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gt) = Zak(t)e;'“ sin(wit + @),
k=1
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e Let Ny > N +n. The series f = (f1,..., fn) can be completed to a series
f = [ Figiss fA\,fA\ Tsin s fA\ ) whose n-rank does not exceed r < n if and
only if

!
.fm = Z ('I—A\"*lf‘m—.i‘s / S r,
s=1
forall m=1[7+1,...,N.
e Let g be the series g = (g1,...,gy), where g, = g((g — 1)At) for a function
g(t) of the form (1). Then the n-rank of g does not exceed r foralln>r, N,
and At if and only if g(7) is a solution of an ordinary differential equation

r dq
(2) quﬁg(t) =€
q=0
with constant coefficients by, ..., b,,c.

Let L be an r-dimensional plane in R”. For a given time series f denote by
X/ (L) the orthogonal projection of the unfolding X, to L. It is clear that X, (L) is

a piecewise linear curve in R” with nodes (X,(L),..., X,(L)). Denote
pu(foL) =1 Xf - Z 11X, — X, (D),
where ||-|| is the standard Euclidean metric in R”. Let us consider the Grassmann

manifold G'(r, n) of all r-dimensional planes in R”. Using the n-dimensional unfold-
ing X, we obtain the function

pu(f): G'(r,n) > R, pa(f)L) = pu(f, L).
Denote

rn(f) = inf pn(faL)-
LeG'(rn)
Below we use the principal component method [2] to compute r,(f) and to de-
scribe the set Z,(f,r) of all r-dimensional planes where the function p,(f) takes
the value exactly r,(f). We suggest an algorithm for the construction of a time
series f (L, r) for each piecewise linear curve X, (L) and prove that for a time series
fo(r) = f(L.,r), L. € Z,(f,r), the following theorem holds.
If g(t) is a solution of the equation (2), then

If =gl 2 I1f = flz

where u is a natural Euclidean metric (to be defined below) in the space T of all time
series T with N samples (or marks).

Therefore, || f — f.(r)|> u = O, gives a lower bound to the quality of the approx-
imation of the series f in the class of functions of the form (1) satisfying equations
of the form (2) without applying algorithms for estimation of the parameters A, wy,
¢k, and the coefficients of the polynomials a (7). In particular, we obtain a lower
bound to the order of the equation (2) if we need an a priori approximation error
of order less than a given threshold 6.

Additional possibilities occur in the visual analysis of deviations of values of the
series f from the values of the series f(r), thus allowing us to select terms in the
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8 V. M. BUCHSTABER
space generated by the functions ¢, (1), & = 1,..., m, 1.e., are linearly dependent.
Therefore, there exist constants by, . . ., b,, such that

Z/)L/((g V(t) — l//“L/ 0)=0

qg—0

Denoting

ni
di
) = E _—
L by dra’

g=0

we get Dg(r) = ¢, where ¢ = S'/” obyw"(0). The theory of ordinary differential
equations shows that g(7) must be of the form (1).
Therefore the class of functions of the form (1) coincides with the class of func-
tions that have sufficiently many derivatives and possess the addition formula (3).
An-arbitrary piecewise linear curve Y in R” with nodes Y,..., Y, is described
by a table

Y === Mip
, V2 sas Mo
y=| 7 .
Vnl Yup

/ £ n

where )'(/ = (Y1gs--->Vpq) € R".
DEFINITION 2. We say that the rank of a curve Y does not exceed r if there exists
an r-dimensional plane L C R” such that Y, € L forallg =1,..., p.
We note that the definition of the rank of a curve does not depend on the choice
of a basis in R".
Let us consider the scattering matrix 7°(Y) of the curve Y:
P B
T(Y)=> (Y,-Y)(¥,-7),
q=1
where

—  1&E
F=—3Y ¥

IA/I

S

The principal components theory [2] immediately implies the following result.

LeMMA 1. The rank of the curve Y does not exceed r (rk Y < r) if and only if
sy =0 forall s > r, where /.y > 4> > -+ > 4, > 0 are the eigenvalues of the scattering
matrix T(Y).

DEFINITION 3. We say that the n-rank of the time series f(t) does not exceed r
if tk X, < r, where X, is the n-dimensional unfolding of f(z).

To the unfolding X, of a time series f there corresponds the table X,; = (x;;),
1 <i<n 1< j < p, with x;; = f;.;-1, so that X, is a Hankel matrix [6].
Evidently, this special form of the table X/ is not preserved under coordinate changes.
We describe an approach to the analysis of properties of the unfolding X, C R”,
hence also of the series f, that essentially uses a fixed ordering of coordinates in the
Euclidean space R”".
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does not exceed r < n — 1, then there exist constants ¢, ¢y, ..., ¢, I < r, such that
I

(8) ‘/./HZZ(’[,\.,I‘}(V,,, ¢ + €o;s 177:1+],....N711+/+1.
.\71

Indeed, it suffices to take (cy,..., c,—1,0,..., 0) = Wy and I = g, — 1 for any

r-dimensional plane L that contains the unfolding X,.
Formula (8) allows us to compute the numbers _fA',,, form=N-n+[1+2,...,N.
In general, this values should not coincide with the corresponding terms of the series
fm. The following simple example allows a better understanding of the situation.
Consider the series (0, 1,2, 3,4, 2). Its three-dimensional unfolding has the nodes
Xi1=012), X»=(1,2,3), X;=(2,3,4), Xy;=(3,4,2).

Simple computations show that the 3-rank of this series equals 2, the Schubert sym-
bol of the line in R? which is orthogonal to the two-dimensional support L of the
unfolding is o = 2, and the corresponding Schubert vector is (1,—1,0). According
to (8), we have

Sm=fm+1 form=23,4,5, fe£ )‘A(, = fs5+1.

The time series f = (f,,,x) of length N > N is called the extension of the series

f=(fm) of length N if f,, = f,, forall m < N.
In the assumptions and notation of (8) one can easily see that if

I
_f‘nl 7£ Z Cl—s+ lf'mf s T €o
s=1

form = N —n+1[+2 < N, then the n-rank of any extension f of the series f
is greater than r. The possibility of extending a time series without increasing the
n-rank is described in the following lemma.

LEMMA 2. Let r < n—1and Ny > N + n. A given series f = (f1,..., fn)
admits an extension f = (f1,..., f'n,) with the n-rank not exceeding r if and only if
there exist constants cg,cy,...c;, | <r, such that

l

f.m = Z Cl—s r—Ifm ~s T Co

s=1
forallm=1+1,..., N.

PrOOF. Let f be an extension of the series f with the n-rank of f not exceeding
r. Then there exist constants co,...,¢; that provide the representation (8) for the
series f. As was shown earlier, this formula holds for all m such that / +1 < m <
Ny —n+ [+ 1. In particular, it holds for / + 1 < m < N, since, by the conditions
of the lemma, N < Ny —n + [ + 1. Conversely, let the required formula hold for
all m = 1+ 1,...,N. Using this formula, we construct an extension fA of length

N and prove that for each N > N the n-rank of this extension does not exceed .
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§2. Nonparametric modeling of time series from projections of their unfoldings

Consider the set MM (p, n) = M of all piecewise linear curves with p nodes in the
space R". Introduce in 9 the structure of the Euclidean space R”" in such a way
that if ¥, = (Y1,..., Y1), and Y> = (Y3y,..., Y2,) are two curves, then

s 1 ;
11 = %ol = =3 1Y = Yo,

q=1

where || - ||* is the standard Euclidean distance in R".
In the space 9t ~ R”" we have the filtration 9t € 91, C --- C 9, = M, where
M, is the set of curves with rank not exceeding r.

DEFINITION 5. The curve X (r) € 9, is called a projection of a given curve X € O
to M, if

IX - X = min [1X - Y|
Yem,

The theory of principal components [2] gives the following theorem.

THEOREM 1. For any curve X € I we have
X)=X+vEVv'(Xx,

where X is a constant curve (X,...,X) and V (r) is the matrix composed of column
vectors Vy,..., V., where Vi € R" are the eigenvectors of the scattering matrix T (X)
with eigenvalues g ordered in such a way that 2.y > Ay > - > A, > ---> 4, > 0.

ProoF. Denote

p(X,9,) = min || X — Y|
Yeimn,

Consider the following function p(X,L) on the Grassmannian G’(r,n) of all r-
dimensional planes in R”:

, s e g
PL) =X - XL = > I1X, = X, (D),

g=1

where X, (L) is the orthogonal projection of the node X, of the curve X to the plane
L and X (L) is the curve with nodes (X,(L),..., X,(L)). It is clear that

p(X,0M,)= min p(X,L).

LeG'(rn)

Let G(r,n) be the Grassmannian of all r-dimensional planes in R” passing through
the origin 0. Recall that G (r, n) is a compact smooth manifold of dimension r(n —r).
There exists a canonical map G'(r,n) — G (r, n), which sends the plane L to the unique
plane L that is parallel to L and passes through the origin. Using this map we can
identify G'(r,n) with the manifold of pairs (L,&) € G(r,n) x R", where & € R” is
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16 V. M. BUCHSTABER

The proof of Theorem 2’ is based on the following identity, which admits a
direct verification. Let {x;} and {4;}, j =1,..., J, be two number sequences with
Zf | 4 =5, # 0. Then for any number y we have

J J
L Aj (,\'/ = »1')2 = Z ;-/(«\‘/' - ~\-/)2 + 5 (X/ - ,‘.)_'

j=1 j=1

where
T
1 .
X, = — E AiXj.
5 83 i
fi=l

Let us note that, together with our main metric x# with the characteristic poly-
nomial of the system of weights equal to (1/N)u(z) = ca(z)B(z), where

p 5 1=g" % ll=g¥
W» a(_)— /’)(—)

_;17:’

a practically important metric is the metric y with the characteristic polynomial y(z) =
a(z)p(z), where

_\ n—1 N\ -
a(:):(lg_> - /3(:)=<1§~> ;

Now we continue the exposition for the case of the metric u.

For a fixed r and our time series f, denote by X, the projection of the n-
dimensional unfolding X, to 91, and by f'. the projection of X, to 7" (see Definitions
1, 5, 6). Theorems 1 and 2 imply that the time series f., as a nonparametric model
of the series f, has the following extermal properties.

COROLLARY 1. For any curve Y € M,

Lf = felli + (p/nN) Xy, = Xu|P < |If — gl + (p/nN)|| X, — Y7
COROLLARY 2. If g is a time series of rank not exceeding r, then
If =~ gl 2 If = £ullz + (p/nN)(1 X7, ~ Xl

The proof follows from the fact that if ¥ = X,, then gy = g.

§3. Main results
THEOREM 3. If the rank of a time series g does not exceed r, then for our time
series [ we have

ILf -2l = If — £lI2-

Therefore we have an algorithm for the construction of nonparametric approxi-
mations f.(r), r=1,..., n — 1, of a time series f (see Theorems 1 and 2), and can
compute the errors

6 =|If = f ()l

Theorem 3 implies that if 6, > J, where J is some threshold, then for the approximation
of the time series f by functions of the form

g(t) = Za/\.(z)c”*’ sin(awyt + @y )

e e A
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