tP* ~ P* ®, (A/r) = Homp(P,A/r) = Hompx(P/tP,A/r). There-
fore, by Lemma 4.5, we have that ann(P /tP) = ann(P*/tP*) and so
A ~ D(P*/xP"). Since P* — P*/tP" is a projective cover, it follows that
D(P*/tP") — D(P") is an injective envelope. |

We now have a one to one correspondence between the nonisomor-
phic simple A-modules, the nonisomorphic indecomposable projective
A-modules and the nonisomorphic indecomposable injective A-modules.
More explicitly, if S is a simple A-module, we associate with S its
projective cover P and its injective envelope D(P”).

Let A be in mod A for an artin algebra A. For j > 1 we define by
induction soc/ A = A4 to be the preimage of soc(4/soc’~! A) in A. The
smallest integer ¢ with soc’ A = A is called the socle length of 4, denoted
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by sl(4), and 0 = socA = soc? A = --- = soc'"! A = A is the socle series
of A.

The radical series defined in I Section 3 and the socle series do not
necessarily define the same series of submodules of a module A. But
using that ™A = 0 if and only if (DA)r™ = 0 and that the duality D takes
radical series to socle series and socle series to radical series, we have the
following.

Proposition 4.7 Let A be an artin algebra and let A be in mod A. Then
we have rl(A) = sl(A). m]

5 Blocks

In this section A will be an artin algebra and we study the decomposition
of A into a product of indecomposable algebras, which are called blocks.
We shall see that the study of the module theory of A reduces to the
module theory for the corresponding blocks.

We first consider the case of a commutative artin ring R, and we show
that there is a close connection between ring summands and idempotents.
Let 1 =e; + -+ + e, be a decomposition of 1 into a sum of primitive
orthogonal idempotents. We first observe that e, ..., e, are then the
only primitive idempotents in R. For let e be a primitive idempotent in
R. Since e = ee| + - - - + ee, and each ee; is clearly an idempotent, there
is some i with ee; #+ 0 and ee; = 0 for i # j since e is primitive. We
further have e; = (1 — e)e; + ee;, which implies that (1 — e)e; = O since ¢;
is primitive. This shows that e; = ee; and hence ¢ = e;.

The decomposition R = Re; []...[[Re, of R as a sum of indecom-
posable projective modules gives in this case a decomposition of R into
a product of indecomposable rings Re;, with identity ¢;. Such a ring
decomposition clearly has to be given by a decomposition of 1 into a
sum of primitive orthogonal idempotents, and must hence be unique.
We also point out that Re; = ¢;Re; >~ Endg(Re;) is a local ring for all
i=1,...,n, since Re; is indecomposable.

Now let A be an artin R-algebra, where R is the center of A. We then
get the following.

Proposition 5.1 Let A be an artin algebra with center R, and 1 = e+ - -+e,
the decomposition of 1 into a sum of primitive orthogonal idempotents in R.
Then A = Aey X - -+ X Ae, is a decomposition of A into a finite product of
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indecomposable algebras A; = Ae; with identity e;, and this decomposition
is unique.

Proof We first have a decomposition A = Aey [[---]] Aen of left A-
modules. But since the ¢; are in the center of A, this is clearly an algebra
decomposition and e; is the identity of Ae;, We want to show that Ae is
an indecomposable algebra when e is a primitive idempotent of R. For
if Ae = Ay X A;, then e = f; + f,, where f; and f, are idempotents in
A1 and A; respectively, and they clearly lie in the center R of A. This
shows that f; or f,» must be zero, and hence Ae is an indecomposable
algebra. Similarly any decomposition A = A; X * -+ X Ay, into a product
of indecomposable algebras is given by a decomposition of 1 into a sum
of primitive orthogonal idempotents in R, and is hence unique. ]

Let now A = A; x -+ X A, be a product of indecomposable algebras
and 1 = e; + - - + e, the corresponding decomposition of 1. The A; are
called the blocks of A. We have natural ring maps A — A; for each
i, and in this way A; has a natural structure as a A-module. If A4 is
a A-module, then A = e;A]]---]] end, where ¢;4 is a A;-module and
hence a A-module. If 4 is an indecomposable A-module there is a unique
i such that A = ¢;4 and e;4 = 0 for j # i. We then say that 4 belongs to
the block A;. If B = ¢;B[] - -]]esB is another A-module, we have an
isomorphism Homa(4, B) ~ [[;., Homy,(e;A, e;B), functorial in 4 and B,
since clearly Homy(e;4,e;B) = O for i # j. This shows that the study of
mod A can be reduced to the study of modA; for i =1, ..., n. Hence
we can often without loss of generality assume that our algebras are
indecomposable.

Since the decomposition of A into blocks gives a partition of the inde-
composable modules according to the blocks to which they belong, we get
in particular a partition of the indecomposable projective A-modules. We
now show how to define this partition of the indecomposable projective
A-modules without reference to the block decomposition of A.

Denote by £ the set of indecomposable projective A-modules. We
say that a partition = 2, U--- U £, of the indecomposable projective
A-modules is a block partition if

(@) Homy(P,Q) =0 when P and Q belong to different #; and
(b) if P and Q are in £;, we have a chain

P=01—0— " —Qn1—Qn=20

in #;, with nonzero maps from Q; to Q;;1 or from Q;; to Q;, for
eachi=1,...,n—1.
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We leave the proof of the following result to the reader.

Proposition 5.2 Let A be an artin algebra and #? = P U---U P, a block
partition of the indecomposable projective modules.

(a) If we write A = P[] 11 P, where P; is a sum of indecompos-
able modules from 2;, then A ~ Enda(A)°P = Enda(P)P X -+ X
Enda(P,)°P gives the block decomposition for A.

(b) If P and Q are in P; with P # Q there is a chain P = Qy — Q) —
o= Qut — Qn = Q in P; such that Homa(Q;,¥Qi11/12Qi11) # 0 or
Homa(Qit1,1Q/1%Q;) # 0.

Exercises

1. Let A be an artin algebra, P an indecomposable projective module, I
an indecomposable injective module in mod A and M arbitrary in mod A.

(a) Prove that Homu (P, M) £ 0 if and only if P/xP is a composition
factor of M.

(b) Show that the length of Homy(P, M) as an End,(P)°P-module is
the same as the multiplicity of P/tP as a composition factor of M.

(¢) Prove that Homa(M,I) # O if and only if socl is a composition
factor of M.

(d) Show that the length of Homa(M,I) as an Enda(I)-module is the
same as the multiplicity of socI as a composition factor of M.

2. Let P be a finitely generated projective A-module. Prove that
P ®Engpyr :mod End(P)? — modA induces an equivalence from
mod End(P)°? to modP which is an inverse of Homa(P, )|modp:
mod P — mod End(P)°P. (Hint: Define ¢: P ®gna(pyr Homa(P, M) —
M by ¢u(p®f) = f(p) for M in mod A, for p in P and f € Homu(P, M),
and define yy : X — Homa(P, P ®gnq(p)» X) for each X in mod End(P)°P
by wx(x)(p) =p® x for all x € X and p € P).

3. Let Z be the integers and for each integer n let Z, = Z/(n).

(a) Show that Z, is an injective Z,-module for all n # 0.

(b) Let A4 be a finite abelian group. Show that there is a monomorphism
¢:Z/(ann A) — A where ann A4 is the annihilator of A.

(c) Let ¢ be as in (b). Show that ann A < ann(coker ¢).
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(d) Show that 4 ~ (Z/m)I(Z/(m2)]] - 11(Z/(n;)) for integers
ny,ny,...,nj such that njqln; for i = 1,...,j — 1 (rational canoni-
cal form of finite abelian groups).

(¢) Let n=pi'p7---pir be the prime factorization of an integer n > 0.
Show that Z/(n) ~ (Z/(p!))11---11(Z/(pz)) (Chinese remainder
theorem).

(f) Let A be a finite abelian group with (n) = annA4 with prime de-
composition n = p{ip? -+ - p». Show that there are integers s;;, with

A~ T, 5 si(Z/ 0.

4. Let A be an artin algebra and S a simple A-module. Let ¢ be a
primitive idempotent in A.

(a) Show that there is a projective cover Ae — S if and only if eS # 0.

(b) Show that eS #* 0 < (DS)e # 0.

(c) Show that there is a projective cover Ae — § if and only if there is
a projective cover eA — DS.

(d) Show that the morphism ¢: Homy(Ae, A) — eA given by ¢(f) = f(e)
is a A°P-isomorphism for each idempotent e in A.

5. Let k be a field and let A = k[X,...,X,] be the polynomial ring in
n indeterminates X1, -, X,. Let &/ be the category of finitely generated
graded A-modules, i.e. the objects M of &/ are the finitely generated
A-modules M together with a decomposition of M as a k-vector space
M = [,z M; where X;m; € M;;, for mj € M; and j = 1,...,n. We
denote the objects by M = (M, [[,cz Mi).

The morphisms in o/ are the degree zero morphisms, ie. if M and
N are two objects in &/ then Hom&/(M N ) are the A-homomorphisms
f:M — N such that f(M;) < N;.

(a) Let M = (M,][[,cz M:) be in . Show that there exists n € Z with
M;=0fori<n.
(b) Prove that o/ is a k- -category in which dimy(Hom JZC;(M N )) < oo for
each pair of objects M and N.
(c) Prove that o/ is not equivalent to mod A for any artin algebra A.

6. Let A be any ring and M a A-module of finite length. Let 0 =
Myc My =« M, -+ <« M, =M be a filtration such that M;.{/M; is
semisimple for i = 0,...,n — 1 and such that M;;/M] is not semisimple
if M] is a proper submodule of M;.
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(a) Prove that for each i we have that M; = soc’ M and consequently
n > sl(M).

(b) Prove that for each i we have that M; > rad"~ M and consequently
n = rl(M).

(c) Prove that M; ¢ soc™! M for any i > 1.

(d) Use (a) and (b) to prove n = sl(M) = rl(M). (Note that this
generalizes Proposition 4.7.)

7. Let A be a ring and let C be in Mod A.

(a) Show that set of morphisms from f to f' in Mod A/C is not closed
under sums so that Mod A/C is not a preadditive category.
(b) Let f:X > Candg:Y — C be in Mod A/C.

(a) Show that the pullback X x¢ Y — C is the product of f and
g in the category Mod A/C.

(b) Show that (f,g):X][[Y — C is the sum of f and g in
Mod A/C.

8. Let A be an artin algebra and #(A) the category of projective A-
modules.

(a) Prove that for an indecomposable object P in #(A) we have that
P /P is isomorphic to a submodule of A as a left A-module if
and only if for each epimorphism f:Q — P in £(A) there is some
g:P — Q with fg = 1p.

(b) Prove that if an indecomposable object P in 2(A) is projective in
2(A) then P /tP is isomorphic to a submodule of A.

(c) Prove that all indecomposable objects P in #(A) are projective in
2(A) if and only if P /xP is isomorphic to a submodule of A for all
indecomposable objects P in 2(A).

(d) Prove that all objects in 2(A) are injective as objects of 2(A) if and
only if for each simple right A-module S we have that A contains a
right A-submodule isomorphic to S.

(e} Prove that mod A has no module of projective dimension 1 if and
only if all objects of (A} are injective as objects of 2(A).

Notes

The basic theory of equivalences of categories can be found in for
example [No]. Our approach follows [No] closely, formulated in terms of
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R-categories and R-functors. Most of the standard material on rings and
modules is found in [AnF]. Note that our proof of the Krull-Schmidt
theorem is essentially the standard proof, but is organized differently
since we first prove it for projective modules and then reduce the general
case to the projective case. For a generalization to the case where
there is an infinite number of summands with local endomorphism rings
(Azumaya’s Theorem) we refer to [AnF].
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Examples of algebras and modules

The main object of study in this book is the finitely generated modules
over artin algebras. A central role is played by the simple, projective
and injective modules studied in the previous chapters. In this chapter
we study some classes of algebras where the module categories have
an alternative description which is sometimes easier to work with. The
algebras we investigate are path algebras of quivers with or without
relations, triangular matrix algebras, group algebras over a field and
skew group algebras over artin algebras. These examples of algebras and
their module categories are used to illustrate various concepts and results
discussed in the first two chapters.

1 Quivers and their representations

In this section we introduce quivers and their representations over a
field k. The notion of quiver and the associated path algebra come
up naturally in the study of (not necessarily finite dimensional) tensor
algebras of a bimodule over a semisimple k-algebra. The representations
of a quiver with relations correspond to modules over a factor algebra of
the associated path algebra. This way we get a concrete description of the
modules in terms of vector spaces together with linear transformations.
This is particularly effective in describing the simple, projective and
injective modules. We show that any finite dimensional basic k-algebra
is given by a quiver with relations when k is algebraically closed.

We start with the basic definitions. A quiver I' = (I'g, I';) is an oriented
graph, where Iy is the set of vertices and I'y the set of arrows between
vertices. We assume in this section that I" is a finite quiver, that is, I'y
and I'; are both finite sets. We denote by s:I'y — I'g and e:T'y — T
the maps where s(a) = i and e(x) = j when a:i — j is an arrow from

49
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the vertex i to the vertex j. A path in the quiver I is either an ordered
sequence of arrows p = a, -+ a; with e(a,) = s(o4y) for 1 <t < n, or
the symbol ¢; for i € I'g. We call the paths e; trivial paths and we define
s(e;) = e(e;) = i. For a nontrivial path p = a, - - - «; we define s(p) = s(«;)
and e(p) = e(a,). A nontrivial path p is said to be an oriented cycle if
s(p) = e(p).

For a field k, let kI be the k-vector space with the paths of I" as basis.
To see that kI" has a natural structure as a k-algebra, we define a k-linear
map f:kI' — Endi(kI') as follows. It is enough to define f(p) for any
path p in I, and it is sufficient to define f(p)(g) for any path g in I, since
the paths form a basis for kI' as k-vector space. We then define, for the
trivial paths ¢;

0 otherwise,

flea) = {‘1 if elq) =1,

and for an arrow « € Ty,

ag if e(q) = s(x) and q is a nontrivial path,
f()g) = { a if g = ey,

0  otherwise.
If p=a,---oy is a nontrivial path in I', we define f(p) = f(an) - f(ot1).
For an element ¢ = Zf=1 a;p; in kI', with g; € k and p; a path for
i=1,...,1, we then have f(o) = >_;_; a:if(p;). We see that {3, &) = 1.
Ifo =Y i_;aipi # 0, then f(6)(Ycr, &) = 6 # 0, so that f(d) # 0. Hence
f is an injective map, so that f:kI" — Im f is an isomorphism of k-vector
spaces. Since 1 € Im f and clearly f(p)f(p’) = f(pp') € Imf for paths
p and p’ in T, it is easy to see that Im f is a k-subalgebra of Endi(kTI").
Hence Im f is a k-algebra, and there is induced via f a k-algebra structure
on kI, by defining, for paths p and ¢ in T,

pq if e(q) = s(p) and p, q nontrivial,
_ if ¢ = eyp),
P@=f"GEf@) =" 1170
q ifp= €e(q)»
0  otherwise.
This k-algebra kI' is called the path algebra of T' over k. Note that
Y icr, ¢ is the identity element of kT
The following is an immediate consequence of the definition.

Proposition 1.1 If k is a field and T a finite quiver, then KI" is a finite
dimensional k-algebra if and only if T has no oriented cycles. a

We illustrate with some examples.
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Example Let k be a field and I" the quiver X 5 ; £> e Then {ey, es,e3,,

B, B} is a basis for the path algebra kI" over k.
As illustration of multiplication of paths we have (e;)(x) =0, («)(ey) =

% (a)(B) = 0 and ()() = Ba.

Example Let k be a field and I the quiver 1- O% Then {e;, o, o,...,0,.. .}
is a k-basis for kI, and (o/)(o/) = o'/ for i > 0 and j > 0. Clearly k"
is isomorphic to the polynomial ring k[X] in one variable X over k, by
identifying o with X* for i > 0.

Example Let £ be a field and I' the quiver Te—> - 3, Write
pr = yBo, p» = apf and p3 = Pay. Then {p},ps, p5 b}, Bph,vp5,
Bop!,yBps, aypili = 0} is a k-basis for kT, where p? = ;.

1
, N
Example Let k be a field and T" the quiver 2 - -3 . Then
Y \ / é
4

{e1,e2,e3,e4,0, B,7,0,y0, 6B} is a k-basis for kI

We now show how path algebras of quivers over a field come up nat-
urally in connection with tensor algebras. Associated with the pair
(X,zVz) where X is a ring and V a Z-bimodule is the tensor ring
T(Z,V). If we write the n-fold tensor product Vs Ve ---®sV
as V", then T(Z,V)=X[[VIIV?*I]---1IV']] - as an abelian group.
Writing V? = Z, multiplication is induced by the natural Z-bilinear maps
Vix Vi — Vit fori>0and j>0.

We shall use the following criterion for constructing ring morphisms
from tensor rings to other rings.

Lemma 1.2 Let X be a ring and V a X-bimodule. Let A be a ring and

f:Z]1V — A a map such that the following two conditions are satisfied.

(i) fl=: £ — A is a ring morphism.

(i) Viewing A as a Z-bimodule via f|5:X — A then fly:V — Ais a
Z-bimodule map.

Then there is a unique ring morphism ?: T(Z,V) — A such that 7|EH y =

f.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.004
https://www.cambridge.org/core

52 Examples of algebras and modules

Proof Consider the map ¢:V x V — A defined by ¢(v1,v2) = f(v1)f (v2)
for v; and v, in V. We have for r € Z that ¢(vyr,v3) = f(vir)f(v) =
frf() = f)f(rvz) = @(vr,rv2), using that  fly:
V — A is 2 Z-bimodule map. Hence there is a unique group morphism
f2:V ®s V — A such that fi(v; ® v2) = f(v1)f(v2). Considering V @z V
as a X-bimodule in the natural way, it is easy to see that f>: V®z V — A
is a Z-bimodule map. By induction we get a unique Z-bimodule map
fn: V" — A such that fu(v)y ® - ® va) = f(v1) - f(vs). Then we define
FiTE V) > A by F(Town) = g falwn) for Siegw, € T(Z,V)
with w, € V" It is an easy calculation to check that f is a ring mor-
phism, and ? is clearly uniquely determined by f. a

For an artin R-algebra ¢: R — X we only consider those Z-bimodules
V such that rv = vr for all r in R and v in V. Then the ring morphism
P:R->Z[IVII 11V - given by p(r) = (¢(r),0,...,0,...) for all
r in R has its image in the center of T(Z, V) because R acts centrally on
T and V and hence on Vi for all i = 0,1,..., i.e. rv = vr for all r in R
and v in V' for all i > 0. Thus the ring morphism y:R — T(Z, V) makes
T(Z,V) an R-algebra and this is the only way we consider T'(Z, V) as
an R-algebra. Further if in Lemma 1.2 the rings £ and A are R-algebras
and f:Z][V — A is such that f|z is a morphism of R-algebras, then
the unique ring morphism f T(Z,V) — A such that f IEHV fisa
morphism of R-algebras.

Before beginning our discussion of the connection between path alge-
bras and tensor algebras, it is convenient to make some definitions.

Let k be a field. For each positive integer n we denote by [],(k) the
k-algebra which as a ring is k x --- x k, the product of k with itself
n times, and has the k-algebra structure given by the ring morphism
¢:k — [1,(k) where ¢(x) = (x,...,x) for all x in k. Let £ =[], (k) and
let V be a Z-bimodule where k acts centrally, that is av = va for a € k
and v € V, and assume that V is finite dimensional over k. Then the
tensor ring T(Z, V) is a k-algebra, and we can associate with T(Z, V)
a quiver I' = (I'p,I';) in the following way. The set of vertices Iy is
{1,...,n}. Let ¢ for i = 1,...,n be the idempotent of ¥ with the ith
coordinate equal to 1 and the other coordinates zero. Then €;Ve; is a
k-subspace of ¥ and there will be dimy €;Ve; arrows from i to j in T
The quiver I' = (I'o, I'1) constructed in this way is called the quiver of
T(Z, V).

For a path algebra kI denote by J the ideal in kI" generated by all
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the arrows in I'. We then have the following connection between tensor
algebras and path algebras.

Proposition 1.3 Let k be a field, and Z = [],(k). Let V be a Z-bimodule
where k acts centrally and which is finite dimensional over k. If T is the
quiver of the tensor algebra T(X,V), there is a k-algebra isomorphism
¢:T(Z,V) — kT such that ¢(]1;, V’)=J".

Proof We have a k-algebra homomorphism f:X — kI" with image kI'y
defined by f(ai,a,...,a,) = > ;_; aie; for g; in k and a k-isomorphism
f:V — kI'y defined by giving a bijection between a chosen basis for
each €;Ve; and the set of arrows from i to j. Then it is easy to see
that kI'; is a X-subbimodule of kI" and that f:V — kI'; is an iso-
morphism of X-bimodules when kI is viewed as a Z-bimodule via the
isomorphism f:¥ — kIp. Hence there is by Lemma 1.2 a ring mor-
phism ?: T(Z,V) — kI extending f:Z[[V — kI. It is clear that f
is a surjective k-algebra morphism with f(]_[ st V/) = J'. We obtain a
k-basis for V* formed by elements v; ® - - - ® v, where there is some path

= + — - — - = -in I such that v; is amongst the chosen basis
iy B—1 Ui} 1o

elements in €;_ Ve;, for j=1,...,t. Then ]7(171 ® - ®u,) is a path from
i, to ip, and distinct basis elements are mapped to distinct paths. This
shows that 17 is injective, and hence ¢ = ]7 is a k-algebra isomorphism
with the desired properties. m|

We now investigate the indecomposable projective modules for a finite
dimensional path algebra kI" over a field k. Since kT is finite dimensional
it follows that I has no oriented cycles by Proposition 1.1. It is then
easy to see that the ideal J generated by the arrows is nilpotent. Clearly
kI'/J ~ key x - -+ X ke, as k-algebras, where I’y = {1,...,n} is the set of
vertices of I'. Since kI'/J is semisimple, it follows from I Proposition 3.3
that J = r, the radical of A = kI'. Hence A is a basic k-algebra by
II Proposition 2.7. Since 1 = ey + - + e, is a decomposition of 1 into
a sum of orthogonal idempotents, we have A = Ae; [[---]] Aey, where
Ae; is a projective module for i = 1,...,n, which is indecomposable since
Ae;/re; is one-dimensional over k. Clearly the paths p with s(p) = i
constitute a k-basis for the indecomposable projective A-module Ae;.

A vertex i in T is called a sink if there is no arrow o with s(«) = i and
a source if there is no arrow a with e(x) = i. Then Ae; is simple if and
only if i is a sink.
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The nontrivial paths p with s(p) = i are obviously a basis for re;.
Denote by «y,...,«, the arrows with s(«;) = i. Then any nontrivial path
p with s(p) = i is of the form ga; for some j, where g is a path with
s(q) = e(a;). Hence we have re; = [[)_; Aexa)j = [Tjo; Ay, S0 We
have proved that r is a projective A-module. Therefore we have the
following by using I Corollary 5.2.

Proposition 1.4 Let k be a field and T a quiver without oriented cycles.
Then the finite dimensional k-algebra kI is hereditary. |

Actually, one can show that kI" is (left) hereditary even if I" has
oriented cycles.

For a finite dimensional path algebra kI" with vertex set I'p = {1,...,n}
the indecomposable injective kI"-modules are up to isomorphism of the
form I; = Homg(e;(kT'),k) for i = 1,...,n. Clearly the paths p with
e(p) = i form a k-basis for the projective (kI')°P-module ¢;(kI"). We take
the dual basis consisting of elements p* for paths p with e(p) =i to get
a k-basis for I;. For such a basis element p* and a path q in I" we have
(gp*)u) = p*(uq) when u is a path with e(u) = i. Hence we have

« _Ju if p=ugq,
P {0 otherwise.

We illustrate the description of the projective modules and their radi-
cals and of the injective modules with some examples.

Example Let k be a field and I" the quiver : 5 ; L ¥ Then (kT')e; has
k-basis {ej,a, fa}, (kI')es has k-basis {e;, f} and (kI')e; has k-basis {e3}.
We have re; = (kI')a = (kINeya ~ (kT')e; and te; = (k') = (kD)esf ~
(kI')e; and re; = 0.

The projective (kI')°P-module e;(kI") has k-basis {e;}, so that {e]} is a
k-basis for the corresponding injective kI'-module I;. Further the injective
kI'-module I, has k-basis {e5,a"} and I3 has k-basis {e3, 5", (Bx)"}. The
operation of A on I3 is illustrated by e;* =0, e;8* = B°, a(fa)* = °
and ff* =ej.
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1
o ' B
2y~<.>5~ 3 . Then (kI')e,
4

has k-basis {eq,a, B,ya, 8B}, (kT')e; has k-basis {ey,7}, (kI')es has k-basis
{es,8} and (kT')e4 has k-basis {e4}.
We have re; ~ (ke [[(kT')e; and re; ~ (kI')eq ~ re3 and req = 0.
The injective kI'-module I; has k-basis {ej}, I, has k-basis {e},a"},
I3 has k-basis {e3,f°} and I, has k-basis {e},y",6",(ya)",(68)"}. The
operation of A on I, is illustrated by a(yax)* = 7" and B(yx)* = 0.

Example Let k be a field and T the quiver

We next want to study the connection between modules over path
algebras and representations of the quivers.

Let C be a module over the path algebra kI. Then C = [[,.r, &C
gives a decomposition of C into a finite sum of vector spaces over k.
And if « is an arrow from i to j, then left multiplication by « induces
a k-linear map from e;C to e;C. This motivates the following definition,
which gives us a concrete way of viewing the modules over path algebras.

A representation (V, f) of a quiver I" over a field k is a set of vector
spaces {V(i)li € Ty} together with k-linear maps f,:V (i) — V(j) for
each arrow «:i —> j. We here assume that the representations are finite
dimensional, that is, each V(i) has finite dimension over k.

A morphism h:(V,f) — (V', f') between two representations of I" over
k is a collection {h;: V(i) > V'(i) }ier, of k-linear maps such that for each
arrow a:i — j in I" the diagram

Vi) B v
1 1 I 1
ve) % V)
commutes. If h:(V,f) - (V',f') and g:(V',f') — (V",f") are two
morphisms between representations then the composition gh is defined
to be the collection of maps {g;h;: V(i) — V"(i)}. In this way we get
the category of (finite dimensional) representations of I' over k, which we
denote by RepI'. We introduce some basic terminology in RepT.

We say that an object (V, f) is a subobject of an object (V', f') in RepI’
if V(i) = V(i) for all i € Ty and f, = f,|v) for each arrow a:i — j.
For a morphism h:(V,f) — (V',f’) we define the kernel Kerh to be
the subobject (W, f") of (V, f) defined by W(i) = Kerh; for i € Iy and
fy = falwg) for each arrow «:i — j. We here use that f,(Kerh;) < Kerh;
for each arrow «:i — j, which is easy to see. Further we define the image
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Im h of h to be the subobject (U, g) of (V, ') defined by U(i) = Im h; and
2« = flimp, for each arrow a:i — j. The object (V, f) where V(i) = 0 for
alli eI'y and f, = 0 for all « € T'y is the zero object in RepT. It is easy
to see that a morphism h:(V,f) — (V',f’) is a monomorphism in Rep I’
if and only if Kerh = 0 and that & is an epimorphism if and only if
Imh = (V', f’). Clearly h is an isomorphism if and only if h;: V(i) - V(i)
is an isomorphism for all i € I'y. We say that a sequence of morphisms
v, N LN 488 LA (V",f"y is exact if Img = Kerh. This is clearly the
case if and only if the induced sequences V(i) 5 V'(i) L V(i) are exact
for all i € T'y.

A sum of two objects (V, f) and (V',f') in RepT is the object (W,g)
where W(i) = V(i) [[V'(i) foreachie Tyand g, = f, ][ f; foralla € T';.
An object (V, f) is said to be indecomposable if it is not isomorphic to the
sum of two nonzero representations. An object (V, f) is simple if it has
no proper nonzero subobjects. A simple object is clearly indecomposable.
For each vertex i € I'y we have a simple object (S;, f) given by S;(i) =k
and S;(j) = 0 for j # i, and by f, = O for each arrow o € I';. We leave
to the reader to check that RepI is a k-category.

We illustrate with some examples.

Example Let k be a field and T" the quiver 1 - %-2. Let V be the
1 a!

representation k 3 k and W the representation k :1; k, where a # 0 in k.

Then we have an isomorphism h: V — W given by hy = 1, and hy:k — k

being multiplication by a~1.

Example Let k be a field and I' the quiver - ©% For each A € k there is
a simple representation (S, f7) given by S;(1) = k and f*:k — k being
multiplication by A. It is easy to see that if 1 # A’ then (S;, f}) and
(Sy, f¥) are not isomorphic in RepT".

We now want to show that the categories RepI” and f.d.(kI") are
equivalent, where f.d.(kI") denotes the category of kI'-modules of finite
k-dimension. We start by defining functors F:RepI’ — f.d.(kI') and
H:fd.(kI') = RepT.

For (V,f) in RepI' we define F(V,f) to be [[;cr, V(i) as a k-vector
space. For each arrow «:i — j we have a k-linear map f,: V(i) — V(j).
If we denote by =n;: F(V,f) — V(i) the projection and by &: V(i) —
F(V,f) the inclusion according to the decomposition of F(V,f), there
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is induced a map f, = Eifani: F(V,f) — F(V,f). For the trivial path
e; we have the induced map f, = &fomi:F(V,f) — F(V,f) where
fe = ly@: V() > V(). Then f:kI'y — Endi(F(V,f)) is a k-algebra
morphism and f:kI"; — Endy(F(V, f)) a kT'g-bimodule morphism. Hence
there is by Lemma 1.2 and Proposition 1.3 a unique k-algebra morphism
7: kI’ = Endi(F(V, f)) extending f, so that F(V, f) becomes a kI"-module.

Let h:(V,f) — (V',f’) be a morphism in RepI". Then we have a
k-linear map h;: V(i) — V(i) for each i € I'y, and hence an induced map
of vector spaces h: F(V,f) — F(V',f’). For each arrow a:i — j in I'y
we have h;f, = fihi: V(i) = V'(j). Hence we have hfa = f’h so that
we get hf, = f’h for each ¢ € kI'. In other words, h(av) = ah(u) for
v € F(V,f), so that hisa kI'-map. Then we define F(h) = h. It is now
straightforward to see that F:RepI' — f.d.(kI') is a k-functor.

We next want to define a functor H:f.d.(k') — RepI". Let C be in
f.d.(kI'). Since 1 = e1+- - -+ ¢, is a sum of orthogonal idempotents in kT,
we get a sum of vector spaces C = [[;.r, &:C. For each ¢ € kI" we have
a map f,: C — C defined by f,(c) =oc. If a:i — jis an arrow in I" we
have a(e;C) = e;jaC < ¢;C, so that « induces by restriction a k-linear map
f«:eiC — ¢;C. We now define H(C) to be the representation given by the
k-vector spaces e;C for each i € I'y together with the maps fy:¢,C — ¢;C
for each arrow a:i — j.

If h: B — C is a morphism in f.d.(kI"), we have h(e;B) < ¢;h(B) < ¢;C,
so we get by restriction a k-linear map h;:e;B — ¢;C. For an arrow
a:i — j we have ah(b) = h(ab) for b € B, and hence ahi(b) = hj(ab)
for b € ¢;B. In other words we have f hi(b) = h;f.(b), so by letting
H(h) = {h;} we get that H(h): H(B) — H(C) is a map in RepI. It is
straightforward to show that H is a functor from f.d.kI" to RepT.

We can now prove the following,

Theorem 1.5 Let k be a field and T" a finite quiver. Then the functors
F:RepI’ — f.d.(kI") and H:f.d.(kI") = RepI are inverse equivalences of
k-categories.

Proof Let(V,f)bein RepI'. Then F(V, f) = [licr, V(i) and e;F(V, f) =
fel.(F V,) = &) If a:i — j is an arrow in T, the k-linear map
fa: V(i) — V(j) induces the k-linear map f,:F(V,f) —» F(V,f). The
restriction of f, to &i(V(i)) gives a k-linear map f,:E(V (i)) — &;(V(j).
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For each arrow «:i — j we have the commutative diagram

viy S &)

i I 7
. & ,
Vi) = Vo).
Using that HF(V,f) is the representation given by the collection
{E(V(i))}, we get that ¢ = {} gives an isomorphism &:(V,f) —
HF(V,f). It is not hard to verify that ¢ is an isomorphism of func-
tors from 1repr to HF.
Let now B and C be in f.d.(kI"), and f:B — C a kI'-map. Then we
have the commutative diagram

B ER C
s 1
fLll-Tf,
Hiel‘o ;B - Hiel‘o e;C,
where f;:¢;B — ¢;C are the restriction maps. From this it follows that
we have an isomorphism of functors from 1¢q¢r) to FH. O

Since there are finite dimensional k-algebras which are not hereditary,
not every basic finite dimensional k-algebra, even when k is algebraically
closed, is isomorphic to the path algebra of a quiver. But as we shall
see later on in this section, if A is a basic finite dimensional algebra
over an algebraically closed field k, then A is a factor of a path algebra
kT for some finite quiver I. Therefore mod A is a full subcategory of
f.d.(kT'), and is hence equivalent to some subcategory of RepI'. In order
to describe this subcategory we are led to the following definitions.

A relation ¢ on a quiver I' over a field k is a k-linear combination
of paths ¢ = ajp; + - + a,p, With a; € k and e(py) = --- = e(p,) and
s(p1) = - -+ = s(p,). We here assume that the length I(p;) of each p;, that
is the number of arrows in each path, is at least 2. If p = {6, }er is a set
of relations on I'" over k, the pair (T, p) is called a quiver with relations
over k. Associated with (T, p) is the k-algebra k(T, p) = kI'/{p), where
(p) denotes the ideal in kT" generated by the set of relations p. We have
by assumption {(p) = J2, where J is the ideal of kI" generated by all the
arrows in I'.

We are mainly interested in the algebras k(T p) where J! = {p) = J?
for some integer t. These are clearly finite dimensional, and we have the
following description of the radical, where for an element x in kI" we
denote by X the corresponding element in k(T, p).
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Proposition 1.6 Let k be a field and (I, p) a quiver with relations over k.
Assume that J* = (p) < J? for some t. Then the image J of J in k(T’, p) is
rad k(T, p).

Proof We have J' =0and k(T, p)/J ~ [1,(k), where n is the number of
vertices of I'. In particular k(I, p)/J is semisimple. It then follows from
I Proposition 3.3 that J = rad k(T p). O

Note that (T, p) may be a finite dimensional algebra without J being
the radical as we now show.

Example Let k be a field and T the quiver - 0% and p = {«* —a?}. Then
k(T,p) = kT'/{o® — a?) ~ k[X]/(X?® — X?) ~ (k[X]/(X?)) x k and J has
k-basis {&,&*}. But & is not in the radical of k(T p).

We now want to describe the indecomposable projective A-modules
when A = k(I', p) for a quiver with relations (T, p) such that J* < (p)
for some t. We have that 1 = 3,1 & is a decomposition of 1 into a
sum of orthogonal idempotents, and A = [ [, A:. We see that Ag; is a
projective cover of the simple module associated with the vertex i, and is
hence indecomposable. Since the elements 7 in A where p is a path with
s(p) = i generate Ae; as k-vecter space, we can always find a k-basis for
Ae; consisting of elements p where p is a path with s(p) = i.

We illustrate with some examples.

Example Let k be a field and T" the quiver : 5 ; LA ; RN R Let p be
the set of relations {fa,yB} for I over k. Then {Bo,yB,yfo} is a k-basis

A = k(T, p). The module A, has k-basis {e;,&}, Ae, has k-basis {&, B},
Ae; has k-basis {€3,7} and Ae, has k-basis {e4}.

1
o ’ B
Example Let k be a field and I the quiver 2 '/ N :

v\./cs

3 . Let p consist

of the relation ya — 8 on I" over k. Then for A = k(T p) we see that Ae;

has k-basis {e;,d, f,7&}. Further, Ae, has k-basis {€,,7}, A€; has k-basis
{e3,8} and Ae, has k-basis {e;).
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2
1 SN 3
Y
{Ba,yB,ay} a set of relations on I over k. Then A = k(T, p) has k-basis
{e1,e,,e,9, B,7} and Ae; has k-basis {&;,a}, Ae, has k-basis {e,, B} and
A@; has k-basis {e3,7}.

Example Let k be a field and I' the quiver and p =

For a quiver with relations (I', p) over a field k we define the category
Rep(T", p) of representations to be the full subcategory of RepI” whose
objects are the (V, f) with f; = 0 for each relation ¢ in p. Then we get
the following.

Proposition 1.7 Let k be a field and (I',p) a quiver with relations over
k. Then the functor F:Repl' — f.d.(kI') induces an equivalence of k-
categories between Rep(T, p) and £.d.(k(T, p)).

Proof 1If (V,f) is in Rep(T, p), then by definition the map f, is zero for
all ¢ in p. Hence o F(V,f) =0, so that F(V,f) is a k(T, p)-module.

If conversely F(V, f) is a k(T', p)-module, then ¢ F(V,f) = 0 for all ¢
in p, so that f, = 0 for all ¢ in p. Hence (V, f) is in Rep([, p). In view
of Theorem 1.5, this finishes our claim. ]

Note that we have f.d.k(I', p) = mod k(T, p) when J! = (p) = J? for
some t. We then get the following consequence of F being an equivalence
of categories by using II Proposition 1.3.

Proposition 1.8 Let k be a field and (T, p) a quiver with relations over k
such that J* = (p) < J?* for some t, and let F:Rep(T, p) — modk(T, p) be
the above equivalence. Then we have the following.

(a) An object (V,f) in Rep(T, p) is projective (respectively injective, sim-
ple, indecomposable ) if and only if F(V, f) is projective (respectively
injective, simple, indecomposable ) in mod k(T’, p).

(b) A sequence (U,f) — (V,g) — (W,h) in Rep(T, p) is exact if and
only if the induced sequence F(U,f) — F(V,g) — F(W,h) is exact
in mod k(T, p).

Proof Since F is an equivalence of k-categories we know by II Proposi-
tion 1.3 that (V, f) is projective (respectively injective) in Rep(T, p) if and
only if F(V,f) is projective (respectively injective) in mod k(I, p). The
rest is an easy consequence of the definitions. ]
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Whenever it is convenient we shall view the equivalence between
Rep(I', p) and mod k(T p) as an identification. It is useful to describe
the projective, injective and simple objects in Rep(T, p) directly. We also
interpret the ordinary duality D and the duality Homa( ,A) on projec-
tives in the context of representations when A = k(T", p). In addition we
interpret the radical and the socle of a module in the category Rep(T’, p),
and also the Grothendieck group. For these interpretations we assume
that J* = {p) = J? for some ¢.

We have considered simple objects S; in Rep(T, p), for each i € I,
which are in one to one correspondence with I'y and hence with the simple
k(T', p)-modules. Therefore there are no other simple representations of
(T, p).

Let P; = Ag; be an indecomposable projective A-module where A =
kT, p), and let (V,f) = H(P;) be the corresponding representation of
(T, p). Then we have by definition that V(j) = ¢;P;. If we start with
a k-basis for P; consisting of elements p where p is a path in I" with
s(p) = i, we get a k-basis for V(j) by picking the basis elements 7 where
e(p) =j. If a:i — j is an arrow, we get a map f,: V(') - V(j) by
defining f,(p) = &p when e(p) =i'.

For a quiver I" with set of vertices {1,...,n} we denote by I'°P the
quiver having the same set of vertices. For each arrow a:i — jin I
there is an arrow o°P:j — i in I'°P. For a path p =, - o in I" let p°P
be the path oy -+ -« in T'°P. For a relation ¢ in T over k, denote by
o°P the induced relation in I'°?. Then we have k(I p)°P ~ k(I"°P, p°P).
For the finite dimensional algebra A = k(I', p) we have an isomorphism
(A%;)" = Homa(A#;, A) ~ &A = A°Pe* given by sending g: A, — A to
g(@).

When (V,f) is in Rep(T, p) we want to describe the representation
of (I'°P, p°P) which corresponds to the k(T, p)°P-module DF(V,f). We
denote this representation by (D(V'), D(f)). As a k-vector space DF(V, f)
is D(Iier, V() = Homk(]_[,.el-0 V (i), k). For the vertex i the vector space
D(V)(i) is e;°’DF(V,f) = D(e;F(V,f)) = D(V(i)) = Homy(V (i),k), where
we identify ¢;F(V, f) with V (i). This describes the vector space of the dual
representation as the dual spaces at each vertex. Next consider an arrow
a:i — j and the corresponding linear map f,: V(i) — V(j). Applying
the duality with respect to the field we get a map D(f,): D(V(j)) —
D(V(i)) given by D(f,)(t)(v) = t(f«(v)) for t in D(V(j)) and v in V(i).
Now let D(f)ar = D(fy). It is straightforward to verify that if (V,f)
is in Rep(I, p) we get that (D(V),D(f)) is in Rep(I'°?, p°P) and that
DF(V,f) ~ F(D(V), D(f)).
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We now get the following way of interpreting the duality for the
simple, projective and injective representations. If (S, f) is the simple
representation in Rep(I', p) corresponding to the vertex i we know that
Si(j) = 0 for j # i and Si(i) is a one-dimensional vector space and f, =0
for all arrows «. Hence (D(S;), D(f)) is obtained by taking the dual space
D(S;(i)) at the vertex i in I"°P which is also one-dimensional and with all
maps being zero.

Consider the projective representation (V, f) in Rep(T, p) correspond-
ing to the vertex i of I'. We have vector spaces V(i) for i € I'y and mor-
phisms f, for « € I'y. Then (D(V), D(f)) is obtained by D(V)(i) = D(V (i)
for i € TyY and D(f)e» = D(f,) for «®® € T'{’. But we have that
(V.f) is a projective representation if and only if F(V, f) is a projective
k(T", p)-module. It then follows that DF(V,f) is an injective k(I", p)°P-
module. But k(T", p)°P = k(I"°P, p°P) and hence (D(V), D(f)) is an injective
representation in Rep(I"°P, p°P).

Conversely starting with the projective representations in Rep(I"°P, p°P)
and taking their duals we get the injective representations in Rep(T, p).
From linear algebra it is well known and easy to see thatif f:V — W is
a linear map between finite dimensional k-vector spaces represented by a
matrix M relative to bases # and ¥ in V and W respectively, then using
the dual bases #° of D(V) and ¢* of D(W) respectively one gets that
the matrix representing D(f) with respect to these bases is the transpose
of the matrix M. In this way one gets an easy way of describing the
injective representations of (I, p) as we will show on examples.

Identifying modules with representations, the duality ( )*: #(A) —
P(A°P) between projective left and right A-modules induces a duality
also denoted by ( )* between the projective representations of (I, p) and
of (I'°?, p°P), when J* = {p) = J? for some t. If P; is the indecomposable
projective representation corresponding to a vertex i in I, then P;” is the
projective representation of (I'°P, p°P) corresponding to i.

If (V,f) is a representation of (I', p) we want to describe the subrepre-
sentation v(V, f) = (U, f') of (V, f) corresponding to the k(I', p)-module
tF(V,f) and the subrepresentation soc(V, f) = (W, f") of (V,f) corre-
sponding to the k(I', p)-module soc F(V, f). Since r is generated by the
arrows, we have U(i) = > e@)=i Jo(V (s(2))), the subspace generated by the
images of the maps f, to V(i). For each arrow a:i — j let f, be filug
which clearly is a k-linear map from U(i) with image in U(j). Further
we have W (i) = ﬂsm:i Ker f,, consisting of the elements which go to 0
by all maps f, from V(i). Clearly f,(W(i)) = 0 for each arrow a:i — j
so we let f;, = 0.
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We also note that the associated elements in the Grothendieck group
have a simple description when we start with a representation (V, f) of
(T, p). If S; denotes the simple k(I", p)-module corresponding to the vertex
i, then the associated element [F(V,f)] of (V,f) in the Grothendieck
group Ko(mod k(T', p)) is ¥ er, dimy V(IS

We now illustrate the various interpretations on concrete examples.

Example Let k be a field and I" the quiver ; 5 ; LA ; KN R Then

op op op
I'°P is the quiver 11—}—32—4 The projective kI'-module P; = Ae;

which has the k-basis {e;,a, fo,yfo} corresponds to the representation

k5 k 4 k 4 k and P corresponds to the representationk <~ 0 < 0 « 0
of I'°?. The module P, = Ae; has k-basis {e, ,78} and corresponds

to the representation 0 — k Led k, whereas P, corresponds to the
representation k <l—k — 0 « 0 of T°P. Then I, = D(Py) corresponds to
the representation k — 0 — 0 — 0 and I, = D(P;) to the representation

kS k—0— 0 of I. Note that we could here also use the explicit
description of the injective kI'-modules given earlier in this section.

If we consider the relation p = {yf} on I, then the representation
corresponding to the projective k(T, p)-module Ae, with k-basis {2, B}
is0—>k 4 k — 0. The representation corresponding to the projective
k(T, p)°P-module (Ae,)" is kék < 0 « 0. The representation corre-
sponding to the projective k(I", p)-module Ae; is 0 > 0 —» 0 — k and to
the injective module I, is 0 - 0 — k Lk

Example Let k be a field and I' the quiver 1 - %{-2. Then I'P is the

%P 1
quiver 1 - ;; 2. Let (V, f) be the representation k 3 k of I', where V(1)
op a

has k-basis {u}, V(2) has k-basis {v} and f,(u) = v and fg(u) = av,
where a € k. Let {u"} and {v"} be the dual basis for DV(1) = V(1)*
and DV(2) = V(2)" respectively. If we write D(V,f) = (DV,Df), then
(Df)sr (™)) = v*(fuu)) = v*(v) = 1, so that (Df)w(v") = u* and
consequently (Df)yee = f. Further we have (Df)gor(v*)(u) = v*(fp(n)) =
v*(av) = a so that (Df)ge(v*) = au”. Hence D(V, f) is the representation

1
kek of TP,
The projective k(I')-module P; has k-basis {e;,a, f} and corresponds
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fﬂ
to the representation k f:’, k]1k where f,(b) = (b,0) and fg(b) = (0,b) for
8

b € k. The projective k(I')-module P, has k-basis {e;} and corresponds
to the representation 0 =3 k. The projective kI'°P-module P corresponds

8a0
to the representation k & 0 of I'°? and P, to k[[k ::p k, where g,oe(c) =
gpop

(c,0) and ggw(c) = (0,c) for ¢ € k. The injective k(I')-module I, = DP;
corresponds to k 3 0 and I, = DP; to k[[k %k where f,(b,c) = b and
fglb,c) =cfor b, cin k.

Let (V,f) be the representation k [Tk ]k %{ k11k where f, = (399)

and fg = (J o J) relative to the standard bases for k [Tk [[k and k[] k.

Then an easy calculation shows that D(V,f) = (DV,Df) is the repre-
(Df )ao
sentation k[[k[[k & k][k when D(nk) is identified with nk through

(Df)gop
dual bases, where (Df)yr = (?l,z) and (Df)gr = (z(?)) relative to the
standard bases. We see that the dual is given by the transposed matrices,
when we are using dual bases.

Example Let I' be the quiver

o 2 B
— T B

and (V, f) the representation

ks ke 2
L5
k ,

where fa(a) = (a,0), fg(a,b) = b and fy(a,b) =a—b. If (V, f) = (U, f’),
then U(1) = 0 since no nontrivial path ends at 1, U(2) = Im f, =k ]]0,
U(3) =k, and U(4) = k. Hence the radical 1(V, f) is the representation

0> k Hk
lgv
k ,

where clearly g, = 1 and gg = 0.
We now want to compute soc(V, f) = (W, f”). Using that soc F(V, f) =
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{v € [T V()|rv = 0}, we have W(3) =k = W(4) since no arrows start
at 3or4 W(2)=KerfgnKerf, =0and W(l) =Kerf, =0.

The element [F(V,f)] corresponding to (V,f) in the Grothendieck
group is [S1] + 2[S2] + [S3] + [Ss], where S; is the simple kI'-module
corresponding to the vertex i.

Our aim now is to show that every basic finite dimensional algebra
over an algebraically closed field k is isomorphic to some k(T, p). To this
end it is convenient to have the following definitions. A finite dimensional
algebra A over a field k is said to be elementary if A/r ~ [], (k) for some
n as k-algebras. When A is an elementary k-algebra we call the quiver
of the tensor algebra T(A/r,r/r?) the quiver of A. We first show that
every elementary k-algebra is isomorphic to some k(I", p) and then show
that every finite dimensional algebra over an algebraically closed field k
is elementary, completing the proof of our desired result.

Theorem 1.9 Let A be a finite dimensional elementary k-algebra.

(a) Let {eq,...,eq} be a complete set of primitive orthogonal idem-
potents in A, and {ry,...,r;} a set of elements in v such that the
images Fi,...,F; in t/v’ generate t/t> as a A/t-module. Then
{e1,...,€nsT1,..., 1} generate A as a k-algebra.

(b) There is a surjective ring homomorphism ?: T(A/r,x/t?) = A with
L jsria)e/t2Y = Ker f < [[5,5(c/e?Y.

() A =k(T,p) with J* = (p) = J? for some s, where T is the quiver of
A and p is a set of relations of T over k.

(d) If A ~k(T,p) with J* < {p) < J? for some t, then T is the quiver of
A

Proof (a) We prove this by induction on the Loewy length ri(A). For
rl(A) = 1 we have A ~ [], (k) and A is hence generated as a k-algebra by
the idempotents ¢; for i = 1,...,n. For rl(A) = 2 the result is then easy
by the assumption on ry,...,r;. Assume now that the claim holds for
rl(A) = m > 2 and assume that t{A) = m + 1. Let 4 be the k-subalgebra
of A generated by ey,...,en7,...,7:, and let x € A. By the induction
assumption we have 4/(4 N1™) = A/r™. Hence there is some y € 4
such that x — y is in 1™, and therefore there are o; in r"! and f; in r
such that x —y = 3] | «;f;. Again by the induction assumption we have
o; = a; + a; with a; € ANt and 4 € v and f; = b; + b} with b; in ANt
and b} in v™. We then get o;f; = a;b; for alli=1,...,s, so that x —y is in
A. Since y is in 4, we conclude that x is in A4, and this finishes our claim.
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(b) Let ey,...,e, be a complete set of primitive orthogonal idempotents
in A, and denote by e; the image of e; in A/r. For each pair of integers
i, j with 1 < i,j < n, choose elements {y;} in e;re; such that if ¥
denotes the image in r/r%, then {J,} is a k-basis for &;(r/r?)e;. Define
f:(A/)]I(x/r*) > A by f(@&) =e fori=1,...,n and f(J,) = y; for each
chosen element y; in r. Then f|5,: A/t — f(A/r) is a ring isomorphism
and fl;2: t/r? — f(r/r?) is an isomorphism of (A/r) bimodules. By
Lemma 1.2 there is then a ring homomorphism f T(A/r, 1/r¥) - A
such that f |(A/t)H(r/r2) = f. It follows from (a) that f is surjective.

Since f((x/12)) = v/ = 12 for j > 2 and fl(A/r)H(t/rz)'(A/r) (/) -
A is a monomorphism with image intersecting r? trivially, it follows
that Kerf < ], (t/r?). Since f((x/x2/) = 0 for j > rl(A), we have
Herl(A)(r/ 1’y = Kerf.

(c) Let T be the associated quiver of T(A/x,t/r?). From (b) we have the
surjective k-algebra morphism f: T(A/r,r/r2) — A with [] PN ¥y
Kerf <11 jzz(r/r2)f . Since by Proposition 1.3 there is a k-algebra
isomorphism ¢: T(A/r,r/1*) — kT with ¢(I[;5,(r/t*)) = J" we get that
7(]5‘1 :kI" = A is a surjective k-algebra morphism where I = Ker(?q&‘l)
has the property that J* = I < J? for some integer s. Then I is a finitely
generated ideal in kI" since J° is finitely generated in kI" and I/J® is
a finitely generated ideal in the artin algebra kI'/JS. For each ¢ from
a finite set of generators for the ideal I, write ¢ = ), ¢joe; and
replace o by the ejoe; for 1 < i, j < m, which are relations on I" over k.
This gives us a finite set of relations p on I with (p) =1I.

(d) If A ~ k(I p) with J* < {p) = J? for some ¢, then it follows
from (b) that A/x? ~ kI"/J? as k-algebras. Since it is easy to see that I is
the quiver of kI"/J?, we get that I is the quiver of A/r? and hence of A. O

Corollary 1.10 Let A be a basic finite dimensional algebra over an alge-
braically closed field k.

(a) A is an elementary k-algebra.
(b) A is isomorphic to k(I', p) where T is the quiver of A.

Proof (a) In order to show that A is elementary, it suffices to show that
the basic semisimple algebras over the algebraically closed field k are
elementary. So let k be an algebraically closed field and Z a semisimple
basic k-algebra. Then Z = ky x - -+ x k, where the k; are division rings.
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Let m;:X — k; be the ith projection and let ¢:k — X be the inclusion
making X a k-algebra. Then 7m;¢:k — k; makes k; a finite dimensional
division ring extension of k. But k being algebraically closed implies
that m;¢ is an isomorphism. Now identifying each k; with k through the
isomorphism 7;¢ gives that X is isomorphic to [],(k) as a k-algebra.

(b) This is an immediate consequence of part (a) and Theorem 1.9. O

It is worth noting that if A is an elementary k-algebra and A is
isomorphic to k(I', p), then I" is, up to isomorphism, determined by A
but neither p nor the ideal {p) in kT" is determined by A.

We have seen that the path algebra kI" of a quiver without oriented
cycles over a field k is hereditary. Using Theorem 1.9 we can show that
any elementary hereditary algebra over a field k is isomorphic to a path
algebra kI". To do this we need the following results on hereditary artin
algebras.

Lemma 1.11 If A is a hereditary artin algebra and a a nonzero ideal of A
contained in 12, then A/a is not hereditary.

Proof Let A be a hereditary artin algebra and a < r? a nonzero ideal

of A. Consider the exact sequence 0 — a/(at) —» r/(at) > r/a —» 0
of (A/a)-modules. Since r is a projective A-module we have that r/(a r)
is a projective (A/a)-module. Also a # 0 implies that a/(a ¥) # 0 by
Nakayama’s lemma, and hence r/(a r) % r/a. Now using that a c r? we
get a/(ar) = rpsq(r/(a 1)) and therefore r/a v — r/a is a projective cover
which is not an isomorphism. Hence t/a is not a projective (A/a)-module
and therefore A/a is not hereditary. |

Lemma 1.12 Let A be a hereditary artin algebra and f:P — Q a nonzero
morphism in mod A with P and Q indecomposable A-modules and Q a
projective module. Then f is a monomorphism and P is a projective module.

Proof Since f is nonzero Im f is a nonzero submodule of Q. Since Q is
projective and A is hereditary, it follows that Im f is projective. Hence
f:P — Imf is a split epimorphism. Therefore f: P — Im f is an isomor-
phism since P is indecomposable. Thus f:P — Q is a monomorphism
with P projective. a

We now have the following.
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Proposition 1.13 Let A be a finite dimensional elementary hereditary alge-
bra over a field k. Then the associated quiver I" of A has no oriented cycles
and A is isomorphic to kI'.

Proof If there is an arrow a:i — j in the quiver I" of A, then by definition
ej(x/ r2)e; is not zero, where i and j are the vertices corresponding to the
idempotents e; and e;. Then ejre; is not zero, and a nonzero element x
in e;re; gives by right multiplication a nonzero A-homomorphism from
P; = Aej to P; = Ae; which is not an isomorphism but which must be a
monomorphism by Lemma 1.12. Hence an oriented cycle in the quiver
would give rise to a sequence of proper monomorphisms from some P;
to itself. Since this is impossible, I' has no oriented cycles.

Since A is assumed to be elementary, we have by Theorem 1.9 that
A ~ kI'/{p) with {p) = J?. Since A is hereditary, it follows from
Lemma 1.11 that {p) must be 0, and consequently A is isomorphic to kI".

O

Since any basic finite dimensional algebra over an algebraically closed
field k is the factor algebra of the path algebra of the associated quiver,
it is useful to have various descriptions of the associated quiver.

Proposition 1.14 Let A be a basic finite dimensional algebra over an alge-
braically closed field k and 1 = e; + - - - + €, a decomposition of 1 into a
sum of primitive orthogonal idempotents. Let P; = Ae¢; and S; = P;/tP; for
i=1,...,n. Then for a given pair of numbers i, j in {1,...,n} the following
numbers are the same.

(a) dimy(ejr/r%e;).

(b) The multiplicity of the simple module S; in tP;/x*P;.

(c) The multiplicity of P; in P where P — P; — S; — 0 is a minimal
projective presentation of S;.

(d) dimy Ext)(S;,S)).

Proof For each i € {1,...,n} we have the exact sequence 0 — rP; —
P; — §; — 0 where P; — §; is a projective cover. Applying Homx( ,S;)
we obtain the exact sequence of k-vector spaces 0 — Homa(S:,S;) —
Homa(P;, S;) A Homa(xP;, S;) — Ext}\(Si,Sj) — 0. Since h must be
zero, we have Homy(xP;, S;) ~ Ext,l\(Si, S;). But now Homy(tP,S;) =
Homa (rP;/x2P;, ;) and dimy; Hom,(S,, S;) is 1 if p = g and O otherwise.
Hence we obtain dimy Ext,l\(Si, S;) = dimgHoma(xP;,S;) =
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dimy Homy (vP;/x*P;, S;). But the last number is clearly the multiplic-
ity of S; as a summand of tP;/r*P; which again is the multiplicity of P;
as a summand of the projective cover P of tP;/t2P;. However the projec-
tive cover of tP;/x2P; is the same as the projective cover of tP;. Hence we
have established the equality of the numbers in (b), (c) and (d). Further
we have that dim;(Homy(tP;/r?P;, S;)) = dimk(HomA/r(rP,-/rzPi, S;)) =
dimi(Homy /¢(S;,tP;/x*P;)) = dimg(Homa(P;,tP;/t*P;)). But we have
Homa(P;,x™P;)) =~ e€1™¢; (see 1 Proposition 4.9), and hence
dimy(Homy (tP;/¥*P;,S;)) = dimi(e;r/r%;). This finishes the proof of
the proposition. O

Motivated by Proposition 1.13 we associate with any artin algebra
A a valued quiver, that is, a quiver with at most one arrow from a
vertex i to a vertex j, and with an ordered pair of positive integers
associated with each arrow. This is done by writing an arrow from i
to j if Exti(S;, S ;) # 0, and assigning to this arrow the pair of integers
(dimggg,(s)) Ext,l\(Si, S;), dimgng, (s, Ext,l\(Si, S;)). When A is elementary
this corresponds to replacing m arrows from i to j by one arrow with
valvation (m,m).

Another way of interpreting these numbers is given in the following
proposition which we leave to the reader to verify.

Proposition 1.15 Let A be an artin R-algebra.

(a) Let Py — Sy and P, — S, be projective covers of the simple modules
Sy and S respectively. Then the following numbers are the same.
(i)  dimpadys,) Exth(S1, ).
(i)  IR(Exth(S1,52))/Ir(Enda(S2)).
(iii) The multiplicity of the simple module S, as a summand of
IP1 / 1'2P1 .
(iv)  The multiplicity of P, as a summand of the projective cover of
lfPl.
(b) Let S; — I, and S, — I, be injective envelopes of the simple modules
S1 and S, respectively. Then the following numbers are the same.

(i) dimEpagscs,)» EXtA(S, S2).
(ii)  The multiplicity of I, as a summand of the injective envelope
of I,/ socI. ]

Note that the valued quiver of the opposite algebra of A has the
opposite underlying quiver but the valuations are the same. This is easily
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seen from the fact that Ext}(S;, §;) # 0if and only if Extlo(DS i, DS;) # 0
and that dimgpd, (s, Ext4(Si, ;) = dimgad,ps) Exthe(DS;, DS;).
We illustrate with the following.

Example Let k be a field and Ts(k) = ( EE%) the k-subalgebra of the
full 3 x 3 matrix algebra M3(k) over k consisting of 3 x 3 matrices
where all entries above the main diagonal are 0. Let I be the ideal
consisting of elements of the form (§§§) for a € k, let A = Ti(k)/I

and let e1=(ggg)+1 e = (gg,g)+1 and e3=(gg?)+l Then
t(Aey) ~ Aey/r(Aesr), t(Aez) >~ Ae; and r(Aes) = 0. Hence the associated
quiver I is : 5 ; LA ; and A ~ k(T p) where p = {Bu}.

Example Let R be the real numbers and € the complex numbers and

let A = (glo{) be the R-subalgebra of the 2 x 2 matrices over €. Let

e = ((1) g) and e; = (8 (1)) Writing - @) - when the ordered pair (a,b) is
i

assigned to the arrow a:i — j, we get that the associated valued quiver

. @Y
18— -
1 2

We end this section by pointing out that viewing the modules as rep-
resentations is closely related to viewing modules as functors. Associated
with a quiver I' (without oriented cycles) and a field k, we have the path
category ¥ whose objects are the vertices of I'. For i and j in I'y we have
that Hom(i, j) is the vector space over k spanned by all paths from i to j
in I, and composition of morphisms is induced by composition of paths.
Then clearly RepI” is equivalent to the category of covariant functors
~ from ¥ to modk. It is easy to see that € is equivalent to ind#(A)°P.
Actually, for any artin R-algebra A we have that mod A is equivalent to
the category of contravariant functors from ind #(A) to mod R.

2 Triangular matrix rings

Writing the identity as a sum of two orthogonal idempotents 1 = e+(1—e)
gives a coarser way of dividing up an artin algebra than writing 1 as a
sum of primitive orthogonal idempotents. Writing 1 = e + (1 —¢) with e
a nontrivial idempotent gives rise to the algebras eAe and (1 —e)A(l —e)
and the two bimodules eA(1 — ¢) and (1 — e)Ae. This decomposition
takes on an especially nice form if eA(1 — ¢) = 0. In this case we obtain
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an isomorphism between A and a triangular matrix algebra, a class of
algebras we introduce and investigate in this section.

Let T and U be rings and yMr a U-T-bimodule. In this sec-
tion this means that M is a left U-module and right T-module such
that (um)t = u(mt) for all u € U, t € T and m € M. Then we can

construct the triangular matrix ring A = ( AT4 g) The elements of A

are 2 x 2 matrices ( ,;2) with t € T, u € U and m € M. Addition
and multiplication are given by the ordinary operation on matrices, as
(t10)+(t2 0)=(t1+t2 0 )and(t10>(t2 0)=( tts 0).
my uy my u2 my+my uituy my uy my uz mytytuimy uyup
We give a description of the A-modules in terms of triples (74, yB, f)
where A is a T-module, B a U-module and f:M ®r A — B a U-
morphism. In particular, in the important special case T = U = M, we
just have morphisms between T-modules. We use this point of view to
give a description of projective and injective A-modules in terms of 4, B
and f, and we illustrate how this description is convenient for establish-
ing connections between the homological properties of A and those of
U, T and M.

Triangular matrix rings also come up as endomorphism rings of a sum
MT]IN of two A-modules M and N with Homu(N, M) = 0. In this case

we have a ring isomorphism Enda(M [[N) ~ (HE&%%I)V) En d(i( N)). This
happens for example when A = Z and M is a torsionfree Z-module and
N is a torsion Z-module.

TOY ;
mu)is called

a one-point extension of U by the bimodule yMr. The reason for this
terminology comes from the following.

If T is a division ring, a triangular matrix ring A =

Let A = k(I',p) be a finite dimensional path algebra over a field k
of the quiver (I', p) with relations. Let i be a source in I" and g; the
corresponding idempotent in A. Since there are no nontrivial paths
ending in i, we have ¢;Ae; ~ k and ¢,A(1 — &) = 0. If (I, p’) denotes the
quiver with relations we obtain by removing the vertex i and the relations
starting at i, then (1 —¢)A(1 —&) ~ k(I", p'). So k(T’, p) is obtained from
AN = Kk(I”, p’) by adding one vertex i, together with arrows and relations
starting at i. We then have A ~ ( (1_% Az, 12) so that A is a one-point
extension of A’.

The special case ( ~ %) of a triangular matrix ring is also related to
P TT

another general ring construction. Let T and U be k-algebras over a field
k. Then the vector space U®;, T becomes a ring by defining (t®u)(t' ®u') =


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.004
https://www.cambridge.org/core

72 Examples of algebras and modules
tf @uu’. We then have a ring isomorphism g: (i 2) T — (; ;’.) defined

by g ((Zg) ® t) = (ng) on generators.

When we want to construct a triangular matrix ring starting with rings
T and U, we are interested in natural choices of U-T-bimodules. When
T and U are artin R-algebras we have ring homomorphisms ¢1:R — T
and ¢,:R — U inducing an R-bimodule structure on a U-T-bimodule
M. Then we are especially interested in the case where R acts centrally
on M, that is, rm = mr for all r € R and m € M. Whenever we have
a ring homomorphism f: T — U, then U has a natural structure as
U-T-bimodule. In the case f = 17: T — T, this specializes to ; 2 If
T = U, then two-sided ideals can be used for M, and also the bimodule
D(T) when T is an artin algebra and D is the ordinary duality. When
T and U are algebras over a field k, and A is a left U-module and B a
right T-module, then A ®; B is a U-T-bimodule in a natural way.

Since we are mainly interested in artin rings, especially artin algebras,
we investigate when a triangular matrix ring is an artin ring or an artin
algebra.

Proposition 2.1 Let A = (uI\Tlr g) where T and U are rings and yMr is
a U-T-bimodule.

(@) A is left artin if and only if T and U are left artin and M is a finitely
generated U-module.

(b) A is right artin if and only if T and U are right artin and M is a
finitely generated T-module.

(c) A is an artin algebra if and only if there is a commutative ring R such
that T and U are artin R-algebras, and M is finitely generated over
R which acts centrally on M.

Proof (a) and (b) We have the exact sequence of left as well as right

A-modules 0 — ( 1?“0)) — A —> T x U = 0. The left A-submodules of

( 1?4 8) correspond to the U-submodules of M and the right A-submodules
correspond to T-submodules of M. Hence A is left artin if and only if
T and U are left artin and M is an artin U-module, or equivalently, a
finitely generated U-module. Similarly A is right artin if and only if T
and U are right artin and M is a finitely generated T-module.

(c) Assume there is a commutative artin ring R such that ¢r7:R > T
makes T an artin R-algebra and ¢y: R — U makes U an artin R-algebra
and such that M is finitely generated over R, which acts centrally on
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M. Then the morphism ¢:R — A given by ¢(r) = ( ¢TO(') ¢z?(r)) is a ring
homomorphism. Since T and U are R-algebras and R acts centrally on
M, the image of ¢ is in the center of A. Further A is a finitely generated
R-module since T, U and M are finitely generated R-modules. In other
words, A is an artin R-algebra.

Assume conversely that A is an artin R-algebra, so that we have a ring
homomorphism ¢: R — A with Im ¢ in the center of A. Considering the
natural composite maps ¢r:R - A - T and ¢y:R — A — U, we see
that T and U are finitely generated R-modules. Since the image of R is
clearly in the center in both cases, T and U must be artin R-algebras.
Since A is a finitely generated R-module and M is an R-submodule, M
is a finitely generated R-module. Since Im ¢ is in the center of A, R acts
centrally on M. a

Using this result it is easy to provide examples of left artin rings
which are not right artin. For example if A = (%no{) where @ are the
rational numbers and IR the real numbers, then A is left artin since IR
1s a finitely generated IR-module, but not right artin since R is not a
finitely generated @-module. This shows that the class of left artin rings

considered in Chapter I is much wider than the class of artin algebras.

TO

M U) is an artin algebra. When

We assume from now on that A = (

C is a module over a triangular matrix ring A = (}; 3), then the

idempotents e; = (1)8 and e; = (g? give rise to a decomposition

C = ¢;C]] e:C into a sum of abelian groups. Here ¢,C is in a natural
way a T-module and e;C a U-module. Since for each m € M we have that
(3‘8) er=ep (28) and (28) e =e (38) = 0 we get that multiplying
an element of C with an element of the form m = (318) gives that
me,C < e,C and me,C = 0. Hence we have a map v: M x ¢/C — e,C,
given by y(m,eic) = e (3, 8) ¢ which is easily seen to be T-bilinear. One
then obtains a unique map M ®r ¢;C — ¢;C which is a U-morphism.
This gives a convenient way of viewing the modules over a triangular
matrix ring A. To make this point of view precise we introduce the
following category which we shall show is equivalent to mod A.

Let A = ( AT4 g) be a triangular matrix R-algebra. Let A% be the
category whose objects are the triples (4, B, f) with A in mod T, B in
modU and f:M ®r A — B a U-morphism. The morphisms between
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two objects (4, B, f) and (4’, B’, f') are pairs of morphisms («, ) where
a:A — A’ is a T-morphism and §:B — B’ is a U-morphism, such that
the diagram

M®r A M_@;a Mer A
Lf 17
B LA B

commutes. If (ay,f;) and (a2, f2) are morphisms from (4,B,f) to
(4, B', f'), then their sum is defined by (o, B1)+(o2, B2) = (a1 + 02, B1+52).
It is easy to check that A% is an R-category.

The relationship between A% and mod A is given via the functor
F: A% — mod A which is defined as follows. For (4,B,f) in z% we
define F(A,B,f) = A]] B as abelian group, and the A-module structure
is given by (;2) (a,b) = (ta,f(m®a)+ub) fort e T,uc U, m e M,
ac A and b € B. If we have (a,8):(4,B,f) = (4,B’,f') in 5%, then
F(o, ) =a]]B:A]]B — A ][] B'. The following result gives the formal
connection between A% and mod A.

Proposition 2.2 Let A = ( AT4 g) be a triangular matrix algebra. Then the
Sunctor F: ¢ — mod A defined above is an equivalence of categories.

Proof 1t is easy to see that F is an R-functor. Let (%, f):(4,B.f) —
(4,B',f") be a map in o%, and assume that F(a,f) = «[[B:A]]B —
A'][ B’ is 0. Then « = 0 and § = 0 so that (&, ) = (0,0), and hence F is
faithful.

Let(A,B,f)and (4’,B’,f) bein 5%, and let s: F(4,B, f) — F(A,B', f’)
be a morphism in mod A. Hence we have amap s:A[[B — A'[[ B/, and

for a € A and b € B let s(a,b) = (d,b’). Write ¢; = (ég) and e; = (g‘l’).
Then s(a,0) = s(ei(a, b)) = e;s(a,b) = ey(d,b') = (d,0), so that there is
induced a map s;: 4 — A’ given by s;(a) = d'. Similarly there is induced
a map s5;:B — B'. For m € M, write as before m = 3,8 . Then
s(m(a,0)) = s(0, f(m ® a)) = (0,s2f(m ® a)) and ms(a,0) = m(s1(a),0) =
0, f'(m ® si(a)). It follows that s;f(m ® a) = f'(m ® si(a)), so that
(s1,82):(A,B,f) > (4',B’, f') is a map in »%. Then we have F(s,s;) =,
and this shows that F is full.

To see that F is dense, let C be in mod A and consider C = ¢;C [] e>C.
We have seen that ¢;C is in mod T and e>C is in mod U and that
there is a T-bilinear map M x e;C — ¢,;C inducing a U-homomorphism

f:M ®r e1C — e;C. Tt is then easy to check that F(e1C,e,C, f) ~ C.
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It now follows from II Theorem 1.2 that F is an equivalence of cate-
gories. a

From now on we identify A% with mod A by means of the functor
F: 5,4 — modA. It is in many respects more convenient to deal with
the category A% than mod A, especially with respect to homological
properties. In particular we shall give a description of the projective and
the injective objects in z%.

We say that a sequence of maps (4, B, f) pad (4,B,f) “g) 4”,B", f")
. . « '
is exact if the sequences A — 4’ - A" and B LYY LA B” are exact. And
an object (4, B, f) in A% is simple if it has no proper nonzero subobject.
Here we say that (4', B, f’) is a subobject of (4,B,f)if A’ = 4, B = B
and f' = f|mer4- We then have the following.

Proposition 2.3 Let A be the triangular matrix algebra 1\T4 8) and F:
A% — mod A the equivalence of categories defined above.

(a) X in A% is projective if and only if FX is projective in mod A.

(b) X in A% is injective if and only if FX is injective in mod A.

(c) 0> X —»Y — Z — 0 is an exact sequence in A% if and only if
0—- FX - FY — FZ — 0 is an exact sequence in mod A.

(d) X in A% is simple if and only if FX is simple in mod A.

Proof (a) and (b) follow from II Proposition 1.3 and (c) is a direct
consequence of the definitions. Part (d) follows easily from (c). |

In order to describe the injective objects in A% for a triangular
matrix R-algebra ( AT4 3) we use the adjoint isomorphism
¢:Homy(M ®1 A,B) —» Homy(A, Homy(M, B)) to give a description
of a category isomorphic to A%.

Let A% be the category whose objects are triples (4, B,g) where A is a
T-module, B is a U-module and g: A — Homy(M, B) is a T-morphism.
A morphism from (A4, B,g) to (4',B’,g’) is a pair of morphisms (e, ff)
with a: 4 — A’ a T-morphism and §:B — B’ a U-morphism such that
the following diagram commutes:

A — A
le le
Homy(M,B) """ Homy(M, B).
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Now define a functor H: x€ — A% by H(A, B, f) = (A4, B, ¢(f)) on objects
and H(x, f) = () on morphisms. Clearly the functor G: A — A%
given by G(4,B,g) = (4,B,$~(g)) on objects and G(a,B) = (o, f) on
morphisms is an inverse of H. Hence we have the rare occasion of an
isomorphism of categories.

Proposition 2.4 Let A, A%, A(Z and H: \% — A‘? be as above. Then H is
an isomorphism of categories with G as an inverse. O

Using the equivalence between A% and mod A obtained by composing
the functors G: ,% — A% and F: 2% — mod A we can now give a direct
description of how the duality acts on ,%. In order to do this we identify

] oP . . yor 0
the R-algebra A°P with the triangular matrix algebra (Top Myop ToP

A is the R-algebra ( T 0), by sending ( . g)op to (“OP 0 )

) when

vMr U m top

If (4,B,f) is in A%, then H(A,B,f) = (A,B,¢(f)) is in o€ where
¢:Homy(M ®r A, B) > Hom7(4, Homy(M, B)) is the adjoint isomor-
phism. Applying the duality we obtain the T°P-morphism D¢(f):
DHomy(M,B) — DA. Now it is easy to see that v: M ®yw DB —
D Homy(M, B) given by yp(m ® g)(f) = gf(m) for m € M, g € DB and
f € Homy(M, B) is a T°P-isomorphism functorial in B by first consid-
ering B = D(Uy) and using that M ®ye D( ) and D Homy(M, ) are
right exact functors from mod U to mod T°P. Hence we obtain the object
(DB, DA, D¢(f)y) in pev%. For a morphism (a, §):(4, B, f) — (4, B', f') in
A% it is now straightforward to check that (DB, Da): (DB', DA, D¢(f ) —
(DB,DA, D¢(f)y) is a morphism in 5»% and that we get a contravariant
functor 5:,\‘6 — A% this way. Let F:p,% — modA and F':je¥% —
mod A°? be the equivalences described in Proposition 2.2 for A and A%
respectively. Then an easy calculation shows that the following diagram
of functors commutes.

ING LN mod A
5 \p
an® D> mod(A°)
where D is the ordinary duality from mod A to mod(A°P). Hence D is a
duality which we shall also denote by D.

We now give a description of simple, projective and injective objects
in A(g.

Proposition 2.5 Let A = (uz\Th g) be a triangular matrix algebra.
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(a) radA = (‘al‘;T mgu), and the simple objects in A€ are of the form
(S,0,0) where S is a simple T-module and (0,S’,0) where S’ is a simple
U-module.

(b) The indecomposable projective objects in A€ are objects isomorphic to
objects of the form (P,M ®1 P,1yg,p) where P is an indecompos-
able projective T-module and (0,Q,0) where Q is an indecomposable
projective U-module.

(¢) The indecomposable injective objects in \€ are objects of the form
(I,0,0) where I is an indecomposable injective T-module and objects
isomorphic to objects of the form (Homy(M,J),J, §) where J is an
indecomposable injective U-module and ¢: M @ r Homy(M,J) — J is
given by ¢(m ® f) = f(m) for m € M and f € Homy(M, J).

Proof (a) Since T and U are artin rings, we have (rad T)' = 0 = (rad U)’
for some i. Then an easy calculation shows that A% = 0 when A is the
ideal (’aflT mgv) of A. Since clearly A/A ~ (T/rad T) x (U/rad U)
and is hence a semisimple ring, it follows from I Proposition 3.3 that
A =rad A.

The simple A-modules are hence given by the simple (T /rad T)-
modules and the simple (U/rad U)-modules. Therefore it is easy to see
that the simple objects in A% are (S,0,0) where S is a simple T-module
and (0,5’,0) where S’ is a simple U-module.

(b) We have A = P][Q where P = (Lg) and Q = (8 8) as left
A-modules. The object of »% corresponding to P is clearly (T, M, 1p),
where we identify M with M ®r T via the natural isomorphism and
the object corresponding to Q is (0, U,0). The indecomposable sum-
mands of (0,U,0) are of the form (0,Q,0) where Q is an indecom-
posable projective U-module. If T = P;[[---][P. is a decomposi-
tion of T into a sum of indecomposable projective T-modules, then
(T’Ma lM) = (PI’M ®r Py, 1M®TP1) H e H(PmM ®T Pn, 1M®TPn)‘ Since
End,¢(Pi,M ®1r P,lpmer) =~ Endr(P;), it follows that the
(P, M ®1 P;,1ye.p,) are indecomposable. In this way we get all in-
decomposable projective objects up to isomorphism.

(¢) This follows from (b) and the description of the duality between
A% and px¥. 0O

We also interpret the duality Homa( ,A): #(A) — 2(A°P), which we
denote by ( )*, on objects in A%4. Let X = (P, M ®1 P, 1pe,p) be an inde-
composable projective object in »%, and let (S, 0,0) be the corresponding
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simple object. We define X* to be the object in A% corresponding to
the A°P-module (FX)". Recall that A° is identified with (U7 %, ).
Then we have D(S,0,0) = (0, D(S),0) and the projective cover is (0,Q,0),
where Q is the projective cover of the T°P-module D(S). Then we have
Q=P and X* =(0,P",0).

When X = (0, P,0), it follows similarly that X* = (P*, M @ P*, 1 yep-).

We now illustrate how to use the category A% in computations, where
we identify 4% with its image in mod A by the functor F.

Proposition 2.6 Let A = (; g) for an artin algebra T. Then we have
gldimA =gldim T + 1.

Proof It is easy to see from the description of the projective objects
in A% that for any T-module A we have pd,(4,4,14) = pdrA =
pda(0,4,0). It follows that if gldim T = oo, then gldimA = 0. As-
sume then that gl.dim T = n < co. Then there are simple T-modules
S and S’ with Ext}(S,S’) # 0. The exact sequence 0 — (0,5,0) —
(S,8,15) — (S,0,0) — 0 implies that pd,(S,0,0) < n+1 and gives rise to
the exact sequence Ext}((S,S, 15),(0,5,0)) - Ext}3((0,S,0),(0,5,0)) —
Ext}1((S,0,0),(0,5’,0)) — 0. Since Homu((P, P, 1p),(0,5',0)) = 0 for
each projective T-module P, we have Ext}((S,S, 15),(0,5',0)) = 0. Be-
cause Ext3((0,5,0),(0,5,0)) ~ Exty(S,S’) # 0, it follows that
Ext’1((S,0,0),(0,5',0)) # 0, so that pd,(S,0,0) = n+ 1. This shows
that gldimA =n+ 1. a

Proposition 2.7 Suppose T and U are artin R-algebras with T semisim-
ple and let y Mt be a nonzero bimodule where R acts centrally and M is
finitely generated over R. If A = (UATJT 8) then gldimA =
max(gldim U, pdy M + 1).

Proof For a simple U-module S we have as above that pd,(0,S,0) =
pdy S. Further we have an exact sequence 0 — (0, M,0) — (T, M, 1) —
(T,0,0) — 0 showing that pd,(7T,0,0) = pdy M + 1, and we are done. O

The triangular matrix ring construction is a special case of the more
general construction of trivial extensions. If V is a ring and yMy a
V-bimodule, we define the ring V ix M as follows. The elements are
pairs (v,m) with v € ¥V and m € M, addition is componentwise and
multiplication is given by (v,m)(v',m’) = (vv',om’ + mv’). In other words,
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V x M is isomorphic to the tensor algebra T(V, M) modulo the ideal

generated by M ®y M. For example the ring k[X]/(X?) for a field k is

( AT4 g) is a triangular

matrix ring, let ¥V = T x U and consider yM7 as a V-bimodule by
(t,uym = um and m(t,u) =mt fort € T, u € U and m € M. Then it is
easy to see that A ~ V ix M.

isomorphic to the trivial extension ki< k. If A =

3 Group algebras

Throughout this section G denotes a finite group, k a field and kG
the group algebra of G over k. In this section we point out some
other features of group algebras not shared by arbitrary artin algebras,
which come from the fact that kG-modules can be viewed as group
representations. In particular, we describe how for two kG-modules A
and B, the k-vector spaces A ®, B and Homy(A, B) are considered as
kG-modules. These observations are applied to obtain the classical result
that kG is semisimple if and only if the characteristic of k does not divide
the order of G. In Chapter V these considerations will be used to give a
way of constructing almost split sequences when kG is not semisimple.

Before describing how 4 ®; B is considered as a kG-module when
A and B are kG-modules, it is convenient to point out the following
description of kG-modules and kG-morphisms.

Clearly G is a subgroup of the group of units in kG and k is a subring
of kG. Therefore associated with a kG-module A4 is the structure of 4 as a
k-vector space together with the operation of G on A given by ¢(a) = ca
for all ¢ in G and a in A having the following properties.

(i) For each ¢ in G, the map A — A given by ar—> ga for all a in A is
k-linear.

(ii) (0102)(a) = o1(02a) for all ¢y and o, in G and a in A.

(iii) la =a for all a in A where 1 is the identity in G.

Also it is not difficult to see that if A is a k-vector space and Gx A — A
is an operation of G on A satisfying the above properties (i), (i) and (iii),
then the operation kG x A — A given by (3_,.6t:0)(@) =Y ,c¢ t(0(a)),
for all t; in k, 6 in G and a in A, is the only way of considering A as a
kG-module so that the induced operations of k and G on A4 are the ones
we started with. Thus we see that the kG-modules can be considered as
k-vector spaces A together with an action of G on A satisfying (i), (ii)
and (iii).
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Suppose 4 and B are kG-modules. Then it is easily seen that
Homyg(A, B) is the k-subspace of Homy(A, B) consisting of all k-linear
maps f: A — B satisfying o(f(a)) = f(sa) for all 6 in G and a in A.

Suppose now that A and B are kG-modules. Then in order to define a
kG-module structure on the k-vector space AQ® B it suffices to describe an
operation G x (A®x B) — A®y B satisfying conditions (i), (ii) and (iii). We
leave it to the reader to check that the operation G x (4 ®; B) > A®; B
given by c(a®b) = ca®cb for all ¢ in G and a in A and b in B satisfies
conditions (i), (ii) and (iii). Unless stated to the contrary, this is the only
way we consider A ®, B as a kG-module. It is also easily seen that if
f:B — B’ is a morphism of kG-modules, then A® f:4A®; B —> A®; B’
given by (A® flla®b) =a® f(b) for all ain A and b in B is a kG-
morphism. Thus with each 4 in mod kG is associated the exact functor
A @ —:modkG — mod kG given by B+— A ®; B for all B in mod kG,
and each f:B — B’ in modkG goes to A® f:4A®, B - A®; B in
mod kG. Similarly we have the exact functor — ®; B:mod kG — mod kG.
‘We now point out two important properties of these functors which are
used constantly when dealing with the representation theory of kG.

We say that G operates trivially on a k-vector space V if gv = v for
all ¢ in G and v in V. We denote by k the kG-module which is the k-
vector space k together with the trivial action of G on k. This module is
called the trivial kG-module. Then for each kG-module A the morphism
A —> k®; A given by a— 1 ®a for all a in A is a kG-isomorphism
functorial in 4 which we will usually consider an identification. We leave
it to the reader to verify that this is indeed the case. We record the other
important property of tensor products we need in the following.

Proposition 3.1 Let A be a projective kG-module. Then A®y; B and B®; A
are projective kG-modules for all kG-modules B.

Before giving the proof of this result we give an important application.

Corollary 3.2 The following statements are equivalent for kG.

(a) The group algebra kG is semisimple.
(b) The trivial kG-module k is projective.

Proof We know that kG is semisimple if and only if every kG-module
is projective. Therefore (a) implies (b). Suppose k is projective. Then
A ~ A ® k is projective for each kG-module A by Proposition 3.1.
Hence (b) implies (a). a
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In order to determine precisely when the trivial kG-module is projective,
it is convenient to make the following observations. For a kG-module
A we denote by A% the kG-submodule of A consisting of all a in 4
such that oa = a for all ¢ in G. Moreover, if f:A — B is a morphism
in mod kG, then f(A°) = B®. Hence we obtain the fixed point functor
( )°:modkG — modkG given by ( )°(4) = A% and for f:4A — B in
mod kG, ( )°(f) = flus:A® — BS. We now give another description of
the fixed point functor.

Let A be a kG-module. Then it is easily seen that an element a of
A is in AS if and only if there is a kG-morphism f:k — A such that
f(1) = a, where k is the trivial kG-module. Therefore for each A4 in
mod kG we have isomorphisms Homyg(k,4) — A% functorial in 4 given
by f — f(1) for all f in Homyg(k,A). Hence we have an isomorphism
between Homyg(k, ) and the fixed point functor ( )°. We now apply
these considerations to determine when k is a projective kG-module.

We have the kG-epimorphism €:kG — k given by e(3 .;t:0) =
> scq to- Therefore k is a projective kG-module if and only if there is a
kG-morphism f:k — kG such that ef = 1;. By our previous remarks,
this is equivalent to saying that there is an element z in (kG)¢ such that
€(z) = 1. Straightforward calculations show that 3 ., t,0 is in (kG)Y if
and only if all the ¢, are the same element of k. For if > . t,0 is in
(kG)%, then ¥, 5 ts76 =Y, ts0 for all T in G. Hence t; = ¢, for all ¢
in G which means that all the ¢, are the same. On the other hand it is
obvious that 3°__; t,0 is in (kG)¢ when all the ¢, are the same. Hence
(kG)® = kY, 0, which means e((kG)®) = |G|k, where |G| is the order
of G. Therefore the trivial kG-module is projective if and only if |G| is
not zero in k, or equivalently, the characteristic of k does not divide |G|.

Summarizing, we have the following.

Theorem 3.3 The following are equivalent for the group algebra kG.

(a) kG is semisimple.
(b) The trivial kG-module is projective.
(c) The characteristic of k does not divide |G|.

We now finish the proof of Theorem 3.3 by giving a proof of Propo-
sition 3.1. This will require some preliminary definitions and results.
In these considerations we are not making any assumptions about the
characteristic of k or the order of G.

Let A and B be kG-modules. Then Homy(A, B) is a k-vector space
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on which we define the following operation of G. Given ¢ in G and f
in Homy (A4, B) we define ¢f in Homy(A4,B) by (6f)a) = a(f(c7'a))
for a € A. We leave it to the reader to check that this opera-
tion makes Homy(A, B) a kG-module. Now it is not difficult to see

that if f:B — B’ is a morphism in modkG, then the induced mor-

phism Homy(A4, B) Hom(4f) Homy (A, B’) is a kG-morphism. Thus for 4 in

mod kG we get an exact functor Homy(4, }:modkG — modkG given
by B — Homy(A4, B) for all B in modkG and a morphism f:B — B’ in
mod kG goes to Homy (4, f): Homy(A4, B) — Homy(4, B').

Similarly, if g: 4 — A4’ is in mod kG then Homy (g, B): Hom(4', B) —
Homy (A, B) is a kG-morphism for each B in mod kG. Therefore for each B
in mod kG we get the contravariant exact functor Homy( , B): mod kG —
mod kG given by A — Homy(4,B) and g: A" — A goes to Homy(g, B):
Homy(A', B} — Homy(A4, B).

Another important feature of the operation of G on Homy(A4, B) is
that Homyg(4, B) = Homy (4, B)® for all kG-modules A and B. For
we have that an f in Homy(4,B) is in Homy(4,B)® if and only if
of(6'a) = (6f)(a) = f(a) for all ¢ in G and a in A. But ¢f(6~'a) = f(a)
if and only if f(c~'a) = 6 'f(a). Therefore f is in Homy (4, B) if and
only if f is in Homyg(4, B).

‘We now point out the following basic connection between the functors
— ®; — and Homy( ,).

Proposition 34 Let A, B and C be in modkG. Then the morphism o:
Homy (A, Homy (B, C)) = Homyg(A® B, C) given by a(f)(a®b) = f(a)(b)
for all f in Homyg(A, Homy(B,C)) and all a in A and b in B is an iso-
morphism functorial in A, B and C.

Proof We leave it to the reader to check that the isomorphism
of : Hom (A4, Homy (B, C)) — Hom, (A ®; B, C) of k-vector spaces given by
o' (f)a ® b) = f(a)(b) for all f in Homy(A4, Homy(B,C)) and all a in 4
and b in B is a kG-isomorphism functorial in 4, B and C in modkG.
Therefore o’ induces an isomorphism « on fixed points, which gives our
desired result. O

As a consequence of this result we obtain the following proof of
Proposition 3.1.

Proof Let 4 be a projective kG-module and let B be an arbitrary kG-
module. We want to show that A ® B is projective. Let 0 » C' —» C —
C” — 0 be an exact sequence of kG-modules. Since Homy(B, ) is an
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exact functor and A4 is a projective kG-module, we obtain by applying
Proposition 3.4 the following commutative exact diagram.

Homyg(4,Homk(B,C')) — Homyg(4,Homy(B,C)) — Homyg(4,Homy(B,C")) — 0
1 H 2
Homy(A ®; B,C') - Homy(4 & B,C) - Homyg(4 ® B,C")

This shows that Homyg(4 ®; B,C) — Homig(A ®; B,C") — 0 is exact,
which proves that 4 ®; B is projective. This finishes the proof of Propo-
sition 3.1 as well as the proof of Theorem 3.3. m]

4 Skew group algebras

In this section we introduce the artin algebras known as skew group
algebras, which are a natural generalization of group algebras of finite
groups over fields discussed in the previous section. As in the case of
group algebras, we also discuss some elementary features of the module
theory of skew group algebras.

Throughout this section all groups considered are finite. Let A be an
artin R-algebra. By an R-algebra automorphism ¢: A — A we mean a
ring automorphism of A with the additional property that a(r1) = ra(4)
for all » in R and A in A.

Suppose now that G is a finite group. Then an R-algebra operation of
G on A is a function ¢ : G X A — A satisfying the following, where we
write ¢(o,A) = a(A) for ¢ in G and A in A:

(i) o:A — Ais an R-algebra automorphism for all ¢ in G.
(ii) (o102)(4) = o1(62(A)) for all 67 and 6, in G and 4 in A.
(iii) 1A = A for all A in A, where 1 is the identity element in G.

Suppose G x A — A is an R-algebra operation of G on A. Then the
skew group algebra of G over A, which we denote by AG, is given by the
following data.

(a) As an abelian group AG is the free left A-module with the elements
of G as a basis.

(b) The multiplication in AG is defined by the rule (i,0)(4.7) =
(As0(4:))ot for all A; and 4, in A and ¢ and 7 in G.

We leave it to the reader to check that AG is indeed a ring with identity
element the formal product of the identity of A with the identity in G,
also denoted by 1. It is also easily checked that the map R — AG given
by r — rl for all r in R makes AG an artin R-algebra. We follow the
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usual convention of identifying each ¢ in G with 16 in AG. In this way

G is a subgroup of the group of units in AG. Similarly, we identify each

element A in A with A1 in AG, so A becomes an R-subalgebra of AG.
We give some examples of skew group algebras.

Example The group algebra of a finite group G over a field k is an
example of a skew group algebra over k where the operation of G on k
is the trivial operation given by ¢(x) = x for all ¢ in G and x in k.

Example Suppose N and H are groups together with an operation of
H on N satisfying h(nyny) = (hny)(hny) for all ny and n; in N and h
in H. Let G be the semidirect product of N by H which as a set
is the cartesian product N x H together with multiplication given by
(n1, h1)(na, ha) = (nyhy(mp), hihy) for all ny and ny in N and all by and hy
in H. Let R be a commutative artin ring. Define an action of H on the
group algebra RN by h) " yrxx = yrxhx forall hin H, r, in R and
x in N. If we denote RN by A, it is easily seen that the action of H on A is
an R-algebra action, so we can form the skew group algebra AH. Define
the map o:RG — AH by a3 e "X 1) = D pen(Dxen TxmX)h
where RG is the group algebra of G over R. It is not difficult to check
that « is an R-algebra isomorphism. Thus the group algebra RG can also
be viewed as the skew group algebra AH.

In particular, let N be the cyclic group Z/nZ and let H = Z/2Z with
generator ¢. Define the action of H on N by o(x) = —x for all x in N.
Then G = H X N is Dy, the nth dihedral group which is the group of
symmetries of a regular n-gon in the plane. Therefore RD, ~ AH where
A is the group algebra RN.

Example Let k be a field of characteristic different from 2 and let I be
the quiver

32221575y,

Denote kI" by A and let G = {¢) be the group of order 2. Consider the
elements ey, e, e3, « and f in A and let oe; = ey, 6e; = ey, 6e;3 = ey,
oo = o and 6f = B’. Then there is only one way of extending ¢ to a
k-algebra automorphism of A and this is the way we will consider G as
a group of automorphisms of A. We now want to compute AG and we
start by computing (A/1)G.

We clearly have a decomposition (A/t)G = (ke;)G X (kez X kex)G X
(kes xkey)G. Lete) = %(el +e10) and e; = %(el —ey0) which are nonzero
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idempotents in (ke;)G, and we llave e =¢ +§1. This gives a decom-
position (ke1)G ~ (kG)e; x (kG)ey. Further we obtain an isomorphism
(key x kex)G 5 (’,ﬁi) by sending e, to ((1)8), ey to (g?), es6 to (gé)

kk
kk

by sending e; to ((1)8), ey to (8(1’), €30 to (8(1,) and eyo to (‘1)8).

Hence (A/r)G is isomorphic to the k-algebra k x k x (ﬁ :) X (’,z ’,j) Since

and eyo to ((1) g). Similarly we get an isomorphism (ke3 x key )G ~

the simple (’,Z’,z)-modules (’,: g) and (8’;) are isomorphic, we see that

e(AG)e is a reduced form of AG, where e =¢; +¢; + e; + 3. This means
that e(AG)e is a basic algebra which is Morita equivalent to AG.

We have that {ej,erer,e3,ey,a,0,B,8, po, o, e0,e:0,ex0,e30,
eyo,u0,d'c, o, s, fac, B'd/a} is a k-basis for AG. By multiplying on
the left and right it is then easy to see that {€,¢,e,e3, %(oc + a0), %(oz —
ao), B, %ﬂ(a+aa), %ﬁ(a—aa)} is a k-basis for eAGe. Writing & = %(oc—l—cxo')
and o = %(cx — ao), we see that eAGe is isomorphic to the path algebra

of the quiver
‘é‘ . .%
N
o

lﬁl

€3

This last example illustrates that even if we only want to deal with
basic artin algebras the skew group algebra construction may lead to
an algebra which is not basic. We have here seen how to construct the
associated basic algebra in a concrete situation.

We now give a description of the modules over a skew group algebra
AG over an artin R-algebra A, which closely parallels the description
given in Section 3 of the modules over a group algebra.

Suppose X is a AG-module. Since A is a subring of AG, the AG-module
X is also a A-module. The fact that G is a subgroup of the group of units
in AG commuting with the action of R gives an operation G X X — X
satisfying the following.

(1) o(Ax) =0(A)o(x) foralle in G, A in A and x in X.
(ii) o(rx)=ro(x)foralloin G,r in R and x in X.
(iii)) (0102)(x) = 61(02x) for all 61, 65 in G and x in X.
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(iv) 1x = x for all x in X when 1 is the identity element in G.

Thus associated with a AG-module X is the A-module X together with
an operation of G on X satisfying conditions (i), (ii), (iii) and (iv) above.

On the other hand, suppose we are given a A-module Y and an
operation of G on Y satisfying (i), (ii), (iii) and (iv) above. It is easily
checked that Y is a AG-module by means of the operation (3, .; 4,0)y =
Y oseg Ao(o(y)) forall - . A,0 in AG and y in Y. Hence we see that the
AG-modules where the operation of R commutes with the operation of G
can be viewed as A-modules together with an operation of G satisfying (i),
(ii), (iii) and (iv). We will use these points of view interchangeably. As an
illustration, we now describe the morphisms between AG-modules from
this alternative point of view.

Let X and Y be AG-modules. Since A is an R-subalgebra of AG,
we have that each f in Hompg(X,Y) is a A-morphism from X to Y.
Because G is contained in AG, it follows that each f in Homyg(X,Y)
also satisfies f(ox) = of(x) for all ¢ in G and x in X. Now it can be
easily checked that if f in Homu (X, Y) satisfies f(ox) = of(x) for all ¢
in G and x in X, then f is in Hompg(X, Y). Therefore Hompg(X,Y) =
{f € Homu(X,Y)|f(6x) = of(x) for all ¢ in G and x in X}.

We now illustrate some of these points by considering some special,
but important, modules.

As for group algebras, associated with each AG-module X is the R-
submodule X¢ of X consisting of the fixed points in X, i.e. all elements
x in X such that o(x) = x for all ¢ in G. Also it is clear thatif f: X — Y
is a AG-module morphism, then f(X¢) < Y¢. It is further easily seen
that flx¢: X% — Y€ is an R-module morphism. We then obtain the fixed
point functor ( )9:mod AG — modR given by X +— X© and f — fl|x¢
for all objects X and morphisms f in mod AG. As in the case of group
algebras, this important functor has an alternative description which we
now give.

Unless stated to the contrary, we always consider the A-module A as
a AG-module by means of the operation (}_,.; 2:0)(X) = D e As0(xX)
for each x € A and ) ;4,0 € AG. Next we consider the map
€:AG — A given by €(3°, .6 460) = Y ,cq As- This is easily seen to be
a AG-epimorphism with Kere the left ideal of AG generated over A by
{o —1j6 € G—{1}}. For each AG-module X it follows that Homag(A, X)
consists precisely of those A-morphisms f: A — X such that f(1) is in X¢.
This implies that for each AG-module X, the map Hompg(A, X) — X€
given by f > f(1) is an R-module isomorphism functorial in X. Thus
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we obtain a canonical isomorphism between the functors Homag(A, )
and ( )¢ showing that our AG-module A is a natural generalization of
the trivial module for group algebras. For this reason we will call the
AG-module A the trivial AG-module. Having described in Section 3
when the trivial module over a group algebra is a projective module, it
is natural to wonder more generally when the trivial module over a skew
group algebra is a projective module. One such criterion is given in the
following.

Proposition 4.1 The trivial AG-module A is a projective AG-module if and
only if there is some A in A such that 3, . 0(}) = 1.

Proof Since e: AG — A is an epimorphism, A is a projective AG-module
if and only if there is a AG-morphism g:A — AG such that eg = 1,.
But eg = 1, if and only if eg(l) = 1. In view of the isomorphism
Homyg(A,AG) — (AG)® given by f — f(1), we know there is some
g:A — AG such that eg(1) = 1 if and only if there is some )~ _; 4,0 in
(AG)® such that (3", .6 4:0) = X_,cg 4o = 1. Therefore it is essential to
have a description of (AG)°. But it is fairly straightforward to show that
(AG)® = {3, 0(A)s|A € A}, as we shall see in the next result. Therefore
A is AG-projective if and only if there is an element ), _;0(4)g in AG
such that 1 = e(}_ .5 6(4)o) = >, 0(4), which is our desired result. O

We now prove our required lemma.

Lemma 4.2 (AG)® = {3, .; 6(A)olA € A}.

Proof We first show that the elements of the form ) ; 6(4)o for each
2 in A are in (AG)®. This follows from the fact that (3, ; o(L)o) =
Y secTo(A)o) =" o 10(A)t0 = > 0(4)o for all Tin G.

Suppose now that 3" ;4,6 is in (AG)®. Then for each 7 in G we
have that Y ;2,0 = 1> 6460 = ,cq T(4s)r0. But this implies that
(A1) = A for all 7 in G, or in other words, Y ;4.0 = > . T(A1)T,
which is our desired result. o

oG

As an application of this criterion for the trivial AG-module to be a
projective module, we have the following.

Corollary 4.3 Let AG be a skew group algebra with G a group of order n.
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(a) If n is invertible in A, then the trivial AG-module A is a projective
module.

(b) Suppose G operates trivially on A, i.e. 61 = A for all 6 in G and A in
A. Then A is a projective AG-module if and only if n is invertible in
A.

Proof (a) Suppose 1/n in A is the inverse of n. Then for each ¢ in G we
have 1 = ¢(1) = a(n-1/n) = ne(1/n). Hence o(1/n) = 1/n for all ¢ in G.
Therefore ), ; 0(1/n) = 1, which by Proposition 4.1 implies that A is a
projective AG-module.

(b) In view of part (a) we only have to show that if G operates trivially
on A and A is a projective AG-module, then »n is invertible in A. By
Proposition 4.1, since A is a projective AG-module, there is some A in A
such that . 06(1) = 1. Since G operates trivially on A, we have that
nA =1 so that A is the inverse of n in A. m|

The following example shows that it is possible for A to be a projective
AG-module without the order of G being invertible in A.

Example Let k be a field and let A be the subalgebra of the 4 X 4 matrix

a 0 0 O
algebra over k consisting of all matrices of the form ( 9y b0 2 )
d 0 0 b

with aq, b, ¢, d in k. Now the invertible matrix

0100
1000
0001
0010

is of order 2 and acts as a k-automorphism ¢ of A by conjugation. Let

G = {1, ¢}. From the equality
1000 1000 1 0
(gaan)=(ests)wo(38es)
0001 0000 0 0
we see that A is a projective AG-module. In particular, A is a projective

AG-module even when char k = 2. Therefore A is a projective AG-module
even though 2, the order of G, is zero in A.

[ )
[= =)
O OO

For the rest of this section we will be mainly concerned with skew
group R-algebras AG with the order of G invertible in A. This is not
because arbitrary skew group R-algebras are not of interest. Rather, it is
because this additional hypothesis gives a simpler and better understood
module theory. Our aim now is to prove the following,
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Theorem 4.4 Let AG be a skew group R-algebra where the order of G is
invertible in A. Then gl.dim A = gl.dim AG.

The proof of this result will take several steps and involves general
concepts of independent interest. We begin by pointing out the following
relationships between the subalgebra A of a skew group algebra AG,
and AG. In particular, since A is a subalgebra of AG, AG is both a
left A-module and a right A-module. It is these structures which are of
particular interest to us.

Lemma 4.5

(a) The group G = AG is a basis for AG as a right as well as a left
A-module.

(b) Let C be the subset of AG consisting of all elements )" . A;0 sat-
isfying 41 = 0. Then C is a A-subbimodule of AG and we have that
AG ~ AT] C as A-bimodules.

Proof (a) By definition AG is a free left A-module with basis G. We
now show that G is also a basis for AG as a right A-module. Since
Y e AcT = I g (67 14,), it follows that G generates AG as a right
A-module. Also if ) ;04 = 0, then Y .;0(ls)0 = 0 which means
that each a(4,;) = 0 or equivalently, A, = 0 for each ¢ in G. This shows
that G is a basis for AG as a right A-module.

(b) It is clear that C is a left A-submodule of AG. Now for each 2 in A
and ) . ;40 in AG we have that (}_,.; 4:,6)A = Y . As0(A)o. From
this it follows that if >~ _; As0 is in C, then (}_,.q 4-0)A is in C for each
Ain A. The fact that A C ~ AG as both left and right A-modules now
follows trivially from (a) and hence A]] C ~ AG as A-bimodules. ]

We now use these observations to show that gl.dim AG > gl.dim A. In
fact, we prove the following more general result.

Proposition 4.6 Let A be a subalgebra of the R-algebra T' satisfying the

Jfollowing two conditions.

(i) T is a projective left A-module.

(ii)  There is a subgroup C of T" which is a A-subbimodule of T such that
Ir=AJ]C.

Then we have gl.dimT > gl.dim A.
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Proof Let X be a A-module. Then I" ®4 X is a I''module by means of
the operation y(y; ® x) = yy; ® x. Let

(*) ..._,Pt_>..._)P1_)P0—-)r®AX—')0

be a minimal projective I'-resolution of I ® X. Since I' is a projective
left A-module, the exact sequence (*) when viewed as an exact sequence
of A-modules is a A-projective resolution of I' ® X viewed as a A-
module, and so pd(T’ ®4 X) > pd, (I’ ®4 X). The fact that ' = AJ[ C as
A-bimodules gives that T ®, X = (A ®, X) [[(C ®4 X) as left A-modules,
where the action of A on C ®4 X is given by A(c ® x) = Ac ® x for all
xin A, ¢cin C and x in X. Because A ®)\, X ~ X, we have that X
is a A-summand of I ® X. Therefore pdy X < pd,(I"' ® X) and so
pdp X < pdp(T ®a X). The fact that this holds for all A-modules X
implies that gldim A < gldimT. m]

Combining this proposition with Lemma 4.5, we have the following,

Corollary 4.7 The skew group algebra AG has the property that gl.dim A <
gldim AG. O

Thus in order to finish the proof of Theorem 4.4, it suffices to show
that gl.dim AG < gldim A when the order of G is invertible in A. Our
proof of this result is based on the following where we consider AG®, Y
as a AG-module by y(v@y)=yv®@yforye Gand v®y €c AG®, Y.

Lemma 4.8 Suppose AG is a skew group algebra with the order of G
invertible in A. Then Y is a AG-summand of AG®A Y for all AG-modules
Y.

Proof For each AG-module Y define the multiplication map my:
AGR®L\Y = Y by my(3_,c6460 ® Y) = (X egie0)y. It is easily
seen that my is a AG-epimorphism. We now describe a AG-morphism
hy:Y — AG ®, Y with the property that myhy = ly, which implies
that Y is a AG-summand of AG®, Y.

Define hy:Y — AG®, Y by hy(y) = Y .60 ® a1 (1/n)y for
all y in Y where 1/n is the inverse of n, the order of G in A. It is
clear that hy is additive. Also for each A in A we have that
hy () = Yoo ® 07Xy/n) = T,e6lo ® o™ (Do~ (y/m) =
Toec@ - 07 D) © 67() = Tyepldc ® 07 (y/n) = Ihy(y). So hy
is a A-morphism. The reader may check that hy(oy) = ohy(y) for all


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.004
https://www.cambridge.org/core

1114 Skew group algebras 91

oin G and y in Y. So hy is in fact a AG-morphism. Now the compo-
sition myhy:Y — Y is ly since myhy(y) = my Y .0 ® 6 X (y/n) =
Y oeg 00 1 (1/n)y = n(1/n)y =y for all y in Y. Therefore Y is isomor-
phic to a AG-summand of AG®, Y. ]

We now obtain our desired result as a special case of the following
more general result.

Proposition 4.9 Suppose A is an R-subalgebra of an artin R-algebra T’
having the following properties.

(i) T is a projective right A-module.
(ii)) Each I'-module Y is isomorphic over T to a summand of T ®, Y.
Then we have gldimT" < gl.dim A.

Proof Let Y be a I'module. Then viewing Y as a A-module, we have
a A-projective resolution

v PP Y 0.
Since T is right A-projective, the sequence

o= TeP - 2T —-I'®Y -0
A A A

is exact and is therefore a projective I'-resolution of I' ®, Y. Hence we
get pdr I'®A Y <pd, Y for all '-modules Y. But pdr Y <pdr '@, Y
since Y is a summand of I’ ®4 Y, and hence gldimI" < gl.dim A. |

Combining this proposition with Lemma 4.8 we obtain the following
result which finishes the proof of Theorem 4.4.

Corollary 4.10 Let AG be a skew group algebra with the order of G in-
vertible in A. Then we have gl.dim AG < gl.dim A. a

As an application of Theorem 4.4, we give a description of the radical
of AG when the order of G is invertible in A. To this end it is convenient
to make the following general remarks.

We say that an ideal a in A is G-invariant if ca < a for all ¢ in
G. Clearly this is the case if and only if a is a AG-submodule of
A. If a is a G-invariant ideal of A, then we can define an R-algebra
operation of G on A/a by 6(2 + a) = 6(1) + a for all ¢ in G and A in
A. We also have the natural surjective R-algebra morphism A:A — A/a
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which induces the natural R-algebra morphism t:AG — (A/a)G given
by t(3",cA00) = D pegM(As)o for all 4, in A and ¢ in G. It is also
trivial to check that Kert = aAG. In particular, the fact that 6: A — A
is an R-algebra automorphism implies that the radical r of A is a G-
invariant ideal of A. Since (rtAG)' = r'AG for all i, we have that tAG is
a nilpotent ideal and therefore rAG is contained in rad(AG). Combining
these remarks with Theorem 4.4 we have the following.

Proposition 4.11 Suppose AG is a skew group algebra with the order of G
invertible in A. Then tAG = rad(AG) where t is the radical of A.

Proof We have already established that rAG is contained in rad(AG).
Therefore we will have our desired equality if we show that AG/tAG
is semisimple. We have already observed that AG/tAG ~ (A/x)G. The
fact that the order of G is invertible in A implies that the order of G is
invertible in the semisimple algebra A/r. Therefore by Theorem 4.4, we
have that gl.dim(A/r)G = gl.dim(A/x) = 0. |

We have already seen that the functor AG®,—: mod A — mod AG
given by X — AG ® X for all X in mod A plays an important role
in studying the module theory of AG. Another equally natural functor
from modA to mod AG is given as follows. For each X in modA
we consider Homy(AG,X) a AG-module by means of the operation
(xf)(v) = f(yx) for all x and y in AG and f in Homa(AG,X). It is
not difficult to see that if f:X — Y is a morphism in mod A, then
Homy (AG, f): Homa(AG, X) — Homy(AG, Y) is a AG-morphism. This
data defines the functor Homa(AG, ):mod A — mod AG given by X —
Homy (AG, X). Our aim now is to show that AG®,— and Homp(AG, )
are isomorphic functors.

We first consider the following more general situation. Let A be
an R-subalgebra of the artin R-algebra I'. Clearly we can define the
functors I'©®a—: mod A — modI" and Homy(I', ):mod A — modT as
we did above in the special case I' = AG. We then have the following
criterion for when these functors are isomorphic, where it is understood
that Homy(T",A) is considered as a I'-A-bimodule by means of the
operations (yf)(x) = f(xy) for all f in Homa(I', A) and y and x in I" and
(fA)(x)=f(x)Aforall Ain A, x in I" and f in Hom(T, A).

Proposition 4.12 Let A be an R-subalgebra of the artin R-algebra I'. Then
the following are equivalent.
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(a) The functors Homp(I', ) and I'®x— from mod A to modT are iso-
morphic.
(b) Both of the following conditions are satisfied.

(i) T is a projective left A-module.
(i1)) T and Homu(I', A) are isomorphic as I'-A-bimodules.

Proof (a) = (b) Since I'®4— is right exact and I'®,— is isomorphic to
Homy (T, ), it follows that Homu(I", ) is right exact. Hence Homu (T, )
is exact, which is equivalent to I" being a projective left A-module.

In order to prove that (ii) is satisfied let ax: I ®, X 5 Homy (T, X)
be an isomorphism functorial in X for all X in modA. Now I'®, X
is an End,(X)-module by means of the operation h(y ® x) = y ® h(x)
for all h in Enda(X), y in I and x in X. It is not difficult to check
that this operation of EndA(X) on I ®, X makes I' @4 X a I'-End(X)-
bimodule. Also Homa(I', X) is an Enda(X)-module by means of the
operation (Af)(y) = A(f(y)) for all h in Enda(X), f in Homy (T, X) and
y in I'. It is also not difficult to check that this operation of Ends(X)
on Homu (T, X) makes Homu(I, X) a I'-Enda(X)-bimodule. Since the
isomorphisms oy :I" ®\ X — Homy (I, X) are functorial in X, they are
I'-Enda(X)-bimodule isomorphisms. In particular, letting X = A we have
that ap: T ®4 A = Homu(I', A) is a I'-Enda(A) bimodule isomorphism.
Since Endp(A) ~ A°P it follows that ap:T" — Homua(I',A) is a I'-A-
bimodule isomorphism.

(b) = (a) Since I is a finitely generated projective left A-module we
have that the I'-morphisms Sx: Homa(I',A) ®x X — Homx (I, X) given
by Bx(f ® x)(y) = f(y)x for all f in Homa(I',A) and y in I" and x
in X are isomorphisms functorial in X. Let a:I" - Homy(I",A) be a
I'-A-bimodule isomorphism. Then a« @ X:I' @4 X —» Homp(I',A) ®, X
given by («a @ X}y ® x) = a(y) ® x for all y in I" and x in X, is a
I'-isomorphism functorial in X in mod A. Therefore the composition
Pxax:T ®x X — Homy (T, X) is a I'-isomorphism functorial in X. 0

We now apply Proposition 4.12 to the subalgebra A of the skew group
algebra AG. By definition we know that AG is a free left A-module.
Therefore by Proposition 4.12, to prove that the functors AG®, and
Homp(AG, ) from mod A to mod T are isomorphic, it suffices to show
the following.

Proposition 4.13 Let €, in Homa(AG, A) be defined by €1(3_,cq As0) = 41
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Sor all 3, cA.0 in AG. Then the map f:AG — Homa(AG,A) given by
f(x) = xey for all x in AG is a AG-A-bimodule isomorphism.

Proof By definition f is a AG-morphism. For each 1 in A we
have that f((3",cq 260)A) = f(geq A0 (A)0) = D e Ae0(A)oer. Now
(X Ao(Doe))r) = €122 4006(A)0) = €1(Teq Who)ta(A)70) = t(Ae1)A
for all 7 in G. On the other hand for each 4 in A we have that
(O peg As0e)A(T) = (e1(t Y A:0))A = €1(3_ ©(A5)T0)A = (1(A-1))A for all T
in G. Therefore f is a right A-morphism and hence a bimodule morphism.
We now show that f is an isomorphism.

Suppose (3 A,06) = 0. Then for each 7 in G we have €,(t)_ A;0) =
(A1) = 0. So A+ = 0 for all 7 in G which means that } i,6 = 0,
ie. f is a monomorphism. Since AG is a free A-module with G as
basis, it suffices to show that for each v in G and A in A there is
some > A,0 in AG such that (3~ A,0¢€1)(t) = A and (3 A,6¢,)(u) = O for
all uin G—{t}. But (z7!2)z~! has this desired property, so we are done. O

Therefore we have proven the following.

Proposition 4.14 Let AG be a skew group algebra. Then the functors AG®p
and Homyp(AG, ) from mod A to mod AG are isomorphic. a

This result, which is an important tool in studying AG-modules, will
be applied in the next chapter.

Exercises
1. Let k be a field and I' the quiver (5%, and I the ideal in kI" generated

by the arrow. Let p = {«> — «*}. Show that k(T')/{p) ~ (k[X]/(X?)) x k,
that (p) < I and that I" ¢ (p)" for all n.
2. Let A be a basic artin R-algebra.

(a) Prove that r = {4 € A|A is nilpotent}.
(b) Let A’ be an R-subalgebra of A. Prove that A’ is basic.
(c) Let e be an idempotent in A. Prove that eAe is basic.

Y
3. Let k be a field and T the quiver «(Gi¥)p Let p =
J

{6y — o?,0® — a%, 96 — B2, B* — B% a8 — 38,70 — By}
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(a) Show that dimg(kI'/{p)) = 12.

(b) Show that the subalgebra of kI"/{p) generated by o2, yo?, a25, B2 is
isomorphic to M;(k) and use Exercise 2 to conclude that kI'/{p) is
not basic.

4. Let k be a field. In each of the cases below find the dimension of
kI" and all indecomposable projective and all indecomposable injective
representations of I' over k up to isomorphism.

(@ I'i-—> -
b I'i-»-—-;
) T:"> -

d I: \7

5. Let I" be the quiver ! %? and let k be a field. Let p = {«f}.

(a) Show that there is some t with J' < (p) < J2.
(b) Find the radical of kI"/{p).

(¢) Find the indecomposable projective representations of (I, p) up to
isomorphism.

(d) Find the global dimension of kI'/{p).

ary 0 0 0

_ ay ap 0 0

6. Let A= an 0 a3 0
ag a4y a43  ag

(a) Prove that A is a subalgebra of the 4 x 4 matrix algebra over C.
(b) Find the radical r of A.
(¢) Show that A is basic.

(d) Find elements «; € r —1? such that {&]} is a C-basis for r/r? where
¥; is the coset of «;.

(e) Find a quiver I" and an ideal I in €T such that A ~ CI'/I.

a;; € C; € the complex numbers}.

7. Let k be a field and let I' be the quiver \‘;'/ . For an ordered

pair (i, j) of elements in k let M;; be the representation given by
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k k
NCIL!
kilk
l(i,j)

k

(a) Determine for which (, j) the representation M;; is indecomposable
and for which (j, j) it decomposes.

(b) Prove that if M;; and M, are indecomposable then they are isomor-
phic.

Is the same true if M;; and M, decompose?

8. Let k be a field and T the quiver % V. Let p = {Ba —y%, B} and
p = {Ba—y%y*af —ayp}.

(a) Prove that there exists some ¢ such that J* < {p) < J? and J* <
(') = J2

(b) Prove that if the characteristic of k is different from 2 then kI'/{p) ~
kT/{p").

(c) Prove that if the characteristic of k is equal to 2 then kI'/(p) %
kT/{p").

(d) Prove that kI'/{p,y?) ~kI'/{p’, ) for all fields k.

1
9. Let k be a field, I" the quiver al\a , M the representation

<7
2
KL : Ko
1|™ and N the representation | |,
#0 A
k k

(a) Find the radical and the socle of M and N.
(b) Find the annihilator, ann M and ann N, of M and N respectively.

(c) Prove that M is a projective (kI'/(ann M))-module and that N is an
injective (kI'/(ann N))-module.
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10. Let A be an artin R-algebra and e a primitive idempotent.

(a) Show that ¢:Homy(Ae, M) — eM given by ¢(f) = f(e) is an R-
isomorphism.

(b) Interpret the result in (a) for quivers with relations and their repre-
sentations.

(c) Show that w:Homp(M,D(eA)) — D(eM) given by w(f)(em) =
f(m)(e) for f € Homa(M, D(eA)) and m € M is an R-isomorphism.

(d) Interpret the result in (c) for quivers with relations and their repre-
sentations.

11. Let A be a hereditary artin algebra and I" the valued quiver of A.
Prove that the underlying quiver of I" has no oriented cycles.

12. Let @ be the rational numbers and R the real numbers. Let A =
{GYlacqbecer).

(a) Prove that A is a subring of M,(IR), the ring of 2 x 2 matrices over
R.
(b) Show that the proper left ideals of A are the ideal {(‘; NNae®,b e]R},

the ideal {(}9)lb.c € R}, the family I, indexed by 4 € R, where

1 ={r( Yir e R} and the left ideal L, = {r(} ))Ir e R}.
(c) Show that A is left artin but not right artin.
(d) Show that mod A does not have enough injectives.

13. Let C(X) be the field of rational functions in one variable X over C.
Then the subfield €(X?) is isomorphic to €(X). Let M be €(X) as an
abelian group with the natural €(X)-module structure. Consider M as
a C(X)-C(X)-bimodule by letting the right action be given through the

isomorphism C(X) ~ C(X?) c €(X). Let A = (C](\;( ) c80)~

(a) Find the center of A.

(b) Prove that A/r ~ IT,(€(X)) as a ring but not as an algebra over the
center of A.

(¢) Find the valued quiver of A.

14. Let A be an artin algebra and I' = T»(A). Prove that idrI" = idyA+1.

15. Let A be an artin algebra isomorphic to UI,,T 3 where T and U

are hereditary artin algebras. Prove that gl.dimA < 2.
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16. Let p be a prime number, let G be a finite p-group (i.e. the order of
G is p" for some n) and let k be a field of characteristic p.

(a) Prove that for each g € G with g # 0 the element 1 — g is nilpotent
in kG.

(b) Let Z(G) be the center of G. Prove that {1 —g|g € Z(G)} generates
a nilpotent ideal I in kG.

(¢c) Prove that I is the kernel of the natural ring map from kG to
k(G/Z(G)).

(d) Prove that kG is a local ring. (Hint: Z(G) is nontrivial for each finite
group G.)

17. Let k be a field and let F be a Galois extension of k with [F:k] =n
and Galois group G. Let G operate on F in the natural way and form
the skew group ring FG. Show that FG ~ M,(k).

18. Let k be a field, T the quiver ! %% and p the set of relations {af, fuo}.

Let G be the cyclic group of order 2 with generator g. Let G operate
on kI' as a group of k-automorphisms by g(ae; + be; + co + dff) =
(bey + aes + da + cf) where a, b, c and d are in k.

(a) Prove that (kI['/ (p))G, the ring of fixed points, is isomorphic to
kIX]/(X?).

(b) Prove that the skew group ring (kI'/(p))G is isomorphic to
M,(k[X]/(X?)), the ring of 2 x 2 matrices over k[X]/(X?).

19. Let A be a finite dimensional algebra over a finite field k with
radical r. Let U(A) and U(A/r) denote the group of units in A and A/x
respectively.

(a) Prove that U(A/r) is a finite group isomorphic to [ GLy,(k;) where
k; are finite field extensions of k and n; are some integers.

(b) Let p:A — A/t be the natural epimorphism. Prove that p induces
a surjective group morphism p: U(A) — U(A/r) with kernel {1+ 1 |
A€t}

(c) Prove that U(A/r) generates A/r as a k-vector space if and only if
U(A) generates A as a k-vector space.

(d) Let kU(A/r) and kU(A) be the group algebras of U(A/r) and U(A)
respectively. The inclusions U(A/r) — A/r and U(A) — A induce
k-algebra morphisms ¢a;r:kU(A/xr) — A/r and ¢5:kU(A) — A.
Prove that ¢, is surjective if and only if ¢, is surjective.
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(Hence by (d) A is a quotient of a group algebra if k is different
from the field with 2 elements.)

(e) Prove that if k is a field with at least three elements then ¢,y is
surjective.

(f) Determine when ¢, , is surjective for the field k with two elements.

20. Let A be a semisimple ring, M an 4 — A-bimodule and T(4, M)
the tensor algebra of M over A4, ie. T(A4M) = A[IM]IM ®4
MI]...]IM®sMQ...9,4M]]... as a twosided A-module and multipli-
cation is induced by the tensor product. Prove that T = T(A4, M) is left
(and right) hereditary, independent of whether T'(4, M) is artin or not.
(Hint: First prove using the adjoint isomorphism that P ®4 X is a
left projective T-module whenever P is a T — A-bimodule projective
as a left T-module and X is any A-module. Apply this to prove that
M=MIIM M[]...[IM® M®...®4 M[]... is a left projective
T-module. Then for each left T-module X, prove that there is an exact
sequence of left T-modules

0oMe, X5 Te,xhx50

where f is defined on generators by f(t®@x) =tx fort € T and x € X
and g is defined on generators by

gm ®..0m®X)=m Q..M X —m ®... d m_; ® m;x.)

Notes

The systematic use of quivers and their representations in the representa-
tion theory of artin algebras goes back to [Gal], where they were used in
the classification of hereditary and radical squared zero algebras of finite
representation type over an algebraically closed field. This point of view
on modules has since then played a central role in representation theory.

Triangular matrix rings have for a long time been convenient for pro-
viding interesting examples of rings. A treatment of their homological
algebra, formulated more generally for trivial extensions of abelian cate-
gories, can be found in [FoGR]. The special case of one-point extensions
has been important in classification theorems (see [Rin3]).

For a further study of modules over group algebras from the point of
view of the methods of the representation theory of algebras discussed
in this book we refer to the texts [Ben], [CR], [Er]. For a representation
theoretic treatment of skew group algebras we refer to [ReR].
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1A%
The transpose and the dual

In this chapter we introduce the notions of the transpose and the dual of
the transpose of a module. These functors are of fundamental importance
in the representation theory of artin algebras in their own right, as well
as because of their close connection with almost split sequences which
we discuss in the next chapter. Here we give some of the basic properties
of these functors.

We give illustrations of the transpose and the dual of the transpose by
showing that for certain types of artin algebras these functors are closely
related to more familiar functors. These algebras include Nakayama
and selfinjective algebras whose definitions we give here, in addition to
hereditary algebras.

The rest of the chapter is devoted to developing a formula giving a
basic relation between the lengths of the modules of morphisms between
modules, which involves minimal projective presentations of modules and
the dual of the transpose of modules. This formula plays an important
role in several places in the book.

All rings in this chapter are artin algebras and all modules are assumed
to be finitely generated.

1 The transpose

In this section we introduce the notions of the transpose and the dual of
the transpose of modules and morphisms. These notions are basic to the
rest of this book.

We have seen in II Proposition 4.3 that we have a duality T =
()":2(A) — P(AP). Let C be in mod A and let P 5> Py — C — 0 be
a minimal projective presentation. Then we have C ~ Coker f. Applying

100
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the duality T to the morphism f we get a morphism f*:P; — PJ.
Associated with f* we have the module Coker f* in mod A°? which is
called the transpose of C and denoted by TrC. The operation Tr does
not induce a duality mod A — mod A°P, and in general there is not even
a functor from mod A to mod A°P sending an object C to Tr C. But we do
get a duality by replacing mod A with an appropriate factor category, the
category modulo projectives, which we define later. Rather than showing
directly that this works, we give an approach which at the same time
motivates our choice of a factor category. But first we discuss the notion
of factor categories in general.

By a relation # on an R-category &/ we mean R-submodules
%(A, B) « Hom(A, B), where Hom(A4, B) is the R-module of morphisms
from A to B, for all A and B in &/, such that under the composition
map Hom(4,B) ®r Hom(B,C) — Hom(A4,C), we  have
Im(#(4,B) ®g Hom(B,C) — Hom(4,(C)) < A(A4,C) and
Im(Hom(A4, B) ®r #(B,C) - Hom(4,C)) =« #(A4,C). Then /A, the
factor category of &/ modulo the relation £, is defined by the following
data. The objects of o//% are the same as those of /. The mor-
phisms from A to B in «&//%# are the elements of the factor module
Hom(A4, B)/#(A, B). And the composition in .«//% is defined for A4, B,
Cin /% by (g + RB,C)(f + #(A,B)) = gf + #(A,C) for all f in
Hom(A4, B) and g in Hom(B, C). It is then easy to see that we have the
following,

Proposition 1.1 Let o/ be an R-category and & a relation on <.

(a) The factor category </ /R is an R-category and F:of — of /R given
by F(A) = A for all A in o and F:Hom(A, B) - Hom(A, B)/%(A, B)
being the canonical epimorphism, is a full and dense R-functor.

(b) If G:/ — £ is an R-functor between R-categories such that
G(#(A,B)) =0 for all A and B in </, then there is a unique functor
H:of /R — B such that HF = G. a

The morphism category of #(A) is the R-category Morph(#(A)) defined
by the following data. The objects of Morph #(A) are the morphisms
f:Py — P, in Z(A). The morphisms from f:P; — P, to f': P{ — P} are
pairs (g1, g2) where g;: P; — P/ for i = 1, 2 such that the diagram

p, L p
lgl lgz
[

Pl — P
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commutes. Composition and addition of morphisms is componentwise.
It is not hard to check that this data defines an additive R-category. Also
idempotents split, that is, if e: f — f is an idempotent, then there is an
object f' in Morph #(A) and morphisms g:f — f' and h:f' — f such
that e = hg and gh = 1y.

We now define the R-functor Coker:Morph#(A) — modA by
Coker(f: P, — P,) = Cokerf for all f:P; —» P, in Morph#(A) and
Coker(gy,g2): Coker f — Coker f to be the unique morphism which
makes the diagram

Py J, P, — Cokerf — 0

Lgl lgz l

Py iR P, — Cokerf' — 0
commute. It is straightforward to see that the R-functor Coker:
Morph 2(A) — mod A is dense and full but not in general faithful
Specifically, Coker(g;,g2) = O if and only if there is some h: P, — P
such that f'h = g,. If for objects f and f’ in Morph #(A) we define
ZA(f,f') to consist of the morphisms (g;,g>) with the property that there
is some h:P, — P| such that f'h = g, then # gives a relation on
Morph 2(A). Then we get the following.

Proposition 1.2 Let # be the relation on Morph2(A) defined above.
The functor Coker:Morph?(A) — modA induces a functor
G:Morph #(A)/# — mod A, which is an equivalence of categories. a

The duality T: 2(A) —» P(A°P) given by P — Homa(P, A) for all P in
P(A) induces a duality T:Morph 2(A) — Morph 2(A°P), which sends
the object f:P; — Py to f*:P; — P{. For f:P; — P, and f': P — P; in
Morph 2(A), assume that (g1,22):f — f' is in &(f, f'), with & as before.
There is then a morphism h: P, — P such that g, = f'h, which gives rise
to the diagram

P2/lt L PII*
e
lgs v igi
L op

with g5 = h*f". We see that we do not necessarily have that (g;,g;)
is in Z(f",f*). In fact, the smallest relation £ containing the relation
&, which we can put on Morph 2(A) such that it is sent to itself by
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the duality T is generated by the following maps. For f:P; — P, and
f':P{ — Pj in Morph #(A) we have that (g1,82):f — f’ is in 2(f, ') if
there is some h: P, — P{ such that either f'h = g, or hf = g;. We then
get the following.

Proposition 1.3 The duality T:Morph#(A) — Morph #(A°P) induces
a duality Tr:Morph2(A)/P @ — Morph #(A°?)/P  with
Tr: Morph 2(A°P)/? — Morph P(A)/P as-inverse duality. a

We now interpret these results about Morph #(A) and Morph #(A)/ 2
in terms of the category mod A. Since the relation £ on Morph £(A)
contains the relation &£ on Morph #(A), the image of & under the full
and dense functor Coker: Morph #(A) — mod A is a relation on mod A
which we want to describe. For this the following description of the
relation 2 on Morph 2(A) is useful.

Lemma 14 Let f:P; — P, and f':P{ — P; be in Morph P(A). Let
P(f,f") = Hom({, ') consist of the morphisms (g1,82):f — f' with the
property that there is some h:P, — P| such that f'hf = g2f. Then we
have 2(f,f') = P(f,f).

Proof It is clear that 2(f, f') < 2(f,f’). Suppose now that (gi,g>) is in
2(f,f"), and let h: P, — P| be such that f’hf = g»f. Then the diagram

p L P
lgl lf'h
’ f/ ’
Pl — P

commutes and (gq, f'h) is in 2(f, ). Also (g1,82)— (g1, f'h) = (0,g2—f'h)
is in 2(f,f’), so that (g1,g2) is in 2(f,f’). Hence we have Z(f,f') =

2(f,1"). =

Suppose now that we have the commutative exact diagram

p L P, 5 Cokerf — 0

lgl 1g2 JCOkef(gl,gz)
P I, P} — Cokerf' — 0.

It is fairly straightforward to see that (g1,g2) is in 2(f,f’), ie. there
is some h:P, — P such that f'hf = g»f if and only if there is some
t:Coker f — P; such that €'t = Coker(gy,g2). This suggests that the
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image of 2 in mod A under the functor Coker: Morph #(A) — mod A
consists of the morphisms A — B in mod A which can be written as a
composition A - P — B with P a projective A-module. That this is
indeed the case follows from the above discussion and the next lemma.
We say that a morphism f: 4 — B in mod A factors through a projective
module if f = hg with g:A — P and h:P —» B with P a projective
A-module.

Lemma 1.5 The following are equivalent for a morphism f:A — B in
mod A.

(a) f factors through a projective module.

(b) If g: P — B is an epimorphism with P projective, then there is some
t:A — P such that gt =f.

(c) If g:X — B is an epimorphism, then there is some t:A — X such
that gt = f. m|

It is clear that the image in mod A of the relation £ on Morph #(A)
is a relation on mod A, which we also denote by £, and which has the
following description. For A and B in mod A, #(A, B) is the R-submodule
of Homa(4, B) consisting of the morphisms f:4 — B which factor
through a projective module. From Lemma 1.5(b) it is clear thatif g: P —
B is an epimorphism with P projective then (4, B) = Im Homy (4, g).
We shall usually denote Hompx(A4, B)/#(A, B) by Hom,(4, B) and the
factor category mod A/2 by mod A. Since Coker: Morph 2(A) — mod A
is full and dense it induces an equivalence from Morph #(A)/# to mod A
which we also denote by Coker. Identifying Morph #(A)/% with mod A
through this equivalence we obtain that the duality Tr: Morph #(A)/2 —
Morph 2(A°P)/2 induces a duality from mod A to modA°P which we
also denote by Tr. We now collect our findings.

Proposition 1.6

(a) The functor Coker:Morph #(A) — mod A induces an equivalence
Coker: Morph 2(A)/? — mod A.
(b) The compositions mod A L modA® 55 modA and modA® 3

T
modA — mod A% are isomorphic to the identity on mod A and
mod AP respectively. ]

For C in mod A we have a unique (up to isomorphism) decomposition
C = C»]] C', where C» has no nonzero projective summands and C’
is projective. Denote by mody A the full subcategory of mod A whose
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objects are the C in mod A with C = Cg, and denote by £ the relation
on modgs A induced by the relation 2 on mod A. Denoting mody A/#
by mod, A it is easy to see that the functor mod, A — mod A induced
by the inclusion mody A — mod A is an equivalence of categories, since
C in mod A is the zero object if and only if C is projective. Hence there
is also induced a duality Tr:mod, A — mod(A°P).

Even though it is on the factor categories mod A and mod, A that
Tr defines a functor, it is often useful to consider the induced map be-
tween objects Tr:mod A — mod(A°P) wh1ch we can define directly by

P, R P — Tr C — 0 being exact when P; ER Py — C — 0 is a minimal
projective presentation of C. Note that if C is indecomposable nonpro-
jective, then it is clear that f:P; — Py is an indecomposable map which
is not an isomorphism. Hence f*:P; — P is also an indecomposable
map which is not an isomorphism, so that Coker f* = TrC is clearly

indecomposable. It is also not hard to see that P; R Pl > TrC—0is
a minimal projective presentation of TrC. If C = P is indecomposable
projective, then 0 — P — P — 0 is a minimal projective presentation, but
P* — 0 —» 0 — 0 is not a minimal projective presentation of TrP = 0.
Using these observations we obtain the following easily verified properties
of the map Tr from mod A to mod(A°P).

Proposition 1.7

(@) Tr(JJ; 4i) =~ 1= Tr(A4;), where Ay, ..., A, are in mod A.

(b) TrA =0 if and only if A is projective.

(c) TrTrA ~ Ap for all A in mod A.

(d) If A and B are in modg A, then TrA ~ Tr B if and only if A ~ B.

(¢) Tr:mod A — mod(A°P) induces a bijection between the isomorphism
classes of indecomposable modules in mody A and the isomorphism
classes of indecomposable modules in modg(A°P). m|

We now turn our attention to studying the dual of the transpose.

Let 4 and B be in modA. Then f:4 — B is in #(4,B) if and
only if D(f): D(B) — D(A) factors through an injective module, where
D:mod A —» mod(A°P) is the usual duality, i.e. there exists an injective
A°P-module I and A°P-morphisms g:DB — I and h:I — DA with
Df = hg. This suggests introducing the relation “modulo injectives” on
mod A, which is the dual of the relation “modulo projectives” on mod A.
Before giving the formal definition of this notion, we state the dual of
Lemma 1.5.
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Lemma 1.8 The following are equivalent for a morphism f:A — B in
mod A.

(a) f factors through an injective module.

(b) If g:A — I is a monomorphism with I injective, then there is some
t:I — B such that f = tg.

(c) If g:A — X is a monomorphism, then there is some t: X — B such
that f = tg. |

For A and B in mod A we define .#(A4, B) =« Homy (4, B) to be the set
of all f:A — B which factor through an injective module. Therefore, if
g:A — I is a monomorphism with I injective, then

JF(A, B) = ImHomy (g, B)

and is therefore an R-submodule of Homy (4, B). It is also not difficult to
check that the system of R-submodules .#(A4, B) defines a relation 4 on
mod A. We will often denote Homy(4, B)/.#(4, B) by Homu(4, B) and
mod A/# by modA. As a consequence of our discussion we have the
following.

Proposition 1.9

(a) The duality D:modA — mod AP induces a duality D:modA —

mod A°P.
(b) The composition D Tr:mod A — mod A is an equivalence of cate-
gories with inverse equivalence Tr D:mod A — mod A. O

Each C in mod A can be written uniquely up to isomorphism as C =
Cy4 [ €’ where C, has no nonzero injective summands and C’ is injective.
We denote by mod s A the full subcategory of mod A whose objects are
the C such that C ~ Cy. The relation .# on mod A induces a relation on
mod s A which we also denote by #. Then letting mod s A/f = mod s A
we have that the inclusion modys A — mod A induces an equivalence
modys A — mod A since C in mod A is the zero object if and only if C
is injective. With this terminology in mind, we list some of the basic
properties of the map D Tr:mod A — mod A which is the composition of
the map Tr:mod A — mod(A°P) with the duality D: mod(A°P) — mod A
and the map TrD:modA — mod A which is the composition of the
duality and the map Tr:mod(A°P) — mod A. These properties are trivial
consequences of Proposition 1.7.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.005
https://www.cambridge.org/core

IV.1 The transpose 107

Proposition 1.10

(@) DTr(JIi, 4:) =~ 11—, D Tr A;, where Ay, ..., A, are in mod A.

(b) DTrA =0 if and only if A is projective.

(c) DTrAisinmodysA for all A in modA.

(d) (TrD)DTrA ~ Agp for all A in mod A.

() If A and B areinmodgs A, then D Tr A ~ D Tr B if and only if A ~ B.

(f) DTr:modA — modA induces a bijection between the isomorphism
classes of indecomposable modules in modg A and the isomorphism
classes of indecomposable modules in mod s A with Tr D as inverse. O

Thus we see that associated with an indecomposable nonprojective
module A4 is the indecomposable noninjective module D Tr A which, in
principle, we can construct from A. Similarly, given an indecomposable
noninjective module B there is associated the indecomposable nonpro-
jective module Tr DB, which in principle can be constructed from B. In
this connection the following relation between minimal projective presen-
tations and minimal injective copresentations of these various modules
is of interest. Here a minimal injective copresentation of a module B is
an exact sequence 0 — B LY I 51 1 with go: B — Iy and the induced
monomorphism g} : Coker go — I injective envelopes.

Proposition 1.11 Let Py ER Py — C — 0 be a minimal projective presenta-
tion of the indecomposable nonprojective module C. Then 0 — DTrC —
p(P;) "% D(Pg) — D(C*) — 0 is exact with 0 — DTrC — D(P}) >
D(P;) a minimal injective copresentation of the indecomposable A-module
D Tr C. In particular, soc D TrC ~ Py /tP;.

Proof Since Py ER Pp->C—-0isa mlnlmal projective presentation
of C, it is easﬂy seen that 0 - C* — P; ER P/ — TrC — 0 is exact
and that P; 1, P — TrC is a minimal projective presentation of the

indecomposable A°P-module Tr C. Applying the functor D to this last
sequence we obtain our desired result. |

We also have the following dual result.

Proposition 112 Let 0 — C — Iy — I, be a minimal injective
copresentation of the indecomposable noninjective module C. Then
0 - (DC)Y — (DI — DIy — TrDC — 0 is exact with
(DIy)" — (DI})* — TrDC — 0 a minimal projective presentation of the
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indecomposable A-module Tr DC. In particular, Tt DC/x Tr DC ~ socl;.
|

We end this section by calculating the transpose and the dual of the
transpose for some particular modules. We start out with a concrete
example.

g w3
Example Let A = kI" where I is the quiver 1 “_>< . Then I"°P
.4

o ‘ﬂy o3

is 1® «—o

2
P> 4

. We compute D Tr S; by using the category Rep(I').

Let P; be the indecomposable projective representation corresponding to

1 k
the vertex i. Then P, is 0 *-*k< , and we have a minimal projective
k

presentation 0 — P3; ][ P4 (S—Q P, — S — 0 in Rep(I'), where s and ¢

are not zero. This gives rise to an exact sequence P, — P;[[P; —
/ ’
\ >

0

. 1
TrS, — 0 where s* and ¢* are not zero. Here P, is k~—

k 0
P; is k<L—k< and P, is k<1—k<
0 k
and t":P, — P, are nonzero, it is easy to see that they are both
- k
I
the maps are either zero or isomorphisms. If one of the maps is zero,
we would get a contradiction to Tr S, being indecomposable. Hence all

maps are isomorphisms. Therefore after a change of basis all maps can
be represented by the identity matrix. Then we get that D Tr S, is given

k
. 1 L
by the representation _L_.k< , which is Py.
i
k

. Since s*:P; — P;

monomorphisms. Hence Tr S; must be of the form j+~—— where

Our next example shows that Tr C is a familiar construction for some
A-modules C. To state this result, it is convenient to recall that Extﬁ\(C, A)
is considered as a right A-module, or A°°-module, by means of the
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operation of A on A given by right multiplication, for all i > 0 and all C
in mod A.

Proposition 1.13 Let € be the full subcategory of mod A consisting of all A-
modules C with pd, C < 1. Then the contravariant R-functors Tr: € /P —
mod(A®) and Exti( ,A):4/P? — mod(A°P) are isomorphic, where € /P
is the category € modulo projectives.

Proof Let 0 —» Py —» Py — C — 0 be a minimal projective resolution
for C in 4. Then

0 C* - P; > P; = Ext\{(C,A) >0

is exact. This gives an isomorphism TrC ~ Ext,l\(C,A) in mod(A°P)
which it is not difficult to check is functorial in C. a

As an immediate consequence of this result we have the following.

Corollary 1.14 For a hereditary artin algebra A the functors Tr:mod A —
mod A and Ext,l\( ,A):mod A — mod A°P are isomorphic. Hence the
functors D Tr:mod A — mod A and DExti( ,A):mod A — mod A are
isomorphic. a

In this connection it is useful to make the following observation which
shows that for hereditary algebras the transpose is really defined on
mod A and not just on mod A.

Proposition 1.15 Assume A is a hereditary artin algebra. Then for B and
C in mody A we have that #(B,C) = 0. Hence the functor mody A —
mod A is an equivalence of categories.

Proof Let g:B — C be in #(B, C). Then there is a commutative diagram

P
s,/ N\t
B¢
with P a projective module. Since A is hereditary, we have that Ims = P
is projective. Hence Ims is a summand of B and so must be zero since
B has no nonzero projective summands. Therefore g = 0, and hence

2(B,C) = 0. The rest of the lemma is an immediate consequence of this
fact. O
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As our final observation concerning the connections between the trans-
pose and modules of projective dimension 1 we have the following.

Proposition 1.16 Let X be a A-module. Then pdy, X < 1 if and only if
Homa(D(A),D TrX) = 0.

Proof Let Py —» Py — TrX — 0 be a minimal projective presentation
of TrX in mod(A°P). Then we have the exact sequence of A-modules
0- (TrX)" > Py - P{ > Y — 0 where Y has no projective indecom-
posable summands and X = Y [[ P with P a projective module. Since
P; — P/ —» Y — 0is a minimal projective presentation of Y, we have
that pd, Y < 1 if and only if (Tr X)* = 0. Hence we see that pdy X < 1
if and only if Homae(Tr X,A) = 0. Since Hompe(Tr X,A) = 0 if and
only if Homa(D(A), D Tr X)) = 0, we have our desired result. a

We now give an example of how the operations D and Tr can be used
to show the existence of indecomposable modules of arbitrarily large
length.

Example Let k be a field and A = k[X,Y]/(X,Y)?. Then A is a local
ring so that A is an indecomposable A-module, and is the only indecom-
posable projective A-module up to isomorphism. We have r> = 0 and
v ~ S[]S where S = A/r is the unique simple A-module up to iso-
morphism. If C is an indecomposable nonsimple A-module, we have
rC = socC. For clearly rC < socC, and if the inclusion was proper we
would have a nonzero submodule K of soc C such that socC =rC[]K.
Then the composition K — C — C/tC is a monomorphism, and hence
there is a morphism C/rC — K such that the composition K - C — K
is the identity. Then C would be simple.

For an indecomposable A-module C let t = I(C/xC) and s = I(xC). It
is easy to see we have then a minimal projective presentation (2t —s)A —
tA - C — 0. If C is simple there is a minimal projective presentation
2A - A —» DC — 0 and if C is not simple there is a minimal projective
presentation (2s — t)A — sA — DC — 0. Hence for C simple we have
a minimal projective presentation A — 2A — TrDC — 0 and for C
not simple we have a minimal projective presentation sA — (2s —t)A —
Tr DC — 0. Hence we get by induction that Tr D"S, n > 1, has a minimal
projective presentation (2n — 1)A — 2nA — TrD"S — 0. Hence there is
no bound on the length of the indecomposable A-modules.
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An artin algebra A is said to be of finite representation type, or of finite
type for short, if there is only a finite number of indecomposable objects
up to isomorphism in mod A. Such algebras are studied in Chapter VL
We have just seen that k[X, Y1/(X,Y)? is of infinite representation type.

2 Nakayama algebras

The interest in the functors Tr and D Tr stems from the fact that their
behavior reflects important properties of the category of A-modules. As
our first illustration of this point we show in this section that Nakayama
algebras can be characterized by the property that the D Tr-orbits of
simple modules consist entirely of simple modules. Nakayama algebras
are of considerable interest because next to semisimple algebras they are
the best understood artin algebras. Since Nakayama algebras are defined
in terms of uniserial modules, we start this section with a discussion of
these modules.

Let A be an artin algebra. A A-module 4 is called a uniserial module
if the set of submodules is totally ordered by inclusion. We have the
following useful characterizations of uniserial modules, using the notions
of radical filtration and socle filtration introduced in Chapter II. The
proof is left as an exercise for the reader.

Propeosition 2.1 The following are equivalent for a A-module A.

(a) A is uniserial.

(b) There is only one composition series for A.

(c) The radical filtration of A is a composition series for A.

(d) The socle filtration of A is a composition series for A.

(e) I(4) =rl(A). O

The following are easily verified properties of uniserial modules.

Lemma 2.2 Suppose A is a uniserial module. Then we have the following.

(a) D(A) is a uniserial module.

(b) If0 > A - A - A" - 0is exact, then A and A" are uniserial
modules.

(¢) A is indecomposable with A/tA and soc A simple modules.

(d) If P — A is a projective cover, then P is indecomposable.

(e) If A — I is an injective envelope, then I is indecomposable. a
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An artin algebra A is said to be a Nakayama algebra if both the
indecomposable projective and indecomposable injective modules are
uniserial. Obviously A is Nakayama if and only if the indecomposable
projective A and A°P-modules are uniserial. If k is a field then k[X]/(X™)
is a Nakayama algebra for all n > 0.

It is worth noting that A having the property that every indecompos-
able projective module is uniserial does not necessarily imply that A°P
has the same property. For example, if A is the path algebra kI' of
the quiver ;—;<«, , then every indecomposable projective A-module
is uniserial, but the same is not true for A°. Since the class of artin
algebras A with the property that A is a sum of uniserial modules, ie.
every indecomposable projective module is uniserial, is of interest in it-
self, we point out some features of these algebras which we will need in
connection with our study of Nakayama algebras.

Proposition 2.3 The following are equivalent for an artin algebra A.

(a) A is a sum of uniserial modules.
(b) A/a is a sum of uniserial modules for all ideals a of A.
() A/r? is a sum of uniserial modules.

Proof (a)=>(b) and (b)=>(c) are trivial.

(c)=>(a) Let P be an indecomposable projective A-module. We show
that P /t"P is uniserial by induction on n when n > 2.

When n = 2 there is nothing to prove. Suppose n > 2. Then P /t"~1P is
uniserial by the induction hypothesis. If t"~!P = 0, then P /x"P is clearly
uniserial, so we can assume r"~!P # 0. It follows from Proposition 2.1
that v'P /v'"t1P is simple for i = 0, ..., n — 2. To show that P/¢"P is
uniserial, it is then sufficient by Proposition 2.1 to prove that t"~!P /t"P
is also simple. Let Q — " 2P be a projective cover. Since "~ 2P /t"~'P
is simple, Q must be indecomposable and so Q/r’Q is uniserial. But we
have an epimorphism tQ/r*Q — t"~1P /t"P which shows that t"~!P /v"P
is simple. m|

Restating this result for Nakayama algebras we have the following.

Corollary 2.4 The following are equivalent for an artin algebra A.

(a) A is a Nakayama algebra.
(b) A/a is a Nakayama algebra for all ideals a of A.
() A/r? is a Nakayama algebra. m]
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The following is a direct consequence of the definitions involved.

Lemma 2.5 Let A be an artin algebra which is a sum of uniserial modules.
Then the following are equivalent for a A-module C.

(a) C/xC is simple.
(b) If P — C is a projective cover, then P is uniserial.
(¢) C is uniserial.

Moreover, if A and B are uniserial A-modules, then A ~ B if and only if
A/tA ~ B/tB and 1(A) = I(B). a

The following description of the dual of the transpose for uniserial
modules over Nakayama algebras is basic to our treatment of Nakayama
algebras.

Proposition 2.6 Suppose C is a uniserial nonprojective module of length n
over a Nakayama algebra A. Then we have the following.

(a) TrC and D Tr C are uniserial.
(b) (C)=UDTtC).
(¢) If P — C is a projective cover, then D Tr C ~ P /t"'P.

Proof Let P; EN P % C > 0 be a minimal projective presentation of
C. Since C is uniserial, P is uniserial, which implies that Kerg = t"P
since /(C) = n and is thus uniserial. Hence P; is uniserial. Now it is
not difficult to see that n = I(C) is the maximal length of a chain of
nonisomorphisms Py — Q; — -+ - @,y — P with composition f
between indecomposable projective modules. Since A is a Nakayama
algebra, the minimal projective presentation P* — P — TrC — 0 has
the property that P* and P; are uniserial since they are indecomposable.
Also the duality T:2(A) —» #(A°P) shows that P* — Q; | — -+ —
Q] — P/ is a maximal chain of nonisomorphisms with composition f*
between indecomposable projective modules. Therefore Tr C is uniserial
and I(Tr C) = I(C), which gives immediately that D Tr C is uniserial and
I(D Tr C) = I(C). This proves parts (a) and (b).

We now prove part (c). We know that soc D Tr C ~ P, /tP; by Proposi-
tion 1.11 and also that P;/tP; ~ t"P /t"*'P since t"P = Ker g. Therefore
tP/t"*1P and D Tr C are two uniserial modules of the same length with
the same socles. Since A° is a sum of uniserial modules and D(D Tr C)
and D(xP /x"*!P) are uniserial modules of the same length and are iso-
morphic modulo their radicals, it follows by Lemma 2.5 that they are
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isomorphic. Therefore rP/t"*'P ~ D Tr C, which finishes the proof of
the proposition. a

By duality, we have the following version of Proposition 2.6.

Proposition 2.7 Suppose C is a uniserial noninjective module of length n
over a Nakayama algebra A and suppose C — I is an injective envelope.
Then Tr DC =~ (soc"*' 1)/ socl, which is a uniserial module of length n. O

We show in Chapter VI that all indecomposable modules over a
Nakayama algebra are uniserial. Hence Propositions 2.6 and 2.7 describe
D Tr and Tr D for all indecomposable modules.

The rest of our discussion of Nakayama algebras uses the notion of
the D Tr-partition of the indecomposable A-modules which is defined as
follows for arbitrary artin algebras, not just Nakayama algebras.

Let A be an arbitrary artin algebra. We denote by ind A a full
subcategory of mod A whose objects consist of chosen representatives
from isomorphism classes of indecomposable modules in mod A. Note
that the zero module is not in ind A.

Now D Tr operates on ind A U {0} and we define (D Tr)’ for all i € N
by (D Tr)° = 1 and (D Tr)' = D Tr((D Tr)""!) for i > 0. Further (D Tr)/
for —j € N is defined by (D Tr)) = (Tr D)=/, where also (TrD)° =1 by
definition.

Let C be in ind A. Then define the D Tr-orbit of C to be the collection
of indecomposable modules in {(D Tr)'C};cz. It is easily seen that the
D Tr-orbits induce a partition of the objects in ind A which we will refer
to as the D Tr-partition. The D Tr-orbits of ind A are of three basically
different types as we now describe.

Proposition 2.8 Let @ be a D Tr-orbit of ind A.
(a) Suppose there is a projective module P in ¢. Then we have the fol-
lowing.
(i) O consists of the nonzero objects in {P,(DTr)"'P,...,
(DTr)'P,.. .}ieN
(i) O is finite if and only if (DTr)™P = (TtD)'P is injective
for some n in N. Moreover if (Tr D)"P is injective, then O =
{P,(DTr)"'P,...,(DTr)™"P}.
(b) Suppose O contains an injective module 1. Then we have the following.
(i) O consists of the nonzero modules in {I,D Tr1,...,(D Tr)1,.. }ien.
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(i) O is finite if and only if (DTr)"I is projective for some
n € IN. Moreover if (DTr)'l is projective, then O =
{I,DTrl,...,(DTr)"I}.

(c) Suppose O contains no projective or injective modules. Then we have
the following.

(i) O consists of {(D Tr)A}icz where A is any object in 0.

(i) O is finite if and only if there is some i > 0 such that (D TrjA ~
A for some (and hence all) A in O0. Moreover, if n is the smallest
such i then O = {A,...,(D Try" 4}

Proof (a) Since (D Tr)'P = 0 for all i > 0, part (i) is established. We claim
that if (D Tr)™P ~ (D Tr)~*)P = 0 with j > 0, then P ~ (D Tr) /P =
(Tr DY P which is impossible since j > 0. Therefore the only way @
can be finite is that (D Tr)~"*+*DP = 0 for some n > 0, or equivalently,
(DTr)™"P is injective. It is also clear by our previous remark that if
(D Tr)™P is injective, then O = {P,(D Tr)'P,...,(D Tr)™"P}.

Part (b) is the dual of (a) and (c) is easily seen to be true. a

The following is an obvious consequence of the definitions of D Tr-
orbits and the previous propositions.

Corollary 2.9 Let A be a Nakayama algebra. If C is a uniserial module of
length n, then all the modules in the D Tr-orbit of C are uniserial modules
of length n. m]

We can now prove our promised characterization of Nakayama alge-
bras.

Theorem 2.10 An artin algebra A is a Nakayama algebra if and only if the
D Tr-orbits of simple modules consist entirely of simple modules.

Proof By Corollary 2.9 we know that if A is a Nakayama algebra, then
the D Tr-orbits of simple modules consist entirely of simple modules.
Suppose now that the D Tr-orbits of simple modules consist entirely
of simple modules. Let P be an indecomposable projective A-module.
Suppose P is not simple and let Py —- P — P/rP — 0 be a minimal
projective presentation. Then P* — P — Tr(P/tP) — 0 is a minimal
projective presentation. The fact that D Tr(P /tP), and hence Tr(P /tP),
is simple implies that Py, and hence Py, is indecomposable. Therefore
tP /v*P is simple. This shows that A/r? is a sum of uniserial modules,
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which implies that A is a sum of uniserial modules by Proposition 2.3.
Using the fact that Tr D(S) is simple if S is simple noninjective, we get
that A°P also has the property that if T is a simple nonprojective A°P-
module, then D Tr T is simple. Thus A°P is a sum of uniserial modules,
which shows that A is a Nakayama algebra. m]

We end this preliminary discussion of Nakayama algebras by taking a
more detailed look at the structure of the D Tr-orbits of indecomposable
modules containing simple A-modules.

Let A be a Nakayama algebra. We have seen in Corollary 2.9 that all
the modules in a D Tr-orbit of a uniserial module have the same length.
In particular, the D Tr-orbits Oy, ..., 0, of the simple modules give a
partition of the isomorphism classes of simple modules. We claim that
this is the same as the block decomposition of simple modules, i.e. each
O; consists of the simple modules belonging to one indecomposable block
of A. To see this it is convenient to introduce an ordering on each of the
D Tr-orbits O;, called the Kupisch series, which we now describe.

Let @ be the D Tr-orbit of some simple A-module, ie. ¢ = O; for
some i. Since ¢ consists entirely of simple A-modules, it is finite.
Hence it follows from Proposition 1.10 that @ contains an injective
simple module if and only if it contains a projective simple mod-
ule. Furthermore, if @ contains an injective simple module S, then
O = {(DTr)°S = S,DTrS,...,(D Tr)*!S} where the D Tr'S are distinct
fori=0,...,n—1 and (D Tr)*"1§ is projective. Then @ with this ordering
is called the Kupisch series for the DTr-orbit @. If @ does not contain
an injective module, then ¢ = {(D Tr)°S,D Tt S,...,(D Tr)”“S}, where
S is an arbitrary element of ¢, and n is the smallest integer such that
DTr"S ~ S, and where all the DTr'S are nonisomorphic for i = 0,

.., n— 1. O together with this ordering, which is unique up to cyclic
permutations, is then called a Kupisch series for the DTr-orbit @. For a
D Tr-orbit @ we denote by O the projective covers of the simple modules
in ©. We call @ with the induced ordering the Kupisch series for 0.

We have the following connection between the D Tr-partition of the
simple modules and the blocks of A.

Proposition 2.11 Let A be a Nakayama algebra and {0y, ..., Oy} the D Tr-
partition of the isomorphism classes of simple A-modules. Let {0y, ..., 0,}
be the corresponding partition of the isomorphism classes of indecomposable
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projective A-modules, where P is in 0; if and only if P/tP is in O;. Then
this is the block partition of the projective modules.

Proof Let {So,...,S.—1} be a Kupisch series for ¢;, and P; a projective
cover of S; for j =0, ..., n— 1. Since Sj4; ~ DTrS; ~ tP;/r*P;, and
hence Pj; is a projective cover for tP;, for all j =0, ..., n— 2, there
are nonisomorphisms P;;; — P;. Hence Py, ..., P, are all in the same
block of A.

The fact that D Tr(P /tP) ~ tP /r*P for each indecomposable projec-
tive nonsimple A-module P also implies that if P is in 0;, then t/P Jotlp
isin O; for all j =0, ..., I(P)— 1. From this it follows that if P is in (~9,~
and P’ is in O, with i # ¢, then Homu(P, P') = 0 = Homy (P, P). This
finishes the proof. m|

Corollary 2.12 A Nakayama algebra A is an indecomposable ring if and
only if all the simple A-modules are in the same D Tr-orbit. O

Assume now that A is an indecomposable Nakayama algebra with
Kupisch series {So,...,Sy—1} and {Py,...,P,_(} of simple and projective
modules. Since Pj;; is a projective cover for tP; for all j=0,...,n—2,
and Py is a projective cover of tP,_; if P,_; is not simple, the sequence
of positive integers (dp,...,a,—1) wWhere a; = I(P;) for 0 < j < n—1
has the property that a;41 = a;—1 =1 forall j =0,...,n—2 and
ap > a,—1 — 1. Any sequence of positive integers (ay, ..., a,—;) satisfying
these conditions is called an admissible sequence. If {Py,...,P,_1} is
a Kupisch series for the indecomposable projective A-modules, then
(I(Po),...,(Py—1)) is called the admissible sequence of A. We then have
the following.

Proposition 2.13 For any admissible sequence (a,...,a,—1) of positive in-
tegers there is a Nakayama algebra with this sequence as its admissible
sequence.

Proof Let (ag,ay,...,a,—1) be an admissible sequence of positive integers.
Consider the quiver T’
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if a,_1 > 1 and
do a1 On—2
0 1 n—2 n—1
if a,_1 = 1. For each i there is a unique path p; of length g; starting at i.
Then the path algebra kI of I modulo the ideal generated by the paths
p; is a Nakayama algebra with admissible sequence (ag, ay,...,a,—1). The

verification of this fact is left to the reader. D

We illustrate with the following.
Example k[X]/(X")is a Nakayama algebra with admissible sequence ().

Example The n x n full lower triangular matrix algebra over a field is a
Nakayama algebra with admissible sequence (n,n — 1,...,1).

The rest of this section is devoted to showing how to construct new
examples of Nakayama algebras from old ones by using skew group
algebras. The main result is the following.

Theorem 2.14 Let AG be a skew group algebra with the order of G invert-
ible in A. Then AG is a Nakayama algebra if and only if A is Nakayama.

We begin the proof by showing that we can reduce the proof of
Theorem 2.14 to proving it for A with the property that 1> = 0 where
t is the radical of A. We know by Corollary 2.4 that an artin algebra
I' is Nakayama if and only if I'/(radI')? is Nakayama. Therefore A is
Nakayama if and only if A/x? is Nakayama and AG is Nakayama if and
only if AG/(rad AG)? is Nakayama. But by III Proposition 4.11 we have
(rad AG) = tAG and so (rad AG)? = 1’AG. Moreover we also know from
Chapter III that AG/(rtAG)? ~ (A/x?)G. Finally, the fact that the order
of G is invertible in A implies that the order of G is invertible in A/t
Thus we have shown that to prove Theorem 2.14 it suffices to prove it
under the additional hypothesis that t> = 0. This we now proceed to do.
We begin with the following description of the indecomposable modules
of a Nakayama algebra of radical square zero.

Lemma 2.15 Let A be a Nakayama algebra with v* = 0. Then the following
are equivalent for an indecomposable nonsimple A-module M.

(a) M is a projective A-module.

(b) M is an injective A-module.
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Proof (a) == (b) Let M be a nonsimple indecomposable projective A-
module. Since A is a Nakayama algebra, M is uniserial. Since r* = 0, it
follows that /(M) = 2. Let I(M) be an injective envelope of M. Since
soc M ~ socI(M) is simple, it follows that I(M) is indecomposable and
therefore uniserial of length at least 2. Since r?> = 0, it follows that
I(I(M)) =2, so M ~ I(M) which means that M is injective.

(b) = (a) This is dual of (a) = (b). a

We apply this to obtain the following homological characterization of
Nakayama algebras whose square of the radical is zero.

Proposition 2.16 Let A be an artin algebra with radical x such that v* = 0.
Then A is a Nakayama algebra if and only if the injective envelope I(A) is
a projective module.

Proof Suppose A is a Nakayama algebra. Let P — I(P) be an injective
envelope for an indecomposable projective A-module P. Since soc P is
simple, socI(P) is simple and so I(P) is an indecomposable injective
module. If I(P) is simple then P is simple and P ~ I(P), so I(P) is
projective. If I(P) is not simple, then by Lemma 2.15 we have that I(P)
is projective. So in any event, I(P) is projective as well as injective, which
shows that I(A) is projective.

Suppose now that I(A) is projective. Let P be an indecomposable
projective A-module. We want to show that P is uniserial. If P is
simple there is nothing to prove. Suppose P is not simple and let
P — I(P) be an injective envelope. Since I(P) is projective we know that
I(P) = Q1 ][ -11 Q: where the Q; are indecomposable modules which
are both projective and injective. Since r* = 0, it follows that each of
the Q; is uniserial. Since P is not simple, P & tI(P), so there is some
projection I(P) — Q; such that Im(P — I(P) — ;) is not contained in
rQ;. Therefore the composition P — Q; is an epimorphism and hence
an isomorphism since P is indecomposable. So P is a uniserial injective
module. Hence we have that the indecomposable nonsimple projective
modules are uniserial injective modules. So we now have to show that if
I is an indecomposable injective module, then I is uniserial.

If I is simple, there is nothing to prove. Suppose I is not simple. Let
f:P — I be a projective cover for I. Let P = P;[]---]]P: with the
P; indecomposable modules. Then f(soc P;) # 0 for some i = 1,...,¢, or
else I would be simple. Hence f|p,: P; — I is injective. Since f:P — [
is a projective cover and soc is simple, P; is not simple. Therefore P; is
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injective and so f|p,: P; — I is an isomorphism. But we also know that
P; is uniserial which means that I is uniserial. 0O

Combining this proposition with our previous remarks, we see that to
prove Theorem 2.14 it suffices to show the following.

Proposition 2.17 Let AG be an arbitrary skew group algebra. Then I(A),
an injective envelope of A, is a projective A-module if and only if 1(AG),
an injective envelope of AG, is a projective AG-module.

This proposition follows readily from some general considerations
which are also of interest in their own right.

Proposition 2,18 Let f: A — I' be a morphism of artin R-algebras. Then
the following are equivalent.

(a) T is a projective right A-module.
(b) Every injective T'-module is also an injective A-module.

Proof (a) = (b) Let 0 - A - B — C — 0 be an exact sequence
of A-modules. Since I' is a projective right A-module, we have that
05T orA—->T®yB— T ®yC — 0isexact. Suppose I is an injective
I'-module. Then we have the exact commutative diagram

Hompr(I'®4 B,I) — Homp(I'®p4,1) — 0

1 1
Homy (B, 1) - Homu(A4,1) ,

which means that Homy(B,I) — Homa(4,I) — 0 is exact. This shows
that I is an injective A-module, since 0 - 4 - B - C — 0 is an
arbitrary exact sequence of A-modules.

(b) = (a) Let 0 > A4 ER B2 C - 0bean arbitrary exact se-
quence of A-modules. Then we have the exact sequence of I'-modules
0o Ker('® f) > I’ @y A > I' ®, B. Let I be the I'-injective envelope
of I'/radI. Then I is also an injective A-module, so we have the exact
commutative diagram

Homp(I'®p B,I) — Homr(I' ®, A,1) » Homr(Ker(I'® f),I) — 0
1 h
Hom(B,I) — Homa(4,1) - 0,

which shows that Homp(Ker(I'® f),1) = 0. This means that Ker(I'® f) =
0 or that 0 > I'®, A — T ®, B is exact. Since this holds for all exact
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A-sequences 0 - 4 - B — C — 0, we have that T is a projective right
A-module. O

As an easy consequence of Proposition 2.18 we have the following
which proves one direction of Proposition 2.17.

Corollary 2.19 Let AG be a skew group algebra. If I(AG), the AG-injective
envelope of AG, is AG-projective, then 1(A), the A-injective envelope of A,
is A-projective.

Proof We know by III Lemma 4.5 that AG is both a projective right
and left A-module by means of the inclusion A — AG. Since AG is a
projective right A-module, we know by Proposition 2.18 that I(AG) is an
injective A-module. Since I{AG) is a projective AG-module and AG is a
projective A-module, it follows that I(AG) is also a projective A-module.
Therefore I1(AG) is a A-module containing A which is both a projective
and an injective A-module. Hence I(AG) contains I(A) as a summand,
which means that I(A) is also a projective A-module. m|

We now finish the proof of Proposition 2.17 by showing that if I(A) is
a projective A-module, then I(AG) is a projective AG-module.

The inclusion A — I(A) induces a monomorphism of AG-modules
Homu(AG,A) — Homy(AG,I(A)). Since AG ~ Homp(AG,A) as AG-
modules, this gives a monomorphism of AG-modules AG —
Homa(AG,I(A)). Since AG is a projective right AG-module, the fact
that I(A) is an injective A-module implies that Homa(AG,I(A)) is an in-
jective AG-module. This follows from the fact that for all X in mod AG,
the morphisms h: Homy(X,1(A)) — Hompg(X, Homy(AG,I(A)) given
by h(t)(x)(z) = t(zx) for all t in Homa(X,I(A)) and x in X and z in
AG are isomorphisms functorial in X. But by III Proposition 4.14 we
know that Homa(AG,I(A)) and AG®4 I(A) are isomorphic AG-modules.
Since we are assuming that I(A) is a projective A-module, it follows that
AG ®, I(A) is a projective AG-module. So AG is a AG-submodule of the
AG-module Hom(AG, I(A)) which is both a projective and injective AG-
module. This implies that I{AG) which is a summand of Homa(AG, I1(A))
is also a projective AG-module. m]

We end this section with the following illustration of Theorem 2.14.
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Example Let € be the complex numbers, let A = C[X]/(X") and let G
be the cyclic subgroup of C’, the multiplicative group of €, generated
by ¢ which is an nth root of unity. Define the operation of G on the
C-algebra A by ¢/(X +(X")) = ¢' - X +(X") for all i = 1,...,n. Since
n is invertible in A we have by Theorem 2.14 that AG is a Nakayama
algebra since A is a Nakayama algebra.

3 Selfinjective algebras

This section is devoted to pointing out some special features of the
module theory of selfinjective artin algebras which do not hold for
arbitrary artin algebras. In particular, we show that for selfinjective
algebras D Tr M is very closely related to Q*(M), the second syzygy of
a module M, and that D Tr M and Q*(M) are the same for symmetric
algebras, a special type of selfinjective algebras.

An artin algebra A is said to be selfinjective if it is injective as well
as projective as A-module. Before considering the special types of self-
injective algebras we are mainly interested in, we point out various
characterizations and properties of selfinjective algebras.

Proposition 3.1 The following are equivalent for an artin algebra A.

(a) A is selfinjective.
(b) A A-module is projective if and only if it is injective.
(c) A°P is selfinjective.

Proof (a)=>(b) Since every indecomposable projective A-module is a
summand of A, every indecomposable projective module is injective if
A is injective. But the numbers of isomorphism classes of indecompos-
able projective modules and indecomposable injective modules are the
same. Hence every indecomposable injective module is projective, which
establishes (b).

(b)=>(a) is trivial.

(b)<>(c) This is an immediate consequence of the duality D:mod A —
mod A°P and the equivalence of (a) and (b). ]

Our next characterization of selfinjective artin algebras is in terms
of the contravariant functor Homa( ,A):mod A — mod A°P given by
A — Homu(A,A) = A" for all A in mod A. We have seen earlier that
Homa(, A) induces a duality T : 2(A) — P(A°P). Our aim now is to show
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that A is selfinjective if and only if Homa( ,A): mod A — mod AP is a
duality. The proof is based on the following more general considerations.

Let A be in mod A, where A is an artin R-algebra. Then for each
X in mod(A°P) we have the morphism of R-modules ay: X @y 4 —
Homy(A4*, X) given by ax(x ® a)(f) = f(a)x for all x in X, for all ain 4
and all f in 4*. It is not difficult to check that ay is functorial in X and
that ay is an isomorphism when A is a projective A-module. We now
describe the kernel and cokernel of ay for arbitrary X.

Proposition 3.2 Let A be in mod A. Then for each X in mod A°P we have
an exact sequence

0 — Extlo(Tr4,X) > X @14 > Hompw(4",X)
—  Bxtie(Tr4,X) —»0

where all morphisms are functorial in X.

Proof Let Py ER Py £, 4 — 0 be a minimal projective presentation of A.

Then we have an exact sequence 0 — A* Py N P — TrA — 0. Since

the P are projective A°°-modules for i = 0, 1, it is not hard to see the

following for all X in mod A°P.

(@) Homaw(P,X) "™ Hompw(4",X) — Extien(Tr 4, X) — 0 is
an exact sequence with all morphisms functorial in X.

(b) Hompw(P;,X) — Ker(Homuer (g, X)) — Exthop(Tr4,X) — 0 is an
exact sequence with all morphisms functorial in X.

Using these observations, it is not difficult to deduce our desired exact
sequence from the commutative diagram with exact first row

X AP — X ®a Py — X®pd -0

| | [

Hompop(g"
Hompw (P, X) — Hompw (P;, X) omase(g"X) Hompe (4", X)

While the exact sequences described in Proposition 3.2 are of interest in
general, we are now interested only in the case X = A. Then ap: 4 — 4™
is the usual evaluation morphism given by ax(a)(f) = f(a) for all a in
A and f in A*. We recall that A is said to be torsionless if ap: 4 — 4**
is a monomorphism and A is said to be reflexive if ap: 4 — A™ is
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an isomorphism. We have the following immediate consequence of
Proposition 3.2.

Corollary 3.3 Let A be in mod A. Then we have the following.

(a) A is torsionless if and only if Extle(Tr4,A) = 0.
(b) A is reflexive if and only if Extio,(TrA,A) =0 for i=1, 2. m]

Combining this corollary with the fact that Tr A runs through all of
modx(A°P) as A runs through all of mody A, we have the following.

Proposition 3.4
(a) The following are equivalent for an artin algebra A.
(i) A is selfinjective.
(i)  Every A in mod A is torsionless.
(iii) Every A in mod A is reflexive.
(b) If A is selfinjective, then Homp( ,A): mod A — mod(A°P) is a duality
with dual inverse Homper( , A): mod(A°P) — mod A. a

Another important property of selfinjective algebras we want to give
involves the syzygy and cosyzygy functors which we now describe.

Let A be an arbitrary artin algebra. We define a functor Q:mod A —
mod A, called the syzygy functor, as follows. For each 4 in mod A choose

a fixed projective cover P(A4) A A and define Q(A) to be Ker h. Suppose
f:A — B is in mod A. Then there is an exact commutative diagram

0 0
l |

t

QA4 — Q(B)

| |

P4 5 PB)

! |

4 L B
i 1)
0 0

Now the morphism t:Q(A4) — Q(B) we obtain in this way depends on
the particular choice of g. It is not difficult to see that if we change g to
g :P(A) — P(B) we obtain a new morphism ¢':Q(4) — Q(B) and that
t—t is in 2(QA,QB). In this way we get a morphism Homyu(4, B) —
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Hom, (Q(A),Q(B)). Since f € 2(4, B) gives that t € (QA, QB) we obtain
the morphism Q:Hom,(A, B) — Hom,(Q(A),Q(B)). It is a straightfor-
ward exercise to check that this data defines a functor Q:modA —
mod A.

Dually, we define the cosyzygy functor Q !':mod A — mod A as
follows. For each 4 in mod A choose a fixed injective envelope u: 4 —
I(A) and define Q~1(4) to be Cokeru. Suppose f:4 — B is a morphism
in mod A. Then there is an exact commutative diagram

0 0
! !
A L B
! l
14y > I(B)
! l
ol 5 oY(B)
! l
0 0

While the morphism w:Q71(4) —» Q1(B) we obtain this way depends
on the particular choice of v, it is not difficult to see that the image
of w in Homy(Q1(4),Q~!(B)) is independent of the choice of v. In
this way we get a morphism Homy (4, B) — Homy (4, B) whose kernel
contains .#(4,B). Thus we obtain the morphism Q~!:Homu(4,B) —
Homa(Q1(4), Q" 1(B)). It is a straightforward exercise to check that this
data defines a functor Q~!:mod A — mod A.

Although the syzygy and cosyzygy functors are important for arbitrary
artin algebras, we consider them in this section only for selfinjective
algebras.

Suppose A is a selfinjective algebra. Since the projective and injective
A-modules coincide, we have that (A, B) = #(A, B) for all A and B in
mod A, and hence mod A = mod A. The duality Homa( ,A):mod A —
mod(A°P) induces a duality Homp( ,A):modA — mod(A°P).
Because A° is also selfinjective we have the duality
Hompe( ,A):mod(A°?) — modA which is an inverse duality of
Homa( ,A). It is not difficult to check that the functor Q~':mod A —
mod A is given by Q! = Hompw( , A)Qx» Homy( ,A). Straightforward
calculations show the following.

Proposition 3.5 Let A be a selfinjective artin algebra. The functors
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Q:modA — modA and Q ':mod A — mod A are inverse equivalences.
O

Considering Q:mod A — modA and Q !:mod A — mod A as maps
on modules we get the following as a consequence of this proposition.

Proposition 3.6 Let A be a selfinjective artin algebra. The map
Q:mod A — mod A induces a map Q:mody A — modyp A which has the
following properties.

(a) For all A and B in modgs A, A ~ B if and only if Q(A) ~ Q(B).

(b) QIL, 4) ~ [T, Q(A;) when the A; are in modgs A.

(c) For each A in modg A, A is indecomposable if and only if Q(A) is
indecomposable. a

It should be observed that this proposition remains valid if we substi-
tute Q! for Q.

As before, assume that A is a selfinjective artin algebra. We define
Q':mod A — mod A by induction as follows: Q° = 1,44 and Q! = QO
for all i > 0. Similarly one defines Q' for i =0, 1,....

In order to explain how the functors D Tr and Q? are connected we need

the notion of the Nakayama automorphism of mod A. The composition

... H A D . . .
of dualities mod A oma(A) mod A°? — mod A is an equivalence which

we denote by 4" and which is called the Nakayama automorphism. We
denote its inverse equivalence Hompo( , A)D by .#"~1. We now have the
following result.

Proposition 3.7 Let A be a selfinjective artin algebra.

(@) The functors D Tr, Q*4", and /" Q* from mod A to mod A are iso-
morphic.
(b) The functors TrD, Q241 and #"~1Q2 are isomorphic.

Proof (a) Let P, > Pp > A — 0 be a minimal projective pre-
sentation of 4 in modA. Then we have the exact sequence 0 —
A* - P; — P{ - TrA — 0, which gives rise to the exact sequence
0 - DTrA — D(P{) —» D(Py) — D(A4") — 0. Because A is selfinjective,
the D(P;") are projective A-modules and D(P;') — D(P;) — D(A*) —» 0
is a minimal projective presentation of D(4*) = A'(4). Hence we get
DTrA ~ Q24 (A). We leave it to the reader to check that these isomor-
phisms are functorial in A and also to prove the rest of the proposition. O
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Of course, for those selfinjective artin algebras such that 4" ~ 1,044,
we get that D Tr ~ Q2 and TrD ~ Q2 on mod A. This brings us to the
notion of a symmetric artin algebra.

An artin algebra A is said to be symmetric if A ~ D(A) as two-sided
A-modules.

We illustrate with the following.

Example Let A be a local commutative selfinjective R-algebra. Then
D(A) = Homg(A,I(R/tg)) is the unique indecomposable injective A-
module and hence is isomorphic to A as left A-module. Using that A
is commutative and the definition of the right A-module structure on A
and D(A), we see that we have a A-bimodule isomorphism between A
and D(A), so that A is symmetric.

Note that if A is a local commutative algebra with soc A simple,
then A is selfinjective. For then A is contained in I(soc A), the unique
indecomposable injective A-module up to isomorphism. Since A and
I(socA) have the same length because duality preserves length, we see
that A is an injective A-module.

As a concrete example we have A =k[X,Y}/(X",Y") for some n > 0
and k a field. Then it is easy to see that soc A is the simple A-module
generated by the image of X"~1Y" ! in A.

Proposition 3.8 Suppose A is a symmetric artin algebra. Then we have the
Jfollowing.

(a) D ~Homju(,A).
(b) A is a selfinjective algebra and N =~ lod -
(c) DTr~Q?and TrD ~Q2

Proof (a) Suppose g: A — Homg(A,J) is a two-sided A-isomorphism
where J = I(R/tg). Then for each A-module X the induced morphism
Hom (X, A) - Homa (X, Homg(A, J)) is an isomorphism which is easily
seen to be a A°P-isomorphism which is functorial in X. But the usual ad-
jointness gives an isomorphism Homa (X, Homg(A,J)) ~ Homg(X,J) =
D(X) which is a A°P-isomorphism functorial in X. Thus we have the
A°P-isomorphism Homu (X, A) - Homg(X,J) which is functorial in X.
(b) and (c) follow readily from (a). ]

We now give a way of constructing from any artin algebra A a
symmetric artin algebra of which A is a factor.
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Proposition 3.9 Let A be an arbitrary artin algebra. Viewing D(A) as a
two-sided A-module, the trivial extension Ax D(A) is a symmetric algebra.

Proof It is a straightforward calculation to show that the map ¢: A x
D(A) —» D(A x D(A)) given by t(4, f)(A, 'y = f(A)+ f'(4) is a two-sided
(A x D(A))-isomorphism. ]

We end this section by pointing out that group algebras of finite groups
over fields are symmetric algebras. These are particularly important and
interesting examples of symmetric algebras. We leave the proof as an
exercise.

Proposition 3.10 Let kG be the group algebra of the finite group G over
the field k. Then the map t:kG — Homy(kG,k) given by (3" .G as0)
(306 50) = 3 4e Aod,-1 is a two-sided kG-isomorphism and so kG is a
symmetric artin algebra. |

4 Defect of exact sequences

In this section we give a remarkable connection between the functors D Tr
and TrD and the structure of short exact sequences. This connection
plays a fundamental role in the rest of this book. For instance, the proof
of the existence of almost split sequences given in the next chapter as
well as the theory of morphisms determined by modules developed in
Chapter XI are based on this connection.

Associated with a short exact sequence 6:0 > A - B - C - 0 in
mod A are the functors d., the covariant defect of the exact sequence, and
o, the contravariant defect of the exact sequence, which are defined by
the exact sequences

0 — Homa(C, ) » Homy(B, ) = Homp(4, ) —» 6. = 0
and
0 — Homa( ,A4) - Homu(,B) —» Homy(,C) = §* — 0.

Clearly §. is a subfunctor of Exti(C, ) and 6" is a subfunctor of
Exti( ,A4). Since Homa(4,X) and Homy(X,C) are finitely generated
R-modules, 6.(X) and 6*(X) are also finitely generated R-modules for
each X in mod A. For brevity of notation as well as to avoid confusion,
we denote the length of an R-module Z by (Z).

Our main objective in this section is to prove the following.
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Theorem 4.1 Let 6:0 —+ A — B — C — 0 be an exact sequence. For
each A-module X we have (6.(D TrX)) = {(6"(X)) where d. and 3" are
the covariant and contravariant defects respectively of the sequence 6:0 —
A—->B->C-—-0.

The proof of this theorem proceeds in several steps. We begin with the
following.

Proposition 4.2 Let Py — Py — X — 0 be a minimal projective presenta-
tion of X, and let Z be a A-module.
Then there is an exact sequence

0 —» Homyp(X,Z) —» Homy(Py,Z) > Homp(P,Z) > TrX @, Z — 0
with all morphisms functorial in Z.

Proof The exact sequence Pj — Py — TrX — 0 gives rise to the
commutative exact diagram

PS@AZ — Pf®AZ >TrXQ®\sZ -0
4] oy

0 - Homy(X,Z) » Homu(Py,Z) = Homy (P, Z)

Here the morphisms «;:P @y Z — Homy(P;,Z) are given by
oai(f ® z)(x) = f(x)z for f € P,z € Z and x € P, By II Proposi-
tion 4.4 the morphisms «; are functorial in Z and are isomorphisms since
the P; are projective. It then follows that we have our desired exact
sequence and that in this exact sequence all morphisms are functorial in
Z. O

Before stating our next result, it is convenient to introduce the following
notation. If 4 and B are A-modules, we denote the length of the R-
modules Homy (4, B) by (4, B} rather than (Homy (4, B)).

The next result is an easy consequence of Proposition 4.2.

Corollary 4.3 Let Py — Py — X — 0 be a minimal projective presentation
in mod A. Then for each Z in mod A we have

(X,Z) —{(Z,DTrX) = (P0,Z) — (P, Z).

Proof Let J be the R-injective envelope of R/ rad R. Since by adjointness
Homa(Z,D Tr X) ~ Hompg(Tr X ® Z,J) = D(Tr X ® Z), we have that
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(TrX ®A Z) = (Z,DTrX). Our result now follows from the exact
sequence of R-modules

0 — Homp(X,Z) = Homp(Py,Z) = Hompy(P,Z) > TrX ®\Z - 0

given in Proposition 4.2. ]

We now show that Theorem 4.1 is an easy consequence of Corollary 4.3.

Proof of Theorem 4.1 Let 6:0 - A —» B — C — 0 be an exact sequence
in mod A. It then follows from the definitions of 4. and 6" that we have
the following equalities for each X in mod A.

(6.(DTrX)) = (A4,DTrX)—(B,DTrX)+ (C,DTrX).

Subtracting the bottom row from the top row and applying Corollary 4.3
we have that

(5'(X)) - (5‘(1) TI'X)) = <P0>A) - <P0sB> + <P0a C)
— ({(P1,4) — (P1, B) + (P1,C))
= (8"(Po)) — (67(Py))
= 0,

since the P; are projective modules. ]

As an immediate consequence of Theorem 4.1 we have the following.
Here we say that a morphism g:X — Y factors through ¢:B — Y if
there is some s: X — B with ts = g, and g:X — Y factors through
u: X — A if there is some v: 4 — Y with vu = g.

Corollary 44 Let 6:0 — 4 ER B % C — 0 be an exact sequence in mod A.
Then for each X in mod A the following are equivalent.

(a) Every morphism h: X — C factors through g:B — C.

(b) Every morphism t:A — D Tr X factors through f:A — B.

(c) For each h:X — C, we have that Ext)(h,A):Exti(C,4) —
Ext,l\(X ,A) has the property that Extl(h, A)(5) = 0.

(d) For each t:A — DTrX we have that Exti(C,t):Exti(C,4) —
Ext}\(C,DTr X) has the property that Ext)(C,t)(5) = 0.
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Proof Since (6*(X)) = (6«(D Tr X)) it follows that *(X) = 0 if and only
if 8.(D Tr X)) = 0. This shows that (a) and (b) are equivalent. Statement
(c) is just a rewriting of (a) in terms of the functor Exti(,A4) and (d) is
just a rewriting of (b) in terms of the functor Ext,l\(C, ). m]

As another indication of how Theorem 4.1 can be applied, we give the
following result.

Proposition 4.5 The following equalities hold for arbitrary A-modules.

(Tor{(Tr X, A)) = (Hom,(X, A)) = (Extj(4, D TrX)).

Proof 1Let 6:0 —» Q!(4) — P I, 4 = 0 be exact with f:P > Aa
projective cover of A. Applying the duality D and usual adjointness
isomorphisms to the exact sequence

0 - TorM(TrX,A) > TrX @ Q' (A) > TrIX @ P 5> TrX ®, 4 — 0
we obtain the exact sequence

0 — Homy(4, D Tr X) —» Homa(P, D Tr X) — Homa(Q!(4), D Tr X)

— D(Tor}(Tr X, A)) — 0.

Thus we have that 6.(DTrX) = D(Tor’l\(TrX,A)). But we also have
that 8.(D Tr X) = Ext}(4,D TrX) since P is projective. Hence we get
(Torl(Tr X, A)) = (Ext}(4,D TrX)). Also by Theorem 4.1 we have that
(6+(DTrX)) = (6*(X)). But §"(X) = Hom,(X,A), so we have that
(Tor}(TrX,A)) = (Hom,(X,A)), which completes the proof of the
proposition. O

The above equalities are often used in computations since it is some-
times easier to compute Hom,(X,A) than either Tor’l\(Tr X,A) or
Ext} (4, D Tr X).

As our final application of Theorem 4.1 we prove the following.
Proposition 4.6 The equality

(Ext) (X, A)) = (Homy(4,D Tr X))

holds for all A-modules X and A.
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Proof let 6:0 - A - I — Q7(4) —» 0 be an exact sequence
with A — I an injective envelope. Then §*(X) = Ext\(X,4) and
3.(D TrX) = Homp(4,D TrX). Since (6*(X)) = (6.(D Tr X)) by The-
orem 4.1, we have our desired result. O

When pdy X < 1 we have the following simplification of the formula
in Proposition 4.6.

Corollary 4.7 Suppose pd, X <1. Then (Ext} (X, A)) = (Homa(A4, D Tt X))
for all A in mod A.

Proof Since pdy X < 1, we have by Proposition 1.16 that
Homy(D(A), D Tr X)=0. Therefore Homa(A4, D Tr X)=Homx (4, D Tr X)
for all A4, so that (Ext)(X,A)) = (Homu(4,D TrX)) for all 4 in mod A
by Proposition 4.6. m]

We end this section on the defect of exact sequences with the following
remark.

Let 6:0 > A - B —» C — 0 be an exact sequence in mod A. Then
the contravariant defect 6" is a contravariant R-functor from mod A
to mod R which vanishes on projective modules. Therefore 6* induces
a contravariant R-functor §*:modA — modR. Hence if we define
(Dé*)(X) to be Homg(6*(X),J) where J is the R-injective envelope of
R/ rad R, we obtain the covariant R-functor Dé*:mod A — mod R. Also
the covariant defect d. is a covariant functor mod A — mod R which
vanishes on injective modules. Therefore §. induces a covariant R-

functor §.:modA — mod R. Consequently the composition modA Y

modA % mod R which we denote by 8.(D Tr) is a covariant functor
modA — modR.

It can be shown that the functors Dé* and 6.D Tr are isomorphic and
hence that the R-modules Dé*(X) and é.(D Tr(X)) are isomorphic for all
A-modules X. Since (Dé*(X)) = (6"(X)) we get the fact established in
Theorem 4.1 that (6*(X)) = (6.(D Tr X)) for all A-modules X. Despite
the fact that the functors Dé* and 8.D Tr being isomorphic is of interest
in its own right, we do not prove it since the proof involves more
complicated categorical arguments than we wish to get involved with
here.
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Exercises

1. Find the radical and socle filtration of Z;, as a Z;;-module.

2. Prove that if A is a Nakayama algebra and A = [[;_, n;P; with
P; nonisomorphic indecomposable projective modules, then the total
number of nonisomorphic uniserial modules is > ;_; I(P)).

3. Let I" be the quiver \{/ and k a field. Let M be the kI'-module

given by the representation
k k
O 0
kITk
l(l,l)

k

(a) Find Endkr(M).
(b) Find the socle and radical filtration of M.
(¢) Find DTrM and TrDM.

4. Let k be a field of characteristic 2 and let D4 be the dihedral group of
order 8.

(a) Find the radical and socle filtration of kD,.
(b) Find D Trk, when k is the trivial kD4-module.

5. Letk beafield,i € k and let A; = k(X,Y)/I; where k{(X,Y) is the free
k-algebra in two noncommuting variables and I; = (X%, Y2, XY —iY X)
is the ideal generated by X2, Y? and XY —iY X.

(a) Determine for which i we have that A; is selfinjective.
(b) Determine for which i we have that A; is symmetric.

6. Let k be a field, let A = k[X]/(X™) with n > 2 and for each k-vector
space V let {V) denote its length (dimension). Consider the exact sequence
of A-modules 6:0 — k[X]/(X" 1) ER K[IX1/(X™ TTkIX]/(X"2) LN
k[X1/(X"') = 0 where f(p + (X"")) = (Xp + (X"),p + (X"72)) for
p+(X"") € k[X]1/(X"") and g(p + (X"),q +(X"")) = p— Xq + (X"")
for p+ (X") € k[X]/(X™) and q + (X"2) € k[X]/(X"2).
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(a) Prove that (6.(k[X]/(X?))) = (6*(k[X]/(X")) =0fori#n—1.
(b) Prove that (3.(k[X]/(X™1))) = (8" (k[X]/(X"1))) = 1.

7. Let A be an artin algebra and M a module in modg A.

(a) Prove that (M, M), the group of A-homomorphisms from M to M
which factors through a projective module, is contained in tgng,(a).

(b) Prove that f € Ends(M) is invertible if and only if the image f of f
in End, (M) is invertible.

8. Let A be an artin algebra with gl.dim A < co. Prove that there is some
simple A-module S with Homx (DA, S) = 0.

9.

(a) Let A be a Nakayama algebra with admissible sequence
(5,4,3,4,3,2,2). Describe the simple modules with projective dimension
2.

(b) Give a description of the simple modules of projective dimen-
sion 2 for a Nakayama algebra A in terms of the admissible
sequence. (Hint: For each maximal sub-sequence of the form
(t+it+i—1,....t + 1,t), compare t with the length of the next
maximal sub-sequence).

10. Let k be a field, n € N and let V' be an n-dimensional k-vector space.
Let T(k, V) be the tensor algebra of V over k, let I be the ideal generated
by {v®vfv € V} and A = T(k, V)/I, which is the exterior algebra of V
over k. Denote by V' the image of V! in A. Prove that the following
hold.

i vrlclL

(ii) ¥V =1y, hence A is a local ring.

(i) dim(7' /7y = () for 0 < i <n with 7° =k.

(iv) For each i < n there is some v € 7' and some A € V with Jv #+0.
(v) socA is simple, hence A is selfinjective.

(vi) Find the numbers n where A is symmetric.

11. Let k be a field and S = k[X,Y]. Prove that the S-module
(X,Y)/(X,Y)"+? is an indecomposable (k[X,Y]/(X,Y)?)-module for
all n>0.
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12. Let A be an artin algebra such that A/r ~ socA. Prove that A is
selfinjective.

Notes

The transpose of a module viewed only as a module, not a functor, first
appeared implicitly in the study of commutative noetherian regular local
rings [Aul]. It also appeared, again implicitly, in the study of certain
types of additive functors called coherent functors on the category of
finitely generated modules over noetherian, not necessarily commutative,
rings [Au2]. The notion given here of the transpose as a functor dates
from [AuB] where it was defined and studied in the context of finitely
generated modules over arbitrary noetherian rings. While the pertinence
of the notion to the theory of modules over artin algebras was indicated
earlier in the Ph.D. theses of Leighton, Menzin and Teter, students of
Auslander, it was not until the connection of D Tr with almost split
sequences was shown in [AuR4] that the importance of the transpose in
representation theory was finally established.

Nakayama artin algebras were introduced by Nakayama in connection
with his work on classical maximal orders. The Nakayama algebras are
also called generalized uniserial algebras, or serial algebras. He also
determined their representation theory [Nak]. The method of describing
Nakayama algebras in terms of Kupisch series was given by Kupisch
in [Kul]. Further information was given in [Fu].

A systematic study of the defect functors 6* and J. associated with
short exact sequences was given in [Au5] where it was shown that the
functors Dé*(X) and 8.(D Tr X) of X are isomorphic. The formula given
in Corollary 4.3 was developed in [AuRS8] in connection with proving
results given in Chapter IX. Its use in proving Theorem 4.1 is new.

Proposition 4.6 is a special case of the functorial isomorphism
D(Ext(X,4)) ~ Homa(4,D TrX), sometimes called the Auslander—
Reiten formula. It is proved in [AuR4] and used there as the basis
of the proof of the existence of almost split sequences (see also XI.5).
Similar formulas have been proved in other contexts as an approach to
establishing the existence of almost split sequences.
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Almost split sequences

In this chapter we give an introduction to almost split sequences, a special
type of short exact sequences of modules which play a central role not
only in this book, but also in the representation theory of artin algebras
in general. Almost split sequences are introduced via the dual notions
of left almost split morphisms and right almost split morphisms. These
notions give rise not only to almost split sequences but also to the equally
basic concept of irreducible morphisms. In this connection the radical
of the category mod A, which is an R-relation on mod A, is studied. In
addition to the general theory, various examples and special types of
almost split sequences are discussed, including a method for constructing
almost split sequences for modules over group algebras of finite groups.

1 Almost split sequences and morphisms

Even though until now our major emphasis has been on studying mod-
ules, we have also discussed some special types of morphisms, such as
projective covers, injective envelopes and right and left minimal mor-
phisms. In this section we introduce some other special morphisms,
called right and left almost split morphisms, which give rise in a natural
way to the notion of almost split sequences. The section ends with a
proof of the existence and uniqueness of almost split sequences.

Even though it is not quite grammatically correct, we say that a
morphism f:B — C is a split epimorphism if 1-:C — C, the identity
morphism of C, factors through f. Dually, we say that a morphism
g:A — B is a split monomorphism if 1, factors through g. We have the
following reformulation of these concepts in terms of indecomposable
modules.

136
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Lemma 1.1 The following are equivalent for a morphism f:B — C.

(a) The morphism f:B — C is a split epimorphism.
(b) If C=C, 1] -11Cx with the C; indecomposable for all i =1,...,n,
then the natural inclusion morphisms h;: C; — C factor through f.

Proof 1t is clear that (a) implies (b). If (b) holds, let g;:C; — B be
such that fg; = h;. Letting p;:C — C; be the projections associated
with the decomposition C = C;[[---]]C, for i = 1,...,n we get that
lc =31, fgipi, so that f: B — C is a split epimorphism. a

Lemma 1.2 The following are equivalent for a morphism g: A — B.

(a) The morphism g: A — B is a split monomorphism.
(b) If A= A1][- - 11A4n with the A; indecomposable for all i = 1,...,n,
then the associated projection morphisms p;: A — A; factor through g.

Proof This is the dual of Lemma 1.1. a

As motivation for the definitions of right almost split morphisms and
left almost split morphisms we consider the following special situation.

The radicals of indecomposable projective modules and the socles of
indecomposable injective modules have come up repeatedly in our past
considerations. We now give a description of these important submodules
in terms of morphisms.

Let P be an indecomposable projective module over an artin algebra A.
Then the inclusion i:xP — P is not a split epimorphism since it is not an
epimorphism. In addition i:tP — P has the property that any morphism
g:X — P which is not a split epimorphism factors through i:tP — P.
For let g:X — P be a morphism which is not a split epimorphism.
Then g is not an epimorphism and hence Img < rP since rP is the
unique maximal submodule of the indecomposable projective module
P. Therefore g: X — P factors through i:tP — P. These observations
suggest the following definitions.

A morphism f:B — C is right almost split if (a) it is not a split
epimorphism and (b) any morphism X — C which is not a split epi-
morphism factors through f. In view of our previous remarks, we see
that i:xP — P is right almost split for all indecomposable projective
modules P. Dually, a morphism g: 4 — B is left almost split if (a) it is
not a split monomorphism and (b) any morphism 4 — Y which is not a
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split monomorphism factors through g. As examples of left almost split
morphisms we point out that if I is an indecomposable injective module,
then the epimorphism I — I/soc] is left almost split. This can be seen
either directly or by using the following easily proven fact.

Lemma 1.3 A morphism f:B — C in mod A is right almost split if and
only if D(f): D(C) — D(B), the dual of f, is left almost split. a

Let P be an indecomposable projective module. Having seen that
i:tP — P is right almost split, it is natural to ask if there are other right
almost split morphisms B — P. If j: C — P is an inclusion which is right
almost split, then condition (a) means that C is a proper submodule of
P, and condition (b) means that C contains all proper submodules of P.
Hence we must have i:tP — P in this case. It is clear that if g: X — P
is any morphism, then the induced morphism X [[tP — P is also right
almost split. More generally, it is not difficult to see that a morphism
f:B — P is right almost split if and only if Im f = vP and the induced
epimorphism B — Im f is a split epimorphism. We have that i:tP — P
is right minimal since it is a monomorphism, and so i:rP — P is the
only, up to isomorphism in mod A/P, right almost split morphism to P
which is also right minimal. We now show that this is a general fact
about right almost split morphisms. But first it is convenient to make
the following definition.

A morphism is said to be minimal right almest split if it is both right
almost split and right minimal. Dually, a morphism is said to be minimal
left almost split if it is both left almost split and left minimal. Clearly a
morphism is minimal right almost split if and only if its dual is minimal
left almost split. We can now prove the following,

Proposition 1.4

(a) Let f:B — C and f':B' — C be right almost split morphisms. Then
f is equivalent to ' in mod A/C and all morphisms equivalent to f
are right almost split.

(b) If f:B — C is right almost split then the minimal version of f is
minimal right almost split.

(¢) Iffor C in modA f:B — C is minimal right almost split, then f is
unique up to isomorphism.

Proof (a)Let f:B — C and f': B’ — C be right almost split morphisms.
Then since f’ is not a split epimorphism and f is right almost split,
there exists some g: B — B’ with f'g = f. Similarly there exists some
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g : B’ — B with f' = fg'. Therefore f and f’ are equivalent in mod A/C.
The rest of (a) is trivial.

(b) This is a direct consequence of (a) and the definitions.

(c) This follows from (a) and (b) and the fact that the right minimal
version of a map f:B — C is unique up to isomorphism in the corre-
sponding equivalence class in mod A/C. O

We also state the dual of Proposition 1.4.

Proposition 1.5

(a) Let g:A— B and g':A — B’ be left almost split morphisms. Then g
and g’ are equivalent in mod A\ A and all morphisms equivalent to g
are left almost split.

(b) If g:A — B is left almost split then the minimal version of g, which
is a minimal left almost split morphism, is unique up to isomorphism.
O

Combining these propositions with our previous remarks about in-
decomposable projective modules as well as indecomposable injective
modules, we have the following, where (b) follows from (a) by duality.

Corollary 1.6

(a) Let P be an indecomposable projective module. Then i:tP — P is
the unique, up to isomorphism in mod A/P, minimal right almost split
morphism.

(b) Let I be an indecomposable injective module. Then the natural epi-
morphism t:1 — I/socl is the unique, up to isomorphism in mod A\I,
minimal left almost split morphism. m|

In view of these results about indecomposable projective modules and
indecomposable injective modules, it is natural to ask what the situation
is for decomposable projective modules, and decomposable injective
modules. The following general result answers these questions.

Lemma 1.7 Let f: B — C be a morphism.

(a) If f is right almost split, then C is an indecomposable module.
(b) If f is left almost split, then B is an indecomposable module.

Proof (a) Suppose C = C;][---]ICx with the C; indecomposable
modules and n > 2. Then each of the associated inclusion morphisms
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t;:C; — C factors through f since f is right almost split. Therefore f is
a split epimorphism by Lemma 1.1, which is a contradiction.
(b) This is the dual of (a). m]

Having described all the right almost split morphisms f: B — C with C
projective and all left almost split morphisms g: 4 — B with A injective,
we now turn our attention to considering when right or left almost split
morphisms exist for other modules. To this end, it is convenient to have
the following characterization of right and left almost split morphisms
in terms of indecomposable modules.

Proposition 1.8 The following are equivalent for a morphism f:B — C.

(@) The morphism f:B — C is right almost split.
(b) The morphism f is not a split epimorphism and every nonisomorphism
g2:X — C with X indecomposable factors through f.

Proof (a) = (b) This follows from the observation that if g: X — C
is not an isomorphism with X indecomposable, then g is not a split
epimorphism.

(b) = (a) Since we are assuming that f is not a split epimorphism, we
only have to show that if g: X — C is not a split epimorphism, then g
factors through f. Write X as X; [[--- ][ X, with the X; indecomposable
modules. Then none of the morphisms g|x,: X; — C is a split epimor-
phism because g is not a split epimorphism. Hence each g|x, factors
through f which means that g: X — C factors through f. |

We now state the dual of Proposition 1.8.

Proposition 1.9 The following are equivalent for a morphism g: A — B.

(a) The morphism g is left almost split.
(b) The morphism g: A — B is not a split monomorphism and every non-
isomorphism A — Y with Y indecomposable factors through g. |

We now give examples which show that the existence of almost split
morphisms is not restricted to indecomposable projective or injective
modules.

Example Let p be a prime element in a principal ideal domain R and let A
be the local commutative artin ring R/(p") with n > 2. Using the structure
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theorem for finitely generated modules over principal ideal domains, one
sees that R/(p), R/(p?), - -, R/(p") are all the indecomposable A-modules.
So A is a Nakayama algebra. Since we have natural inclusion morphisms
R/(p) = R/(p*) — -+ — R/(p"), it follows that R/(p") is the unique
indecomposable injective A-module as well as the unique indecomposable
projective A-module. We also have the natural epimorphisms R/(p") —
R/(p"") = - = R/(p).
It is not difficult to check that we have the nonsplit exact sequences

0 - R/(p) 5 R/() L Rip o o

0 - R/ B ®EOUIRGY B3 RGH - 0

0 - R(MYH B ®REDUEREY S R - 0
where the f;: (R/(p)) [I(R/(p'*!)) — R/(p') are induced by the inclu-
sions R/(p"') — R/(p’) and the epimorphisms R/(p"*!) — R/(p’) for
i =1,...,n— 1. The morphisms g;: R/(p’) — (R/(p" V) II(R/(p"")) are
induced by the same inclusions R/(p’) — R/(p'*!) but for the epimor-
phisms R/(p') = R/(p"~!) fori=1,...,n — 1 we switch sign.

Since the R/(p') for i = 1,...,n are indecomposable modules, it follows
that all the g; are left minimal and all the f; are right minimal morphisms.
Also using the description of the indecomposable A-modules given above,
it is a straightforward calculation using Propositions 1.8 and 1.9 to show
that the f; are right almost split morphisms and all the g; are left almost
split morphisms.

These examples suggest not only that for an arbitrary artin algebra each
indecomposable module C has a minimal right almost split morphism
M — C and a minimal left almost split morphism C — N, but the ones
for nonprojective and noninjective modules match up nicely in the form
of short exact sequences. The rest of this section is devoted to proving
that this is indeed the case. To this end it is useful to have the following
variation of Lemma 1.7 and Proposition 1.8.

Proposition 1.10 The following are equivalent for a morphism f:B — C.

(a) f is right almost split.

(b) The morphism f is not a split epimorphism, the module C is indecom-
posable and if X is an indecomposable module not isomorphic to C,
then every morphism g: X — C factors through f.
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Proof (a) = (b) This is an easy consequence of the previous results.
(b) = (a) Since we are assuming that f is not a split epimorphism,
it suffices to show by Proposition 1.8 that all nonisomorphisms ¥ — C
with Y indecomposable factor through f. Since we are assuming that
this is the case if Y is not isomorphic to C, it suffices to show that every
nonisomorphism g:C — C factors through f. Since g:C — C is not
an isomorphism we know that 4 = Img is a proper submodule of C.
Let 4 = Ay ][] -] A4» with the 4; indecomposable modules. The fact
that each A; is a proper submodule of C implies that none of the A; are
isomorphic to C. Therefore each of the inclusion morphisms 4; — C
factors through f, which means that the inclusion 4 — C factors through
f. Therefore g: C — C, which is the composition C —» Img — C, factors
through f. 0

The dual of this result is the following.

Proposition 1.11 The following are equivalent for a morphism g: A — B.

(a) The morphism g:A — B is left almost split.

(b) The morphism g is not a split monomorphism, the module A is inde-
composable and if Y is an indecomposable module not isomorphic to
A, then every morphism h: A — Y factors through g. O

We now apply these results to investigating right almost split mor-
phisms B — C when C is not projective and left almost split morphisms
A — B when A is not injective.

Proposition 1.12 Suppose f:B — C is a minimal right almost split mor-
phism with C not a projective module. Then we have the following.

(@) The module C is indecomposable and f is an epimorphism.

(b) The exact sequence 0 — Ker f 5B ER C — 0 has the following
properties.

(i) Kerf~DTrC.
(ii) g is a minimal left almost split morphism.

Proof (a) Since f is right almost split, we know by Lemma 1.7 that C is
indecomposable. Let h: P — C be a projective cover of C. Then h is not
a split epimorphism since C is not projective. Hence h factors through
f:B — C, which implies that f is an epimorphism.

(b) We first show that Kerf is indecomposable. Suppose Kerf =
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Ay [1---1] Ay with the A; indecomposable modules. Since g:Kerf — B
is not a split monomorphism there is some A4; such that the projection
Ker f — A; induced by the given decomposition does not factor through
g. Therefore the commutative pushout diagram

0 — Kerf & B L c 5o

Lu Lo I
0 > A S5 4x¥fp 5 Cc 5 0
has the property that ¢ is not a split epimorphism. Also if h: X — C is
not a split epimorphism, then it factors through ¢ since it factors through
f. Thus t is right almost split. But it is also right minimal since A; is
indecomposable. Hence ¢ is also minimal right almost split, which implies
that v: B — A; xX°'f B is an isomorphism. Therefore u:Ker f — A; is an
isomorphism and hence Ker f is indecomposable.

Since C is indecomposable and f is not a split epimorphism it follows
that g is left minimal.

We now prove that g is left almost split and that Kerf ~ DTrC
simultaneously. Let Y be any indecomposable module not isomor-
phic to DTrC and h:Kerf — Y any morphism. Two cases occur.
If Y is injective, then Y is not isomorphic to Kerf since g is not a
split monomorphism. Suppose now that Y is not injective. Because
Y # DTrC we have that TrDY 2 C. But since f is a right almost
split morphism, all morphisms TrDY — C factor through f. Therefore
by IV Corollary 4.4 every morphism h:Ker f — Y factors through g. It
follows that Kerf # Y since g is not a split monomorphism. But then
we have Kerf ~ D TrC since Ker f is indecomposable. We have now
also proved that any morphism h:Kerf — Y with Y indecomposable
and Y 7 Kerf factors through g and hence g is left almost split by
Proposition 1.11. This finishes the proof of the proposition. ]

We now give the dual of Proposition 1.12.

Proposition 1.13 Suppose g: A — B is a minimal left almost split morphism
with A not injective. Then we have the following.

(a) The module A is indecomposable and g is a monomorphism.

(b) The exact sequence 0 —> A 4B ER Cokerg — 0 has the following
properties.

(i) Cokerg ~ TrDA.
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(ii) f is a minimal right almost split morphism. O

Propositions 1.12 and 1.13 suggest the following definition.
An exact sequence 0 — A4 5B ER C — 0 is called an almeost split
sequence if g is left almost split and f is right almost split. It is clear that

an exact sequence 0 — A 5B EN C — 0 is almost split if and only if

0 - D(C) el D(B) 29 D(A) — 0 is almost split. Summarizing some of

our previous results we have the following.

Proposition 1.14 The following are equivalent for an exact sequence 0 —
g S
A=->B>C-—-0.

(a) The sequence is an almost split sequence.

(b) The morphism f is minimal right almost split.

(c) The morphism g is minimal left almost split.

(d) The module A is indecomposable and f is right almost split.

() The module C is indecomposable and g is left almost split.

(f) The module C is isomorphic to Tr DA and g is left almost split.
(g8) The module A is isomorphic to D TrC and f is right almost split.

Proof (a) = (b) Since g is left almost split, the module A is indecom-
posable by Lemma 1.7. Hence f is right minimal, and consequently it is
minimal right almost split.

(b) = (c), (¢) = (d) and (d) = (e) are immediate consequences of
Propositions 1.12, 1.13 and Lemma 1.7 together with Proposition 1.12
respectively.

(e) = (f) Since C is indecomposable, g is left minimal and therefore g
is minimal left almost split. Hence C ~ Tr DA by Proposition 1.13.

(f) = (g) Since g is left almost split, 4 is an indecomposable module.
Therefore Tr DA ~ C is indecomposable. Hence g is minimal left almost
split. So by Proposition 1.13 we have that f is right almost split with
A~DTrC.

(g) = (a) Since f is right almost split, we know that C is indecom-
posable. Therefore A ~ D Tr C is indecomposable and so f is also right
minimal. Hence f is a minimal right almost split morphism, so by Propo-
sition 1.12 we have that g is a minimal left almost split morphism. Hence

the sequence 0 — A4 4B ER C — 0 is almost split. ]

We are now ready to prove the following existence theorem for almost
split sequences.
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Theorem 1.15

(a) If C is an indecomposable nonprojective module, then there is an al-
most split sequence 0 — A 4B ER C -0

(b) If A is an indecomposable noninjective module, then there is an almost
split sequence 0 — A 5B l» C -0

Proof (a) In view of Proposition 1.14 it suffices to show that if C is an
indecomposable nonprojective module, then there is an exact sequence

0->DTrC3E ER C — 0 with f right almost split. Since D Tr C is not
injective we know there is some nonsplit exact sequence

0-DTrCc BV oo,

If every morphism C — V factors through j, then every morphism
DTrC — D TrC factors through h by IV Corollary 4.4. Then h would
be a split monomorphism, which contradicts the hypothesis that the
sequence does not split. Letting I' = End, (C)°P we get the exact sequence
of I'-modules

Hom,(C.,)j)
—

Homu(C, B) Homu(C, V) — Coker Homp(C, j) — 0

with Coker Homy(C, j) # 0. Hence there is a morphism ¢:C — V such
that its image in Coker Homy(C, j) generates a simple I'-module. Thus
we have the pullback diagram

0 - pTrc 5 E L ¢ = o
|| L L
0 - DTrc 5 B L v = o

We claim that the exact sequence 0 — DTrC LE ER C — 0 has our
desired property that f is right almost split. First of all, it does not
split. For if it did, t would factor through j, which would imply that
the image of ¢t in Coker Homy(C, j) is zero, a contradiction. Suppose
now that s: X — C is not a split epimorphism. We want to show that
s factors through f or, what is the same thing, that the exact sequence
0> DTrC - E X¢c X —» X — 0 in the pullback diagram

0 - DTrC & ExcX 5 X - 0
I i Is
0 - pTrc 5 E L ¢ 5 oo
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splits. To do this it suffices by IV Corollary 4.4 to show that every
morphism w:C — X factors through v.

Now the composition sw: C — C is not an isomorphism since s is not
a split epimorphism. Hence the composition tsw:C — V is in (rad D)I't.
Since the image of I't in Coker Homa(C, j) is a simple module, tsw goes
to zero in Coker Homa(C, j). In other words tsw factors through j. This
means, by the basic properties of pullbacks, that sw factors through f.
But again by the basic properties of pullbacks, this means that w:C — X
factors through v. This shows that f is right almost split, finishing the
proof of part (a) of the theorem.

(b) This is dual to (a). O

Having proven the existence of almost split sequences, we now explain
in what sense they are unique.

Theorem 1. 16 The following are equwalent for two almost split sequences
0—>A—->B—>C—->0and0—>A’—>B'—>C’—>O

(a) C~C.
(b) A~A.
(c) The sequences are isomorphic in the sense that there is a commutative
diagram
0> 4 5B L c 5o
2 0 N
0 -4 % B L o oo

with the vertical morphisms isomorphisms.

Proof (a) <= (b) This follows from the fact that 4 ~ DTrC and
A’ ~ D Tr C' established in Proposition 1.14.

(a) = (c) Clearly (c) implies (a). Suppose there is an isomorphism
h:C — C'. Since f is minimal right almost split, the composition
hf:B — C’ is also minimal right almost split. Therefore hf:B — C’ and
f':B’ — C’ are two minimal right almost split morphisms, so they are
isomorphic in mod A/C’ by Proposition 1.4. This shows (a) < (c). a

Note that the exact sequences described for R/(p") on page 141 are
almost split sequences.
Combining Corollary 1.6 with Theorem 1.15 we obtain the following.
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Corollary 1.17 We have the following for an artin algebra A.

(a) For each indecomposable A-module C there is a unique, up to isomor-
phism in mod A/C, minimal right almost split morphism f:B — C.

(b) For each indecomposable A-module A there is a unique, up to isomor-
phism in mod A \ A, minimal left almost split morphism g:A — E. O

2 Interpretation and examples

This section is devoted to giving some basic interpretations of almost
split sequences as generators of the socle of Ext(C, D Tr C) viewed either
as an Enda(C)°P-module or as an Enda(D Tr C)-module. From this it
follows that any nonsplit exact sequence 0 - DTrC - B —-> C —» 0 is
almost split if C is indecomposable with End,(C) a division ring. Using
this fact we construct almost split sequences where the left or right hand
term is simple.
We begin with the following result.

Proposition 2.1 Let C be an indecomposable nonprojective A-module. Then
Ext}\(C,DTr C) has a simple socle both as an Enda(C)°P-module and as
an Endy (D Tr C)-module. These socles coincide and each nonzero element
of this socle is an almost split sequence.

Proof Leté:0—-DTrC ER B % C — 0 be an almost split sequence and

lete:0 > DTrC 5 B’ % C - 0 be a nonzero element in the Enda(C)°P-
socle of Extl(C,D TrC). Since any nonisomorphism h:C — C factors
through g, it follows that J is annihilated by rad EndA(C)°P and is hence
in the socle. Using that  is almost split, we have an exact commutative
diagram

50 — pTrc L B 5 ¢ — o

I

e:O——»DTrCi»B’iI»C—>O

and consequently Exth(t,DTrC)(¢) = 6. Since t € Enda(C)°® does
not annihilate e, t is not in rad Enda(C)°? and is therefore an iso-
morphism since Enda(C)°P is a local ring. Hence we have that ¢ =
Exth(t~!, D Tr C)(8). This shows that € is in the Ends(C)°P-submodule
of Exti(C,DTrC) generated by 6. Therefore the Enda(C)°P-socle is
simple and generated by d.

That the Enda(D Tr C)-submodule of Ext,l\(C,D Tr C) generated by 6
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is simple and equal to the End(D Tr C)-socle follows by duality. Since
in each of the two socles the nonzero elements are the almost split se-
quences, the socles must coincide. m]

We now proceed to give a series of characterizations of almost split
sequences.

Proposition 2.2 Let C be a nonprojective indecomposable A-module and

0:0 - DTt C EN B35 cCc->0a nonsplit exact sequence. Then the
following are equivalent.

(a) o is an almost split sequence.

(b) Each nonisomorphism h:C — C factors through g: B — C.

(c) Im(Homx(C, g)) = rad(End,(C)°P).

(d) 0°(C) is a simple Enda(C)°P-module, where 6" denotes the contravari-
ant defect of 4.

(e) 6*(X) =0 for each indecomposable module X which is not isomorphic
to C.

(f) & generates the socle of Exty(C,D Tt C) as an Enda(C)°P-module.

(b)Y Each nonisomorphism h:DTrC — DTrC factors through
f:DTrC — B.

(¢') Im(Homu(f,D TrC)) = rad(End(D Tr C)).

(d') 8.(D TrC) is a simple Enda(D Tr C)-module, where d. is the covariant
defect.

(€') 0.(X) =0 for each indecomposable module X which is not isomorphic
to DTrC.

(f') O generates the socle of Ext,l\(C,D Tr C) as an Enda(D Tr C)-module.

Proof We prove that (a), (b), (c), (d), (e) and (f) are equivalent. That
(a), (b'), (¢), (d'), (¢/) and (f’) are equivalent follows by duality.

Since C is an indecomposable module, Ends(C) is local and there-
fore (b), (c) and (d) are clearly equivalent. By Proposition 2.1 we have
that (a) and (f) are equivalent. But 6*(C) is isomorphic to the End(C)°P-
submodule of Ext}(C,D Tr C) generated by 6. Hence 6*(C) is a simple
EndA(C)°P-module if and only if § is an almost split sequence by Propo-
sition 2.1. Therefore (a), (b), (c), (d) and (f) are equivalent.

Since C is an indecomposable module and J is a nonsplit exact se-
quence it follows by Proposition 1.10 that (e) is equivalent to g being
right almost split. But then ¢ is an almost split sequence by Proposi-
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tion 1.14 since Ker g is isomorphic to D Tr C. Hence also (e¢) and (a) are
equivalent. This concludes the proof of the proposition. a

As our first application of Proposition 2.2 we show that an exact
sequence 0 - A — B — C — 0 is determined up to isomorphism by the
modules A, B and C if it is almost split. Also split exact sequences have
this property. A further discussion of sequences with this property which
we call rigid exact sequences will be given later in Chapter XI.

Proposition 2.3 Let 5:0 > A LB 5 C - 0ande:0> 45 B5 o0
be exact sequences. If & is almost split or split then § and e are isomorphic
sequences.

Proof We only give the proof when ¢ is almost split, and leave the rest
as an exercise. Consider §*(C) and €*(C) as Ends(C)°?-modules. Let-
ting /(X) in this proof denote the length of X as an Ends(C)°P-module
we obtain /(6°(C)) = I(Homa(C, A)) — I(Homu(C, B)) + l(Homx(C, C)) =
I(¢*(C)). By Proposition 2.2 we have I(6*(C)) = 1 since § is an almost
split sequence. Therefore €*(C) is also a simple Enda(C)°*-module and
since A ~ D Tr C, Proposition 2.2 gives that ¢ is also almost split. ]

From the definition of an almost split sequence it appears that one
needs to know all modules in order to determine whether a given short
exact sequence is almost split or not. However, Proposition 2.2 gives a
powerful way of determining whether an exact sequence 0 - 4 —» B —
C — 0 with C indecomposable and A ~ D Tr C is almost split or not. In
some cases, as we see in the next result, this should in principle be easy.

Corollary 2.4

(a) Let C be an indecomposable module with End,(C) a division ring.
Then the following are equivalent for a short exact sequence
0:0-DTrC—->B—->C—0.

(i) o is almost split.
(ii)) & does not split.
(i) B#C[[DTrC.
(b) Let A be an indecomposable module with Endx(A) a division ring.

Then the following are equivalent for a short exact sequence
000 A4A—->B—->TrDA—O.
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(i) & is almost split.
(ii) & does not split.
(i) B A]]TrDA.

Proof (a) Let C be an indecomposable module with End, (C) a division

ring and let 6:0 —» DTrC ER B % C - 0 be an exact sequence.
Since g is an epimorphism, Im Homa(C,g) contains the ideal of all
morphisms f:C — C which factor through a projective module. Since
C is indecomposable and End,(C) is a division ring, we then have that
6*(C) is a simple End,(C)°P-module if and only if J is not split. Hence
by Proposition 2.2 we have that ¢ is almost split if and only if J is not
split, so that (i) and (ii) are equivalent. The equivalence of (ii) and (iii)
follows directly from Proposition 2.3.

(b) This follows by duality. a

We illustrate with the following.

Example Let A = kI" where k is a field and T is the quiver

1*

|
AN

Denote as usual by S; the simple module corresponding to the vertex
i and by P; the corresponding indecomposable projective module, for
i=1,2,3,4. In Chapter IV we showed that D TrS, = P;. Viewing the
modules as representations we have the exact sequence

k 0

11 . o |

- 1k 1 - a AN (] - k - 0
0) ©n
2N, 2NN

where g = (1, (i), 1,1) and f = (0,(1,—1),0,0), according to the number-
ing in the quiver. This sequence does not split since the middle term is
indecomposable. Hence it is almost split.

We now illustrate how to use this result to construct almost split
sequences where the right hand term is simple nonprojective or the left
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hand term is simple noninjective. The answers are particularly easy when
the right hand term is simple injective or the left hand term is simple
projective, and also when the algebra is symmetric.

Proposition 2.5 Let A be an artin algebra and Py J, Ph—>S —>0a
minimal projective presentation of a simple nonprojective module S.

(a) There is an almost split sequence 0 — D Tr S — (Df*)~!(soc(DPy)) —
S -0

(b) If S is also injective, there is an almost split sequence 0 - DTrS —
DP/ - S —0.

(¢) If A is a symmetric algebra, there is an almost split sequence 0 —
QS - f4(S) - S - 0.

Proof (a) Let S be a simple nonprojective A-module and let P, ER Py —
S — 0 be a minimal projective presentation. Apply Homy( ,A) to obtain

the minimal projective A°P-presentation P EN P; - TrS — 0 of TrS.
Then apply the duality to obtain the minimal injective copresentation

0—-DTrS — DP; A DP; of DTrS. Since this resolution is minimal,
the sequence 0 — D Tr S — (Df*)~! soc(DP;) — soc(DPy) — 0 does not
split. However soc(DP;) ~ S, hence we get a nonsplit exact sequence
0 - DTrS — (Df*)!soc(DP;) — S — 0 which is almost split by
Corollary 2.4.

(b) When S is simple injective, then S ~ DP;, so that soc(DPj) ~
DP; and hence (Df*)~!(soc(DP;)) = DP;. Then we use part (a) to
complete (b).

(c) When A is symmetric, the exact sequence 0 — DTrS — DP; e
DPy is isomorphic to the exact sequence 0 — 02S - Py 1» Py. Hence
the sequence in (a) becomes the sequence 0 — Q2S — f~1(S) > § - 0.0

By duality we also have the following result.

Proposition 2.6 Let A be an artin algebra and 0 —» S — I 2, 1y a minimal
injective copresentation of a simple noninjective A-module S.

(a) There is an almost split sequence 0 — S — (DI,)*/(Dg)*(x((DIy)*)) —
TrDS — 0.

(b) If S is also projective, there is an almost split sequence 0 — S —
(DI})* - TrDS — 0.
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(¢) If A is a symmetric algebra, there is an almost split sequence 0 —
S —>Il/g(rlo)—>Q_2S - 0. O

We illustrate with the following.

Example Let I' be the quiver

Then the path algebra kI is finite dimensional and the simple module S;
corresponding to the vertex 1 is injective nonprojective. It is easy to see
that we have an almost split sequence 0 — DTrS; —» L[--- ][I, —
S; — 0, where I; denotes the injective envelope of the simple module
corresponding to the vertex i.

When A is a selfinjective artin algebra and 0 > A - B - C —» 0 is
an exact sequence, we have an exact commutative diagram

0 0 0
e: 0 — Q4 — K — QC — 0

n. 0 — P4 — PMAIOPC) — PC) — O

0: 0 — A4 — — C — 0

|

where P(4A) — A and P(C) — C are projective covers. We shall see in
Chapter X that ¢ is almost split if and only if é is almost split. Hence
starting with an almost split sequence 0 - A > B —» C — 0 where C is
simple, we can use this procedure to construct many other almost split
sequences.

0 0
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3 Almost split sequences with projective or injective middle terms

For an indecomposable nonprojective module C we have in addition to
the important projective cover P — C also the minimal right almost split
morphism B — C. These morphisms are both unique up to isomorphism,
and the main object of this section is to investigate when they coincide.
We shall see that knowing that a projective cover is in addition right
almost split gives additional interesting information on C.

Ifo—-A45P EN C — 0 is an almost split sequence with P projective,
then f: P — C is clearly a projective cover since it is right minimal. Hence
asking when projective covers and minimal right almost split morphisms
coincide is the same thing as asking when almost split sequences have
projective middle terms.

We have seen in Section 2 that when S is a simple module which
is projective and not injective, there is an almost split sequence 0 —

S—>P EN TrDS — 0 where P is projective. The next result provides
an example with projective middle term when the left hand side is not
simple projective.

Denote by k[Xi,...,X,] the polynomial ring over a field k in the
indeterminates Xi,...,X,. Let A = k[Xy,...,X,]/(Xy,...,X,)* where
(Xi,...,X,) is the ideal generated by X1, ..., X,. Then A is a commutative
local ring of k-dimension n + 1 with the unique maximal ideal m =
(x1,...,%,) where x; = X; + (X1,...,X,)%. Also S = A/m is the unique
simple A-module and S has dimension 1 over k.

Proposition 3.1 Suppose A = k[X1,...,X,]/(X1,...,X,)? (n>1) and A/m
is the simple A-module. Let f:A/m — nA be the A-morphism such that
(1) = (x1,X2,...,X%,) in nA. Then the exact sequence 0 — A/m EN nA >

Coker f — 0 is an almost split sequence and nA £, Coker f=TrD(A/m)
is a projective cover.

Proof Let nA > A - A/m — 0 be the minimal projective presen-
tation of A/m where v:A — A/m is the canonical epimorphism and
u((A1, .-, An)) = D0 Aix; for all (4y,...,4,) in nA. Then we have the
exact sequence 0 — (A/m)" LA 5 (nA)* — Tr(A/m) — 0. Using the
usual identification of A with A”, we see that Imv* = m, so that Cokerv*
is identified with A/m. Identifying nA with (nA)* through dual basis we

obtain the exact sequence 0 — A/m ER nA > TrD(A/m) — 0 with g
a projective cover. Hence this sequence is almost split by Corollary 2.4
since it is not split and Enda(A/m) = k, a division ring. O
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Before proving the main result of this section we point out some basic
properties of almost split sequences which are generally useful as well as
needed for the proof of our main theorem.

Lemma 32 Let 0 > A ER B % C — 0 be an almost split sequence.

(a) If X is a proper submodule of C, then the exact sequence 0 — A —
g 1(X) = X — 0 splits.

(b) If'Y is a nonzero submodule of A, then the exact sequence 0 —
A/Y = B/f(Y) — C — 0 splits.

(c) If ais a two-sided ideal in A such that aA # 0, then 0 - A/ad —
B/aB — C/aC — 0 is split exact.

(d) If C is not simple, then 0 — soc A — soc B — soc C — 0 is exact.

Proof (a) and (b) follow immediately from the definition of almost split
sequences and are left as exercises.

(c) Since ad # 0, it follows from (b) that 0 — A/a4A — B/f(ad) —
C — 0 is a split exact sequence. Tensoring with A/a we obtain the split
exact sequence 0 > A/ad — B/aB — C/aC — 0.

(d) For a A-module X we know that Homp(A/r, X) = socX under
the identification f — f(1) for all f in Homu(A/r, X). Since C is not
simple, C is not a summand of A/x. Hence by the definition of almost
split sequences we have that 0 — Homa(A/r,4) — Homy(A/r,B) —
Homy(A/x, C) — 0 is exact, giving our result. m|

We now describe the almost split sequences 0 - 4 - B - C — 0
with B either a projective or an injective module.

Theorem 3.3 Let 0 — 4 ER B % C — 0 be an almost split sequence.
(a) The following are equivalent.

(i) The module B is injective.

(i)  The morphism f is an injective envelope.

(iii)) C is a nonprojective simple module which is not a composition
factor of tP/soc P for any projective module P.

(b) The following are equivalent.
(i) The module B is projective.
(ii)  The morphism g is a projective cover.
(iii) A is a noninjective simple module which is not a composition
Sactor of tI/socl for any injective module I.
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Proof We only prove (a) since (b) then follows by duality.

The equivalence of the first two statements is easy and left to the
reader. To establish the equivalence of (i) and (iii), assume first that B
is an injective module. Let S be a simple submodule of B. Since B is
injective, there is a summand B’ of B which is an injective envelope of S.
If g(S) = C is not zero, then g|p : B — C would be a monomorphism and
hence an isomorphism since C is indecomposable. Therefore g:B — C
would split, which is a contradiction. We can then conclude g(soc B) = 0.
But this implies that C is simple, because otherwise 0 — soc4A — soc B —
socC — 0 is exact by Lemma 3.2 (d). Thus C is a nonprojective simple
module.

We next show that C is not a composition factor of rP/socP for
any projective module P. Suppose that P is a projective module such
that C is a composition factor of rP/socP. Let Q — C be a projective
cover for C. Then there is a nonzero morphism u:Q — tP/soc P since
C is a composition factor of rP/soc P. Because @ is projective, u factors
through some ¢:Q — rP. Then X = Im¢ is a submodule of rP which is
an indecomposable nonsimple module such that X /rX ~ C. Thus there
is an epimorphism h:X — C which is not a split epimorphism. Since
g:B — C is right almost split, there is a morphism #': X — B such that
gh' = h. Because B is injective, there is some s: P — B such that s|x = #'.
Then we have W(X) < tB since X = rP. Hence the composition gh' is
zero since C is simple, which means that h: X — C is zero, and this is a
contradiction.

We now prove that (iii) implies (i), completing the proof of (a). In
order to carry out this proof it is convenient to have the following
facts. Let P be an indecomposable projective A-module. Then we have
the exact sequence of A°P-modules 0 — Homy(P,r) —» Homp(P,A) —
Homy(P,A/r) = 0. Since Homy (P, A) is an indecomposable projective
A°P-module and Homa(P,A/x) is a nonzero semisimple A°°-module, it
follows that Homu(P,A/x) is simple and Homy(P,r) = Homa (P, A)r.
Suppose P is not simple and P/tP = C has the property that C is
not a composition factor of r/socr. Then Homy (P, socr) = Homu (P, )
and so the monomorphism Homa(C,A) - Homy (P, A) of A°P-modules
induced by the epimorphism P — C has Homy (P, 1) as its image. Hence
0 — Homy(C,A) - Homp(P,A) —» Homp(P,A/xr) — 0 is exact with
Homy (P, A/r) simple.

We now return to showing that (iii) implies (i) in (a). Suppose C is
a nonprojective simple A-module which is not a composition factor of
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h . o .
r/socr. Let P, > Py — C — 0 be a minimal projective presentation of
C. Then we have the exact sequence

0oC 5P 5P STrc 0.

By our previous discussion Imh” is the simple A°P-module Pg;/rP;.
Therefore applying the duality, we get the exact sequence

5:0-DTrC LD 5 C—0

since C ~ D(P; /tPy). This sequence does not split since f’ is an injective
envelope. Since EndaC is a division ring, it follows by Corollary 2.4
that ¢ is an almost split sequence. Now D(P;) is injective and since &
is isomorphic to the original almost split sequence, it follows that B is
injective. m|

As an immediate consequence of this theorem we have the following.

Corollary 3.4 Let S be a simple A-module.

(a) If S is not projective and not a composition factor of tP/socP for
any projective A-module, then S is a quotient of an injective module.
(b) If S is not injective and not a composition factor of tl / socl for any
injective A-module I, then S is a submodule of a projective module.O

While we have given examples of artin algebras which have almost
split sequences with projective or injective middle term, it is worth
noting that there are artin algebras which do not have such almost split
sequences. Suppose A is a local artin algebra with r? # 0 (for example,
A =k[Xy,...,X,])/(Xy,...,X,)" with t > 3 and n > 1). Then A/r, the
only simple A-module, is a composition factor of r/socr since this is
a nonzero module. Therefore, by Theorem 3.3, there is no almost split
sequence with an injective middle term. Dually, there is no almost split
sequence with a projective middle term.

By contrast, artin algebras A with r> = 0 which are not semisim-
ple always have almost split sequences whose middle terms are either
projective or injective. This follows directly from the following.

Proposition 3.5 Let A be an artin algebra with x> = 0 and let 0 — A 4,
B % C — 0 be an almost split sequence.
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(a) The module B is injective if and only if C is a nonprojective simple
module. Moreover, if B is injective, then f:A — B is an injective
envelope.

(b) The module B is projective if and only if A is a noninjective simple
module. Moreover, if B is projective, then g:B — C is a projective
cover.

Proof (a) Let A be an artin algebra with r> = 0. We then have that
t/soct = 0, so no simple module is a composition factor of r/socr.
Hence (a) follows from Theorem 3.3.

Statement (b) follows from (a) by duality. O

When 0 - § - P — TrDS — 0 is an almost split sequence with
P projective we can deduce some extra information about the module
Tr DS, in addition to the information on generators and relations given
by having a minimal projective presentation.

A nonprojective A-module C is said to be almeost projective if whenever
g:P — C is a projective cover, the induced morphism g~1(X) — X is
a split epimorphism for all proper submodules X of C. We have the
following.

Proposition 3.6 Let g: P — C be a projective cover which is minimal right
almost split. Then we have the following.

(a) If A is indecomposable with Ext,l\(C,A) %+ 0, then A is simple and
isomorphic to D Tr C.

(b) C is almost projective.

Proof (a) If A is indecomposable with Ext,l\(C,A) = 0, we have a nonsplit
exact sequence 0 - A - E — C — 0, and hence an exact commutative
diagram

f

0 - A —»> E > C - 0
Lu ls I

0 - DTtC - P 5 Cc > 0
Lo bt I

0> 4 —»E L ¢c 5o

Since A is indecomposable, f: E — C is right minimal. Hence ts: E — E
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is an isomorphism, and consequently u: 4 — D Tr C is an isomorphism.
In addition we know from Theorem 3.3 that D Tr C is simple.
(b) This is a direct consequence of the definitions. O

4 Almost split sequences for group algebras

While the proof of the existence of almost split sequences for arbitrary
artin algebras given in Section 1 is fairly constructive, it is sometimes
possible to give other ways of constructing almost split sequences which
are particularly well suited to special types of artin algebras. This section
is devoted to illustrating this point in the case of group algebras. We
give an application to integral representation rings.

Unless stated to the contrary, we assume throughout this section that
k is a field of characteristic p > 0 and G is a finite group whose order is
divisible by p. Then kG is not a semisimple k-algebra, so the theory of
almost split sequences developed so far applies to mod kG. In particular

the trivial kG-module k has an almost split sequence 0 - 4 — E ER

k — 0. Then for each indecomposable module X we obtain the exact

sequence of kG-modules 0 - X @, 4 > X & E xef X — 0. Our main

aim is to show that the epimorphisms X ®; f:X ®, E — X are either
split epimorphisms or right almost split morphisms and to determine for
which X they are right almost split morphisms.

We know that 4 ~ D Tr(k) in the almost split sequence 0 - 4 - E —
k — 0. Since kG is a symmetric algebra we know that D Tr(k) ~ Q*(k),
the second syzygy of k, by IV Proposition 3.8. We now show that
X ® Q2(k) ~ Q*(X)]] @ for some projective kG-module Q.

Lemma 4.1 Let

—)P,ﬂ»P,_1—>—>P1é>P0ﬂ)>k—>0

be a minimal projective resolution of k. Then for each kG-module X we
have the following.

(a) The exact sequence
—>X®kP,—>——>X®kP1—)X®kP0—)X—)0

is a (not necessarily minimal) projective resolution of X.
(b) X @ Qi(k) > Q(X) 11 Q: with Q; a projective module for all i > 0.
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Proof By III Proposition 3.1 the X ®; P; are projective kG-modules since
the P; are projective kG-modules. Parts (a) and (b) follow trivially from
this fact. a

Thus we see that if X is an indecomposable nonprojective module, the

X .
exact sequence 0 — X ®, Q*(k) » X & E gf X — 0 is isomorphic

00— Q(X)[]Q - X & E X8 x - 0 with Q projective. Since kG

is a symmetric algebra, Q is also injective. Hence the exact sequence
X f

0> X®Q¥k) > X®E = X — 0 can be written as the sum of
gt 0

exact sequences 0 — Q*(X)[] Q@ H (X e E}]]Q e ¥ 0.

Consequently X ®; f is a split epimorphism or a right almost split

morphism according to whether (X ®; f)o is a split epimorphism or a

right almost split morphism. Also X ® f is right almost split if and only

X
if 0 > Q¥(X) = (X ® E)o 85/ X — 0 is an almost split sequence. We

use these observations and notation freely throughout this section.

Our proof that X ®; f: X ®; E — X is either a split epimorphism or a
right almost split morphism is based on the following comparison with
the morphism Homys(X, X ®; f): Homis(X, X ®; E) > Homy(X, X).

Lemma 4.2 Let 0 —» Q*(k) — E ER k — O be an almost split sequence.
Then the following are equivalent for an indecomposable kG-module X.

(a) rad Endi(X) is contained in Im Homyg(X, X ® f).
(b) X & f:X ® E — X is either a split epimorphism or a right almost
split morphism.

Proof (a) = (b) Since Endig(X) is a local ring,
Im Homy (X, X ® f) o rad Endg(X) implies that Im Homy(X, X ®; f)
is Endg¢(X) or rad Endig(X). If Im Homyg(X, X ® f) = Endig(X), then
X @ f is a split epimorphism. Suppose now that Im Homye(X, X @ f) =
rad Endig(X). Then the exact sequence

() 0—>QX)> (X E) 2" x50
also has the property that Im Homyg(X, (X ® f)o) = rad Endig(X). This
means that an endomorphism X — X factors through (X ®; f)o if and
only if it is not an isomorphism. Then it follows from Proposition 2.2 that
the exact seqeunce (*) is almost split since it is not split, Q*(X) ~ D Tr X
and every endomorphism X — X which is not an automorphism factors
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through (X ®; f)o. Hence (X ®; f)o is right almost split and therefore
X ®y f is right almost split.
(b) = (a) This is trivial. m]

In view of this lemma it is of interest to have a description of
Im Homy(X, X ®; f). Since our description is in terms of traces of
linear transformations, we first give some notation and recall some basic
facts we will need concerning traces of linear transformations.

Let h:V — V be a k-linear transformation. We denote by tr(h) the
trace of h which is the sum of the diagonal elements in any matrix
representing h with respect to some basis of V. Recall that tr(h) =0 if h
is nilpotent and tr(h) = dimg V - 1 if h is the identity.

Proposition 4.3 Let 0 — Q?*(k) - E LAY 0 be an almost split sequence
and let X be a kG-module. Then the following are equivalent for an element
h in Endge(X).

(a) h e ImHome(X,X ® E) Homw(i(),X@,‘f)

(b) tr(hg) =0 for all g in Endie(X).

Endy6(X)).

Before giving the proof of this result, we will deduce some conse-
quences.

Corollary 4.4 Let 0 — Q?*(k) - E — k — 0 be an almost split sequence.
For each kG-module X we have the following.

(a) Im(Homyg(X,X ®; E) — Endig(X)) contains rad Endyg(X).
(b) X E et X is a split epimorphism if and only if tr(h) = 0 for all
h in Endig(X).

Proof (a) Suppose h is in rad Endig(X). Then hg is in rad Endg(X) for
all g in Endgg(X). Therefore hg is nilpotent for all g in Endye(X) and so
tr(hg) = O for all g in End;g(X). Hence A is in Im(Homg(X, X @ E) —
Endig(X)) by Proposition 4.3.

(b) This is a trivial consequence of Proposition 4.3. ]

Combining Lemma 4.2 and Corollary 4.4 we have the following.

Theorem 4.5 Let 0 —» Q*(k) —» E ER k — 0 be an almost split sequence
and X an indecomposable kG-module.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.006
https://www.cambridge.org/core

V.4 Group algebras 161

(@) X®,f:XQ®E — X is a split epimorphism if and only if tr(h) =0
Jor all h in Endg(X). Otherwise X @i f: X ® E — X is right almost
split.

(b) If p does not divide dimy X, then X ®; f: X @ E — X is right almost
split.

(¢) If k is algebraically closed, then X ®; f:X ®; E — X is right almost
split if and only if p does not divide dim; X.

Proof (a) This is an easy consequence of Lemma 4.2 and Corollary 4.4.

(b) If p does not divide dimy X, then tr(1x) #0in k. So X ®; f: X ®;
E — X is right almost split by (a).

(c) Suppose k is algebraically closed. Then the elements of the local
ring Endie(X) can be written as vl + h with » in k, 1 the identity on
X and h a nilpotent element. Here we use that when A is a local k-
algebra, then A/r is a division k-algebra and hence isomorphic to k, so
that the composition k — A — A/r is an isomorphism. We then get
tr(vl 4+ h) = v(tr(1)). Hence it follows that tr(vl + h) # 0 if and only if
v %= 0 and p does not divide dim; X. Therefore, by part (a), we have that
X ®; f: X ®r E — X is right almost split if and only if p does not divide
dimy X. O

The following is an immediate consequence of this theorem.

Corollary 4.6 Let X be an indecomposable projective kG-module. Then we
have the following.

(a) tr(h) =0 for all h in Endys(X).

(b) p divides dimy X. O

Theorem 4.5 can be formulated in terms of almost split sequences as
follows.

Theorem 4.7 Let 0 — Q*(k) — E ER k — 0 be an almost split sequence

and assume that X is an indecomposable nonprojective kG-module. Then

the exact sequence 0 — Q*(X) — (X®«E)o e X — 0 has the following

properties.

(a) It is either split or almost split.

(b) It is split if and only if tr(h) =0 for all h in Endye(X).

(c) It is almost split if p does not divide dimy X.

(d) Suppose k is algebraically closed. Then the sequence is almost split if
and only if p does not divide dim;, X. m]
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We now finish the proof of Theorem 4.5 by giving a proof of Propo-
sition 4.3. Our proof of Proposition 4.3 is based on the following
generalities.

Lemma 4.8 For B and C in mod kG we have the following.

(@) The map of vector spaces n:D(B) — Homy(B ®; C,C) given by
n(h)(b ® ¢) = h(b)c for all h in D(B) = Homy(B,k) and b in B and ¢
in C is a kG-module morphism.

(b) The vector space isomorphism é: B ®, C — Homy(D(B), C) given by
o(b ® c)(h) = h(b)c for all h in D(B), for all bin B and cin C is a
kG-isomorphism functorial in B and C.

Proof This is left to the reader to check. O

As a consequence of this lemma we obtain the following result.

Proposition 4.9 Let A, B and C be in mod kG. Then we have the following.
B:Homys(4, B ®; C) — Homy(D(B) ® 4,C)

given by B(f)(h ® a) = n(h)(f(a)) for all f in Homys(A4, B ®; C), for all a
in A and h in D(B), where n(h)(b® c) = h(b)c for all b in B and c in C, is
an isomorphism functorial in A, B and C.

Proof By Lemma 4.8 we know that é: B ®;, C — Homy(D(B), C) given
by 6(b ® c)(h) = h(b)c for all b in B and ¢ in C as well as all 4 in D(B) is
a kG-isomorphism functorial in B and C. This induces the isomorphism

Homy (A, 6): Homyg(A, B ®; C) — Homyg(A4, Hom, (D(B), C))

functorial in 4, B and C. By III Proposition 3.4, we have the canon-
ical isomorphism «:Homyg(A, Homy(D(B), C)) — Homys(D(B) ®; A, C)
which is also functorial in 4, B and C. It is not difficult to check that
the composition « Homyg(A4, 8) is our morphism f: Homyg(A4, B ®; C) —
Homyg(D(B) ®k 4, C). Therefore § is an isomorphism functorial in 4, B
and C. ]

It is easily checked that the usual vector space isomorphism
e:D(A) ® A — Endi(A), given by e(h ® a)(x) = h(x)a for all h in
D(A), for all a and x in A, is a kG-isomorphism whose inverse can be
described as follows. Let {aj,...,a;} be a k-basis for A4 with dual basis
{hy,...,hq}. Then it is easily seen that the map u:Endi(4) —> D(4) @ A
given by u(g) = E?=1(hi ® g(a;)) for all g in Endg(A4) is the inverse of
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¢ and therefore a kG-isomorphism. It is also not difficult to see that
S hi(g(a)) = tr(g) for all g in Endy(4).

We now use Proposition 4.9 with A = B and C = k, the trivial
kG-module. Then f:Homyg(A4,4) —» Homys(D(A) ® A,k) given by
B(f)(h ® a) = h(f(a)) for all h in D(A) and a in A is an isomorphism.
From these remarks it follows that the isomorphism v:Endig(4) —
Homy(Endy(A4), k) which is the composition

Homye(A, A) 5 Homya(D(4) @k 4,k) " S"" Homyo(Ende(4), k)

is given by v(f)(g) = tr(fg) for all f in Endys(A) and g in End,(4). We
are particularly interested in the following property of the isomorphism
v.

Lemma 4.10 Let A be in mod kG.

(a) An element h in Endyg(A) has the property that v(h):End,(4) — k
is a split kG-epimorphism if and only if there is some g € Endig(A)
such that tr(hg) # 0.

(b) The trivial module k is a kG-summand of Endi(A) if and only if there
is some h in Endyg(A) such that tr(h) # 0.

Proof (a) Obviously v(h):End,(4) — k is a split kG-epimorphism if
and only if there is a kG-morphism ¢:k — Endi(4) such that v(f)t # 0.
The isomorphism Homyg(k, End;(4)) = Endi(4)¢ = End;g(A) given by
t — t(1) shows that there is a kG-morphism t:k — End(4) such that
v(h)t # 0 if and only if there is some g in Endis(A4) such that v(h)(g) # 0.
Using the fact that v(h)(g) = tr(hg), we have our desired result.

(b) This is a trivial consequence of (a) and the fact that v: Endgg(4) —
Homyg(Endi(A),k) is an isomorphism. |

We are now ready to prove Proposition 4.3. Suppose that k, the
trivial kG-module, is not projective (i.e. kG is not semisimple) and let
0 - Q) —» E ER k — 0 be an almost split sequence ending in k.
Let X be a kG-module. Then we have the following commutative exact
diagram.

Homys(X, X ®; E) Homk(LX’»X&f) Homy(X, X)
IR 1
Homyo(D(X) & X,E) o CRX)  Homee(D(X) & X, k)

R 1
Homyg(Homy(X, X),E) omeomE0N 4 me(Homy (X, X), k)
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Since f:E — k is right almost split, we have that
Im(Homyg(Homy (X, X),E) - Homgg(Homy(X, X),k)) consists of the
morphisms g: Homg (X, X) — k which are not split epimorphisms. Then
by Lemma 4.10 (a) we have that
Im(Home(X, X & E) "™ %*® Homye(X, X))

consists of the h in Homyg(X,X) such that tr(hg) = 0 for all g in
Homyg(X,X). Therefore the proof of Proposition 4.3, and hence the
proof of Theorem 4.5, is now complete. m]

The rest of this section is devoted to showing how the results about
almost split sequences over group algebras can be used to give a de-
scription of the integral representation ring of kG where k is a field of
characteristic p > 0 and G ~ Z/pZ. But first we define what is meant by
the integral representation ring of a group algebra kG.

For each A in modkG we denote the isomorphism class of 4 in
modkG by [A]. Then the collection of all [4] with 4 in modkG is
a set. Let Rep(kG) be the free abelian group with basis elements [A]
modulo the subgroup generated by [4] + [B] — [A]] B] for all 4 and
B in modkG. We denote the image of [4] in Rep(kG) also by [A].
By the Krull-Schmidt theorem we know that Rep(kG) is a free abelian
group with basis elements [A] where 4 runs through all indecomposable
kG-modules. We now make Rep(kG) a commutative ring by defining
[A] - [B] = [A ® B]. The fact that this multiplication is well defined is a
consequence of the isomorphism A ® (B[] C) ~ (A®«B)[[(A®«C). The
unit element is [k] where k is the trivial kG-module. It is commutative
because A @ B ~ B ®; A. It is left to the reader to finish the proof that
this multiplication makes Rep(kG) a commutative ring which is a free
Z-algebra.

Suppose now that k is a field of characteristic p > 0 and G is a
finite cyclic group of order p. Then kG ~ k[X]/(X? — 1) where X is an
indeterminate. Since char kK = p, we have that (X? — 1) = (X — 1)? so
kG ~ k[X]/(X — 1)’ which is a commutative Nakayama local ring. Let
A; = k[X]/(X — 1) for i = 1,...,p. Then {4;,A,,...,A,} is a complete
set of nonisomorphic indecomposable modules and dim; 4; = i. We have
A =~ k, the trivial module, and 4, ~ kG, the unique indecomposable
projective kG-module. We also know all the almost split sequences. They

are
0 - k — Ar - k = 0,
0 el Ai d Ai+1HAi—1 - Ai g 0
forp>i>1.
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Since p does not divide dimy A; for 1 < i < p, we have by Theorem 4.7
that 0 - 4; — A, ®, A; > A; — 0 is an almost split sequence for
1 < i < p. Therefore we have that A, ® A; ~ Ai1[[Ai-1 when
p > i=2. We also know that A, ®, 4, ~ 24, since it is a free kG-module
of dimension 2p, and finally 4; ®; A; ~ A;. So we know all the products
[42] - [Aj] for 1 < j < p.

Now we have the surjective Z-algebra morphism ¢:Z[X,,...,X,] —
Rep(kG) given by &(X;) = [4;] for i = 2,...,p. Of course we have
£(1) = [A1]. By our calculations above we know that the ideal a generated
by the elements X22 - X3 —1LXX;— X4 —X,,...,. XX, | — Xp — Xp_z
and XX, —2X, is in Ker £. We now show that a = Keré.

We begin by showing that 1,x,,...,x, generate Z[X>,...,X,]/a as an
abelian group where x; = X;+ a. To do this, it suffices to show that every
monomial is a linear combination of the x, and 1. But this will obviously
be the case if we show that all monomials x;x; are linear combinations of
the x, and 1. It is clear that all monomials x,x; are linear combinations
of x, and 1. Suppose ¢ is an integer satisfying 2 < ¢ < p and that we have
shown that all monomials x;x; are linear combinations of 1 and the x,
when 2 < i <t and j satisfies 2 < j < p. We now want to show that all
the monomials of the form x;x; with 2 < j < p are linear combinations
of the x, and 1.

Now we have that x;x,_; = x; + x;—. So we have xx;_1x; — X;_2X; =
x;x;. But by the inductive hypothesis x,_;x; and x;, ,x; are linear
combinations of the x, and 1. Therefore x,(x;—1x;) is also a linear
combination of the x, and 1. Hence the x;x; are a linear combination of
the x, and 1 for all 2 < j < p. This finishes the proof that the x, and 1
generate the abelian group Z[X>,...,X,]/a.

We are now ready to give our description of the Z-algebra Rep(kG).

Proposition 4.11 The Z-algebra surjection &:Z[X>,...,X,] — Rep(kG)
given by &£(X;) = [A;] induces an isomorphism Z[X>,...,X,]/a 5 Rep(kG)
where a is the ideal (X2 — X3 — 1,X2X3 — Xa — Xo,. .., XoXp1 — Xp —
Xp2, X2Xp, —2X,).

Proof We have already seen that the x, and 1 generate the abelian
group Z[X>,...,Xp]/a. Since the [4g), [41],...,[4,] are linearly indepen-
dent in Rep(kG), it follows that the x, together with 1 are Z-linearly
independent in Z[X>,...,X,]/a. Thus the set {1,x,...,x,} is a ba-
sis of the abelian group Z[X>,...,X,]/a. Therefore the induced map
Z[X;,...,X,]/a — Rep(kG) is an isomorphism of Z-algebras. ]
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5 Irreducible morphisms

Let f: A — B be a minimal left almost split morphism and g:B — C a
minimal right almost split morphism. Associated with a decomposition
B = ]] B;, are the morphisms p;f:A — B; and gj;: B — C, where p;
is the ith projection and j; is the ith embedding. We show that these
morphisms are not arbitrary, but are irreducible in a sense that we now
define. This section is devoted to a study of irreducible morphisms and
their basic properties.

A morphism g:B — C in mod A is called irreducible if g is neither
a split monomorphism nor a split epimorphism, and if g = ¢s for some
s:B — X and t: X — C, then s is a split monomorphism or ¢t is a split
epimorphism. It is easily seen that a morphism g: B — C is irreducible if
and only if D(g): D(C) — D(B) is irreducible.

Before giving the connection with almost split sequences, we make
some simple but important observations about irreducible morphisms.

Lemma 5.1

(a) If g:B — C is an irreducible morphism in mod A, then g is either a
monomorphism or an epimorphism.

(b) If g:B — C is an irreducible monomorphism, then B is a summand of
all proper submodules of C containing B.

(¢) If g:B — C is an irreducible epimorphism, then C is a summand of
B/I for all submodules I of B such that 0 1 < Kerg.

Proof (a) Let g: B — C be an irreducible morphism. Consider the factor-
ization B > B /Kerg 5 Cof g. Then either s is a split monomorphism,
or t must be a split epimorphism. But s being a split monomorphism im-
plies that g is a monomorphism and ¢ being a split epimorphism implies
that g is an epimorphism. This completes the proof of (a).

The rest of the proof is left as an exercise. a

Another basic property of irreducible morphisms is that they are
minimal.

Lemma 5.2 If g: B — C is an irreducible morphism, then g is both a right
minimal and a left minimal morphism.

Proof We only prove that g is a right minimal morphism. Assume
h:B — B is such that g = gh. Since g is not a split epimorphism, A is a
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split monomorphism. But then 4 is an isomorphism since B is of finite
length, and hence g: B — C is right minimal. O

We now give the precise connection between irreducible morphisms
and right and left almost split morphisms.

Theorem 5.3

(a) Let C be an indecomposable module. Then a morphism g:B — C
is irreducible if and only if there exists some morphism g':B’ — C
such that the induced morphism (g,g'): B][[ B’ — C is a minimal right
almost split morphism.

(b) Let A be an indecomposable module. Then a morphism g:A — B is
irreducible if and only if there exists some morphism g': A — B’ such
that the induced morphism ( gg,) :A — B[] B’ is a minimal left almost
split morphism.

Proof We only prove (a) since (b) follows from (a) by duality. Assume
first that g: B — C is irreducible and let h: E — C be the minimal right
almost split morphism which exists by Corollary 1.17. Since g is not a
split epimorphism, g factors through h, ie. g = hf for some f:B — E.
Since h is not a split epimorphism, f is a split monomorphism, and
therefore E ~ B[] B’ where B’ = Coker f. Considering this isomorphism
as an identification we have that h': B’ — C, where &' = h|p, is such that
(g,7):B]] B’ — C is a minimal right almost split morphism.

Next assume that h: E — C is a minimal right almost split morphism.
Let E=B][B’ and let g: B — C, with g = h|p. Assume that g = st for
some morphisms ¢: B — X and s: X — C with s not a split epimorphism.
Then, since h is a right almost split morphism, there exists (Z) X -
BI[ B’ with s =(g,g') () where g’ = h|p. We then obtain the following
commutative diagram

t 0 u 0
(2) (12)

BII B XIOp BII B
l (s8)
C

ut 0
vt IB'

ut: B — B is an isomorphism, showing that ¢ is a split monomorphism.
This shows that g is an irreducible morphism. ]

Since h = (g, g’) is right minimal, ( ) is an isomorphism. Hence
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Because in an almost split sequence 0 — A4 LBE C — 0 we have
that f is minimal left almost split and g is minimal right almost split,
Theorem 5.3 also gives a connection between irreducible morphisms and
almost split sequences. We then get the following examples of irreducible
morphisms by reinterpreting some results from Section 3.

Example Assume that t> = 0 and let S be a simple noninjective module
and C = TrDS. Then we know from Section 3 that in the almost split
sequence 0 - S — B £, C > 0 the morphism g:B — C is a projective
cover. It is now not hard to show that a morphism h: X — C which is not
a split epimorphism is irreducible if and only if the induced morphism
X/tX — C/rC is a monomorphism.

An important consequence of Theorem 5.3 is that we can get infor-
mation about minimal left almost split morphisms from knowing the
minimal right almost split morphisms and conversely. In particular this
can be used to study the structure of almost split sequences. We illustrate
this point by giving some information about the middle term in an almost
split sequence.

Proposition 5.4 An indecomposable module X is not a summand of the
middle term of any almost split sequence if and only if X is a simple module
which is not a composition factor of r/ socr.

Proof Assume first that X is not a summand of the middle term of any
almost split sequence, and let g: B — X be minimal right almost split.
If B’ is an indecomposable summand of B, then g’ = g|p:B’ — X is
irreducible by Theorem 5.3, and hence again by Theorem 5.3 there is a
minimal left almost split morphism h:B’ — X[[Y for some Y. If B’
is not injective, there is an almost split sequence 0 - B’ —» X []Y —
Coker h — 0 contradicting the assumption on X. Hence B’ is injective
and therefore also B is injective. If X is not projective, we know by
Theorem 3.3 that X must be a simple module which is not a composition
factor of r/socr. If X is projective, then B = rX, which implies that
B must be 0 since B is injective. Hence X is simple projective and
consequently not a composition factor of r/socr in this case either.
Assume conversely that X is a simple module which is not a composi-
tion factor of r/socr. If X is projective there is no irreducible morphism
to X, hence X is not a summand of the middle term of any almost
split sequence. If X is not projective, then in the almost split sequence
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0>Z —>Y — X — 0 we have that Y is injective by Theorem 3.3.
Hence if h: A — X is irreducible with 4 an indecomposable module, then
A is a summand of Y by Theorem 5.3, and consequently A is injective.
This shows that X is not a summand of the middle term of any almost
split sequence. |

Using Proposition 5.4 one sees immediately that for an artin algebra
A with r? = 0, the middle term of any almost split sequence does not
contain a semisimple summand.

Our next application is to give the structure of the almost split se-
quences whose middle terms have a nonzero projective injective sum-
mand. This result is of a similar flavor to the structure of the almost
split sequences with projective or injective middle term. In addition to
illustrating how to use Theorem 5.3 this result will also be applied later.

Proposition 5.5

(@) Let 6:0 > A > B — C — 0 be an almost split sequence. If B has
an indecomposable projective injective summand P, then I[(P) > 2 and
d is isomorphic to the sequence

(+) (@)
€:0—>tP —5> PIItP/socP — P/socP — 0,

where i:xP — P and j:xP/socP — P/socP are the natural inclu-
sion morphisms and p:tP — tP/socP and q:P — P/socP are the
natural quotient morphisms.

(b) If P is indecomposable projective injective with I(P) > 2, there is
some almost split sequence 6:0 - A — B — C — 0 such that P is a
summand of B.

Proof (a) Assume 6:0 - A - B — C — 0 is an almost split sequence
with B =P [[ B’ and P an indecomposable projective injective module.
It follows from Proposition 5.4 that [(P) > 2. We have a minimal
right almost split morphism i:tP — P and a minimal left almost split
morphism ¢g:P — P/socP and rP and P/socP are indecomposable.
It then follows from Theorem 5.3 that 4 ~ rP and C ~ P/socP and

that 6 must be of the form 0 — tP (—f)> PIIX g P/socP — 0

with f:rP — X and g:X — P/socP. Then we have [(X) = I(xP) +
(P/socP)—lP)=1(P)—2=1(tP)—1=1(P/socP)—1, so that f is
an epimorphism and g is a monomorphism. Since P/soc P has a unique


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.006
https://www.cambridge.org/core

170 Almost split sequences

maximal submodule P/ soc P, we must have g(X) = tP/socP, so g can
be chosen to be the natural inclusion j:tP/socP — P/socP. Hence
(¢,7):P JItP/socP — P/socP is right almost split. Since € is an exact
sequence and rP is indecomposable, it must be almost split.

(b) If P is indecomposable projective injective with I(P) > 2, we have
an irreducible morphism P — P/soc P. Hence P is a summand of B in
the almost split sequence 0 > 4 - B — P/socP — 0. m]

In addition to the connection with almost split sequences, irreducible
morphisms have other interesting properties and give rise to new classes
of indecomposable modules.

Proposition 5.6 Let 6:0 —» 4 ER B % C — 0 be an exact sequence.

(a) f is an irreducible morphism if and only if 6 is not a split exact
sequence and for any morphism h: X — C there is either a morphism
t: X — B with h = gt or a morphism s:B — X with g = hs.

(b) If f is an irreducible morphism, then Enda(C) is a local ring, and
hence C is an indecomposable module.

Proof (a) Assume first that f is an irreducible morphism. Then é does
not split. Let h: X — C be an arbitrary morphism. Consider the following
exact commutative diagram.

-
L

2, Cc > 0

H J» J»
B

Since f is irreducible, either j is a split monomorphism or u is a split

epimorphism. In the first case there exists a morphism ¢: X — B such

that h = gt and in the second case there exists a morphism s:B — X

such that g = hs.

Assume now conversely that 6 does not split and that each morphism
h:X — C satisfies the property that there exists either a morphism
t:X — B with h = gt or a morphism s:B — X with hs = g. Since
d does not split, f is not a split monomorphism. Assume that f = vu
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with u:4 — Y and v:Y — B. Since f is a monomorphism, u is a
monomorphism. Consider the induced exact commutative diagram

0 0
L = L

e: 0 — 4 S v L x — o

H v h
5:0—>A—-—f—->B—g—>C—>0

with X = Cokeru. From our assumption there is either a morphism
t: X — B such that gt = h or a morphism s: B — X with g = hs. In the
first case the sequence € splits and hence u is a split monomorphism. In
the second case, since h is then an epimorphism, v is also an epimorphism.
Then from the exact commutative diagram

0 — L — Y -5 B — 0

|k

v: 0 —» L — X — C — 0

one sees that p is a split exact sequence. Hence v is a split epimorphism,
and consequently f is an irreducible morphism.

(b) Assume that f is an irreducible monomorphism. We first observe
that since g is an epimorphism, g does not factor through any noniso-
morphism h:C — C. From (a) it then follows that ImHomu(C,g) is
the set of nonisomorphisms in End,(C). Obviously Im Homa(C, g) is a
right End(C)-ideal of EndA(C). Now let s be in Im Homy (C, g). Since
s is not an isomorphism, it is not a monomorphism. Therefore ts is
not a monomorphism for each ¢t in End,(C) which means that ts is in
Im Homy(C, g) for each ¢t in Enda(C). Hence Im Hom,(C, g), the set of
nonisomorphisms in End,(C), is an ideal in End,(C), which shows that
EndA(C) is a local ring. ]

We also state the dual result.

Proposition 5.7 Let 6:0 — A4 ER B 5 C > 0 be an exact Sequence.

(a) g is an irreducible morphism if and only if & is not a split exact se-
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quence and for any morphism h:A — X there is either a morphism
t:B — X such that h = tf or a morphism s: X — B with f = sh.

(b) If g is an irreducible morphism, then Enda(A) is a local ring, and
hence A is an indecomposable module. ]

Clearly any indecomposable nonprojective module C is of the form
Coker f where f:A — B is an irreducible monomorphism, as is seen

by considering the almost split sequence 0 — A ER B3 c-oo If
however we require B to be indecomposable, then Proposition 5.6 imposes
restrictions on the modules occurring as Coker f.

Corollary 5.8

(a) If f:A — B is an irreducible monomorphism with B indecomposable,
then each irreducible morphism h: X — Coker f is an epimorphism.

(b) If g:B — C is an irreducible epimorphism with B indecomposable,
then each irreducible morphism h:Kerg — Y is a monomorphism.

Proof (a) Let f: 4 — B be an irreducible monomorphism with B inde-
composable. Assume that h: X — Coker f is an irreducible monomor-
phism. By Proposition 5.6 there is then some t: X — B with gt = h
where g: B — Coker f is the natural morphism. Since g is not a split
epimorphism, ¢t must be a split monomorphism, and hence an isomor-
phism since B is assumed to be indecomposable. This contradicts the
fact that g is a proper epimorphism. Hence each irreducible morphism
h:X — Coker f is an epimorphism.

(b) This follows by duality. m]

We now know that if C is an indecomposable nonprojective module
such that there is an irreducible monomorphism h: X — C, then C
is not of the form Cokerf where f:4 — B is irreducible and B is
indecomposable. This is for example the case for C = P/soc P when P
is indecomposable projective injective of length at least 3, since we then
have an irreducible monomorphism vP/socP — P/socP.

We now characterize almost split sequences in terms of irreducible
morphisms.

Proposition 5.9 Let 6:0 — A ER B2 C - 0 be an exact sequence. Then
0 is an almost split sequence if and only if f and g are both irreducible.
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Proof 1t follows from Theorem 5.3 that if 6 is an almost split sequence,
then f and g are both irreducible.

Assume conversely that both f and g are irreducible. We then know
by Propositions 5.6 and 5.7 that A and C are both indecomposable and

noninjective and nonprojective respectively. Let €:0 - DTrC 5 B L
C — 0 be the almost split sequence with right hand term C. We then get
the following commuting diagram

5:0—>AL>Bi>C—>0

| [
e: 0 — pTic L B L ¢ — o

Since g is irreducible and g’ is not a split epimorphism, ¢ is a split
monomorphism, so there exists h: B’ — B with ht = 13. Hence we get
f = htf = hf’s. Since f’ is a minimal left almost split morphism, hf’ is
not a split epimorphism. Therefore s is a split monomorphism. But then
s is an isomorphism since D Tr C is indecomposable. It follows that ¢ is
also an isomorphism proving that J is isomorphic to e. O

6 The middle term of an almost split sequence

Whereas the end terms A and C of an almost split sequence 0 - A —
B — C — 0 are indecomposable, the middle term B will usually decom-
pose. The number of indecomposable summands in a sum decomposition
of B is an important invariant of C, which we denote by «(C), and it
measures in a sense the complexity of morphisms to C. For any positive
integer ¢ there is an indecomposable module over some artin algebra A
with a(C) = t. For example let C = Tr DS where S is the unique simple
(k[X1,...,X)/(X1,...,X:)*)-module, as studied in Section 3. However,
for a given algebra there are strong limitations on which numbers can
occur. We here give two preliminary results, one which shows that the
number 1 always occurs for an arbitrary nonsemisimple algebra A, and
one which shows that there is a bound on the o(C) for a given algebra
A.

For the first main result in this section we shall be particularly in-
terested in indecomposable nonprojective modules C having a minimal
projective presentation Py LA Py —» C — 0 with Py and P; indecompos-
able. It is easy to construct examples of such modules. For instance, if
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P is indecomposable projective and B is a submodule of P with B/tB
simple, then C = P/B has this property. Our first aim is to show that
o(C) = 1 if in addition to Py and P; being indecomposable, we also have
Imh ¢ r2Py. To see this the following result is useful.

Proposition 6.1 Let h: Py — Py be a nonzero morphism between inde-
composable projective modules which is not an epimorphism, and let C =

Cokerh. Let 0 — A 1L B 2, C — 0 be an almost split sequence
where each B; is indecomposable. Then we have the following.

(a) There is a unique j such that B; has maximal length.

(b) The induced irreducible morphisms gj:B; — C and fj:A — B; are
epimorphisms and monomorphisms respectively.

(c) The induced irreducible morphisms |1, 4;Bi—>C and A — 11, .; Bi are
monomorphisms and epimorphisms respectively.

Proof Let B; be a summand of maximal length in the decomposition
B = [],;¢; Bi. Since Py is an indecomposable projective module, C has
a unique maximal submodule. Therefore not all g; can be monomor-
phisms. Hence g; must be an epimorphism since B; has maximal length.
DTrC has a simple socle since it is contained in D(P;), which is an
indecomposable injective module because P; is an indecomposable pro-
jective module. This guarantees that not all the f; can be epimorphisms.
Again, since B; is an indecomposable summand of B of maximal length,
fj has to be a monomorphism. Writing B’ = [];,; B; and computing
lengths we get I(C) + I(A) = I(B;) + I(B’). But I(Bj) > max{l(C),I(4)}
since g; is an epimorphism and f; is a monomorphism. Therefore we
get I(B’) < min{l(C),l(A)}, which implies that the induced morphism
A — B’ is an epimorphism and the induced morphism B’ — C is a
monomorphism. This proves our claims. O

The next result describes a class of indecomposable modules C such
that there are no irreducible monomorphisms to C.

Lemma 6.2 Let M be an indecomposable module and N a nonzero sub-
module of M which is a summand of all maximal submodules X of M
containing N. Then we have the following.

(a) M/N is indecomposable.
(b) There are no irreducible monomorphisms to M/N from any module.
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Proof (a) This is left as an exercise.

(b) Consider the exact sequence 0 — N LMAM /N — 0, and
assume h:C — M/N is an irreducible monomorphism. Then it fol-

lows from our assumptions that the induced exact sequence 0 - N —
p~'(Imh) — Imh — O splits. Hence we get that h = pg for some
g:C — M. Since M is indecomposable and N # 0, it follows that p is
not a split epimorphism. Since h:C — M/N is irreducible, g:C - M
must be a split monomorphism and consequently an isomorphism. This
contradicts the fact that 4 is a proper monomorphism. m|

We have seen in Section 5 that if f: A — B is an irreducible monomor-
phism and B is an indecomposable module, then any irreducible mor-
phism to Coker f is an epimorphism. This result can be considered as a
special case of Lemma 6.2 since by Lemma 5.1 we have that f(4) is a
summand in every maximal submodule of B containing f(A4). Here we
shall apply Lemma 6.2 in another situation, as a step towards proving
the existence of an indecomposable module C with «(C) = 1.

Proposition 6.3 Let P, LA Py — C — 0 be a minimal projective presentation
for a nonzero module C with Py and Py indecomposable projective modules
and Imh & v>Py. Then the almost split sequence :0 - A — B —- C — 0
has the property that B is indecomposable.

Proof Clearly M = Py/xImh is indecomposable with a unique maximal
submodule tM = rPy/rImh. Further, since rImh < 2Py, we get that
1M = 12Py/rImh. Let N = Imh/t Imh which is a simple submodule of
tPy/t Im h. However, since Im h ¢ r>P, we have that N ¢ v?M. Therefore
N is a summand of tM. Hence M and C = M/N are indecomposable
with N a summand of all maximal submodules of M containing N. It
then follows from Lemma 6.2 that all irreducible morphisms g: X — C
are epimorphisms. From Proposition 6.1 we have that the middle term
B in the almost split sequence §:0 - A - B — C — 0 has a decom-
position B = B'[[ B” with B’ indecomposable and such that if B” # 0
the induced morphism g”: B” — C is an irreducible monomorphism. But
we have just seen this cannot happen. Hence we get B = B’ and B is
therefore indecomposable. a

As a consequence of Proposition 6.3 we get the following.
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Theorem 6.4 For each non-semisimple artin algebra A there exists an almost
split sequence 6:0 - A - B — C — 0 with B indecomposable.

Proof Since A is not semisimple, there exists an indecomposable pro-
jective module Py with tPy # 0. Let P’ — tPy be a projective cover and
let P; be an indecomposable summand of P’ with induced morphism
h:P; — Py. Then we get that Imh ¢ r*Py, so for C = Cokerh we have
a(C) = 1 by Proposition 6.3. This completes the proof of the theorem. O

We shall in Chapter X give methods for computing new almost split
sequences from old ones. In particular this will provide us with more
examples of indecomposable modules C with «(C) = 1 since the invariant
o is often preserved by these computations. Also in Chapter XI we discuss
other ways of obtaining almost split sequences with indecomposable
middle term.

For a given artin algebra A we denote by a(A) the numerical invariant
which is the supremum of the o(C) for C indecomposable and not
projective. It is obvious that each «(C) is finite and our next aim is to
show that a(A) is also fimite. For this we need to compare the lengths
of the modules C and D Tr C, and of the modules 4 and B when there
is an irreducible morphism between them. These preliminary results are
also useful in other contexts, and will be applied in the next chapter.

Lemma 6.5 For an artin algebra A let n be an integer such that [(P) < n
for each indecomposable projective left and projective right A-module P.
Then we have I(D Tr C) < I(C)n? for all nonzero modules C in mod A or
mod A°P.

Proof We only prove the claim for C in mod A since the rest follows
by duality. Let C be a nonzero A-module and let Py - Py - C —» 0
be a minimal projective presentation of C. For each projective module
0 in modA or mod A°?, we have that I(Q/rQ) gives the number of
summands in a decomposition of Q into indecomposable modules. Since
I(Po/xPy) < I(C), we then get I(Py) < I(Py/tPy)n < I(C)n. Therefore we
get (DTrC) = I(TrC) < U(P) < (P /tP{)n = I(P1/tP)n < I(Po)n <
I(C)n?, which completes the proof of the claim. O

Using Lemma 6.5 we obtain the following.

Proposition 6.6 Let A be an artin algebra, n an integer such that I(P) <n
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for each indecomposable projective left and projective right A-module P
and f:A — B an irreducible morphism.

(a) If A is indecomposable, then I(B) < I(A)(n* + 1).
(b) If B is indecomposable, then 1(A)/(n> + 1) < I(B).

Proof We only prove (a) since (b) then follows from (a) by duality. If A
is injective, f is an epimorphism and there is nothing to prove. If 4 is not
injective, consider the almost split sequence 0 > 4 - E — TrDA — 0.
By Theorem 5.3 B is a summand of E, so I(B) < [(E) = l(A) + I(Tr DA).
Using Lemma 6.5 we get I(4) + I(Tr DA) < I(A) + n?l(4) = [(A)(1 + n?).

O

We now use these results to get a bound for a(A).

Theorem 6.7 If n is the maximal length of the indecomposable projective
modules over A and AP, then a(A) < (n® + 1)

Proof Let 0 —+ A —- B — C — 0 be an almost split sequence and
let B =112, B; be a decomposition of B into a sum of indecomposable
modules. By Proposition 6.6 we have I(4)(1/(n*+1)) < I(B;) for each i and
I(B) < I(A)(n*+1), and hence l(A)(m/(n*+1)) < I(B) < [(4A)(n*+1). From
this we conclude that m < (n® 4 1), and consequently a(A) < (n? + 1)%.

O

By induction we obtain the following easy consequence.

Corollary 6.8 Let A be an artin algebra, n the maximal length of the
indecomposable projective modules over A and A°P and A an indecompos-
able A-module. Then the number of indecomposable modules B (up to iso-
morphism) with a chain of irreducible morphisms of length m between
indecomposable modules ending (starting) in B and starting (ending) in A
is bounded by (n* + 1)*". O

To illustrate the point that the invariant a(A) is a measure of the
complexity of the modules over A, we show that if a(A) =1,then Ais a
Nakayama algebra of Loewy length 2. First observe that since there is
some almost split sequence, A is not semisimple. For each nonprojective
indecomposable A-module B we then have that there is no irreducible
monomorphism f:4 — B and for each indecomposable noninjective A-
module B there is no irreducible epimorphism g: B — C. Hence in any
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almost split sequence 0 - 4 - B — C — 0 we have that B is both
projective and injective and therefore A and C are simple. But then each
indecomposable projective and each indecomposable injective A-module
is either simple or of length 2. This shows that A is a Nakayama algebra
of Loewy length 2.

7 The radical

Closely connected with the study of irreducible morphisms is the radical
of mod A which is an R-relation in mod A when A is an artin R-algebra, as
studied in Chapter IV. This section is devoted to introducing the radical,
developing the basic properties of this R-relation in mod A and giving
the connections with irreducible morphisms between indecomposable
modules over an artin R-algebra A.

Let A be an artin R-algebra and let 4 and B be in mod A. Define
rada(A4, B), the radical of Homa(4, B) by rada(4, B) = {f € Homa(4, B)|
hfg is not an isomorphism for any g: X — A4 and h: B — X with X in
ind A}. Using the notion of an R-relation in an R-category we have the
following basic result about the radical in mod A.

Proposition 7.1 Let A be an artin R-algebra. Then the radical rady is an
R-relation in mod A.

Proof We first prove that rad(4, B) is a subgroup of Homa(4, B) for
each pair of modules A and B in mod A. Let f); and f> be in rads(4, B)
and let g: X — 4 and h: B — X be A-morphisms with X indecomposable
in modA. Since f; and f, are in rada(4,B), hfig and hf,g are not
isomorphisms. Since X is indecomposable the set of nonisomorphisms in
Homy (X, X) forms a subgroup and therefore hfig — hf,g = h(f1 — f2)g
is not an isomorphism. Since X, g and h were arbitrary it follows that
f1— f2 is in rad(4, B).

In order to complete the proof we also have to prove that if f €
rada(4, B) and f' € Homy(B,C) then f'f € rada(4,C), and dually if
f € rada(4,B) and f” € Homy(E, A) then ff” € rada(E, B). We prove
the first part of this. Let f € rada(4, B) and f' € Homa (B, C) and let X
be an indecomposable module in modA and g: X — 4 and h:C —» X
morphisms in mod A. Then h(f'f)g = (hf')fg is not an isomorphism
since f is in rada(A4, B). Hence f'f is in rada(4, C). This shows that the
radical is a relation on mod A.

It is not hard to see that rads(A4,B) is not only a subgroup of
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Homy(A, B) but an R-submodule, which then shows that rad, is an
R-relation on mod A. O

As for any R-relation on mod A we define the powers of the radical
inductively. Hence for 4 and B in mod A and a natural number n we have
that rad} (4, B) = {f € Hom(4, B)| there exist X in mod A, morphisms
g € rada(A4,X) and h € radX‘l(X,B) with f = hg}. Finally we define
rady(4, B) = (,en rad} (4, B). Before going on to give the connection
with irreducible morphisms, some comments of a general nature may be
helpful.

Any R-relation on an R-category behaves nicely with respect to de-
composition. If A and B are in mod A and A ~ [, 4; and B ~ [, B;
are decompositions of 4 and B into sums of modules 4; and Bj, with
a;:A; — A and B;: B — B; the induced inclusions and projections, we
have that a morphism f:4 — B is in rad3(A4, B) if and only if f;fa; is in
radj(4;,Bj) foralli=1,...,nand j=1,...,m.

We also want to make the following observation.

Lemma 7.2 For A and B in mod A with A an artin R-algebra there exists
an n € N such that rad} (A, B) = rady (4, B).

Proof For A and B in mod A we have that Homy (A4, B) is a finitely gen-
erated R-module, hence of finite length. Therefore the descending chain
Homy (A, B) o rads(4,B) o -+ o rad}(4, B) > --- becomes stable, and
hence there exists some n € N such that rad’(4, B) = (), 1adt (4, B) =
rad} (4, B). m]

We now give the desired connection between irreducible morphisms
and the radical.

Proposition 7.3 Let f:A — B be a morphism between indecomposable
modules A and B in modA. Then f is irreducible if and only if f €
rada(4, B) — rad3 (4, B).

Proof We first observe that if M is an indecomposable module and
X an arbitrary module, the radical rada(M, X) is the set of morphisms
from M to X which are not split monomorphisms and that the radical
rady (X, M) is the set of morphisms from X to M which are not split
epimorphisms. Our claim then follows directly from the definitions. O
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We next give a description of the morphisms in rad} (4, B) for n > 2
by using irreducible morphisms.

Proposition 7.4 Let A and B be indecomposable modules in mod A and let
f € rad{(4, B) with n > 2. Then we have the following.

(a) (i) There exist a natural number s > 1, indecomposable modules
By,..., By, morphisms f; € rada(A, B;) and morphisms g;: B; — B
with each g; a sum of compositions of n— 1 irreducible morphisms
between indecomposable modules such that f = >, g:fi.

(i) If f € radi(4, B) —rad"'(4, B) then at least one of the f; in (i)
is irreducible and f = u+ v where u is not zero and is a sum of
compositions of n irreducible morphisms between indecomposable
modules and v € rad’;*'(4, B).

(b) (i) There exist a natural number t > 1, indecomposable modules
Ay,...,A;, morphisms fi:A — A; and g; € rad(A;, B) with each
fi a sum of compositions of n— 1 irreducible morphisms between
indecomposable modules such that f =3\, gif:.

(i) If f € rad’(4, B)—rad’*'(4, B) then at least one of the g; in (i)
is irreducible.

Proof We prove statement (a) by induction on n. Statement (b) then
follows by duality.

For n = 2 let g: M — B be a minimal right almost split morphism.
Then there are some s and indecomposable modules Bi,...,B; such
that M ~ [];_, B, Let g;i:B; — B be the induced morphisms. Since
f € radi(4, B), there is a morphism f':A — M such that f = gf".
Let fi:A — B; be the morphism induced by f’ and the decomposition
M ~TJ];_, B;. Then we get that f; € rada(A4, B;), the morphisms g; are
irreducible and f = >}, gif;. Moreover if f ¢ rad3 (4, B) then not all f;
are in radx (4, B;). Hence for at least one i € {1,...,s} we have that f; is
irreducible. This establishes the claim for n = 2.

Assume now that f € rad}(4, B) where n > 3. Then there are some X
in mod A and morphisms g:4 — X and h: X — B with g € rada(4, X)
and h € radx“I(X ,B)and f = hg. Let X = ]_[,;1 X; be a decomposition
of X into a sum of indecomposable modules, and let g;:4 — X; and
h;: X; — B be the induced morphisms. Then we have that f = Zlf:l hig;.
Now each h; is in radx_l(Xi, B), so since n — 1 > 2 there are by induc-
tion for each i = 1,...,t indecomposable modules C;; for j = 1,...,s;,
morphisms h;; € rads(X;, C;j) and h;j:c,-,- — B, where each hgj iIs a sum
of compositions of n— 2 irreducible morphisms between indecomposable
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modules, such that h; = Z h’ hij. Since h;jgi: A — C;j is in rad A(A Cij)
we have by induction that h,,g, = Zp—l u,”,u,,p where u;;, € rada(4, Ejp)

and uj;,: E;j, — Cj; are irreducible morphisms and each E,”, is inde-

composable. We then have f = i hgi = Y. (), Bhy)e =
Zl IZ] 1 t](hl}gl Zl IZ] 1 i] Zzil t}pu'fp' Since each hi uij;w is
a sum of compositions of n - 1 irreducible morphisms and each u;, is in
rada (4, E;jp), this completes the proof of (a)(i).

To prove (a)(ii) observe that when f ¢ rad"“(A B), then not all u;j,
can be in radf\(A, Eijp) since each h, Up is in rad} (4, B). This shows that
at least one of the u;, is irreducible. O

We next consider the associated subfunctors of the representable
functors Homu( ,B) and Homy(B, ) for B in mod A induced by the
radical of mod A. Define for each B in mod A and n € N the sub-
functors radj( ,B) of Homa( ,B) and radi(B, ) of Homy(B, ) by
radi( , B}(A) = rad}(4, B) and radi(B, )}(4) = rad}(B, 4) respectively
on modules. If h:A — A’ is a morphism in mod A, then the mor-
phism Homy(h, B): Homp(A4’, B) — Homy (A4, B) induces a morphism
radi(4’,B) — rad}(4,B). For an R-functor F:modA — modR we
denote by Supp F the support of the functor F, which is the full subcate-
gory of ind A whose objects are the X in ind A with F(X) # 0. We have
the following useful consequence of Proposition 7.4.

Proposition 7.5 Let A and B be indecomposable modules in mod A and let
f be a nonzero element in rada(A, B).

(a) Ifradi( ,B) =0 for some n € N, then f is a sum of compositions of
irreducible morphisms between indecomposable modules.

(b) Ifradi(4, ) =0 for some n € N, then f is a sum of compositions of
irreducible morphisms between indecomposable modules.

Proof (a) Let B be an indecomposable A-module with rad}(, B) = 0 and
let f be a nonzero morphism in rads (A4, B) where A4 is indecomposable.
Since rad} (4, B) = 0, there is some ¢ < n such that f € rad}(4,B) —
radﬁ{* l(A,B). Then by Proposition 7.4(a)(ii)) we have that f = u + v
where u is the sum of compositions of irreducible morphisms between
indecomposable modules and v € rad}"(4, B). If v # 0 choose s > t such
that v € radj (4, B)—rads“(A B), and apply Proposition 7.4 again. Since
radi(4,B) = 0 we see that f is a sum of compositions of irreducible
morphisms between indecomposable modules.
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(b) This follows from (a) by duality. m|

From the subfunctors radi( ,B) of Homus( ,B) we may form the
quotient functors Homu( , B)/ rad}( ,B) as follows. For a module X
(Homa( , B)/ radj( ,B))(X) is the R-module Hom, (X, B)/ rad}(X, B).
Since for a A-morphism f: X — Y the morphism Homa(f, B) takes the
R-submodule rad}(Y,B) of Homu(Y,B) into the R-submodule
rad}(X,B) of Hom(X,B), there is induced a unique map from
Homa(Y, B)/ rad} (Y, B) to Homa(X, B)/ rad} (X, B). This is the value
of the quotient functor on f. One defines the covariant quotient functor
Homy (B, )/ rad}(B, ) dually.

We have the following easily verified result about these quotient func-
tors.

Lemma 7.6 Let B be in mod A. Then we have the following.

(a) The supports of Homa( ,B)/rad}( ,B) and Homu(B, )/rad}(B, )
are finite for each n € N,

(b) The support of Homu( , B) is finite if and only if there exists some
n € N with radj( ,B) =0.

(c) The support of Homu(B, ) is finite if and only if there exists some
n € N with rad}(B, ) =0.

Proof (a) Since we have seen that rad}(4, By ][ B;) ~ radi(4,By)]]
rad}(4, By) it is clearly enough to prove the statement for B indecompos-
able. If A4 is indecomposable and rad} (4, B) # radk"(A,B) there is by
Proposition 7.4 a composition of i irreducible morphisms from 4 to B.
Since there is only a finite number of indecomposable modules X with
an irreducible morphism to a given indecomposable module Y, there is
only a finite number of such modules 4 up to isomorphism for each i.
It follows that the support of Homa( , B)/ rad}( , B) is finite for each
n € N. By duality we also get that the support of Homy(B, )/ rad}(B, )
is finite for each n € N.

In order to prove statement (b) first observe that if rad}( ,B) =0 for
some n € N then by (a) the support of Homa( ,B) is finite. Assume
conversely that the support of Homa( , B) is finite. Then there is a bound
n on the Loewy length of all Enda(A) with 4 in Supp Homa( , B). Hence
the composition of ¢n nonisomorphisms within Supp Homa( , B) is zero
where t is the number of modules in Supp Hom( , B). This then shows
that rad¥( ,B) = 0.

Statement (c) follows from (b) by duality. a
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We have the following direct consequence of Lemma 7.6.

Theorem 7.7 The following are equivalent for an artin algebra A.

(a) A is of finite representation type.

(b) The support of Homy( , B) is finite for each B in mod A.

(c) For each B in mod A there is some n € N with rad}( ,B) =0.
(d) The support of Homy(B, ) is finite for each B in mod A.

(e) For each B in mod A there is some n with rad}(B, ) =0.

Proof 1t follows from the definition of finite representation type that (a)
implies (d). To prove that (d) implies (a) consider the functor Homy (A, ).
Part (d) then states that Homa (A, ) has finite support, but this is clearly
the same as saying that ind A is finite. That (d) and (e) are equivalent
follows from Lemma 7.6. The rest follows by duality. |

We also have the following consequence for finite representation type.

Theorem 7.8 Let A be of finite representation type and let f € radp(A, B)
with A and B indecomposable modules in modA. Then f is a sum of

compositions of irreducible morphisms between indecomposable modules in
mod A.

Proof By Theorem 7.7 we have that Supp Homy( , B) is finite and hence
radi( , B) = 0 for some n € N. Therefore it follows from Proposition 7.5
that f is a sum of compositions of irreducible morphisms between inde-
composable modules. a

We saw in Lemma 7.2 that for each pair of modules A and B in mod A
there is an n € N such that rad}(4, B) = rad}(4, B). We want to show
that when the support of the functor Homx( ,B) is infinite, then the
chain of subfunctors --- < radj( ,B) = radx_l( ,B) < -+ < Homy( , B)
is a proper descending chain of subfunctors. This is a direct consequence
of the following.

Proposition 7.9 If B is in mod A with the support of Homy( , B) infinite,
then

rad}( ,B)/radi™( ,B) #0
Jor allne N.
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The proof of this is based on results about minimal morphisms in
Chapter I and the following result.

Lemma 7.10 Let B be in mod A. Then for each n > 1 there exist a A-
module C, in mod A and a morphism f,:C, — B such that f, = f,_1h,
with h, € rada(Cy, C,—1) and such that Im Homy (X, f,) = rad} (X, B) for
all X in mod A, where Cy = B and fo = 1.

Proof The proof goes by induction based upon the existence of right
almost split morphisms.

Let Co = B and fy = 1. For n = 1 decompose B as a sum of
indecomposable modules B = ]_[lf:l B; and let h;: B — B; be minimal
right almost split. Then let C; = H;=1 Bl and let fi =h [T h 11" 11
Then clearly Im Homy (X, f;) = rada(X, B) for all A-modules X. For
the inductive step assume we have proved the statement for n for all
modules in mod A and want to prove the claim for n + 1. So assume
fn:Cy, — B is such that Im Homy (X, f,) = rad} (X, B) for all X in mod A
and let h:Y — C, be such that Im Homy (X, k) = rada(X, C,) for all
X in modA. Let Cy,yy = Y and f,4y = foh. Then we clearly have
Im Homp(X, fy11) = rad™ (X, B) for all X in mod A.

For the converse inclusion let X be arbitrary in modA and let
= radX“(X , B). Then there is some Y in mod A, some « € rad,(X,Y)
and o” € rad}(Y,B) with « = «”’o’. Hence there is by induction hy-
pothesis some f:Y — C, with o’ = f,f. Since « € radp(X,Y),
we have Bo € rada(X,C,). Hence there is some f':X — C,.; with
hp' = Bo/. But then a = "¢/ = f,Bo/ = f,hf = fuy1B’, wWhich shows
that radX“(X ,B) € ImHom(X, f,+1). This completes the proof of the
lemma. a

We are now ready to prove Proposition 7.9. Assume B is in mod A with
Supp Hom,( , B) infinite. Since the support of Homa( ,B)/ radi( ,B)
is finite for all n, we have that rad}( ,B) # 0 for all n. Hence the
modules C, and the morphisms f,:C, — B from Lemma 7.10 such that
Im Homy(X, f,) = radj(X, B) for all X in mod A are nonzero and we
have f, € rad}(C,, B). Then according to T Theorem 2.2 there exists a
decomposition of each C, as a sum C, ][ C, such that f,|cz = 0 and
falc, is right minimal. If we write f), = f,l¢;, we claim that the image
7:, € rad’(C., B)/ rady*(C., B) of f!, € rad’(C., B) is nonzero. Otherwise
we have f, € radX“(C,’,,B) = ImHoma(Cpy1, fre1). Hence there is
some g:C, — C,y; such that f, = f,;1g. However f,,1 = fp,h with
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h € rada(Cp41, C,) and therefore f], = f,.18 = fnhg. Using the projection
p of C, onto C} according to the decomposition C, = C, [[ C) we get
that f, = f,phg. But since f], was right minimal, phg is an isomorphism.
This contradicts that i € rada(Cyy1, Cs). So our claim follows and the
proof of the proposition is complete. m]

As an immediate consequence of Proposition 7.9 we have the following
result.

Corollary 7.11 For a A-module B in mod A the following are equivalent.
(a) The support of Homu( , B) is infinite.

(b) radi( ,B)/ rad”A“( ,B)# 0 for all n € N.

(c) The support of Homu( , B)/ rady( , B) is infinite. m]

Exercises

1. Let A be an artin algebra such that every indecomposable A-module
has a simple socle.

(a) Show that each indecomposable projective A-module is uniserial.

(b) Show that the length of C/xC is less than or equal to 2 for each
indecomposable A-module C.

(c) Show that C/socC is either uniserial or the sum of two uniserial
modules for each indecomposable A-module C.

(d) Show that the number of indecomposable summands of the middle
term of any almost split sequence is at most two.

(¢) Give an example of an algebra A satisfying these properties without
being Nakayama.

2. Let A be an artin algebra and let I be an indecomposable injective
nonprojective A-module.

(a) Show that the following are equivalent.

(i)  There is an irreducible epimorphism f:P — I with P inde-
composable projective noninjective.

(i) DTrlI is simple and the middle term P of the almost split se-
quence 0 —» D TrI — P — I — 0 is indecomposable projective
with [(soc P) = 2.

(iii)) I ~ P/Sy where P is an indecomposable projective module,
S is simple, rP = §; [[ X with X # 0 and Ext}\(A/r, S1) is a
simple A-module.
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(b) Suppose I satisfies the equivalent conditions of (a) and let P and S;
be as above with soc P = S§; [[ T. Show that the middle term M of
the almost split sequence 0 - P - M — TrDP — 0 is isomorphic
to IT]P/T and that TrDP ~ P/socP.

3. Let A be an artin algebra and S a simple projective A-module of
injective dimension 1.

(a) Show that Homa(Tr DS,A) =0 and that pd Tr DS = 1.
(b) Show that EndA(Tr DS) is a division ring.

4. Let P be an indecomposable projective noninjective nonsimple module
and let 0 > P - B — TrDP — 0 be an almost split sequence. Show
that B is indecomposable if and only if tP is indecomposable and P is
not a summand of r.

5. Let A be an artin algebra and a an ideal in A. For each A-module
M consider the quotient module M/aM and the submodule M = {m €
M|am = 0} of M.

(a) Prove that (A/a)®s M ~ M/aM and that Homu(A/a, M) ~ M for
all M in mod A.
(b) Let C be an indecomposable A-module with aC = 0 and C not a

summand of A/a and let 0 —» A LAY A C — 0 be an almost split
sequence.

(i) Show that the induced sequence 0 — Homp(A/a,4) —
Homy(A/a, B) = Homp(A/a,C) — 0 with Hompa(A/a,C) =~ C
is exact.

(ii)) Show that Homa(A/a, g) is right almost split in mod(A/a).

(iii) Let Py —» Py —» C — 0 be a minimal projective presentation of

C as a A-module. Prove that P;/aP; — Py/aPy — C — O is

isomorphic to a sequence Qo [] 0y (0—’f>) Py/aPy — C — 0 with

0 EA Py/aPy — C — 0 a minimal projective presentation of C
as a (A/a)-module and Qy a projective (A/a)-module.

(iv) Prove that the induced sequence 0 — Homa(A/a,4A) —
Homp(A/a,B) — C — 0 is isomorphic to a sequence

( 1)
0 = DTrp CII DG U p11pos %9 ¢ - 0 where 0 —

DTrp/e C — B’ — C — 0 is almost split in mod A/a and D@ is
an injective (A/a)-module (Here * is used for Homy /o( ,A/a).)
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(d)

(e)

(f)
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(v) Prove that D Try/, C is a submodule of D Trp C.

Let A be an indecomposable A-module with a4 = 0, 4 not an
injective (A/a)-module and let 0 - A - B — C — 0 be an almost
split sequence.

(i) Prove that 0 > A — B/aB — C/aC — 0 is exact and isomor-

o B1]1e)
phictoasequenceO—»A(—ozB’]_[Q ]—'[—>Q C'11@ — 0 with

0458 % ¢ 50 an almost split sequence in mod A/a
and Q a projective (A/a)-module.
(i) Prove that TrDy/.A is a quotient of Tr DyA.

Let a be an ideal in A such that A/a is a projective right A-module.
Let C be as in (b). Prove then that Qg in (b)(iii) is zero or equivalently
that D Trp,q C >~ Homa(A/a, D Trp C).

Let a be an ideal in A such that A/a is a projective left A-module and
let A be as in (c). Prove then that Q in (c)(ii) is zero or equivalently
that TrDpjA =~ (A/a) ®a A.

Assume A is a selfinjective algebra and a is an ideal with a < socA.
Prove that for each indecomposable (A/a)-module C with C not pro-
jective we have D Trp/q C ~ D Trp C and for each indecomposable
noninjective (A/a)-module A we have that Tr Dy /.4 ~ Tr DAA.

6. Let0 > 4 ER B % C — 0 be an almost split sequence over an artin

algebra A and let P; LA Py — C — 0 be a minimal projective presentation
of C. Show that the following statements are equivalent.

(i)
(i)

A is simple.
The morphism B £, C is an essential epimorphism.

(iii) O — Py/tP; — Py/h(xP;) —» C — 0 is an almost split sequence.

7. Let A and B be indecomposable modules over an artin algebra A and
X an arbitrary module.

(a)
(b)
(©

Prove that rada(A4, A) = rEng(4).

__ [ tEngeyrHomp(A4,B) if A~ B,
Prove that rads(A4, B) = {HomA(A,B) if A2 B,
Prove that rada(4,X) = {f € Homa(4, X)|f is not a split mono-
morphism} and that rads(X, B) = {f € Homa(X, B)|f is not a split
epimorphism}.
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8. Let A be an artin algebra and let A be in mod A.

(a) Prove that if A is indecomposable, then rady(4,4) = radi (4, 4),
where rad, denotes the radical in mod A.

(b) Decide for which 4 in mod A we have rada(4, 4) # radf\(A,A).

9. Let A be an artin algebra such that D Tr C ~ Q?C for all C in mod A.

(a) Prove that A has no simple injective nonprojective modules. (Hint:
Use information on almost split sequences whose right hand term is
simple injective.)

(b) Prove that all simple A-modules are torsionless.

(c) Prove that soc P ~ P /tP for each projective A-module P.

(d) Prove that A is selfinjective.

10. Let M be a module over an artin algebra A.

(a) Show that for each A-module X, the abelian group Extl (M, X) has
a natural structure as an End,(M)°P-module with the property that
the two-sided ideal (M, M) of Enda(M)°P annihilates Ext} (M, X)
and hence each Ext,l\(M ,X) is an End,(M)°P-module.

(b) Show that the functor F: mod A — mod End,(M)°P given by F(X) =
Ext,l\(M,X) for all X in mod A and F(f) for all f in Homa(X,Y)
is Exth(M, f): Ext\ (M, X) — Ext (M, Y) for all X and Y in mod A
has the following properties.

(i) If Exti(M,A) = 0, then there is an X in mod A such that F(X)
is a generator for End,(M)°P, i.e. End,(M)P is in add F(X).

(i) If Ext,l\(M ,M]JA) = 0, then F is dense, ie. given any
End,(M)°P-module Z there is an X in mod A such that F(X) ~
Z.

(iii) Show that if Ext}(M, M J11A) = 0, then the functor F:mod A —
mod End,(M)°P induces a surjective map from the isomor-
phism classes of indecomposable A-modules to the isomor-
phism classes of indecomposable End,(M)°P-modules. Hence
End,(M)°P is of finite representation type if A is of finite
representation type.
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Notes

The existence of almost split sequences, also called Auslander—Reiten
sequences, was first observed around 1971 for artin algebras of finite
representation type in connection with describing the projective presen-
tations of simple modules over Auslander algebras, a class of algebras
we discuss in Chapter VI. Two very different approaches to proving that
right and left almost split morphisms (also called sink maps and source
maps [Rin3]) existed for arbitrary artin algebras were then pursued. One
approach was showing that for arbitrary artin algebras A the simple
functors from mod A to abelian groups are finitely presented [AuR2].
The other approach, which gave the existence of almost split sequences,
not just almost split morphisms, was based on the guess that the ends of
an almost split sequence 0 - A — B — C were related by A ~ DTr C
and a careful homological algebra study of Ext)(C,D TrC) including
its description as DEnds(C) [AuR4]. There then followed a series of
papers [AuR5] [AuR6] [AuR7] where most of the notions and results in
this chapter were established. In particular, it was here that irreducible
morphisms were first discussed, including a connection with radical series
of functors. The bimodule Irr(4, B) of irreducible morphisms was inves-
tigated by Bautista and Ringel (see Chapter VII). Recently the theory of
irreducible maps has been further developed through the notion of the
degree of an irreducible map [Liul].

Although almost split sequences now play a fundamental role in the
representation theory of artin algebras, it took several years after their
introduction before their significance began to be appreciated. It was es-
sentially the notion of an Auslander—Reiten-quiver, a device for studying
all left and right almost split morphisms simultaneously (see Chapter VII
for details), that made the difference. For example much of the early work
on hereditary algebras and selfinjective algebras of finite representation
type was concerned with describing their Auslander—Reiten-quivers, or
equivalently, their almost split sequences (see [Rin2], [Rie]). And this
interest persists to this day.

Existence theorems for almost split sequences have been proved also
in certain subcategories of mod A for an artin algebra A [AuS2], and in
contexts other than artin algebras (see [AuR11]). It is worth noting that
the notion of almost split sequences has proven to be useful in such diverse
fields as modular group representations, the theory of orders, algebraic
singularity theory and model theory of modules. The construction we
give for almost split sequences for group algebras is taken from [AuC].


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.006
https://www.cambridge.org/core

190 Almost split sequences

The fact that there is always an almost split sequence with indecompos-
able middle term was proved in [AuRS3] for finite representation type and
in [M2] in general. The construction given here is taken from [ButR].
For an algebra A of finite representation type one has that a(A) < 4
[BauB]. This result has been further generalized in [Liu3] [Kra2].
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Finite representation type

The artin algebras of finite representation type are in some sense the
simplest kinds of artin algebras, and a lot of effort has been put into
understanding and classifying various classes of algebras of finite repre-
sentation type. Often these algebras serve as a test case and inspiration
for what might be true more generally. For example existence of almost
split sequences was first proved in this context.

This chapter is devoted to studying algebras of finite representation
type. We start by giving a criterion for finite type in terms of irreducible
morphisms, which we apply to describe all indecomposable modules
over Nakayama algebras. Using the special features of group algebras
developed in Chapter III, we describe which group algebras over fields
are of finite representation type. A criterion for finite representation type
is also given in terms of generators and relations for the Grothendieck
group of artin algebras. The chapter ends with a discussion of the
endomorphism algebra of a A-module M containing all indecomposable
modules as a summand when A is of finite representation type. These
algebras are called Auslander algebras.

1 A criterion for finite representation type

In this section we use almost split morphisms to give a criterion for an
artin algebra A to be of finite representation type. Using this criterion
we show that A is of finite type if there is a bound on the length of the
indecomposable A-modules.

Denote as before by ind A a fixed full subcategory of mod A whose
objects consist of a complete set of nonisomorphic indecomposable A-
modules. We first define an equivalence relation on the objects of ind A.
Two modules A and B in ind A are said to be related by an irreducible

191
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morphism if there exists an irreducible morphism f: 4 — B. We call an
equivalence class under the equivalence relation generated by this relation
a component of ind A. Then A and B are in the same component if and
only if there exist a natural number n, indecomposable modules X;, for
i=1,---,n, and for each i either an irreducible morphism f;: X; — X1
or an irreducible morphism g;:X;,; — X; with X; = 4 and X, = B.
We prove that if an indecomposable artin algebra A has a component ¥
where all the modules are bounded in length by some number ¢, then A
is of finite representation type and ind A consists of a single component.
If A and B are indecomposable modules and rad’s (4, B) # rad’"!(4, B),
there is by V Proposition 7.4 a chain of » irreducible morphisms between
indecomposable modules from A4 to B. Hence we get the following.

Lemma 1.1 Let A be in ind A. If B is in Supp(Hom( , 4)/ rad3( , A)) or
in Supp(Hom(4, )/ rad¥(A4, )), then A and B are in the same component
of ind A. O

When A is of finite representation type, there is, as noted in V Sec-
tion 7, a bound on the lengths of chains of nonisomorphisms with
nonzero compositions between indecomposable modules. The follow-
ing useful technical lemma shows that there is a similar result under
the more general assumption that the indecomposable modules involved
have bounded length.

Lemma 1.2 Let n € N and for each i € Z, let A; be an indecomposable
module with I(4;) < n, and let f;:A; — Ay be nonisomorphisms. Then
I(Im(fiyom—z - - - fi)) < max{n —m,0} for each m € N.

Proof The proof of this goes by induction on m. If m = 1, consider the
morphism f;: 4; — A;41. Since f; is not an isomorphism, then either f;
is not a monomorphism or f; is not an epimorphism. In the first case
I(Im f;) < I(A4;) — 1 and in the second case I(Im f;) < I(4i+1) — 1. Hence
we have I(Im f;) < n— 1 < max{n— 1,0}.

Assume now that the lemma is proved for m and consider

Jivomria o fiyomfizom 1 fiyom—a - fi 0 Ai = Ajgomn_y.

Writing f = fiyon—1, g = firon2---fi and h = fpomom_- " fiyom we
have the sequence of morphisms

g f h
Ai = Aiyom—g > Aiyom = Ajppmriy.

Assume that I(Im(hfg)) £ max{n—m—1,0}, that is I(Im(hfg)) = n—m > 0.
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We will prove that this implies that f = f;o»_; is an isomorphism, which
is a contradiction.

By the induction assumption we have /(Img) < max{n — m,0} and
I(Im h) < max{n — m,0}. Further we obviously have

I(Im(hfg)) < min{l(Img),!(Im(fg)), (Im(hf)),!(Imh)}
< max{n—m,0}.

Hence we get

I(Im(hfg)) = I(Im(hf))=I(Imh)=I(Im(fg))
= l(Img)=n—m>0.

Now hlim(sg): Im(fg) — Im(h) is an isomorphism, since Im(hfg) = Imh
and the modules have the same length. Hence we have A;m =~
Im(fg)[[Kerh. Since by assumption A;,» is indecomposable and
I(Im(fg)) = n—m > 0, we must have Kerh = 0. Therefore we
get Im(fg) = Ai;yom, so that f is an epimorphism. Next consider
hflimg:Img — Im(hf). Again since Im(hfg) = Im(hf) and the modules
have the same length, we have that hf|im, is an isomorphism. Therefore
we get Aiyom_y = Im g [[ Ker(hf). Since I(Img) = n—m > 0 and A;om_y is
indecomposable, it follows that Ker(hf) = 0 and hence f is a monomor-
phism. Hence we get that f = f;,o»_; is an isomorphism, contradicting
the hypothesis. We can now conclude that I(Im(hfg)) < max{n—(m+1),0}
and this completes the induction proof. |

As an immediate consequence of this lemma we get the following.

Corollary 1.3 If fi:A; — Aiy1 are nonisomorphisms between indecom-
posable modules A; for i = 1,...,2" — 1 and I(4;) < n for all i, then
foor-f1=0. m]

We can now prove the main result of this section.

Theorem 1.4 Let A be an indecomposable artin algebra and € a component
of ind A such that the length of the objects in € is bounded. Then A is of
finite representation type and ¥ = ind A.

Proof Let n be a positive integer such that I(C) < n for all C in €,
and let A be in 4. If for some B in ind A we have radf\" (4,B) # 0,
there is by V Proposition 7.4 a chain of 2" nonisomorphisms between
indecomposable modules with nonzero composition from A to B. This
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is a contradiction to Corollary 1.3, so we have radi"(A, ) =0, and sim-
ilarly radf\"( ,A) = 0. Then it follows by V Lemma 7.6 and Lemma 1.1
that Supp(4, ) and Supp( ,A4) are finite and contained in 4. Hence
we have Homy (A4, B) = 0 = Homy(B, A) if B is in ind A and not in %.
In particular there is some indecomposable projective module P with
Homa(P,A) # 0, and hence P is in €. Let Py,..., P, be the projective
modules in ind A N 4. Then Hom(P;, Q) = Homy(Q, P;) = 0 for all i
and all projective modules Q in ind A—%. Since A is indecomposable, it
follows that all indecomposable projective A-modules are in € (see II
Section 5). Hence Supp(Q, ) is finite for each indecomposable projective
module Q, and consequently Supp(A, ) is finite. Since Supp(A, ) contains
all indecomposable modules and all modules in Supp(A, ) are in €, we
have that A is of finite representation type and ¥ = ind A. O

The following result, confirming the first Brauer—Thrall conjecture, is
now a direct consequence.

Corollary 1.5 An artin algebra A is of finite representation type if and only
if there is a bound on the lengths of the indecomposable A-modules. m]

For an artin algebra A the casiest types of indecomposable modules
are the simple, projective and injective ones. Starting with these modules
we can try to construct new indecomposable modules. If after finding
a finite set of indecomposable modules we are convinced that we have
found all, it may not be easy to prove that this is actually the case.
However, Theorem 1.4 provides a method for giving such a proof when
we have a finite set of indecomposable modules which is a candidate for
being all. This involves computing almost split sequences and minimal
right and left almost split morphisms for the modules in our finite set.
Here it is important that, as we have seen in V Section 2, there are
criteria for deciding whether an exact sequence is almost split without
knowing all the indecomposable modules. In addition the information
on almost split sequences with simple end terms given in V Section 2
is useful. Note also that if in carrying out this procedure we encounter
indecomposable modules which were not in our original list, we modify
our list accordingly.

We illustrate this method on two concrete examples. Another illustra-
tion is given in the next section.
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Example Let A = kI', where k is a field and T is the quiver it

We have for the three vertices 1, 2, 3 the simple modules S;,S; anil
S3;, the indecomposable projective modules P, = S;, P>, P; = S3 and
the indecomposable injective modules I3,I, = S; and Is. Computing
D Tr for the nonprojective modules in these lists one gets D Trl; ~ S3,
DTrI; ~ Sy, DTrl, ~ P,. We have exact sequences

0-S3—->P o1, >0,

058 —>P,>I;-0,

and
0—~>P2—>11H13—>S2——>0.

They are all not split and the left hand term is obtained by applying
D Tr to the right hand term. Further we see that Enda(S1), Enda(S;) and
EndA(S3) are all isomorphic to the field k. Then by V Corollary 2.4 the
above sequences are almost split. Considering in addition the minimal
right almost split morphism S; [[S3 — P; and the minimal left almost
split morphisms Iy — S, and I; — S; we see that our six modules
constitute a component ¥ of ind A. Since A is clearly an indecomposable
algebra, we have ¥ = ind A by Theorem 1.4.

Example Let T = k[X]/(X?) and let S = k[X]/(X) be the simple T-
module. Let i:S — T be a monomorphism, p: T — S an epimorphism
and f: T — T a morphism with Imf = S. For the triangular ma-
trix algebra A = (I 2) consider the set of indecomposable A-modules
{T,T,17),(0,T,0),(T,0,0), (0,S,0), (S, S, 1s), (S, T,i), (T, S, p), (S,0,0),
(T, T,f)}. By first computing D Tr for the indecomposable nonpro-
jective modules in the set, it is not hard to see that the following are

almost split sequences.

0 - (T, T,f) —» S, T7,)(7,0,0) - (5,0,00 - 0,
0 - (0,500 — (T,S,p) (0, T,0) - (T,T,f) —» 0,
0 - (0,T,00 — (T,T,f) - (T,0,0) —» O,
0 - (5,7,i) — (0,5,00I1(s,0,0000(T,T,17) — (T,S,p) — O,
0 — (5,5,15) — (8. T,i) - (0,5,00 —» 0,
0 - (5,00 — (T,S,p) - (5,5,1s) — 0,
0 - (T,S,p) — (8,8,15)I(T, T, f) - (5, T,i) —» 0.

The indecomposable projective A-modules are (T, T,17) and (0, T,0)
and we have minimal right almost split morphisms (S, T,i) —» (T, T, 1)
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and (0,S5,0) — (0, T,0). The indecomposable injective A-modules are
(T, T,17) and (T,0,0), and we have minimal left almost split morphisms
(T, T,17) — (T,S,p) and (T,0,0) — (S,0,0).

Since A is an indecomposable algebra, and we have a finite set of in-
decomposable modules closed under irreducible morphisms, we conclude
that there are no other indecomposable A-modules.

The second Brauer—Thrall conjecture says that for an artin algebra A
of infinite representation type over an infinite field there is an infinite
number of positive integers n such that there is an infinite number of
indecomposable modules of length n. This result has been proven for A
an algebra over an algebraically closed field, but it is beyond the scope
of this book to give a proof of this result. However, the following partial
result follows from the material we have developed.

Proposition 1.6 Let A be an artin algebra, y an infinite cardinal and assume
there are x nonisomorphic indecomposable modules of length n. Then there
exists an infinite number of integers m > n such that there are at least y
indecomposable modules of length m.

Proof Let I be a set of cardinality y and {4;|i € I} a set of noniso-
morphic indecomposable A-modules of length n. Since there is only a
finite number of indecomposable projective modules and y is an infinite
cardinal, there are a subset J of I of cardinality y and an indecomposable
projective A-module P such that Homu(P, 4;) # 0 for all i € J. It fol-
lows by V Lemma 7.6 that Homu (P, A;)/ radﬁ" (P, A;) # 0 for only a finite
number of the modules A;. Hence there is a subset K of I of cardinality
¥ such that radf\" (P,A;) # 0 for all i € K. Choose a morphism f; # 0
in radf\"(P,Ai) for i € K. By V Proposition 7.4 we have for each i that
fi= Ef‘:l gz - - - g, Where each gi;: Xy; — Xj(j41) is a morphism be-
tween indecomposable modules and X;;; = P and X = A; for all [ with
1 <1<t and gy; with 2 < j < n can be chosen to be irreducible. Since
all the f; are nonzero, there is for each i € K some [ with 1 <[ < ¢; such
that the composition gy - - - gy» of 2" — 1 nonisomorphisms is nonzero.
Then it follows by Corollary 1.3 that there is some j such that writing
B; = X;;; we have I(B;) > n. Since all gi;: Xi; — Xu(jz1) are irreducible
for 2 < j < 2" and Xj» is equal to A;, which has length n, it follows
from V Proposition 6.6 that the Xj; with 2 < j < 2" are bounded in
length, say by ny. By V Corollary 6.8 there is only a finite number
of nonisomorphic indecomposable modules which can be reached by at
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most 2" irreducible morphisms starting at a given B;. This shows that
an indecomposable module X can be isomorphic to some B; for only
a finite number of i. Hence we have y nonisomorphic indecomposable
modules B; with n < I(B;) < ngy, and consequently there is some m with
n < m < ny such that y of them have length m. |

2 Nakayama algebras

In this section we show how to use Theorem 1.4 to obtain the struc-
ture of the indecomposable modules over a Nakayama algebra. Using
this structure we investigate Homu(A, B) as a module over Endy(A4)°P
and over Ends(B) where A and B are indecomposable modules over a
Nakayama algebra A.

We have the following main result in this section.

Theorem 2.1 We have the following for a Nakayama algebra A.

(a) Every module in ind A is uniserial, and hence a factor of an indecom-
posable projective module.
(b) A is of finite representation type.

Proof Assume that A is an indecomposable Nakayama algebra and let
% be the set of uniserial modules in ind A. We want to show that € is a
component of ind A and hence € is ind A by using Theorem 1.4. We know
from IV Lemma 2.5 that a uniserial module C over a Nakayama algebra
is uniquely determined up to isomorphism by its top C/tC = § and its
length I(C) = t. We denote this module by S®. Let {S,, 51, -, S,—1} be
a Kupisch series for A. We then have for each i and ¢, where the lower
index is calculated modulo n, a natural inclusion f,f_?l:Si(jr)l — 8D and
-a natural epimorphism pﬁ‘*”:s,.“*” - Si(t). For each i and ¢ such that S,.(t)
is not projective consider the sequence

(@)
)
1
(l) Pit1

(_I’?“)’f:jr_ll))
5:0- 5, 1 s sy

s® 0.

It is not hard to see that this is an exact sequence by considering
lengths. Further, IV Proposition 2.6 gives Si(-:—)l ~ DTr S,.('), and every
nonisomorphism from Si(t) to itself factors through fg:ll), hence through
(—p?“), fi(i_ll)). Therefore & is an almost split sequence by V Proposi-

tion 2.2. We now prove that ¥ is a component of ind A.
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Let f:A — B be an irreducible morphism between indecomposable
A-modules with 4 or B uniserial. We want to prove that then both are
uniserial. By duality it is enough to consider the case that B is uniserial.
We have two cases to consider. If B is projective, then A ~ B and is
uniserial. If B is not projective, then B ~ Si(t) for some i and t and from
the above discussion 4 is either isomorphic to S*! or Si(j_jl). In both
cases A is uniserial. This finishes the proof that € is a component as well
as the proof of the theorem. m]

The above theorem and its proof give explicit information about the
indecomposable modules and the almost split sequences for Nakayama
algebras. We now interpret some of the concepts and results we have
discussed so far for this class of algebras.

By Theorem 2.1 a Nakayama algebra A is of finite representation
type. From the structure of the almost split sequences we see that for
a nonprojective indecomposable A-module C we have o(C) = 1 if C is
simple and a(C) = 2 if C is not simple. This shows that a(A) = 1 if
and only if A is not semisimple and each nonprojective indecomposable
module is simple, which is the case if and only if A has Loewy length
2. In view of the last comment in V Section 6 we have now proved that
for an arbitrary artin algebra A, we have a«(A) =1 if and only if A is a
Nakayama algebra of Loewy length 2. If A is a Nakayama algebra of
Loewy length greater than 2, we have a(A) = 2.

When A and B are modules over an artin algebra A, then Homy (A4, B)
is in a natural way an End(A4)°P-module and an Endj(B)-module. In
general it is, nevertheless, hard to describe the structure of the module
Homy (4, B). It is, however, possible for Nakayama algebras to use our
description of the modules to get some information on Homu (4, B) when
A and B are indecomposable.

We start with the following preliminary observation.

Lemma 2.2 Assume that A is a Nakayama algebra.

(a) Let f:A— C and h: A — E be epimorphisms between indecomposable
modules. Given a morphism g:E — C there is a morphism §:4 — A
such that gh = fg, and g is an epimorphism if and only if § is an
isomorphism.

(b) Let f:C — B and g:E — B be monomorphisms between indecom-
posable modules. Given a morphism h:C — E there is a morphism
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h:B — B such that hf = gh, and h is a monomorphism if and only if
h is an isomorphism.

Proof (a) If n denotes the length of the uniserial module A, then A4 is
a uniserial module of maximal length over the Nakayama algebra A/t".
Since A is a factor of an indecomposable projective module, A4 is then a
projective (A/t")-module and C and E are (A/r")-modules, so we have
that f:A — C and h: A — E are projective covers over A/x". The claim
follows by using this fact.

(b) This follows from (a) by duality. |

The next result gives explicit information about the Ends(A4)°P-sub-
modules and Endy(B)-submodules of Homy (4, B).

Proposition 2.3 Let A and B be indecomposable modules over a Nakayama
algebra A, and let T' = Ends(A)°P and X = End,(B).

(a) For f and g in Homy(A, B) the following are equivalent.

(i) TgcTIf.
(i) Img = Imf.
(iii) g = Xf.

(b) For f € Homy(A4, B) we have I'f = Zf = {g € Homa(A4,B) | Img <
Imf}.

(c) Sending I'f to Im f gives a one to one inclusion preserving correspon-
dence between the T'-submodules of Homp(A, B) (which is the same
as the Z-submodules of Homp (A, B) ) and the A-submodules X of B
with the property that X /tX ~ A/tA and I(X) < l(A).

Proof (a) If I'g =« T'f we have g = fs for some s € Ends(4) and hence
Img cImf. If Img < Im f there is by Lemma 2.2 a morphism h:4A — A4
with g = fh, so that I'g < I'f. The second part follows similarly.

(b) This is a direct consequence of (a).

(c) Since B is a uniserial A-module, part (a) shows that all I'-
submodules and all X-submodules of Homa(A4,B) are of the form
I'f = Zf for some f € Homu(A, B). It is clear that if X = Imf for
some f € Homu (4, B), then X /rX ~ A/r4 and I(X) < I(A). If conversely
X is a submodule of B with this property, then we have an epimorphism
f:A — X since the indecomposable A-modules are uniserial modules de-
termined by their top and length. Then f induces a morphism f: 4 — B
withImf = X. a
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We state explicitly the following direct consequence.

Corollary 2.4 Let A and B be indecomposable modules over a Nakayama
algebra A. Then we have the following.

(a) Hompy(A, B) is uniserial both as an Endp(A)°P-module and as an
Enda(B)-module, and its length is the number of times A/tA occurs
as a composition factor of soc" B where n = I(A).

(b) Enda(A) is a Nakayama algebra.

Proof (a) For a submodule X of the uniserial module B we have
I(X) < I(A) = n if and only if X < soc" B. Further, it is easy to see
that the submodules X of soc¢" B with X/tX ~ A/rA are in one to
one correspondence with the simple composition factors isomorphic to
A/rA in the composition series for soc” B. Our claim now follows from
Proposition 2.3.

(b) This follows directly from (a). a

3 Group algebras of finite representation type

In the previous section we illustrated how to use the criterion for an artin
algebra to be of finite representation type by showing that Nakayama
algebras are of finite representation type. This section is devoted to
showing how a different technique for proving finite representation type
can be used. In particular, we prove that if G is a finite group and k a
field of characteristic p > 0 dividing the order of G, then kG is of finite
representation type if and only if the Sylow p-subgroups of G are cyclic.

Our results in this section are all based on the following observation.

Lemma 3.1 Let A be an R-subalgebra of the artin R-algebra T

(a) Suppose A is a two-sided summand of T, ie. ' = A]]C as a two-
sided A-module. Then A is of finite representation type if T is of finite
representation type.

(b) Suppose X is a I'-summand of I ® X for all X in modT. Then T is
of finite representation type if A is of finite representation type.

Proof (a) Let I' be of finite representation type, and let Y be an
indecomposable A-module. Then I' ®4 Y = (A ®, Y)[[(C ® Y) as
A-modules, so Y is a A-summand of I’ ®, Y viewed as a A-module.
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Suppose {A4i,...,4,} is a complete set of nonisomorphic indecompos-
able I'-modules. Then T’ ®, Y = H;=1 niA; and so Y is a summand of
A; viewed as a A-module for some i = 1,...,t. Therefore the noniso-
morphic indecomposable A-summands of all the 4; give a complete set
of nonisomorphic indecomposable A-modules. Therefore A is of finite
representation type.

(b) Let {Bi,..., B} be a complete set of nonisomorphic indecompos-
able A-modules. Suppose X is an indecomposable I'-module. Then
viewing X as a A-module, we have that X ~ ]_[;=1 njBjand so '@ X ~
H}=I(n,-l" ®a Bj). Since X is a I'-summand of I' ®, X, we have that X
is a I'-summand of I" ®, B; for some i. Therefore the nonisomorphic
indecomposable I'-summands of all the I' ®4 B; give a complete set of
nonisomorphic indecomposable I'-modules. Since this set is obviously
finite, I" is of finite representation type. m|

As our first application of this lemma we prove the following,

Proposition 3.2 Let AG be a skew group algebra with G a finite group
whose order is invertible in A. Then AG is of finite representation type if
and only if A is of finite representation type.

Proof We have already shown in I1I Lemma 4.5 (b) that A is a two-sided
summand of AG. Therefore by Lemma 3.1, if AG is of finite represen-
tation type then A is of finite representation type. We also showed in
III Lemma 4.8 that if the order of G is invertible in A, then X is a
AG-summand of AG ®, X for all AG-modules X. Hence by Lemma 3.1
we have that AG is of finite representation type if A is of finite represen-
tation type. a

Throughout the rest of this section we assume that k is a field of
characteristic p > 0 and all groups are finite groups. Our main aim now
is to prove the following.

Theorem 3.3 Suppose G is a finite group whose order is divisible by p. Then
kG is of finite representation type if and only if every Sylow p-subgroup of
G is a cyclic group.

Our proof of this theorem goes in two steps. Let P be a Sylow p-
subgroup of G. We first show that kG is of finite representation type if
and only if kP is of finite representation type. We then finish the proof
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by showing that if H is a p-group, then kH is of finite representation
type if and only if H is cyclic.

Lemma 3.4 Let H be a subgroup of G. Then the k-subspace k[G — H]
of kG with basis G — H is a two-sided kH-submodule of kG such that
kG = kH [ k[G — H] as a two-sided kH-module.

Proof This follows from the fact that H{G—H) =G—H =(G—H)H. O

As an immediate consequence of this lemma and Lemma 3.1(a) we
have the following.

Proposition 3.5 Suppose kG is of finite representation type. Then kH is of
finite representation type for all subgroups H of G. m|

We investigate next which subgroups H of G have the property that
X is a kG-summand of kG ® g X for all X in mod kG. To this end it is
convenient to have the following general result.

Proposition 3.6 Let A be an R-subalgebra of the R-algebra I'. Then the
Sfollowing are equivalent for a I'-module X.

(@) X is a I'-summand of T ® X.

) If0 - A > B - C — 0 is an exact sequence of I'-modules
which splits as an exact sequence of A-modules, then Homp(X, B) —
Homp(X,C) — 0 is exact.

() If0 > A —> B — X — 0 is an exact sequence of I'-modules which
splits as an exact sequence of A-modules, then it splits as an exact
sequence of T'-modules.

(d) The epimorphism m:I @A X — X of I'-modules given by the multipli-
cation map splits as a T'-epimorphism.

Proof (a) = (b) Suppose 0 - 4 — B — C — 0 is an exact sequence of
I'-modules which splits as an exact sequence of A-modules. Using that the
bimodule rI's gives rise to the pair of adjoint functors I'®s:mod A —
modI" and Homp(I', ):modI' — mod A we get the exact commutative
diagram

0 —» Homp(I'®p X,4) —» Hompr(I'®a X, B) — Hompr(I'®p X, C)

2 2 2
0 - Homy(X,4) — Homy(X,B) — Homa(X,C) -0

Hence it follows that Homp(I' ® X,B) - Homp(I' ® X,C) — 0 is
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exact. Since X is a I'-summand of I' ®, X, it follows that Homp(X, B) —
Homr(X, C) — 0is exact because the functor Homr( , Y') commutes with
sums.

(b) = (c) Since the exact sequence of I'-modules0 - A — B 5x-0
splits as an exact sequence of A-modules, we have that Homr(X, B) —
Homp(X, X) — 0 is exact. Therefore there is a I'-morphism f:X — B
such that gf:X — X is the identity. This means that 0 > A — B —
X — 0 splits as an exact sequence of I'-modules.

(c) = (d) The A-morphism f:X — I' ®, X given by f(x) = 1 ® x for
all x in X has the property that mf = 1x. Therefore I’ @ X — X is
a I'-epimorphism which splits as a A-epimorphism. Hence it splits as a
I'-epimorphism.

(d) = (a) This is trivial. a

Suppose A is an R-subalgebra of the R-algebra I A I'module X
is said to be relatively projective over A if it satisfies the equivalent
conditions of Proposition 3.6.

Our aim now is to establish the following.

Proposition 3.7 The following are equivalent for a subgroup H of G.

(a) The trivial kG-module k is relatively projective over kH.
(b) [G:H], the index of H in G, is not divisible by p.

(c) H contains a Sylow p-subgroup of G.

(d) Every kG-module is relatively projective over kH.

Proof (a) = (b) We first observe the following. Let {1 = 6y,02,...,0;}
be a set of left coset representatives of H in G. Then G is the disjoint
union HU 6,;HU .- Uo,H and so kG = kH[[k[o2H] ][ ]]klo.H]
as a right kH-module, where each k[o;H] is the k-subspace of kG with
basis the elements in o;H. But for each i we have k[o;H] ~ kH as a
right kH-module. Therefore kG ®,y X ~ tX as a k-vector space, and so
dimy(kG @y X) = tdim; X. We will use this fact shortly.

Let k[G/H] be the k-vector space with basis the left cosets of H in G.
Then the operation of G on G/H given by ©(cH) = toH gives k[G/H] a
left kG-module structure. Unless stated to the contrary, this is the only
way we will consider k[G/H] as a kG-module.

Consider now the map f:kG &y k — k[G/H] given by
FQgegted ® b) = b(3-,cts0H). It is not difficult to see that this
is an epimorphism of kG-modules. By our previous remark
dimy(kG ®g k) = [G: H] dimy k = [G: H] which is clearly the same as
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dimy k[G/H]. Therefore f:kG®gk — k[G/H] is an isomorphism. More-
over, if we define g:k[G/H] — k by g3 ,pece/p tonoH) = 3 geg/n tont
and m:kG ®xg k — k is the multiplication map, then g is a morphism of
kG-modules such that the diagram

kGewk > k[G/H]
Im iz
k -k

commutes. Therefore m is a split epimorphism if and only if g is a split
epimorphism. Since k¢ =k, g is a split epimorphism if and only if there
is some x in k[G/H]C such that g(x) = 1. But Z‘,HGG/H tsgoH is in
k[G/H]C if and only if all the t,y are the same. So g(k[G/H])®) consists
of the elements [G: H]t for all ¢ in k. Hence g is a split epimorphism if
and only if p does not divide [G: H].

(b) < (c) This is trivial.

(b) = (d) This proof requires some preliminary considerations of a
fairly general nature.

Let H be an arbitrary subgroup of G and let 1 = gy,...,0, be left
coset representatives of H in G. Suppose X and Y are kG modules
and f:X — Y is a kH-module morphism. Define f X—->Y by f (x) =
>  6if(6;7x) for all x in X. Suppose we change coset representatives
to 61hy,...,6:h, with the h; in H. Then we have Y, o;hif ((oih;)~'x) =
S ohif(hle %) = Yot o f (07 x) = S5, 0if (a7 x) for all x in
X. Thus f is independent of the particular coset representatives used to
define it.

We now show that f is a kG-morphism. For let 6~! be in G. Then
{67101,...,6716,} is also a set of left coset representatives of H in G,
and we have f(x) = Z _ 07 eif(67ox) = 3 1a,f(a x) Hence we
get fox) = ', 6:f (67 (o)) = 6 3\, 07 ouf (67 ox) = af (x) for all x
in X, which shows that ? is a kG-morphism.

We now return to proving (b) = (d). Suppose t = [G: H] and 1/t € k.
Let X be a kG-module. Define f: X — kG ®;g X to be the kH-morphism
defined by f(x) = 1/t(1 ® x). Then we get f(x) = 1/t S oif(07 (x) =
1/t3 6l ® a71(x)) =1/t Y.:_,(6; ® 67!(x)) for all x in X. Therefore
we have mf(x) = 1/t>i_, 6167 (x) = x, so that m? = 1x and hence
m: I ®x X — X is a split I'-epimorphism.

(d) = (a) This is trivial. a

Assume that kP is of finite representation type for each Sylow p-
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subgroup P of G. Then every kG-module is relatively projective over
kH by Proposition 3.7, and hence kG is of finite representation type
by Lemma 3.1. Since kP is of finite representation type if kG is, by
Proposition 3.5, it only remains to prove that if G is a p-group, then kG
is of finite representation type if and only if G is cyclic, in order to finish
the proof of Theorem 3.3.

Proposition 3.8 Suppose G is a cyclic p-group of order p". Then the k-
algebras kG and k[X]/(X"") are isomorphic, so kG is of finite representa-
tion type.

Proof Let ¢ be a generator of the cyclic group G. Define f:k[Y] — kG
by fOmoaY?) =1 yaic’. It is not difficult to see that f is a surjective
k-algebra map with Ker f = (Y?" — 1). Since k is of characteristic p > 0
we know that (Y?" —1) = (Y — 1)”". Now k[Y — 1] = k[Y] so we have
that k[Y1/((Y — 1)"") = k[Y — 1]/((Y — 1)*"). Letting X =Y — 1, we
have that kG ~ k[X]/(X)"". Since k[X]/(X)”" is a Nakayama algebra it
follows that kG is of finite representation type. a

In order to show that if G is a noncyclic p-group, then kG is of infinite
representation type, we will first consider the quotient group of G by its
commutator subgroup [G, G). For this we need the following result about

p-groups.

Lemma 3.9 Let G be a p-group of order p" and let [G, G] be the commutator
subgroup of G. If G/[G,G] is cyclic, then G ~Z/p"Z.

Proof We use induction on n. If n = 1, then G ~ Z/pZ and we
are done. Suppose the order of G is p"*!. Since G is a p-group,
we know that the center Z of G is not {1}. Therefore there is a
subgroup H of Z of order p which is of course a normal subgroup
of G. Let f:G — G/H be the canonical surjective homomorphism
of groups. Then f induces a surjection [G,G] — [G/H,G/H] of the
commutator subgroup of G to the commutator subgroup of G/H. Thus
f induces a surjection h:G/[G,G] — (G/H)/[G/H,G/H] which implies
that (G/H)/[G/H,G/H] is cyclic. Since the order of G/H is p", we know
by the induction hypothesis that G/H is cyclic.

Let ¢ in G be such that f(o) generates G/H. We claim that {(¢) > H. If
not, then we have () NH = {1}. Since H is contained in the center of G,
then the subgroup J of G generated by (¢) and H is the product {¢) x H
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which is abelian and not cyclic. But J = G since the order of J is p"p.
Hence G/[G, G] = G is not cyclic, which is a contradiction. Therefore we
get H = {¢) which means that G = {¢), i.e. G is cyclic. a

We are now ready to finish the proof of Theorem 3.3. Suppose
now that G is a noncyclic p-group. Then G/[G,G] is not cyclic by
Lemma 3.4 and hence G/[G,G) ~(Z/p"Z) x - - x (Z/p™Z) with t > 2.
Therefore there is a surjection G — (Z/pZ) x (Z/pZ). This induces a
surjection kG — k[(Z/pZ) x (Z/pZ)] of k-algebras. Now we have the
k-algebra isomorphisms k[(Z/pZ) x (Z/pZ)} ~k[X,Y]/(XP—1,YP—1) ~
k[X,Y]/(X —1)P,(Y — 1)P) ~ k[S, T]/(S?, T?) where § = (X — 1) and
T = (Y —1). Since (S?, T?) = (S, T)?, we have the surjective k-algebra
morphism k[S, T1/(S?, T?) — k[S, T1/(S, T)*>. So we have a surjection
of k-algebras kG — k[S, T1/(S, T)?> which shows that kG is of infinite
representation type since k[S, T1/(S, T)? is of infinite representation type.
The fact that k[S, T]/(S, T)? is of infinite representation type was shown
in IV Section 1. This finishes the proof of Theorem 3.3. m|

4 Grothendieck groups

In I Section 1 we discussed the Grothendieck group Ko(f.l. A) of finite
length modules over a ring A. In this section we show how almost split
sequences can be used in the study of the Grothendieck group when A
is an artin algebra and hence f1. A = mod A .

Denote by Ko(mod A,0) the free abelian group with ind A as basis.
For each A in ind A let [A] denote the corresponding basis element of
Ko(mod A,0) and for M ~ [],; mid4; with n; € N and 4; € indA, let
[M] denote Y, mi[Ai] in Ko(mod A,0). For each short exact sequence
6:0 > A— B — C — 0in mod A consider the element [4] — [B] + [C]
in Kg(mod A,0) which we shall denote by [6]. Let H be the subgroup
of Ko(mod A, 0) generated by the elements [6] where J runs through all
short exact sequences of mod A. The main result in this section is that H
is generated by the elements [6] where 6 runs through the almost split
sequences if and only if A is of finite representation type.

Recall from IV Section 4 that for an artin R-algebra A we denote by
(A, B) the R-length of Homyu(A, B) for each pair of A-modules 4 and
B. Now { , ):indA x indA — Z determines a bilinear form from
Ko(mod A,0) x Ko(mod A,0) to Z which we also denote by { , ). With
each C in ind A let (¢ in Ko(mod A, 0) denote the following elements.
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(i) If C is not projective éic) = [6c] where d¢ is the almost split
sequence 0 - A > B —- C — 0.
(ii) If C is projective then ¢ = [C] — [xC].

We have the following elementary result where Ic denotes the length of
Enda(C)/ rad(Enda(C)) as an R-module.

Proposition 4.1

(a) For each X in ind A we have {[X],0;c)) = 0 if X # C, and
([CL,01c1) = e

(b) For each x € Ko(mod A,0) we have x = cina (X, 01c1) /1) [C].

(¢) {d1c1}ceindn is linearly independent in Ko(mod A, 0).

Proof (a) Let C be a nonprojective module in ind A and let 5¢:0 —
A —> B —» C — 0 be an almost split sequence. Then the contravariant
defect 6 of d¢ satisfies o;(X) = O for each X in indA with X # C
and 6;(C) is a simple Enda(C)°P-module according to V Proposition 2.2.
Letting as usual (6;(X)) denote the length of 6;(X) as an R-module
we obtain ([X],d(c)) = (6¢(X)) = 0 if X is in indA and X # C and
([C1,01c1) = (8¢(C)) = Ic. Hence (a) holds if C is nonprojective.

Now let C be projective. Then for all X in indA with X # C
we have Homa(X,C) = Homa(X,rC) and so ([X],d(c;) = 0. Further
Hom,(C,rC) = rad(EndsC) and therefore {[C], dic)) = lc.

Parts (b) and (c) follow directly from (a). O

As a direct consequence of this result we obtain the following criterion
for two modules 4 and B to be isomorphic.

Theorem 4.2
(a) The following are equivalent for x and y in Ko(mod A,0).

@H x=y.
(ii) (x,[C]) = (y,[C]) for all C in ind A.
(iii) {[C]),x) = ([C],y} for all C in ind A.
(b) The following are equivalent for A and B in mod A.

(i) A~B.
(ii)) (4,C) = (B,C) for all C in ind A.
(iii) (C,A) = (C,B) for all C in ind A.
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Proof (a) If x = y then we obviously have {x, [C]) = (y, [C]). Conversely,
if {x,[C]) = (y,[C]) for all C in ind A, then (x,d(c}) = (y,dc)) for all
C in ind A. Hence we get (x — y,d(¢c;) = O for all C in ind A. But
Proposition 4.1(b) gives that x —y = > ing a({X — ¥, 81¢1)/Ic)[C] which
is then 0. The second equivalence follows by duality.

(b) This is a direct consequence of (a). a

Using Ko(mod A,0) and 6(¢; we have the following characterization of
finite representation type.

Theorem 4.3 The following are equivalent for an artin algebra A.

(a) A is of finite representation type.
(b) {dic1}ceindaa generates Ko(mod A, 0).
(©) {dic1}ceinda is a basis for Ko(mod A, 0).

Proof Since {J(cj}ceinda is linearly independent according to Proposi-
tion 4.1(c), we have that (b) and (c) are equivalent.

We next prove that (a) implies (b). So assume A is of finite repre-
sentation type. Then Ko(mod A,0) is a finitely generated free abelian
group with basis {[C]}ceinda- For x in Ko(modA,0) we have that
Y= ceinda{[CL,x)/lc)dc) is an element of Ko(mod A,0) since I¢c di-
vides ([C], [X]) for all X in ind A. But then

(€L, y) = ([C), x)/1ec)C], 1cp) = ([C, x)

for all C in ind A. Hence we get x = y by Theorem 4.2. This shows that
{d1c1}ceinan generates Ko(mod A, 0).

Conversely, assume that {5(c)}ceinda generates Ko(mod A,0). In par-
ticular [DA] = > ccinaa @cOic] With ac # O for only finitely many C in
ind A. Since (X, DA) is nonzero for all X in ind A and (X,DA) = axly
one has that ind A is finite. a

As a consequence of this we prove our desired result on the relations
for the Grothendieck group. As usual we let 2(A) denote the full
subcategory of mod A of projective modules.

Theorem 4.4 For an artin algebra A the following are equivalent, where
¢:Ko(mod A, 0) —» Ko(mod A) is the natural map.

(a) A is of finite representation type.

(b) {5[C]}CeindA—§‘(A) generates Ker (f)
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(¢) {dic1}ceinda—2() is a basis for Ker ¢.

Proof Parts (b) and (c) are equivalent since {J(c}}ceindA—2(a) IS a linearly
independent set by Proposition 4.1(c).

Assume first that A is of finite representation type. Recall from I The-
orem 1.7 that Ko(mod A) is a free abelian group with basis {¢([S])}sce,
where £ denotes a set of representatives from each of the isomorphism
classes of simple A-modules, and that ¢[C] = 3 ., msd[S] where C
has a composition series with ms composition factors isomorphic to
S for § in #. Therefore ¢ maps the subgroup K of Ky(mod A,0)
generated by {J[c;}cesr) isomorphically onto Ko(modA). By Theo-
rem 4.3 it follows that {dic]}ceind A—#a) forms a basis for a complement
of K in Ko(modA,0) which is obviously contained in Ker¢. Hence
{011} ceind A—(a) generates Ker ¢.

Conversely, assume {d[c]}ceindA—2(a) generates Ker ¢. Since Ker ¢ is
a complement to K, where K is as above, then {d[cj}ccinan generates
Ko(mod A, 0). But then A is of finite representation type by Theorem 4.3.

O

5 Auslander algebras

In studying artin algebras of finite representation type, it has proven use-
ful to consider another class of artin algebras called Auslander algebras.
An artin algebra T is an Auslander algebra if it satisfies the following
conditions: (a) gldimI' <2 and (b)if 0 > T Iy »>I; >, >0isa
minimal injective resolution of I', then Iy and I; are projective I'-modules.
This section is mainly devoted to showing how to construct Auslander
algebras from artin algebras of finite type and the other way around.
These constructions give an inverse bijection between the Morita equiv-
alence classes of artin algebras of finite representation type and Morita
equivalence classes of Auslander algebras. As will become apparent, the
module theories of artin algebras of finite representation type and their
associated Auslander algebras are intimately related and it is this module
theoretic as well as ring theoretic relationship which has proven to be of
use in studying algebras of finite representation type.

Let A be an artin algebra. A A-module M is said to be an additive
generator for A if add M = modA. Clearly a module M is an addi-
tive generator for A if and only if every indecomposable A-module is
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isomorphic to a summand of M. From this it follows that A is of fi-
nite representation type if and only if A has an additive generator. In
particular, let {M;,...,M,} be a complete set of representatives of the
isomorphism classes of indecomposable modules for an artin algebra A
of finite representation type. Then M = ]_[f=1 M; is an additive generator
for A and a A-module M’ is an additive generator for A if and only if
M is isomorphic to a summand of M’

Suppose now that M is an additive generator for an artin algebra A of
finite representation type and let I'yy = End(M)°P. It then follows from
II Proposition 2.1(c) that the functor Homs(M, ):mod A — mod Iy,
induces an equivalence between mod A and the full subcategory 2(I"y)
of modTys consisting of the projective I'ps-modules. Hence if M’ is
another additive generator for A, then the categories of projective I'y,-
and I'py-modules are equivalent, which means that the algebras I'y; and
Ty are Morita equivalent. Thus associated with the artin algebra A
of finite representation type are the unique, up to Morita equivalence,
algebras I'yy with M an additive generator for A. Our main aim in
this section is to show that these algebras I'y; are exactly the Auslander
algebras. These results form the basis for using Auslander algebras to
study artin algebras of finite representation type.

For an artin algebra A and a module M in mod A we will throughout
this section denote by I'y; the artin algebra Enda(M)°P. We begin by
pointing out some crucial homological facts concerning the algebras
T’y when A is an artin algebra of finite representation type and M is an
additive generator for mod A. First we give a description of the projective
resolutions of I'y-modules.

Lemma 5.1 Let A be an artin algebra of finite representation type, M an
additive generator and let X be in mod I'y. Then we have the following.

(a) Suppose P, LA Py — X — 0 is a projective T"y-presentation for X.

Then there is an exact sequence 0 — Aj —f+ Ay EN Ao of A-modules

such that the induced exact sequence of projective I pr-modules 0 —

Homa (M, A5) Homi(»M’f) Homu(M, A1) HomiaM’g) Homy(M, Ap) gives

a I'p-projective resolution of X with the morphism Homp(M, g) iso-
morphic to the morphism h.
(b) pdr, X <2.

Proof (a) Since Homy(M, ):mod A — mod I’y induces an equivalence
between mod A and 2(I"ys), there is a morphism A, EN Ap in mod A such


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.007
https://www.cambridge.org/core

VL5 Auslander algebras 211

that the induced morphism Homa(M,g) is isomorphic to h. Then the
exact sequence of A-modules 0 — Kerg — A, LN Ao has our desired
properties.

(b) This follows directly from (a). ]

Applying Lemma 5.1 we obtain the following.

Proposition 5.2 Let A be an artin algebra of finite representation type and
M an additive generator for mod A.

(a) If A is semisimple, then I'y; is semisimple and Morita equivalent to A.
(b) If A is not semisimple, then gl.dim 'y = 2.

Proof (a) If A is semisimple, then M is a projective generator, and hence
I'yr is Morita equivalent to A and consequently also semisimple.

(b) Assume A is not semisimple. Then there is some simple A-module
S such that the projective cover f: P — S is not an isomorphism. Then
Hom(M, f): Homs(M,P) — Homua(M,S) is a nonzero morphism be-
tween indecomposable projective I'ys-modules which is not a monomor-
phism. From this it follows that gldimI'y; > 2, and consequently
gldimI'y; = 2 by Lemma 5.1. |

Throughout the rest of this discussion we will be mainly concerned
with nonsemisimple artin algebras of finite representation type. It is
convenient to make the following definition.

Let £ be an artin algebra. The dominant dimension of a Z-module A,
which we denote by dom.dimg A, is the maximum integer ¢ (or oo) having
the property that if 0 - A > Iy - Iy —» -+ = I, — -+ is a minimal
injective resolution of A, then I; is projective for all j <t (or o).

Our aim now is to show that if I'y, is obtained from a nonsemisimple
artin algebra A of finite representation type, then dom.dimpI'y;, = 2. To
this end we point out the following.

Lemma 5.3 Let A be an artin algebra of finite representation type and M
an additive generator for mod A.

(@) If I is an injective A-module, then Homa(M,I) is an injective T p-
module.

(b) Let 0 > A — Iy — I} be a minimal injective copresentation in mod A
of the A-module A. Then 0 — Homp(M,A) — Homp(M,Iy) —
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Homy(M, I,) is a minimal injective I"p-copresentation for the projec-
tive T'p-module Homp (M, A).

(c) A I'y-module is a projective injective module if and only if it is iso-
morphic to Homa(M,I) for some injective A-module 1.

(d) The functor Homa(M, ):mod A — mod 'y induces an equivalence
between the category #(A) of the injective A-modules and the category
of projective injective I p-modules.

Proof (a) Let I be an injective A-module. We now show that Hom (M, I)
is an injective I'pyy-module by showing that Ext{-M(X ,Homua(M,I)) =0
for all i > 0 and X in modI'y;. We have already seen in Lemma 5.1
that if X is in mod Iy, then there is an exact sequence 0 — 4 —
B — C of A-modules such that we have a projective I'y-resolution
0 — Homu (M, A) - Homp(M, B) - Homp(M,C) —» X — 0 of X. This
gives rise to the sequence

Homr,,(Homa (M, C), Homp (M, I)) — Homr,,(Homa (M, B), Homy (M, I)) —
(*)  Homr,, (Homa(M, A), Homa(M,I)) - 0

which is isomorphic to the sequence
(**) Homy(C,I) - Homu(B,I) —» Homp(4,1) - 0

since Homa(M, ):mod A — 2Z(I') is an equivalence of categories. Since
I is an injective A-module, the sequence (**) is exact. This means that
the sequence (*) is exact, so that Exty, (X,Homa(M,I)) = 0 for i > 0.
Hence Homa (M, I) is an injective I'ys-module.

(b) If 0 > A — Iy — I, is a minimal injective copresentation of the A-
module A4, it follows from (a) that 0 — Homu(M, A) — Homy (M, Iy) —
Homy (M, 1) is an injective I'j;-copresentation of Homp (M, A). That it
is also minimal follows easily from the facts that 0 - A — I, — I;
is a minimal injective A-copresentation and that Homa(M, ):modA —
P(I'y) is an equivalence of categories.

(c) By part (a) we know that the projective I'y-modules Homy (M, I)
with I an injective A-module are also injective. Suppose now that
P is a projective injective I'y;-module. Since P is projective we have
that P ~ Homu(M, A) for some A-module 4. Let A — I be a A-
injective envelope of A. Since Homa(M, 4) is injective, the monomor-
phism Homa (M, A) — Homy (M, I) of I'yr-modules splits. But this means
that the monomorphism A — I splits. Hence the monomorphism 4 — I
is an isomorphism since it is an essential split monomorphism. Thus we
get P ~ Homy(M,I), our desired result.
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(d) This is a trivial consequence of (c). a

Continuing our discussion we obtain the following.

Proposition 5.4 Let A be a nonsemisimple artin algebra of finite represen-
tation type and M an additive generator for mod A. Then we have the
following.

(a) gldimI'y; =2 = dom.dimIy, so that Ty is an Auslander algebra.

(b) Let Q be a projective injective T'p-module such that add Q is the
category of all projective injective I"y-modules. Then Endr,, (Q)° is
Morita equivalent to A.

Proof (a) We have already seen that gldimI'yy = 2. Let 0 » M —
Iy = I be part of a minimal injective A-resolution of M. Then
by Lemma 5.3 we have that 0 — Homu(M,M) — Homx(M,Iy) 5
Homx (M, 1) is part of a minimal injective I'y-resolution of I'y;. Hence
we get dom.dimr I'y; > 2. Because gl.dimI"y; = 2, we have that Coker«
is injective. Since it cannot be projective because of the minimality of the
injective resolution of I'ys, we conclude that dom.dimp I'yy = 2.

(b) By Lemma 5.3 we have that add Homu (M, D(A)) is the category of
all projective injective I'yr-modules. Therefore add Q =add Homy (M,D(A))
which means that Endr, (Q) and Endr,(Homa(M,DA)) are Morita
equivalent. But Endr, (Homa(M,DA)) ~ Enda(D(A)) = A°P. There-
fore Endr,,(Q)°P and A are Morita equivalent. o

In view of Proposition 5.4 it is natural to ask if an artin algebra Z sat-
isfying gl.dim X = 2 = dom.dimgz Z is necessarily isomorphic to some I'y,
obtained from a nonsemisimple artin algebra A of finite representation
type with M an additive generator for A. Our aim is to show that this is
indeed the case. Our proof depends on the following general result.

Lemma 5.5 Let X be an arbitrary artin algebra.
(a) Suppose A is a Z-module with pdg A = n < oo. Then we have
Ext3(4,Z) # 0.
(b) Suppose gl.dimX = n < co. Then we have the following.
(i) idzX =gldimZX.
(i) Let 0 > X - Iy —» I > -+ = I, = 0 be a minimal injective
resolution of . If I is an indecomposable injective Z-module,
then I is isomorphic to a summand of I; for some j.
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Proof (a)LetO—»Pnﬁ'»P,,_l—)---—>P1—>P0-£0>A—->Obe
a minimal projective resolution of a Z-module A with pdy 4 = n.
Suppose Ext3(4,%) = 0. Then Ext§(4,P) = 0 for all projective X-
modules P. In particular we have Ext$(4,P,) = 0 which implies that
Hom(f,, P,): Homz(P,—1, P,) - Homg(P,, P,) is an epimorphism. Thus
there is a morphism g: P,_; — P, such that the composition gf,,: P, — P,
is the identity. This means f, is a split monomorphism, which contradicts
the hypothesis that pdy A = n.

(b)(1) Since gl.dimX = n < co, we know that idsX < n. We also know
that there is a simple Z-module S such that pdy S = n. Hence we get
Ext3(S,Z) # 0 by part (a), and consequently idzZ = n.

(ii)) Let I be an indecomposable XZ-module. Then I is the injective
envelope of a simple X-module S. Since pdys S = m < n, we know by
part (a) that Ext$(S,X) # 0. From this it follows that Homg(S, I,,) # 0.
Therefore there is an indecomposable injective summand I’ of I, such
that Homg(S,I') # 0. Hence I’ is an injective envelope of S which means
that I ~ T’ a

We are now ready to give a positive answer to our previous question.

Proposition 5.6 Let X be an artin algebra satisfying gldimX = 2 =
dom.dimyg X. Let Q be a Z-module such that add Q is the category of
projective injective -modules. Then we have the following.

(a) A = Endz(Q)°? is of finite representation type.

(b) X is isomorphic to Ends(M)°P, where M is an additive generator for
A.

Proof (a) Since gl.dimX = 2, we have by Lemma 5.5 that idgX = 2.
Moreover, since dom.dimX = 2 we know that the minimal injective Z-
resolution 0 —» X — Iy — I} — I, — 0 of X has the property that Iy and
I, are projective modules. Now by Lemma 5.5 we know that if I is an
indecomposable injective module, then I is a summand of Io [[I; [] 1. If
I is projective, then I must be isomorphic to a summand of Iy []I; since
it is not a summand of I,. So add(Io[]I,) is the category of projective
injective X-modules. If I is not projective, then I is isomorphic to a
summand of I,. From this it follows that if Py > Pp - I —» 0 is a
minimal projective presentation of I, then Py and P; are in add(lo [] I1).
Therefore, if € is the subcategory of mod X consisting of the modules
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whose projective presentations consist of projective injective modules,
then € o> #(A).
On the other hand, suppose X is in €. Then there is an exact sequence

P, ER Py — X — 0 with P; and P, projective injective modules. Since
idy Ker f <2 and P; and Py are injective, it follows that X is an injective
Z-module, and so ¥ = #(A). Hence ¥ has only a finite number of
nonisomorphic indecomposable Z-modules.

Suppose now that addQ is the category of projective injective -
modules. Then addQ = add(Iy]]I;), so #(A) consists of the X in
mod A such that there is a projective presentation @; —» Q9 — X — 0
with Q; and Qg in add Q. Therefore letting A = Endz(Q)°P, we know
by II Proposition 2.5 that the functor Homg(Q, ):modX — modA in-
duces an equivalence Homg(Q, ): #(%) — modA. Therefore A is of
finite representation type and the A-module Homg(Q,D(X)) = M has
the property that add M = mod A. Moreover, the equivalence of cat-
egories Homg(Q, ): #(X) —» mod A gives an isomorphism Endj(M) ~
Endy(D(X)). Since Ends(D(X)) =~ X°P, it follows that T ~ Endy(M)°? =
I'p, where A is of finite representation type and M is an additive gener-
ator for A. a

Summarizing our results so far we have the following.

Theorem 5.7 For each artin algebra A of finite representation type choose
an additive generator M(A) and for each Auslander algebra T" choose a
projective injective module Q(I") such that add Q(I') is precisely the cate-
gory of projective injective I'-modules. Then the maps A — Enda(M(A))°P
and I' — Endp(Q(I"))°P induce inverse bijections between the Morita equiv-
alence classes of nonsemisimple artin algebras of finite representation type
and the Morita equivalence classes of nonsemisimple Auslander algebras.

O

For an Auslander algebra I'y; the module theory is closely connected
with the module theory for the triangular matrix algebra T»(A). In
particular we have the following relationship.

Proposition 5.8 Let A be an artin algebra of finite representation type and
M an additive generator for mod A. Then the Auslander algebra Ty is
of finite representation type if and only if T>(A) is of finite representation

type.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.007
https://www.cambridge.org/core

216 Finite representation type

Proof Denote as in Chapter IV by Morph #(I"),) the category of mor-
phisms f:P; — P; in #(I'y) and by £ the relations on Morph (')
given by, for f:P, — P, and f':P{ — Pj, #(f,f’) being the pairs
(g1,g2) with gi:Py — P{ and g>:P, — Pj, such that there is some
h:P, —» P{ with f'"h = g;. Then by IV Proposition 1.2 the functor
Coker: Morph 2(I'y)/# — modI'y defined by sending f:P; — P,
to Coker f, induces an equivalence of categories G:Morph Z(I'yy) —
mod I'ys. Further we have an equivalence Homa(M, }:mod A — 2(I'y),
which clearly induces an equivalence Homp(M, ):mod T»(A) —
Morph 2(T ).

The objects of the form 1p:P — P and P — 0 go to zero via the
functor Coker: Morph (I')r) — mod I'y;. Denote by € the full additive
subcategory of Morph #(I'y) containing all indecomposable objects in
Morph #(T"y) not isomorphic to an object of the form 1p:P — P or
P — 0 with P indecomposable in #(I"y). Let f: Py — P, be an inde-
composable object X in ¢. Since f: Py — P, is not a split epimorphism,
it follows directly from the definitions that 1x is not in Z(f,f). Hence
we have Z(f, f) < rad Endg(X), so that Endr, (GX) is a local ring and
consequently GX is indecomposable. Hence there is induced a one to
one correspondence between the indecomposable objects in ¥ and the
indecomposable I'j;-modules. Since there is only a finite number of
indecomposable modules P in #(T"y), there is only a finite number of in-
decomposable objects in Morph #(I"y) of the form 1p:P — P or P — 0.
Hence I is of finite representation type if and only if Morph 2(I"y) has
only a finite number of indecomposable objects, which is the case if and
only if T>(A) is of finite representation type. |

The functor Homa(M, ):mod T(A) — MorphP(I'y,) associates

with a morphism f:4 — B in modA a projective presentation

Homa(M, 4) "™ Homa(M,B) — CokerHom(M,f) — 0 of

Coker Hom(M, f) in modI'y;. We show that this way we get a con-
nection between right almost split morphisms in mod A and projective
presentations of simple I'y;-modules.

Our discussion is based on the following general observation. Let X be
an arbitrary artin algebra. A morphism f:P — P” in #(X) is said to be
right almost split in (Z) if the morphism f is not a split epimorphism
and any g: P’ — P” in 2(Z) which is not a split epimorphism factors
through f.
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Lemma 5.9 Let X be an arbitrary artin algebra. Then the following are
equivalent for a morphism f:P — Q in #(%).

(a) The morphism f: P — Q is right almost split in P(Z).
(b) Q is an indecomposable module and Im f = Q.

Proof (a) = (b) Let X be a maximal submodule of Q with projective
cover p : Py — X. Then ip : Py — @ is not a split epimorphism and hence
factors through f. Therefore X < Im f. Thus all maximal submodules of
@ are equal to Im f and hence Q is indecomposable and rQ = Im f.

(b) = (a) This is left as an exercise. |

Applying these general observations we obtain the following.

Lemma 5.10 Let Ty, be an Auslander algebra for a nonsemisimple artin
algebra A of finite representation type. Then the following are equivalent
Jfor a morphism f:B — C in mod A.

(a) The morphism f:B — C is right almost split in mod A.

(b) The I' p-morphism Hom(M, f): Homa (M, B) - Homx (M, C) of pro-
jective I'y-modules is right almost split in P(I'y).

(¢) Homua(M,C) is an indecomposable projective T p-module and
Im Hom(M, f) = tHoma (M, C).

Proof This follows easily from Lemma 5.9 using the equivalence of
categories Homa (M, ):mod A — Z(I'y). m]

These results give us the following connections between minimal pro-
jective resolutions in Auslander algebras and minimal right almost split
morphisms and almost split sequences for algebras of finite representation

type.

Proposition 5.11 Let Ty be an Auslander algebra for a nonsemisimple artin
algebra A of finite representation type. Let S be a simple I'yr-module and
let C be the unique, up to isomorphism, A-module such that Homu (M, C)
is a projective cover for S.

(a) The following are equivalent.
(i) pdr,S=0.
(i) Homuy(M,C)=S.
(iii) C is a simple projective A-module.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.007
https://www.cambridge.org/core

218 Finite representation type

(b) The following are equivalent.

(i) pdr,S=1

(ii)) C is a nonsimple projective A-module.

(iii) 0 —» Homp(M,rC) —» Homps(M,C) —» S — 0 is a minimal
projective resolution of S.

() pdr, S =2 if and only if C is not projective.

(d) If C is not projective and 0 - A — B — C — 0 is an almost split
sequence, then 0 — Homy (M, A) - Homua(M, B) - Homp(M,C) —
S — 0 is a minimal projective resolution of S.

Proof (a) Clearly S is a projective I'yy-module if and only if § ~
Homp (M, C), or equivalently, Homy (M, C) is a simple projective I'js-
module. But Homu(M, C) is a simple I'yy-module if and only if any
nonzero morphism P — Homy (M, C) with P a projective I'ys-module is
an epimorphism and hence a split epimorphism. This is equivalent to C
having the property that any nonzero morphism B 4 CinmodAisa
split epimorphism. It is easy to see that the only indecomposable C in
mod A with this property are the simple projective A-modules.

(b), (c) and (d) Suppose C = P is a nonsimple indecomposable pro-
jective module. Then we know that the inclusion tP — P is minimal
right almost split. Therefore by Lemma 5.10 we have that the inclusion
Homy (M, tP) — Homy (M, P) is right almost split in 2(I"y) so its image
is tHoma (M, P). Therefore we have the minimal projective I'j-resolution
0 — Homy(M,tP) — Homy(M,P) — § — 0, and so pdr,, S = 1.

Assume now that C is not projective, and consider the almost split

sequence 0 — A4 ER B 5 C — 0. Then we have the exact sequence of

.. s H S
projective I'py-modules 0 — Homy (M, A) Hom—(>Mf) Homu (M, B) O%Mg)

Homa(M,C). Then Hom(M,g) is a right almost split morphism in
P(Tp), so we get ImHom(M,g) = rHoma(M,C) and hence
Coker Hom(M, g) ~ S. Consequently we obtain the I'js-projective reso-
lution

(*) 0 - Homy(M,A) - Homp(M, B) - Homp(M,C) - S - 0

which is minimal since Homa (M, 4) and Homu (M, C) are indecompos-
able projective I'yy-modules. Hence we get pdr, S = 2 when C is not
projective. Therefore the proof of the proposition is finished. ]

In III Section 1 we defined the associated quiver for a finite dimen-
sional algebra over an algebraically closed field k, and more generally
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a quiver with valuation for any artin algebra. Using the previous dis-
cussion we give a description within mod A of the quiver with valuation
associated with an Auslander algebra I'y; of an artin algebra A of finite
representation type.

The vertices of the quiver of I'yy are by definition in one to one
correspondence with the isomorphism classes of simple I'j-modules,
hence with a complete set of isomorphism classes of indecomposable
A-modules. For an indecomposable A-module X denote by [X] the
associated vertex in the quiver, and by Sy the corresponding simple
I'y-module. There is then an arrow from [X] to [Y] if and only if
ExtlrM(SX, Sy) # 0, that is if and only if in the minimal projective
presentation P — Homy (M, X) — Sy — 0 we have that Homy(M, Y) is
a summand of P. By Proposition 5.11 this is the case if and only if there
is an irreducible morphism ¥ — X.

For the associated valuation (a, b) of the arrow from [X] to [Y], we
know from IIT Section 1 that b is the multiplicity of Hom,(M,Y) as a
summand of P. Hence b is in our case the multiplicity of Y in E when
E — X is minimal right almost split. In the next chapter we show that a
is the multiplicity of X in F when Y — F is minimal left almost split.

We illustrate with the following concrete example.

Example Let A be the Nakayama algebra with admissible sequence
(3,3,3). Then the quiver of I'y; looks as follows where the dotted lines
are identified.
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Exercises

1. Let A be an artin algebra of finite representation type.

(a) Prove that A/a is of finite representation type for each ideal a in A.

(b) Give an example of an artin R-algebra A of finite representation
type where all artin R-subalgebras are also of finite representation
type and give an example where this is not true.
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2 Let A be as in V Exercise 2. Prove that A is of finite representation
type.

3 Let A be an artin algebra. Assume that for each indecomposable
injective A-module I there exists an i € N with (D Tr)'I projective and
for each indecomposable summand C of I/socl there is an i € N with
(D Tr)'C projective.

(a) Prove that for each indecomposable A-module 4 in a component
containing a projective module there is an i € N such that (D Tr)'4
is projective.

(b) Prove that for each indecomposable A-module A in a component
containing an injective module there is an i € N such that (Tr D)’'4
is injective.

(c) Prove that A is of finite representation type.

4 Let A be an artin algebra such that each indecomposable projective
left A-module is uniserial. Let M be a sum of uniserial modules.

(a) Prove that any indecomposable submodule of M is uniserial. (Hint:
Prove that if N =« M and the radical length rl(M) is n, then N
contains a projective A/r"-summand.)

(b) Prove that if A is a Nakayama algebra then all indecomposable
A-modules are uniserial.

(This exercise gives an alternative proof of the fact that all indecompos-
able modules over a Nakayama algebra are uniserial.)

5 Let A be an artin R-algebra and denote by (X) the length of a
finite length R-module. Let M and N be in modA and assume
(Homa(M, X)) = (Homp(N, X)) for all modules X in mod A. Show
the following without using almost split sequences.

(a) Prove that if M # 0 then N # 0 and Homa (M, N) # 0.

(b) Prove that if M + 0 there is an exact sequence 0 - K — nM — N
such that 0 — Homy (M, K) — Homa(M,nM) - Hompa(M,N) — 0
is exact.

(c) Prove that for the sequence 0 - K — nM — N in (b) 0 —
Homu(N,K) — Homp(N,nM) — Homa(N,N) — 0 is also exact,
and conclude that N is a summand of nM.
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(d) Now prove by induction on the number of indecomposable sum-
mands in N that M ~ N.

(This gives an alternative proof of Theorem 4.2(b).)

6. Let A be an artin algebra which is a sum of uniserial modules. Prove
that dom.dim A > 1 if and only if A is a Nakayama algebra.

7. Show that an artin algebra A is of finite representation type if and
only if for each A-module M the artin algebra I'); = EndpyM has the
following property. There are a finite number of indecomposable I'j-
modules Uy,..., U, such that (a) ]_[f=1 U; is in addQ?(Y) for some Y
in modTI'y; and (b) for each I'y-module X we have that Q*(X) is in
add(I[;_, Up.

Notes

The study of artin algebras of finite representation type splits naturally
into three different but connected parts; one is determining which artin
algebras have finite representation type, another is describing the in-
decomposable modules, up to isomorphism, for artin algebras of finite
representation type and the last is finding the module theoretic conse-
quences of an artin algebra having finite representation type. Prior to
1970 there were few classes of nonsemisimple artin algebras of finite rep-
resentation type for which this program had been carried out. Amongst
these were the Nakayama algebras and the modular group algebras, i.e.
the group algebras of finite groups over fields of characteristic p # 0
dividing the order of the group. The complete story for Nakayama
algebras was given in [Nak]. The fact that a modular group algebra
is of finite representation type if and only if the p-Sylow-subgroups of
the group are cyclic where p is the characteristic of the field was proven
in [Hi]. The determination of the indecomposable modules over group
algebras of finite type, at least over an algebraically closed field, was
given independently in [Ku2} and [J].

In this same period Brauer and Thrall posed two problems about
finite representation type for arbitrary finite dimensional algebras which
were known as the first and second Brauer-Thrall conjectures. In this
connection it is perhaps of some historical interest that Brauer insisted
in private conversation that these were just problems suggested by what
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was known for group algebras, not conjectures. Conjectures or not,
their solution occupied a great deal of attention in the beginning of the
contemporary study of the representation theory of artin algebras. The
first Brauer-Thrall conjecture was proven for finite dimensional algebras
in [Roi] and subsequently for artin rings in [Au4]. The proof presented
here is a modification of the proof in [Ya] based on Corollary 1.3, the
Harada-Sai Lemma, which is valid in any abelian category with the
same proof [HarS]. The second Brauer-Thrall conjecture says that for
a finite dimensional algebra over an infinite field, there is an infinite
number of dimensions which have an infinite number of nonisomorphic
indecomposable modules when the algebra is of infinite representation
type. That it suffices to show only that there is some dimension with an
infinite number of nonisomorphic indecomposable modules was proven
in [Sm]. The conjecture was established in [Bau3] for the case that k
is an algebraically closed field. This proof, which is the culmination of
many people’s work, in particular the fundamental work in [BauGRS],
together with [Bo0]{Bo3], is much too involved to be presented here.
Somewhat simplified proofs can be found in [BretT] and [Fi].

This chapter is devoted primarily to giving various module theoretic
descriptions of when artin algebras are of finite representation type,
not with the problem of which algebras are of finite representation
type. The fact that there is a connection between an algebra being of
finite representation type and the structure of the relations defining the
Grothendieck group of the artin algebras was observed first in [Bu] where
it was shown that the almost split sequences generate the relations for
the Grothendieck group when the artin algebra is of finite representation
type. The converse was proven in [Au8].

The criterion given in Theorem 1.4 for an indecomposable artin algebra
to be of finite representation type is essentially the criterion given in
[Aué]. The criterion has been extended and applied to other situations
such as Cohen—Macaulay modules over isolated singularities [AuR10],
[So}. Based on the theory of coverings and lists of algebras of infinite
type in [Bo2], [HapV] there is now a nonroutine procedure for deciding
whether an algebra is of finite type, provided the algebra is given in an
appropriate form, as a path algebra modulo relations which are either
zero relations or commutativity relations.

The algebras known now as Auslander algebras were first introduced in
[Au3] where their connections with artin algebras of finite representation
type were studied. The homological properties of Auslander algebras
have served as an inspiration for parts of the theory of coverings [BoG]
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and hammocks [Brenl]. The analogue of Auslander algebras has also
been established for orders [AuRo].

The fact that two modules M and N over an artin algebra are isomor-
phic if (X, M) = (X, N) for all indecomposable A-modules X was proven
in [Au7]. Exercise 5 is modelled on an entirely different proof which is
valid in much more general settings than finitely generated modules over
an artin algebra is given in [Bo4]. For instance, this result is true for
coherent sheaves over projective varieties defined over fields.
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VII

The Auslander—Reiten-quiver

In this chapter we introduce a quiver called the Auslander-Reiten quiver,
or for short the AR-quiver, of any artin algebra A. The definition is
motivated by the interpretation of the ordinary quiver of an Auslander
algebra in terms of the associated algebra of finite representation type
given at the end of the previous chapter.

We start by giving the construction of the AR-quiver and a criterion
which can be read off directly from the AR-quiver ensuring that the
composition of some irreducible morphisms in mod A is not zero. The
AR-quiver often decomposes into a union of infinite components and
the possible structures of such components and other full subquivers of
the AR-quiver are studied. Here combinatorial results play a crucial role
and these combinatorial results will also be applied in the next chapter
dealing with hereditary artin algebras.

1 The Auslander—Reiten-quiver

In this section we introduce the Auslander—Reiten-quiver of an artin
algebra and give some of its basic properties. We illustrate with several
examples, and give the connection between the Auslander—Reiten-quiver
of an algebra of finite representation type and the ordinary quiver of its
Auslander algebra.

In VI Section 1 we introduced for an artin algebra A an equivalence
relation on ind A. The equivalence relation is generated by M being
related to N if there is an irreducible morphism from M to N or from N
to M. On the other hand we have seen in VI Section 5 that the quiver
of the Auslander algebra I" of an artin algebra A of finite representation
type has vertices in one to one correspondence with ind A. Denoting
the vertex corresponding to a module M by [M], there is an arrow

224
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[M] — [N] between two vertices if and only if there is an irreducible
morphism M — N. If (a,b) is the valuation of the arrow [M] — [N],
then a is the number of copies of M in a sum decomposition of E into
indecomposable modules, where E — N is minimal right almost split.

Motivated by these observations we define for any artin algebra A an
associated valued quiver I'y as follows. The vertices of I'y are in one to
one correspondence with the objects of ind A, and are denoted by [M]
for M in ind A. There is an arrow [M] — [N] if and only if there is an
irreducible morphism M — N. The arrow has valuation (a, b) if there is
a minimal right almost split morphism aM [[X — N where M is not a
summand of X, and a minimal left almost split morphism M — bN[]Y
where N is not a summand of Y. The vertices corresponding to projective
modules are called projective vertices and those corresponding to injective
modules are called injective vertices. Then D Tr induces a map from the
nonprojective vertices to the noninjective vertices. This map is called the
translation of I'5, and is denoted by D Tr or by 1. The valued quiver I'y
together with the translation 7 is called the Auslander—Reiten quiver of
A, or the AR-quiver of A for short.

We illustrate the concept of an AR-quiver with some concrete exam-
ples.

Example Let A be the quiver ¥——>?—>? and let k be a field. The path
algebra kA is a Nakayama algebra with admissible sequence (3,2, 1). We
know from VI Theorem 2.1 what the indecomposable kA-modules look
like and how they are tied together to form almost split sequences. There
are six indecomposable modules: the three projective modules P;, P,
and Py of length 1, 2 and 3 respectively, the two simple nonprojective
modules Py /tP;, P,/tP,, and the sixth module is P;/r*P;.
The almost split sequences are

0 — P, —» P11 P,/tP, — Py /v’P; — 0,
0 — P»/tP, — Py /v¥*P; — P;/tP; — 0 and
0—>P3 —>P2—>P2/1IP2 - 0.

Hence we get that the AR-quiver I'ya is
(Py]

[Py] --~ [Py /x*P1]

[P3]--+[P2/tP3] --[Py/rPy]
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where the broken arrows indicate the translation.

Example For an indecomposable Nakayama algebra A we know the
structure of the indecomposable modules and the almost split sequences,
so we can easily construct the AR-quiver.

Note that the AR-quiver for these algebras depends only on their
admissible sequences. For example the AR-quivers of the algebra Z/8Z
and the algebra k[X]/(X?) where k denotes a field are the following.

Z/32) \ kIXT/(X?)] \
> \2/47] > [k [X1/(X7)]

Z/2z) ..------ KIXT/(X)] ~oeemee .
Example Let A be the path algebra of the quiver (e, overa field
k. As computed in VI Section 1 the indecomposable A-modules are the
simple modules S, S,, S3 corresponding to the vertices 1, 2 and 3, the
projective cover P, of S; and the injective envelopes Iy of S; and I3 of
S3;. The almost split sequences are of the form

0 —- 55 — P, - I, » 0
0O - P, »> LI » S —> 0
0 - 8§ - P —-> I, —» 0

Hence the AR-quiver is

[S3] - — — =[]
[P} — — — [52]
[$1]<— — — i3]

Example Let A = (] 9) with T = k[X]/(X?) where k is a field. Using
the description of the indecomposable A-modules and the almost split
sequences given at the end of VI Section 1, we get that the AR-quiver
Iy is the following quiver where we again indicate the translation by a
broken arrow.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.008
https://www.cambridge.org/core

VII.1 The Auslander—Reiten-quiver 227
KT.T,17)]

[(5.00] <---[5S51)] «-7-1050)]

\;s/]( \/ \ T.S,P
[ 0\:—7‘5 Al <--- I( )

[(os0)] <---[(T,Tf)] =--- [(SOO)]

[(0,T,0)] <---[T00)]

Here the modules (0, T,0) and (T, T, 17) are projective and (T,0,0)
and (T,T,17) are injective. The full subquiver of I'y obtained by
removing these vertices lies on a Moebius band.

There is another interesting structure on the AR-quiver I'y of an artin
algebra A, given by a partially defined map o on the valued arrows of 'y
called the semitranslation of I's. Let «: [M] — [N] be an arrow in I'y, and
assume that N is not projective. Since we have an irreducible morphism
M — N, there is then by V Proposition 1.12 and V Theorem 5.3 an
irreducible morphism DTrN — M. Then o(a) is defined to be the
corresponding arrow [D Tr N] — [M].

Clearly o is one to one on the arrows ending in nonprojective vertices,
and the image under ¢ consists of the arrows starting in noninjective
vertices. Hence o~! is defined on the arrows starting in noninjective
vertices. Note that since there is never an irreducible morphism from
an indecomposable injective module to an indecomposable projective
module, we have for any arrow « that either o(x) or ¢~ !(a) is defined.

If (a,b) is the valuation of the arrow « and (c,d) the valuation of
o(a), we have an almost split sequence 0 - DTrN — E —» N — 0 with
E ~aM ] X where M is not a summand of X and E ~dM[]Y where
M is not a summand of Y. Hence it follows that a = 4. In order to
show b = ¢ we shall need a different interpretation of the valuation of
an arrow in the AR-quiver.

We have in V Section 7 given an interpretation of the existence of
irreducible morphisms in terms of the radical of the module category.
We now exploit this connection further. For A and B in ind A, we shall
see that we can view the abelian group Irr(4, B) = rad(4, B)/ rad3 A4, B)
as a Tp-T,P-bimodule in a natural way, where Ty denotes the division
algebra Enda(X)/rEnd,(x) for each X in ind A.

If A and B are indecomposable A-modules, then for each natural num-
ber n we have that radi(4, B) is an Ends(B)-Enda(4)°P-subbimodule
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of the Ends(B)-Endj(A4)°P-bimodule Homy(4, B). Further, for each
A-module M, the radical of Enda(M) as a ring and the radical of
Homy (M, M) in the category mod A coincide, and therefore we could
have used the same notation for these two radicals. However, when we
are taking powers of these radicals it would lead to confusion.

We have for each n that rgnq,)radj(4,B) < radX“(A,B) and
rad}(4, B)tgnq,q) < rad ™ (4,B). Hence rad)(4, B)/ rad;*'(4, B) be-
comes a Tg-TyP-bimodule. In particular, when 4 and B are indecom-
posable modules, the interesting group rad(A4, B)/ radf\(A, B) = Irr(A, B)
becomes a Tp-T ¢ -vector space.

In order to investigate the Tg-T 4 -bimodule Irr(4, B) more closely, it
is convenient to introduce the following notation. For f; € Homy(A4, B),

i=1,...,n, we write nd 2 B to denote the morphism given by (f;){(a;) =

>, fila) for (a;) € n4 and A " 1B to denote the morphism given by

(fi)"(a) = (b;) with b; = f(a) for j =1,...,n. Our aim is now to prove
that if the arrow [A] — [B] has valuation (a,b) then a is the dimension
of Irr(4, B) as a TyP-vector space and b is the dimension of Irr(4, B) as
a Tpg-vector space.

We shall need the following.

Lemma 1.1 Let A and B be indecomposable nonisomorphic A-modules and
let f1,f2,..., fn be A-morphisms from A to B and let f; denote the coset in
rada(4, B)/ radi(4, B) of the element f;.

(a) Ifthe induced A-morphism nA Y Bis irreducible, then { 1, f2,...,fn }
is a linearly independent set of elements of the T P-vector space
radu (4, B)/ rad3(4, B).

(b) If the induced A-morphism A% 0B s irreducible, then { f1,f2,...,fn}
is a linearly independent set of elements of the Tg-vector space
rada(4, B)/ radi (4, B).

Proof We prove (a), and then (b) follows by duality. Assume that

the induced A-morphism nA Y B is irreducible, and that a;f; +
af2 + -+ + anf, = 0 with each a; in T". Now lift the elements g;
in Enda(A4)°P /tgnq, 4y to morphisms «; from 4 to A. Then the relation
above states that the morphism fioy + fa00 + - + fua, from A to B
is in radf\(A,B). However, if there is some i such that a@; is nonzero,
then the corresponding «; is an isomorphism, and therefore the mor-
phism « = (2;)": 4 — nAd induced by the o; is a split monomorphism.,
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Since nA v, B is irreducible there exists by V Theorem 5.3 a morphism

g: A" — B such that nAJJ 4’ W9 B is a minimal right almost split mor-
phism. But this implies that there also exists a morphism h:4” — B

where 4”7 ~ A']]Cokera, such that AJ[4” rentfoatthon D) g g
a minimal right almost split morphism. Therefore by V Theorem
53, fiq + froo + -+ + faon:A — B is irreducible and this contra-
dicts the fact that fioq + foop + -+ + fao, is in radf\(A,B). Therefore
{f1:f2,-...fn} is a linearly independent set of elements in the T’ -vector
space rada(4, B)/ radf\(A,B). |

We next establish the converse of this result. Let g:X — B be
a minimal right almost split morphism ending in B. Decompose X
as mA[] X’ where X’ has no indecomposable summand isomorphic to
A. Let g; for i = 1,2,...,m be the elements of the T,P-vector space
rada(4, B)/ radf\(A,B) corresponding to the coordinates of g using this
decomposition of X. Dually, let h: A — Y be a minimal left almost split
morphism starting in 4. Decompose Y as nB[[Y’ where Y’ has no
indecomposable summand isomorphic to B. Let k; for i = 1,2,...,n be
the elements of the Tp-vector space rads (4, B)/ radf\(A, B) corresponding
to the coordinates of h with respect to this decomposition of Y.

Lemma 1.2 Let the notation be as above. Then we have the following.

(@) The set {g1,82..-,8m} generates the T P-vector space
rad (4, B)/ radi(4, B).

(b) The set {hy,hy,....h,} generates the Tpg-vector space
rada (4, B)/ radi(4, B).

Proof We only prove (a) since (b) follows from (a) by duality. Let f be
any element of the T{P-vector space rads(4, B)/ rad (4, B), where f is a
morphism from A to B. Then since g is right almost split and f is not an
isomorphism we have that f = gh for some h: 4 — X. Considering the
fixed decomposition of X as mAJ[ X’ as described above, we get that
f = (glma)Ph+(g|x')qh, where p is the projection onto the submodule mA
of X and q is the projection onto the submodule X’ of X according to
the decomposition of X. Since X’ has no summands isomorphic to 4, the
map gh is in rads(4, X’) and therefore (g|x)gh is in rad%(4, B). Hence
we get f = (g|ma)ph. Using the decomposition mA = A[JA[]---]]14
the map ph corresponds to a set of elements {o; }, < Enda(A4)°P such
that f = 3" #g;. This completes the proof of part (a). a
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Combining the last two lemmas, we now get the following connection
between the valuation of the quiver I'y and the dimensions of Irr(4, B)
as a Tg-vector space and as a T, -vector space.

Proposition 1.3 Let A and B be indecomposable A-modules, and assume
there is an irreducible morphism from A to B. Then we have the following.

(a) The multiplicity of A as a summand of M when there is a minimal
right almost split morphism f: M — B is equal to the dimension of
Irt(A, B) as a T4P-vector space.

(b) The multiplicity of B as a summand of N when there is a minimal left
almost split morphism g: A — N is equal to the dimension of Irr(A, B)
as a Tg-vector space. O

Let B be a nonprojective indecomposable module and « an arrow from
[A4] to [B] in . In order to prove that the valuation of the arrow o(x)
from [D Tr B] to [A] in Ty is (b,a) if the valuation of the arrow o« in 'y
is (a, b) we also need the following result.

Lemma 1.4 Let A be an artin R-algebra.

(a) For each nonprojective indecomposable A-module B we have that D Tr
induces an R-isomorphism between Tg and Tpt,p.

(b) For each noninjective indecomposable A-module A we have that Tr D
induces an R-isomorphism between T4 and Tty py.

(c) If A and B are indecomposable modules with B not a projective mod-
ule, then the dimension of Irr(A, B) as a Tg-vector space is the same
as the dimension of 1rr(D Tr B, A) as a Ty, g-vector space.

Proof We know from IV Proposition 1.9(b) that D Tr:modA — modA is
an equivalence of categories. Therefore D Tr induces a ring isomorphism
D Tr:End,(B) — End(D Tr B). Since B is an indecomposable module
we have that End,(B) is local and since B is nonprojective the ideal
#(B, B), consisting of the morphisms from B to B factoring through
a projective module is contained in rgag,(p). Similarly, since D TrB
is a noninjective indecomposable module, the ideal .#(D Tr B, D Tr B),
consisting of the morphisms from D TrB to D Tr B factoring through
an injective module, is contained in tgng,pTre). Hence D Tr induces
an isomorphism from Ty to Tprp. Further, this isomorphism is an
R-isomorphism.
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Statement (b) is the dual of statement (a). In order to prove (c), let
Ir(X) as usual denote the length of the module X over R and let for a
division algebra S dimg V denote the dimension of V as a vector space
over S. We have from Proposition 1.3 that

dimT:p (Irr(A4, B)) = dimr, (Irr(D Tr B, A)).
Therefore we have

Ir(Irr(A, B))

dimr, (Irr(A, B))Ir(T3)

Ir(TP) dimzer(Irr(4, B))

Ir(T4) dim,(Irr(D Tr B, A))
[r(Irr(D Tr B, A))

IR(Tp% 3) dimT;;PT ,1rr(DTr B, 4)).

This shows that dimr, (Irr(4, B)) = dinggm(Irr(D Tr B, A)). m]

As an immediate consequence of this result we have the following.

Propeosition 1.5 If o is an arrow in I's from [B] to [C] with valuation (a,b)
and C is nonprojective then (b,a) is the valuation of the arrow a(x) from
[DTrC] to [B] in Ta. a

Before giving the connection between the AR-quiver of A and the
ordinary valued quiver of the Auslander algebra associated with A when
A is an artin algebra of finite representation type, we need the concept
of the transpose of a valued quiver. Let A be a valued quiver. Then the
transposed valued quiver A" has the same underlying quiver as A, and if
an arrow o has valuation (a, b) in A, it has valuation (b, a) in A",

Theorem 1.6 Let A be an artin algebra of finite representation type and
let T be the associated Auslander algebra. Then the ordinary quiver of T
is the opposite of the transpose of the Auslander—Reiten-quiver of A.

Proof As in VI Section 5 let M be in mod A such that add M = mod A.
For each indecomposable module B in mod A let Sg be the associated
simple I'-module where I' = EndA(M)P is the Auslander algebra asso-
ciated with A. Let [Sg] denote the vertex in the quiver of I' associated
with the simple module Sg. For two indecomposable modules B and A4 in
mod A we have already observed in VI Section 5 that Extlr(SB,SA) # 0 if
and only if there is an irreducible morphism from A to B in mod A. Hence
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the underlying nonvalued quiver of the AR-quiver is the same as the op-
posite of the underlying nonvalued quiver of I". Recall that if [S4] i [S5]

is an arrow with valuation in the quiver of I, then by definition we have
b= dimEndr(sA) EXt}(SB,SA) and a = dimEnd,(sB)op EXt}—(SB,SA). The cor-
responding valued arrow in the AR-quiver of A is [A4] (ail:/) [B], where
we have seen in VI Section 5 that b = o/. We have d = dimT:p Irr(A4, B)
and b’ = dimg, Irr(4, B). Note that T4 ~ Endp(S,) for the following rea-
son: Since Homp (M, ):mod A — £(I') is an equivalence of categories,
Enda(A4) and Endr(Homp(M, A)) are isomorphic. P = Homy(M, A) is
an indecomposable projective I'-module with P /rrP ~ S,. Since for any
f:P — P we have f(xP) < tP, there is induced a natural ring homo-
morphism Endr(P) — Endr(S4), which is surjective since P is projective.
Hence Endr(S,) is the unique division algebra which is a factor of the
local algebra Endr(P), and consequently we have Endr(S4) ~ T4 as R-
algebras. We then have lR(Extll—(SB,SA)) = blr(Endr S,4) = algr(Endr Sp)
and Ig(Irr(4, B)) = d/(Ir(Endr S4)) = V' (Ir(Endr Sg)). Since b = 4, it
follows that a = b’. This shows that the AR-quiver of A is the opposite
of the transpose of the valued quiver of I. m]

We remark that it is often possible to reconstruct an artin algebra of
finite representation type from its AR-quiver. This can be accomplished
through the following construction. For let I'y be the AR-quiver of a
basic algebra A over a field k, and assume that all valuations are trivial.
For each nonprojective vertex x in I’ we have a relation m, on the quiver
I's, called the mesh relation, and defined by m, = Z{aE(FA)lle(a)=x} oo (o)
where ¢ is the semitranslation. It can be proved that if k is an algebraically
closed field of characteristic different from 2, then the path algebra of
I's over k modulo the mesh relations is isomorphic to the opposite of an
Auslander algebra for A.

2 Shape of Auslander—Reiten-quivers and finite type

We have seen in Chapter VI that if for an indecomposable artin algebra
A there is a finite component with respect to irreducible morphisms, then
A is of finite representation type. In this section we illustrate how the
structure of the AR-quiver together with the semitranslation helps in
applying this criterion. We end the section with some information on the
structure of the AR-quiver.
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We start by formulating our criterion for finite representation type in
terms of AR-quivers.

Theorem 2.1 The following are equivalent for an indecomposable artin
algebra A.

(a) A is of finite representation type.
(b) T is a finite connected quiver.
(c) T'a has a finite component. m]

We now proceed to give examples of how to compute components of
AR-quivers without knowing all almost split sequences to start with. In
our examples the components turn out to be finite, showing that the
algebras are of finite representation type.

The computations are based on the following principles. Assume
that we have computed a full subquiver of the AR-quiver and assume
that there is a vertex [A] such that each immediate predecessor [B]
of [A] in the AR-quiver is in the full subquiver, along with the part
corresponding to the almost split sequence with B on the left if B is not
injective, and corresponding to the minimal left almost split morphism
for B if B is injective. If we have an irreducible morphism 4 —
C where C is indecomposable nonprojective, there is an irreducible
morphism D TrC — A, and by assumption the part corresponding to

the almost split sequence with left hand term D Tr C is already in our
full subquiver. In particular the valued arrow [A4] @h [C], corresponding

b,a . .
to the valued arrow [D Tr C] (—>) [4], is there. We know that there is

an irreducible morphism 4 — P with P indecomposable projective if
and only if 4 is a summand of tP, which we can check from knowing

the structure of the projective modules. For a valued arrow [A] @) [P],
a is the number of copies of 4 in a decomposition of rP into a sum
of indecomposable modules, and b is computed from a and Iz(Tp)
and Ir(T4) where we recall that Tx = Enda(X)/vEnq,(x). This way we
obtain all valued arrows starting at [4]. The corresponding irreducible
morphisms from A are induced from the almost split sequences starting
at the immediate predecessors. Based on this information we compute the
minimal left almost split morphism 4 — E. If A is not injective, we get
the almost split sequence 0 - A - E — TrDA — 0 and hence induced
irreducible morphisms from the summands of E in a sum decomposition
into indecomposable modules, and corresponding valued arrows.
Assume that we obtain a full subquiver where each vertex [A] has
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all its immediate predecessors in the subquiver, together with the part
corresponding to the minimal left almost split morphism from 4 and the
whole almost split sequence with left hand term A if A4 is not injective.
Then we have a whole component of the AR-quiver.

We can sometimes get started with a full subquiver having the desired
properties in the following way. If S is a simple projective noninjective
A-module, we know from V Section 3 that in the almost split sequence
0 —- S > E - TrDS — 0 the middle term E is projective. Hence we
can compute this almost split sequence from knowing the structure of
the projective modules, and get the corresponding valued arrows in the
AR-quiver. For an indecomposable summand P of E we can compute
the immediate predecessors [X] of [P] since they are determined by tP.
If we can compute the almost split sequence with each possible X as
left hand term, we can proceed as above with 4 = P. Note that the
main problem in carrying out this procedure arises each time we reach
a new projective module, since it may not be so easy to deal with its
(immediate) predecessors.

Example Let k be a field and let A be the k-algebra given by the quiver
1
J N
ARV AR
4

» with relation {fa — dy}. Then we know the projective

modules and their radicals. We have Py = S;, P, with tP, ~ S;, P3
0

with tP3; ~ S4 and P, with tP; given as the representation e k
N
k

of the quiver. Since S, is simple projective we have an almost split
sequence 0 — Sy — Po[[P; — vP; — 0. Since no indecomposable
module X # S4 has an irreducible morphism to P, or to P;, and neither
P, nor P; is a summand of some rQ for Q projective, we get almost
split sequences 0 — P, — vP; —» TrDP; —» 0 and 0 —» P, — tP; —
TrDP; — 0. Since rP; is a summand of the radical of exactly one
indecomposable projective module, namely P;, we have an almost split
sequence 0 — Py — TrDP,[[TrDPs[[ Py — TrD(xP;) — 0. We see
that TrDP, ~ S3, TrDP; ~ S, and Tr D(xPy) ~ P;/soc P;. We further
calculate Tr DS; ~ I, Tr DS, ~ I3 and Tr D(Py/soc P;) >~ S4 to get the
almost split sequence 0 — P;/socPy — I [[I3 — S; — 0. There is no
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irreducible morphism from I, or I; to any module X not isomorphic to
S1. Hence we now have the AR-quiver

[P1]
Pl --7/[8] <«--- [
\ \
[Sa] « - - -[P] = - - ‘[Pl/SOCP1] «~ - - - [8]
[P3] = ---[S) = --- 3]

Note that we here omit the valuation since it is (1,1) for each arrow.

Example For the triangular matrix algebra A = (g ]g) where C is the
complex numbers and R the real numbers we have two indecomposable
projective modules P; = (0,IR,0) and P, = (C,C, 1¢) with R and €

as endomorphism rings. Since P, ~ P [[ Py, we then have the valued
2,1 .. ..
arrow [Pq] (—>) [P;]. P; is simple projective, so we have an almost

split sequence 0 - P; —» P, —» TrDP; — 0. From this exact sequence
we see that TrDP; ~ (€, R, f) where f:€ — R is nonzero. From
III Section 2 we know that we have an indecomposable injective module
(Homg(C,R),IR,g) where g:C ®¢ Homg(C,R) — R is the natural
morphism. Since € ®¢c Homg(C,R) ~ € and g is not zero, we have that

this injective module is isomorphic to Tr DPy, using that Homg(C,R) is
. . 12
a one-dimensional C-module. Since we have the valued arrow [P] @

[TrDP;], we have an almost split sequence 0 - P, — 2TrDP;, —
TrDP, — 0. By calculating dimensions we see that TrDP, ~ (C,0,0),
which is injective. Hence we obtain the AR-quiver

[)] <+ — — — [mtDpP)
(Z’IV .2 y
] <+ — — — [TrDP]

YN
N

4

Example Let k be a field and A the path algebra of the quiver

with relation {fa}. We list the simple modules, the indecomposable pro-
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jective modules and their radicals, the indecomposable injective modules
and the indecomposable injective modules modulo the socle. We view all
these modules as representations of the quiver with relations.

P, kl/k\ik 5, k/o\o 55 O/O\k
o\k/n \0/ \0/
SN mas om0
tP, =~ P31 S: I =8 I 0 '<>1 X
I3/socl; ~ 8 I: K <k> 0 I/ socl ~ S,
Is: ‘ :o<>llk I4/socly ~ S, [] I

k

Since Sy is simple projective, we have the almost split sequence 0 — S —
P[] P; — TrDS4 — 0. From this sequence we calculate that Tr DS4 has

N
iR

k

to be the module corresponding to the representation  «

X # 8, there is no irreducible morphism from X to P, or P;. Since P; is
not a summand of the radical of any projective module, we get the almost
split sequence 0 — P, — TrDS; — TrDP, — 0, and hence TrDP, ~ S;.
P; is a summand of the radical of Py, and dim;, Homu(P3, P;) = 1. Hence
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we get the almost split sequence 0 — P3; — TrDS;[[ Py —» TrDP; — 0.
A not too hard calculation then shows that TrDP; is given as the

@ 1

YN

<0.}*/ 1
k

representation

Since tP; = P3][S2, and S, is not a composition factor of r/socr,
it follows from V Theorem 3.3 that the middle term of the almost split
sequence starting at S, is projective. Since S, is a summand of rP
with P indecomposable projective only for P ~ P;, we have the almost
split sequence 0 — S, — P; — TrDS, — 0 where TrDS; is given by

k

0 /\lk
Vg

k

the representation Further we have an almost split

sequence 0 — Py — TrDP;[[TrDS, — TrDP; — 0, and from this

we can compute TrDP; ~ I4. And we have the almost split sequence

0 — TrDS, — Iy — (TrD)?S, — 0, so that (TrD)?S, ~ S,. Similarly
k

NG
N

we get that (Tr D)8, corresponds to the representation

and that TrDS; ~ I, (TrD)?P; ~ I5 and (Tr D)*S4 ~ S;. Collecting our
information we get that the entire AR-quiver of A is

P] —— — —[S5] ~—— — — [I1]

[Sg]~—— — —[TTDSK— - — [(TID)ZS4]‘- — —— [8]
/
[P3]<—— 7TYDP3] —— — — [

[Pl] —— = = [14]

N TN

[S2) «~— — — — [TrDS)] ~— — — —[$)]

where the two copies of [S,] are to be identified.
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We now give some conditions on the structure of an AR-quiver.

Proposition 2.2 If A is an artin algebra of finite representation type then no
arrow in the Auslander—Reiten-quiver of A has valuation (n,m) with n > 2
and m > 2.

Proof Assume A and B are indecomposable and that there is an arrow
in 'y from [A] to [B] of valuation (n,m) with n > 2 and m > 2. We want
to prove that then there is no bound on the length of the indecomposable
modules in mod A.

If f: A — B is irreducible, then the lengths of 4 and B cannot be the
same. By duality we may assume that the length of A is bigger than the
length of B. Hence B is not projective. From the almost split sequence
O0— DTrB - M —- B — 0 we get I(DTrB) > I[(A) by using that the

multiplicity of 4 as a summand of M is n > 2. Hence A is not projective

and we have the valued arrow [D Tr B] (rﬂ'} [A]. Since m = 2 we can

repeat the argument to get /(D Tr A) > (D Tr B). By induction we then
conclude that there is no bound on the length of the indecomposable
modules (D Tr)' 4, showing that A is not of finite representation type. O

We get the following direct consequence of Proposition 2.2.

Corollary 2.3 If A is an artin algebra of finite representation type over an
algebraically closed field, then all arrows in the Auslander—Reiten-quiver
have trivial valuation.

Proof Since k is algebraically closed, all the division k-algebras T, for
A in ind A are isomorphic to k. Since the valuation is given by the
dimensions of Irr(4, B) as T4 -vector space and as Tg-vector space, we
get that they are all of the type (n,n). Hence our claim follows from
Proposition 2.2. m|

We now give some sufficient conditions for a composition of irreducible
morphisms between indecomposable modules to be nonzero. These
conditions may be read off directly from the AR-quiver and will also be
used to give more information on the structure of the AR-quiver.

Let I be the integers in one of the intervals (—oo,n], [n,00), [m,n]

for m < n or {1,...,n} modulo n. Let --- — 4; 5 Aipg = - >

T . . .
A; 3 Ajy1 — -+ be a sequence of irreducible morphisms between
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indecomposable modules with each index in I. The sequence is said to
be sectional if D Tr A;» % A; whenever i and i 4+ 2 are both in I, and the
corresponding path in the AR-quiver is said to be a sectional path.

We have the following main result about composition of a sectional
sequence of irreducible morphisms.

Theorem 2.4 If A, ﬁ) Ay > - > A, L Apt1 is a sectional sequence of
irreducible morphisms between indecomposable modules, then the composi-
tion f = f,--- f1 is nonzero.

This is a direct consequence of the following.

Lemma 2.5 Let A be an artin algebra and A 15 Ay —» - > A, ﬁ

Any1 a sequence of irreducible morphisms between indecomposable modules.
Suppose the composition f, - -+ f1 either is 0 or factors through a morphism
g:B — A,y with B indecomposable, such that (f,,g): Ay ]I B — Anpy1 is
irreducible. Then we have D Tr A; >~ A;_» for some i with 3 <i<n+ 1.

Proof 'We prove this by induction on n, and start with the case n = 2.

Let Ay LY Ay EL As be a sequence of irreducible morphisms between
indecomposable modules such that f>f; =0 or f,f; = gh where g:B —

Aj is such that A, [[B (f—zf) Aj is irreducible. If fof; = 0, then f, cannot
be a monomorphism. Hence it is an epimorphism, and therefore A4; is
not projective. Consequently there exists an almost split sequence

fl
()
0—)DTI’A3 L) A2HX(E:)A3 - 0.

Therefore there is some h:4; — D TrA; with ({Z)h = (fo‘) But this
implies that f3h = f;. Now f and f; being irreducible implies that h is
a split monomorphism, and therefore h is an isomorphism since D Tr A3
is indecomposable.

f
In case f>f; = gh we consider A4, (i'» A;]IB (fz—’f) As and get that

( fz,g)(f ‘h) = 0. Hence (f3,g) is not a monomorphism, and consequently
an epimorphism. Therefore A3 is not projective. Consider an almost split
sequence

’
f2
7

0— DTrA; —>) A[IB][c"S 45 —o0.
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We get a morphism h': A1 — D Tr A; with ( )h ( ) ie. f1=f5H.

Again by the irreducibility of f and f3, we have that &’ is an isomorphism.

For the inductive step assume the claim holds for n > 2. We want
to prove that the claim holds for n + 1. Let f fu:-" f1, and assume
first fu41 f =0. If f = 0 we are done by induction. But f = 0 implies
that f,+; is not a monomorphism, hence it is an epimorphism since it is
irreducible, and therefore A,, is not projective. Considering an almost
split sequence

0= DTr Az B Aps [T E 2" Az >0

and using that f, n+1? = 0, we see that there exists some h: A; — DTrA,,,»
and an irreducible morphism g:D Tr Ap42 — Apt1 with gh = ? Now if
D Tr Apyz >~ A, we are done. Otherwise (f,g): A 1D TrApyr — Apyy is
irreducible and we are done by induction.

If f,,+17 = gh for some h:4; — B and g:B — A,z with (fu41,2):
Ani1 [I B — Ay irreducible, then ( _fh) : Ay = Apt1 [[ B composed with
(fn+1,g) is zero. Hence there exist a morphism h': 4y — D TrA,;, and
an irreducible morphism g’: D Tr Anys — Anyq with f = g'l. If A,, is iso-
morphic to D Tr 4,4, we are done. If 4, is not isomorphic to D Tr 4,42,
then (fn,g8"): Ay ]I D Tr Apy2 — Auya is irreducible and we are done by
induction. O

We have the following consequence of Theorem 2.4 on the structure
of the AR-quiver.

Corollary 2.6 There is no sectional cycle in the Auslander—Reiten-quiver of
an artin algebra A.

Proof Assume that A, ﬁ» Ay —> -+ = A, ﬁ» Ay 2» Aj 18 a cycle of
irreducible maps between indecomposable modules. The composition
f = fn-+f1 is clearly not an isomorphism, and is hence nilpotent in
Enda(A;) since Enda(4;) is a local ring. Since (f,--- f1)' = 0 for some
t, it follows from Theorem 2.4 that the cycle A; LR Ay — - = Ay EL

Ay ﬂ» A5 is not a sectional sequence of irreducible morphisms and hence
there are no sectional cycles in the AR-quiver. a
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3 Cartan matrices and subadditive functions

In the last section we gave some constraints on the structure of the AR-
quiver. In this section we characterize Dynkin diagrams and Euclidean
diagrams in terms of the existence of subadditive and additive functions
and use this to get more information on the shape of the AR-quiver in
the next section.

A handy way of representing a valued graph without loops and mul-
tiple edges is through the associated Cartan matrix, a notion we now
introduce.

Let I be a set. A Cartan matrix C on I is a function C:I1 xI —» Z
satisfying the following properties, where we write C(j, j) = ¢;j.

(@ ci=2

(b) c¢ij <0 for all i, j with i # j, and for each i we have that ¢;; <0 for
only finitely many j € I.

(¢) c¢ij #0if and only if cj; # 0.

There is a close connection between Cartan matrices and valued graphs.
Here a valued graph V on an index set I is given by a functiond:I xI — N
such that (where we write d(i, j) = d;;)

(i) di=O0foralliecl,
(i) di; #0if and only if dj; # 0,
(iii) for each i € I there is only a finite number of j with d;; # 0.

When representing a graph V in the plane, the set I is identified with
vertices called V, and there is an edge connecting i and j if d;; # 0. We
then write i - @29 . Jj-

If C is a Cartan matrix on a set I there is associated a graph V with
Vo =1, such that d:I x I — N is defined by d; = 0 and d;; = |¢;j| for
i # j. Conversely, a valued graph V gives rise to a Cartan matrix C on
the set Vo where ¢; = 2 for i € Vg and ¢;; = —d;; for i % j in Vj.

A Cartan matrix C on a set I is said to be indecomposable if for all
proper partitions of I as Iy UI, there exist i in I and j in I, with ¢;; # 0.
This is clearly the same as saying that the associated valued graph is
connected. Observe also that the transpose C' of a Cartan matrix C on
a set I given by cfj‘ = c;; for all (i, j) € I x I is also a Cartan matrix on I.

Let C be a Cartan matrix on a set I. A subadditive function for C is a
function d:I — Z% such that dC:I — Z given by dC(j) = >_,, dicij has
its image in N, where we write d; for d(i), and d is said to be additive if
dC = 0. Note that if the index set I is finite and we fix a total ordering of
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I, we can write C as an ordinary matrix and d as a vector. The product
dC can then be interpreted as a product of matrices and viewed as a
vector.

We shall see that the existence of a subadditive or additive function
for a Cartan matrix C imposes heavy restrictions on the valued graph
associated with C. In order to describe exactly when such functions
exist we need to list the diagrams known as Dynkin diagrams and the
diagrams known as Euclidean diagrams. In the second case it is easy to
see that there is always an additive function, and we list one for each
diagram.

Dynkin diagrams

A, il - n>1
1 2 n
(1,2)
: . - n>
B"'l 2 n 22
(2,1)
. . >
C,,,1 3 . n=3
1
D . ~—e n>4
" 3 n
2
3
Ee: 75 %

A

—
N4
'S

g
(=%
y
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N

2

-

(12)
Fa: SR
(1,3)
G2 : e——————
Euclidean diagrams Additive functions
A - { — A 1/ 1 1 1 1
An: 1 2 n n+1
~ (1.2) @
-— 1 1 - 1 1 1
"o 2 3 n~1 n n+l
~ 2,1 (1.2)
@b — 1 2 2002 2 1
L 2 3 n—1 n n+l
n+1
. l l

| N
P AN Vs N

1—2—3—2—1

Eg:
p)
E;; — I 1—2—3—4——3—2—1|
] |

Es: . 2—4—6—5—4—3—2—|
~ (1,4)

n: — 2—1
~ 22

2: 1—1
— (1.2 (1,2)

———e—— o D ey CEE— 2 2 2 2 2
o 2 3 n—1 n n+1 !
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n+1

L ]

BD J2 2 2 2 2
o 2 3 n—1
L]
n
n+1

L]

CcD .—.—.(2’1) .—./ 1 2 2 2
ne
1 2 3 n—1
\.

n
_ 12)
Fy1: - . - 1 2 3 2
~ 21 P
Fu: - o o 1 2 3 4
~ (1,3)
C;21 T e———eo——o 1 2 1
~ (&%)
Gxn: 1 2 3

We start with the following result on subadditive functions.

Lemma 3.1 Let C be the Cartan matrix of a Euclidean diagram. Then any
subadditive function for C is additive.

Proof We have listed an additive function for each Cartan matrix of the
Euclidean diagrams in the table. Observe that if C is the Cartan matrix
of a Euclidean diagram, then also C* is the Cartan matrix of a Euclidean
diagram. Now let V be a Euclidean diagram with Cartan matrix C and
let d be a subadditive function for C. Let ¢ be the additive function for
C"Y in the table and consider &(dC)" = (¢C*)d™ = 0. Since all values of ¢
are strictly positive and all values of (dC)" are nonnegative, we conclude
that (dC)% = 0. This shows that d is an additive function for C. |

Given two indecomposable Cartan matrices C’ and C on the index sets
I' and I respectively we say that C’ is smaller than C if there exists an
injection ¢: 1" — I such that |cj;| < |cg0,| for all i, j € I'. We say that C’
is strictly smaller than C if either (') # I or there exist i and j in I’ with
|c§j| < |€sya|- We investigate the relationship between subadditive func-
tions for two Cartan matrices when one is strictly smaller than the other.
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Lemma 3.2 Let C' and C be indecomposable Cartan matrices on I’ and I
respectively and let 6:1' — I be an injection such that C’ is strictly smaller
than C.

(@) Let d:1 — Z7* be a subadditive function for C. Then do:1I' — Z% is
a subadditive function for C’ which is not additive.
(b) Let d':1' —» Z* be an additive function for C' and let d:1 — N be
given by
2d; if i=0()),
di={1 if i¢ o(I') withcij +0and jea(l'),
0 otherwise.
Then (dC); <0 for all i € I, with (dC); <0 for at least one i with d; # 0.

Proof We first prove (a). Letting d' = do we have
@C) = 2o+ docl

J#
jel'

> 2o+ Y do()Coio()
J#i
jel’

> 2d0(i) + Z djco(i)j >0.
i

Hence d' is a subadditive function for C’. Further, using that C is
indecomposable we have that if o:I’ — I makes C’ strictly smaller than
C, either there exists i € I’ and j € I such that cj,; # 0 and j not in
the image of o, or there exist i,j € I’ with |¢};| < |cgq,|- In the first
case the second inequality above is strict and in the second case the first
inequality above is strict. This completes the proof of (a).

For part (b), clearly (dC); < 0 for i not in ¢(I') since C is indecompos-
able. For i = o(j) we have

0=2dC"); = 4d;+2 dicj

#j
e’

= 2dq;)+ Z da(l)C;-l

I#j
lel’

= zdg(j) + Z dicy

I
Iet

= (dC);.

The inequality is clearly strict if coms(j) > ¢py; fOr some (m, j) € I’ x I
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or if there exists an m € I with m € ¢(I’) and ¢,; # 0. Hence the proof
of part (b) of the lemma is complete. a

From these two lemmas we get the following conclusion.

Theorem 3.3 Let C be an indecomposable Cartan matrix on the finite index
set I with underlying valued graph V and assume d is a subadditive function
Jor C. Then we have the following.

(a) V is either a Dynkin diagram or a Euclidean diagram.
(b) If d is not additive, then V is a Dynkin diagram.
(c) If d is additive, then V is a Euclidean diagram.

Proof 1f V is a finite connected valued graph without loops which
is neither a Dynkin nor a Euclidean diagram, it is not hard to see
that V will contain a proper valued subgraph V' which is a Euclidean
diagram. But then the associated Cartan matrix C’ of V' will be strictly
smaller than C. Let d be a subadditive function for C and let d' =
dly. Hence d' will be a subadditive function for C’ which can not be
additive according to Lemma 3.2 (a). However, Lemma 3.1 gives that
all subadditive functions for the Cartan matrices with underlying valued
graph a Euclidean diagram are additive. This is our desired contradiction.
Part (b) follows directly from (a) and Lemma 3.1 which says that all

subadditive functions on a Euclidean diagram are additive.
To verify (c) we observe that the Cartan matrices C for the Dynkin
diagrams are all nonsingular, and hence they have no additive functions.
O

We shall also investigate subadditive and additive functions for the
following list of five infinite diagrams closely related to the Dynkin
diagrams. We also give an additive function for each of them.

Aoo: . . . . .- 1 2 3 .-.n n+l o
(1.2)
BOO; . . LI ) . 1 2 2 ... 2 2
@n
. . . .- 1 l— 1 -+ 1 1-
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The Cartan matrix of A, admits subadditive functions which are not
additive, but in the four other cases all subadditive functions are additive,
and they are in fact bounded.

We start by considering 43

Lemma 3.4 Let d:(AX)y — Z* be a subadditive function. Then d is con-
stant and therefore additive.

Proof Leta € (A3)o be a vertex such that the minimum of d is obtained.
Then 2d, —d, . —d,_y > 0. But we have d,;; > d, and d,_; > d,. Hence
d, = dsy1 = d,—1, and therefore d has to be a constant and is hence
additive. O

Lemma 3.5 If d:A¢ — Z* is a subadditive function with A = B, Cy, or
Dy, then d is a multiple of the function listed in the table.

Proof We consider each case separately. One checks that if

do
\11 d;

d_;

is a subadditive function for D, then

dy 4 do+d_y 4 dy

. - » » ad

is a subadditive function for A%, which by Lemma 3.4 is constant.
Further

dCy = 2dy — d; > 0,
dC)_; = 2d_y —d > 0,
@dCc)y = 2d—do—d-1—d, = O.

But d; = d;, so from the third equality we obtain dy = dy — d_;.
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Substituting this value for d; in the two inequalities gives d_y —dy > 0
and dy—d_; = 0. Hence dy = d_; and therefore d; = 2d, for i > 1 showing
that d is a multiple of the given additive function. This completes the
case D..

dy (12) 4y dn dytt . .y .
fe——— . ... ——" ... is a subadditive function for B,

4 4 2 4 & . " .
then -+ o—n——~——~——~— ... is a subadditive function for A

and the same analysis as above applies to conclude that d is a multiple
of the additive function given in the table above.

.~ 9 dy ) dn dpyy
To treat the last case C,, observe that if —m—c——. ... . .
. . . 3 4y dy 4 .
is a subadditive function for C, then .-+ \— . ... isa
subadditive function for A} and hence we get that this is a constant by
Lemma 3.4. 0O

4 Translation quivers

In Section 1 we introduced the AR-quiver associated with an artin alge-
bra. The AR-quiver often consists of several components, and consider-
ing each component leads us to the more general notion of a translation
quiver, which we introduce in this section. Combinatorial aspects of
these translation quivers will be explored and used to give results about
full subquivers of the AR-quiver consisting of vertices where D Tr is
everywhere defined. These combinatorial results will also be used in the
next chapter dealing with hereditary artin algebras.

Let I" be a valued quiver with vertex set I'g and arrow set I'y where I’
is locally finite, that is for each i € I'y there is only a finite number of
arrows entering or leaving i. Let 7 be an injective map from a subset of
Iy into I'y. For x € Ty let x~ denote the set of immediate predecessors
of x. It is defined by x~ = {y € Ty there is an arrow y — x}. Dually
let xt denote the set of immediate successors of x. It is defined by
xt = {y € T there is an arrow x — y}. The pair (T, 7) is called a
valued translation quiver if the following three conditions are satisfied.

(a) T has no loops and no multiple arrows.
(b) Whenever x € Ty is such that 7(x) is defined then x~ = z(x)*.
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(¢) If a is an arrow from x to y with valuation (a, b) and 1(y) is defined
then the arrow from (y) to x has valuation (b, a).

We say that a translation quiver (I',7) is a proper translation quiver if
in addition we have

(d) If x € I'y is such that 7(x) is defined, then x~ is nonempty.

Note that associated with a translation quiver (I',7) there is always a
proper translation quiver (f, 7) obtained by restricting 7 to the vertices x
where x~ is not empty.

The partially defined map t:T'y — I'y is called the translation of the
translation quiver (T, 7).

Any AR-quiver of an artin algebra is a translation quiver when we let
7 be the map defined by DT'r.

Other finite concrete examples are

®

where we have inserted a broken arrow for the translation.

Neither the example represented in figure (i) nor the example repre-
sented in figure (ii) is the AR-quiver of an artin algebra. It is easy to see
this for case (ii) since there are no projective vertices.

If case (i) were an AR-quiver, vertex 1 would correspond to a simple
projective module. Then vertex 2 would correspond to an indecomposable
projective module, which would have length 2. But then vertex 3 would
correspond to a simple module, and also to the middle term of an almost
split sequence, which is impossible.

Let (I', 7) be a translation quiver. In analogy with the situation for the
AR-quiver of an artin algebra, we call a vertex x € I'y a projective vertex
if x is not in the domain of 7 and we call a vertex x € I'y an injective
vertex if x is not in the image of 7. As for AR-quivers, 7 also induces
a partially defined map on I'y. More precisely, if a:y — x is an arrow
with x not a projective vertex, there is a unique arrow 7(x) — y in I'y
which we denote by o(a). The partially defined map ¢ on I'; obtained
in this way is called the semitranslation of the translation quiver. It is
completely determined by .
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We now give a way of constructing families of translation quivers. Let
A be a valued quiver without loops (possibly infinite). We now construct
the translation quiver ZA. The set of vertices in ZA is (ZA)o = Z X Ay.
The translation in ZA is given by t(n, x) = (n — 1, x). The arrows in ZA
are as follows. For each arrow a with valuation (a,b) from x to y in A
form arrows a, from (n, x) to (n, y) with valuation (a, b) and arrows o(x,)
from (n — 1,y) to (n,x) with valuation (b, a). In this way ZA becomes a
translation quiver.

If the underlying graph of A is a tree and the valuation is trivial
then the translation quiver ZA is independent of the orientation in A.
Otherwise it may depend on the orientation.

x y

A

Example
(=Ly) ©y) (1.y) 2y

ZA .

(—Lx} 0.x} (1x) (2,x}

x0 x1 x2 xn Xptt

A = Aoo *-——r—ro—>o *—>re

Example

: (0yrz) (Lxp) (2%
ZA, : .. (ox1/4 “x>/;m

0.x9) U»"o) (2.x0)

We now consider maps between translation quivers (I, 7') and (T, 7). A
translation quiver morphism f:(I",7) — (T, 7) is a pair of maps fo: I —
I'p and f;:T} — I'; such that the following two conditions are satisfied.
(a) f is a morphism of valued quivers, i.e. if « in I'} is an arrow from x

to y with valuation (a, b), then fi(«) in I'y is an arrow from fo(x) to
fo(y) with valuation (a, b).
(b) fo(7'(x)) = ©(fo(x)) for all nonprojective vertices x of I,

A translation quiver morphism f:(I",7') — (I, 1) is called a covering if

the following conditions hold.
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(a) If x is projective in I', then f(x) is projective in I'.

(b) If x is injective in I, then f(x) is injective in T".

(¢) For each vertex x in T, f induces a bijection from x~ to fo(x)~ and
from x* to fo(x)*T preserving the valuation of the arrows.

Example Let (T, 7) be the translation quiver

Then there is a covering f:(I",7') — (T, 7), where (I, 7’) is the following
quiver.

X 3”

;.
AN ’ ’
\ Ay ¢
AY3 (NN
(* *) n v
LAY LAY
. .
.

There is a theory of coverings of translation quivers, but we will not
discuss this here. We will mainly use it for illustrational purposes and to
deduce some more structural properties of AR-quivers.

A group G of translation quiver morphisms on a translation quiver
(T, 7) is said to act admissibly if each orbit of G meets {x}Ux™ in at most
one vertex and meets {x} U x* in at most one vertex for each x in I'y.

Let ZA be as in the first example and let G be the group operating on
ZA by the automorphism ¢ where ¢(n, x) = (n+2,x). Then G is a cyclic
group which acts admissibly.

Having a translation quiver I and a group G of translation quiver
morphisms acting admissibly on I' one can form the quotient I'/G,
which is a translation quiver. We have the natural morphism I' —» I'/G
which is a covering of translation quivers.

If A is an artin algebra of infinite representation type and ¥ is a
component of the AR-quiver containing neither projective nor injective
vertices, then the translation and its inverse are everywhere defined.
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Generalizing this to arbitrary translation quivers we call a translation
quiver where the translation and its inverse are everywhere defined a
stable translation quiver. Examples of stable translation quivers are the
translation quivers ZA where A is a quiver with no loops, and quotients
of such quivers by an admissible group of automorphisms. We show
that there is a strong limitation on stable subtranslation quivers of the
AR-quiver of an artin algebra of the form ZA/G where G is a group
of automorphisms acting admissibly and containing some power of the
translation z. Here we use the results on additive and subadditive
functions from Section 3.

Theorem 4.1 Let A be a quiver without loops. If the Auslander—Reiten-
quiver of an artin algebra contains a subtranslation quiver of the form
ZA/G where G is a group of automorphisms of ZA acting admissibly and
containing t" for some n, then either

(i) A is a Dynkin diagram and hence ZA/G is finite or
(i) Ais Ag.

Proof Let A be a quiver without loops, n a natural number and assume
ZA/G is contained in the AR-quiver of an artin algebra A where G
is a group of automorphisms of ZA acting admissibly and containing
. For each a € Ag let [Xo], [D Tr Xo),..., [D Tr*~! Xg] be the vertices,
possibly with repetition, in the AR-quiver corresponding to a. Then
define d: Ag — N by d(a) = Z;’;OI I(D Tr' X,) where I[(Y) as usual denotes
the length of the A-module Y. Using that if X is a summand of B in the
exact sequence 0 > A - B — C — 0, then I(X) < I(A) + I(C) we obtain
that d is a subadditive function for A. Theorem 3.3 implies that if A is
finite then A is either Euclidean or Dynkin. By the same theorem, if A is
Euclidean then d is additive. But then for each [U] in ZA/G there can be
no additional neighbors in the AR-quiver than those already in ZA/G.
Hence ZA/G is a complete finite stable component of the AR-quiver of
A. Then ZA/G would be the whole AR-quiver by Theorem 2.1, which is
impossible since there are no projective vertices in ZA/G. This finishes
the proof when A is finite.

Assume next that A is infinite. Then the underlying graph A cannot
contain any Euclidean diagrams and hence A has to be either A, AZ,
By, Cy or Dy, But AZ, B, Cy and D, only admit subadditive functions
which are additive and bounded. Additivity again implies that ZA/G is a
whole component of the AR-quiver of A. It follows as before that ZA/G
can not be finite. But in any infinite component of the AR-quiver of an
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artin algebra A there is no bound on the length of the indecomposable
modules. This excludes A3, B, Cy and D,,. We are then left with the
diagram A. m]

We shall see in the next chapter that translation quivers of the form
ZA /G actually occur as components of an AR-quiver, by showing that
for the path algebra of the quiver - =3 - over a field kK we have components
of the form ZA. /(7).

If A is a selfinjective algebra, then we get a stable subtranslation quiver
denoted by I'} of the AR-quiver I'a of A by removing the projective
vertices. For applying D Tr or Tr D to an indecomposable nonprojective
module we always obtain an indecomposable nonprojective module. We
get the following consequence of Theorem 4.1.

Corollary 4.2 Let A be an indecomposable selfinjective algebra of finite
representation type. If the stable Auslander—Reiten-quiver I} is of the form
ZA/G where the quiver A has no loops and G is a group of automorphisms
of ZA acting admissibly and containing t for some n, then A is a Dynkin
diagram.

Proof By Theorem 4.1 it is sufficient to show that A is not A. Since
each g € G is an automorphism of ZA, we must have that for x and g(x)
in ZA the minimal length of a path from a vertex y with only one arrow
leaving y must be the same for x and g(x). Hence A can not be 4,, when
ZA/G is finite. m]

Note that if A is an indecomposable selfinjective Nakayama algebra
with n nonisomorphic simple modules and of Loewy length m + 1,
then it follows from our computations of almost split sequences for
Nakayama algebras that I, is ZA/(t"). Actually it can be shown that
for indecomposable selfinjective algebras of finite representation type, I',
must be of the form ZA/G.

Exercises

1. Let V = (V,, V;) be a finite graph without loops. Define q: Z% — Z by

4(f) =Diev, f P - > 1ev, fuyfpay where ofl) and B(I) are the end vertices
of | € Vy. Recall that ¢ is positive definite if g(x) > 0 for x # 0 and
positive semidefinite if g(x) > 0 for all x.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.008
https://www.cambridge.org/core

254 The Auslander—Reiten-quiver

(a) Prove that g is not positive definite if V contains a cycle.
(b) Prove that g is not positive definite if V contains a subgraph of the

(c) Prove that if V contains a subgraph of the form

N
: bs—l
. by
a, Q-1 a X Ct-1 €
. .o e . . 1 1 1
then q is not positive definite if 5 + 7+ 757 < L.

(d) Prove that q is positive definite if and only if V is one of the Dynkin
diagrams A, D,, E¢, E; or E;.

(e) Prove that q is positive semidefinite but not positive definite if and
only if V is one of the Euclidean diagrams 4,, D,, E¢, E; or Es.

2. Let A and A’ be selfinjective algebras such that A/socA ~ A’/soc A’

(a) Prove that A is of finite representation type if and only if A’ is of
finite representation type.

(b) Prove that T'y ~ Ty

(c) Prove that the algebras given in III Exercise 8(b) are selfinjective and
that (kI"/{p))/ soc(kT'/{p)) ~ (kT'/{p'})/ soc(kT"/{p’}) for all fields k.

(d) Prove that kI'/{p) from III Exercise 8(b) is of finite representation
type.

(e) Prove that kI"/{p’} and kT'/{p) from III Exercise 8(b) have the same
AR-quiver but that the Auslander algebra of these two examples are
not isomorphic in characteristic 2.

(f) One of the Auslander algebras in (e) is given by the mesh relations.
Determine which one.

3. Let A be an artin algebra and 4 and B indecomposable A-modules. Let
f1,---»fn: A — B be irreducible morphisms. Prove that (fy,...,f,):nd —
B is irreducible if and only if f,,...,f, are TgF-linearly independent
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elements of Irr(A, B) and that (fy,...,fs)": A — nB is irreducible if and
only if f,,...,f, are Tp-linearly independent elements of Irr(A, B).

4. Consider the translation quivers

(ii) oo N

Prove that the translation quiver in (i) is not the AR-quiver of an artin
algebra and that the one in (ii) is the AR-quiver of an artin algebra.

5. Consider the translation quivers



https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.008
https://www.cambridge.org/core

256 The Auslander—Reiten-quiver

Decide for each of the translation quivers above whether it is the AR-
quiver of an artin algebra or not.

Notes

Auslander—Reiten quivers were considered by Ringel in the mid seven-
ties. Since then they have become one of the main objects of study
in the representation theory of artin algebras. Translation quivers, an
abstraction of AR-quivers, played a central role in the classification of
selfinjective algebras of finite representation type [Rie]. More generally,
they play a basic role in covering theory as developed in [BoG].

The result that there exist no sectional cycles in an AR-quiver is due
to [BauS]. The proof given here is taken from [Bol]. The fact that there
are no double arrows in the AR-quiver of finite dimensional algebras of
finite representation type over algebraically closed fields is due to [Bau2].
The proof given here is due to Bongartz (see [Rie]).

The characterization of additive and subadditive functions on graphs
is found in [V]. The importance of such functions on AR-quivers was
first observed in [To] and subsequently exploited in [HapPR].

AR-quivers have appeared in settings other than artin algebras. For
example, they are used in an essential way in the classification of two-
dimensional orders of finite representation type in [ReV] and are closely
related to the resolution graphs of rational double points as shown in
[Au9], [AuR9]. Other examples can be found in [Yoshin].

The idea of sectional paths appeared in [Rie] and [Baul], and several
related concepts have been investigated. Information on which translation
quivers occur as AR-quivers is found in [BoG] and [Bren1]. The fact that
any basic k-algebra over an algebraically closed field k of characteristic
different from 2 can be recovered from its AR-quiver follows from
[BauGRS].

For more illustrations of the use of AR-quivers we refer to [Ben], [Er],
[Rin3].
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VIII
Hereditary algebras

The representation theory of hereditary artin algebras is one of the most
extensively studied and best understood theories developed to date. The
theory has served not only as a model for what might be expected of
the representation theory of other types of artin algebras, but also as a
source of conceptual insights and technical information which have often
proven useful in dealing with questions about the representation theory
of related but not necessarily hereditary artin algebras, for example tilted
algebras.

Our purpose in this chapter is to give an introduction to this extensive
theory. While some of the general theory of preprojective, preinjective and
regular components of hereditary algebras is developed, we concentrate
mainly on hereditary algebras of finite representation type. A bilinear
form and its associated quadratic form are given on the Grothendieck
group of artin algebras of finite global dimension which is used to
give not only a classification of the hereditary artin algebras of finite
representation over an algebraically closed field, but also a classification
of their modules.

By way of an introduction to the theory of hereditary artin algebras
of infinite representation type, the last part of the chapter is devoted to
the study of the representation theory of the Kronecker algebra which
is the simplest, at least in some respects, of the hereditary artin algebras
of infinite representation type. A classification of all modules over the
Kronecker algebra is given using the Auslander—Reiten-quiver of the
algebra.

257
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258 Hereditary algebras

1 Preprojective and preinjective modules

This section is devoted to deriving basic properties of two important
types of modules over hereditary algebras. These resuits are then used to
give a description of the components of the AR-quiver of a hereditary
artin algebra which contain either projective or injective modules.

We begin by pointing out some distinctive features of modules over
hereditary algebras which play a crucial role in our discussion of prepro-
jective and preinjective modules. In this connection we remind the reader
that an artin algebra A is hereditary if and only if A° is hereditary. We
now recall and elaborate on the properties of modules over hereditary
algebras given in IV Section 4.

Let A be a hereditary artin algebra. As usual, mods A denotes the
subcategory of mod A consisting of those A-modules with no indecom-
posable projective summands and modys A denotes the subcategory of
mod A consisting of those A-modules with no indecomposable injective
summands. Since #(4, B) = 0 for all A and B in mods A by IV Propo-
sition 1.15, we have that mod,; A = mody A. Since #(A4, B) =0 for all 4
and B in mod s A, we have that mods A = mod s A. Therefore the inverse
equivalences D Tr:mod, A — mody A and TrD:mods A — mod, A
give inverse equivalences D Tr: mody A — mody A and TrD:modys A —
mods A. We now point out some other properties of these functors on
which the theory of preprojective and preinjective modules is built.

For each nonnegative integer n define modj A to be the subcategory of
modg A consisting of all A-modules A such that for all indecomposable
summands A’ of 4 we have that (D Tr)"4’ is not projective. Similarly,
define mod’; A to be the subcategory of mods A consisting of all A-
modules B such that for all indecomposable summands B’ of B we
have that (Tr D)"B’ is not injective. It should be noted that we have
mody A = mod% A > mody A o --- > mod} A > mody ! A > -+ and
modys A = mod} A > mods A > -+ > mod’s A > mod' A > ---. From
the easily verified fact that D((D Tr)"A) ~ (Tr D)"(DA) for all A in mod A,
it follows that a A-module A is in modj A if and only if the A°P-module
DA is in mod’y; A. Therefore the duality D:mod A — mod(A°P) induces
a duality D:mod} A — mod’;(A°P). We will usually state our results for
the categories mody, A and leave it to the reader to give the dual results
for the categories mod’; A.

The following result is our main reason for introducing the subcate-
gories mody A of mod A.
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Lemma 1.1 Let A be a hereditary artin algebra and n a nonnegative in-

teger. Then the functor (D Try**':mod% A — mod, A has the following

properties.

(@) The functor (D Try**! is full and faithful.

(b) A module A in mod}, A is indecomposable if and only if (D Tr)"14
in mod s A is indecomposable.

Proof (a) We proceed by induction on n. If n = 0, then modg,A =
modgs A and then we have the functor D Tr:mods A — mod s A which
we know is full and faithful. Suppose the statement in (a) is true
for n—1 > 0. Let A and B be in modz A. Then A and B are
in mod;;lA and so (D Tr)":Homy(A4, B) — Homy((D Tr)"A, (D Tr)"B)
is an isomorphism. But (D Tr)"(4) and (D Tr)*(B) are in mods A by
definition of modj A. Therefore D Tr:Homy((D Tr)"4, (D Tr)"B)) —
Homy ((D Try**1A4, (D Tr)**1B) is an isomorphism. This implies that the
composition (D Tr)**1:Homa(4, B) — Homa((D Tr)**!'4,(D Tr)**'B) is
an isomorphism.

(b) This is a trivial consequence of (a). |

An indecomposable module A over a hereditary artin algebra A is said
to be preprojective if there is a nonnegative integer n such that (D Tr)"A4
is a nonzero projective module.

It is not difficult to see that for an indecomposable preprojective
module A4 there is only one nonnegative integer n such that (D Tr)*4 is a
nonzero projective module. We denote this uniquely determined integer
by v(A). If A is not preprojective, we define v{A4) to be co. We also remark
that if 4 is an indecomposable preprojective module, then (D Tr)*™@4
is an indecomposable projective module. We denote by P(A) (or 2 for
short) the indecomposable objects of ind A which are preprojective, and
sometimes we also view @(A) as the corresponding full subcategory of
ind A. That a A-module A4 is an indecomposable preprojective module
will often be denoted by saying that A is in 2. An arbitrary A-module is
said to be a preprojective module if it is isomorphic to a sum of modules
in 2. It is easy to see that an arbitrary module A is preprojective if and
only if (D Tr)*A = 0 for some nonnegative integer n.

An indecomposable module B over a hereditary artin algebra A is
said to be preinjective if there is a nonnegative integer n such that
(Tr D)"B is a nonzero injective module. It is not difficult to see that for
an indecomposable preinjective module B there is only one nonnegative
integer » such that (Tr D)"B is a nonzero injective module. We denote this
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uniquely determined integer by w(B). If B is not preinjective we define
u(B) to be co. We also remark that if B is an indecomposable preinjective
module, then (Tr DY*®)B is an indecomposable injective A-module. The
set of objects in ind A which are preinjective is denoted by #(A), or by
% when it is clear with which hereditary artin algebra A we are dealing.
Sometimes (A) is viewed as the corresponding full subcategory of ind A.
That a module B is an indecomposable preinjective module will often be
denoted by saying that B is in #. An arbitrary A-module is said to be
a preinjective module if it is isomorphic to a sum of modules in . It
is easy to see that an arbitrary module B is preinjective if and only if
(Tr D)"B = 0 for some nonnegative integer n.

We now show that preprojective and preinjective modules are dual
notions.

Proposition 1.2 Let A be a hereditary artin algebra. Then the duality
D:mod A — mod(A°P) induces a duality between the full subcategory of
mod A consisting of the preprojective A-modules and the full subcategory
of mod(A°P) consisting of the preinjective A°P-modules.

Proof We only have to show that if 4 is a A-module, then A4 is pre-
projective if and only if the A°’-module DA is preinjective. But we have
already observed that D(D Tr)"A =~ (Tr D)"(DA). Therefore (D Tr)"4 =0
if and only if (Tr D)*(DA) = 0. This gives our desired result since A is
preprojective if and only if (D Tr)"A4 = 0 for some nonnegative integer n
and a A°P’-module B is preinjective if and only if (Tr D)"B = 0 for some
nonnegative integer n. m|

In light of this result, we will usually concentrate on the preprojective
modules and leave it to the reader to give the dual statements for
preinjective modules.

We begin our study of the preprojective modules over a hereditary
artin algebra A with the following basic facts about 2(A).

Proposition 1.3 Let A be a hereditary artin algebra.

(a) A and B in @V’(A) are isomorphic if and only if v(A) = v(B) and
the indecomposable projective modules (D Tr)*™ A and (D Tr)*® B are
isomorphic.

(b) Let n be a nonnegative integer. Then the subset of P(A) consisting of
those A with v(A) < n is finite.

(¢) The cardinality of P(A) is at most No.
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Proof (a) We only have to show that if v(4) = v(B) and (D Tr))“¥4 ~
(DTr))®B, then A4 =~ B. But this follows from the fact that
(Tr D)'@((D Tr)*“A) ~ A and (Tr D)"®)((D Tr)"'®)B) ~ B.

(b) Let n be a fixed nonnegative integer. Suppose P is an indecompos-
able projective module. Then by (a) there are at most # nonisomorphic
modules 4 in 2 such that v(4) < n and (D Tr)®A4 ~ P. Since there
are only a finite number of nonisomorphic indecomposable projective
modules, we have our desired result.

(c) This follows directly from (b). m]

As an easy consequence of Proposition 1.3 we have the following.

Corollary 1.4 Let A be in P.
(a) If B is in Supp Homa( , A), then B is in 2 with v(B) < v(A).
(b) SuppHomay( , A) is finite.

Proof (a) To prove (a) it suffices to show the following. If B is in
Supp Homy( ,A4) with (D Tr)’B not projective for i < v(4) — 1, then
(D Tr)"“B is projective. Since B and A are in mod}®~! A, we have by
Lemma 1.1 that (D Tr)*™: Homy (B, A) — Homa((D Tr)*“WB, (D Tr)'“ 4)
is an isomorphism. Therefore there is a nonzero morphism h:
(D Tr)’™B — (D Tr)*“A. Since (D Tr)*“A4 is projective and (D Tr)*“B
is indecomposable, it follows from III Lemma 1.12 that (D Tr)’*“B is
projective.

(b) By part (a) we have that Supp Homa( , A) is contained in the subset
of 2 consisting of all X with v(X) < v(A4), which we know is finite by
Proposition 1.3. |

We now apply our previous observations to show that 5’(/\) has a
natural structure as a partially ordered set. Consider the relation on ﬁ(A)
given by B < A if there is a finite sequence B = Ay ELN Ay LS A=A
of nonzero morphisms between modules in é’(A). Since this relation is
obviously transitive and reflexive, it defines a partial order on P(A) if it
is antisymmetric. That this is indeed the case is shown in the following.

Proposition 1.5 Let A be in ?’(A) for some hereditary artin algebra A.

(a) Suppose A = Ay 4 Ay LR LY Ay = A is a sequence of nonzero
morphisms between indecomposable modules. Then all the f; are iso-
morphisms.
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(b) Endy(A) is a division algebra isomorphic to Enda((D Tr)*“A).

Proof (a) Since Ap—; is in Supp Homa( ,4) we have by Corollary 1.4
that v(4,—1) < v(A4). Therefore it follows by induction on m that v(4) <
v(Ay) < - < v(4;) € -+ < v(A). Letting n = v(4), we have that
v(A;)) =nfor all i =0,1,...,m. If n =0, ie. A is projective, then by
IIT Lemma 1.2 we have that all the 4; are indecomposable projective
modules and all the f; are monomorphisms. But that means all the f;
are isomorphisms since Ao = A = A,,.

Suppose n > 0. Then all the D Tr" A; are indecomposable projective A-
modules and so the 4; are in mod’% ! A. Since by Lemma 1.1 the functor
D Tr": mod'?;1 A — mod A is full and faithful, we have that (D Tr)"4A =
DTy do “ B D Trra, —» - P B (D Teyrd, = (DT 4 is a se-
quence of nonzero morphisms between indecomposable projective mod-
ules. Hence all the (D Tr)"f; are isomorphisms as in the case n = 0.
Therefore all the f; are isomorphisms since (D Tr)*:mod’% ' A — mod 4 A
is a full and faithful functor.

(b) This is a trivial consequence of part (a). a

From now on we consider @(A) for a hereditary artin algebra A as a
partially ordered set by means of the ordering given above, ie. B < A4 if
there is a finite sequence of nonzero morphisms B=A4y — - > 4, = A4
in ?’(A). The following is an easily verified but nonetheless important
property of the ordering on P(A).

Proposition 1.6 Let A be in g’(A). Then we have the following.

(a) If B < A, then v(B) < v(4).
(b) The set of all B in g”(A) with B < A is finite.

Proof (a) Suppose B < A andlet B = Ay EEQRRELY An = A be a sequence
of nonzero morphisms in g’(A). Since fy:Am—1 — Ap is not zero, we
have that A, is in Supp Homa(, A,) and so v(4,,—1) < v(4,) = v(4) by
Corollary 1.4. Proceeding by induction on m, we have that v(B) < v(A).
(b) By (a) we have that the set of all B in ?‘(A) suchthat B< Aisa
subset of the set of all X in &(A) with the property v(X) < v(A). This is
a finite set by Proposition 1.3(b). a

We now apply Corollary 1.4 to obtain the following criterion for when
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Ext}(C,A) # 0 for C in 2(A). Recall that Supp Ext}(C, ) consists of all
indecomposable A-modules A in ind A such that Ext}(C, 4) # 0.

Proposition 1.7 Let A be a hereditary artin algebra and let C be in 2.
Then we have the following.

(a) Supp Ext,l\(C, ) = Supp Homy( , D Tr C).

(b) SuppExt\(C, ) is a finite subset of P with the property that if A is
in Supp Ext.(C, ), then v(4) < v(C)— 1.

(c) Exti(C,C)=

Proof Since the proposition is clearly true for C projective, we may
assume that C is not projective.

(a) Let A be an indecomposable A-module. Since the projective
dimension of C is less than or equal to 1 we have by IV Corol-
lary 4.7 that lRExtA(C A) = IgHomp(A,D Tr C). Therefore we have
that Ext)(C, 4) # 0 if and only if Homy (4, D Tr C) #0.

(b) Since C is in 2 and is not projective, D Tr C is in 2 with v(iIDTrC) =
v(C)—1. Therefore by Corollary 1.4 we have that Supp Homa(,D Tr C) is
finite and if A4 is in Supp Homa(, D Tr C), then v(4) < v(D Tr C) = v(C)—
1. Our desired result now follows from the equality Supp Ext(C, ) =
Supp Homua( ,D Tr C).

(c) This is a direct consequence of part (b). a

We now apply our results about preprojective and preinjective modules
to obtain information about the components of the AR-quiver of a
hereditary artin algebra containing projective or injective vertices. Since
the structure of the AR-quiver of an artin algebra A is determined by
the irreducible morphisms in mod A, it is natural to first investigate how
irreducible morphisms and preprojective and preinjective modules are
connected. The following is our first result in this direction.

Lemma 1.8 Let A be a hereditary artin algebra. Suppose B — A is an
irreducible morphism between indecomposable A-modules. Then we have
the following.

(@) Aisin 2 if and only if B is in 2.
(b) Suppose B is in 2.

(i) If A is projective, then B is projective.
(ii) If A is not projective, then 0 < v(4) — 1 < v(B) < v(A).
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Proof Suppose A is in 2. Then B is in Supp Homy( , 4) and so B is in
2 with v(B) < v(4) by Corollary 1.4.

Suppose B is in P.If A s projective, then A is in 2 and B is projective
by III Lemma 1.12. Suppose A4 is not projective. Then there is an irre-
ducible morphism DTrA — B. So we have by our previous argument
that DTr A is in 2 with v(D Tr A) < v(B). Therefore A is in 2 and we
have 0 < v(4) — 1 < v(B) < v(A) since v(DTrA) = v(4) — 1 when A is
not projective. This finishes the proof of the lemma. m|

For an indecomposable preprojective module A we call the correspond-
ing vertex [A] in the AR-quiver a preprojective vertex, and we identify the
set of objects 2 with the preprojective vertices in the AR-quiver. Then
Lemma 1.8 shows that if one vertex of a component of the AR-quiver
of a hereditary artin algebra is preprojective, then all the vertices in the
component are preprojective. Such components are called the preprojec-
tive components of the AR-quiver. We also have that 2 is the union of
the vertices in the preprojective components of the AR-quiver.

Dually we identify the objects # with the corresponding vertices in
the AR-quiver which we call preinjective vertices. If one vertex of a
component of the AR-quiver is preinjective, then all the vertices in the
component are preinjective. Such components are called the preinjective
components of the AR-quiver. We also have that  is the union of the
vertices in the preinjective components of the AR-quiver.

We now want to identify the preprojective components more precisely
as the components containing projective modules. Dually, the preinjective
components are the components containing injective modules. This
follows from the following more general result.

Proposition 1.9 Let A be an indecomposable module over a hereditary artin
algebra A. Then the following are equivalent.

(a) A is preprojective.

(b) Supp Homx( , A) is finite.

(c) There exist a natural number m and a chain of irreducible morphisms
between indecomposable modules P = C, —jl C fi ﬁ"» Cn=A
with P projective and the composition f,, - - f2f1 not zero.

(d) There exist a natural number m and a chain of irreducible morphisms

between indecomposable modules P = C, ll» Cy Lz» ﬁ"» Cn =
with P projective.
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Proof (a) = (b) This is proven in Corollary 1.4(b).

(b) = (c) Since Supp Homu( , A) is finite we know by V Lemma 7.6(b)
that there is some n in IN such that rad}i( ,4) = 0. This implies by
V Proposition 7.4(b) that each nonzero morphism f:B — A with B
indecomposable can be written as a sum of nonzero compositions of
irreducible morphisms between indecomposable modules. Since 4 # 0
there is some indecomposable projective module P in Supp Homy( , A).
Therefore there is a chain of irreducible morphisms between indecompos-

able modules P = C 2» C Lz» e L"i Cy, = A with nonzero composition.

(¢) = (d) This is trivial.

(d) = (a) If A is projective, there is nothing to prove. Suppose A is
not projective and proceed by induction on m. If m = 1, then there is an
irreducible morphism P — A. Then by Lemma 1.8 we have that 4 is in
2.

Suppose m > 1. Then by the induction hypothesis we know that C,,—;
is in 2. Since there is an irreducible morphism C,_; — A and A4 is not
projective, we have by Lemma 1.8 that A4 is in 2. This shows that (d)
implies (a). m|

As an immediate consequence of this proposition we have the following.

Corollary 1.10 Let A be a hereditary artin algebra.

(a) A component of the AR-quiver of A is a preprojective component if
and only if it contains some projective vertices.

(b) A component of the AR-quiver of A is a preinjective component if and
only if it contains some injective vertices. m|

From this it follows that a hereditary algebra has only a finite number
of preprojective components and a finite number of preinjective com-
ponents. Naturally, one would like to know their precise number. The
answer to this question is based on the description given in II Propo-
sition 5.2 of when an arbitrary artin algebra is indecomposable as an
algebra.

Suppose that A is a hereditary artin algebra and Q is an indecompos-
able projective module. Since rQ is a projective module, an indecompos-
able projective module P is a summand of the projective cover of rQ if
and only if it is a summand of tQ, or equivalently, there is an irreducible
morphism from P to Q.

Combining this remark with II Proposition 5.2 we obtain the following.
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Proposition 1.11 For a hereditary artin algebra A the following are equiv-
alent.

(a) The algebra A is indecomposable as an algebra.

(b) All the indecomposable projective A-modules belong to the same com-
ponent of the AR-quiver of A.

(¢) The AR-quiver of A has only one preprojective component. ]

As an immediate consequence of this result we obtain the following
answer to the question about the number of preprojective components
of the AR-quiver of a hereditary artin algebra.

Corollary 1.12 Let A be a hereditary artin algebra. Then we have the
Jollowing.

(a) Two indecomposable projective A-modules belong to the same block of
A if and only if they belong to the same preprojective component of
the AR-quiver of A.

(b) The number of preprojective components of the AR-quiver of A is the
same as the number of blocks of A. O

We now describe in terms of preprojective and preinjective modules
when a hereditary artin algebra is of finite representation type.

Proposition 1.13 The following are equivalent for a hereditary artin algebra
A

(a) The algebra A is of finite representation type.

(b) All A-modules are preprojective.

(c) All injective A-modules are preprojective.

(d) All A-modules are preinjective.

(e) All projective A-modules are preinjective.

(f) All A-modules are both preinjective and preprojective.

Proof (a) < (b) We know by V Theorem 7.7 that A is of finite represen-
tation type if and only if Supp Homy( , 4) is finite for all indecomposable
A-modules A. But by Proposition 1.9 we know that an indecomposable
module A is preprojective if and only if Supp Homy( , 4) is finite. This
gives the equivalence of (a) and (b).

(b) < (c) That (b) implies (c) is trivial. Assume now that D(A) is
preprojective. By Corollary 1.4 we have that Supp Homy(, D(A)) consists
only of preprojective modules. But every indecomposable module is in
Supp Homu ( , D(A)), so (c) implies (b).

(a) < (d) This is the dual of (a) < (b).
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(d) <> (e) This is the dual of (b) <= (¢).
(a) = (f) This is a trivial consequence of previous implications. a

We now prove a stronger version of this proposition.

Proposition 1.14 Let A be a hereditary artin algebra which is indecom-
posable as an algebra. Then A is of finite representation type if and only
if there is an indecomposable A-module A which is both preprojective and
preinjective.

Proof If A is of finite type then all preinjective modules are preprojective
so then there exist indecomposable modules which are both preprojec-
tive and preinjective. Assume next that there exists an indecomposable
preinjective module 4 which is preprojective. Since A is indecomposable
as an algebra there is only one component of the AR-quiver containing
preprojective modules and only one component containing preinjective
modules. Since they have [A] in common, they have to coincide. There-
fore all injective A-modules are preprojective, which by Proposition 1.13
implies that A is of finite representation type. o

Having described the preprojective components and the preinjective
components of the AR-quiver of a hereditary artin algebra abstractly we
now want to describe them geometrically.

Recall from Chapter III that for any artin algebra A we defined the
valued quiver of A in the following way. Let {S;,...,S,} be a complete
list of the simple A-modules up to isomorphism. Let {1,...,n} be the
vertices of the quiver of A, and let there be an arrow from i to j if and
only if Exth(S;, S;) # 0 and give such an arrow valuation (a,b) where
b = dimgna,(syer EXt4(S;, ;) and @ = dimgad,(s;) ExtA(S,, S;). Let P; be
the projective cover of S; for i = 1,...,n. We know that if there is an
arrow from i to j there is a nonzero morphism from P; to P;, and if A is
hereditary there are no oriented cycles in the quiver by III Lemma 1.12.
Recall also that Ext}(S;,S;) # O if and only if P; is a summand of the
projective cover of tP;, which for a hereditary algebra is equivalent to
the existence of an irreducible morphism from P; to P;. Hence if A is
hereditary, there is an arrow from i to j in the quiver of A if and only if

there is an irreducible morphism from P; to P; in the AR-quiver.

. b) . . ab
Consider the valued arrows - ) - in the quiver of A and Pi(<—)Pj

i j
in the AR-quiver of A when A is hereditary. By definition we have b =
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dimEnd,(s;)oe Ext,l\(Si, §;) and a = dimgpq,(s;) Ext,l\(Si, S;), and from Chap-
ter VII we have @’ = dimgg, (s, Irt(Pj, P;) and b’ = dimgng,(s;) Irr(Pj, P;).
Since both a and b’ give the multiplicity of P; as a summand of tP; by
III Proposition 1.14 and VII Proposition 1.3, and a/b must be equal to
a' /b, we have (b,a) = (d,b’). Hence the preprojective component of
an indecomposable hereditary artin algebra A contains a full subquiver
isomorphic to the transpose of the quiver of the opposite algebra of
A. Since the valued quiver A of a hereditary artin algebra contains no
oriented cycles we can form the translation quiver ZA which also has no
oriented cycles. We denote by INA the subtranslation quiver of ZA with
vertices (n,i) with n > 0 and i € A¢. Identifying the set of isomorphism
classes of indecomposable projective modules {[Py],...,[P,]} and the set
of vertices in A we obtain the following result.

Proposition 1.15 Let A be an indecomposable hereditary artin algebra and
A the transpose of the valued quiver of A°P. Then ¢:@ — (INA)g defined by
d([A]) = (v(A), [(D Tr)*“D A)) gives an injective translation quiver morphism
Jfrom the preprojective component of A to NA.

Proof 'We only have to verify that ¢ behaves nicely with respect to

b
the valued arrows in the preprojective component. So let [A] @) [B]

be a valued arrow in the preprojective component of A. If v(4) = v(B)
we have the valued arrow [(D Tr)"W4] @) [(D Tr)"®)B] between projec-

tive vertices in 2. Hence there is an arrow from (v(4), [(D Tr)*“A4]) to
(v(B), [(D Tr)"®)B]) in NA. If v(4) = v(B) — 1 we have an arrow from
(DTr)®B to (D Tr)*“Y4 with valuation (b,a). Hence there is a unique
arrow from (v(4), [(D Tr)*“@A4]}) to (v(B), [(P Tr)*® B]) in NA with valu-
ation (a, b). ]

We now use the translation quiver morphism ¢ to give a different
characterization of finite representation type.

Proposition 1.16 Let A be an indecomposable hereditary artin algebra and
let ¢ be as above. Then A is of infinite representation type if and only if
¢ is a bijection.

Proof If ¢ is surjective then there are infinitely many preprojective
modules and hence A is of infinite representation type.

Conversely if A is of infinite representation type, then (TrD)'P; # 0
for all n. Hence for each n € N and P; projective we have that
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¢[(Tr D)"P;] = (n, [P;]), which shows that ¢ is surjective. The map ¢
is always injective by Proposition 1.15 so we have that ¢ is a bijection. O

The quiver A of the opposite algebra of an indecomposable hereditary
algebra A is called the type of the preprojective component of A. It
follows from III Proposition 1.4 that any finite nonvalued quiver without
oriented cycles is realized as the type of a preprojective component of
a hereditary algebra. In Section 6 we describe exactly which valued
quivers are realized as the type of a preprojective component for an
indecomposable hereditary artin algebra.

2 The Coxeter transformation

In this section we introduce the Coxeter transformation on the
Grothendieck group Ko(mod A) of A when A is an artin algebra of
finite global dimension. We show that this transformation is closely
related to D Tr for hereditary algebras and use this to prove that the
indecomposable preprojective and preinjective modules over a hereditary
artin algebra are determined by their composition factors.

Recall from I Section 1 that the Grothendieck group Ko(modA) of
an artin algebra A is the abelian group F(modA)/R(mod A), where
F(mod A) is the free abelian group on the isomorphism classes [M] of
finitely generated A-modules M and R(mod A) is the subgroup generated
by expressions [A] 4+ [C] — [B] whenever there is an exact sequence of
A-modules0 > 4 —- B —>C — 0.

Throughout this section we let {Sy,...,S,} be a complete set of noniso-
morphic simple A-modules. Then [Si],..., [S,] form a basis for Ko(mod A)
by I Theorem 1.7. Let P; be the projective cover of S; and I; the injective
envelope of §; for j = 1,...,n. Recall that I; ~ DHomy(Pj,A) for all
j=1,...,n by II Proposition 4.6.

The definition of the Coxeter transformation depends on the following,.

Lemma 2.1 Let A be an artin algebra of finite global dimension and S, P;
and I as above. Then the sets { [P;] }}_, and { [I;]}_, are both bases for
Ko(mod A).

Proof We prove that the set { [P;]}}_; is a basis for Ko(mod A). The
other half follows by duality. Since this set has n elements it is enough
to prove that it generates Ko(mod A), since Ko(mod A) is a free abelian
group of rank n. Let S be a simple A-module. Since A has finite global
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dimension there exists a finite projective resolution of S,
0-Qn— " >0 >0 >0 —->S—0

Then [S] = 3" 4(—1)'[Qi] in Ko(mod A), hence [S] is in the subgroup of
Ko(mod A) generated by { [P;] }}_; and therefore Ko(mod A) is generated
by { [Pj] }7=1. O

Let A be an artin algebra of finite global dimension and define
c:Ko(mod A) — Ko(mod A) by c([P;]) = —[I;], where S, P; and I; are as
before. This is clearly an isomorphism since ¢ takes a basis to a basis
according to Lemma 2.1, and it is called the Coxeter transformation.
Observe that ¢c[P] = —[D Homy (P, A)] for any projective A-module P.

We now specialize to A being a hereditary artin algebra. We fix the basis
B = {[S1},...,[Sn] } of Ko(mod A). A nonzero element x € Ko(mod A)
is called positive if all its coordinates with respect to & are nonnegative,
or equivalently x = [M] for a module M in mod A. A nonzero element
x € Ko(mod A) is called negative if all its coordinates with respect to 4
are nonpositive, or equivalently x = —[M] for a module M in mod A.
We have the following result.

Proposition 2.2 Let A be a hereditary artin algebra and let ¢ be the Coxeter

transformation. We then have the following.

(@) If M is in mod A, then c[M] = [DExt (M, A)] — [D Homp(M, A)].

(b) If M is an indecomposable nonprojective A-module, then c[M] =
[D Tr M].

(¢) Let M be an indecomposable A-module. Then M is projective if and
only if c[M] is negative.

(d) If M is an indecomposable module, then c[M] is either positive or
negative.

(e) IfMisinmodA, then c”![M]= [Ext,l\.,p(DM ,A)]—[Homp (DM, A)).

(f) If M is an indecomposable noninjective A-module then ¢~ '[M] =
[Tr DM].

(g) Let M be an indecomposable A-module. Then M is injective if and
only if c"1[M] is negative.

(h) If M is an indecomposable A-module, then c~'[M] is either positive
or negative.

Proof We only prove statements (a), (b), (c) and (d) since statements
(e), (f), (g) and (h) are duals of (a), (b), (c) and (d) respectively.
In order to prove statement (a), let M be in modA and let 0 —
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P, —» Py > M — 0 be a minimal projective resolution of M. Applying
Homy( , A) and writing X* for Homu (X, A) we obtain the exact sequence

0— M* — P§ — P; — Ext}(M,A) — 0.
Next, applying the duality we get the exact sequence
0 — D Ext\(M,A) - DP; — DP; - DM" — 0.

From this we deduce that [D Ext}\(M, A)] — [DM*] = [DP[] — [DP;] =
—c[P1] + ¢[Po] = ¢([Po] — [P1]) = c[M].

(b) We know that if M is an indecomposable nonprojective module,
then Homa (M, A) = 0 since A is hereditary. Therefore we have ¢c[M] =
[D Ext,l\(M ,A)] according to (a). But for a hereditary artin algebra A, the
functor Tr is isomorphic to Ext,l\( ,A), and hence ¢[M] = [D Tr M].

The statements (c) and (d) are direct consequences of (a) and (b). O

As an immediate consequence of this proposition we have the following
results about indecomposable modules over a hereditary artin algebra A.

Corollary 2.3 Let M and N be indecomposable modules over a hereditary

artin algebra A with [M] = [N] in Ko(mod A) and let ¢ be the Coxeter

transformation.

(a) M is projective if and only if N is projective.

{(b) If M is projective, then M ~ N.

(c) M is preprojective if and only if there exists a natural number n with
c"[M] negative.

(d) If M is preprojective, then M ~ N.

(e) M is injective if and only if N is injective.

(f) If M is injective, then M ~ N.

(g) M is preinjective if and only if there exists a natural number m with
¢ ™[M] negative.

(h) If M is preinjective, then M ~ N.

Proof Again we only prove the statements (a), (b), (c) and (d). The
other statements are duals of these statements.

(a) Let M and N be indecomposable modules. From Proposition 2.2 (¢)
we have that M is an indecomposable projective module if and only if
c[M] is negative. But since c[M] = c¢[N] and N is indecomposable, we
get that N is projective if and only if M is projective.

(b) Let M and N be indecomposable modules with [M] = [N] and M
projective. From (a) it follows that both M and N are projective. Since
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M is projective and [M] = [N] there exists a nonzero homomorphism
f:M — N. But since A is hereditary and N is an indecomposable pro-
jective module and M is indecomposable, f has to be a monomorphism.
Finally [M] = [N] implies that M and N have the same length and
therefore f has to be an isomorphism.

(c) Let M be an indecomposable module. We know that M is pre-
projective if and only if there exists a nonnegative integer n such that
(D Tr)"M is projective. Using Proposition 2.2(b) and (c) we have that the
last statement is equivalent to the existence of a nonnegative integer m
such that ¢"[M] is negative.

(d) Let M and N be two indecomposable modules with [M] = [N]
and let M be preprojective. We know from (c) that there exists a positive
integer m such that ¢"[M] = ¢™[N] is negative. Let m be the least such
number. Then [(D Tr)*"'M] = ¢"'[M] = ¢"![N] = [(DTr)""'N] is
positive and hence (D Tr)"~'M and (D Tr)"~!'N are both indecompos-
able projective and therefore isomorphic according to (b). Hence M is
isomorphic to N. m]

In the next chapter we will come back to the problem of when over ar-
bitrary artin algebras indecomposable modules M are determined by [M]
in Ko(mod A), as we have just shown for preprojective and preinjective
modules over a hereditary artin algebra.

Since by Proposition 1.13 we have that all modules over an hereditary
artin algebra of finite representation type are preprojective, the following
is an immediate consequence of the above result.

Corollary 2.4 Suppose A is a hereditary artin algebra of finite representa-
tion type. Then two indecomposable A-modules M and N are isomorphic
if and only if [M] = [N] in Ko(mod A). ]

3 The homological quadratic form

When a hereditary artin algebra A is of finite representation type, then
all indecomposable A-modules are preprojective and preinjective. We
shall see however that if A is of infinite representation type, there is
always some indecomposable A-module which is neither preprojective
nor preinjective, and such modules and their components of the AR-
quiver will be investigated in the next section. We obtain this result as
a consequence of introducing a homological quadratic form associated
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with any artin algebra of finite global dimension, and showing that for
a hereditary algebra A this form is positive definite if and only if A is of
finite representation type.

Let A be an artin R-algebra of finite global dimension n. For each short
exact sequence 0 > N’ - N - N” — 0 in mod A and each M in mod A
we obtain the long exact sequence 0 — Homp (M, N') —» Homp(M,N) —
Homy(M,N") — Exti(M,N’) - --- — Exti}(M,N’) - Ext}(M,N) —
Ext} (M, N”) — 0. Hence by counting lengths we get

> (—1)Ir(Exti(M,N)) = > (—1)Ig(Exty(M,N'ILN")).

i=0 i=0

Similarly, if 0 - M’ - M — M” — 0 is an exact sequence and N is a
A-module we obtain

> (—1)IR(Exty(M,N)) = > (—1)Ir(Exty(M' T M",N)).
i=0 i=0

Therefore defining

n

B(M,N) = (—1)Ir(Exty(M, N))
i=0

for each pair of modules M and N in mod A we get a bilinear form from

Ko(mod A) x Ko(mod A) to Z, which we also denote by B. Associated

with this bilinear form is the quadratic form g:Ko(mod A) — Z where

q(x) = B(x,x) for x in Ko(mod A), and which we call the homological

quadratic form. Recall that g is positive definite if g(x) > 0 for all x % 0..
We now restrict our consideration to hereditary algebras and prove

that g is positive definite if and only if A is of finite representation type.
We first prove the following.

Proposition 3.1 Let A be a hereditary artin algebra and q the associated
homological quadratic form. If A is of infinite representation type, then q
is not positive definite.

Proof Let A be a hereditary artin R-algebra of infinite representation
type which we without loss of generality may assume is indecomposable
as an algebra. Then the preprojective component of the AR-quiver I'y
is infinite. Hence for each indecomposable projective A-module P and
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each natural number n we get that

a((TtD)"P]) = Ir(Ends((Tr D)"P)) — Ir(Exta((Tr D)'P,(Tr D)"P))
= Ir(Enda((Tr D)'P))

since Ext}\((Tr D)'P,(Tr D)"P) = 0 by Propositionl.7. Further, for hered-
itary artin algebras we have that End,((TrD)"P) is a division ring
isomorphic to Enda(P) by Proposition 1.5. Hence g assumes the value
Ir(Enda(P)) for infinitely many different elements x in Ko(mod A). How-
ever, if g is positive definite g extends by linearity to a positive definite
form on @ ®z Ko(mod A). Further, g extends to a continuous quadratic
form on R ®z Ko(mod A). However, if q is positive definite, g ex-
tends by linearity to a positive definite form on @ ®z K¢(mod A) and
by continuity to a quadratic form on R ®z Ko(mod A) which we also
denote by g. Considering the associated symmetric bilinear form B’ on
Q®zKo(mod A) xQ®zKo(mod A) given by B'(x,y) = 1(B(x, y)+B(x, y)),
there is by the Gram-Schmidt process an orthogonal basis {vy,...,v,} of
Q ®z Ko(mod A) relative to B'. Let v = Y, osv; # 0 be an element
of R ®z Ko(modA). Then we have that q(v) = Y&, «?B'(v;,v;) > 0
and hence the extension of the quadratic form to R ®z K¢(mod A) is
positive definite. Hence the extension of g to a quadratic form on
R ®z Ko(mod A) is positive definite. But it is well known that for a
positive definite quadratic form ¢ on a finite dimensional vector space
V over the real numbers, the set {x € V|q(x) < r} is a bounded set for
each real number r. Hence for each real number r there is only a finite
number of lattice points z in R ®z K¢(mod A) which satisfy ¢(z) < v.
Especially this holds for v = Ig(EndsP). This finishes the proof of the
proposition. |

In order to prove the converse of Proposition 3.1 we will need the
following lemma which also has some other applications.

Lemma 3.2 Let A be an artin R-algebra and let N’ and N” be A-modules.
If0 > N - N - N” — 0 is a nonsplit extension, then Ix(Ends(N)) <
IR(EndA(N'[IN")) — 1.

Proof Let A be an artin R-algebra, N’ and N” modules and assume
0> N - N - N” — 0 is a nonsplit extension. We then obtain the
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following exact commutative diagram with f nonzero.

0 0 0
! ! !

0 — Homa(N",N) — Homa(N",N) — Homy(N",N")
! ! !

0 — Homp(N,N') — Homa(N,N) — Homy(N,N")
! ! !

0 — Homy(N',N) — Homa(N',N) — Homy(N',N")
17

Exti(N”,N').

Since f is nonzero we have
Ir(Homy (N, N')) < Ig(Homa(N", N')) + lr(Homs(N',N")) — 1.
Hence we get

Ir(Homx (N, N)) Ir(Homu (N, N')) + Ir(Homu (N, N"))
Ir(Homa(N", N")) + Ir(Homa(N', N")) — 1
+ Ir(Homa(N", N")) + Ig(Homa(N',N"))

lR(EndA(N']_[N”)) -1

IA A

O

In order to establish the converse of Proposition 3.1 as well as proving
that there exist modules which are neither preprojective nor preinjective
for an artin algebra of infinite representation type we need the following.

Lemma 3.3 Let A be a hereditary artin algebra with q the homological
quadratic form. Then q([M]) > 0 for all nonzero M in mod A if and only
if q(x) > 0 for all nonzero x in Ko(mod A).

Proof We only have to prove that if g([M]) > O for all nonzero M in
mod A, then g(x) > O for all nonzero x in K¢(mod A). Assume therefore
that g([M]) > 0 for all nonzero M in mod A and let x € Ko(modA)
be nonzero. Then there exist M and N in mod A without common
composition factors such that x = [M] — [N]. Calculating g(x) we get

g(x) = B(x,x)
B([M], [M]) + B([N], [N]) — B([M], [N]) — B([N], [M])
= ¢q([M]) + q([N]) — Ir(Homa(M, N))

+Ir(Exti (M, N)) — Ir(Homy (N, M)) + Ir(Exti (N, M)).
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However, Homp(M, N) = 0 = Homua(N, M) since M and N have no
common composition factors, so g(x) = g([M]) + q([N]). Since at least
one of the modules M and N is nonzero, we get g(x) > 0. ]

The next result shows that the homological quadratic form not being
positive definite implies the existence of a certain type of indecomposable
modules.

Proposition 3.4 Let A be a hereditary artin algebra with homological
quadratic form q. If q is not positive definite then the following hold.

(a) There exists an indecomposable module M with Exti(M, M) # 0.

(b) There exists an indecomposable module which is neither preprojective
nor preinjective.

(c) A is of infinite representation type.

Proof (b) follows from (a) since the indecomposable preprojective and
preinjective modules have no selfextensions by Proposition 1.7 and its
dual.

In order to establish (a), let A be an artin algebra where the homolog-
ical quadratic form ¢ is not positive definite. Then there exists a nonzero
element x € Ko(mod A) with g(x) < 0. But this happens if and only if
there is a nonzero module M in mod A with g([M]) < 0 by Lemma 3.3.
Choose now M nonzero such that Ig(Ends(M)) is minimal and such that
q[(M)] < 0. We claim that there exists an indecomposable module N in
mod A with I(N) < I(M) such that Ext{(N, N) # 0.

If M contains an indecomposable summand N with Exti(N,N) # 0
we are finished. So without loss of generality we assume that all indecom-
posable summands N of M have the property that Ext)(N,N) = 0. We
show that this implies that M is indecomposable with Ext) (M, M) # 0.

Since ¢([M]) < 0 it follows that Ext,(M,M) # 0. Then there ex-
ists an indecomposable summand M; of M with Exti(M;, M) # 0.
Decompose M as M) [[ M,. Since by assumption Ext}(M;,M;) = 0
we have Exti(M;,M;) # 0. So we have a nonsplit exact sequence
0—- M, - M — M; — 0. But then Ir(Enda (M) < Ir(Enda (M, HMz))
by Lemma 3.2. Since [M’] = [M], we get a contradiction to our choice of
M. Hence M has an indecomposable summand N with Ext} (N, N) # 0.

Part (c) follows from (b) since for a hereditary artin algebra of fi-
nite representation type every indecomposable module is preprojective or
preinjective. |
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We have the following immediate consequence of Proposition 3.1 and
Proposition 3.4.

Corollary 3.5 If A is a hereditary artin algebra of infinite representation
type, there is some indecomposable A-module which is neither preprojective
nor preinjective. O

We also get the following characterization of finite representation type
in terms of the homological quadratic form using Proposition 3.1 and
Proposition 3.4.

Theorem 3.6 Let A be a hereditary artin algebra with homological quad-
ratic form q. Then A is of finite representation type if and only if q is
positive definite. m]

4 The regular components of the Auslander—Reiten-quiver

In the first section of this chapter we were considering the components
of the AR-quiver of a hereditary artin algebra containing projective and
injective vertices. This gave the description of the preprojective and
preinjective modules and the preprojective and preinjective components
of the AR-quiver. For hereditary artin algebras of finite representation
type this gives a description of all indecomposable modules, and of the
whole AR-quiver. However, if A is of infinite representation type, then
there exist by Corollary 3.5 indecomposable A-modules which are nei-
ther preprojective nor preinjective. Such modules will be called regular
modules, and the components of the AR-quiver containing regular mod-
ules will be the main object of study in this section. These components
are called the regular components of the AR-quiver. Also a module M
which is isomorphic to a sum of regular modules will be called a regular
module.

In V Section 6 we associated to each indecomposable nonprojective
A-module C the number of summands in a decomposition of B into
indecomposable modules when there is a minimal right almost split
morphism f:B — C. This number was denoted by «(C) and is, as
mentioned in V Section 6, in a sense a measure of the complexity of
morphisms to C. It is also a measure of the complexity of I'y in a
neighbourhood of the vertex [C] associated with C. We will in this
section prove that «(C) < 2 for each C corresponding to a vertex in
a regular component of the AR-quiver of a hereditary artin algebra.
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Further we prove that if f:B; [[ B» — C is a minimal right almost split
morphism with B; and B; nonzero, then one of the morphisms f|p, and
flB, is an epimorphism and the other one is a monomorphism. This
has the consequence that the valuation on the regular component of the
AR-quiver of a hereditary artin algebra is always (1,1) and may therefore
be omitted.

Before starting the discussion of the regular modules we need some
preliminary results. As usual, let mod» A denote the full subcategory of
mod A consisting of all A-modules with no nonzero projective summands.
We have the following description of irreducible morphisms in mods A
when A is hereditary.

Proposition 4.1 Let A be a hereditary artin algebra. A morphism f:A — B
with A and B in modg A is irreducible if and only if in any commutative
diagram

Y

with Y in modg A either g is a split monomorphism or h is a split epimor-
phism.

Proof Let X be in mod A. Write X as Y [[ P with Y in mods A and P
projective. Then any commutative diagram

b'e
AmB

can be written as

Ymr

(g}l)/f\(‘hl,hz)

A ——» B

Since A is in mody A and P is projective, we have that g;: A — P is zero,
so that the diagram

Y
N,
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commutes. Since 4 is in mods A we have that g; is a split monomor-
phism if and only if (g;) is a split monomorphism and since B is in
modg A we have that hy is a split epimorphism if and only if (hy, ) is
a split epimorphism. Our desired result is a trivial consequence of this
observation. a

Applying this lemma we obtain the following important connections
between irreducible morphisms and the functors D Tr and TrD.

Corollary 4.2 The following statements are equivalent for a morphism
f:A — B in mods A when A is a hereditary artin algebra.

(@) The A-morphism f:A — B is irreducible.

(b) The A°P-morphism Trf:TrB — Tr A is irreducible.

(¢) The A-morphism DTrf:DTrA — D Tr B is irreducible.

Proof (a) < (b) This equivalence follows immediately from the fact
that Tr:mody A — mods A°P is a duality and the criterion given in
Proposition 4.1 for a morphism in modgs A to be irreducible.

(b) <= (c) This equivalence follows from the fact that a morphism f in
mod A is irreducible if and only if D(f) in mod(A°P) is irreducible. O

The following is the dual of Corollary 4.2.

Corollary 4.3 The following statements are equivalent for a morphism
f:A — B in mods A where A is a hereditary artin algebra.

(@) The morphism f:A — B is irreducible.
(b) The morphism Tr D(f): Tr DA — Tr DB is irreducible. a

In IV Corollary 1.14 we showed that for a hereditary algebra A, the
functors Tr:mod A — mod(A°P) and Ext,l\( ,A):mod A — mod(A°P) are
isomorphic. So the functor Tr is right exact, ie. if 0 - 4 - B —
C — 0 is an exact sequence, then TrC — TrB — Trd — 0 is exact.
Therefore the functor D Tr:mod A — mod A is left exact and the functor
TrD:modA — modA is right exact. We now want to refine these
observations a bit.

Lemma 44 Let 0 - A —- B — C — 0 be an exact sequence for a

hereditary artin algebra A. Then we have the following.

(@) If Ais in modg A, then 0 - TrC — TrB —» Tr4 — 0 and 0 —
DTrA — DTrB — DTrC — 0 are exact sequences.
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(b) IfCisinmody A, then 0 > TrDA - TrDB — TrDC — 0 is exact.

Proof (a) Applying the functor Hom( ,A) to the exact sequence 0 —
A — B — C — 0 we get the exact sequence Homy (4, A) — Ext,l\(C,A) —
Extl(B,A) — Exti(4,A) — 0. Since 4 is in mody A, it follows that
Homy (4, A) = 0, which gives the first part of (a). The second part of (a)
follows trivially from the first part.

(b) Since C is in mod s A, we have that D(C) is in mod»(A°P). Then
we have by (a) that 0 - TrDA — TrDB — Tr DC — 0 is exact. a

We now apply these general remarks to the category #(A) of all regular
modules over a hereditary artin algebra A of infinite representation type.
It follows from Section 1 that #(A) has the following properties.

(a) If there is an irreducible morphism 4 — B between indecomposable
modules, then A is in Z(A) if and only if B is in Z(A).

(b) If Aisin #(A), then D Tr A and Tr DA are in Z(A).

(c) Z(A) is contained in mody A N mod s A.

Combining these properties of #(A) with our previous results about
D Tr and Tr D we have the following.

Proposition 4.5 Let A be a hereditary artin algebra of infinite representation
type. Then the functors D Tr: A(A) — R(A) and TrD:RA(A) — R(A) are
inverse equivalences which preserve

(a) exact sequences,
(b) irreducible morphisms,
(c) almost split sequences. O

We are now ready to start our investigation of the structure of the
regular components of a hereditary artin algebra A of infinite representa-
tion type. For the sake of brevity, we make the convention in this section
that when we speak about regular A-modules we are assuming that A is
a hereditary artin algebra of infinite representation type.

We start with the following general remark.

Proposition 4.6 Let M and N be in Z(A).

(a) If there is a proper monomorphism f: M — N, then there is no proper
monomorphism g:N — TrDM.

(b) If there is a proper epimorphism f:M — N then there is no proper
epimorphism g: TrDN — M.
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Proof (a) Assume that there is a proper monomorphism f:M —
N. Since DTr:#(A) — Z(A) is an exact equivalence of categories,
(DTr)": A(A) — £(A) is an exact equivalence of categories for all
positive integers n. Therefore (D Tr)"f:(DTr)"M — (DTr)"N is a
proper monomorphism for all positive integers n. Suppose now that
g:N — TrDM is a proper monomorphism. Then (D Tr)"g: (D Tr)*N —
(D Tr)"'M is a proper monomorphism for all positive integers n. Then
we get the infinite sequence of proper monomorphisms

S TN P b m ™S pTen "BE M L N,

which contradicts the fact that N has finite length. Therefore g is not a
proper monomorphism.
(b) This is dual of (a). O

As an immediate consequence of this result, we have the following.

Corollary 4.7 Let f:M — N and g: N — Tr DM be irreducible morphisms
with M and N in #(A). Then f is a monomorphism if and only if g is an
epimorphism. m]

We now apply this corollary to obtain the following result about
irreducible morphisms in %(A).

Lemma 4.8 Let A be a hereditary artin algebra and M an indecomposable
module in A(N).

(a) Let (f1,f2):X]]Y — M be an irreducible morphism. If f, is an
epimorphism, then f, is a monomorphism.

(b) Let ( ) M — X 1Y be an irreducible morphism. If g, is a mono-
morphism, then g, is an epimorphism.

Proof As usual we prove (a) and the proof dualizes to establish (b).
Assume (f1,f2): X[[Y — M is irreducible with f; an epimorphism.
Then there exist a module Z and a morphism f3:Z — M such that

(%)
hy
" (Frfaf)

0—-DTrM —)XHYHZ M—-0

is an almost split sequence. Since f; is an epimorphism, (2;) :DTrM —
Y ]I Z is an epimorphism by I Corollary 5.7. This implies that h; is an
epimorphism. Therefore f; is a monomorphism by Corollary 4.7. O
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The next lemma is needed to prove that if M is an indecomposable
module in #(A), then a(M) < 3, which is a step towards proving our
desired result that a(M) < 2.

Lemma 4.9 Let A be a hereditary artin algebra and M an indecomposable
A-module in A(A). If there exists an epimorphism f:N — M which is
irreducible and (f,g): N[ B — M is irreducible for some g: B — M, then
either B is indecomposable or zero.

Proof Let f:N — M be an irreducible epimorphism and let

h
(4)
h
0-DTrM = NI[B[B. "5 M — o0

be an almost split sequence. Since f is an epimorphism, k4 is a monomor-
phism by Corollary 4.7. Hence (f1,f2) is a proper monomorphism

and (ﬁ;) is a proper epimorphism by I Corollary 5.7. Therefore

TrD (ﬁ;) :M — TrD(B,][B:) is a proper epimorphism by Proposi-
tion 4.5. Then we have that (M) > I(Tr DBy) + I(Tr DB;) and (M) >
I(By) +1(Bz). Hence we get 2I(M) > I(Tr DB1)+1(B1) + (Tt DB;) + I(B>).
However, if both B; and B, are nonzero they contain indecomposable
summands B for i = 1,2 with almost split sequences

0— B - C;—>TrDB -0

such that M is a summand of C; for i = 1,2. Hence we get I(M) <
I(B)+I(Tr DB]) < I(B;)+ I(Tr DB;) for i = 1,2. Therefore 2I(M) > 2I(M)
if both By and B, are nonzero, which gives a contradiction. Hence either
B; or By is zero, which completes the proof of the lemma. O

We now prove that a(M) < 3 for any indecomposable module M in
R(N).

Proposition 4.10 Let A be a hereditary artin algebra and M an indecom-
posable module in &(A). Then we have the following.

(a) ao(M)<3.

(b) If (M) =3 and

¢
82
0-DTrM 4 B I[B.1]B: " M =0
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is an almost split sequence, then each g; is an epimorphism and each
fi is a monomorphism.

Proof Consider the almost split sequence

0-DTeM 5 11,8, L M —0
where By, B,,..., B, are indecomposable modules. Assume n > 2. Then
it follows from Lemma 4.9 that none of the f; are epimorphisms. Con-
sider the map (fy,f2):Bi1[[B, — M. If (fi,f2) is an epimorphism,
then ][, B; is either indecomposable or zero by Lemma 4.9. Hence
n < 3 in this case. If (f1,f2) is not an epimorphism, it is a monomor-
phism and hence 2 is an epimorphism by Corollary 4.7. Therefore
(f3,.-->fu):Bs]I... ]I B» & M is an epimorphism and consequently By
or B, is zero. This contradicts the indecomposability of B; and B,, and
completes the proof of (a) as well as (b). |

We now want to exclude the possibility that «(M) may be 3. In order to
do this we have to analyze more closely what happens in case (M) = 3
for an indecomposable module M in Z(A).

Proposition 4.11 Let A be a hereditary artin algebra, let M be an inde-

( fl )
;2
3
composable A-module in A(A) with (M) =3 and let 0 > DTrM —
B, [IB:]1Bs (gl’g—z'fg) M — 0 be an almost split sequence with B; indecom-

posable for i = 1,2,3. Then we have the following.

(@) For i = 1,2,3 there are sequences of irreducible monomorphisms
By, — Biy-1 — -+ — By = B; > M where a(B;;,) = 1 and
OC(B,',]') =2 for j<t.

(b) For i = 1,2,3, there are sequences of irreducible epimorphisms
M — TrDB; = TrDB;; — (TrD)*B;; — -+ — (TrD)"B;,, where
a((Tt DY B;;) = 2 for j <t; and a(Tr D)B;;,) = 1.

(c) Each indecomposable module A where the corresponding vertex [A]
is in the connected component of I'p determined by M is isomorphic
to (TtD)*X for some s € Z and X € {B;; | i = 1,23, 1 <j <

ti}U{M}.
1
(%)
Proof (a) Let 0 > DTrM — B;[[B:][]B; (gﬁs)MAObe an
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almost split sequence. By Proposition 4.10(b), each f; is an epimorphism
for i = 1,2,3. Hence Lemma 4.9 states that «(B;) < 2 for each i = 1,2, 3.
We now complete the proof for i = 1. If a(B;) = 1 we are done. There-
(h’fz ) (fu.f12)
fore assume ®(B;) =2 and let 0 > DTrB; — DTrM][[Bi, —
B; — 0 be an almost split sequence. Since fi is an epimorphism, hy
is also an epimorphism, so a(Bj3) < 2. Further, again since f; is an
epimorphism, it follows by Lemma 4.8(a) that fi, is a monomorphism.
Continuing this way, we get our desired chain of monomorphisms.

Statement (b) is the dual of (a) and follows by duality.

To prove (c) we deduce directly from (a) and (b) that the set of modules
€ = {(DTr)"(By;), DTt'M |n€Z, 1 <i<3, 1< j<t} has the
property that if f: X — Y or g: Y — X is an irreducible morphism with
X in €, then Y is isomorphic to a module in €. m]

Using this result in combination with results from Chapter V we deduce
the following.

Proposition 4.12 Let A be a hereditary artin algebra and C an indecom-
posable A-module in a regular component € of I'p such that there exist
infinitely many n with I((D Tr)"C) < s for a fixed number s. Then we have
the following.

(a) a(X) <2 for all X in the component %.
(b) There exists some X in € with a(X) = 1.

Proof (a) If € contains some X with «(X) = 3, we have by Proposi-
tion 4.11(b) and (c) that there exist an m and irreducible monomor-
phisms C = C; Lo Cy AN (DTr)"X where t is bounded by
max{t|i = 1,2,3}, and where ¢; is as in Proposition 4.11(a). By V Propo-
sition 6.6 we have that

I((D Tr)"X) < I(C)(p* + 1)

where p < I(A). Therefore I((D Tr)**"X) < I(DTr)*C)(p* + 1) <
s(p* + 1) = § for infinitely many »n by assumption. Hence we can
organize it in such a way that there are 2° modules of length bounded by
§' of the form (TrD)?Y with Y in the D Tr-orbit of X and p > 0. From
the almost split sequences 0 — (TrD)4Y (Fefafs)” B I1B:]IBs (Brg38:)
(TrD)9*'Y — 0 we have that each g; is a monomorphism. Therefore
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we get monomorphisms (Tr D)?Y — 3((TrD)4*'Y) for all g, which pro-
duce monomorphisms ¥ — 3(TrDY) —» 9(TrDTY) — ... where each
morphism is in the radical of mod A. This gives rise to nonzero composi-
tions of 2* nonisomorphisms between indecomposable modules of length
bounded by . But we know from VI Corollary 1.3 that the number
of morphisms in such a composition is bounded by 25 — 1, giving the
desired contradiction. This shows that «(X) < 2 for all X in 4.

(b) Choose X in € such that I(X) < [(Y) for any Y in ¥. Sup-

pose a(X) # 1. Then by (a) we have a(X) =2. Let 0 > DTrX —

X 11Xz Vil X — 0 be an almost split sequence with the X; indecom-

posable. Then by Lemma 4.8 we have that either f; or f, is a monomor-
phism. Suppose fi:X; — X is a monomorphism. Then I(X;) < I(X)
which is a contradiction since X is in ¥, and hence o(X) = 1. a

Recall from V Section 7 that rady( ,B) = [),nradj( ,B) is a
subfunctor of Homa( ,B), and by V Corollary 7.11 we have that
Supp Homy( , B)/ rad¥( , B) is infinite if and only if Supp Homa( , B)
is infinite. Further, if X is in Supp Homu( , B)/ rady( , B) for an inde-
composable A-module B, then according to VI Lemma 1.1 we have that
X and B are in the same component of I'y.

We also have the following result.

Lemma 4.13 Suppose that A is an arbitrary artin algebra, not necessar-
ily hereditary. Let f:X — B be a morphism between indecomposable A-
modules with f & rady (X, B). Then Im f contains a summand Y such that
Y is in the same component of I'p as X and B.

Proof Let f:X — B be a morphism with X and B indecomposable
and f ¢ rad¥(X,B). Then clearly i:Imf — B is not in rad{(Im f, B)
and therefore also at least one of the indecomposable summands Y of
Im f has the property that ily: Y — B is not in radX(Y, B) since rady
is a relation on modA. Hence, by VI Lemma 1.1, Y is in the same
component of I', as B. a

With these preliminary remarks we are able to prove that for a heredi-
tary artin algebra a regular component with an indecomposable module
X with «(X) = 3 satisfies the conditions of Proposition 4.12, which then
leads to a contradiction.
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Lemma 4.14 Let A be a hereditary artin algebra and C an indecomposable
A-module in a regular component € of T'a. If o{C) = 3, then there exist a
natural number s and infinitely many n € N such that I((Tr D)"X) < s for
some module X in 6.

Proof Let € denote the component containing C with «(C) = 3. Then
according to Proposition 4.11 there exist B;; fori =1,2,3,and 1 < j <
where t; depends only on %, such that each module in ¥ is either of the
form (D Tr)"(B;;) for some n,i and j or of the form (D Tr)"C for some n.

Choose one of the (D Tr)"B;,, of smallest length in € and denote this
module by X. Since Homy (A, X) # 0 and € contains no projective mod-
ule, we have that radf (A, X) # 0. But then Supp Homu( , X) is infinite,
and hence also SuppHoma( ,X)/rady( ,X) is infinite by V Corol-
lary 7.11. Therefore we can find infinitely many nonisomorphic modules
Y; in € with a nonzero morphism f;:Y; — X with f; ¢ rady(Y;, X).
Hence each Im f; has a summand in 4 according to Lemma 4.13. But
since X was among the modules in ¥ of minimal length, Im f; = X for
all i. Therefore each f; is an epimorphism. Since ¥ contains a module
C with «(C) = 3 we have from Proposition 4.11(c) that ¥ contains only
finitely many orbits under the translation D Tr. We therefore conclude
that there exists some Z € {B;; |i=1,2,3, 1 < j<t}U{C} such that
infinitely many of the Y; are of form (D Tr)"Z. Applying (Tr D)" we get
an epimorphism from Z to (Tr D)"X for infinitely many n, showing that
there are infinitely many n such that I((Tr D)"X) is less than I(Z). This
completes the proof of the lemma. ]

We have now established the following result.

Theorem 4.15 Let A be a hereditary artin algebra of infinite representation
type and let € be a regular component of T'p. Then the following hold.

(a) There exists an infinite chain of irreducible monomorphisms Cg ELL

Clﬁczizwuf-"—;l C,,ﬁ»---in‘ﬁsuch that a(Co) = 1 and «(C;) =2

Jori>1.

(b) For each n € Z and i € N, there is an almost split sequence 0 —
(D Tr)"C; — (D Tr)"*'Cyyy [T(D Tr)"Cimy — (D Tr)*C; — 0, where
C_=0.

(c) The set {(DTr)"Ciln € Z,i € N} constitutes a complete set of inde-
composable modules in € up to isomorphism.
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(d) If h:(DTr)"Ciyy — (DTr)""'C; is any irreducible morphism, then
Kerh ~ (D Tr)"C,.

(e) If (DTr)"C; =~ C; for some n € Z and i € N, then (D Tr)"C; ~ C; for
all je N

(f) The translation quiver € is isomorphic to ZA,,/{t") where n is the
smallest positive integer with (D Tr)"Cy ~ Cy.

Proof (a) By Proposition 4.12 and Lemma 4.14 there exists some C in
% with o(C) = 1. Let C = C; and consider the almost split sequence

00— Cy ﬁ’» Cy X Tr DCy — 0. The module C; is then indecomposable
and in € and «(C;) = 2 since fy is not an epimorphism. Consider the
f1
almost split sequence 0 — C; (g—°>) G 1T DGy (gl—’lzo ) TrDC; — 0. Since
go is an epimorphism, hy is a monomorphism by Corollary 4.7, and
therefore f; is a monomorphism. Proceeding by induction on i we get
our desired sequence of irreducible monomorphisms together with almost
i
split sequences 0 — C; g-':;) Ciy1 ][ Tt DCiy —» Tt DC; — 0.

(b) Applying (D Tr)" to the sequences constructed in the proof of (a)
we obtain (b).

(c) This is a direct consequence of (b) since (b) shows that the set of
isomorphism classes of the modules {(D Tr)"Ci|n € Z,i € IN} give rise to
a whole component of the AR-quiver of A.

(d) Clearly (d) holds for i = 0. The rest of (d) follows by induction on
i

Parts (e) and (f) follow readily. m|

From Theorem 4.15 we get the following geometric picture of a regular
component of the AR-quiver:

Here there is a possibility that (D Tr)*Cy ~ C, for some n € N. Then
(D Tr)"C; ~ C; for all i and we obtain what is called a stable tube.
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5 Finite representation type

In this section we consider hereditary artin algebras of finite representa-
tion type and prove that the associated AR-quivers of such algebras are
all obtained from the Dynkin diagrams. We prove this by applying the
results from VII Section 3 on additive functions.

Let A be an indecomposable hereditary artin algebra of finite repre-
sentation type and let I'4 be the AR-quiver of A. Then I'y is a finite
quiver where the vertices are in one to one correspondence with the
isomorphism classes of indecomposable A-modules. Further, since A is
hereditary, we know from Proposition 1.15 that the preprojective compo-
nent of the AR-quiver of mod A is a translation subquiver of NA where
A is the transpose of the quiver of A°P.

Now let C be the Cartan matrix of the underlying graph A of the
quiver A of A°°. We identify the vertices Ag of A with the D Tr-orbits
in the preprojective component. Then we let d:Ag — Z* be given by
d(x) = > pex (M) for each D Tr-orbit x, where /(M) denotes as usual
the length of the A-module M.

Lemma 5.1 Let A be a hereditary artin algebra of finite representation
type, and let A be the transpose of the underlying valued graph of the
valued quiver of A°®. Let further C be the Cartan matrix of A and let d
be the function defined above. Then each coordinate of dC is equal to 2.

Proof Let x be a D Tr-orbit and consider the xth coordinate of dC,

which is
2 HM) = ep DI,

Mex y Ney

where the y ranges over the neighbors of x in A. But for each noninjective
module M in x we have the almost split sequence

0—-M - [[ycyxN - TrDM — 0

where N runs through the modules corresponding to the immediate
predecessors of Tr DM in I',. Hence we have that {M) + I[(TrDM) =
>-c¢yxl(N), where N runs through the modules corresponding to the
immediate predecessors of TrDM in I'A. We use these equalities to
simplify the expression for the xth coordinate above, so that what is left
is the length of the projective module P, and the injective module I, in
the D Tr-orbit x, and for the neighbors only the length of the radical of
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P, and the length of I,/ socl, are left. Hence we get

2) UMY =D ey > UN)

Mex y Ney
I(Py) — l(xPy) + I(Ix) — I(J+/ socly)
(]
= 2
Lemma 5.1 implies that the function d is a subadditive function on A
which is not additive. Hence A is a Dynkin diagram by VII Theorem 3.3.
As an immediate consequence we get the following.

Proposition 5.2 If A is an indecomposable hereditary artin algebra of finite
representation type, then the underlying valued graph of the quiver A of A
is a Dynkin diagram.

Proof Since the underlying valued graph of a valued quiver and its
opposite quiver are the same and a valued graph is Dynkin if and only
if its transpose is Dynkin, the result follows directly from the above. O

In order to prove that if the underlying valued graph of the quiver of
A is a valued Dynkin diagram then A is of finite representation type, we
need the following list of valued Dynkin diagrams together with their
inverse Coxeter matrices and the orders of these matrices which are all
finite.

Dynkin diagram: Inverse Coxeter matrix: Order
of
matrix:

1100 0
1010 -0

1001 -0 )

. . ——»e My, = L. . n+
Ani 3 2 n S :
1000 - 1

-1 000 --0

-1 200 -0

-1110 -0
12 11010
—ret  ———»e Mg, = S . 2n

1
11

==
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We give a proof that the matrices My,, Mp,, Mc, and Mp, have the
given orders but leave to the reader to verify the result for Mg, Mg,
Mg,, My, and Mg,, which can be done by direct calculations.

Proposition 5.3 The matrices M4,, Mp,, Mc, and Mp, are all diagonaliz-
able with roots of unity as eigenvalues and have the orders n+ 1, 2n, 2n
and 2(n — 1) respectively.

Proof The characteristic polynomial of M, is det(Al — My,) = >, A
But the roots of Y ", A’ are all distinct (n+ 1)-th roots of unity. Therefore
M, is diagonalizable and has order n 4 1.

Consider the matrix Mp . Conjugating with the matrix

1 00 -~ 0

G=| . . . )

100 - 1

gives the matrix
1 2 00 0
o -1 10 --- 0
0 -1 01 0
GMp G =

0O -1 00 --- 1
-1 -1 00 --- 0

Hence the characteristic polynomial of Mp, is (A — 1)(char.pol.M,, ,) +
(—=1)""12(=1)*"! = J* + 1. This polynomial has distinct roots being 2n-th
roots of unity and it has a primitive 2n-th root of unity. Therefore Mg,
is diagonalizable of order 2n.

For the matrix M, conjugate with the same matrix G as above and
obtain the matrix

o 10 --- 0
o 01 ---0
GMc,G™'=] : :
0O 00 --- 1

Hence Mc, has characteristic polynomial A” + (—1)"~}(—1)*1 = 2" + 1.
The same argument as for Mp, applies, showing that Mc, is diagonaliz-
able of order 2n.
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For Mp, conjugate with the matrix

1 00 0
110 -0
G=|001 -0
0 00 1
to obtain
-1 0 10 0
0 -1 0
0 —1 11 0
GMp, G ! =
0 -1 10 - 1
0 -1 10 -+ 0

Hence the characteristic polynomial of Mp, is (4 + 1)(char.pol. Mg, |) =
A+ 1)@ +1). If nis odd then n— 1 is even and therefore —1 is
not a root of A*~! + 1. Therefore Mp, has distinct eigenvalues and is
therefore diagonalizable with 2(n — 1)th roots of unity as eigenvalues,
and it also contains a 2(n — 1)th primitive root of unity as an eigenvalue.
Hence the order of Mp, is 2(n — 1) when n is odd. For n even —1 is a
multiple eigenvalue. However then the vector (1,0,...,0)" and the vector
(0,1,0,1,0,..., 1) are eigenvectors of the matrix GMp G~! correspond-
ing to the eigenvalue —1, showing that in this case the matrix is also
diagonalizable and of order 2(n — 1). a

In order to apply the table of Dynkin quivers and Coxeter matrices
we need one more notion which is also of interest in its own right. This
notion is geometrically inspired as a cross section meeting each D Tr-orbit
once.

Let A be an artin algebra with AR-quiver I'y. A section in I'y is
a valued connected subquiver & of I'y such that the following two
properties are satisfied.

(1) Whenever an arrow « is in & then o(a) is not in &, where o is the
semitranslation in I's.

(2) If an arrow « in & has valuation (s,t) in % and (a,b) in Ty, then
s<aandt<b.
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Example: Let k be a field and let A be the matrix algebra

a00
bcO a,b,c,d,e,f €k
def
Then I'y is as follows.
3
2 5

1 N

4 5 35 6 . 4 5 6.
Here - —» - and - — - — - are sections, but - — - — - is not.

Let & and J be two sections in the AR-quiver I'y of an artin algebra
A. We say that & < 7 if the following two properties are satisfied.

(1) The underlying graph of & is a subgraph of the underlying graph
of 7.

(2) If (s,5) is the valuation of an arrow o in & and (¢t,t') is the valuation
of the same arrow in 7 then s <tand s’ <t

This relation is a partial ordering on the sections in I'y.

A section which is maximal in this ordering is called a full section in
I'a. Two sections & and J are called parallel if there exists some n € Z
such that  is obtained from & by using the translate to the nth power,
i.e. the vertices of J are images of the vertices in & by the translate in
I's to the nth power, the arrows in 4 are the images of the arrows in &
by the semitranslate in I's to the 2nth power, and the valuation of each
arrow in J is the same as the valuation of the corresponding arrow in
<.

If we now consider an indecomposable hereditary artin algebra A,
we know from Proposition 5.2 that the preprojective component is a
subtranslation quiver of ZA, where A is the transpose of the opposite
quiver of A.

We are now in a situation where we can prove the converse of Propo-
sition 5.2 and establish the following result.

Theorem 5.4 Let A be an indecomposable hereditary artin algebra with
associated quiver A. Then A is of finite representation type if and only if
A is a Dynkin diagram.
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Proof We only have to prove that if A is a Dynkin diagram then A is
of finite representation type. Let A be a hereditary artin algebra with
quiver A which is Dynkin. Assume that A is of infinite type. Then the
preprojective component 2 of the AR-quiver I'4 is isomorphic to INA*
by Proposition 1.15 where A* is the transpose of the opposite of the
quiver A, Therefore 2 contains infinitely many parallel neighbouring full
sections of one of the valued quivers A from the list on page 289-290. So
we can consider N3 a subtranslation quiver of NA" (up to shift). Letting
I(x) denote the length of the module x, we get the element (I(X)),c,xx
of N2 corresponding to one such full section in 2. Then the element
(I(X)xemt1)xa 18 given by Mz(I(x)),enxi bY just counting lengths. How-
ever, as listed on page 289-290, the matrices My all have finite order,
and therefore the modules in 2 are of bounded length. Since this im-
plies that A is of finite type by VI Theorem 1.4 we have a contradiction. O

As a direct consequence of Theorem 5.4 we have the following clas-
sification of elementary hereditary artin algebras of finite representation
type. See page 65 for the definition of elementary.

Theorem 5.5 Let A be an elementary hereditary artin algebra over a field
k. Then the following are equivalent.

(i) A is of finite representation type.
(i) A ~ kA with A one of the Dynkin quivers A,, D,, Es, E7 or Eg.

Proof Assume first that A is of finite representation type. Then the
quiver A of A is one of the Dynkin quivers. Since A is elementary, the
valuation of the quiver is symmetric. Hence the quiver A is in the list 4,
D,, E¢, E7 and Eg. From III Proposition 1.13 it follows that A ~ kA.
Conversely if A ~ kA for A one of the quivers A,, D,, E¢, E7 or Eg,
then Theorem 5.4 implies that A is of finite representation type. a

6 Quadratic forms and roots

In Section 2 we showed that the indecomposable preprojective and prein-
jective modules over a hereditary artin algebra are uniquely determined
by their composition factors. In particular this is the case for all inde-
composable modules over a hereditary algebra of finite representation
type. We have seen that if X is indecomposable nonprojective in mod A
we can compute [D Tr X] in K¢(mod A) as ¢[X]. In this section we give
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a description of which elements of the Grothendieck group Ko(mod A)
come from indecomposable modules for elementary hereditary algebras
of finite representation type, in terms of the homological quadratic form.
We also show how to define this quadratic form directly from the asso-
ciated valued graph of the hereditary algebra, and prove that the form is
positive semidefinite if and only if the valued graph is Euclidean.

Assume that A is a hereditary algebra of finite representation type
and let ¢ be a quadratic form from Ko(mod A) to Z. The elements x
in Ko(mod A) with g(x) = 1 are called roots of the quadratic form, and
a root x is positive if x = [M] for some M in modA. Let now ¢ be
the homological quadratic form. If P is an indecomposable projective
A-module, then g([P]) = Ir(Ends(P)) since Ext,l\(P,P) = 0. Hence if
there is a positive integer r such that q([M]) = r for all indecomposable
modules M in mod A, then [g(Enda(P)) must be equal to the same
number r for all indecomposable projective A-modules P. On the other
hand, assume that Igx(Ends(P)) is equal to a fixed number r for each
indecomposable projective A-module P. This is for example the case for
an elementary hereditary algebra over a field k, with r = 1, in particular
it holds when A is a hereditary algebra over an algebraically closed field
k. We have the following preliminary results.

Lemma 6.1 Let A be a hereditary algebra of finite representation type
such that IrR(Enda(P)) is equal to a fixed integer r for each indecomposable
projective A-module P. If q is the homological quadratic form and X is an
indecomposable A-module, then q([X]) =r.

Proof Since A is hereditary of finite representation type, each inde-
composable A-module X is preprojective. Hence X is isomorphic to
(TrD)*® P for some indecomposable projective A-module P. Then
we have Enda(X) >~ Enda(P) by Lemma 1.1, and therefore ¢([X]) =
q([P]) = r since Ext,l\(X ,X) = 0 for each indecomposable preprojective
module X by Proposition 1.7. a

We have the following converse of Lemma 6.1.

Lemma 6.2 Let A be a hereditary artin algebra of finite representation type
with homological quadratic form q and such that Ir(Enda(P)) is equal to
a fixed integer r for all indecomposable projective A-modules P. Then we
have the following.

(a) For any x in Ko(mod A) we have that r divides q(x).
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(b) If x is a positive element of Ko(mod A) with q(x) = r, there exists an
indecomposable A-module M with [M] = x.

(c) If x is an element of Ko(mod A) with q(x) = r, then x is either positive
or negative.

Proof Let A be a hereditary artin algebra of finite representation
type with homological quadratic form g and such that there exists an
integer r with Ix(Enda(P)) = r for all indecomposable projective A-
modules P. Then we know by Lemma 6.1, since A is of finite type, that
[R(Endp(M)) = r for each indecomposable A-module M and therefore
also r divides Ir(X) for any Ends(M)-module X, especially r divides
Ir(Exth (N, M)) for any modules M and N and all i. This gives statement
(a).

In order to prove (b), let x be a positive element of Ko(mod A) with
g(x) =r . Let M be a A-module such that Izx(Ends(M)) is minimal
among [r(Enda (X)) for all A-modules X with [X] = x. We claim that M
is indecomposable.

If M is decomposable, we have that Ir(Ends(M)) = 2r since the
endomorphism ring of each indecomposable module has length divisible
by r. Since g[M] = q(x) = r we then get that Ext,l\(M, M) # 0. But
since Ext}\(X ,X) = 0 for each indecomposable module X, there is a
decomposition of M into a sum of two modules M’ and M” such that
Exti(M',M") # 0. Hence we have a nonsplit extension 0 — M” —
N — M’ — 0. But then Lemma 3.2 implies that I[g(Ends(N)) is smaller
than Igx(Ends(M)). This gives the desired contradiction. Hence M is
indecomposable, completing the proof of statement (b).

For the last statement let x # 0 be neither positive nor negative. Then
there exist nonzero modules M and N without common composition
factors such that x = [M]— [N]. Then Homa(M, N) = 0 = Homu (N, M),
and we get q(x) = g[M] + q[N] + Ir(Exti (N, M)) + Ir(Ext} (N, M)) = 2r,
which completes the proof of (c). m]

As a consequence of these lemmas we have the following result.

Theorem 6.3 Let A be a hereditary artin algebra of finite representation
type with homological quadratic form q.

(a) If there exists an integer r with IR(Enda(P)) = r for all indecompos-
able projective A-modules P, then there is a one to one correspondence
between the positive elements x € Ko(mod A) with g(x) = r and the
indecomposable A-modules.
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(b) If A is an elementary k-algebra there is a one to one correspondence
between the indecomposable A-modules and the positive roots of q. O

The valued quiver A of a hereditary artin algebra A contains infor-
mation on the length of Ext}\(S,-, S;) over Enda(S;). Hence it is not so
surprising that we can show that the homological quadratic form of
a hereditary artin algebra A can be defined directly on the associated
valued graph. Before doing this we discuss which valued graphs are
associated with hereditary algebras.

Let C be the Cartan matrix associated with a finite valued graph V,
which then can be viewed as an n x n matrix when #n is the number of
elements in Vy with a fixed ordering. Then C is said to be symmetrizable
if there exists an invertible diagonal matrix T with positive integral
coefficients such that CT is symmetric. We shall show that the finite
valued graphs associated with hereditary artin algebras are exactly those
with symmetrizable Cartan matrices.

Proposition 6.4 Let A be a hereditary artin R-algebra with valued quiver
A. Then the associated Cartan matrix C is symmetrizable.

Proof Let {Si,...,S,} be the nonisomorphic simple A-modules and
{1,...,n} the corresponding vertices of A. Let C = (c;;) be the Cartan
matrix and let t; = Ir(Enda(S;)). If i (ci’f»ﬁ) -j is a valued arrow, we
then have

Ciiti = lendyisy (EXtA(Si, S)))R(EndA(S:))
IR(EXA(S;, ;)
Ienda(s)) (EXtA(S:, S;))R(Enda(S;))
Cijtj.

This shows that if T = (¢;), then CT is a symmetric matrix, and hence C
is symmetrizable. m]

In order to show that conversely each symmetrizable Cartan matrix is
realized by a hereditary artin R-algebra we first need some preliminary
observations.

Lemma 6.5 Let V be a finite connected valued graph without loops and
multiple edges, and let C be the associated Cartan matrix. If T and T’
are two invertible diagonal matrices with rational coefficients such that CT
and CT’ are symmetric, then T and T’ are linearly dependent cver @.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.009
https://www.cambridge.org/core

298 Hereditary algebras

Proof Let T = (ti)iev, and T’ = (t})ev,. Since T and T’ are invertible,
t; and t; are nonzero for all i in Vo. We now show that if i and j are
connected by an edge in the graph V then t;/t; = t;/t}, which proves
the lemma. Letting C = (cij);jev, We have the equations c¢;it; = cjit;
and C,'jt_',- = Cjit; so that ti/tg = Cﬁti/Cﬁt; = cijtj/cijt} = tj/t;. Since V is
connected, this shows that T and T’ are linearly dependent over @. O

Lemma 6.6 On any finite valued graph without loops there is an orientation
such that there are no oriented cycles.

Proof The proof goes by induction on the number of vertices. If there
is one vertex, there is nothing to prove. Assume the statement holds for
graphs with n > 1 vertices, and let V be a graph with n + 1 vertices.
Remove one vertex i € Vo and all edges connected to i. By the induc-
tion hypothesis the remaining graph has an orientation without oriented
cycles. Now add the vertex i and all edges connected to i and let i be
the start of all those edges. If V is given this orientation, there are no
oriented cycles. O

We can now give the converse of Proposition 6.4.

Proposition 6.7 Let V be a finite valued graph with the associated Cartan
matrix symmetrizable. Then there exists a finite hereditary algebra A such
that the underlying valued graph of the valued quiver of A is V.

Proof Let V be a finite valued graph with the associated Cartan matrix
C = (cij)ijev, symmetrizable and let T = (t;);cy, be a diagonal matrix
with positive integral coefficients which symmetrizes C. By Lemma 6.6
choose an orientation on V such that the corresponding quiver A has no
oriented cycles. Let p be a prime number and let F be GF(p), the field
with p elements, and for each i € Ag let F; = GF(p"), the field with p"
elements. For each arrow « in A let as usual s(x) be the start and e(x)
the end of «. Further let M, = GF(p®") where i = s(«). Since ¢;jt; = cjit;
it follows that both F; and F; can be considered as subfields of M,, and
we fix such an embedding. This makes M, a F;-F;-bimodule. Now let
Z be the semisimple F-algebra [[,,, Fi with central simple idempotents
e; for i € Ag and let M be the abelian group [[,.o, M, We now make
M a Z-bimodule in such a way that the tensor algebra A = T(Z, M)
of M over X is finite dimensional with A as its valued quiver. For
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(fi) € £ and (m) € M let (£;)(ms) = (fewma) and (ma)(f)) = (Mafoiw):
Now it is easy to show that this makes M a X-bimodule and that
0=M = MQ®sMQ®s - ® M where n is the cardinality of A,.
Therefore A is a finite dimensional algebra with M [ M?[]--- ][ M"!
as the radical r, A/r ~ I, t/t> ~ M as Z-bimodules, and {e;li € Ag}
a complete set of primitive orthogonal idempotents of A. Further we
have that Enda(S;) ~ F; for the simple A-module S; = Ae;/re;. Now it
is easy to see that ejMe; # 0 if and only if there is an arrow « from i
to j and that e;Me; =~ M,. This shows that if S; and S; are two simple
modules corresponding to the idempotents e; and e; then Ext\(S;, S;) is
isomorphic to M, and hence has dimension c;; over F; and dimension cj;
over F;. It follows that the valued quiver of A is A.

It only remains to prove that A is hereditary. By I Proposition 5.1
it is enough to prove that r is projective. An element of A =
SIIMI]...1] M1 is of the form (mq,my, ..., m,_;) with m; € M’, where
M?® = X. Consider the map ¢: M ®z A > M[IM?]]---[] M" given by
dm® (mo,my,...,my_1)) = (mMmo,mmy,...,m@my_;). Then ¢ is clearly
a right A-isomorphism. Since X is semisimple and M is finitely generated,
M is a finitely generated projective Z-module. Therefore M ®s A is a
projective right A-module. Hence A is hereditary since A is an artin
algebra. m]

Let now C be an n x n symmetrizable Cartan matrix on a finite valued
graph V with vertices {1,...,n}, and let T be an invertible diagonal
matrix such that CT is symmetric. Identifying the free abelian group
of functions from V, to Z with Z" we have a symmetric bilinear form
By:Z" x Z" — Z by defining By(x,y) = xCTy", where the elements
of Z" are viewed as row vectors. Let qi:Z" — Z be the associated
quadratic form given by ¢;(x) = Bi(x,x) which we call the Tits form.
Recali that the quadratic form gq; is positive semidefinite if g;(x) > 0 for
all x in Z", and q is indefinite if there are x and y in Z" with g;(x) > 0
and ¢qi(y) < 0. The question whether the quadratic form g; associated
with CT is positive definite, positive semidefinite or indefinite is clearly
independent of the choice of the diagonal matrix T with positive integer
coefficients by Lemma 6.5.

Let A be a hereditary artin R-algebra with associated valued graph
V. We now show that identifying Ko(mod A) with Z"*, the homological
quadratic form g coincides with the quadratic form g; when choosing
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T = (t;)iev, to be the diagonal matrix given by t; = Ir(End,S;) for S; the
simple A-module corresponding to the vertex i.

Proposition 6.8 Let A, V, C and T be as above and let q be the homological
quadratic form of A.

(a) The symmetric matrix (q;j) of q given by q;; = %(q([Si]+[S D—a(1Si]—
[S;1)) relative to the basis {[Si],...,[S:]} in Ko(mod A) is CT.

(b) The homological quadratic form q coincides with the Tits form q
given by CT.

Proof (a) We have

1
z(q([Si] + [S;]) — q([S:i} — [S;])
1

= E(IREndA(Si) + IrkHom,(S;, Sj)
+ir(Homa(S}, S)) + IR(Enda(S))) — IR(EXA(S;, i) — IR(EXtA(S: S))
—IR(EXtA(S}, S1) — IR(ExXtA(S), S))) — IR(EndA(S:)) — Ir(EndaA(S;))
+Ir(Hom(S;, S5)) + Ir(Homa(S}, 57)) + IR(ExtA(S;, 1)) — IR(ExtA(Si, S)))
—IR(ExtA(S}, S))) + IR(Ext4(S;, S;))
_ ZIR(EndA(Si)) fori= j,
| —UR(Bxt(S,, ) + R(ExtA(S;,S,)  for i # j,

(b) This is a direct consequence of (a) which shows that the quadratic
forms g and ¢q; have the same associated symmetric matrices. D

} = Cile(EndA(Si))'

If a graph V is a tree, then the associated Cartan matrix is clearly
symmetrizable, and this is also the case if the graph is of type 4,. In
particular the Cartan matrices associated with the Dynkin diagrams and
the Euclidean diagrams are all symmetrizable. Hence they all occur
as underlying valued graphs for hereditary artin R-algebras. We can
now give the following characterization of the Dynkin diagrams and
Euclidean diagrams in terms of the quadratic form g¢;.

Theorem 6.9 Let V be a finite connected valued graph with symmetrizable
Cartan matrix C, let T be an invertible diagonal integral matrix with pos-
itive coefficients such that CT is symmetric and let q;:IR* — IR be the
quadratic form defined by qi(x) = xCTx". Then the following hold.

(a) qq is positive definite if and only if V is a Dynkin diagram.
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(b) qi is positive semidefinite but not positive definite if and only if V is
a Euclidean diagram.

Proof (a) Let A be a hereditary artin algebra such that V is the
underlying valued graph of the quiver A of A. Then by Proposition 6.8
the form ¢q; coincides with the homological quadratic form g. But from
Theorem 3.6 we have that g is positive definite if and only if A is of finite
representation type, which happens if and only if V is a Dynkin diagram
by Theorem 5.4. Hence (a) follows.

To prove (b) we start by assuming that the quadratic form is positive
semidefinite but not positive definite. According to (a) V is then not
Dynkin. If V is not Euclidean, there is a Cartan matrix C’ less than
C such that the valued graph of C’ is Euclidean. Then according to
VII Lemma 3.2(b) there is a some d € RY" where R}® denotes the
functions from V, to R,, such that (dC)(i) < O for all i and dC is
properly negative for at least one i in the support of d. Hence we get
dCTd" < 0 showing that ¢ is not positive semidefinite. Hence the first
half of (b) is proven.

Assume now that V is a Euclidean diagram. We first prove that
q1(x) = 0 for all x € RY". Let x € RY", and let d be an additive function
for the Cartan matrix C. Then qi(x — ad) = (x — ad)CT(x — ad)' =
xCT(x — ad)™ = q1(x) — axCTd". However (axCTd")" = ad(CT)"*x",
but CT is symmetric, showing that «dCT = 0. Therefore we get q;(x —
ad) = ¢,(x). By subtracting an appropriate multiple of d we therefore get
that ¢g1(x) = ¢;(X) with at least one coordinate of X being zero. However,
then ¢; corresponds to the associated form of a disjoint union of Dynkin
diagrams and hence ¢;(x) = 0 by (a). We then get that g;(x) > 0 for all
x # 0 on the coordinate hyperplanes and g; assumes the value zero in
the positive cone.

Now let x € R and assume g;(x) < 0. Then dCTx" = 0 where
d is the additive function for C and hence for ¢ and s in R we have
qi(tx + sd) = (tx + sd)C T (tx + sd)* = t*q;(x) < 0 for t # 0. However,
since ¢1(x) < 0, x and d are linearly independent. Therefore the subspace
generated by x and d intersects any of the coordinate hyperplanes non-
trivially, contradicting that g;(y) < 0 for all y in the subspace spanned
by x and d. Therefore g;(x) > 0 for all x € R%. ]

The hereditary algebras with a positive semidefinite quadratic form are
the tame hereditary algebras. For these algebras it is possible to classify
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the indecomposable modules, and we illustrate this through an important
special case in the next section.

7 Kronecker algebras

In addition to algebras of finite representation type, the tame hereditary
artin algebras have been studied extensively. One of the reasons for the
interest in these algebras is that their indecomposable modules can be
described even though there is an infinite number of isomorphism classes
of such modules. This section is devoted to classifying the indecomposable
modules, up to isomorphism, over the Kronecker algebras, a particular
class of tame hereditary algebras. This not only gives the flavor of the
general theory of tame hereditary artin algebras, but also provides results
useful in the development of the general theory.

Let k be an algebraically closed field. Then the Kronecker algebra over
k is the finite dimensional k-algebra A which is the subalgebra of Ms(k)
consisting of all matrices of the form

a 00
¢c b O
d 0 b

with a, b, ¢ and d arbitrary elements of k. It is not difficult to see that
this algebra A is isomorphic to the path algebra of the quiver

o
Al 3 -2
B
over the field k. Hence mod A is equivalent to the category of finite

dimensional representations of A over k. The associated Cartan matrix
2 2
22

The algebra A has two nonisomorphic simple modules S; and S,
corresponding to the vertices 1 and 2 in the quiver A. Fixing the basis
{[S1], [S2] } of Ko(mod A) we identify Ko(mod A) with Z X Z by this choice
of basis. The elements in Ko(mod A) corresponding to the projective cover
P; of S; and P, of S; and the injective envelopes I; of S; and I, of S,
are the elements (1,2),(0,1),(1,0) and (2,1) in Z x Z respectively.

Direct calculations show that the Coxeter transformation c is given by

the matrix (g j) =14+ (g :g) with inverse I — (% :g) where I is the

is ), and the quadratic form is positive semidefinite.

2 x 2 identity matrix. From this we get that ¢" =1 +n (% :g) for all n
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in Z. Therefore, by this identification of Ko(mod A) with Z x Z, we get

[(TeDY'P)} = ¢ "[Py] = <’ —n (ij)) (é) = G) * @:)
(Tt D)'Py] = ((1)) + (i’;)

(D TO",] = (‘1’) + (;Z)

[(D Tr)"I,] = (f) + (;Z)

For each natural number n consider the following representations of

and

fa
the quiver A over the field k. Let Q, be the representation k" =3 k"+!
Ip

where f, = (é) and fp = (?) with I the n x n identity matrix. We leave
as an exercise for the reader to verify that each Q, is indecomposable.
Further, for n = 2t, we have [Q,] = [(TrD)P,] and for n = 2t + 1,
we have [Q,] = [(TrD)'P;]. Hence from Corollary 2.3(d) we get that
0y =~ (TrD)'P, and Q41 =~ (TrD)'P;. Similarly, for each natural

f
number n, let J, be the representation of the quiver A given by k"+! :y,’ k"

where f, = (1,0) and f5 = (0,I) with I the n x n identity matrix. Theﬁs by
duality we obtain the isomorphisms Jy, ~ (D Tr)'I; and Jy.; ~ (D Tr)'I>.
This gives a complete list of the preprojective and preinjective A-modules.

Next consider the representations of the quiver A corresponding to
the element (1, 1) in Ko(mod A). These correspond to the representations

Ra,b:k::{k with (a,b) € k x k. Then it is easy to see that R, is inde-

composable if and only if (a,b) # (0,0). Direct calculations show that
R, is isomorphic to Ry if and only there exists some ¢t € k — {0} with
(ta,tb) = (d/,b’). Hence the nonisomorphic indecomposable representa-
tions of A over k corresponding to the element (1,1) in Ko(mod A) are
indexed by the projective line IP!(k) over k. For each p € P!(k) let R, be
the corresponding module.

We have the following result about the family { R, | p € P!(k) }.

Proposition 7.1 Let R, be as above, and let p and q be in PY(k). Then the
Jollowing hold.

(a) Enda(Rp) =~k for all p.
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(b) Homa(R,,Ry) =0 for p# 4.
(c) dimy ExtA(R,, R,) =1 for all p.
(d) Exth(R,,R,) =0 for p#q.

() DTrR, =R, for all p.

Proof Statements (a) and (b) follow easily by direct calculations.

To prove (c) and (d), consider the minimal projective resolution
of R, which is of the form 0 - P, - P - R, — 0. Apply-
ing Homp( ,R;) we get the exact sequence 0 — Homu(R,, R;) —
Homy(P;, R;) — Homa(P5,R,) — Exth(R,,R;) — 0. From (a) and
(b) we have dimy Homa(Ry, R;) = 8,4, Where d,, is the Kronecker delta.
In general we have dim; Homa(P;, R;) = 1 and dimy Homu(P», R;) = 1,
and hence dimy Ext)(R,, R;) = 6,4

(e) We know from Proposition 2.2(b) that [D TrR,] = c[R,] = ¢ (i) =

(}) Hence D TrR, is isomorphic to one of the representations R,.
However Ext)(R,, D TrR,) # 0, so D Tr R, ~ R, according to (d). m]

Since Ext}(R,, R,) # 0, we know by Proposition 1.7 that R, is a regular
module. Therefore we can use the structure theorem for the regular
components of the AR-quiver to analyze the component containing R,.
By Theorem 4.15 we have that for each p € IP!(k), the component of the
AR-quiver containing R, has the form

with possibly some identifications. We know that DTrR, ~ R, by
Proposition 7.1(c). From this it follows that all vertices on any given
dotted horizontal line in the above picture are to be identified. Such
a component is called a tube of rank 1. In this way we obtain a
list of nonisomorphic indecomposable A-modules which we denote by
Rp1,Ry2,...,Rpj,.... We now show that R, = R,;. Since the simple
module S is injective and the other simple module S, is projective, they
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are not regular modules. Therefore all the modules in the components
containing R, have length at least 2. Since I(R,) = 2 and by Theorem
4.15 all the morphisms going up are irreducible monomorphisms, we
have that R, = R, ;.

Letting R,o = 0 we have that there is an almost split sequence 0 —
Ryj — Rpji1 11 Rpj—1 = Ryj — O for j > 1. This determines the modules
Ry,; uniquely.

We have the following analogue of Proposition 7.1 for the modules
Ryj.

Proposition 7.2 Let R,; and Ry; for p,q € P'(k) and i,j € N be as
described above. Then the following hold.

(a) Homa(Ry,j, Ryi) =0 = Extp(R,;, Ry for p # 4.
(b) dimg Homa(R,j, Rp;) = dimy Ext}\(Rp,j, Ry;) = min{i,j}.

Proof The proof of this goes by induction on i and j separately. We
start by proving the statements for j = 1 and i arbitrary. Proposition 7.1
states that the claims in (a) and (b) hold for i = 1 which is the start of
the induction. Assume now the statements hold for i < n. We want to
prove that they hold for i =n+ 1.

Consider the almost split sequence 0 — R, — Ryuti [[Rgn-1 —
Ryn — 0. Applying Homa(R,1, ) gives the long exact sequence 0 —
Homa (R, Rq,n) g HomA(Rp,l, Rynt1 HRq,n—l) - HomA(Rp,la Rq,n) d
Exti(Rp1, Rgn) — Exti(Ry1, Ryns1 [T Ryn-1) = Exti(Rp1,Ryn) — 0. If
p # q we have by induction that the first, third, fourth and sixth groups
are zero. Hence the two remaining groups in the exact sequence are also
zero, showing that the claim in (a) is also valid for j=1andi=n+1.
Hence by induction we have that (a) holds for j = 1 and i arbitrary.

We now give the induction step of (b) for j = 1. So let p = q and assume
that (b) holds for 1 < i < n. We want to show that it holds fori =n+ 1.
Since the sequence 0 — R,, — Ryut1 [IRpp—1 = Rpn — 0 is almost
split, the image of the connecting homomorphism Homa (R, 1, Rpy) —
Ext}\(R 1, Rp) has dimension 1 if » = 1 and dimension zero other-
wise. We get that dimy Homa(R,,1, Rppi1) = 2dimg Homa(R, 1, Ry ,) —
dimy Homp(Ry1, Ryp—1) — 81, = 2 — 1 = 1 and dimy Exth(Ry1, Rppt1) =
2 dimy Ext} (R, 1, Ry,) — dimy Exth (Rp1, Rpu—1) — 81, = 2 — 1 = 1. Hence
we have established (a) and (b) for j = 1 and i arbitrary.

In order to complete the proof one proceeds by induction on j, fixing
the index i. The inductive step here is obtained by using the functor
Homa( , R,;) on the almost split sequence 0 — R,; = Ry 41 [[Rpjo1 —
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R, — 0. We leave to the reader to work out the details of this induction.
a

From our discussion so far we have obtained the following set of
nonisomorphic indecomposable A-modules: the preprojective modules
{Qn | n € N}, the preinjective modules {J, | n € N} and the modules
{R,; | p € P(k),j € N}. We now want to show that there are no
other finitely generated indecomposable modules in the case when k is
algebraically closed. In the proof of this we need the following result.

Lemma 7.3 Let A and the notation be as before. Let X be indecomposable

in mod A and let [X] = s[S1] + t[S,] in Ko(mod A).

(@) Ifs<tthens=t—1 and X is preprojective.

(b) If s>t thens=1t+1 and X is preinjective.

(¢) If X is regular, then s =t and there exists some p € IP'(k) with R, a
submodule of X.

Proof (a) If s < t then applying the Coxeter transformation ¢ to the
power s gives ¢*(}) = () + (% j) ($) = () +2s(2) which is negative.
Hence X is preprojective by Corollary 2.3(c). Therefore X is one of the
preprojective modules Q, and hence s =t — 1.

(b) If s > t then applying the Coxeter transformation ¢ to the power
—s gives that X is preinjective. Therefore X is isomorphic to one of the
preinjective modules J, and hence s =t + 1.

(c) From (a) and (b) it follows that if X is regular then s = t.

Considering the corresponding representations V) 3 V, in Rep(kA) we

obtain that one of the following two cases has to occur either f, is an
isomorphism or Ker f, # 0. In the first situation f;! fg: ¥ — V; has an
eigenvalue A in k since k is assumed to be algebraically closed Letv be an

associated eigenvector. Define (g, h) from k :; kto 1 3 V, by g(x) = xv

and h(x) = xf,(v) for x € k. Then (f,g)(x) = fa(xv) = xfa(v) h{x) and
(58)(0) = Fuf ' F58(%) = xFulf7'fp(0) = XFuld) = Axfalv) = h(3x).
Hence (g,h) is a monomorphism from R@ to X, where (1,4) is the
element of IP1(k) corresponding to (1, A). This takes care of the case when
fa is an isomorphism.

If Ker f, # 0, consider the representation Rgyy. Let 0 # v € Kerf,

0 Ja
and define (g, h) from k 3k to V) "7‘; V, by g(x) = xv and h(x) = xfp(v)
1 [


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.009
https://www.cambridge.org/core

VIIL.7 Kronecker algebras 307

for all x in k. Then (g, h) is a nonzero morphism. Further, if (g, h) is
not a monomorphism, then Im(g, h) ~ S;, which is injective. Hence §; is
a summand of X, but then X is isomorphic to S; since X is indecom-
posable. However X is not preinjective since it is regular. From this we
conclude that (g, h) is a monomorphism. This finishes the proof of the
lemma. m]

We now complete the classification by proving the following.

Proposition 7.4 Let the notation be as before. Then every finitely generated
indecomposable regular A-module is isomorphic to R, ; for some p € Pl (k)
and j € N.

Proof’ The proof of this goes by induction on the length of the module X.
We have already noticed that each indecomposable A-module of length
2isin the set { R,y | p € IP!(k) }. Let X be an indecomposable regular A-
module of length n > 2. Assume by induction that each indecomposable
regular module of length less than n is of the form R, ; for some p € P!(k),
and j € N. By Lemma 7.3 there exist some p € PP'(k) and an inclusion
g:R,; — X. Fix this p and g and let X’ = Cokerg. If X’ = 0 then
X ~ R,; and there is nothing to prove. We may therefore assume that
X' % 0. Decompose X' into a sum of indecomposable summands X/ and
consider the short exact sequence 0 — R,; — X — [[X] — 0. Since
X is not preprojective, none of the summands X/ of X’ is preprojective.
Therefore [X;] = s;[S1] +¢;[S2] has by Lemma 7.3 the property that s; > ¢
for all i. However >_s; = > t;, so we have equality for all i. Therefore
none of the X] are preinjective. Hence by the induction assumption each
X| is isomorphic to R, ; for some g € P!(k) and j € N.

We next show that each g is equal to p. By Proposition 7.2 we have

Ext}\(Rq,j,Rp,l) =0 for q # p, so the sequence 0 — Homa(Ry,j, Rp,1) (Rﬁ)

Homa(Ry,j, X) —» Homp(R,;, X') — 0 is exact for g # p. Hence if R, is
a summand of X’ for g # p, then R;; would also be a summand of X,
which contradicts the indecomposability of X. Therefore each summand
of X' is of the form R,; for some j € N.

In the rest of the proof we choose j in N such that R, ; is a summand
of X’. For convenience we suppress the first index p in R,; for all i.
From Theorem 4.15, the structure theorem for regular components for
a hereditary artin algebra A, we have the exact sequence €:0 - R; —
Rj11 RN R; — 0 with y irreducible. Applying Hom,( , R;) we obtain the
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exact sequence

| Ext)(y,R1) 1 1
EXtA(Rj,Rl) — EXtA(Rj+1,R1) — EXtA(Rl,Rl) - 0.
It follows from Proposition 7.2(b) that each of these vector spaces has
dimension 1, and hence Ext}(y,R;) is zero. Using this we want to
prove that X is isomorphic to R;;. Considering the exact sequence
0— R LEx 5 x 50and combining this with the sequence € above,
we get the following exact commutative diagram

(Rj.p) j
—

']
Homa(R;, X) Homa(R;,X’) —  Exty\(R;,R))
l(v,X) l(vX) lExt‘A(v,Rl)

Rjt1s d;
Homp(Ry1,X) 2 Homp(Ryss, X') 55 Exth(Rjss, Ry).

Let 6:R; — X’ be a split monomorphism and consider ¢y in Homa (Rj41,
X'). Since Ext}(y,R;) = 0, we have that the connecting morphism & i1
in the bottom sequence applied to oy is zero. Hence there exists some
v € Homa(Rj41, X) such that uv = gy. Now letting p be a left inverse of
o we get that puv = y. However, y is an irreducible morphism and pu is
not a split epimorphism. Therefore v is a split monomorphism. Now X
was assumed to be indecomposable and is therefore isomorphic to Rjyi.

This finishes the proof of the lemma as well as completing the classifi-
cation of all finitely generated indecomposable A-modules. O

We end this section by summarizing our findings about the finitely
generated indecomposable A-modules and their morphisms and exten-
sions.

Theorem 7.5 Let k, A, and the notation be as before in this section. Then

we have the following.

(a) The sets {Qn |ne N}, {J,|neN}and {R,; | p € Pk),je N}
constitute a complete set of nonisomorphic indecomposable A-modules.

(b)
max{O,n—m+1} = dimy Homa(Qm, Qn),

max{0,m—1—n} = dimgExt}(Qm Qn),
max{O,m—n+1} = dimy Homa(Jy,Jy),
max{0,n—~1—m} = dimyExt}(Jn,J,),

Jj = dimgHoma(Qm, R, ;) = dimy Homa (R, j, Jm)
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= dimy Ext} (R, Qm) = dimy Ext}(J,, Ry ),

0 = HomA(Jma Qn) = HomA(Jm’ Rp,j) = HomA(Rp,ja Qn)
= Exth(QuJm) = EXth(Qn, Rp) = Exth(Ryj, Jm),
Opgmin{i,j} = dimy Homa(R,j, Ry;)

= dimy Ext}(R,, Ry)),

where 6, is the Kronecker delta.

Exercises

1. Prove that the center of an indecomposable hereditary artin algebra
is a field.

2. Let F = K be a finite field extension.

(a)
(b)
(c)

(d)
(e)

Show that the subring A = { (3%)/a € F,b,c € K } of the 2x 2 matrix
ring over K is hereditary.

Find the preprojective component of I'y and prove that A is of finite
type if and only if [K:F] < 3.

Show that the subring of the n x n matrices over K with n > 3 given
by the matrices (a;j) with a;; =0 for j > i,a,; €K, a; € Ffori<n
is a hereditary artin algebra.

Find the preprojective component of the algebra in (c) and determine
when the algebra is of finite representation type.

Give examples of hereditary artin algebras of finite representation
type where the underlying graphs of the valued quivers are the
Dynkin diagrams different from the ones given in (a) and (c).

2
. s :
3. Let k be a field and A be the quiver 1- — T « -3 and consider the
representation M given by 4
k
L)
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with (Z,) # 0 for i = 1,2,3,4. Let o;; be the determinant of the matrix
(;;;jg;) forl<i<j<4.

(a) Prove that if «;; = O for four sets of indices i,j with 1 <i< j<4
then a;; = O for all i, j where 1 <i < j < 4, and the representation
M decomposes into a sum of a simple projective and an injective
representation.

(b) Prove that if o;; = O for exactly three sets of indices i,j with
1 <i < j <4, then there is one q with 1 < q < 4 such that
the representation M decomposes into a sum of the projective rep-
resentation associated with g, and D TrS, where S, is the simple
representation corresponding to the vertex q.

(c) Prove that if a;; = O for exactly two sets of indices (i, j) and (p, q)
then {i, j}N{p,q} = 0 and the representation decomposes into a sum
of two indecomposable representations N;; and N, where Nij(s) =k
for s € {i,,5} and 0 otherwise and all maps are the identity. This
gives a total of six indecomposable modules which come in three
pairs.

(d) Use the Coexter transformation to prove that D Tr N;; ~ N,; when
(i, j) and (p, q) are connected as in (c). Further prove that End(N;;) ~
k.

(e) Prove that if a;; = O for exactly one pair of indices i, j, then the
representation M given is indecomposable and determined up to
isomorphism by (i, j). Further M which we then denote by M;; con-
tains the representation N;; from (c) and there is an exact sequence
0 > N;; > M;; > Np; — 0 where {i, j}N{p,q} = 0. Prove that this is
an almost split sequence (Hint: End(N,4) ~ k and N;; =~ D Tr(N,4).)
Also prove that D Tr M;; ~ M,, where {p,q} N {i,j} = 0.

(f) Prove that if k has only two elements the representations given up to
now give all representations of the quiver A of the given dimension.

(g) Prove that if a;; # O for all (7, j) then the representation M is
indecomposable with D TrM ~ M, End(M) ~ k and is isomorphic
to a representation of the form


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.009
https://www.cambridge.org/core

Notes 311

where by ¢ {0,1}.

(h) Conclude that the components of the AR-quiver containing the mod-
ules from (c) and (e) are of form ZA,,/(z%) and that the components
containing the modules from case (g) are of the form ZA, /(7).

(i) Prove that if k is an algebraically closed field, then any indecompos-
able representation of A which is neither preprojective nor preinjec-
tive contains a submodule from the lists in (¢) and (g) and finally
show that any indecomposable module belongs to one of these
components.

4. This exercise gives an alternative way of proving Theorem 6.9(a) by
using Jacobi’s criterion.

(a) (Jacobi’s criterion) Let M be a real symmetric n X n matrix and
q:R" > R the quadratic form defined by q(x) = xMx". Prove that
q is positive definite if and only if all principal minors of M are
positive, i.e. the subdeterminants formed by the i first columns and
i first rows are positive fori=1,2,...,n.

(b) Prove that the ith principal minor of the Cartan matrix Cy4, of the
Dynkin diagram A, is i + 1.

(c) Prove that the ith principal minor of the symmetrized Cartan matrix
CTs, of the Dynkin diagram B, is 4 (if the diagonal matrix T is
chosen minimal).

(d) Show that the ith principal minor of the symmetrized Cartan matrix
CTc, of the Dynkin diagram C, is 2’ (when T is chosen minimal).

(e) Show that the ith principal minor of the Cartan matrix Cp, of the
Dynkin diagram D, is 4.

(f) Show that the ith principal minors of the symmetrized Cartan matrix
C Ty are all positive for A € {Eg, E7, Es, F4, G2}.

Notes

The starting point for the study of the representation theory of hered-
itary artin algebras was [Gal] in which the heveditary algebras over
algebraically closed fields of finite representation type and their modules
are classified. This was done by showing that over an algebraically closed
field the indecomposable representations of a connected finite quiver are
of finite type if and only if the underlying graph is a Dynkin diagram
of type An, Dy, Es, E7 or Eg, in which case there is a natural bijection
between the positive roots of the Tits quadratic form associated with
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the Dynkin diagram and the isomorphism classes of the indecomposable
representations of the quiver. This result was applied in [Gal] to classi-
fying radical square zero algebras over algebraically closed fields of finite
representation type, correcting earlier work in [Yoshii]. The generaliza-
tion to arbitrary hereditary and radical square zero artin algebras was
given in [DIR1], [DIR2]. Other references along these lines are [BerGP],
[Kru] and [AuP].

The approach to proving Gabriel’s theorem in [BerGP] uses the Coxeter
functor C*, which is related to the Coxeter transformation c, and also
closely related to the functor D Tr (see [BrenB1], [Ga2]). C* is defined as
a composition of so-called partial Coxeter functors (see [BerGP)), which
have a module theoretic interpretation [AuPR]. Here are the origins of
tilting theory, developed in [BrenB2], [HapR].

The distinction between preprojective, preinjective and regular modules
has its origin in [BerGP]. Our development of the preprojective and
preinjective modules and the Coxeter transformation is based on [AuP}.
In [AuP] the homological quadratic form was used, and the equivalence
of the homological and Tits quadratic form was given in [Rinl]. There
is a more general theory of preprojective modules over an arbitrary artin
algebra developed in [AuS1], and a more general notion of preprojective
components introduced in [HapR].

The structure of the regular components of a hereditary algebra was
conjectured by Ringel and proved in [Rin2]. Our approach follows the
independent proof in [AuBPRS].

The classification of the indecomposable modules over the Kronecker
algebra was essentially done in [Kro]. The Kronecker algebra is a special
case of tame hereditary algebras, and for a classification of these algebras
and their indecomposable modules we refer to [DoF], [Naz], [DIR2]. A
short recent proof using more machinery is given in [Rin4].

As examples of recent work on wild hereditary algebras we refer to
[Ke] and [PeT].
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IX

Short chains and cycles

One of the main problems in the representation theory of an artin
algebra A is determining when two modules M and N in mod A are
isomorphic. A completely general answer to this problem was given in
Chapter VI in terms of R-lengths of the R-module of morphisms from
each indecomposable module to the given module M. At first sight it
seems hopeless to ever use this criterion for proving that two modules are
isomorphic. Our use of it in this chapter shows that this is not entirely
true. Nonetheless, it is obvious that it is desirable to have other criteria
which are more manageable, even if they are not as general.

In this chapter we concentrate on giving conditions on a pair of
indecomposable A-modules which guarantee that they are isomorphic
in terms of such familiar invariants as their composition factors, their
projective presentations or their tops and socles. The basic assumption
is that one or both of the modules do not lie on certain types of cycles
of morphisms in mod A, namely short cycles. We start the chapter by
discussing these types of modules.

1 Short cycles

In this section we introduce and study the notions of short cycles and
short chains.
A path from an indecomposable module M to an indecomposable

module N in mod A is a sequence of morphisms M ﬂ» M, 2» M, E»

. f'—'>1 M, —f5> N between indecomposable modules, where ¢ > 1 and

each f; is not zero and not an isomorphism. Note that a morphism
f:X — Y between indecomposable modules is not an isomorphism if
and only if f € rada(X,Y). A path from M to M is called a cycle in

313
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mod A, and the number of morphisms in the path is called the length of
the cycle. M is said to lie on a cycle if there is a cycle from M to M.

Using results from Chapters VII and VIII we get the following rela-
tionship between cycles in mod A and cycles in the AR-quiver I'y of A.
For M in ind A we here let M denote also the corresponding vertex in
the AR-quiver.

Proposition 1.1 Let A be an artin algebra and M an indecomposable A-
module.

(a) If M lies on a cycle in the Auslander—Reiten-quiver I'p, then M lies
on a cycle in mod A.

(b) If A is of finite representation type, then M lies on a cycle in mod A
if and only if M lies on a cycle in T'y.

Proof (a) Assume that M lies on a cycle in the AR-quiver. This means

that there is a sequence of irreducible morphisms M LN M, 4 M, L

- f’—?l M,y ﬁ» M between indecomposable modules. Hence M lies on a

cycle in mod A.

(b) If A is of finite representation type, it follows from V Theorem 7.8
that if g: X — Y is a nonzero morphism between indecomposable mod-
ules which is not an isomorphism, then there is a sequence of irreducible
morphisms X Ex 1 LY X, 5.8y s—1 5 Y between indecomposable
modules. Hence a cycle in mod A gives rise to a cycle in I in this case. O

It has been known for some time that the nature of the cycles an
indecomposable module lies on has considerable impact on the properties
of the module. For instance the directing modules, those indecomposable
modules not lying on any cycle, are determined up to isomorphism by
their composition factors. Further evidence along these lines is given.by
the fact that over the Kronecker algebra an indecomposable module is
directing if and only if it is either preprojective or preinjective. In fact,
this is true for any hereditary k-algebra over an algebraically closed field
k. It turns out that indecomposable modules not lying on very short
cycles have some properties reminiscent of directing modules. This leads
to the concept of modules not lying on short cycles.

We say that a cycle of length at most 2 is a short cycle. Note that an
indecomposable module M does not lie on a cycle of length 1 if and only
if every nonzero morphism f: M — M is an isomorphism, or equivalently
Enda(M) is a division ring.
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The following example shows that not lying on a short cycle is a
proper generalization of directing, and not lying on a cycle of length 1 is
a proper generalization of not lying on a short cycle.

Example Let A be a Nakayama algebra over a field k with admissible
sequence (2,2). Denote by Sy and S, the simple A-modules, and by P;
and P, their projective covers. Then S, S;, P; and P, are the only
indecomposable A-modules. The module S; does not lie on a short cycle
since P; is the only indecomposable module having a morphism to S,
which is not zero and not an isomorphism, and Hom(Sy, P;) = 0. Since
we have a cycle S; — P, — P; — §;, the module ) is not directing.

We have a short cycle Py — P, — Py, and End,(P) is a division ring,
Hence P, lies on a short cycle but not on a cycle of length 1.

Closely related to the concept of short cycles is the concept of short
chains for an artin R-algebra A. This notion is motivated by the formula
(X,Y)—(Y,DTrX) = (Py(X),Y) — (P(X),Y) from IV Corollary 4.3,
where X and Y are in mod A and P(X) — Py(X) — X — 0is a minimal
projective presentation. It is obvious that this formula is easier to deal
with when one of the terms on the left hand side is zero. This observation
leads to the following definition.

A sequence of morphisms X EN Y 5 DTrX where X is indecompos-
able and f and g are nonzero is said to be a short chain. If we have
such a short chain, we say that Y is the middle of the short chain. If
in addition Y is indecomposable we say that X is the start and D Tr X
the end of the short chain. If Y is not the middle of a short chain, we
have by definition (X,Y) =0 or (Y,D Tr X) = 0 for all indecomposable
modules X in mod A.

There is the following relationship between short cycles and short
chains.

Theorem 1.2 Let M be an indecomposable module over an artin algebra
A. Then M does not lie on a short cycle if and only if M is not the middle
of a short chain.

Proof : Let M be an indecomposable A-module and X EN M35 DTrx
a short chain. We want to show that M lies on a short cycle. Consider
the almost split sequence 0 — D Tr X @ E/I1---11E: P x 0, where
the E; are indecomposable. Since («;) is a monomorphism, there is some

i such that the composition M 24, DTrX 5 E; is not zero.
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If Bi:E; — X is a monomorphism, then also the composition M EN
DTrX 3 E LY X is nonzero. Since the composition h: M — X is not
an isomorphism we get a short cycle M LA X5 M , Where t = f if f is
not an isomorphism and ¢t = fhf otherwise.

If B; : E; — X is not a monomorphism, it is an epimorphism since it

is irreducible. Hence the composition E; ﬁ X i» M is not zero, so that

we get a short cycle M = E; 1% M. This shows that if M does not lic on

a short cycle, then M is not the middle of a short chain.

In order to prove the converse we need the following.

Lemma 1.3 Let g: B — C be a right minimal morphism. Then for each
indecomposable summand X of Kerg we have Homp(Tr DX, C) # 0.

Proof Consider the induced exact sequence §:0 — Kerg S5BEIm g—
0. Let X be an indecomposable summand of Kerg and p:Kerg —» X a
split epimorphism. Since g: B — C is right minimal, and consequently
also g:B — Img is right minimal, it is easy to see that p does not
factor through i:Kerg — B. This shows that §.(X) # 0, where . is
the covariant defect of 8, and hence 6*(Tr DX) is not zero by IV Theo-
rem 4.1. It then follows that Homa(Tr DX,Im g) is not zero, and hence
Homa(Tr DX, C) #+0. |

We now return to the proof of Theorem 1.2. Assume that M lies on

a short cycle M ER N & M. We want to show that M is the middle of
a short chain. We first observe that we can assume gf = 0. For since f
and g are not isomorphisms, gf: M — M is not an isomorphism, and

is hence nilpotent in Enda(M). If gf = 0, we can then choose i with

(gf) # 0 and (gf)*! =0, to get a short cycle M €1 M EL M where the

composition of the morphisms is zero.

Assume now that we have a short cycle M ER N 5 M with gf =0.
Then we have Im f < Kerg and hence Homu(M,Kerg) # 0. There is
then an indecomposable summand X of Kerg such that Homp (M, X)
0. Since N is indecomposable and g is nonzero, g:N — M is right
minimal. Hence we get Homy(Tr DX, M) # 0 by Lemma 1.3, so that M
is the middle of a short chain. a

Even though the concepts of lying on a short cycle and being the
middle of a short chain are equivalent for an indecomposable module, it
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is still useful to have both concepts available. For example if Ends (M) is
not a division ring, it is immediate from the definition that M lies on a
short cycle, but it is not obvious from the definition that M is the middle
of a short chain.

Since the notions of modules being faithful or sincere play an impor-
tant role in studying modules not lying on short cycles, we introduce
these concepts before stating our next result. A A-module M is faithful if
the annihilator ann(M) is 0, and M is sincere if each simple A-module
occurs as a composition factor of M. Choose my,...,m, in M such

n

that () anna(m;) = annp (M), and define the A-morphism f:A — nM by

fQ) l=l(m1,...,m,,) in nM. Then Ker f = annp (M), so f is a monomor-
phism if and only if M is a faithful A-module. From this it follows that
if M is faithful then it is sincere. For A = k[x]/(x?) the simple A-module
is an example of an indecomposable module which is sincere and not
faithful.

Our aim now is to show that even though in general an indecomposable
sincere module M need not be faithful, it is faithful if it does not lie
on a short cycle. This will require several steps, and we start with the
following.

Lemma 1.4 For an artin algebra A we have the following.

(a) For each right A-module A and left A-module M we have the ad-
jointness isomorphisms ¢.:D(A ®x M) — Hompw(4,D(M)) and
¢1:D(A @y M) — Homu (M, D(A)) given by ¢.(f)(a)(m) = f(a ® m)
and ¢i(f)(m)(a) = f(a®@m) for f € D(A®\ M), ac€ Aand me M.

(b) For each projective A-module P and A-module M we have
D(Homyp (P, M)) ~ Homp(M, D(P*)).

(¢c) For each projective A-module P and A-module M we have (P, M) =
(M,D(P")).

Proof (a) is a standard homological fact and is therefore left to the
reader.

(b) From II Proposition 4.4 we have the isomorphism P* @y M ~
Homy (P, M). Using the duality D we get that D(Homa (P, M)) ~ D(P*®x
M) which is isomorphic to Homa (M, D(P*)) by (a).

(c) is a direct consequence of (b). m]
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Before stating our next preliminary result about indecomposable mod-
ules which are not on short cycles, we state a property which the cor-
responding representations (¥, f) have when A is a finite dimensional
algebra over an algebraically closed field k with associated quiver I.
Namely, for f = (fo)uecr, We have that each f, is either an epimorphism
or a monomorphism. That Proposition 1.5 really implies this is left to the
reader to verify (see exercise 7). Hopefully this remark will help illustrate
the significance of the following,

Proposition 1.5 Let A be an artin algebra and M a A-module which is not
the middle of a short chain. If f:P — Q is a nonzero morphism between
indecomposable projective A-modules, then Homu(f, M): Homa(Q, M) —
Homp (P, M) is either a monomorphism or an epimorphism.

Proof Assume that there is some nonzero morphism f:P — Q be-
tween indecomposable projective A-modules such that Homy(f, M) is
neither a monomorphism nor an epimorphism. Let X = Coker f. Since
Homx(f, M) is not a monomorphism, we have Homu(X, M) # 0. By
Lemma 1.4 combined with the isomorphism P* ®\ M ~ Homu(P, M)
from II Proposition 4.4 we have a commutative diagram

DHoma(P,M) "M pHom,(0, M)

I 2
Homa(P*,DM) ™% Hom, (0", DM),

where f* = Homy(f,A). Since Homa(f, M) is not an epimorphism,
DHomy(f, M) is not a monomorphism and therefore Homa(f*, DM) is
not a monomorphism. This implies that Hompe(Coker f*,DM) # 0.
Since P and Q are indecomposable, P - Q — X — 0 is a minimal
projective presentation of X. Hence we have Coker f* ~ TrX, so that
Homper(Tr X,DM) # 0, and consequently Hompa(M,D TrX) #+ 0. We
have already seen that Homa (X, M) # 0. Since X is indecomposable
because @ is, we get that M is the middle of a short chain. Hence if M
is not the middle of a short chain, Hom(f, M) is either a monomorphism
or an epimorphism for all nonzero f:P — Q when P and Q are inde-
composable projective A-modules. o

We are now ready to prove our promised result.
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Theorem 1.6 Let A be an artin algebra and M a A-module which is
not the middle of a short chain. Then M is sincere if and only if it is

Jfaithful.

Proof Let M be a sincere A-module which is not the middle of a short
chain. Write 1 = ey +- - - +e¢,, where the ¢; are primitive orthogonal idem-
potents. If ann M # 0, there are some i, j with e;(ann M)e; # 0. Choose
A € ann M such that e;de; # 0. Then A induces by right multiplication a
nonzero morphism p:Ae; — Ae;. Since M is sincere, Homa(Ae;, M) # 0
and Homy(Aej, M) # 0. By the choice of u it is easy to see that
Homy(u, M) = 0, and Homy (g, M) is hence neither a monomorphism
nor an epimorphism. This gives a contradiction to Proposition 1.5, so
that M is faithful. This finishes the proof of the theorem since we know
that M being faithful implies that M is sincere. O

When an artin algebra A has a sincere indecomposable directing
module, we shall see that there are several A-modules of projective
dimension at most 1 and of injective dimension at most 1. We say that
an indecomposable module M is before the indecomposable module X
in modA if M = X or there is a path from M to X in modA and
M is after X in modA if M = X or there is a path from X to M
in mod A. Note that this does not in general define a partial order in
ind A

Proposition 1.7 Let A be an artin algebra and M an indecomposable A-
module. Then we have the following.

(a) pda M <1 if and only if Homp(D(A),D Tr M) = 0.

(b) idaM <1 if and only if (Tt DM)* =0,

(c) Let X be a sincere indecomposable directing module. If M is before
X, then pdy M < 1 and if M is after X, then id\M < 1.

Proof (a) This is just a restatement of IV Proposition 1.16.

(b) This follows from (a) by duality.

(c) Assume that M is before the sincere indecomposable directing A-
module X. If pdy M > 1 there is by (a) an indecomposable injective
A-module I such that Homa (I, D Tr M) # 0. Since X is sincere, it is easy
to see that Homu (X, I) # 0. Since there is a path from DTrM to M, it
follows that X lies on a cycle. This is a contradiction, and hence we can
conclude that pdy M < 1.
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The second part follows by duality. m]

As an application of Theorem 1.6 we prove a similar result for sincere
modules which do not lie on short cycles, which we shall need in Section 3.

Proposition 1.8 Let A be an artin algebra and X an indecomposable sincere
A-module which does not lie on a short cycle. Let M be indecomposable in
mod A.

(a) If Homa(M,X) 0, then pdy M < 1.
(b) If Homp(X, M) # 0, then idaM < 1.

Proof (a) Assume Homa(M,X) # 0, and let P; 2 Py — M — 0 be a
minimal projective presentation of M. We have the formula (M, X) —
(X,DTr M) = (Py,X) — (P;,X) by IV Corollary 4.3. Since X is not the

middle of a short chain and Homa (M, X) # 0, we have (X,D TrM) = 0.

. h
Consider the exact sequence 0 — Homa(M, X) — Homu(Py, X) Homii %)

Hom(Py, X). Then Ig(ImHomy(h, X)) = (Po,X) — (M, X) = (P,X).
Therefore Homy(h, X) is surjective. Since X is faithful by Theorem 1.6,
we have a monomorphism f:A — tX for some ¢t > 0. Hence we have
a monomorphism g:P; — sX for some s > 0. Because Homy(h, X) is
surjective we have a commutative diagram

h

Pl g PO
le /
sX

Since g is a monomorphism, h is also a monomorphism, and hence
pdA M < 1.
(b) This follows from (a) by duality. ]

2 Modules determined by composition factors

We give some general sufficient conditions for indecomposable modules
to be determined by their composition factors, in terms of the notions
introduced in Section 1.

Theorem 2.1 Let M and N be indecomposable modules having the same
composition factors. If M does not lie on a short cycle, then M ~ N.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.010
https://www.cambridge.org/core

IX.2 Modules determined by composition factors 321

Proof Let Py — Py — X — 0 be a minimal projective presentation for
a A-module X, and let M and N be indecomposable A-modules. We
have by IV Corollary 4.3 the formulas (X, M) —(M,D Tr X) = (Po, M) —
(P, M) and (X, N)—(N,D Tr X) = (Py, N)—(Py, N). Since M and N have
the same composition factors, we have (Py, N) = (Py, M) and (P;,N) =
(P, M). Hence we get (X,M) — (M,DTrX) = (X,N) — (N,DTrX).
Letting X = M, we have (M,M)— (M,D TrM) = (M,N)—{(N,D Tr M).
Since M does not lie on a short cycle, it is not the middle of a short
chain by Theorem 1.2. Therefore we get (M,DTrM) = 0, so that
{M,N) #0.

Since DM also does not lie on a short cycle in mod(A°P), and DM
and DN have the same composition factors, we get similarly that
(DM,DN) # 0 and hence (N,M) # 0. Since Homs(M,N) # 0 and
Homy (N, M) # 0 and M does not lie on a short cycle, we conclude that
M~ N. O

We have the following immediate consequences.

Corollary 2.2 Let M and N be indecomposable A-modules having the same
composition factors. If M is directing, then M ~ N, m]

Corollary 2.3 If there are no short cycles in mod A, then the indecompos-
able A-modules are determined by their composition factors. a

It follows from VIII Proposition 1.5 and its duval that the indecom-
posable preprojective and preinjective modules over a hereditary artin
algebra are directing. Hence Corollary 2.2 is a generalization of the result
proven in VIII Corollary 2.3 that these modules are determined by their
composition factors.

We show that End(M) being a division ring is not a sufficient condi-
tion for M to be determined by its composition factors and that M not
lying on a short cycle is not a necessary condition.

Example Let A be a Nakayama algebra with admissible sequence (3, 3)
over an algebraically closed field k. Let S; and S> denote the simple
A-modules and Py and P, their projective covers. Then P;/soc P; and
P,/ soc P, have the same composition factors and their endomorphism
rings are division rings, but they are not isomorphic.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.010
https://www.cambridge.org/core

322 Short chains and cycles

Further we have a short cycle P, — P, — Py, and P; is determined by
its composition factors.

We know that an indecomposable artin algebra is of finite represen-
tation type if we have a finite component of the AR-quiver. We have
illustrated on examples in Chapter VII that we can sometimes compute
the AR-quiver by starting with a simple projective module. The method
is easier to carry out in practice if we can replace the indecomposable
module corresponding to a vertex by its composition factors. In order to
do this we need to recognize from the composition factors when we have
reached an indecomposable summand X of tP for some indecomposable
projective module P. In particular, we need to know that such X are
determined by their composition factors. We point out that we can rec-
ognize from the composition factors if we have an injective module, since
for a minimal left almost split morphism g: 4 — B we have [(B) < [(A)
if and only if A is injective.

We illustrate this principle on an example already treated in Chap-
ter VIL

o« b2
Example Let k be a field and I' the quiver , « \-3 with relation
BN s
4

p = {Bfa— 8y}. Denote by S; and P; the simple and projective module
corresponding to the vertex i for i = 1,2,3,4. Then Sy = P; and
tP, ~ S4 ~ tP3 and tP, is indecomposable.

It is not hard to see that rP; does not lie on a short cycle (see
Exercise 5), so that rP; is determined by its composition factors by
Theorem 2.1.

If [M] = a1[S1] + a2[S>] + a3[S3] + a4[S4] in Ko(mod A), we denote [M]
by (a;,a, a3, a4). We then have that the AR-quiver of this algebra looks
like the following, using additivity.

0,10,1) ©,0,1,0) (1,1,00)

©0,1,1) {0,1,00) (1,0,1,0)
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3 Sincere modules and short cycles

We have seen that for indecomposable modules, not lying on a short cycle
is a proper generalization of being directing. It is sometimes possible to
reduce questions about modules not lying on short cycles to questions
about directing modules, as we shall illustrate in the next section. This
is based on the fact that the two concepts coincide for sincere modules,
which is the main result of this section.

We start with the following preliminary results.

Lemma 3.1 Let 6:0 > X 1» Y % Z — 0 be an exact sequence in mod A.
If f erada(X,Y) and p: X — M is a split epimorphism and

0 - x L v 5z 5 o0
lr la l
fl

0O - M > C - Z - 0
is a pushout diagram, then [’ € radp(M,C).

Proof Choose j: M — X such that pj = 1. Then we have gfj = f’.
Since f € rada(X, Y) we have that ' € rads(M, C). 0O

Lemma 3.2 Let M and N be indecomposable A-modules with rad> (M, N) =

0.La M EN X3 Nbea path in mod A with (X)) smallest possible. Then
Ker g is indecomposable.

Proof Let K = Kerg and assume that K = K;[[K> where K; is
indecomposable. We denote by f’ the morphism M — K induced
by f:M — X. Since f:M — X is not zero, we can assume that
pif’ # 0 where p;: K — K is the projection map according to the above
decomposition. We have the exact sequence 0 — K S5x52 -0
where Z = Img. Consider the pushout diagram

S t

6: 0 - K - X - Z - 0
i 1 I
6:0—>K1—01>Y£>Z—>O.
Since s: K — X is a nonzero monomorphism which is not an epimor-
phism and X is indecomposable, we have that s € radj(K,X). Then
o € rada(K,Y) by Lemma 3.1, and hence the sequence ¢ does not
split. Since a«:K; — Y is a monomorphism, there is a decomposition
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Y = Y]] Y» with Y; indecomposable and gqiapif': M — Y; nonzero,
where q;: Y — Y| is the projection map according to the above decom-
position. If f(Y;) = 0, we have Y; < a(K;). Hence Y; would be a
summand of «(K;), and consequently Y; = «(K) since Y; is not zero and

(K ) is indecomposable. But then the sequence 0 — K, 5y L AR
would split. Consequently we have f(Y;) = 0. Now we have a path
M — Yy —» N with I(Yy) < (X) — I(K5). By the assumption on X we
have that K, = 0. Therefore we have that K = Ker g is indecomposable.

0

The crucial part of the main theorem is the following.

Proposition 3.3 Let M be a sincere indecomposable module over an artin
algebra A and assume that M does not lie on a short cycle. If N is inde-

composable and there is a path M EN x3y KA N in mod A, then there
is some path M 5 A5 N inmodA.

Proof Let M be a sincere indecomposable module over an artin algebra

A and assume that M does not lie on a short cycle. Let M ER x&yv AN
be a path from M to N in mod A, and assume that [(X)+1(Y) is smallest
possible for a path from M to N with three morphisms. We can clearly
assume that Homp(M, Y) =0 = Homa(X, N), since otherwise we would
easily get a shorter path from M to N. Since Homs(M,Y) = 0 and the

path M EN X 2 Y has I(X) smallest possible, it follows from Lemma 3.2
that Kerg is indecomposable. Since in addition Homa(M,K) # O,
where we write K = Kerg, and M is a sincere indecomposable module
which is not the middle of a short chain, it follows that idaK < 1 by
Proposition 1.8. Writing Z = Img and C = Cokerg we have an exact

sequence 6:0 —» Z %Y 5 C — 0. The exact sequence 0 - K —» X LR
Z — 0, where g': X — Z is the morphism induced by g: X — Y, gives
rise to an exact sequence Extl(C,K) — Exti(C,X) — Ext\(C,Z) — 0.
Considering the element & in Ext}(C,Z), it follows from the surjection
Ext,l\(C, X)— Ext,l\(C,Z ) that we have an exact commutative diagram

0o - x 5B L ¢S oo

le v I

l

0 - Z - 'Y - C - 0
!
0

l
0
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Let B = [[;_, B; be a decomposition of B into a sum of indecomposable
modules, and denote by ¢;:B; — B and p;: B — B; the corresponding
monomorphisms and epimorphisms for i = 1,...,s. Since hg =0, g is
not an epimorphism and hence C = Cokerg is not zero. Since g # 0,
we have that Z = Img is not zero. It then follows that 0 - Z - Y —
C — 0 does not split since Y is indecomposable. Hence the sequence

0->X5B ﬁ» C — 0 does not split. If follows that p;a: X — B; is not
an isomorphism for any i.
()

Consider the sequence £:0 —» X =B 11Z — Y — 0 induced by the
above diagram which is exact by I Proposition 5.6. Since gf = 0 we
have that g: X — Y is not a monomorphism, and hence g': X — Z is a
proper epimorphism. Then g’: X — Z is not a split monomorphism, so
that g’ € rada(X,Z) since X is indecomposable. Since «: X — B is also
not a split monomorphism, we have o € rad,(X, B), and consequently
(%) € rada(X,B]1Z). Hence ¢ does not split. Since both X and Y
are indecomposable, p;a: X — B; and vg;: B; —» Y must then be nonzero
nonisomorphisms for all i. Since a:X — B is a monomorphism and
f:M — X is not zero, there is some i with p;af: M — B; not zero. Since
v:B — Y is an epimorphism and h:Y — N is not zero, there is some j
with hvq;: Bj — N not zero.

If i = j, we then have a path M — B; - N. If i 5 j con-
sider the paths M - X - Bj - Nand M - B, - Y — Z.
From the exact sequence 0 - X — B[[Z — Y — 0 it follows
that I(X) + I(Bj) + I(B;)) + I(Y) < 2(i(X) + I(Y)). Hence we have
I(X)+1(Bj) < (X)+ KY) or I(X)+I(Bi)) < I(X)+ KY). This con-
tradicts our choice of path M — X — Y — N. Hence there is some path
M — A — N in mod A. O

As a consequence we obtain the following.

Theorem 3.4 Let M be a sincere indecomposable module over an artin
algebra A. Then M is not directing if and only if M lies on a short cycle.

Proof If M lies on a short cycle, then obviously M lies on a cycle and
is hence not directing.

Assume conversely that M is not directing and choose a cycle M ELd

X1 Ll» X, Lz» f"—_f X,—1 f"—_>l X, = M, where n is smallest possible. If

n < 2 we have a short cycle, and we are done. If n > 3 we apply Propo-
sition 3.3 to the path M ELL X, ELN X> ELL X3 to get a path M Ly d X;.
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Then we get a shorter path from M to M, which is a contradiction.
Hence M lies on a short cycle. |

4 Modules determined by their top and socle

Closely related to the question of whether an indecomposable module M
is determined by its composition factors is whether it is determined by the
pair (top M, soc M) where top M = M /tM, or by the pair (Po(M), P1(M))
when P;(M) — Py(M) > M — 0 is a minimal projective presentation of
M. Again not lying on a short cycle plays a crucial role.

We first investigate when M is determined by its top and socle, that is
by the pair of semisimple modules (M /xM, soc M). We start out with M
being directing, and use Theorem 3.4 to generalize to the case when M
does not lie on a short cycle.

Proposition 4.1 Let M and N be indecomposable modules over an artin
algebra A, where M is directing. Assume that each simple A-module is
a summand of (M/tM)]]socM and that M/tM ~ N/tN and socM ~
socN.

Then we have that M ~ N.

We need the following lemmas, where M and N satisfy the assumptions
of the proposition.

Lemma 4.2

(a) (P(S),M) > (P(S),N) for all simple modules S which are summands
of soc M, where P(S) denotes the projective cover of S. We have
equality if Ext}(soc M, N) = 0.

(b) (M,I(S)) = (N,I(S)) for all simple modules S which are summands
of soc M where I(S) denotes the injective envelope of S. We have
equality if Ext}(soc M,N) =0.

(¢) (M,I(T)) = (N,I(T)) for all simple modules T which are summands
of M/tM, where I(T) is an injective envelope of T. We have equality
if Ext\(N, M/tM) = 0.

Proof (a) We prove this by induction on I(P(S)), where S is in soc M.
If I(P(S)) = 1, we have P(S) ~ S, and (P(S),M) = (S,socM) =
(S,socN) = (P(S),N).

Assume now that I(P(S)) > 1. Since M is sincere directing and
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Homy (S, M) # 0, we have pd, S < 1 by Proposition 1.7. Hence tP(S) is
the sum of indecomposable projective modules P(S’), where §’ is simple.
Since we have a chain of nonzero morphisms §’ — tP(S)/r*P(S) —
P(S)/x*P(S) - S — M between indecomposable modules and M is
directing, it follows that S’ is not a summand of M/tM. Hence S’ is a
summand of soc M. The exact sequence 0 — tP(S) —» P(S) - S —» 0
gives rise to the exact sequences 0 — Homy (S, M) — Homu(P(S), M) —
Homu(rP(S),M) — Ext\(S,M) — 0 and 0 — Homu(S,N) —
Homa(P(S), N) = Homa(xP(S), N) — Ext}(S,N) — 0. If Ext\(S, M) #
0, we would have a nonsplit exact sequence 0 > M - E - § — (,
and hence a cycle S - M — E’ — S where E’ is an indecomposable
summand of E. Since M is directing, it follows that Ext,l\(S,M) =
0. Since I(P(S')) < I(P(S)), we have by the induction assumption
that (tP(S),M) > (tP(S),N). Hence we get (P(S),M) = (S,M) +
(tP(S),M) = (S,N) + (xP(S),M) > (S,N) + (xP(S),N) > (P(S),N).

If Ext}(soc M, N) = 0, the induction assumption gives (tP(S), M) =
(tP(S),N), so that we get (P(S),M) = (S,M) + (xP(S),M) = (S,N) +
(xP(S),N) = (P(S),N).

(b) This follows directly from (a) by using Lemma 1.4(c) which implies
that (P(S),X) = (X,I(S)) for each X in modA and each simple A-
module S.

(c) This follows from (a) by duality. a

Lemma 4.3 We have Ext)(soc M, N) = 0 or Ext\(N,M/tM) = 0.

Proof Assume that Ext}(S,N) # 0 and Exti(N,T) # 0 where S is a
summand of soc M and T is a summand of M/tM. Then we would have
a chain of nonzero nonisomorphisms M > T > E >N->F->S->M
between indecomposable modules, contradicting the fact that M is di-
recting, a

We are now ready to prove Proposition 4.1. By Lemma 4.3 we have that
either Ext}(soc M,N) =0 or Ext,l\(N, M/xM) = 0. If Ext\(N, M /tM) =
0, then Extf\OP(D(M /tM),DN) = Ext}\op(soc DM,DN) = 0. Further DM
and DN satisfy the hypothesis of Proposition 4.1 for the artin algebra
A°. Hence it is enough to consider the case Ext}(soc M,N) = 0. We
will then prove that Homa(N, M) %= 0 and Homa (M, N) # 0, giving our
desired result. Since M is directing and sincere we have by Proposition 1.7
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that idaM < 1. Let
*) 0O-M-—>Iy—-1,—-0

be a minimal injective resolution. Since M is directing Ext,l\(X , M) =
0 for all submodules X of M, especially for X = socM. Conse-
quently I, is in addI(M/tM) since all semisimple A-modules are in
add(soc M J[(M /tM)) where I(M /M) denotes the injective envelope of
M/tM.

Applying Homa(M, ) and Homu(N, ) to the exact sequence (*)
gives the exact sequence 0 — Homa(M,M) — Homuz(M,Iy) —
Homy (M, I;) — 0 since Exti(M, M) = 0 and the exact sequence 0 —
Hom, (N, M) — Homa(N, Iy) » Homy (N, I;). This gives that (N, M) >
(N,Io) — (N,I1) = (N,Io) — (M,I1) = (M, Iop) — (M, 1) = (M,M) >0
where the second inequality follows by Lemma 4.2 (c¢) and the first
equality follows since (N, Io) = (M,Iy) by Lemma 4.2 (b) using that we
have assumed Ext}(soc M,N) = 0. Hence Homy (N, M) # 0. But then
Ext}\(N ,Y) =0 for all quotients Y of M since otherwise we get a path
M > Y - E— N — M in indA. In particular Ext\(N,M/tM) = 0.
Using the duality we then get that Ext,l\(soc DM,DN) = 0. Hence by
our previous argument we get that Homy(DN,DM) # 0 showing that
Homa (M, N) # 0. This then gives M ~ N completing the proof of the
proposition. m]

Let P be a projective module over an artin algebra A, and let ' =
Enda(P)°P. In order to investigate mod I it will be useful to view mod I
as an appropriate subcategory of mod A. We have already shown in
Chapter II that if mod P denotes the full subcategory of mod A whose
objects are the X in mod A such that the first two terms Po(X) and
Py(X) in a minimal projective presentation of X are in add P, then
eplmodp:mod P — modTI is an equivalence of categories. Here it is
useful to deal with another subcategory of mod A. Denote by ts(P) the
full subcategory of mod A whose objects are the M in mod A with M /tM
and soc M in add P /tP. The following result will allow us to investigate
questions about modI" by studying ts(P).

Proposition 4.4 Let P be a projective module over an artin algebra A, let
I' = EndA(P)°? and ts(P) be as defined above. Then the evaluation functor
ep = Homp(P, ):mod A — modT induces an equivalence of categories
Jrom ts(P) to modT.

Proof We know that ep|pogp:mod P — modI’ is an equivalence of
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categories by II Proposition 2.5. Let f: X — Y be a morphism in ts(P).
Since by assumption there is an epimorphism #: Q — X with Q in add P,
it follows that if f O, then ep(f) # 0. Hence ep|ip): ts(P) — modT is
faithful.

For X in ts(P) consider the exact sequence 0 —» QX — P(X) 5X 50
where u: P(X) — X is a projective cover, and define X=P (X)/7p(QX),
where tp(€2X) denotes the submodule of QX generated by all images
of morphisms from P to QX. Then X is in mod P and we have an
exact sequence 0 — QX/tp(QX) > X — X — 0. Since socX is in
add(P/tP), we have that QX /tp(QX) is the largest submodule of X
where no simple composition factor is a summand of P /tP. We have an
induced isomorphism ep ()? ) — ep(X) since Homy (P, QX /tp(2X)) = 0.

Let now X and Y be in ts(P) and let 6:ep(X) — ep(Y) be a morphism
in modT. Since ep|mogp:modP — modT is an equivalence, there is a
morphism :X — Y such that the diagram

er(X) > ep(X)
lip(w) le
er(Y) S ep(Y)

commutes. Using that QY /tp(QY) is the largest submodule of Y where
no simple composition factor is a summand of P/rP and consequently
Homy (P,QY /1p(QY)) = 0, we get a commutative diagram

0 > QX/tp(QX) - X > X - 0
lo

! Lo
0 - QY/1p(QY) - Y —-» Y — 0.

It then follows that ¢ = ep(v), so that ep|ip): ts(P) — mod I is full.

Let now C be in mod I and let Z be in mod P with ep(Z) ~ C. Let
K be the largest submodule of Z with Homa(P,K) = 0. Then soc(Z /K)
is in add(P /tP), so that Z/K is in ts(P) and ep(Z) ~ ep(Z /K). This
shows that ep|ipy:ts(P) — modT is dense, and finishes the proof that
we have an equivalence. a

We shall need the following additional information about this equiva-
lence.

Proposition 4.5 Let P be a projective module over an artin algebra A, and
let T' = Enda(P)°P. Let M be in ts(P).

(a) M is a simple A-module if and only if ep(M) is a simple T'-module.
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(b) ep(soc M) ~ socep(M).
(¢) ep(M/tM) =~ ep(M)/trep(M).

Proof (a) Let f:X — Y be a morphism in ts(P). Since socX is
in add(P/¢P), we have that soc(Ker f) is in add(P/¢P) and therefore
Homa(P,Ker f) # 0 if Kerf # 0. Further, Homa(P,Coker f) + 0 if
Coker f # 0 since (Coker f)/(x Coker f) is in add(P/¢P). Hence f is a
monomorphism in mod A if and only if ep(f) is a monomorphism in
modTI’, and f is an epimorphism in mod A if and only if ep(f) is an
epimorphism in modI. It follows that a module M in ts(P) is simple in
mod A if and only if ep(M) is simple in mod I".

(b) If we have a monomorphism X — ep(M), then X ~ ep(N) for
some N in ts(P) and we have a monomorphism N — M inducing the
monomorphism ep(N) — ep{M). Since by (a) ep(N) is a semisimple
I'-module if and only if N is a semisimple A-module and soc M is in
ts(P) we get ep(soc M) ~ socep(M).

(c) If we have an epimorphism ep(M) — Y, then Y ~ ep(N) for some
N in ts(P) and we have an epimorphism M — N inducing the epimor-
phism ep(M) — ep(N). It follows from (a) that ep(N) is a semisimple
I'-module if and only if N is a semisimple A-module. Since M/tM is in
ts(P), we get ep(M /taM) ~ ep(M)/trep(M) by using that M /xpA M is the
largest semisimple factor module of M and ep(M)/trep(M) is the largest
semisimple factor module of ep(M). ]

We now prove the main result of this section.

Theorem 4.6 Let M and N be indecomposable modules over an artin al-
gebra A with M /tM ~ N /tN and soc M ~ soc N. If M does not lie on a
short cycle, then M ~ N.

Proof Let P be the projective cover of (M/rM)]]soc M, and consider
the functor ep:mod A — modI' where as usual I' = End,(P)°. Then
M and N are in the subcategory ts(P). It follows from the equivalence
between ts(P) and mod I that since M does not lie on a short cycle in
mod A, then ep(M) does not lie on a short cycle in modT.

The indecomposable projective I'-modules are those of the form ep(Q)
for an indecomposable summand Q of P. Since socep(M) ~ ep(soc M)
and ep(M/tM) ~ ep(M)/rr(ep(M)), it follows from the choice of P
that Homr(ep(Q),soc(ep(M))[[ep(M)/rr(ep(M))) # O for each inde-
composable projective I'-module ep(Q). In particular ep(M) is a sincere
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indecomposable I'-module which does not lie on a short cycle, and
is hence directing by Theorem 3.4. Since socep(N) = ep(socN) =~
ep(soc M) = socep(M) and ep(M)/trep(N) ~ ep(N/tN) ~ ep(M /tM) ~
ep(M)/trep(M), it follows from Proposition 4.1 that ep(M) ~ ep(N).
Hence we get M ~ N since ep|sp): t5(P) — mod I is an equivalence and
both M and N are in ts(P). O

We now show that short chains also come up in investigating when
an indecomposable module is determined by the first two terms in a
minimal projective presentation.

Theorem 4.7 Let M and N be indecomposable A-modules and Py(M) —
Py(M) - M — 0 and P;(N) — Py(N) —» N — O their minimal projective
presentations. If Po(M) ~ Py(N) and P{(N) ~ Pi(M), and M and N are
not the start of any short chain, then M ~ N.

Proof Let M and N satisfy the hypothesis of the theorem. We want to
prove that (M, X) = (N, X) for all indecomposable A-modules X. Then
it follows that M ~ N by VI Theorem 4.2.

For an indecomposable module X we have (M,X) — (X,DTrM) =
(Po(M),X) — (Py(M),X) = (N, X) — (X,D Tr N), by IV Corollary 4.3. If
(M,X) # 0, then (X,D Tr M) = 0 since M is not the start of any short
chain. Then we must have (N, X) # 0, and hence (X,D Tr N) = 0 since
N is not the start of any short chain. Hence we get (M, X) = (N,X)
when (M, X) # 0. In the same way we get that if (N,X) # O then
(M,X) = (N,X). Hence we have (M,X) = (N, X) for all X, and this
finishes the proof. m]

We note that for two indecomposable modules M and N, where M is
directing, it may happen that Py(M) ~ Py(N) and P;(M) ~ P;(N), but
M and N are not isomorphic.

Example Let A = k(T, p) where I' is the quiver i—»g@“ and p the relation
{«?}. The simple module S; is injective and is clearly directing. We let

M = S and let N be the indecomposable representation k Lk °. Then
Po(M) ~ P ~ P()(N) and Pl(M) ~ P~ Pl(N).

We end this section by pointing out that the conditions for an inde-
composable A-module M to be determined by its composition factors,
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by its top and socle or by the first two terms in a minimal projective
resolution are all independent.

Let A = k[X]/(X?) where k is a field, and let S be the simple A-
module. Then S and A are the only indecomposable A-modules. A is
determined by its composition factors and by the first two terms in a
minimal projective resolution, but not by its top and socle.

If A is Nakayama with admissible sequence (2,2), and M is indecom-
posable of length 2, then M is not determined by its composition factors.
But M is determined by the first two terms in a minimal projective
resolution and by its top and socle.

Let A be Nakayama with admissible sequence (4,4) and let S; and S,
be the simple A-modules. Let M be the indecomposable A-module of
length 3 with M/tM ~ S;. Then M has the same top and socle as S,
and the same first two terms in a minimal projective resolution and is
hence not determined by these invariants. But M is determined by its
composition factors.

Exercises

1. Let A be an artin algebra and P a projective A-module. Denote by
comod P the full subcategory of mod A whose objects are the C in mod A
such that if 0 - C — Iy — I; is a minimal injective resolution we have
that socIy and socl; are in add(P /tP).

Show that ep|comod p :comod P — mod Enda(P)°P is an equivalence of
categories.

2. Show that there is a functor F:mod P — ts(P) sending X to X, as
defined in Section 4, which is an equivalence of categories.

3. Let A be an artin algebra having a sincere module which is not the
middle of a short chain.

(a) Prove that there are no oriented cycles in the quiver of A.

(b) Prove that gl.dimA < 2.

(c) Prove that if X is an indecomposable A-module with idp X = 2, then
pda X < 1.

4. Let A be a basic artin algebra and M a A-module which is not the
middle of a short chain. Write A = P [ Q, where the simple summands
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of P/trP are exactly the composition factors of M. Denote by 79(A) the
ideal of A generated by all images of all morphisms from Q to A.
Prove that Enda(P)% ~ A/19(A) and 19(A) = ann M.

1
« ° B
5. Let k be a field and T" the quiver 2 \ / s with relation p = {ya—48}.

¥ é

4

Let P; be the indecomposable projective injective module over the algebra
A =k(T,p).
Prove that rP; does not lie on a short cycle.

6. Let A be any artin algebra, A and C indecomposable A-modules and
A ER B3 Ca sequence of irreducible morphisms such that gf = 0.
Prove that 0 —» 4 ER B % C > 0is an almost split sequence.

7. Let (I', p) be a quiver with relations, k an algebraically closed field
and A = k(T, p). Let (V, f) be an indecomposable representation of (I', p)
which is not the middle of a short chain. Prove that for f = (fy)uer, We
have that each f, is either a monomorphism or an epimorphism.

Notes

That indecomposable modules lying on cycles, but only on suitably
restricted types of cycles, could have properties similar to those for di-
recting modules was demonstrated in [AuR8] with the introduction of
short chains. It was shown that indecomposable modules not in the
middle of a short chain are determined up to isomorphism by their
composition factors, generalizing earlier results about directing modules
given in [HapR], [Hapl]. It was shown that indecomposable modules
which are not the start of a short chain are determined up to isomor-
phism by the two projective modules occurring in the minimal projective
presentation of the module. That it is not sufficient that one of the
modules is directing was observed in [Bak].

The theory of short cycles initiated in [ReSS1] gives another way
of viewing indecomposable modules which are not the middle of short
chains. It was shown in [ReSS1] that if an indecomposable module is
not the middle of a short chain, it is not on a short cycle, and that if
two indecomposable modules have the same composition factors and one
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is not on a short cycle, then they are isomorphic. This generalized the
result mentioned from [AuRS], and a similar result on directing modules
in [Rin3]. That an indecomposable module is not the middle of a short
chain if and only if it is not on a short cycle is given in [HapL). The
proof given here is somewhat different from the original one.

The proof that indecomposable sincere modules not lying on short
cycles are directing is taken from [HapRS]. This is applied in [HapRS]
to showing that indecomposable modules not lying on a short cycle are
determined by their top and socle, by reducing to the case of directing
modules ([BonS] and [BakS]).

Further results along these lines can be found in [ReSS2], [HapL],
[Liu2] and [Sk1].
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Stable equivalence

The category mod A was introduced in Chapter IV in order to be able
to define the functors Tr:mod A — mod A°? and Q:mod A — mod A.
Another interesting aspect of the category mod A is that mod A and
mod A’ can be equivalent categories for seemingly rather different artin
algebras A and A’. This chapter is devoted to giving various illustrations
of this phenomenon. We are particularly interested in the situations
where one of the algebras is either hereditary or Nakayama.

1 Stable equivalence and almost split sequences

We say that two artin algebras A and A’ are stably equivalent if there
is an equivalence F:mod A — mod A’ between the associated module
categories modulo projectives. Since we know by IV Proposition 1.9 that
DTr:mod A — mod A is an equivalence of categories, it follows that
A and A’ are stably equivalent if and only if the categories mod A and
mod A’ of the module categories modulo injectives are equivalent. In
this section we investigate properties which stably equivalent algebras
have in common, including operations with which a stable equivalence
F:mod A — mod A’ commutes and module theoretic properties pre-
served by stable equivalence. A central role is played by the behavior of
almost split sequences under stable equivalence.

We start with the following easy result, showing that information on
when two algebras are stably equivalent is useful for classifying algebras
of finite representation type. When F:mod A — mod A’ is an equiva-
lence, we also denote by F the induced correspondence between modgs A
and modgp A/, where as before mody A denotes the full subcategory of
mod A whose objects are the modules which have no nonzero projective
summands.

335
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Proposition 1.1 Let A and A’ be stably equivalent artin algebras. Then A
is of finite representation type if and only if A is of finite representation
type.

Proof Let F:mod A — mod A’ be an equivalence. Since for M in
modg A we have that (M, M) < rad Enda (M), it follows that End (M)
is local if and only if Enda-(F(M)) is local. Hence F gives a one to one
correspondence between the nonisomorphic indecomposable nonprojec-
tive objects in mod A and modA’. Since A and A’ have only a finite
number of nonisomorphic indecomposable projective modules, it follows
that A is of finite representation type if and only if A’ is. O

We now study the relationship between almost split sequences, ir-
reducible morphisms and AR-quivers for stably equivalent algebras.
DTr operates on objects in mod A, and there is an induced opera-
tion from modz A to mods A by taking the nonprojective part (D Tr C)»
of DTrC for C in mody A. In connection with the study of almost
split sequences we investigate when for an object C in mod» A we have
F(D Trp C) ~ D Try F(C) in mods A’. We refer to this as F commuting
with D Tr. These results will also be applied to decide when F commutes
with Q for selfinjective algebras, that is when F(QC) ~ QF(C) in modz A’
for each object C in modz A.

We have the following connection between stable equivalence and the
radical. For each f in mod A we denote by f the image of f in mod A.

Lemma 1.2 Let F:mod A — mod A’ be a stable equivalence between artin
algebras and let X and Y be in mody A.

(@) Let f:X — Y be a morphism in mod A and let f':F(X) — F(Y) in
modgy A’ be such that F(f) = f'. Then f € rada(X,Y) if and only if
f’ € radp(F(X),F(Y)).

(b) F(radj(X,Y)+ 2(X,Y)) = rad},(F(X),F(Y)) + P(F(X),F(Y)) for
all n > 1.

(c) F induces an isomorphism Irr(X,Y) ~ Irr(F(X),F(Y)) when X and
Y are indecomposable in modgs A.

Proof (a) Assume that f ¢ rada(X,Y). Then there is some Z in mod A,
which is a summand of X and is hence in modg A, such that 1; = hfg
for some g:Z — X and h:Y — Z. Then we get 1pz) = K f'g’ + s with
s € PF(X),F(Y)) c rada(F(X), F(Y)), so that f’ ¢ radp(F(X),F(Y)).
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It follows the same way that if f* ¢ rady (F(X),F(Y)), then f €
rada(X,Y).

(b) This is a direct consequence of (a) and the definition of radj.

(c) This follows from (a) and (b) using that #(X,Y) < radf\(X, Y),
P(F(X),F(Y)) < rad3,(F(X),F(Y)) and that F induces an isomorphism
Homy(X,Y)/P(X,Y) ~ Homp(F(X), F(Y))/P(F(X),F(Y)). m|

We now apply Lemma 1.2 to get the following.

Proposition 1.3 Let F:mod A — mod A’ be a stable equivalence between
artin algebras. For a morphism f:X — Y in modg A with X or Y inde-
composable, let f':F(X) — F(Y) be such that F(f) = f_’. Then we have
the following.

(@) f:X — Y is irreducible in mod A if and only if f':F(X) —» F(Y) is
irreducible in mod A’.
(b) If Y is indecomposable in mod A, then the following are equivalent.

(i) There is a morphism g: P — Y with P projective in mod A such
that (f,g):X[IP — Y is minimal right almost split.

(il There is a morphism h:Q — F(Y) with Q projective in mod A’
such that (f',h): F(X)[[ Q@ — F(Y) is minimal right almost split.

(c) If X is indecomposable in mod A, then the following are equivalent.

(i) There is a morphism g:X — P with P projective such that
(g ):X — Y I[P is minimal left almost split.

(ii) There is a morphism h: F(X) — Q with Q projective in mod A’
such that (1)): F(X) — F(Y)]1Q is minimal left almost split.

Proof All the claims follow directly from Lemma 1.2 and VII Proposi-
tion 1.3. |

In view of Proposition 1.3 it is of interest to know how to construct
the whole middle term of an almost split sequence when we know the
nonprojective part. We have the following result in this direction.

Proposition 1.4 Let Y be an indecomposable nonprojective module over an
artin algebra A, and let f:X — Y in modg A be such that there is some
morphism g:P — Y with P projective such that (f,g):X[[P — Y is
minimal right almost split. Then we have the following.
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(a) The composition morphism P — 'Y — Y /Imf is a projective cover.
(b) If h:Q — Y is such that the composition Q —» Y — Y /Imf is a
projective cover, then (f,h): X [[Q — Y is minimal right almost split.

Proof (a) Since (f, g) is an epimorphism, the composition g:P - Y —
Y/Imf is an epimorphism. If g’ is not a projective cover, there is a
decomposition P = P; [[ P; such that g'|p, =0 and g’|p,:P; = Y /Imf
is a projective cover. Then we have g(P») < Im f. Therefore glp,: P, > Y
factors through f, giving a contradiction to the right minimality of (f, g).
This shows that P, =0, and hence g': P — Y /Im f is a projective cover.

(b) Since (f,h):X][Q — Y is surjective, g: P — Y factors through
(f,h), and hence also (f,g) factors through (f,h). This shows that
(f,h) is right almost split, and it is minimal right almost split since

IX[IP)=UX]TQ) m

For an artin algebra A with AR-quiver I'y we denote by I the
full valued subtranslation quiver obtained by removing the projective
vertices from I'y. When A is a selfinjective algebra, then I}, is clearly a
stable translation quiver. It follows from Proposition 1.3 that if A and
A’ are stably equivalent algebras, then I'§ and I'}, are isomorphic as
valued quivers. To investigate when they are isomorphic as translation
quivers, we study what happens to almost split sequences under stable
equivalence. For this we need the following.

Lemma 1.5 Let A be an artin algebra and A EN B3 cCu sequence
of irreducible morphisms in modp A with A and C indecomposable and
gf = 0. Then we have the following.

(a) A~DTrC.
(b) There is a projective module Q and irreducible morphisms g':Q — C
and f': A — Q and a morphism 6(f): A — B with 6(f) € P(A, B) such

Ty ,
that0>4 LB 110 ) ¢ 0 is almost split.

ﬂ ’
Proof Let g’: B’ — C be such that 0 — Ker(g, g') (ﬁ-—) BI|B e o
is an almost split sequence. Since gf = 0 there exist a projective module
P and morphisms f”:4 — P and g”": P — C such that gf = g”f”. Since
(g.8') is surjective, there exists (}):P — B[[B’ with (g,8)(}}) = g"-
Hence we get gf = (g,g')(})f". Consider now the morphisms 3(f) =
—hf" and f' = —W f". We then have (g,g’)(”f‘s,m) =gf—ghf'—g'Wf" =
0. Hence there exists a morphism «:4 — D Tr C = Ker(g, g’) such that
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(5,)0: = ( +f(f)). But f + (f) is irreducible since f is irreducible and

8(f) € #(A, B) < rad} 4 (4, B). Hence « is a split monomorphism and con-
+«sm)

sequently an isomorphism. It follows that 0 — A4 BIIPB @) C—-0
is an almost split sequence. Since f' = W'f”:4 — B’ is irreducible and
f”:A — P cannot be a split monomorphism because A4 is not projective,
it follows that #': P — B’ must be a split epimorphism. Hence B’ is a
projective module. a

As an immediate consequence of this lemma we get the following.

Proposition 1.6 Let F:mod A — mod A’ be a stable equivalence between

7
artin algebras A and A'. Let 0 > A > Y BI[P = ©) ¢ - 0 be an almost

split sequence in mod A where A, B and C are in mOdga A, B is not zero
and P is projective.
Then for any morphism g': F(B) — F(C) with F(g) = g’ there is an almost

f,
split sequence 0 — F(A) — ( ) FB)[[P''S (g )

is projective and F(f) = f'.

F(C) = 0 in mod A’ where P’

Proof Choose morphisms g’: F(B) — F(C) and f”:F(A) — F(B) such
that F(g) = g’ and F(f) = f'. Then g’ and f” are irreducible by
Lemma 1.2, and we have g'f” = 0 since gf = 0. Since F(4) and F(C) are
indecomposable and in modz A/, there is by Lemma 1.5 an almost split

7 )
sequence 0 — F(4) — ( ) FB)[IP = @ F(C) — 0 where P’ is projective

and f' = f”, and hence F(f) = f'. O

Sometimes stable equivalences are induced by exact functors F:
mod A —» mod A’ taking projective A-modules to projective A’-modules.
This occurs for example when k is a field of characteristic p and G is
a finite group of order divisible by p but not p? and N is the nor-
malizer in G of a subgroup of order p. Then the restriction func-
tor modkG — modkN induces a stable equivalence. When we have
such an exact functor F:modA — modA’, it follows from our re-
sults that 0 —» FA — FB — FC — 0 is almost split in mod A’ when
0 > A — B — C — 0 is almost split in mod A. But even if we do not
have, or do not know if we have, an exact functor inducing the stable
equivalence, there may be general procedures for constructing almost
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split sequences in mod A’ from almost split sequences in mod A when we
have an equivalence F:mod A — mod A’, as we now illustrate.

For example if A is selfinjective we know that Q:mod A — mod A is
an equivalence. When 0 - 4 — B — C — 0 is exact, consider the exact
commutative diagram

0 0 0
1 ! !

0 - Q4 - QBIIQ - QC - 0
! ! i

0 - P4 —» PAHUPIC) —» PC) - 0
i ! !

0 - 4 - B - C -0
! ! !
0 0 0

where P(A) — A and P(C) — C are projective covers. If0 - A —» B —
C — 0 is almost split it follows that 0 —» Q4 - QB[[Q — QC — 0 is
almost split, using Proposition 1.3 and the fact that QA4 and QC are both
indecomposable.

As a consequence of our results we see that the correspondence F be-
tween the objects in mods A and mody A’ induced by a stable equivalence
F:mod A — mod A’ ‘usually’ commutes with D Tr.

Corollary 1.7 Let F:mod A — mod A’ be a stable equivalence between
artin algebras, and let C be indecomposable in modg A.

(a) Assume that in the almost split sequence 0 - A — B — C — 0 the
module B is not projective. Then the following hold.
(i) D Trp C is projective if and only if D Trp F(C) is projective.
(ii) If D Trp C is not projective then there is an isomorphism of A'-
modules F(D Trp C) ~ D Trp F(C).

(b) If C % TrDS where S is a simple module which is not a composi-
tion factor of tI/socl for any injective module I, then F(D Try C) ~
D Try F(C) in modgs A'.

Proof (a) Let 0 > A - B — C — 0 be an almost split sequence
where B is not projective. If A is not projective, the claim follows
from Lemma 1.5. If 4 is projective, consider the almost split sequence
0> A - B — F(C) - 0 in modA’. By Proposition 1.3 B’ is not
projective since B is not projective, and if A’ ~ D Trp F(C) was not
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projective, A = D Try C would be nonprojective by Lemma 1.5. Hence
A’ is projective.

(b) By V Theorem 3.3(b) the middle term B of the almost split sequence
0> A4 - B - C — 0 is projective if and only if 4 is a simple module
which is not a composition factor of rI/socl for any indecomposable
injective module I. Hence the claim follows from (a). a

The following example shows that the correspondence F induced by a
stable equivalence does not always commute with D Tr.

Example The algebras A = k[X]/(X?) and A’ = (} }) are stably equiv-
alent since in both cases there is only one indecomposable nonpro-
jective module, and this module has endomorphism ring k. Then
0— A/t > A > A/r > 0 is the only almost split sequence in mod A
and 0 > (}) = (}) = (§)/(}) — 0 is the only one in modA’. In the
first case the left hand term is not projective, whereas in the second case
it is.

For selfinjective algebras we can describe when there are no almost
split sequences with projective middle term.

Proposition 1.8 Let A be an indecomposable nonsimple selfinjective artin
algebra. Then the following are equivalent.

(a) There is an almost split sequence with projective middle term.
(b) All almost split sequences have projective middle terms.

(c) A is a Nakayama algebra of Loewy length 2.

(d) A is of Loewy length 2.

Proof If A has Loewy length 2, then we know from V Section 3 that
there are almost split sequences with projective middle term.

Assume that 0 - 4 - B — C — 0 is almost split with B projective.
Since A is selfinjective, B is also injective, and hence 4 and C must be
simple by V Theorem 3.3. Since 4 ~ QC, we then get /(B) = 2. Since
Q:mod A — mod A is an equivalence, there is an almost split sequence
0—> K —» Q —» 4 — 0 with Q projective, and hence [(Q) = 2. Continuing
the procedure we get an algebra summand of A where all indecom-
posable projective modules have length 2. Since A is indecomposable,
all indecomposable projective A-modules have length 2. Hence A is a
Nakayama algebra of Loewy length 2, and all almost split sequences
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have projective middle term. We now see that all the conditions are
equivalent. O

As a consequence of Corollary 1.7 and Proposition 1.8 we see what
happens to AR-quivers under stable equivalence.

Corollary 1.9 Let F:mod A — mod A’ be a stable equivalence between
artin algebras.

(a) Let T'p be the AR-quiver of A and let € be a component of T} where
all simple modules are composition factors of tD(A)/ soc D(A). Then F
induces a translation quiver isomorphism between € and a component
F(¥) of IS, where Ty is the AR-quiver of A'.

(b) If A and N are selfinjective with no block of Loewy length 2 and
I's and T'nr are the corresponding AR-quivers, then T', and T}, are
isomorphic stable translation quivers. O

Note that I" i[X] /x?) is the translation quiver with one vertex v and
w=vand i[X] /x?) and I iﬁ ) are not isomorphic as translation quivers,
but the associated proper translation quivers are isomorphic. Actually,
we have the following general result.

Corollary 1.10 If A and A’ are stably equivalent artin algebras, then the
proper translation quivers I', and I'},, are isomorphic as translation quivers.

Proof By definition tx is defined in l:f\ for a vertex x if and only if
X~ is not empty, that is, if and only if the middle term of the almost
split sequence with the module X corresponding to x on the right is not

projective. Then we get our desired result by applying Corollary 1.7. O

Note that (~f\,‘t) can be defined directly in terms of the category

mod A. We have seen that the quiver only depends on mod A, and the
translation 7 is defined by tx = z if there is a path - — - — - in the
z y x

quiver such that the corresponding morphisms in mod A can be chosen
to have composition zero.

The fact that the correspondence F:mods A — mody A’ induced by
a stable equivalence F:mod A — mod A’ usually commutes with the
operation D Tr is intimately related with the behavior of almost split
sequences under stable equivalence, and such information is useful when
investigating necessary conditions on algebras to be stably equivalent
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to a given class of algebras. We can also use this fact to show that a
stable equivalence between selfinjective algebras usually commutes with
Q. This is based on the fact that the correspondence F:mods A —
mods A’ commutes with TrDQ, when F:mod A — mod A’ is a stable
equivalence between selfinjective algebras. This is a direct consequence
of the following.

Lemma 1.11 Let A be a selfinjective artin algebra and C an indecom-
posable nonprojective A-module. Then the following are equivalent for an
indecomposable nonprojective A-module X.

(a) X is isomorphic to Tr DQC.
(b) There is a nonzero morphism f:X — C such that if Y is indecompos-
able and h:Y — X is not an isomorphism, then fh is zero.

Proof Let C and X be indecomposable nonprojective A-modules. The
exact sequence 0 - QC — P L € > 0 where p:P — C is a projec-
tive cover gives rise to the long exact sequence 0 — Homy(X,QC) —
Homy (X, P) - Homa(X, C) — Ext{(X,QC) — 0. Since it is easy to see
that a morphism g: X — C factors through a projective module if and
only if it factors through p: P — C, there is induced an isomorphism
dx:Hom, (X, C) — Exti(X,QC).

Let Y be indecomposable in mod A and #:Y — X a morphism such
that h is not an isomorphism, or equivalently k is not an isomorphism.
Then we have the commutative diagram

X

Hom,(X,C) 3 Extl(X,QC)
| Hom(k,C) | Exti(n00)
Hom,(Y,C) 2 Ext\(Y,QC).
We have that g in Hom, (X, C) is zero if and only if 6x(g) is zero. Hence
it follows that Hom(h, C)(g) = gh is zero if and only if Extl (h, QC)(5x(g))
is zero.

Let now X = TrDQC and choose f:TrDQC — C such that éx(f)
is an almost split sequence. Then we have that Jx(f) is not zero and
Ext}\(h,QC)(éx(i)) is zero for all morphisms h:Y — X where Y is
indecomposable and h is not an isomorphism. It follows that f is not
zero and fh is zero for all h:Y — X where Y is indecomposable and h
is not an isomorphism. This shows that (a) implies (b).

Assume now conversely that X has the property that there is some
f:X — C in mod A such that f is not zero, and fh is zero for
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all Y — X where Y is indecomposable and k is not an isomor-
phism. By using the above commutative diagram again, it follows
that 8(f) € Ext}(X,QC) is an almost split sequence, and consequently
X ~ TrDQC, so that (b) implies (a). m]

We now have the following result for selfinjective algebras.

Proposition 1.12 Let F:mod A — mod A’ be a stable equivalence between
selfinjective artin algebras.

(a) If A has no algebra summand of Loewy length 2, then the correspon-
dence F between objects in modz A and modp A’ commutes with Q.
(b) If A and N’ are symmetric algebras, then F commutes with Q.

Proof (a) This is a direct consequence of Proposition 1.8 and Lemma
1.11.

(b) This follows from Lemma 1.11 since TrDQ ~ Q™! for symmetric
algebras. ]

2 Artin algebras with radical square zero

In this section we show that if ¥ = 0 for an artin R-algebra A, then A
is stably equivalent to a hereditary algebra with radical square zero. The
stable equivalence is induced by a functor between the module categories
which takes most almost split sequences to almost split sequences. Using
the classification theorem for hereditary artin algebras of finite repre-
sentation type we get a similar result for algebras with radical square
Zero.

Let A be an artin algebra with t> = 0 and let T be the triangular

matrix algebra (Af A(;r)' X is hereditary by III Proposition 2.7 since

A/r is semisimple. We define a functor F:mod A — mod X by F(C) =
(C/xC,xC,f), where f:r ®y C/rtC — rC is induced by the natural
multiplication morphism r ®, C — rC, using that r> = 0. Observe that f
is then an epimorphism. We then clearly have that [(C) = I(F(C)) for all
C in modA. If g: B — C is a morphism in mod A, then g(¢B) < tC, so
that we can define g; = g|,5:xB — rC and there is induced a morphism
g21:B/tB — C/rC. We then define F(g) = (g1,22). It is easy to see that
F is an R-functor. Our aim is to show that F induces an equivalence
between the stable categories mod A and modX. For this we shall need
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some preliminary results on the functor F. We use the above notation in
all the lemmas.

Lemma 2.1 Let A, X and F be as above. Then we have the following.

(a) The functor F:mod A — mod X is full.

(b) For E and E' in modA, the kernel of the epimorphism F:
Homy(E,E') — Homg(F(E), F(E')) is Homp(E,tE’). Consequently
the kernel of F:Endp(E) — Enda(F(E)) is contained in rad Enda(E).

(¢) E and E' in mod A are isomorphic if and only if F(E) and F(E') in
mod Z are isomorphic.

(d) E in mod A is indecomposable if and only if F(E) in mod X is inde-
composable.

() Let X =(A,B,t) be in modX. Then X ~ F(E) for some E in mod A
if and only if t:x ®x A — B is an epimorphism.

Proof (a) To prove that F:mod A — modX is full it is convenient to
make some preliminary observations. Let P be a projective A-module.
Then tensoring the exact sequence 0 - r - A —» A/r —» 0 with P we
obtain the exact sequence

0—>t® P —>P —>P/tP 0.

Since 12> = 0, we have that the natural morphism r® P — t®u ¢ (P/rP)
is an isomorphism which we will consider as an identification. Suppose
now that f:P — E is a projective cover. Then we have the exact
commutative diagram

0 - r®rp(P/tP) - P — PP — 0

Is Lf L

0 — tE — E —> E/tE — 0
! !
0 0

where the morphism s is induced by the morphism r ® P — E given
by r®pr rf(p) for all r in r and p in P. From this it follows that the
X-modules (P /tP,xE,s) and F(E) are isomorphic.

Suppose that E and E’ are A-modules and let F(E) = (4, B,t) and
F(E') = (4, B',t'). We now show that if (u,v):(A4,B,t) — (A',B',t') is a
morphism in mod X, then there is a morphism w: E — E’ in mod A such
that F(w) = (u,v).

Let f:P — E and f':P' — E’ be projective covers. Then by our
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previous discussion we have the pushout diagrams

0 - t®(P/tP) - P > PP — 0

ls Lf 1
0 — B - E - A - 0
and
0 - t® (P /tP) > P —> PP — 0
l,s’ lf/ l?
0 — B’ - E - A - 0

where (P /tP,B,s) ~ (4,B,t) and (P'/xP’,B,s') ~ (4, B',t'). Denoting
the composition P/tP 5 A 5 4’ 5 P’/xP’ by ' we obtain a commuta-
tive exact diagram
0 > *®P - P — P/tP - O
| ree le Lw
0 - t® P - P - PP — 0
It is now easily checked that

t® P S 1®a(P/tP)
| ®¢ | reu’
t® P > @ (P/tP’)
commutes. So we obtain the commutative diagram

0 - r®uxP/tP) - P - PP — 0
| row ls lw
0 - r®\, (P /tP) > P —> P/tPP — 0.

Also using that

r®un (P/tP) 'S r@px (P'/tP))
ls Ly

v

B — B’

commutes, we obtain the commutative diagram

O P/tP P

ru’ 1
ls I®A/,P//IP/—> P’

R
B —F
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Using the mapping property of pushouts we obtain the commutative
diagram

T ®A/t P/IP———> P

)
B<E‘<\‘

E/

from which it is not difficult to check that F(w) = («/,v). From this it
follows that F:Homu(E, E') — Homg(F(E), F(E')) is surjective. Hence
F:mod A — mod X is full.

(b) Let f: E — E’ be a morphism in mod A. Then it is easily seen that
F(f) =0 if and only if f(E) = tE’, that is

0 — Homy(E, tE') —» Homy(E, E') = Homs(F(E), F(E')) = 0

is exact. From this it follows that Endz(F(E)) ~ Enda(E)/Homu(E,tE)
where Homy (E,xE) is the two-sided ideal in Enda(E) consisting of en-
domorphisms f: E — E such that f(E) c tE. Since Homa(E,rE)? = 0, it
follows that Homy (E,rE) is contained in rad End,(E).

(¢) Suppose E and E’ are in mod A such that F(E) ~ F(E’). Since
F is full we know there are f:E — E’ and g:E’ — E such that
F(gf) = 1p) and F(fg) = lp@). But then gf:E — E and fg:E' — E’
are isomorphisms since the kernels of F:Enda(E) — Endg(F(E)) and
F:Enda(E’) — Endg(F(E’)) are nilpotent. Hence E and E’ are isomor-
phic.

(d) Since the kernel of F:Ends(E) — Endx(F(E)) is contained in
rad Enda(E), it follows that Enda(E) is a local ring if and only if
Endx(F(E)) is a local ring. Therefore E is indecomposable if and only if
F(E) is indecomposable.

(e) For E in mod A we have that F(E) = (E/tE,rE, f) where the cor-
responding morphism f:r ®4, (M/tM) — tM induced by the canonical
morphism r ® M — tM is obviously an epimorphism.

Let X = (4, B,t) be in mod X where t:1®, /. A — B is an epimorphism.
Let P — A be a projective cover. Identifying P /tP with A we obtain as
in part (a) the exact sequence 0 —» r®,,, A = P — 4 — 0. This gives
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the following pushout diagram.

0 0
! i’
K = K
! !
0 - t®pd - P - 4 - 0
e
0 - B 5 E - 4 - 0
! !
0 0
Since P — E is an epimorphism, we see that i(B) = xE so that
F(E) ~ (A, B,1). |

Lemma 2.2 Let A,  and F be as before. Then we have the following for
C in mod A.

(a) C is projective if and only if F(C) is projective.

(b) C is in modyp A if and only if F(C) is in mody X.

Proof (a) It is clear that F(A) = (A/t,1,f), where f:r ®, (A/r) = 1 is
the natural isomorphism. Hence F(C) is projective when C is projective.

Assume now that F(C) is projective. To prove that C is projective
we want to show that the projective cover h:Q — C in mod A is an
isomorphism. The induced morphism Q/rQ — C/rC is an isomorphism.
Writing F(C) = (C/xC,tC,s) we get the commutative diagram

t®x (Q/10) > 1®s (C/2C)
L Is
rQ - tC - 0.

Then s is an isomorphism since F(C) is projective, and hence the mor-
phism rQ — rC induced by h is an isomorphism. It now follows that
h:Q — C is an isomorphism, so that C is projective.

(b) Let C be indecomposable in mod A. Then by Lemma 2.1 we have
that F(C) is indecomposable, and it follows from (a) that C is not pro-
jective if and only if F(C) is not projective. O

Lemma 2.3 Let A, X and F be as above, and let B and C be in mody A.
Then we have #(B,C) = Homa(B,tC).
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Proof Assume first that f:B — C in modg A is in #(B,C). Then we
have a commutative diagram

N

B

C

where Q is projective in mod A. Since B is in modgp A, we have g(B) < Q.
Then we have hg(B) = f(B) < :C.
Assume conversely that f: B — C is in Homa(B,rC). Then we have

the factorization B — B/xB 5 tC > C of f:B>C. Ifg:P > Cis
a projective cover, then g induces an epimorphism g’':rP — rC. Using
that the modules B/tB, rC and tP are semisimple, there is a morphism
h:B/xB — tP such that the diagram

P

h/' f'\<A

BB —L 1 c

commutes. Hence if’, and consequently f, factors through g: P — C, so
that f € #(B, C). ]

We use these lemmas to give the main result of this section.

Theorem 2.4 Let A be an artin algebra with radical square zero. Let
= (At/ ’ Ao/r) and let F:mod A — mod X be defined as above. Then % is
hereditary and F induces a stable equivalence F:mod A — modX.

Proof Z is hereditary since A/t is semisimple. It follows from Lemma 2.2
that F induces by restriction a functor F':mody A — modg Z. Since
X = (4, B,t) is isomorphic to F(M) for some M in mod A if and only if
t:x®a, A — B is an epimorphism by Lemma 2.1(¢), the indecomposable
2-modules not isomorphic to some F(M) are the simple projective X-
modules (0,S,0), where S is a simple projective A-module. Hence it
follows from Lemmas 2.1 and 2.2 that F’ is dense.

Since F takes projectives to projectives, F’ induces a functor
F:mod A — modX, where modX is equivalent to modsz X since X is
hereditary. Since #(B,C) = Homy(B,tC) for B and C in mods A by
Lemma 2.3, it follows that by Lemma 2.1(b) F:mod A — modZ is faith-
ful. It is full by Lemma 2.1(a), and consequently F:mod A — modZ is
an equivalence of categories. a
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We now investigate how almost split sequences behave under the
functor F. If S is a simple noninjective A-module, then F(S) = (5,0,0)
is an injective Z-module, so applying F to an almost split sequence
0— S — E - TrDS — 0in mod A cannot give an almost split sequence
in mod Z.

Proposition 2.5 Let A be an artin algebra with radical square zero, and let
= (Ar/‘ A(;t) and F:mod A — mod X be as before.

Let 0 > A EN B % C — 0 be an exact sequence in mod A where A and
C are indecomposable and A is not simple. Then this sequence is almost
split if and only if 0 — F(4) % FB) "%
mod X.

F(C) — 0 is almost split in

Proof Assume first that 0 — A4 EN B % C - 0is an almost split
sequence. Since A is not simple, 0 — 4/t4 — B/tB — C/tC — 0 is an
exact sequence by V Lemma 3.2(c). Since r4 — B is a monomorphism,
tB — tC is an epimorphism l(F(B)) = l(F(A)) +I(F(C)) and F(g)F(f) =

0, it follows that 0 —» F (A) D (B) © F (C) — 0 is an exact sequence.
Then F(g): F(B) — F(C) is minimal right almost split by Proposition 1.3
since g: B — C is minimal right almost split. Because A4 is not simple,
A is not a summand of ¢P for any projective A-module P. Hence A, B
and C are all in mody A, and consequently F(A), F(B) and F(C) are in

mody £ by Lemma 2.2. Hence 0 — F(4) % F(B) 8 F(C) — 0 is an
almost split sequence.

Assume conversely that 0 — F(4) —» F(B) — F(C) — 0 is an almost
split sequence. Using the equivalence F:mod A — modZ, it follows sim-
ilarly that 0 > A —» B — C — 0 is almost split in mod A. a

Let A be an artin algebra and I' the associated valued quiver. We
associate with I' the following quiver I's called the separated quiver
of A. If {1,...,n} are the vertices of I', then the vertices of I'y are

b .
{1,...,n,1,...,n"}. For each valued arrow - @b - in ' we have by
i J

.. b) .
definition a valued arrow - @) - in T
i j
Using this notion and the stable equivalence between radical square

zero algebras and hereditary algebras, we get the following description
of the artin algebras of radical square zero of finite representation type.
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Theorem 2.6 Let A be an artin algebra with radical square zero. Then A
is of finite representation type if and only if the separated quiver for A is
a finite disjoint union of Dynkin quivers.

Proof Recall that since 2 = 0 the quiver of A is completely determined
by the bimodule structure of A,ra,. It is then easy to see that the

A/t 0
t A/r

A and X are stably equivalent by Theorem 2.4, it follows that A is of
finite representation type if and only if X is of finite representation type
by Proposition 1.1. Since T is hereditary, our claim follows from the
description of hereditary algebras of finite representation type given in
Chapter VIIL ]

separated quiver of A coincides with the quiver of £ = ) Since

Note that for the functor F:mod A —» mod X we have directly from
the definition that I(C) = I(F(C)) for all C in mod A. In particular, C is
a simple A-module if and only if F(C) is a simple Z-module.

We have the following consequence of Theorem 2.6 about the compo-
nents of the AR-quiver.

Proposition 2.7 Let A be an algebra with radical square zero over an
algebraically closed field k. Then each component of the Auslander—Reiten-
quiver which does not contain a simple A-module is of the form ZA,, or
ZAy /(") for some n > 0.

Proof By Theorem 2.4 there is a hereditary algebra A’ stably equiv-
alent to A. Let ¥ be a component of the AR-quiver of A containing
no simple modules. Since each indecomposable projective A-module has
Loewy length at most 2, this means that ¢ also contains no projective
modules. Hence % is also a component of I'§, and consequently there is
a translation quiver isomorphism between ¢ and a component F(%) of
I3, by Corollary 1.9. Since F(%) contains no simple Z-module because
% does not, F(¥) does not come from the preprojective or preinjective
component, and is hence a regular component for . Then we know from
Chapter VIII that F(¥), and hence ¥, is of the form ZA,, or ZA/{t")
for some n > 0. m]

As a consequence of the functor F:mod A — mod X preserving length,
we also have the following.

Proposition 2.8 Let A and A’ be stably equivalent artin algebras with rad-
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ical square zero. Then A and A’ have the same number of nonprojective
simple modules. m]

3 Algebras stably equivalent to symmetric Nakayama algebras

We have seen that if k is a field of characteristic p and G is a finite
group whose order is divisible by p, then the group algebra kG is of finite
representation type if and only if the Sylow p-subgroups of G are cyclic.
If P is a cyclic p-group of order p”, then kP is isomorphic to k[X]/(X*")
and is hence a Nakayama algebra. Also if p = 3, then the group algebra
kSs is Nakayama where S3 is the symmetric group on three letters. This
follows by IV Theorem 2.14 once we observe that kS3 is the skew group
algebra of kZ; by the action of Z, obtained from the semidirect product
S3 ~ Z3 }Z,. In fact it can be shown that all group algebras of
finite representation type are stably equivalent to a Nakayama algebra.
Motivated by this fact we investigate the algebras stably equivalent to
symmetric Nakayama algebras, and show that their structure is given by
Brauer trees. At the same time these results illustrate how we can get
information on the projective modules over algebras stably equivalent to
a given class of algebras, even though stable equivalence expresses that
we have equivalence only modulo projectives.

An important role is played in this section by the algebras given by
Brauer trees, so we start by introducing this class of algebras.

Let B be a finite tree, that is a finite graph with single edges and no
cycles together with the following structure. To each vertex i there are
associated a positive integer m(i) and a circular ordering of the edges
adjacent to i. This means that we have a labeling {oy,...,0,} of the
edges adjacent to i such that o,y is the unique immediate successor of
oy, where the addition ¢ 4 1 is modulo n. We say that an artin algebra A
is given by B if the structure of the indecomposable projective modules
can be described in terms of B in the following way.

(i) The indecomposable projective A-modules P, and hence the corre-
sponding simple A-modules S,, are in one to one correspondence with
the edges a of B.

(ii)) For an edge 1 = ] in B let (0« = oy,...,0,) and (¢ = By,...,5)

be the circular orderings of the edges adjacent to i and j respectively.
Then we have tP, = U, + V, where U, NV, ~ §,, U, is uniserial with
composition factors Sy,,...,S,,, Sy, m(i) times from top to bottom, and
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V. is uniserial with composition factors Sp,,...,Sg,, Sg,, m(j) times from
top to bottom.

If at most one m(i) is larger that 1, then B is a Brauer tree and an
algebra A given by B is said to be given by a Brauer tree. Note that
soc P, = S,, and from this it follows that A is a selfinjective algebra (see
IV Exercise 12). For each Brauer tree B it is easy to see that there is an
algebra given by B. For let k be a field and I" the quiver whose vertices
are in one to one correspondence with the edges of B. For a vertex i of B
the circular ordering (a4,...,®,) of the edges adjacent to i gives rise to an

SN
/

no repeated arrows starting and ending at a; by pY). Then the vertex o

oriented cycle C; « » . Denote the corresponding path with

corresponding to the edge - = - belongs to exactly two oriented cycles
i J

C; and C;, and gives rise to the relations (p{y™ — (pP)", vu where u is
the arrow in C; with e(u) = « and v the arrow in C; with s(v) = o, or u
the arrow in C; with e(u) = « and v the arrow in C; with s(v) = a. The
path algebra kI" modulo these relations is easily seen to be given by the
original Brauer tree B.

We illustrate with the following.

By

Example Let B be the Brauer tree : ; i where m(4) = 2,
and let A be an artin algebra given by B. Then the indecomposable
projective A-modules P,, Pg and P, have the following structure. P,
is uniserial of length 3 with composition factors S,, Sg, S, from top
to bottom. Further we have rPg/socPg ~ S,[[S, and tP,/socP, =~
Sg115S,.

We can choose A to be the factor algebra of the path algebra kI" for I

- v X .
the quiver “C- s ﬂ 2 7 modulo the ideal (u — vw, uv, wu, xw, vy, zx, yz,
awpyy

wv—yx, xy—z2). Note that this ideal is not contained in the ideal J2, where
J is generated by the arrows. If I denotes the quiver obtained by remov-
ing u, we can describe A in the usual way as kI'' / (vwv, wow, xw, vy, zx, yz,
wo — yx, Xy — z2).

1 5
. o 5 .
Example Let B be the Brauer tree SN ./ with m(i) = 1
53 AN
€ .6

278
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for i = 1,...,6, and where the circular ordering is given by counter-
clockwise direction. Let I" be the quiver

NN
AL

with relations p = {wou — zyx, vuwv, wouw, yxzy, zyxz,xw,uz}. If k is a
field then the algebra k(T p) is given by B.

In order to prove that artin algebras stably equivalent to symmetric
Nakayama algebras are given by Brauer trees we need a series of lemmas.

Lemma 3.1 Let A be a selfinjective algebra. If f:M — N is a monomor-
phism or an epimorphism between indecomposable nonprojective A-modules,
then f is nonzero in the stable category mod A.

Proof Let A be selfinjective and f: M — N a monomorphism between
indecomposable nonprojective A-modules. If f = 0, there is a commuta-
tive diagram

M LN
le [
h
I —- N

where I is injective, and it is easy to see that we can assume that g: M — I
is an injective envelope. Since f is a monomorphism and g is an essential
monomorphism, we conclude that h:I — N is a monomorphism. Since [
is injective, h is a split monomorphism, and we get a contradiction. This
shows that f is nonzero.

The proof that f is nonzero when f:M — N is an epimorphism is
similar. O

Assume now that I' is an indecomposable nonsimple symmetric
Nakayama algebra with nonisomorphic simple modules T1,..., T, and
corresponding projective covers Qy,..., Q,, where the ordering is such that
Or) is a projective cover of rQ; when we write 7(i) = i 4+ 1 (modulo n).
This means that {Q;,...,Q,} is a Kupisch series. Let A be a symmetric
algebra with no semisimple block and assume A is stably equivalent to
I' via an equivalence F:mod A — modT, whose inverse we denote by
G. Let Sy,..., Sy be the nonisomorphic simple A-modules and Py,..., Py,
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their projective covers. We now investigate the structure of the P;. We
start out by showing that A and I" have the same number of noniso-
morphic simple (nonprojective) modules. But first we introduce some
notation which will be useful in what follows.

Since A is selfinjective with no semisimple block, no simple A-module
is projective. Denoting by F also the induced correspondence on the
indecomposable nonprojective modules, we have that FS; is an indecom-
posable I'-module for all i, and is hence uniserial since I" is Nakayama.
In particular soc(FS;) and FS;/x(FS;) are simple I'-modules. We define
the functions p and v from {1,...,m} to {1,...,n} by soc(FS;) ~ T, and
FS;i/«(FS;) =~ T,;. We then have the following.

Lemma 3.2 Let F:mod A — modI" be an equivalence where A and T’
are symmetric algebras, and T is an indecomposable nonsimple Nakayama
algebra. Then p and v as defined above are bijections, so that A and T
have the same number of nonisomorphic simple modules.

Proof 1If p(i) = u(j) for i and j in {1,...,m}, then socFS; =~ socFS;.
Since I' is Nakayama we can without loss of generality assume that there
is a monomorphism g:FS; — FS; in modI. Then we have g # 0 by
Lemma 3.1, so that G(g):S; — S; is nonzero where G:mod " — mod A is
the inverse equivalence. Since §; and S; are simple A-modules, they must
then be isomorphic, and consequently i = j, so that u is injective.

To show that u is surjective, consider the simple I'-module T;. Let §;
be a simple A-module such that there is a nonzero map g:GT; — S..
Since g is a monomorphism, we have by Lemma 3.1 that g # 0, and
hence we have a nonzero map T; — FS§;, so that j = u(i). Hence we have
shown that u is bijective, and consequently m = n.

The proof that v is bijective is dual. a

It will be useful to consider permutations p and ¢ on I = {1,---,n}
defined by p = p~!v and ¢ = v~lznu. We define U; = G(T,;)) and V; =
QG(T,;)). Hence the U; are the correspondents of the simple I"-modules
under the stable equivalence G and the V; are the correspondents of the
simple I'-modules under the stable equivalence QG:modI” — mod A.
We shall prove that these correspondents of simple modules are uniserial.
The next lemma provides a step in this direction, by showing that the
U; and V; have simple socle, and in addition gives some more specific
information which will be useful in describing the structure of the P;.
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Lemma 3.3 With the above assumptions and notation we have exact se-
quences

0 - U,' g P,' ﬁ V,,—l(i) - 0
and 0 — I/l g P,' E) Up—l(i) - 0.

Proof To establish the first exact sequence it is sufficient to show
Q(V,-1y) ~ U;. By definition we have U; = G(T,) and Q(Vy-1()) =
Q*G( T,5-1(3)- Since the stable equivalence G:modI" — mod A commutes
with Q by Proposition 1.12, it is sufficient to show that Q? Tyo10) = Top)-
We know from IV Section 2 that Q? Tyo-1() = True1(3), 50 we are done

since o~ = nupla v = v.
For the second sequence we want to show that QU ~ V;, that is
QT, 1) = QT ), which holds since p = vp~! and hence T, -1 ~ Ty
O

The next result is needed for proving that U; and V; are uniserial, and
more generally for establishing the structure of the P;.

Lemma 3.4 With the above notation, let UM and N be indecomposable
nonprojective A-modules with FU simple and also soc M and soc N simple.

(@) If M and N are submodules of U and I[(FM) < I(FN), then there is
a monomorphism N — M.

(b) If U has an inclusion into M and N and [(FM) < [(FN), then there
is an inclusion M — N.

Proof (a) Assume that we have inclusions f:M — U and g:N — U.
Then f and g are nonzero by Lemma 3.1, and hence F(f) and F(g) are
nonzero. Therefore we have nonzero maps f': FM — FU and g': FN —
FU with F(f) = f' and F(g) = g'. Since FU is simple, (FM) < I(FN)
and I' is Nakayama, there is an epimorphism ¢: FN — FM such that the
diagram

7

FM L FuU
K ||
FN &% FU

commutes. Let ': N — M be such that G(¢) =¢. Then ft' —g:N - U
factors through a projective module and is hence not a monomorphism
by Lemma 3.1. Since soc N is simple, we have (ft' — g)(socN) = 0.
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Since g(soc N) # 0, we must have t'(soc N) # 0, so that N —» M is a
monomorphism.

(b) Assume that we have inclusions f:U — M and g:U — N. Then f
and g are nonzero, and hence we get nonzero maps f': FU — FM and
g : FU — FN, which are monomorphisms since FU is simple. Since T is
Nakayama and (FM) < I(FN), there is a commutative diagram

Fru L FMm
I ls
FU & FN.

Let s:M — N be such that G(s) = 5. Then sf —g:U — N factors
through a projective module, and is hence not a monomorphism by
Lemma 3.1. Since socU is simple, we must have (s'f — g)(M) = 0.
Since f(socU) = soc M we would have s'f(soc U) = 0 if s’ were not a
monomorphism. Then we would have g(soc U) = 0, which contradicts
the fact that g is a monomorphism. We conclude that §¥:M — N is a
monomorphism. a

The next result is an easy consequence of the existence of a stable
equivalence.

Lemma 3.5 If X is an indecomposable A-module, then any simple module
has multiplicity at most 1 in socX and X /tX.

Proof Let f:S — X and g:S — X be monomorphisms, where S is a
simple A-module. Since I' is Nakayama, we have a commutative diagram

f/

FS > FX
bt |
Fs % Fx

where F(f) = f' and F(g) = g’. Let ¢:S — § be such that G(t) = ¢.
Then gt' — f:S — X factors through a projective module, so that g¢' = f
since S is simple. This shows that Im f = Im g, and hence S must occur
with multiplicity 1 in soc X.

The claim for X /X follows by duality. O

As a consequence we get the following uniqueness result for submod-
ules of A-modules with simple socle.
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Lemma 3.6 Let X be a A-module with socX simple. If V and W are
submodules of X with V. ~ W, then V=W,

Proof If (V) =1, then V = W = socX. Assume then that [(V) > 1,
and let M be a maximal submodule of V, which by the induction as-
sumption also is a maximal submodule of W. If V # W, we then have
V4+WwW)/M~WV/M)]I(W/M). Since V/M ~ W/M and V + W is
indecomposable because it has simple socle, we get a contradiction to
Lemma 3.5. Hence we conclude that V = W. O

We use Lemma 3.6 to show that the correspondents of simple I'-
modules are uniserial.

Proposition 3.7 If T is a simple I'-module then GT is uniserial.

Proof Let M and N be submodules of GT, and assume I[(FM) < [(FN).
Since FGT ~ T is simple, it follows from Lemma 3.3 that GT, and
hence M and N, have simple socle. By Lemma 3.4 there is then a
monomorphism h: N — M. Since Imh ~ N, it follows from Lemma 3.6
that Imh = N, and hence N < M. This shows that the submodules of
GT are totally ordered by inclusion, and hence GT is uniserial. a

We can now get explicit information on the structure of the projective
A-modules. Note that by Lemma 3.6, U; and V; are uniquely determined
as submodules of P;.

Theorem 3.8 Let P;, U; and V; be as before. We then have the following.

(a) U,' n V, = Si.
(b) Ui+V,=1P.
(c) U;/S; and V;/S; have no common composition factors.

Proof (a) Since U; is a correspondent of a simple module via the equiv-
alence G and V; via the equivalence GQ, it follows from Proposition 3.7
that U; and V; are uniserial.

Let N be a nonzero submodule of U; N V;, so that we have M =
socU; o Nc UnV; <« U, If (FM) < I(FN), we have an inclusion
N — M by Lemma 34, and hence M = N. If (FM) > I(FN), we
have I(Q"1F(M)) < Q" 'F(N)). Considering M =« N c U;nV; < V,,
we have that V; corresponds to a simple module via Q~'F, so we apply
Lemma 3.4 to get an inclusion N — M. This shows that U;NV; = §;.
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(b) Let now M be a submodule of P with U; « Uj+V; « M < tP; = N.
If (FN) < I(FM), it follows from Lemma 3.4, using that U; corresponds
to a simple module via F, that there is an inclusion N — M, which gives
M = N. If (FN) > I(FM), we have [(Q"'FN) < I(Q"'FM), so that by
using that V; is contained in M and N and the equivalence Q'F, again
there is an inclusion N — M, which gives M = N. This shows that
Ui + V; =P, i

(c) We have tP;/S; = (U;/S)1I(Vi/S:). If U;/S; and V;/S; have a
common simple composition factor T, then T [[ T would be part of the
socle of a factor module of P. This contradicts Lemma 3.5. ]

We now get more information on the length of the U; and V;, and on
the order in which the simple composition factors occur in a composition
series.

Proposition 3.9

(@) The simple composition factors of U; are from top to bottom
Sp(i)s - - -»Spaiy and for V; they are Ss), ..., Sq), where a = l(U;),b =
1(V;) and p°(i) = i = a®(i).

(6) I(Uy) = I(Upy) and 1(V)) = I(Viqy).

(c) Either I(U;) is equal to the size of the p-orbit containing i or [(V;) is
equal to the size of the g-orbit containing i.

(d) Each p-orbit and c-orbit have at most one element in common.

Lo (i)

Proof Consider the exact sequences 0 — Uyp) — Poy — Vi — 0 and

0= Vo = Py % U; — 0 from Lemma 3.3. Now Ker(o,)lv,,) = Ssp)

and o4()(Vs()) = tVi, showing that I(V;) = I(Vs()) and that the order of
the composition factors for V; is as claimed. The result for U; follows
similarly. Since we know S; = soc U; = soc V;, we have p%(i) = i = a°(i).
This proves (a) and (b).

If I(U;) is larger than the size of the p-orbit, then S; is a composition
factor of U;/S;, and if I(V;) is larger than the size of the o-orbit, then S;
is a composition factor of V;/S;. It follows from Theorem 3.8 that both
cannot happen, so that (c) follows.

The elements of the p-orbit of i correspond by (a) exactly to the com-
position factors of U;, and the elements of the g-orbit of i correspond
exactly to the composition factors of ¥;. It follows from this and the fact
that U;/S; and V;/S; have no common composition factors that i is the
only common element of the orbits. |
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We use the information we have obtained to define a graph B, as-
sociated with A which we shall show gives a Brauer tree. The set of
vertices of the graph By is by definition the disjoint union of the set of
all p-orbits and g-orbits. We denote by [i], and [i], the p-orbit and the
o-orbit containing i respectively. For each i there is an edge connecting

[il, and [i],, and we write ?_1_7 Note that since a g-orbit and a p-orbit
have at most one element in common, there are no multiple edges. For
each vertex representing a p-orbit the edges connected with this vertex
are in one to one correspondence with the elements of this p-orbit, and
correspond to the composition factors of the associated U;. A similar
comment applies to o-orbits and V.

We give preliminary results leading up to proving the desired structure
of the graph.

Lemma 3.10

(a) If S; is a composition factor of U;/S;, there is a nonzero map FS; —
FS; which factors through a projective module, and hence l(QFS;) <
I(FS;).

(b) IfS; is a composition factor of V;/S;, there is a nonzero map Q- 'FS; —
Q'FS ;i which factors through a projective module, and hence I(FS;) <
(QIFS).

Proof (a) When S; is a composition factor of U;/S;, there is a submodule
W; of U; with I[(W;) > 2 and W;/tW; ~ §;. Consider the diagrams

U; FU;
Th and Tw
i) g f! g
S,' i Wi - Sj FS, g FVVl - FS]',

where f:S; - W; and h: W; — U; are inclusion maps and g: W; — §; is
surjective, F(f) = f' and F(g) = g’ and F(h) = k" Then K, f’, and g’ are
nonzero by Lemma 3.1. Since FU; is simple, ' : FW; — FU; must then be
surjective. Since FW; is uniserial, f': FS; — FW,; must also be surjective,
and hence g'f’: FS; — FS; is nonzero. Further g'f’ = 0 because gf = 0.
So we have a commutative diagram

Q = 0
Tu . lv
Fs, 4L Fs;,

where v:Q — FS; is a projective cover. Clearly I(FS;) > I(Imu), and
by considering the exact sequence 0 — (FS;) — Q 5 FS ; — 0, we see
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that Imu & Q(FS;) since vu # 0. Since @ is uniserial, we then have
Q(FS;)  Imu, so that [(Q(FS;)) < I(Imu) < I(FS;).

(b) The proof is similar to the proof of (a), by replacing U; by V; and
F by Q°'F. O

Proposition 3.11 Assume that in the graph Bx we have LI S N 4

with i = j and j # t. Then we have I(FS;) > (QFS;) > I(FS,).

Proof We have that §; is a composition factor of U;/S; and §; is a
composition factor of V;/S;. Then we conclude by Lemma 3.10 that
I(FS;) > (QFS;) = I(Q7'FS;) > I(FS;) using that the indecomposable
projective I'-modules have the same length. O

Associated with each vertex is a positive integer m in the following
way. We define m([i],) to be the multiplicity of S; in the U; and m([i],) to
be the multiplicity of S; in ¥;. We shall show that for at most one vertex
can the associated number m be greater than 1.

Proposition 3.12

(@) If m([il,) + 1, then I(FS;) > [(QFS;).
() If m([ily) # 1, then I(QFS;) > I(FS)).

Proof (a) If m([i],) # 1, then §; is a composition factor of U;/§;, so that
I(FS;) > I(QFS;) by Lemma 3.10.

(b) If m([ily) # 1, then S; is a composition factor of V;/S;, so that
I(FS;) < (Q'FS;) = I(QFS;), by using Lemma 3.10. O

Proposition 3.13 The graph B associated with A is a tree, and we have
m(x) > 1 for at most one vertex x.

g ir p

Proof Assume that we have a cycle f2n / \ 2
p . ) °0.
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Then we have I(FS;,) > I(FS;) > -+ > I(FS;,_,) > I(FS;) by Proposi-
tion 3.11, so we have a contradiction.
Consider ‘-7 2 ... 22 7 21d assume m([i1]s) > 1 and
m([iz,]s) > 1. Then we have I(QFS;) > I(FS;,) > --- > (QFS,;,,) >
I(FS;,) by Propositions 3.11 and 3.12. Since for any indecomposable
X and Y in modI, we have I(X) + [(QX) = I(Y) + I(QY), we get a
contradiction.
If we have m([i1]ls) > 1 and m([izn—1],) > 1, we get I(QFS;,) > I(FS;) >
<> U(FS,;,_) > I(QFS;,,_,), which is impossible. The rest is treated sim-
ilarly. a

As a direct consequence of Theorem 3.8 and Proposition 3.13 we get
the main result of this section.

Theorem 3.14 Let A be a symmetric artin algebra stably equivalent to a
symmetric Nakayama algebra. Then A is given by the Brauer tree By. O

Exercises

1. Let A’ be an artin algebra stably equivalent to a Nakayama algebra
A. Prove that A and A’ have the same number of nonisomorphic simple
nonprojective modules.

2. Let A be a finite dimensional nonsemisimple algebra over an alge-
braically closed field k. Prove that T,(T»(A)) is of infinite representation

type.

3. Let k be an algebraically closed field and k{(X,Y) the free algebra
over k in two noncommuting variables X and Y. For each t # 0 in
k let A, = k(X,Y)/I, where I, is the ideal of k(X,Y) generated by
(X2, Y2 XY —tYX}.

(a) Prove that A, is a selfinjective finite dimensional k-algebra with
socA, =(XY)+1I, and that A, ~ Ay if and only if t =¢ or t = tl—,

(b) Prove that A,/socA, ~ k[X,Y]/(X,Y)? where k[X,Y] is the poly-
nomial ring in two commuting variables over k, and hence that
k[X,Y]/(X,Y)? is stably equivalent to the Kronecker algebra.

(c) The k-algebra isomorphism A,/soc A, ~ k[X, Y]/(X,Y)? induces a
group morphism from Auty(A;) to Auty k[X,Y1/(X,Y)? =~ GI(2,k),
where Aut(I") denotes the group of k-algebra automorphisms of a


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.011
https://www.cambridge.org/core

Exercises 363

k-algebra I'. Prove that the image is trivial for ¢ # +1, of order 2 if

t =1 and chark # 2 and GL(2,k) if t = —1.

From the stable equivalence between k[X,Y]/(X,Y)? and the Kro-
necker algebra we have by VIII Section 7 the following description of
the AR-quiver of A,. There is a IP!(k) family of rank 1 tubes correspond-
ing to the regular Kronecker modules. For each s = (1,p) € P'(k) we
let M, be the module A,/(X + pY +I;) and for s = (0,1) € IP(k) we
let M, be the module A,/Y + I, which constitutes the modules X with
a(X) = 1 in the tubes. For a fixed ¢t we let M, s € IPy(k) be the class of
modules just described throughout the rest of this exercise. In addition
to the tubes there is one component containing the projective A,-module
A,. This component may be represented in the following way.

(d)

(©

(f)

(8)
(h)

Let ¢t # -1 Prove that dimy Hom(M( ), Mug) = 2,
dimy, Hom(M(o,1), M,1)) = 2 and that dim; Hom(M,, M) = 1 for
(0,1) # 5 # (1,0).
Let t # —1 and let (1,p) # (1,p’) in PY(k) with p # 0 # p'.
Prove that QM) = My _1, and that dimy Hom(M( ), M) =
{o if pf # —,

1 ifp ==L
For t = —1 prove that QM ~ M, and that dim; Hom(M;, M;) = 2
for all s € P(k).
Prove that A; and A_; are not stably equivalent for ¢ # —1.
Now assume t is a primitive 2a-th root of unity. Prove that
there are cycles of modules M, M,,...,.M;, such that
dimy Hom(M,,, M;,,,) = 1 for i = 1,...,2n when M,, = M, and
that the maximal length of such a cycle without repetition is 2n.
Deduce that if ¢ is a primitive 2n-th root and ¢’ is a primitive 2m-th
root of unity with m # n, then A, and A, are not stably equivalent.
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(j) Prove that A, and A, are not stably equivalent for ¢ ¢ {t’,% .

(Hint: Use the component of the AR-quiver containing the projective
vertex.)

Notes

Consideration of the subgroups #(4, B) and factor groups Hom(4, B) of
Homx (A4, B) predates the formal definition of the category of modules
modulo projectives. The projective homotopy groups of modules [EcH],
the Heller operator [He] and the notion of projective homomorphisms
in group theory and orders are some instances where these notions came
up, either explicitly or implicitly. But the idea of considering the category
of modules modulo projectives as an object of study in its own right
did not seem to gain any prominence until it arose in modular group
representations in connection with the Green correspondence and the
definition of the transpose as a functor establishing a duality between
mod A and mod A°P.

The specific issue dealt with in this chapter of when two artin algebras
are stably equivalent came up in two quite different situations. One was in
modular group representations where the Green correspondence shows
that the restriction morphism sometimes induces a stable equivalence
between a group and some subgroups. It was in this connection that the
problem of whether two stably equivalent artin algebras have the same
number, up to isomorphism, of nonprojective simple modules first came
up.

The other early case where stable equivalence came up was in [AuR1]
where the artin algebras stably equivalent to hereditary algebras are
described. This includes the result shown here that all radical square zero
algebras are stably equivalent to hereditary algebras. The proof given
here is inspired by [Au3]. There is a generalization in [MO], via the
concept of a simple module being a ‘node’.

The result that the artin algebras over an algebraically closed field
stably equivalent to the symmetric Nakayama algebras are exactly those
given by Brauer trees was proven in [GaRi]. Our approach follows [Lin].

The material in Section 1 is taken from [AuR6] [AuR7], but most
proofs are different, since we do not use functor categories. For the
use of functor categories in the study of stable equivalence we refer to
[AuR1] and [M3].
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Modules determining morphisms

The basic premise of this book has been that one should study the mor-
phisms between modules as a way of studying the modules themselves.
In this enterprise, two special types of morphisms have played a par-
ticularly important role, split epimorphisms (monomorphisms) and right
(left) almost split morphisms. Whether or not a morphism f:B — C
is one of these types is determined by which morphisms X — C for
arbitrary X can be factored through f. In fact, this situation is not
as special as it seems since all right minimal morphisms f:B — C are
determined by which morphisms X — C can be factored through f. A
careful analysis of this observation leads to the notion of morphisms
determined by modules, in terms of which a classification theorem for
right minimal morphisms is given. We also get existence theorems for
morphisms to an indecomposable module C which contain the existence
of minimal right almost split morphisms as a special case.

In Chapter V we introduced the notion of rigid exact sequences and
showed that split and almost split sequences are rigid. We use here our
classification of morphisms to study further when exact sequences are
rigid. In this connection, we introduce the notion of modules with waists,
a notion we further exploit in studying when almost split sequences have
indecomposable middle terms. This problem was also first discussed in
Chapter V.

1 Morphisms determined by a module

In I Section 2 we introduced for a fixed C in mod A the category
mod A/C whose objects are the morphisms f:B — C in modA and
whose morphisms from f;:B; — C to f>:B, — C are the morphisms
g2:B; — B such that fi = f>g. Our purpose there was to show that

365
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366 Modules determining morphisms

given a morphism f:B — C in modA/C there is a decomposition
B = B[] B; such that f|p,:By — C is right minimal and f|p :B; —
C is the zero morphism. Our purpose now is to study the category
mod A/C by considering for each module 4 in mod A the full subcategory
Kery(mod A/C) of mod A whose objects are all the f: B — C with Ker f
in add A. We first consider the following problem. Given two morphisms
f1:By — C and f,:B; — C, when is Hom(f, f2) # 9? Our answer leads
to the notion of a morphism being determined by a module.

Suppose f:B — C is a fixed morphism. Given an arbitrary morphism
f':B’ — C we first show how to describe when Hom(f’, f) # 0 in terms
of the pullback diagram

BxcB 5 B
i) ir

f
B - C.

We keep this notation for most of this section.

The reader should observe that a morphism h: X — B’ factors through
p:B x¢ B - B/, ie. there is some I: X — B X¢ B’ such that pl = h,
if and only if the composition f’h: X — C factors through f. This is a
trivial consequence of the mapping properties of pullbacks.

Lemma 1.1

(a) Imf' <Imf if and only if p:B x¢c B’ — B’ is an epimorphism.
(b) The morphism f' factors through f, i.e. Hom(f’, f) # 0, if and only if
p:B x¢c B' — B’ is a split epimorphism.

Proof (a) Clearly p is an epimorphism if and only if every morphism
g:A — B’ factors through p. Now every g:A — B’ factors through p if

and only if the compositions A ENy: 1 R C factor through f. But this is
equivalent to Im f' =< Im f,

(b) The morphism p is a split epimorphism if and only if 15 factors
through p. But 1p factors through p if and only if f' = f'1p factors
through f, giving our desired result. a

We now give a different description of when p:B x¢ B’ — B’ is an
epimorphism or a split epimorphism.

Lemma 1.2 Let f:B — C be in mod A and let A =XKerf.
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(a) Suppose p:B x¢c B' — B’ is an epimorphism. Then p is a split epi-
morphism if and only if every morphism Tt DA — B’ factors through
p.
(b) p:B x¢ B' — B’ is a split epimorphism if and only if
Hom(Tr DAIIA,
Homa(Tr DATJA, B xc B) """ 5™ Homu(Tr DAT[ A, B)
is an epimorphism.

Proof (a) By the basic properties of pullbacks we know that A ~ Ker p,

so we have the exact sequence 0 — A LB xc B' & B' - 0. Therefore
we have that p is a split epimorphism if and only if every morphism
A — A factors through h. But this is equivalent by IV Corollary 4.4 to
every morphism Tr DA — B’ factoring through p.

(b) This is a trivial consequence of (a) and the fact that p is an epi-

morphism if and only if Homa(A, B x¢ B') Hom(A.p) Homyu(A, B) is an

epimorphism. d

Combining Lemmas 1.1 and 1.2 with the mapping properties of pull-
backs we have the following.

Proposition 1.3 Let 0 > 4 —» B ER C be an exact sequence in mod A.
(a) Suppose f':B' — C is a morphism such that Imf’ < Imf. Then f’

factors through f if and only if the composition Tr DA Ll C
factors through f for all t in Homu(Tr DA, B').
(b) If f':B' — C is an arbitrary morphism, then f’ factors through f if

and only if the composition TtDAT] A 5B ER C factors through f
Sor all t in Homa(Tr DA A, B').

This basic result suggests the following definition. We say that a
morphism f:B — C is right determined by a module X, or just deter-
mined by a module X, if a morphism f':B’ — C factors through f
whenever ImHomy (X, f') « ImHoma(X, f). It is easy to see that a
morphism f': B’ — C factors through f if and only if Im Homu(M, ') <
Im Homy (M, f) for all M in mod A. Therefore saying that a morphism is
right determined by a module is a finiteness condition which, as we now
point out, all morphisms enjoy.

Corollary 14 Let 0 - A — B ER C be an exact sequence. Then f is
always right determined by Tr DA|] A. Further, if f is an epimorphism,
then it is right determined by Tr DA.
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Proof This is an easy consequence of Proposition 1.3 and the definition
of a morphism being determined by a module. O

Before moving on to develop more of the general theory of morphisms
determined by modules, we discuss a few interesting but somewhat more
specific questions suggested by our results so far.

Let0 > A4 —> B EN C be an exact sequence. Then we know that f is
determined by TrDAJJ A. In view of this result it is natural to wonder
if f is ever right determined just by A or just by Tr DA. We have already
seen that when f is an epimorphism, then f is right determined by Tr DA.
However, as we shall see, it is not necessary for f to be an epimorphism
in order to be right determined by TrDA.

We begin this discussion with the following criterion for f to be right
determined by A.

Proposition 1.5 Let f: B — C be a morphism in mod A.

(a) f is right determined by A if and only if the induced epimorphism
B — Im f splits.

(b) If f is right minimal, then f is right determined by A if and only if it
is a monomorphism.

Proof (a) We have already seen that for a morphism g: X — C we have
Img < Im f if and only if for each morphism h: A — X, the composition

A x5 C factors through f. Hence if f is determined by A, then
the inclusion Im f — C factors through f. But this means that the
epimorphism B — Im f splits.

On the other hand, suppose B — Im f is a split epimorphism. Then
there is a morphism s:Im f — B such that fs(z) =z for all z in Im f. Let
h:X — C be a morphism such that for each t: A — X the composition
ht factors through f. This means that Imh < Im f. Hence we have that
h = (fs)h, so h factors through f. This shows that f is determined by A.

(b) This is a trivial consequence of (a). 0O

We now take up the issue of when a morphism f is right determined
by Tr D(Ker f).

Proposition 1.6 Let 0 - A —» B ER C be an exact sequence. Then the
Jfollowing are equivalent.
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(@) The morphism f:B — C is right determined by Tr DA.

(b) A morphism g:A — C factors through f if for each morphism
h:TrDA — A, the composition Tr DA LA AScC factors through
7.

Proof (a) = (b) This is a trivial consequence of f being right determined
by Tr DA.

(b) = (a) Let s: X — C be a morphism such that foreach t: TrDA — X
the composition st factors through f. By Proposition 1.3, in order to
show that s factors through f, it suffices to show that Ims < Im f. Let
u:nA — X be an epimorphism. Now for each »: TrDA — nA the com-
position Tr DA > nA > X > C factors through f- Hence the morphism
su:nA — C factors through f since for each v: Tr DA — nA the composi-
tion (su)v factors through f. This combined with the fact that u:nA — X
is an epimorphism implies that Ims < Im f. O

We now give an example illustrating these results.

Example Let p be a prime element in a principal ideal domain R and let
A = R/(p") for some integer n > 0. Then A is a Nakayama local ring with
A; = R/(p"),i=1,...,n, acomplete set of nonisomorphic indecomposable
A-modules. Let f: 4, — A; be a morphism such that Kerf ~ 4; with

1 < j < n Thus we have the exact sequence 0 — 4; — A4, J, A;.
Since A is a local Nakayama algebra, we have that TrDA; ~ A;. Using
Proposition 1.6, it is not difficult to see that f is right determined by
A;. For it is clear that t:4, — A; can be factored through f if and
only if Kert ~ A, with u > j. Hence t: 4, — A; factors through f if
and only if the composition 4; % 4, 5 A; is zero for all morphisms
g:A; — A,. But zero is the only morphism 4; — A; factoring through
f. Therefore t: A, — A; factors through f if and only if the composition
A; LN Ay 5 A; factors through f for all morphisms g:4; — A,. This
shows by Proposition 1.6 that f is right determined by 4; ~ Tr D(Ker f).
We also have

(a) f is an epimorphism if and only if i = n— j and
(b) ImHoma(4;,f) =0.

Thus for example if we choose i = n, then f: A4, — A, is an example of
a morphism which is right determined by Tr D(Ker f) even though it is
not an epimorphism.
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Of course there is a dual theory for morphisms left determined by a
module. We say a morphism g: A4 — B is left determined by a module X
if a morphism g’: A" — B factors through g whenever hg’ factors through
g for all h: B’ — X, ie. there is 2 morphism ¢: B — B’ such that tg = g'.
Then, by duality, we have that a morphism g:A4 — B is left determined
by D Tr(Coker g) | [ D(A) and that it is left determined by D Tr(Coker g)
if it is a monomorphism. We leave it to the reader to develop this dual
theory.

Before returning to the general theory of morphisms determined by
modules we introduce some notation and make some basic observa-
tions which we will use freely in the rest of the chapter. For each
module X in mod A we denote Enda(X)°P by I'y. Then for each Y
in mod A we know that Homy(X,Y) is a I'y-module. Suppose now
that f: B — C is a morphism in mod A. We know that the morphism
Homy (X, f): Homa(X,B) — Homa(X,C) is functorial in X. Hence
Homy (X, f) is a morphism of I'y-modules. Therefore Im Homa (X, f) is
a I'y-submodule of Hom, (X, C) which, as we shall see, plays a critical
role in the theory of morphisms determined by modules.

2 Modules determining a morphism

Let f: B — C be a morphism in mod A/C. This section is devoted to
exploring the structure of modules X which determine f. We first show
that there is a unique, up to isomorphism, module T'(f) which determines
f and such that T(f) is a summand of X for all modules X determining
f. We next show that there is a unique, up to isomorphism, module
U(f) in add T(f) such that Homa (X, U(f)) is a I'x-projective cover of
socr, (Homa (X, C)/ Im Homy (X, f)) for all modules X which determine
f. Finally we show that D Tr U(f) ~ Ker f.

We begin with the following notion which will play a crucial role in
our discussion of the structure of the modules which determine a fixed
morphism f: B — C.

Let T be an indecomposable module. A morphism g: T — C is said
to almost factor through f if it satisfies the following two conditions:

(a) g does not factor through f and
(b) for each module U and each morphism h: U — T in rads(U, T) the
composition U LA T 2 C factors through f.

We say that an indecomposable module T almost factors through f if
there is a morphism T — C which almost factors through f.
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Even though the definition of an indecomposable module almost fac-
toring through a morphism f: B — C has nothing to do with the modules
which determine f, the concepts are nonetheless intimately related, as we
now show.

Lemma 2.1 Suppose the indecomposable module T almost factors through
a morphism f:B — C. Then T is a summand of X for each module X
which determines f.

Proof Since T almost factors through f, there is a morphism g: T — C
which almost factors through f. Suppose T is not a summand of X
where X determines f. Then each morphism h: X — T is in rada(X, T)

and so the composition X LA T % C factors through f:B — C for all h
in Homu (X, T). Therefore g factors through f since f is determined by
X. This contradiction shows that T is a summand of X. O

In view of this result, it is natural to ask which indecomposable
summands of a module determining a morphism f: B — C almost factor
through f. We will obtain an answer to this question as a consequence
of the following result.

Proposition 2.2 Suppose Y is an indecomposable summand of a
module X which determines the morphism f:B — C. Then a morphism

g:Y — C almost factors through f if and only if the image of the

Homa(X,
composition of the T'x-morphisms Homp(X,Y) oma(Xg) Homy (X, C) LN

Homy (X, C)/ Im Hom (X, f) is a simple I"x-module, where p is the canon-
ical epimorphism.

Proof Suppose g:Y — C almost factors through f. Since g does

not factor through f which is determined by X, we have that

Im(Homy(X,Y) Floma(X:e) Homy (X, C)) is not contained in Im Homy (X, f).

Also we have that Homu (X, g)(rada(X, Y)) =« ImHom (X, f) since for
each h in rad,(X,Y) the composition gh factors through f. Combining
these observations with the fact that Y being an indecomposable sum-
mand of X implies that Hom (X, Y)/ rads(X, Y ) is a simple I'y-module,
we have that the image of the composition pHom (X, g) is isomorphic to
the simple I'xy-module Homa(X, Y)/ rada(X, Y). This proves our desired
result in one direction.

Suppose now that the image of the composition pHoma(X,g) is a
simple I'x-module. Then Homa (X, g)(rada(X, Y)) = Im Homu (X, f) and


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.012
https://www.cambridge.org/core

372 Modules determining morphisms

g2:Y — C does not factor through f. Let t:4 — Y be in rada(4,Y).
Then for each u: X — A, the composition X — A LYisin rad,(X,Y)
which means that the composition X L4575 C factors through f.
Hence for each u: X — A, the compositicn (gt)u factors through f. This

implies that the composition 4 5 Y 5 C factors through f for all ¢ in
rada(A, Y). Therefore g: Y — C almost factors through f. O

As an immediate consequence of these results we have the following
result whose proof we leave to the reader.

Corollary 2.3 Let X be a A-module which determines a morphism f:B — C
and let {Si,...,S:} be a complete set of nonisomorphic simple T x-sub-
modules of Homa (X, C)/ ImHomy (X, f). Then the indecomposable non-
isomorphic summands Yy,...,Y, of X such that Homp(X,Y;) is a I'x-

projective cover of S; for all i = 1,...,t are a complete set, up to iso-
morphism, of nonisomorphic indecomposable modules which almost factor
through f. a

Before giving our next result it is convenient to introduce the following
notation. Let {T1,..., T;} be a complete set of nonisomorphic indecom-
posable modules which almost factor through a morphism f: B — C. We
denote by T(f) any module isomorphic to T; []---]] T;. Because of the
following result, we call T(f) the minimal module determining f.

Proposition 2.4 Let f:B — C be a morphism and let T(f) be as above.
Then T(f) has the following properties.

(a) The module T(f) determines f.
(b) A module X determines f if and only if T(f) is a summand of X.

Proof (a) Let X be a module determining f. Then by Corollary 2.3
we know that T(f) is a summand of X. Let {Tj,..., T;} be a complete
set of nonisomorphic indecomposable summands of T(f). To show that
T(f) determines f, it suffices to show that if a morphism g: 4 — C does
not factor through f, then there is a morphism h: T; — A such that the
composition gh: T; — C does not factor through f.

Let {Sy,...,S:} be a complete set of nonisomorphic simple I'y-sub-
modules of Homp (X, C)/ Im Homy (X, f) labelled in such a way that
Hom (X, T;) is a projective cover of S; for all i = 1,...,t. We know we
can do this by Corollary 2.3. Suppose that g:4 — C is a morphism
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which does not factor through f. Then the composition

Homa(X, 4) "™*% Hom, (X, C) % Homa(X, C)/ Im Homa(X, f)

is not zero so there is some S; contained in its image. Since Homy (X, T;)
is a projective cover of S;, there is a morphism u:Homa(X,T;) —
Homy (X, A) such that Im(pHomp (X, g)u) = S;. Because T; is a sum-
mand of X there is a morphism v: T; — A such that u = Homa(X,v).
Then the composition T; — A 2, C does not factor through f since
Im Homx (X, gv) is not contained in Im Homy (X, f) and f is determined
by X.

(b) This is a trivial consequence of (a). ]

For each morphism f:B — C we have introduced the module T(f)
which is an invariant of f. We now introduce another module which is
also an invariant of f.

Let T(f) be a minimal module determining a morphism f:B — C.
Define U(f) to be a module in add T(f) such that Homa (T (f), U(f))
is a I'r(p)-projective cover of socry,,,(Homa (T (f), C)/ Im Homu (T (f), f)).
Since T(f) is uniquely determined by f, up to isomorphism, the module
U(f) is also uniquely determined by f, up to isomorphism. Also we
know there is a morphism g:U(f) — C such that the composition of
I'r()-modules

Homa(T(), U() 5" Homy(T(f), €) -

Homn(T(f), C)/ Im Homa(T (f), f)

is a I'r(p)-projective cover of socr,,(Homa(T(f), C)/ Im Homa(T (f), f)).
We call the A-modules U(f) and the morphisms g: U(f) — C having
these properties minimal covers of the bottom of the morphism f. It is
an immediate consequence of Corollary 2.3 that T(f) is a summand of
Uu(f)

It is clear that the minimal covers of the bottom of a morphism are
an invariant of the morphism. We now show how this invariant of a
morphism | is connected to the modules determining f.

Proposition 2.5 Let g: U(f) — C be a minimal cover for the bottom of the
morphism f:B — C. If X is a module determining f, then the composition
of T'x-morphisms
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Homa(X, U(f)) ""™5*% Homa(X, C) % Homa(X, C)/ Im Homa(X, f)

is a T'x-projective cover of socr,(Homa (X, C)/ Im Hom, (X, f)).

Proof It follows from the definition of g:U(f) — C and
Proposition 2.2  that Im(pHoma(X,g)) is contained in
socr, (Homa (X, C)/ Im Hom (X, f)). We now show Im(pHom, (X, g)) =
socr, (Homu (X, C)/ ImHomy (X, f)). Suppose that S is a simple I'x-
submodule of Homp (X, C)/ ImHomy(X, f). Let T be an indecompos-
able summand of X such that Homy (X, T) is a projective cover of
S. Then there is a morphism h: T — C such that the composition
pHomu(X, h): Homu (X, T) > Homa (X, C)/ Im Homu (X, f) has S as its
image. From this it follows that h: T — C almost factors through
f. Hence there is a morphism t: T — U(f) such that gt = h. From

this it follows that S is contained in the image of the composition

Hom(X, U(F) "™ Homa(X,C) 5 Homy(X, C)/ Im Homa(X, f).

Therefore the image of this composition is
socr, (Homy (X, C)/ Im Homa (X, f)). The fact that this composition is a
I'x-projective cover of its image is an easily verified consequence of the
fact that g: U(f) — C is right minimal. a

Throughout the rest of this section we assume that X is a fixed
A-module. Let f:B — C be a morphism in modA. For the sake
of notational brevity we denote the I'y-submodule Im Homy (X, f) of
Homy (X, C) by Hy. Assume now that f is determined by X. Our aim in
the rest of this section is to show that a great deal of explicit information
about the exact sequence 0 — Kerf — B ER C can be deduced from
the associated exact sequence of I'y-modules 0 — Hy — Homy(X,C) —
Homa(X, C)/H; — 0, especially when f is right minimal.

We begin our discussion with the following elementary observation.

Lemma 2.6 Let fo:By — C be a right minimal version of a morphism
f:B — C in mod A/C. Then we have the following.

(2) Hy = Hy,.
(b) The morphism f:B — C is right determined by the module X if and
only if fo: Bo — C is right determined by the module X.

Proof (a) This is an obvious consequence of the definitions involved.
(b) This follows easily from (a) and the fact that we have the commu-
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tative diagram
fo

By, = C
bi [
B L ¢
Le I
B 5 ¢
where i is the inclusion and p is the projection. O

This lemma shows that there is no serious loss of generality if we restrict
ourselves to considering only right minimal morphisms in mod A/C when
studying morphisms determined by the module X. This point of view is
further supported by the following.

Lemma 2.7 Let f1:B; — C and f2: By — C be two right minimal mor-
phisms in mod A/C which are determined by the module X. Then f, and
f2 are isomorphic in mod A/C if and only if H;, = Hj,.

Proof Since it is clear that H; = Hy, if f; and f, are isomorphic in
mod A/C, we only show that if H;, = Hy,, then f; is isomorphic to f; in
mod A/C.

Suppose Hy, = Hy,. Since Hy, = Hy, and f; is right determined by X,
there is a commutative diagram

B, &b ¢
la ||
B 5 c

Since Hy, o Hy, and f is right determined by X, there is a commutative
diagram

B, & ¢
l& Il
B L c

Since both f; and f, are right minimal, it follows that the compositions
2>g1 and g1g> are isomorphisms, giving our desired result. ]

Let0 —> 4 ER B % C be an exact sequence with g a right minimal
morphism determined by X. We know by Lemma 2.7 that, up to isomor-
phism, this sequence is uniquely determined by the I'y-submodule H,
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of Homy (X, C) where H, = ImHomx(X, g). In particular, the modules
A and B are determined, up to isomorphism, by the submodule H, of
Homy (X, C). While there is no direct way known of describing B in
terms of the I'y-submodule H; of Hom,(X,C), there is a satisfactory
answer for the module A.

Let Y be in add X such that Homy(X, Y) is a projective cover of the
I'y-socle of Homa (X, C)/H,. We will prove that A ~ D Tr Y. The proof
goes in several steps.

For convenience of notation we make the following conventions. Let
0:0 > U -V — W — 0 be an exact sequence of A-modules. Then we
view the induced exact sequence

Homy (X, V) —» Homy (X, W) — Ext\ (X, U)

as a sequence of I'y-modules and consider the induced I'x-isomorphism
8*(X)= Im(Homy (X, W) — Extl (X, U)) as an identification.

Proposition 28 Let 6:0 > A - E — TrDA — 0 be an almost split
sequence and X a module such that TrDA is in add X.

(a) Suppose €:0 —> A ER BA5C—>0isa nonsplit exact sequence. Then
we have €*(X) o 6"(X) # 0.

(b) The T'x-module 5*(X) is simple and is the Tx-socle of Ext} (X, A).

(¢) Homu(X,TrDA) is a T'x-projective cover of the I'x-socle of €"(X)
which is 6*(X).

Proof (a) Since ¢ is not split, 6*(Tr DA) # 0. The hypothesis that Tr DA
is in add X then implies that 6*(X) # 0.

Suppose now that €e:0 - 4 - B — C — 0 is a nonsplit exact
sequence. Then by the basic properties of almost split sequences we have
a commutative exact diagram

6: 0 — A — E — TrDA — 0

| |

e 0 — A — B — C — 0.
This gives rise to the commutative diagram

Homy (X, TrDA) — Exti(X,A4)

! H

Homa(X,C) — Exti(X,4)
which shows that €*(X) > §*(X).
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(b) Lete:0 — 4 — B — X — 0 be a nonzero element of Ext} (X, 4). It
is well known that the coboundary morphism Hom (X, X) — Ext} (X, A)
given by €* carries the identity to €. Hence I'ye = ¢*(X) > 6" (X) by part
(a). Therefore 6*(X) is simple and equal to the socle of Ext}\(X ,A).

(c) By definition we have an epimorphism Homyu (X, Tr DA) — 6*(X).
Since TrDA is an indecomposable A-module in add X, we have that
Homy (X, Tr DA) is an indecomposable projective I'y-module. Therefore
it is the I'y-projective cover of §*(X), which is the socle of €*(X) by (b). O

We now prove the following special case of the general theorem we
are aiming for.

Proposition 2.9 Let 0 — A ER B2 C > 0 be an exact sequence where
g is right minimal and determined by a module X. Let Y in add X be a
minimal cover for the bottom of g. Then we have Y ~ Tr DA.

Proof Let A = ][], 4i with the 4; indecomposable modules. Since g
is right minimal we have that the induced monomorphisms 4; — B are
not split monomorphisms. Therefore no 4; is injective and if 0 —» 4; —
E; —» TrDA; — 0 is an almost split sequence, we have a commutative,
exact diagram

5i: 0 — Ai h— E,' — Tl‘DAi — 0

! | |

e 0 — [[jg4i — B — C — O
This gives rise to the exact commutative diagram

Héi: 0 — HiEI A,' —_— HiEI Ei —_— HiEI TI'DA,' — 0

e: 0 — g4 — B — C — 0
from which we obtain the commutative diagram

Homp(X,[[,; TrD4;)) —  Exth(X, [ 4)

Hom, (X, C) —  Exth(X, ] Lies 4)-

Using that Ext,l\(X , ) and the socle commute with finite sums, we have
by Proposition 2.8 that ([ ],.; 6;)"(X) = soc Ext} (X, ],; 4i), since Tr DA;
is in add X for all i. Our desired result now follows from the fact that
soce’(X) = (e 67 UX) since Ext}\(X,]_[ie, A) 2 €(X) o [ig 6/ (X)
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and that Homa (X, [],.; Tr DA;) is a I'x-projective cover for [],; 67 (X).
a

We are now in position to prove our announced result.

Theorem 2,10 Let 0 — A ER B 5 C be an exact sequence with g right
minimal and determined by a module X. Let Y in add X be a minimal cover
for the bottom of g. Then Y ~TrDAT] P with P a projective module and
DTrY ~ A.

Proof The inclusion Img — C induces an inclusion Homa(X,Img) —
Homa(X,C). Since Hy — Homa(X,Img) we obtain the mono-
morphism of I'y-modules 0 — Homy(X,Img)/H; — Homa(X,C)/H,
and hence the monomorphism 0 — socr,(Homa(X,Img)/H,) —
socr, (Homy (X, C)/Hp). By Proposition 2.9 we know that
Homa (X, TrDA) is a I'x-projective cover for socr, Homa(X,Img)/H,.
Therefore to obtain our desired result it suffices to show that if a
simple submodule S of socr,(Homa(X, C)/H;) has a projective cover
Homup(X,Z), with Z in addX and not projective, then
S < socr, (Homa(X,Im g)/H,).

So let S be a simple submodule of socr, (Homa(X, C)/H,). Then there

is a morphism h:Z — C which almost factors through g such that S
Hom(X,h
is the image of the composition Homy(X, Z) ormA{H) Homy (X, C) LN

Homa(X,C)/H,. Now let j:P — Z be a projective cover. Since
Z is not projective, we have that for each t: X — P the composi-
tion jt is in rada(X,Z). Therefore for all 1: X — P the composition

xLplhzh C factors through g. Because f is determined by X,
we have that the composition P — Z — C factors through f. This,
together with the fact that j is an epimorphism, implies that Imh = Im g.
Therefore S is contained in Homa (X, Im g)/H, which shows that Z is a
summand of Tr DA, our desired result. O

Thus we see that we can calculate the kernel of a morphism f:B — C
from the invariant of f which is the minimal cover of the bottom of
f. In the next section we show how to calculate Imf knowing the
I'x-submodule H; of Homa(X,C) when X determines the morphism
f:B—>C.
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3 Classification of morphisms determined by a module

Let f:B — C be a morphism in mod A with A an artin R-algebra and
X a module determining f. In studying the structure of the module X in
the previous section the I'y-submodule Im Hom (X, f) of Homa(X, C)
played a crucial role. In view of these results it is natural to ask the
following question. Let C and X be arbitrary modules. Given a I'x-
submodule H of Homy (X, C), is there a morphism f: B — C determined
by X such that H = ImHomy (X, f)? The main aim of this section is to
prove that this question has a positive answer.

Throughout this section we assume that X is a fixed A-module. There-
fore there is no danger of confusion if we write I" for I'y. Also, as
in Section 2, given a morphism f: B — C we denote Im Homy (X, f) =
Homa(X,C) by H;. It is also helpful to make the following general
observation about pullbacks.

Lemma 3.1 Let
BxcB 5 B
! br

B & C

be a pullback diagram. Then for any module X the induced commutative
diagram of T'-modules
Homa(X,B X¢ B’) — Homp(X,B) — L — 0
! ! !
Homyu (X, B) — Homp(X,C) - U - 0
has the property that L — U is a monomorphism.

Proof Since this is an immediate consequence of the definition of a
pullback diagram, we leave the proof to the reader. m]

As a first step in proving our announced result, we prove the following
general result which is also of interest in its own right.

Suppose 6:0 —» 4 5B ER C — 0 is an arbitrary exact sequence. Then
we have the exact sequence
Homu(B,D TrX) - Homp(4,DTrX) — 6.(DTrX) — 0

of X-modules, where £ = Endp(D TrX). Let Ax be in add D Tr X and
h:A — Ay a morphism such that the composition
Homp(Ax,D Tr X) - Homp(4,D Tr X) — 6.(D Tr X)
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is a Z-projective cover of 4.(D Tr X). Using this notation we have the
following.

Proposition 3.2 Let

s: 0 — 4 5 B L ¢ 5 o0

Ln Li I

6:0—>AX2(>BXLX*C—>0

be a pushout diagram with Ax and h: A — Ay as above. Then we have the
following.

(a) By I C is right determined by X.
(b) H; = Hy,.
(c) fx is right minimal.

Proof (a) Since 0 — Ay & By ke C — 0 is exact with Ax in add D Tr X,
we know by Corollary 1.4 that fy is right determined by X.

(b) Since f factors through fx we know that Hy c Hy,. From this it
follows that we have the exact commutative diagram

0
l
Hy, /Hy
!
Homa(X, B) Homp(X,C) — &'(X) — 0
! i !
Homa(X,Bx) "% Homy(X,C) —» e(X) — 0

l
0

Hence Hy = Hy, if and only if 6*(X) — €"(X) is a monomorphism.

To prove that 6*(X) — €*(X) is a monomorphism it suffices to show
that Ip(e*(X)) = Ir(6*(X)) since 6°(X) — €"(X) is an epimorphism.
Now we know by IV Theorem 4.1 that Ig(6*(X)) = Ig(5.(D Tr X)) and
Ir(*(X)) = Ir(e«(D TrX)). Therefore we are done if we show that
Ir(e«(D Tr X)) = Ir(.(D Tr X)).

Going back to the pushout diagram, we have the following commuta-
tive diagram

Homp(Bx,D TrX) — Homp(Ax,DTrX) — e.(DTrX) —» 0
*) l | Homa(D Tr X) |
Homp(B,DTrX) — Homp(4,DTrX) — 6.(DTrX) — 0.

Homa(X.f)
—_
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By definition the composition

Homp (h,D Tr X)
—_

Homy(Ax, D Tr X) Homu(A,D Tr X) — 6.(D Tr X)

is a projective cover and therefore an epimorphism. Hence e.(D Tr X) —
5.(DTrX) is an epimorphism and so Ig(e«(D Tr X)) = Ig(6«(D Tr X)),
which is what we wanted to show.

(c) Suppose fx is not right minimal. Then the exact sequence 0 —

Ax & By Q‘» C — 0 can be written as the sum of exact sequences
Ay = 4y

II I

0 - 4 - By - C - 0

with A% # 0. But this implies, using the commutative exact diagram (*),
that there is an epimorphism of Z-modules Homy(A%,DTrX) —
8.(D Tr X). Since Homa (4, D Tr X) is a projective XZ-module, this con-
tradicts the fact that Homa (4, D Tr X) is a projective cover for d.(D Tr X).
Therefore we have shown that fy is right minimal. o

We say that any epimorphism fx:Bx — C is a right X-version of the
epimorphism f: B — C if

(a) fx is right determined by X and is also right minimal and
(b) Hy, = Hy.

Summarizing our results we have the following.

Proposition 3.3 Let f:B — C be an epimorphism. Then we have the

following.

(a) The epimorphism f has a right X-version.

(b) If fx:Bx — C is a right X-version of f then there is a morphism
f— fx inmod A/C, ie. there is a commutative diagram

f

B - C
ix l
fx
BX = C.

(c) If f%:By — C is another right X-version of f, then f and f' are
isomorphic in mod A/C. a

We now apply Proposition 3.3 to obtain the following.
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Corollary 3.4 Let C be a module and H a T'-submodule of Homu (X, C)
such that P(X,C) = H. Then there is a unique, up to isomorphism in
mod A/C, epimorphism fg: By — C satisfying the following.

(a) fu is right minimal and right determined by X.
(b) Hy, =H.

Proof Since H is a finitely generated I'-module there is some X' in add X
and a morphism X’ — C such that Im(Homyu (X, X') - Homy (X, C)) =
H. Let P — C be a projective cover. Then the induced morphism B EN C,
where B = X' P, is an epimorphism with Im(Hom (X, f)) = H be-
cause of the assumption that 2(X,C) is contained in H. Then letting
fu:Bg — C be a right X-version of f: B — C we have our desired result
by Proposition 3.3. a

It is useful to have the following observations in order to show how
our general result follows from the special case given in Corollary 3.4.

Lemma 3.5 Let f:B — C be an arbitrary morphism. Then we have the
following.

(a) If f is an epimorphism, then #(X,C) < Hy.
(b) If f is determined by X, then f is an epimorphism if and only if
P(X,C) < Hy.

Proof (a) This follows from the fact that if f is an epimorphism, then
every morphism in #(X, C) factors through f.

(b) Let g: P — C be a projective cover of C. Since f is right determined
by X, the hypothesis that (X, C) c H; means that g factors through f.
Therefore f is an epimorphism. m]

We now generalize Corollary 3.4 to obtain our promised result.

Theorem 3.6 Let X and C be A-modules and H an arbitrary T-sub-
module of Homp(X, C). Then there exists a unique, up to isomorphism in

mod A/C, morphism By LY C satisfying the following conditions.
(@) fy is right minimal.

(b) fy is right X-determined.

() Hy, =H.
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We show that we can reduce this general case to the case of epi-
morphisms studied before. This reduction is based on the following
considerations.

First observe that if C’ is a submodule of C, then Homy(X,C’) =
Homy (X, C) is a I'-submodule of Homa(X,C). Now it is not hard to
see that if C’ and C” are submodules of C such that Z(X,(C’) < H
and #(X,C") = H, then #(X,C’ + C") = H. Thus there is a unique
submodule C’ of C maximal with respect to the condition #(X,C’) = H.
We denote this uniquely determined submodule C’ of C by Cy. We now
give some basic properties of Cy.

Lemma 3.7 Let X and C be A-modules and suppose H is a T'-submodule
of Homp (X, C). Then the submodule Cy of C as described above has the
following properties.

(a) Cuy contains the submodule C' of C generated by {Im(f:X — C)}scn.
(b) P(X,Cy) = H < Hom(X, Cp).
(¢c) If t:Z — C has the property that

Im(Homa (X, t): Homa(X,Z) — Homu (X, C))
is contained in H, then Imt < Cy.

Proof (a) Since H is a finitely generated I'-submodule of Homy (X, C),

there are hy, ..., h, in H such that the induced morphism h:nX — C

has the property Im(Homx (X, nX) Homallth Homy (X, C)) = H. Then we

have that Imh = C’. Since a projective cover P — C’ factors through A,
this shows that 2(X,C’) = H and hence C' = Cy.

(b) We clearly have H = Homa(X, C’). Since C' = Cg, we have that
Hc HomA(X, CH).

(c) Suppose t: Z — C is a morphism. Since a projective cover P — Im¢
factors through t, we have that 2(X,Im¢t) = Im Homa (X, t). Therefore if
Im Homy(X,t) = H, then #(X,Imt) = H and so Imt = Cy. O

We now return to the proof of Theorem 3.6.

Suppose H is a I'-submodule of Homu (X, C). Then by Lemma 3.7 the
submodule Cy of C satisfies (X, Cy) ¢ H = Homu(X, Cg). Therefore

by Corollary 3.4 we have the exact sequence 0 — Ay — By L Cyg—0
which has the properties that fy is a right minimal morphism which
is determined by X and H = Hj,. Consider now the composition


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.012
https://www.cambridge.org/core

384 Modules determining morphisms

By s Cy = C, which we also denote by fg. Then 0 - Ay — By E» C
is our desired exact sequence provided fy is right X-determined. Suppose
t:Z — C is such that Im Homa(X,t) = H. Then by Lemma 3.7(c) we
have that Imt < Cyg. Hence ¢ factors through fy and we are done. O

As an immediate consequence of this result we have the following.

Corollary 38 Let C be a A-module and H any T'-submodule of
Homy (X, C). Then the submodule Cyg, which is completely determined by
H, is the image of any morphism f:B — C such that Hy = H. a

We summarize our results in the following classification theorem.

Theorem 3.9 Let X and C be A-modules and let Sub Homa (X, C) be the
set of I'-submodules of Homy (X, C).

(a) Then the map mod A/C — SubHomy(X, C) given by f v+ Hj induces
a bijection between the isomorphism classes of f which are the right
minimal morphisms determined by the module X and Sub Homy (X, C).

(b) For f in mod A/C we have that Im f = Cq, and Ker f = D Tr U(f)
where U(f) is the cover of the bottom of f.

(¢) Hompegaa/c(f1,f2) is not empty if and only if H; < Hy,. O

As an application of this result we have the following.

Corollary 3.10 Let A be an arbitrary A-module with no nonzero injective
summands.

(a) Then the right minimal morphisms f:B — C with Ker f in add A are
precisely the right minimal morphisms in mod A/C which are right
determined by X = TrDA[J A

(b) The isomorphism classes of right minimal morphisms in modA/C
with kernel in add A are classified by SubHomy(X,C), the set of
I'-submodules of Homy (X, C) by means of the bijection given by f —
H;.

(¢) Hompyeansc(f1,f2) is not empty if and only if Hy, < Hj,. m]

Note that Theorem 3.6 can be viewed as a generalization of the exis-
tence theorem for minimal right almost split morphisms. For let C be
an indecomposable A-module. Let X = C and let H = rad Ends(C) =
Homy(C, C). Then the morphisms f:B — C with ImHom,(C,f) « H
are those which are not split epimorphisms, and the morphism
fr:Byg — C is the minimal right almost split morphism. In the more
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general situation we make a different restriction on the morphisms we
consider, namely for given X and H < Homu(X,C) we consider the
morphisms f: B — C with Im Homy (X, f) = H. Then Theorem 3.6 says
that we have a similar finiteness condition to what is expressed through
the existence of minimal right almost split morphisms.

4 Rigid exact sequences

In this section we use the classification of morphisms to investigate when
exact sequences are rigid. We have already seen in V Proposition 2.3 that
almost split sequences and split sequences are rigid. It is also clear that

an exact sequence 0 — A4 EN B5Co0is rigid if either f: 4 — B is an
injective envelope or g: B — C is a projective cover. However, in general
exact sequences are not rigid (see Exercise 1).

Our discussion of when exact sequences are rigid is based on the
following criteria for when exact sequences are isomorphic.

Proposition 4.1 Let 0 — A4 ER B35 C - 0 be an exact sequence with g
right minimal and let X = TrDA. An exact sequence 0 — A’ Lpk

’—>0w1thA:A’andC_C’ISISomorphlct00—>A—>B—>
C — 0 if and only if there is an isomorphism t:C — C’ such that the
induced isomorphism Homa(X,t): Homa(X,C) — Homy(X,C’) has the
property that Homa(X,t)(H,) = Hy, where H, = ImHomy(X,g) and

= ImHomu(X,g’).

Proof Suppose t: C — C’ is an isomorphism such that Homu (X, t)(H,) =
Hy. Since both g and g’ are epimorphisms with kernels isomorphic to
DTrX, it follows from Corollary 1.4 that they are determined by X.
Since Homa (X, t)(H,) = Hy and Homy(X, t_l)(ng) = H, there is a
commutative exact diagram

f g

0 — A — —

s
g/

B c
I

0 — 4 L p 5 ¢ — o0
e

|

0 — 4

—_— O

—g>C—>0.

But then vw:B — B is an automorphism because g is right minimal.
Hence w is a monomorphism and therefore u is also a monomorphism.
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But then u: A — A’ is an isomorphism since A ~ A’. Hence w:B — B’
is an isomorphism. This shows that the exact sequences 0 - 4 — B —
C —>0and 0 - A — B" - C’ — 0 are isomorphic.

The proof in the other direction is trivial. O

Using this result it is not difficult to prove the following.

Corollary 4.2 Let X be a A-module and g: B — C an epimorphism with
kernel DTrX. Assume that the I'-submodule H, = ImHom(X,g) of
Homy (X, C) either is contained in or contains all T-submodules M of
Homy (X, C) with #(X,C) =« M. Then the following are equivalent for

an exact sequence €:0 - DTrX ER B%c—o.

(i) e is isomorphic to 0 - DTrX — B Lcoo.

(i) B~B.

(iii) [r(Homa(X, B)) = Ir(Homa(X, B')).

Proof (i) = (i1) and (ii) = (iii) are trivial. In order to prove that
(iii) = (i) observe that Ixg(Homu(X, B})) = Ir(Homu (X, B')) implies that
Ir(Hy) = Ig(ImHom(X,g')) = Ir(H,). Since #(X,C) = Hy we have
H, = Hy, and the result follows from Proposition 4.1. O

Corollary 4.3 Let 0 > A EN B4 C — 0 be an exact sequence with g right
minimal and let X = Tr DA. Suppose H; = Homa(X, C) has the property

that if 0 - A i» Bi5Co0is exact, then Hy either contains or is

contained in H,. Then 0 —» A ER B5C—>0isa rigid exact sequence. O

As an example of how to apply Corollary 4.3 we give the following
result.

Proposition 4.4 Let X and C be nonprojective A-modules. Let 0 — A ER
B 5 C — 0 be the uniquely determined exact sequence with g a right
minimal morphism determined by X where Hy = #(X,C). Then 0 — A EN
B5C—0isa rigid exact sequence.

Proof In Lemma 3.5 we showed that if 0 —» A4 Lpt C — 0 is any

exact sequence, then H, > Z#(X,C) =H; andso 0 —» 4 LB&coo
is rigid by Corollary 4.3. O
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The hypothesis of Corollary 4.3 suggests introducing the following
notion.

Let M be a A-module. A submodule M’ of M is said to be a waist of
M if M’ is a submodule of M with the property that a submodule M”
of M either contains M’ or is contained in M’. A submodule M’ of M is
called a proper waist if 0 £ M’ #+ M and M’ is a waist of M.

Our reason for introducing the notion of a waist of a module is
apparent from the following.

Proposition 4.5 Let 0 — A ER B4 C — 0 be an exact sequence with g

right minimal and let X = TrDA. Then 0 - A ER B5Cc—oo0is rigid if
H, is a waist of the EndA(X)°P-module Homu (X, C).

Proof This is a trivial consequence of the definition of a waist of a
module and Corollary 4.3. O

Before illustrating how Proposition 4.5 can be used to give more
examples of exact sequences which are rigid, it is useful to discuss some
clementary properties and examples of waists of modules.

As an immediate consequence of the definition of a waist we have the
following.

Proposition 4.6 Let M’ be a submodule of the A-module M.

(a) M is a waist of M if and only if Am > M’ for all elements m of M
not in M.
(b) Suppose M’ is a proper waist of M. Then M is indecomposable.

Proof (a) It is clear that if M’ is a waist of M, then Am contains M’
if m is not in M’. Suppose Am > M’ if m is not in M’. Let M” be a
submodule of M. If every m in M” is in M’, then M” < M'. If there is
an m in M" not in M’, then M” > Am > M’. Hence M’ is a waist of M.

(b) Suppose M = M, [[ M, and that M’ is a proper waist of M. Then
M’ is not contained in both M; and M, and does not contain both M,
and M,. Hence one M; is contained in M’ and the other one contains
M'’. This is a contradiction unless one of them is zero and therefore M
is indecomposable. O

We now give some examples of waists of modules.
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Proposition 4.7

(a) A nonzero A-module M is uniserial if and only if every submodule of
M is a waist of M.

(b) Suppose 0 — A —f-> B3 C - 0is an exact sequence with f:A — B
an irreducible morphism. Let X be a A-module. Then Im Homy (X, g)
is a waist of the End(X)°P-module Homa (X, C).

Proof (a) This is left as an exercise.

(b) Let h be in Homy(X,C). Since f is irreducible we know by
V Proposition 5.6 that either h factors through g, in which case h is in
Im Homy (X, g), or g factors through h, in which case Im Homa (X, g) =
Enda(X)°Ph. Hence we have that ImHomy(X,g) is a waist of
Homy (X, C) by Proposition 4.6. m]

We now apply these remarks to obtain more examples of rigid exact
sequences.

Proposition 4.8 Suppose A is a Nakayama algebra. If 0 — A ER B
C — 0 is an exact sequence of A-modules with A and C indecomposable
modules, then it is a rigid exact sequence.

Proof If A is injective, the sequence splits and is therefore rigid. There-
fore we may assume that A is not injective. Since A is indecompos-
able, we have that X = TrDA is indecomposable. Since X and C are
indecomposable and A is a Nakayama algebra, we know by VI Corol-
lary 2.4 that Homy(X,C) is a uniserial module over the Nakayama
algebra Ends(X)°. Therefore, by Proposition 4.7 we have that H, is
a waist of Homy (X, C) since it is a submodule of Hom (X, C). Hence

04 ER B:5cCc->o0isa rigid exact sequence by Corollary 4.3. O

As our final example of rigid exact sequences we have the following
immediate consequence of Proposition 4.7.

Corollary 4.9 An exact sequence 0 — A ER B&Co0is rigid if f is
irreducible.

Proof Let X = TrDA. Then by Proposition 4.7, we know that

Im Homu (X, g) is a waist of Homua(X,C). Therefore 0 — A ER B
C — 0 is a rigid exact sequence. a
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5 Indecomposable middle terms

In V Section 6 a method was given for constructing almost split sequences
with indecomposable middle term that was sufficiently general to show
that all nonsemisimple artin algebras have such almost split sequences.
However, it is easy to give examples of almost split sequences with
indecomposable middle term which cannot be obtained by the method
given in V Section 6. Therefore it is natural to try to find other conditions
on an indecomposable module C which guarantee that «(C) = 1, ie. in
the almost split sequence 0 - DTrC — E — C — 0 the module E is
indecomposable. This section is devoted to a discussion of this problem.
Using the well known properties of pushouts and their connection with
exact sequences stated in I Proposition 5.6 and Corollary 5.7 we obtain
the following result about the indecomposable modules C with «(C) = 1.

Proposition 5.1 Let 0 - D TrC — E — C — 0 be an almost split sequence
with E an indecomposable A-module. Then the following are equivalent.

(a) E is not projective.

(b) There is an exact sequence 0 — DTrE ER B — C — 0 with f an
irreducible but not left almost split morphism.

(c) There is an exact sequence 0 — A ER B —» C — 0 with f an irre-
ducible but not left almost split morphism, with A or B indecomposable.

Proof (a) = (b) Since E is indecomposable and not projective, there

. (7) 2 :
is an almost split sequence 0 - D TrE LB IIDTrC “9E 0 with

B # 0. It then follows from I Corollary 5.7 that we have the exact
commutative pushout diagram

0 — DTrE EN B LA Cokerf — 0
- le [ ¥
0 - DTrc &% E > cC - o0

The exact sequence 0 - DTr E EN B " C — 0 has our desired property
since f is irreducible but not left almost split.

(b) = (c) This is trivial.

(c) = (a) Assume 0 —» A4 ER B — C — 0 is an exact sequence with f
irreducible but not left almost split and where A or B is indecomposable.
Using that 0 - DTrC — E — C — 0 is an almost split sequence we
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obtain the following commutative diagram.

0—>A—f>B-->C—>0

beo e

0 - pTrc L E 5 ¢ 5 0

Assume that E is projective. We then have the split exact sequence

f '’
0—-4 (—gz BIIDTtC g E — 0. Since A or B is indecomposable

and f is irreducible, it follows that f € rads(4,B). But (g) is a split
monomorphism and therefore g is a split monomorphism. Hence g is
an isomorphism and therefore h is an isomorphism. But then f is a left
almost split morphism which gives the desired contradiction. Hence E is
not projective. a

For the sake of brevity we say that a monomorphism f:4 — B is
properly irreducible if A4 is indecomposable and f is irreducible but not
left almost split. While such morphisms should really be called left prop-
erly irreducible, we use the shorter terminology properly irreducible since
we do not use the dual notion of right properly irreducible morphisms
in this book. In view of Proposition 5.1 it is natural to ask if for an
indecomposable module C which is the cokernel of a properly irreducible
morphism we have o(C) = 1. The following example shows that this is
not always the case when C is a simple module.

Example Let k[X,Y] be a polynomial ring over a field k and let A =
k[X,Y1/(X% Y?). Denoting the images of X and Y in A by x and
y respectively, it is not difficult to see that for the ideal m = (x,y)
we have A/m ~ k and m®* = 0. So A is a local k-algebra of k-
dimension 4 with m = rad A. It is also not difficult to see that socA =
(xy) = m?. Therefore A is a selfinjective algebra since it is a local
commutative artin algebra with simple socle (see IV Section 3) and hence

a symmetric algebra since A is commutative. Now by V Proposition 5.5
we know that (*) 0 > m — (m/socA)[JA @) A/socA — 0 is an
almost split sequence where h: A — A/soc A is the natural epimorphism
and j:m/socA — A/socA is the natural inclusion. Since m? = socA

we have that m/socA ~ (A/m)[[(A/m). Since (*) is an almost split


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.012
https://www.cambridge.org/core

XL5 Indecomposable middle terms 391

sequence with m not simple we obtain the exact commutative diagram

0 0 0
! ! i

0 - QPA/m - 2m - A/m -5 0
! ! !

0 - 2A - 2AIIA — A - 0
Lo L& | o

0 - m — (m/socm)IIA — A/socA — 0
! ! !
0 0 0

where fo, go and ho are projective covers. Therefore the exact se-
quence 0 —» Q*(A/m) - 2m — A/m — 0 is an almost split sequence by
X Section 1. Hence we have a{A/m) = 2. But in the exact sequence
0om—oA—> A/m — 0, the morphism ¢ is properly irreducible. There-
fore the simple A-module A/m has «(A/m) = 2 > 1 even though it is the
cokernel of a properly irreducible morphism. Of course this also gives
an example of a simple module C with «(C) > 1.

Therefore the following is the best general theorem we can hope for
concerning when indecomposable modules C which are cokernels of
properly irreducible morphisms have the property «(C) = 1.

Theorem 5.2 Let C be a nonsimple indecomposable module which is the
cokernel of a properly irreducible morphism. Then we have that o(C) = 1.

The proof of this theorem occupies most of the rest of this section. We
start with the following.

Proposition 5.3 Let 1:0 > A ER B % C — 0 be exact with f irreducible.
Then Endy(A)n = Ext\(C, A) is an Endy(A)-waist of Exty(C, A).

Proof 1If Enda(4)y = Ext,l\(C,A), there is nothing to prove. If

Enda(d)y # Exti(C,A), let 6:0 — 4 5> B' 5 C — 0 be an element
of Exth(C, 4). Since f is an irreducible monomorphism, it follows from
V Proposition 5.6 that there is either some h: B — B such that g’ = gh or
an i': B — B’ such that g = g’h’. If such an h exists, h induces a morphism
i:A — A such that n = ié, and hence n € Enda(A4)d. If such an /' exists,
K induces a morphism j: 4 — A4 such that § = jn, hence § € Endp(A)n.
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Therefore either Endp(A4)0 = Endp(A)y or Enda(4)y < Enda(4)d. It
then follows by Proposition 4.6 that Endp(A4)n is an Enda(A)-waist of
Ext} (C, A). m]

From this we deduce the following result.

Corollary 5.4 Let A be an indecomposable A-module and n:0 — A EN
B — C — 0 an exact sequence with f irreducible. Then Enda(A)y is an
Enda(A4)-Enda(C)°P-submodule of Ext)(C, A) with tgna,an an Enda(4)-
Enda(C)°P-submodule which is the unique maximal Enda(A)-submodule of
Enda(A)n.

Proof Generally, if M is a I'-I"-bimodule and M’ is a characteristic T'-
submodule of M, ie. M’ is mapped into itself by all I'-homomorphisms
from M to M, then M’ is a T'-T"-subbimodule of M. Clearly, any
Enda(A)-waist X of Ext}\(C,A) is a characteristic submodule and so
is also the Enda(A4)-radical of X. Hence Enda(A)y and rgng,qyn are
both Ends(A4)-End(C)°P-bimodules. Further, since A is indecompos-
able, Endp(A)n has rgnq,n as a unique maximal Enda(4)-submodule.

O

We next explain how we identify DExt)(C,A) and Homp(4, D Tr C)

as Endp(4)°P-End(C)-bimodules. Let C be any A-module and let

P Lz» Py 13» Py — C — 0 be the start of a minimal projective resolution

of C. We then obtain the sequence of A°P-modules P 5 P/ A P, where
Coker f; = TrC and the morphism f; factors through Tr C. Denoting
also by f5 the induced morphism from TrC to P; we observe that
f5:Tr C — P; has the property that for any A°°-morphism g:TrC — Q
with Q projective, there exists an h: P; — Q with g = hf;. Dualizing this
we obtain that the A-morphism Df;:DP; — DTrC has the property
that for any A-morphism g:I — D Tr C with I injective, there exists an
h:1 — DP; with g = (Df>)h.

From this we deduce that Im Homu(A4, Df;) = #(4,D TrC) for all
A in modA. Hence we have the exact sequence Homa(4,DP;) —
Homp(4,D TrC) — Homa(4,D TrC) — 0 where the last morphism
is an Enda(A4)°P-End, (D Tr C)-bimodule morphism. But we also have
the complex Homa (A4, DP,) — Homy (4, DP;) — Homu(4, DP;). How-
ever for each projective A-module Q we have natural isomorphisms
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Homy(4,DQ") ~ D(Q" ® A) ~ DHomy(Q, A) giving rise to the commut-
ing diagram.
. (ADf) . ADf) .
Homp(4,DP;) —"~ Homp(A,DP;{) — Homa(4,DPy)

R I I
DHoma(P, 4) 93" DHomp(P,4) "%5" DHoma(4, P)
where all maps are Enda(A)°°-morphisms. By definition
Ker D(f1,A)/ Im D(f,,A) ~ DExt\(C,A) which is then isomorphic to
Ker(4,Df7}/ Im(A,Df;) as an Ends (4)°°-module. But we have seen above
that Ker(4, Df]) = Homa(A4,D Tr C) and Im(4,Df;) = F#(4,D Tt C) so
DExti(C,4) ~ Homp(4,D TrC) as Enda(A)°*-modules. Also identi-
fying End,(C) with EndA(D TrC) it is not too hard to verify that the
isomorphism DExt.(C, A) ~ Homa(4, D Tr C) is an End, (4)°P-End(C)-

bimodule isomorphism as well.

As before let A be an indecomposable A-module and #:0 — A4 ER B—
C — 0 an exact sequence with f irreducible. Consider the following exact
commutative diagram of Enda(A4)-modules and Enda(A)-morphisms with
T a simple Endj(A4)-module.

0
i)

0 — Tenuan — Exti(C,4) —
! I

0 — Endp(4)y — Exti(C,4) —
!
T

l
0

Qe N M N« O
!
()

Dualizing, using that End,(A4)n is a waist of Ext,l\(C,A) we get that DX
and DY are the only Ends(A4)°P-submodules of DExt}(C,A) of length
Ir(X) and Ig(Y) over R respectively, with DY a maximal End,(4)°P-
submodule of DX. Therefore DX is an End,(A4)°P-waist of DExt}(C, 4)
with a unique maximal submodule. Using the Enda(A)°P-isomorphism
DExt! (C, A) ~ Homy(4, D Tr C) we have that Homu (4, D Tr C) also has
only one Enda(A4)°P-submodule M of length Iz(X) and M has a unique
maximal Enda(A4)°P-submodule M’
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We now consider the natural R-bilinear map
¢:Homp(A4,D Tr C) x Ext,l\(C, A) - Ext\(C,DTr C)

given by pushout diagrams, i.c. if 6:0 > 4 —» U — C — 0 is an element
of Ext}(C, ), and h is an element of Homy(A4, D Tr C), then ¢(h, ) = &'
where &’ is obtained from the pushout diagram

6: 0 - A > U - C - 0

La ! I
é: 0 - DTrC -» U - C - 0

Clearly ¢’ depends only on the image & of h in Homa(4, D Tt C).

Using properties of pushouts it is easy to see that ¢ satisfies the
following properties: ¢(h,i6) = $(hi,8) and ¢(h,6j) = ¢(h,6)j and
#(5h,5) = 54(h,6) for all h € Homa(4,DTrC), & € Exti(C,A), i €
Enda(4), j € Endy(C) and 5 € Enda(DTrC). Hence we obtain an
End(D Tr C)-End (C)°?-bimodule morphism

¢:Homa(4, D Tr C) ®gnd,4) Exth(C,4) — Exty(C,D Tr C).

Using the fact that there is an almost split sequence ¢':0 - DTrC —
E — C — 0 we obtain that for each 0 # 6 € Ext,l\(C,A) there exists
some h € Homy (4, D Tr C) with ¢(h, 8) # 0. From this it follows that the
adjoint morphism

¢:Ext}(C,4) » Homgg 1, o(Foma(4, D Tr C), Ext)(C, D Tr C))

given by ¢(5)(h) = ¢(h,8) is an Ends(C)°®-monomorphism. Since
Exti(C,D TrC) ~ DEnda(D TrC) as Enda(D TrC)-modules, we have
by IX Lemma 1.4 that the functor HommA(DTrc)( ,Ext\(C,DTr C))

preserves lengths over R and therefore ¢ is an isomorphism. Hence
¢ induces a duality between the End,(C)°P-module Ext,l\(C,A) and the
End,(C)-module Homy (4, D Tr C) when End,(C) and Enda(D Tr C) are
identified. It is easy to see that the orthogonals (Enda(4)y)* and
(tEndayn)*" Of Enda(4)n and rgngayn respectively in Homa(4,D Tr C)
with respect to ¢ are Enda(4)°P-submodules of Homa(4,D TrC). But
(Enda(n)* = N{Ker(@(©) | 6 € Enda()n} and (engyem)™ =
N{Ker(¢(3)) | & € tendsa)n} so they are also Enda(D Tr C)-submodules
since they are intersections of kernels of Enda(D Tr C)-morphisms. Now
from the duality we get that (rEndA(Am)L and X have the same R-
length and (Endp(4)y)* and Y have the same R-length. Using that
Homy (A, D Tr C) has only one Enda(4)°P-submodule of each of these
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lengths, namely M and M’, we get that (rgu,an)" = M and
(Endp(A)n)t = M. Since M’ is the only maximal Enda(A4)°P-submodule
of M we have that M is cyclic, and using that it is a waist we
get that any generator a« for (tga,4m)" has the property that for all
B € Homa(4,D Tr C) with § ¢ (Enda(A)n)* there is some o« € End(A4)
with fo’ = @ Further, @ ¢ (Enda(4)y)* implies that there is some
o’ € Endp(A) with ¢(aa”’, ) # 0. But then aa” ¢ (Enda(4)n)*. Since
d@a",n) # 0 there is some p':DTrC — D TrC with ¢(f’a”,n) almost
split.

Letting a be the element f’aa” we collect our findings in the following
proposition.

Proposition 5.5 Let 1:0 —» A4 ER B 2 C — 0be an exact sequence with f a
properly irreducible morphism and let ¢:Homy (A, D Tr C) x Ext}(C, 4) —
Exti(C,D Tr C) be the natural bilinear map. Then there exists some a €
Homa (A, D Tr C) with the following properties.

(a) ¢(a,n) is almost split.
(b) For each B € Homp(A4,D Tr C) with ¢(B,n) # O there is some o €
Enda(A) with po’ =a. m]

In order to prove the main theorem of this section we need the
following two lemmas.

Lemma 5.6 Let 1:0 — A4 J, B 5 C - 0 be exact with f a properly
irreducible morphism. Then gh is not irreducible for any module B' and
morphism h: B’ — B.

Proof Let# be as aboveandlet0 - A4 — F A TrDA — 0 be an almost
split sequence. Then there exist morphisms a and ¢ making the following
diagram commute.

0 > A > F 5 Trpd - 0

I la le
0 - 4 l» B 5 C - 0
Since f is irreducible, a is a split epimorphism. Let h: B’ — B be a mor-
phism and assume gh: B’ — C is irreducible and let ¢’ be a map from B
to F such that aa’ is the identity on B. Then gh = gaa’h = cba’h. But
ba'h is not a split monomorphism, so ¢ is a split epimorphism. But then
a and ¢ are isomorphisms and hence g is irreducible. Hence both f and
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g are irreducible and therefore 0 — A ER B4 C - 0is an almost split
sequence by V Proposition 5.9. But then f is not a properly irreducible
morphism. This gives the desired contradiction. O

Using Lemma 5.6 we obtain the following generalization of V Corol-
lary 5.8.

Lemma 5.7 Let n:0 —» A ER B3 C > 0 be an exact sequence with f a
properly irreducible morphism. Let g': B’ — C be irreducible. Then there
exists h:B — B’ with g = g’'h. In particular g’ is an epimorphism.

Proof This follows easily from the previous lemma. a

We are now ready to prove our promised result.

Theorem 5.8 Let n:0 —» A ER B % C — 0 be an exact sequence with f a
properly irreducible morphism and let 6:0 > DTrC - E - C —> 0 be an
almost split sequence. If E is decomposable then C is simple.

Proof Let n:0 - A ER B % C — 0 be exact with f a properly
irreducible morphism and let a € Homp (A, D Tr C) be fixed such that
@ € Homa (4, D Tr C) satisfies conditions (a) and (b) in Proposition 5.5.
Assume that 0 - DTrC — E — C — 0 is an almost split sequence
with E decomposable. Let E = E; [[ E, with E; # 0 for i = 1,2 and

consider the sequence 0 — D TrC (—])> E(]]E> ®g C — 0. According to

Lemma 5.7, the morphisms p and g are both epimorphisms and there
exist morphisms h;: B — E; and hy: B — E; with g = phy, and g = gh;.
Hence there exists fi:A — DTrC with if; = hyf; and jf; = 0 and
there exists f;:4 — DTrC with if, = 0 and jf» = hyf. Therefore
&(fi,n) # 0 for i = 1,2. So by Proposition 5.5(b) there exist a; and
a> in Enda(4)°° with a,f; = @ and a,f> = @ But then ia = 0 and
ja = 0 and hence we get that (;.)a € S(A,E ][] E>), the subgroup of
Homy(4, E1 [ E2) consisting of morphisms factoring through injective
modules. Hence there is a morphism :B — E; [ E, factoring through
an injective module making the following diagram commute.

w0 > 4 L B &5 c 5 o0

la Iy Lv

0 - pTrc 9 EnE ™ ¢ 5 o
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Now the pushout of 5 by a is an almost split sequence. Therefore y
is an isomorphism. Suppose C is not simple and let y:socC — C be
the inclusion. Then there exists f:socC — B with y = gf. Hence
vy = (p,q)p P where P factors through an injective module. This gives
the desired contradiction. O

The following restatement of Theorem 5.2 follows easily from Theo-
rem 5.8.

Theorem 5.9 Let 0 — A4 ER B % C — 0 be an exact sequence with A
indecomposable, f a properly irreducible morphism and C not simple. Then
in the almost split sequence 0 - DTrC — E — C — 0 the middle term
E is indecomposable. m]

Theorem 5.9 does not answer the question of under what circumstances
o(C) = 1 when C is a simple nonprojective module. We have already
given an example of a simple nonprojective module C where o(C) > 1

even though there is an exact sequence 0 — A4 ER B—>C—>0with f a
properly irreducible morphism. We end this discussion with an example
of a nonprojective simple module C which is the cokernel of a properly
irreducible monomorphism with the property «(C) = 1. Hence more
is involved in determining when a nonprojective simple module C has
the property o(C) = 1 than just whether or not C is the cokernel of a
properly irreducible monomorphism. The example we now give is closely
related to our previous example.

Example Let k[X, Y] be the polynomial ring in two commuting variables
X and Y over a field k. Define A = k[X,Y]/(X3,Y3) and denote by
f(X,Y) the image in A of a polynomial f(X,Y) in k[X,Y] and write
X =xand Y = y. Since (X,Y) is a maximal ideal in k[X,Y] and
(X,Y) < (X3,Y?) it follows that A is a finite dimensional local k-algebra
with unique maximal ideal m = (x, y) and that A/m = k. It is also not
difficult to check that socA is simple with generator (xy)?. Therefore
since A is commutative, it is a symmetric k-algebra by IV Section 3.

Hence m is an indecomposable A-module. Then the exact sequence

0-m i» A — k — 0, where f is the inclusion morphism, has the
property that f is an irreducible morphism without being an almost split
sequence. So the simple A-module k is the cokernel of the properly
irreducible monomorphism f. We now show that a(k) = 1, giving our
desired example.
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Since A is symmetric we have by V Proposition 5.5 the almost split

sequence 0 — m — AJJ(m/socA) EL A/socA — 0 where g:A —
A/ soc A is the natural epimorphism and h:m/socA — A/socA is the
inclusion morphism. We have the commutative exact diagram

0 0 0
| { l

0 - Q3 (A/socA) — Q(m/socA) — socA — 0
! ! !
i) ! )

0 - Q*A/socA) — All(m/socA) — A/socA — 0
! ) l
0 0 0

where P — Q?(A/soc A) is a projective cover. Then 0 — Q3(A/socA) —
Q(m/socA) — socA — 0 is an almost split sequence by X Section 1.
Since soc A is isomorphic to the unique simple A-module k, we have
that a(k) = 1 if we show that Q(m/socA) is indecomposable. To show
that Q(m/ soc A) is indecomposable, it suffices to show that m/socA is
indecomposable since A is a symmetric algebra.

Since m/socA=(X,Y)/(X*(XY)?, Y3 and (X,Y)}o(X3,(XY)3 Y?)
it follows that (X, Y (X, Y)/(X3,(XY)2, Y3 ~ (X, Y)}/(X3, (XY )3, Y?)
and so (m/socA)/m?(m/socA) ~ (X,Y)/(X,Y)’. Therefore m/socA
is an indecomposable A-module if (X,Y)/(X,Y)? is an indecomposable
A-module. Now (X, Y)/(X,Y)? is a I'-module where I is the factor ring
k[X,Y]/(X,Y)? of A. So it suffices to show that (X,Y)/(X,Y) = A4 is
an indecomposable I'-module. It is not difficult to see that annr(z) = 0
for each z in A — m’A where m’ is the maximal ideal of I". Therefore
IT'z~Tforallzin A—n'A.

Suppose now that 4 = B][C with B # 0 and C # 0. Then there
are b and ¢ in A — m’A4 such that Th ~ B and I'c ~ C, so 4 ~ 2I.
But dimy A = 5 while dimy(2I") = 6. This contradiction shows that 4
is indecomposable, finishing the proof that the example has the desired
properties.
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Exercises

N

3

1. Let A be the quiver !

let k be a field and consider the simple kA-module S; corresponding to
the vertex 4.

(a) Prove that Tr DS, corresponds to the representation

(b) Show that there are exact sequences 0 — S; — Tr DSy — (Tr D)?S4—0
which are not rigid.
(c) Find three nonzero rigid exact sequences in Ext,l\(S4, (Tr D)2S,).

2. Let k be a field and A = k[X]/(X3). Prove that there are nonrigid
exact sequences in Exti((A/x) [[(A/x2),(A/t) [1(A/x2)).

3. Let A be an artin algebra and let X be in mod A. For each A-module
A denote by 1x(A) the submodule of A generated by all images of all
morphisms in Homy (X, A).

(a) Prove that for each morphism g in Homy (4, B) we have g(tx(A4)) <
7x(B) and deduce that tx induces a functor from mod A to mod A
which is a subfunctor of the identity functor.

(b) Show that tx(A) is a two-sided ideal in A.

(¢) Let f:B — C be a morphism in mod A such that Homu (X, f) = 0.
Prove that Im f < {c € C|tx(A)c = 0}.

(d) Let f:B — C be a morphism in mod A which is right determined
by X. Prove that Im f > {c¢ € C|tx(A)c = 0}.

(e) Let f:B — C be a morphism in mod A which is right determined by
X and such that Hom(X, f) = 0. Prove that Im f = {c € Cltx(A)c =
0}.
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4. Assume throughout this exercise that a is a left ideal of the artin
R-algebra A and that I' = Enda(A/a)°P. Recall from I Exercise 12 that
the idealizer of a in A is the subring £ = {4 € AJad < a} of A and that
¢:Z > T, given by ¢(y)(A+a)=Ay+afory € £ and A4+ a € A/q,
is a surjective ring morphism. We consider I'-modules as E-modules by
means of the ring morphism ¢ and A-modules as I'-modules through the
inclusion I' = A.

(a) Prove that X is an artin R-subalgebra of A and that ¢ is an artin
R-algebra morphism.

(b) For C in modA let ,C = {¢ € Clac = 0}. Prove that ,C is a
Z-submodule of C.

(¢) For C in mod A we have that Homy(A/a,C) is a I'-module and
hence a X-module. Prove that the map f:Homy(A/a,C) — C given
by B(f) = f(1+a) for all f € Homa(A/a,C) is a monomorphism of
I'-modules with image ,C.

(d) Let f:B — C be a morphism in mod A. Prove that f(,B) = ,C is a
I'-submodule of C.

(e) Let f:B — C be a morphism in mod A. Prove that the following are
equivalent.

(i) f is right determined by A/a.
(ii) Each morphism g:Y — C with g(,Y) = f(,B) factors through
f.

(f) Let C bein mod A and let # be the set of I'-submodules of ,C. Prove
that the map y:modA/C — # given by p(f) = f(,B) for each
f:B — C in mod A/C induces a bijection between the isomorphism
classes of right (A/a)-determined morphisms in mod A/C and #.

(g) Let b be the right ideal ;A of A and let f: B — C be a morphism
in mod A which is right determined by A/a. Prove that Imf =
{c € C|bc = f(.B)}.

5. Let A be a local artin ring with maximal ideal m and denote A/m by
k.

(a) Prove that the following are equivalent for an indecomposable A-
module Y.

(i) Ext}\(k, Y) ~k as a k°P-module.
(ii) There exists a proper left ideal a in A with TrDY ~ A/a.
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Let a be a proper left ideal of A and let 0 — D Tr(A/a) 4B ER k—0
be a nonsplit exact sequence. Show that f is a right minimal
morphism determined by A/a with Homa(A/a,f) =0.
Let g: A/a — k be the natural morphism. Prove that in the pullback
diagram

0 - DTr(AJa) - E —> A/a — 0

I Lk le

0 - TrD(AJag - B - k - 0
the sequence 0 — D Tr(A/a) —» E — A/a — 0 is almost split.
Suppose a is a two-sided ideal contained in the right socle of A, and
let 0 > nDTr(A/a) = A LA C be an exact sequence with 4 a right
minimal morphism determined by A/a and with Homa(A/a, k) = 0.

Show that Imh = socC, that n = [(socC) and that the induced
exact sequence 0 — nD Tr(A/a) - A —» Imh — 0 is isomorphic to

e _IIr g o f
0 > nDTr(A/a) = nB "= nk — 0 where 0 - DTr(A/a) > B >
k — 0 is the sequence given in (b).

6. Let R be the commutative polynomial ring k[X},..., X,] in n variables
over the field k. Let my be the maximal ideal of R generated by
X1,X5,...,X,, and let a be an ideal such that there is some g > 2 such
that m§ = a = m3. Let A = R/a and let h:R — A be the natural ring
morphism such that h(r) =r + a.

(@)
(b)

(©

(d
()

()
(2)

Show that A is a commutative local artin ring with maximal ideal
m = h(mg) and with A/m ~ k.

Denote h(X;) by x; for i = 1,...,n. Show that the kernel of the
morphism f:A — nA given by f(1) = (x1,...,%,) is socA, that
Coker f ~ Tr D(k) and that the induced exact sequence (*) 0 - k —
nA/(m(xy,...,x,)) = Coker f — 0 is an almost split sequence.

Let t be the number of summands in a decomposition of
nA/(m(xy,...,x,)) into a sum of indecomposable modules. Show
that t = a(A/m), where « is as defined in V Section 6.

Let m = J];_, m; be a decomposition of m into a sum of indecom-
posable A-modules. Show that s < t.

Deduce from (d) that if «(k) = 1 then m is indecomposable and give
an example when m is indecomposable and a(k) > 2.

Show that if a = m} then (k) = 1.

Determine precise conditions for a(k) = 1.
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7. Let A be an artin R-algebra. Let M be in mod A. An R-submodule N
of M is said to be of finite definition if there exists a A-homomorphism
f:A — X such that N = Im Homu (f, M) where Homy (A, M) is identified
with M. Prove that N ¢ M is an R-submodule of M of finite definition
if and only if N is an Endj(M)-submodule of M.

8. Let M be in mod A where A is an artin algebra. Prove that there
exists some X in mod A and an x in X such that for each A-module N
the following are equivalent.

() Homy(N,M)=0.
(i) For each n in N there exists an f in Homa (X, N) with f(x) = n.

9. Let A be a nonsemisimple artin algebra. Prove that there exists
a simple A-module S and either an irreducible morphism f:S — B
with B indecomposable and «(Coker f) = 1 or an irreducible morphism
g:B — S with B indecomposable and a(D Kerg) = 1.

The following set of exercises is devoted to investigating epimorphisms

B C which are not split epimorphisms but have the property that each
proper inclusion C' — C factors through f. Such morphisms f:B — C
are called subsplit epimorphisms.

10. Suppose 0 - A — B ER C — 0 is an exact sequence with f a subsplit
epimorphism. Show that the following statements hold.

(a) C is indecomposable.

B L ¢
) e commutes and h is not a split epimorphism, then
B/

h is a subsplit epimorphism.

(¢) If fo:By — C is a right minimal version of f, then f; is also a
subsplit epimorphism.

(d) If A is indecomposable and 0 - 4 — E — TrDA — 0 is an almost
split sequence, then there is a commutative exact diagram

0 - A - E — TrDA - 0
|

!
0 - A - B - - 0

l

0

S — O«


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511623608.012
https://www.cambridge.org/core

Exercises 403

In particular, there is an epimorphism TrDA — C.
(¢) Let

0 > A —» BxcU 5 U - 0
[ ! le
0 - A — B —];C—>0

be a pullback diagram.

(i) Every morphism X U such that the composition gt: X — C
is not an epimorphism factors through h.

(ii)) If h is not a split epimorphism and g: U — C is an essential
epimorphism, then 4 is a subsplit epimorphism.

11. Show that the following statements are equivalent for an indecom-
posable, nonprojective module C over an artin algebra A.

(a) Every subsplit epimorphism f: B — C is right almost split.
(b) If g:U — C is an irreducible epimorphism with U an indecompos-
able module, then U is projective.

12, Suppose 0 - 4 — B ER C — 0 is a nonsplit exact sequence. Let
C’ be a submodule of C minimal with respect to the property that
the induced epimorphism f~1(C’) — C’ does not split. Show that the
following statements hold.

(a) The epimorphism f~!(C’) — C’ is a subsplit epimorphism.
Suppose further that 4 is an indecomposable module.

(b) If C’ has the property that every subsplit epimorphism ¢t: U — C
is right almost split, then the induced exact sequence 0 — A4 —
f~I(C") = C’ = 0 is almost split, so TrDA ~ C'.

(c) If Tr DA is not isomorphic to any proper submodule of C, then there
is an irreducible epimorphism ¥V — C’ with V an indecomposable
nonprojective A-module.

13. Let 0 > Q(C) > P ER C — 0 be a projective cover. Show that the
following statements are equivalent.

(a) C is almost projective, as defined in V Section 3.
(b) f:P — C is a subsplit epimorphism.
(¢) The inclusion Q(C) — P is irreducible.
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404 Modules determining morphisms

14. Let 0 - 4 —» P EN C — 0 be exact with P an indecomposable
projective module and 4 < rP. Then show that the following are
equivalent.

(a) The inclusion A — tP is a split monomorphism.
(b) f is a subsplit epimorphism.
(c) C is almost projective.

(d) For each indecomposable summand A’ of A4, then there is an epi-
morphism TrDA — C.

15. Suppose 0 — Q(C) —» P ER C — 0 is exact where f:P — C is
a projective cover of the almost projective module C. Show that the
following hold.

(a) A submodule C’ of C has the property that 0 —» C'/rC’ — C/xC is
exact if and only if there is a decomposition P = P’ [[ P” such that
f(P’y = C’ and the induced morphism P’ — C’ is an isomorphism.

(b) If P = P'[]P”, then the submodule C' = f(P’) of C has the
property that the induced morphism C’/xC’ — C/tC is a monomor-
phism. Hence the induced epimorphism P’ — C’ is an isomorphism.
So if both P’ and P” are nonzero, then P’ NQ(C) =0 = P" NnQ(C).

(c) Let C’ be a submodule of C such that 0 — C’/rC’ — C/xC is exact.
If P’ is a submodule of P such that f|p:: P’ — C is a monomorphism
with image C’, then the inclusion i: P’ — P is a split monomorphism.

(d) Suppose 0 — C’' — C ENNoN 0 is an exact sequence such that
C’/rC’ — C/xC is a proper monomorphism. Then C” is almost pro-
jective. (Hint: First show using (c) that f is a subsplit epimorphism.)

(e) Show that if P’ is an indecomposable summand of P, then Q(C) is
isomorphic to a summand of tP’.

(f) Show that there is an epimorphism Tr D(A) — C for each indecom-
posable summand A4 of Q(C).

(g) If E is any almost projective module, then IA(E) < max{I(Tr DA)|4
indecomposable summand of r}.

16. Show for an artin algebra that the set of modules with proper waists
has bounded length.
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Notes

The notion of morphisms being determined by modules arose originally
in [Au5] in connection with subfunctors of a functor being determined
by an object in an abelian category. In [Au5] the basic facts about
morphisms being determined by modules were derived as consequences
of theorems about functors. The development given here is new. While
less conceptual than the functorial point of view, it has the advantage of
being more explicit and therefore hopefully more constructive.

The notion of the waist of a module was introduced in [AuGR]. The
original inspiration for this idea came from studying modules over the
Auslander algebra where nontrivial waists frequently appear.

Theorem 5.9 was first conjectured by Brenner and proved indepen-
dently by Brenner and Krause. The proof of this result given here is
a modified version of [Kral]. Exercise 6 is based on {Lu]. (See also
[Bren2]).
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Set notation
Z
Z+

aRe Z

No
[y

X-Y

Notation

integers
{1,2,3,...}
{0,1,2,...}

rational numbers

real numbers

complex numbers

countably infinite cardinal

inclusion (not necessarily proper)

the elements in a set X which are notin aset Y

For a given ring (artin algebra) A

Mod A
f.1(A)
mod A
ind A

modgs A
mod s A

mod A
mod A
Ky(mod A)
Ko(f.1.A)
P(A)
F(A)
P(A)

category of (left) A-modules

category of left A-modules of finite length (any ring)
category of finitely generated A-modules (artin algebras)
category of a chosen set of representatives of nonisomor-
phic indecomposable finitely generated A-modules
subcategory of mod A consisting of modules without pro-
jective summands

subcategory of mod A consisting of modules without injec-
tive summands

category mod A modulo projectives

category mod A modulo injectives

Grothendieck group of mod A (modulo exact sequences)
Grothendieck group of f.LA

category of finitely generated projective A-modules
category of finitely generated injective A-modules
category of finitely generated preprojective A-modules for
a hereditary artin algebra A
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F(A)

gldim A
Tx(A)

A =radA
tl(A))

A°P
D:modA —
mod(A°P)

1:

Notation 407

the category of finitely generated preinjective A-modules
for a hereditary artin algebra A

global dimension of A

ring of 2 x 2 lower triangular matrices over A

radical of A (also written t)

Loewy length of A (index of nilpotency)

opposite ring of A

standard duality for artin algebras
identity element in rings (also identity element in groups
written multiplicatively)

For a given A-module 4 (A artin R-algebra)

pdA A

idpaA

14

rad A

add A
dom.dim A
I(4)

Ir(4) = (4)
Q(4)
Tr(A)

nA

socA
ms(A)

rl(A4)
sl(A4)

€4

yt

annp A
Enda(A4)
Ty

projective dimension

injective dimension

the identity map from A to 4

radical of A

category of summands of finite sums of copies of 4
dominant dimension of 4

length of 4 as a A-module

length of 4 as R-module

ith syzygy module of 4 (QA4 = Q' 4)
transpose of A

sum of n copies of 4

socle of 4

multiplicity of a simple module S in a composition series
of A

radical length of A

socle length of A

the functor Homa (4, )

the A°P-module Homy (A4, A)

annihilator of A in A

endomorphism ring of 4

Enda(A4)/ rad Endp(A) (A indecomposable)

For given A-modules 4 and B (A artin R-algebra)

rada( , )
Irr(A4, B)
rad¥(4, B)

A+B

radical of the category mod A
rada(4, B)/ radi (4, B)
(N rad?(4, B)

0

m=
submodule generated by 4 and B
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P(A, B)

4(A,B)

(4, B)
t4(B)

Notation

the morphisms from 4 to B which factor through a pro-
jective module

the morphisms from 4 to B which factor through an
injective module

the length of Homx (4, B) as an R-module

submodule of B generated by the images of A-morphisms
from A to B

For a given map f: 4 — B between modules

Im f
Ker f

flc
f7E)
Coker f

Others
Supp F

I
flg

Ab
T(Z, M)
I, (k)

Ax¢B

AXcB

(fij)

5.

O

image of f

kernel of f

restriction to a submodule C of A
preimage in A of a submodule E of B
cokernel of F

the objects A in ind A with F(4) # 0 for a functor
F:modA - mod R

categorical sum

map from AIIB to XII'Y induced by f:4 — X and
g:B — Y given by (f LI g)}(a,b) = (f(a),g(h))

category of abelian groups

tensor ring of the Z-bimodule M over X

k-algebra which is the product of n copies of a field k with
k acting diagonally

C - A
pushout of diagram |

B B
pullback of diagram ]

A > C

t

the induced map [[ 4; — [ B; for A-morphisms f;;: 4; —
j=1 1

i=
Biforl<j<nand1<i<t

. H )
the functor given by the exact sequence Homy (, B) omal 8)

Homy(,C) — 6 — 0 for an exact sequence 6:0 — A4 ER
B2 C—0inmodA HomiJ, )
the functor given by the exact sequence Hom(B, ) =~
Hom(A4, ) — 6. — 0 for an exact sequence 6:0 — 4 ER
B2 C—0inmodA
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Conjectures

We now list some well known conjectures in the representation theory of
artin algebras covered in this book.

(1) If A is an infinite artin algebra of infinite representation type, then
there are infinitely many integers n with infinitely many indecomposable
modules of length n.

(It is enough to find one such 7 (see [Sm]). The conjecture is verified for
finite dimensional algebras over an algebraically closed field (see [Bau3],
[BretT] and [Fi]). It would be interesting to find a more direct proof
even in this case.)

(2) If the AR-quiver of an artin algebra A has only one component,
then A is of finite representation type.

(3) If A is an artin algebra of infinite representation type, then the AR-
quiver of A has infinitely many components. (This conjecture holds for
hereditary artin algebras.)

(4) If A is an artin algebra and all indecomposable A-modules are
determined up to isomorphism by their composition factors, then A is of
finite representation type.

(5) Let A and A’ be two artin algebras which are stably equivalent. Then
the numbers of isomorphism classes of simple nonprojective modules are
the same for A and A’. (It is enough to consider the situation when A is
selfinjective (see [M3]). This is proven when A is of finite representation
type (see [M2]).)
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410 Conjectures

(6) Let A be an artin algebra of finite global dimension with Sy,...,S,
a complete list of nonisomorphic simple A-modules and Py,..., P, the
corresponding projective covers. Let C be the Cartan matrix of A, i.e.
C = (cij) where [P;] = >, ¢;;[S]] in the Grothendieck group of A.
Then the determinant of C is 1. (This has been proven for graded artin
algebras ([W] and [FuZ]). For other cases see [Z] and [BurF].)

(7) Let A be an artin algebra and S a simple A-module with Ext}(S, S) #
0. Then pd,(S) = co. (It is known that under the given assumption we
have gl.dim A = oo; see [Le] and [I].)

(8) Let A be an artin algebraand 0 - 4 - Iy > I; > I, — - a
minimal injective resolution of A as a left A-module. If I; is projective
for all j > 0, then A is selfinjective. (This is known as the Nakayama
Conjecture, and has been proven for graded artin algebras ([W] and
[FuZ]).)

(9) Let A be an artin algebra and S a simple A-module. Then
Exty(S,A) # 0 for some i. An affirmative answer to (9) implies that
the conjecture in (8) also holds (see [AuR3]).

(10) A A-module M is projective if Exti(M,MIIA) = 0 for all i > 0.
(This is equivalent to (9), see [AuR1}, and was conjectured by Tachikawa
for selfinjective algebras in [Ta).)

(11) Let A be an artin algebra. Then sup{pd, X|X in mod A and
pdpa X < oo} is finite. (This is proven for some classes of algebras
(see [1Z], [GrZ] and [GrKK]). An affirmative answer to {11) implies that
the conjecture in (9) also holds.)

(12) A A-module M is zero if Exti(M,A) = 0 for all i > 0. (This is a
consequence of (11).)

(13) If idpaA < oo, then idaeA < o0. (This is a consequence of (11).)
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Open problems

We now list some open problems based on the topics covered in this
book.

(1) Give a method for deciding when two uniserial modules over an
artin algebra are isomorphic.

(2) Which artin algebras of infinite representation type have only a finite
number of pairwise nonisomorphic uniserial modules?

(3) Let A and C be uniserial modules. Give a method for deciding if
there are exact sequences 0 — 4 — B — C — 0 with the property that
B is also uniserial.

(4) A uniserial module is said to be a maximal uniserial module if it is
neither a proper submodule, or a proper factor module of a uniserial
module. Which algebras A have the property that all maximal uniserial
submodules have length equal to the Loewy length of A? (This has been
solved for commutative local rings containing an infinite field in [Lu].)

(5) An artin algebra A is called a monomial algebra if A is isomorphic
to a path algebra of a quiver with relations over a field k and where all
relations can be chosen to be paths. Give an invariant description, one
that is independent of generators and relations, of when an artin algebra
is a monomial algebra. (See [BurFGZ] for partial results.)

(6) Describe the artin algebras with only a finite number of nonisomor-
phic almost projective modules. (This question is decided in [M1] for

hereditary algebras.)
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412 Open problems

(7) Suppose A and I' are artin algebras and G:modA — modT is an
equivalence of categories.

(a) When is there a functor F:modA — modI" with the property
F(2(A)) =« #(IN) such that the induced functor F':mod A — modT’
is isomorphic to G?

(b) When is there such a functor F:mod A — mod I" which is half exact,
right exact, left exact or exact?

(c) Is there some functor F:modA — modI" with the property
F(#(A)) = 2(T') such that the induced functor F/:mod A — modT
is an equivalence of categories.

(8) Describe the infinite artin algebras with the property that each inde-
composable module has only a finite number of indecomposable factor
modules up to isomorphism.

(9) Describe the artin algebras which have only a finite number of
nonisomorphic modules with proper waists.

(10) Suppose that the Loewy lengths of the endomorphism ring as a
module over itself or as a module over the ground ring are bounded for
all indecomposable A-modules. Is A of finite representation type? It is
known that if the lengths of the endomorphism ring are bounded for all
indecomposable modules, then A is of finite representation type [SmV].
(The case when the length is 1 was proved in [Sk2].)

(11) When is a selfinjective algebra stably equivalent to a symmetric
algebra also symmetric?
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