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0
.

Few words on f- structures hot needed !

I _ triangulated , Lt
"

, ) - t - structure ↓

→ heart E = T≤◦At" nt≤P= At ≥9=0
←

Piop If the t - structure isuon-degeuerate.theutiso.be/ian.#
PI e) direct sums are a type of extensions

,
t
"

¢ t
"

are

closed under extensions ⇒ is closed under ext ⇒

closed under ⊕ .

2) f- : ✗ → Y in E
,

X
,

Y c- → list is

U "→ ✗ →fY -5 U[ if he "3=T≤ '

At ≥o



Put k=t≤◦ U , c=%(u[B) = (t≥iU)[ if

K → U → ✗ Y→U[☐ → C

Claim these are the kernel & the eokeruel off !

For the kernel :

unique → g
' 2- 2- c-

, fog = O
Hom (7,41-7)--0 e-

'
'
"

t.gu-sx-Y-uf.is
2- c-to ⇒ 7!

,
#

2-

↓s
'

K=t≤◦U → U

same for the coterie /
.

3) Coin = Im

Consider the octahedron diagram :



K → U → Cfi] → KEB ✗ c-
,
KEB c- I

'

II ↓ ↓ 4 I

K → ✗ → V → f- [if we TE:B

↓ ↓
4 = Y Ye

,
CEB c- T

'

I↓ ↓
✓ c- tears

UCB → c

From the two → Vet?

By definition : Imf = Coker (K →×) - t≥◦V=V .

Coin f- = Ker (Y→ c) = E≤◦U=V . ☐

Waging It is not true in general that , say ,
if E= 0%1

,

is the heart of a non - deg .
f-stricture

,
then

0kt) e- DBCEY .



Non-trivial example
c-=D (% - mod )
E-◦ = { ✗ c- DEZ -mod) / Hᵗ(✗)=o ,

1- so
, H°(×) is torsion } .

I≥ '
= { ✗ e- DEE - mod) / Hᵗ(01--0 ,

too
, H°(×) is torsion

tree } .

E± check that it's a non -deg . t - structure .

For a general f-structure : if ✗ it c-to ⇒

Hom (× ,
493 ) ≈ Ext:( ✗ 4) .

Indeed
,
f :X → 493 → list as

✗ → 2- → ✗ → 493 check that it gives an

element in Ext!= .

Can define Extilxii) = Hon (11,4%3) .



In general , different from Ext :(×,Y) .

1. Cohomology Yr to a t - structure

T - a category , (t≤
°

,
I" ) -t-stnetre.lyFor a ≤b 3- canonical isomorphisms

E≤a°E≤b ≈ Teb - t≤a ≈ tea and

E≥bot≥a ≈ tea ◦ tab ≈ E≥b
.

PI tea → e- ≤
b E

≤ For a≤b 3- canonical isomorphism
T≤bot≥a ≈ E≥a°t≤b .

If Ruh that I≤ a-it≤b ≈ E≤a-1 (previous lemma)
.

E≤ a- i ✗ → t≤bX → ✗ → octahedral diagram



t.ae ✗ → E≤b✗ → t≥at≤b✗ → t≤a-, ✗ [B

" t ut
E≤a-i ✗ → ✗ → tax → t≤ an ✗ED

↓ ↓
E≥b+i✗ = t≥b+iX

↓ ↓

t≤b✗9] → T≥at≤6×93

From the Ist rou we get T≥at≤b✗ c- t≤
b
⇒

⇒ Ihd column is a s associated to (t≤b
,
I ≥ '
") . ☐

Def Put

teak) = ( t.ae?aX)Ea3 c-
.

Cohomology % to the f-structure
.



Prep let (F- °
,
I") be a f- structure

.

Then

a) V- ✗ e- I HP+t(×) ≈ HP(✗[q3)
,

2) ✗ → ✗ → 2- → XEB - dist →

. _

→ H'G) → HPLY) → HPCZ) → HP" G) → . _ LES
.

2
.
Sheaves & the b- functor formalism

Instead of sheaves of abelian
groups ,

one usually deals
with modules over a sheaf of rings .

def A ringed space is a pair (AQ) ,
where ✗

is a topological space , Q - sheaf of commutative

rings : U → 6×16) c- Comm
,
restrictions are

homomorphisms of rings .

The category of Ox - modules : an object is a sheaf
of abelian

groups on ✗ + truck → 6×14 - module
structure on Flu) : 0×(4×-56) → Flu)

,



these should commute with restriction : tf Vcu

6×(4×-56) → Fla )
resxres↓ ↓ res

①✗(v) ✗ Flu) → Flu) .

¥ Define morphisms of 6✗- modules & check that

A- mod forms an abelian category .
Maia examples :

O) ✗ is some kind of manifold
,
Ox - sheaf

of "
nice

" functions
.

e) A - commutative ring → Ax - sheafifieatiou
of the constant presheef U→ A

.

A-
✗ (a) = {U → A conf

,
where A- has discrete top . }



-
+2

☐ g-
i
←

want to glue these

U
,

42

Box - mod = sheaves of atelier
groups .

From now on
,
fix A

,
deal with Ax - modules

.

The abelian category structure on A-
×
- ↳od is indeed

by that of Absh G) .

◦ → F' → 5- → f-
"
→ O SES ⇔

◦→ It → Fx → FI → 0 is SE V- ✗ c- ✗
.

3. Restrictions to subsets

UCX
,
f- c- Ax -mod → Flu c- Au -mod

Flu (v) = Flu) it Vcu



Recall that K f :X → Y
, Fetty -mod we defined

f-
'

5- (a) = li⇒ Flu) ( presheaf → stratify ) .
Vsffu)

In the case c : U → ✗ :

Flu = e-
' F.

We had another operation : G. c- Ax - nod
f- * G (v) =G(f-'Cu)) (sheaf )

we know that f-
'

-1 f-¢ .

For c : U → ✗

☒ (v) = 86-44)=f(unv)
- Iu is left adjoint to ↳ .



It turns out
, there is a left adjoint to - he ,

extension by zero
.

e : : Au - mod → Aa - nod

4G (v) = {
9 V46

,

GG) , v≤ ce .
← sheetifg
! ◦

←

e ! G e ↳ G - sabsheaf
.

Check that for c : U → ✗ c ! is left adjoint
to i' = - tu

.

Properties : • (e ! G), = { Ga ,
✗ e-U

O
,
✗ ¢4

• visa -5 ✗

↳ ◦ j ! ≈ !



Observation : Hour (Ax , F) ≈ Flx) = r(× ,F) .

Indeed
,
for every UCX

: A → Flu) - morphism
of A-modules - Ay sich morphism is given by the image
of 1 !

1-A⇒É)ˢ-

( ti tr;)
{
A → Icu)

she

Thus
,

Hon (e ! Au , F) ≈ Hom (Au
,
Ffa) ≈ Flu) .

adjunction
Lin Let T be an injective sheaf of Ax - modules

.

Then

V- Vcu rests : Tcu) → Tcu ) is surjective !



A bit strange since / i c- does not extend
1 to a conf

. function
on a larger interval .

I

i.

PI let T be injective .

Means that tf o → G →F

Hom (F , J ) → Hom ( G , T ) is surjective .

VCU ex -

open
V Is U -5 ✗

Consider (ey ) ! Au → e! Ace ( indeed ,
look at the

stalks : left = A Kiev
,
0 - otherwise

, right = A Vaea , o - other ) .

Hank : Au . T ) → How(Lig) ! Au . T )
21 4

Tcu) ⇒ Tcu ) ☐



Det A sheaf F is called flabby ( flasgue) if b- Vcu

res! : f- (a) → Flu ) is surjective .
EI e) UCX , F is flabby ⇒ Flu is flabby .

2) f-< ✗ → Y ,
F is flaky ⇒ f*F is flabby .

≤ Let ◦ → F
'
→ I -5 -5" → o be an exact sequence .

If I
'
is flabby , then the sequence

be

◦ → M(✗
,
-5
') → P(✗ , f) → p(×, , → ◦

←
here should

tell , -5
')

is exact ! (In general , only left exact . )
PI Enough to check that PCX

,
-5) → P(× , -5

" ) is
surjective .

Let s
"
c- 5-

"

(X)
.

Consider the set of pairs

{(u , s) I settle) sit
. ✗ (s) / u = s

" /u } .

This set has a natural partial order and is non- empty !



b- ✗ c- ✗ 3- Ux >✗ in ✗ s.-1 . s
" / a. lifts to some se _J(a← )

(swjectivity on stalks)
.

Given an open chain
,
there is an upper

bowel
:

(Ui , si ) ≤ (him
, sit, ) ≤ . _ → (Ulli

,
s )
9

Ui ethics
,

site /ai = Si exists by thesheaf condition

By Zorn lemma → maximal (his)
.

If U=✗
,
we

are done
.

Assume U≠✗
, pick ✗ c- ✗ ill

.

Locally 3- Vax
,
1- c- FG) st . ✗ A) Iv -_ s!

Both s e t map
to the same element in f-

" (Unu) .

⇒ (s -t ) / unu is in the snbsheef F
'

⇒

⇒ 3- a section s
'
c- P(× , -J

') s.t.si/unu--s-t .



Replace t by tts '
.
Then t e- Flu )

,
stfu)

1- turn = slum ⇒ glue ⇒ we can enlarge U ! ☐


