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Time Series Analysis and Grassmannians 

V. M . Buchs tabe r 

Introduction 

We consider the well-known problem of constructing a model (approximation) 
for a time series / = ( / i , . • . , f N) in the class of functions of the form 

where the ak{t) are polynomials. Attempts to solve this problem using the least square 
method meet substantial difficulties [1]. The only methods that really work in prac­
tical application are those that extensively use additional information about the form 
and the number of terms in the sum in (1) (methods of polynomial approximation, 
spectral analysis, etc.). One of the first important examples of a realization of such 
an approach is the solution of the problem about the modeling of the gas expansion 
laws using sums of damping exponents. This solution was found by Gaspard Riche 
de Prony back in 1795. His method essentially uses the fact that exponents are 
eigenfunctions of the shift operator t —> t + At. 

In the present paper we develop a method of multidimensional unfolding that 
enables us to use statistical analysis of the original time series in order to estimate 
the contribution of various terms in (1), and, most important, their number, prior 
to applying complicated approximation algorithms. 

A multidimensional (и-dimensional) unfolding of the time series / = ( / i , . . . , 
fN) is a piecewise-linear curve Xf- in the и-dimensional Euclidean space Ш" that 
consecutively joins the vectors Xq e K", q = 1, . . . , /> = N - n + 1, determined by 
length n segments X'q = (/„.. .,fq+n_{) of the original series. By going from the 
time series / to its ^-dimensional unfolding we can use the geometry of unfolding 
for the analysis o f / . 

For example, the analysis of one- and two-dimensional projections of the curve 
f using the projection pursuit method [2] enables us to get an idea about the 

character of distinctions between projections of the unfolding of the original series 
and projections of unfoldings of various components of the discrete model expression 

We say that the rc-rank of the time series / does not exceed r if there exists an 
'•-dimensional plane L с R" such that X, с L. Below we prove the following results. 

к 

(1) 

© 1 9 9 4 . American Mathematical Society 
0 0 6 5 - 9 2 9 0 / 9 4 / S I . 0 0 + S.25 per page 



: V. M. BUCHSTABER 

• Let Ni > N + n. The series / = {f \, • • •, f N) can be completed to a series 
f = [f],..., f N , f N + \ , • • • > fx,) whose п-rank does not exceed r < n if and 
only if 

/ 

fm = y.Cl-s+xfm-s, I < >% 
.5 = 1 

for all m = I + l,...,N. 
• Let g be the series g = (gi,... ,g.v), where g4 = g{(q - I)At) for a function 

g(t) of the form (1). Then the и-rank of g does not exceed r for all n> r, N, 
and At if and only if g{t) is a solution of an ordinary differential equation 

( 2 ) E * * ^ w = c 

with constant coefficients bo,...,br,c. 
Let L be an r-dimensional plane in R". For a given time series / denote by 

Xf{L) the orthogonal projection of the unfolding Xf to L. It is clear that Xf{L) is 
a piecewise linear curve in W with nodes (A ' i (L ) , . . . , XP(L)). Denote 

P„(f,L) = \\xf- xf(L)\\2 = -Y,\\xq- ад II2, 
p ?=1 

where ||-|| is the standard Euclidean metric in Ш". Let us consider the Grassmann 
manifold G'(r,n) of all r-dimensional planes in W. Using the и-dimensional unfold­
ing X/, we obtain the function 

pn{f): G'{r,n)^R\ p„(f)(L)=Pn(f,L). 

Denote 
r„(f)= inf p„{f,L). 

LeG'(r,n) 

Below we use the principal component method [2] to compute r„(f) and to de­
scribe the set S?„(f,r) of all r-dimensional planes where the function p„{f) takes 
the value exactly r„(f). We suggest an algorithm for the construction of a time 
series f(L, r) for each piecewise linear curve Xf{L) and prove that for a time series 
f*(r) = / ( L * , r ) , G S?„(f,r), the following theorem holds. 

If g{t) is a solution of the equation (2), then 

\\f-g\\l>\\f-f*(r)\\l, 

where p is a natural Euclidean metric {to be defined below) in the space T of all time 
series T with N samples {or marks). 

Therefore, | | / — = &r gives a lower bound to the quality of the approx­
imation of the series / in the class of functions of the form (1) satisfying equations 
of the form (2) without applying algorithms for estimation of the parameters A^, a>k, 
<Pk, and the coefficients of the polynomials ak{t). In particular, we obtain a lower 
bound to the order of the equation (2) if we need an a priori approximation error 
of order iess than a given threshold 3. 

Additional possibilities occur in the visual analysis of deviations of values of the 
series / from the values of the series f{r), thus allowing us to select terms in the 
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FIGURE 1 

model (1). This is especially important, since in general parameters in this model 
are dependent. 

The theory described in this paper is realized as a software package that is used 
to solve the following problems of ecological monitoring: 

(1) Modeling of time series (construction of a model of a time series using 
sampling data). 

(2) Description of the dynamics of sampling anomalies (deviation from model 
times series). 

(3) Detection of structural changes of a time series (dynamics of parameters of 
model times series) 

Practical results are described in [3-5]. Some of these results are presented in 
Figures 1-4 to illustrate the main ideas of the paper. 
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}1. Main definitions and general results 

Let / ' ( / ) be the time series under investigation, f(t) = (f\,...,f\), where 
f4 = / ( ( « - 1)A?) l,...,N. 

DEFINITION 1. A piecewise linear curve Xt С E" with nodes X\,...XP, where 
Х'ч = {ftp - • •, fq+n-x), is called the n-dimensional unfolding of the time series / ( ? ) • 

Here and later by a vector X e E" we mean a column vector, and by X' we 
denote the corresponding row vector. 

First, let us consider л-dimensional unfoldings of model time series. Without 
loss of generality below we assume that At = I. 1. g(t) = a', where a > 0. We have 
a'+T = a'aT, so that 

X[ = {\,...,an-x),...,X'q = (a4-\...,a^n~1) = ac>-[X[. 
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Therefore for all n and N we have Xg(t) с L с R", where L is the line in R" 
with the director vector XX/\\X\ ||. 

2- g\t) = sin(cof + ip), where со and <p are parameters. We have 

g{t + t ) = g(t)cos(coz) + g(t + nftlco)) sin(cot). 

Denoting 

Y{ = ( l , c o s w , . . . ,cosra(« - 1)), T,' = (0 ,s ina>, . . . ,sinoj(« - 1)) 

we have 

Xq = sin(co( 9 - 1)+у>)У, +cos(co(q - l) + <p)Y2, q=\,...,p. 

Therefore Xg^ с L с R", where L is the two-dimensional plane spanned by the 
vectors Y\ and Y2. 

or ig ina l se r ies 

— e s t i m a t e 
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19B3 

Let us note that 

n - l 

(Yu Y2) = J > o s ( mco) sm(mco) 

- i 1— 
19B7 

( b > 

1 
s'm(2ma>) = \ csc(co) sio(«co) sin((/i — l)co). 

™=o 

In particular, in the case a> = 2n/n the vectors Y\ and Y2 are orthogonal and for 
N > 2n + I the unfolding Xg is the right «-gon in the plane L. 

In Fi gure 1 projections of the 12-dimensional unfolding of the actual time series 
are presented. Figure lc indicates the existence of a cycle with со - 2я /12 , and 
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Figure Id indicates the existence of a cycle with со = In/b. Deviation of the projection 
of the curve from the right 12-gon and the right 6-gon allows us to judge anomalies 
of sampling data. 

3. g(t) = Ek=obktk- w e have 
m к 

g ( f + T ) = £ * < * > ( 0 j j , 
m 

where 
^ ' ( 0 = ^ , A - U ( 0 , k>\. 

Denote 

F,' = ( U , . . . , D , 

П = (0, l/(k - 1 ) ! , . . . , (n - \f-x/{k - 1)!), * = 2 , . . . , « + 1. 

Since g ( m ) ( 0 = = const, we get 
m - l 

so that for n > m we have Xg(,) С L с R", where L is an wz-dimensional subspace 
containing the vectors Y\,..., Ym+\. 

A common feature of all these model time series is that the corresponding n-
dimensional unfoldings lie in some subspaces L whose dimension does not depend 
on n and N. These model time series belong to the class of functions that possess 
an addition formula of the form 

ш 

(3) g(' + 0 = ^w( ' )n -W 
A-=0 

for some m and some functions v?*(0. VM-(0- Denote 

Y'k = (щ(0),...,П(п-1)). 

Then the addition formula for g(t) shows that the nodes of the л-dimensional un­
folding Xg(t) can be written in the form 

X4 = Yitpk{q-\)Yk, 
k=0 

so that if one of the functions <pk(t) is a constant, say <p()(t) = 1, then Xg{t) d e l " , 
where L is a subspace in R" of dimension not exceeding m. 

Let us consider now the case when a function g(t) with the addition formula 
(3) has fit derivatives and the functions \//k{t), к = 1,...,tn, also have in derivatives. 

Differentiating (3) / times with respect to r and substituting г = 0, we get 

m 

к 0 

Therefore, under the condition у? 0(0 = 1 formula (3) shows that the m + 1 functions 
g(t) ~ ^o(O), g'(t) - ^ ( 0 ) , . . .,gl'"](t) - ^о'"'(0) belong to the m-dimensional linear 
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space generated by the functions tpk(t), к = \,...,m, i.e., are linearly dependent. 
Therefore, there exist constants bo,.. - ,bm such that 

^ , ( ^ ( / ) - ^ ' ( 0 ) ) е 0 
,,-(> 

Denoting 

S = > b„—, 

we get Dg(t) — c, where с = ЕГ=о*«^о The theory of ordinary differential 
equations shows that g{t) must be of the form (1). 

Therefore the class of functions of the form (1) coincides with the class of func­
tions that have sufficiently many derivatives and possess the addition formula ( 3 ) . 

An -arbitrary piecewise linear curve Y in R" with nodes Y\,..., Yp is described 
by a table 

(Уи • 

Y = yi\ • • У2Р 

• Упр 

where Y'q = ( v h / , . . . , y„) £ R". 

DEFINITION 2. We say that the rank of a curve Y does not exceed r if there exists 
an / -dimensional plane L с R" such that Y4 e L for all q = 1 , . . . , p. 

We note that the definition of the rank of a curve does not depend on the choice 
of a basis in R". 

Let us consider the scattering matrix T(Y) of the curve Y: 

T{Y) = Yj{Y4-Y){Yll-Y)1, 

where 

The principal components theory [2] immediately implies the following result. 

LEMMA 1. The rank of the curve Y does not exceed r (rk Y < r) if and only if 
;.v = 0 for all s > /-, where k\ > кг > • • • > X„ > 0 are the eigenvalues of the scattering 
matrix T{Y). 

DEFINITION 3 . We say that the n-rank of the time series f (?) does not exceed r 
if xkXt < r, where Xr is the п-dimensional unfolding of f{t). 

To the unfolding Xt of a time series / there corresponds the table Xj = (xy) , 
1 < i < n, 1 < j < p, with Xjj = fi+J-\, so that Xf is a Hankel matrix [6]. 
Evidently, this special form of the table Xf is not preserved under coordinate changes. 
We describe an approach to the analysis of properties of the unfolding Xf С R", 
hence also of the series / , that essentially uses a fixed ordering of coordinates in the 
Euclidean space W. 
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We need the notion of the Schubert symbol, which plays the central role in the 
construction of a cell decomposition of Grassmann manifolds. We will follow the 
book [7] . Consider in R" the chain of subspaces R° с I 1 с ••• с R ( ' с ••• с I " , 
where Шк consists of all vectors of the form ( j i , . . . , yk, 0 , . . . , 0). Each /-dimensional 
plane W С R" passing through the origin define a sequence of numbers 

0 < dim(W / П К 1 ) < dim( W П R 2 ) < ••• < d i m ( ^ n R " ) = /. 

Evidently, two consecutive numbers in this sequence differ by at most 1. Therefore, 
the nondecreasing function 

tp{k) = u\m{W ПК*'), k=0,...,n, 

has exactly / discontinuity points. Therefore, for a given plane W we get a sequence 
of numbers 1 < a\ < ai < • • • < G\ < n, where a\ is uniquely determined from the 
conditions 

(р((т,-) = i, ip(ai - 1) = i - 1. 

This sequence is called the Schubert symbol of the plane W с R". The following 
general result holds. 

An I-dimensional plane W С R" has a Schubert symbol ст\ < егч < • • • < o\ if and 
only if it possesses an orthogonal basis W\,..., Щ such that Wk e RCT/< and the ак th 
coordinate of the vector Wk equals —1 for all к = 1 , . . . , / . 

The indicated basis in the plane W is determined uniquely, and we will call vectors 
Wk of this basis the Schubert vectors of the plane IV. 

Now let us consider a time series / whose и-rank does not exceed r < n — 1. Then 
there exists a r-dimensional plane L such that Xq e L for all q = 1 , . . . , p = N — n + 1 . 
Any vector X € L can be uniquely represented in the form X = X + £, where X 
is the orthogonal projection of X to the r-dimensional plane L which is parallel to 
L and passes through the origin 0 e R", and ц is a vector that is orthogonal to L 
and does not depend on X. Denote by L1 the (n - / )-dimensional subspace that is 
orthogonal to L. Associate to L x its Schubert symbol ax < o2 < • • < e r„_ , and the 
corresponding orthogonal basis W\,..., W„_r of Schubert vectors. By construction, 
for any Schubert vector Wk = (wku..., wk.„k _ , , - 1 , 0 , . . . , 0) we have 

(Xq, Wk) = ^ Wkjfq+j-] - f q + a k - \ + wk0 = 0, 

/=] 

where wk0 = - ( £ wk). Denote q + ak - 1 = m, q + j - 1 = m - s. We obtain 

Wk^-sfm-s + mo, m=ak,...,pk, k = \,...,n-r, 

N - n + ak. For the Schubert symbol we have 
n - r - l 

n - r - 1 < (tf/Ui - ak) = o„-r - c \ < n - a \ , 
k=\ 

°\ < r + 1. Therefore, we have proved that if the л-rank of a time series / 

(7) fm = 

where P k = 
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does not exceed r < n — 1, then there exist constants c$,c\,...,c\, I < r, such that 

(8) f m = ^ c / _ J + i / m _ 4 . + c 0 , m = I + l,...,N - n + I + 1. 
. v - l 

Indeed, it suffices to take (c\,..., с/, — 1 , 0 , . . . , 0) = W\ and / = a\ — 1 for any 
г-dimensional plane L that contains the unfolding Xt. 

Formula (8) allows us to compute the numbers fmform~N-n + l + 2,...,N. 
In general, this values should not coincide with the corresponding terms of the series 
f m . The following simple example allows a better understanding of the situation. 

Consider the series (0 ,1 ,2 ,3 ,4 ,2 ) . Its three-dimensional unfolding has the nodes 

X\ = (0 ,1 ,2) , X2 = (1 ,2 ,3) , Хз = (2 ,3 ,4) , ДГ4 = (3 ,4 ,2) . 

Simple computations show that the 3-rank of this series equals 2, the Schubert sym­
bol of the line in which is orthogonal to the two-dimensional support L of the 
unfolding is o\ = 2, and the corresponding Schubert vector is ( 1 , - 1 , 0 ) . According 
to (8), we have 

f m = / „ , _ , + 1 for m = 2 ,3 ,4 , 5, f 6 j t f 6 = fs+l. 

The time series / = ( / ,„) of length N > N is called the extension of the series 
f = (/ ,„) of length N if f m = f , „ for all m < N. 

In the assumptions and notation of (8) one can easily see that if 

/ 

fm Ф ^ C / _ . v + , / , „ _ , . + C 0 

i = l 

f o r m = N - n + I + 2 < N, then the n-rank of any extension / ' of the series / 
is greater than r. The possibility of extending a time series without increasing the 
и-rank is described in the following lemma. 

LEMMA 2. Let r < n — 1 and N\ > N + n. A given series f — {f \,• • •, fN) 
admits an extension f = { f \ f N l ) with the n-rank not exceeding r if and only if 
there exist constants CQ,C\, . . . с/, / < r, such that 

i 
fm = /^jCl-s+lfm-s + CO 

s=\ 

for all m = / + l,...,N. 

PROOF. Let / be an extension of the series / with the и-rank of / not exceeding 
r. Then there exist constants c0,...,ci that provide the representation (8) for the 
series / . As was shown earlier, this formula holds for all m such that / + 1 < m < 
N\ - n + I + 1. In particular, it holds for / + 1 < m < N, since, by the conditions 
of the lemma, N < N\ - n + I + 1. Conversely, let the required formula hold for 
all m = I + 1, . . . ,N. Using this formula, we construct an extension / of length 
N and prove that for each N > N the и-rank of this extension does not exceed r. 
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Consider the и-dimensional unfolding Xj = {X\,...,XP,...). Formula (8) implies 

the formula 
/ 

(9) Xq = J^Cl-s+jXg-s +C0, q>l + l. 

We have 

Therefore, 

{q+l ~Xq = C/Xq + y~](ci-s ~ Ci_s+i)Xq-s - C\Xq. 

^9+' ~~ hXq-k, 
k=0 

where л 0 = 1 + с/, 4 = (с /-* - Q-*+i) for 1 < к < I - 1, and X, = -c\. Since 
H/t=o^ ' = ^ o r a n v <Z > ' + 1 the node A ^ + ] of the unfolding Xj lies in the /-
dimensional subspace spanned by the first / + 1 nodes X\,...,XJ+\. Since I <r, the 
n-rank of / does not exceed r. The lemma is proved. • 

For the above examples of model time series 

s 

a', sm(cot + <p), Ps{t) = ^2,b,t' 
1=0 

we have for arbitrary At, n, and N 

rk„ a' < 1 for any a > 0, 

rk„ sin(cof + <p) < 2 for any со and y>, 

rk„ Ps{t) <s for any b0,...,bs. 

DEFINITION 4. We say that the absolute rank of a continuous time signal / does 
not exceed r if for any At, n, and N the rank of the corresponding time series does 
not exceed r. 

As we have shown earlier, the absolute rank of the continuous time signal / ( f ) 
does not exceed r if and only if / ( f ) is a solution of an ordinary differential equation 

k=0 

where С and 6 Ь к = 1 , . . . , r , are some constants. 
Using the notion of the absolute rank of a time series / ( f ) we can introduce, 

tor fixed At, n, TV, a filtration in the set 9JM) of real solutions of ordinary differential 
equations with constant coefficients as follows: 

97®i с ЯЯЭ 2 С • • • С ШШ„ = 9J®, 

where 9Л£)Г i s the set of time signals with absolute rank not exceeding r. 
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§2. Nonparametric modeling of time series from projections of their unfoldings 

Consider the set OT(/>, n) = ОТ of all piecewise linear curves with p nodes in the 
space R". Introduce in ОТ the structure of the Euclidean space Rp" in such a way 
that if Y\ = (Yn,..., Y\p), and Y2 = (У21, • • •. YjP) are two curves, then 

i i r ' - r 2 i i 2 = ^ E i i r w - ^ i i 2 , 
P q=\ 

where || • | | 2 is the standard Euclidean distance in R". 
In the space ОТ ~ Шр" we have the filtration OTi С OT2 С • • • С OT„ = ОТ, where 

OTr is the set of curves with rank not exceeding r. 

DEFINITION 5. The curve X(r) e ОТ, is called a projection of a given curve X e ОТ 
to OTr if 

\\X-X{r)\\-= mm \\X-Yf. 

The theory of principal components [2] gives the following theorem. 

THEOREM 1. For any curve X e ОТ we have 

X{r) = X+ V(r)V'(r)X, 

where X is a constant curve {X,..., X) and V(r) is the matrix composed of column 
vectors V\,..., Vr, where Vs e R" are the eigenvectors of the scattering matrix T{X) 
with eigenvalues Xs ordered in such a way that X\ > Xi > • • • > X, > • • • > л„ > 0. 

PROOF. Denote 

p(X,mr) = mm \\X - Y\\2. 

Consider the following function p{X,L) on the Grassmannian G'(r,n) of all r-
dimensional planes in R": 

p(X,L) = \\X - X(L)\\2 = - f l WXi ~ WW'' 
P 

where Xq{L) is the orthogonal projection of the node Xq of the curve X to the plane 
L and X{L) is the curve with nodes (X\ ( L ) , . . . , XP(L)). It is clear that 

р(Х,Ж,.) = min p{X, L). 

Let G(r,n) be the Grassmannian of all r-dimensional planes in R" passing through 
the origin 0. Recall that G{r, n) is a compact smooth manifold of dimension r{n — r). 
There exists a canonical map G'(r,n) -^G(r,n), which sends the plane L to the unique 
plane L that is parallel to L and passes through the origin. Using this map we can 
identify G'(r,n) with the manifold of pairs {L,£) £ G{r,n) x R", where <; 6 R" is 

file:////X-Yf
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a vector that is orthogonal to L. For L = (L ,£) denote by Lx the plane which is 
orthogonal to L. We have 

I p 
Xq(L) = X4(L) + i, X = - Y,*4 = W) + * U X ) . 

P ? = i 

Therefore 

(10) - X4{L)) = [{Хч -X)- (X4 - X)(L)] + ( X ( L X ) - £). 

Substituting (10) into the formula for p(X,L), we obtain 

p(X, L) = p(X -7,1) + \\X(LX) - if-

Let us remark that by X we denote both the average vector of the curve X and the 
constant curve (X,...,X). Therefore, 

p(X,(L,X(L^)) = p{X -X,L) < p(X,{L,£)) 

for all curves X, all r-dimensional planes Z, and all vectors £ e L. Therefore, 

p(X,mr)= min p{X-X,L). 

Choose an orthonormal basis in the subspace с W and form the matrix 
P{L) whose columns are vectors of this basis. By construction, 

\\(Xq -X)- (X4 - Y ) ( Z ) | | 2 = \\P{L)'{X4 - X)\\2. 

Using the identity 

\\Р(1)'(ХЧ - X)f = tt(P(L)'(Xq - X)(Xq - X)'P(L)), 

where tr(-) is the trace of the matrix, we see that 

(12) p(X-X,L) = trP(L)'T(X)P(L). 

The scattering matrix T{X) is symmetric and nonnegative definite. In R" we consider 
an orthonormal basis formed by eigenvectors V\,..., V„ of the matrix T{X) ordered 
by the decreasing of the corresponding eigenvalues. 

Let L„ be the r-dimensional plane with the basis formed by vectors V\,..., Vr. 
Then the vectors Vr+u...,Vn form a basis in L±. Denote by V(r) the matrix formed 
by the column vectors Vx,..., Vr, and by V{n - r) the matrix P{L,) formed by the 
columns Vr+\,...,VH. By construction, 

T{X)P{U) = P{LMn-r), 

where A(n - r) is the diagonal matrix with entries A f + i , . . . , / . „ . Therefore, 

n—r 

p{X-X,L») = Y,X'+k-
k = \ 

Now standard methods of linear algebra using formula (12) written in the basis 
K i > • • •, V„ easily show that 

min p(X-~X,L) = p(X-X,L*)-
LeG{r,n) 

The theorem is proved. • 
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Denote Y?k=\^k+r = r„(X), and consider the set of planes 

5Cn{X;r) = {L G G(r,n) : p(X -X,L) = r„(X)}. 

If Xr > A r + i , then 5C„{X;r) consists of a single plane Z . . If Xr = A r+i, we can find 
k\ > 0 and k2 < n such that k\ < r < k2 and 

A/t, ^ A r, Afc1+) = A f, A*, = A r, ^ A r. 

Let Ŵi с R" be the /^-dimensional subspace with the basis V\,... ,Vkn and W2 с R" 
the /^-dimensional subspace with the basis V\,..., Vkl. Then 

The set 5f„(X;r) consists of all r-dimensional subspaces in Ш" that contain the 
subspace W\ С W2 and are contained in W2. 

Therefore, the projection of a curve X to 9Л, is determined uniquely if and only 
if Xr > A r + i . If A,. = A r + 1 , the role of the projection can be played by any curve of 
the form X + X(L) with L <E &„{Х; r). 

Let us note that for X = Xf we gave the description of the set Sf„(f;r) mentioned 
in the Introduction. 

We identify the space of all time series with N samples with a linear space of 
dimension N given with a fixed basis. 

DEFINITION 6. A time series gY — {g\,---,gtr) is called a projection of a given 
curve Y e 9Л to the space of time series T if 

|| Y-Xgr | | 2 = ш ш | | У - Я Г / | | 2

> 

where Xgr and Xf are the и-dimensional unfoldings of time series gY and / . 

THEOREM 2. (a) For a curve Y e 9Л, its projection gy to the space of time series 
T is of the form gY = ( g i , . . . ,gjv). w/zere 

1 £ 

- Е д » - / + ь l < 5 < « , 

1 " 
g 5 = < - Ц J / , v - / + l , n < s < p, 

n /=1 

Леса// that p = TV - n + 1. 
(b) Lef Ay Z>e f/ге n-dimensional unfolding of a time series f. Then for any curve 

Y e Ш we have 
\\xf ~ Y\? = \\xf ~ Xgr\\2 + \\Xgr - Y\\2. 

Now we consider the following distance in the space of time series T. Let / = 
(/!»••• ,fff) and g = ( g i , . . . ,gjv) be two time series. For a fixed n set 

1 N 

II/ -g\\l = -^)2' 
s = l 

where 
1 < s < n, 
n <s < p, 
p <s <N 
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Let us comment on the choice of the distance in the space of time series T. 
Passing from a series / to its и-dimensional unfolding Xf, we get a linear map 
i- T -* W, i(f) = Xf- Choosing the standard Euclidean metric \\Y\ - Y2\\ in 
9Я ~ W, we define a metric in T in such a way that the imbedding i preserves 
the distance up to a factor. In this case the form of the weight function is uniquely 
determined by the condition 

\\f-g\\l = (p/"N)\\Xj -Xg\\2. 

To conclude this comment, we present a construction of a class of metrics in the 
space T of time series that satisfy all principal results of this paper. We choose systems 
of positive weights a = (a\,... ,a„), p — ( / ? t , . . . , f i p ) , and define the following 
Euclidean metrics in R" and in 9Я: 

II Г, - Y2\\2

a = ^ а , ( л - , - yk2)\ Yi, Y2 6 R", 
A = l 

I I * - у\\1р = Т , м х

ч - Y„\\l 
</ = ! 

where X = {X4), Y = (Y4) G SOT. Consider the characteristic polynomials of weight 
systems a and fl 

and define the weight system y = {y\,..., y.x) corresponding to the polynomial y(z) = 
ca(z)p{z), where с = const. We recall that p = N - n + 1, so that (л - 1) + {p - 1) = 
N - I. Introducing in the space T of length N time series the metric 

s 
II/ ~ g\fy " ^2,Ут{/п, -gm)2, 

m=\ 

we see by a straightforward computation that 

Wf-gfy^cWXf-XsWlj. 

DEHNITION 6'. A time series gY = {g\,... ,gN) is called an {a,^-projection of 
a curve Y e COT to the time series space T if 

THEOREM 2 ' . (a) Let gY = (gi,..., ^л') be an (a, ^-projection of a curve Y e 9DT. 
Then 

gm = 7 - X ! акРчУкч> m = I, . . . , N, 
Ут 

where the summation is over all k,q such that k + q = m + 1, К к < n, \ <q < 
if-n + l. ~ ~ 

(b) Let f = ( / , , . . . , / д.) be the n-dimensional unfolding of a time series. Then 
Jor any curve YeTlwe have 

WXf-Y\\i,fi = \\Xf-Xgr\\2

aifi + \\Xgy-Y\\lfi. 

Here gy is the {a, p)-projection of the curve Y described in (a). 
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The proof of Theorem 2 ' is based on the following identity, which admits a 
direct verification. Let {XJ} and {A/}, j = 1 , b e two number sequences with 
Ylj=\ л/ = s, ф 0 . Then for any number у we have 

j 

7=1 

where 
1 J 

xx = — y^^XjXj. 
У=1 

Let us note that, together with our main metric fi with the characteristic poly­
nomial of the system of weights equal to (l/N)ju(z) = ca(z)p(z), where 

nN' 4 ' 1 - r ' /> 1 - г ' 

a practically important metric is the metric у with the characteristic polynomial y(z) 
a{z)fi{z), where 

Now we continue the exposition for the case of the metric //. 
For a fixed r and our time series / , denote by Xt the projection of the n-

dimensional unfolding Xf to 9JL and by f, the projection of Xt to T (see Definitions 
1, 5 , 6 ) . Theorems 1 and 2 imply that the time series / , , a s a nonparametric model 
of the series / , has the following extermal properties. 

COROLLARY 1. For any curve Y e Wl,., 

I I / - . A l l 2 + (p/nN)\\Xf. -X42< \\f-gy\\2

fl + {p/nN)\\Xgy - Y\\2 

COROLLARY 2 . If g is a time series of rank not exceeding r, then 

\\f-g\\2

M > \\f-fA\l + ip/nN)\\Xf,~X,f. 

The proof follows from the fact that if Y = Xg, then gY = g. 

§3. Main results 

THEOREM 3. If the rank of a time series g does not exceed r, then for our time 
series f we have 

\\f-g\\l>\\f-f*\\l-

Therefore we have an algorithm for the construction of nonparametric approxi­
mations f*{r), r = 1 , . . . ,n — 1, of a time series / (see Theorems 1 and 2 ) , and can 
compute the errors 

* = l l / - / . ( r ) | | £ . 

Theorem 3 implies that if S, > 3, where S is some threshold, then for the approximation 
of the time series / by functions of the form 

g{t) = 5 ^ а * ( 0 е 4 ' sm{(okt + <pk) 
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with r k * ( 0 < r we get 
I I / - « 1 1 ? > * 

Hence, we have a lower bound for the approximation error even before applying 
algorithms for the estimation of the parameters /ц , с%, щ and the coefficients of 
the polynomials a/c{t), which in general is a hard nonlinear problem that can have 
a nonunique solution (see [1, Chapter 11]). 

Let us note in conclusion that the bounds Sr can be improved using iterations of 
the algorithm. Denote / = / « » , fw =/.,..., f(m) = / ( m _ i ) . , . . . , Then we have 
the following improved estimate. 

THEOREM 4. If the rank of a time series g does not exceed r, then for the series 
f and for an arbitrary m > 1 we have 

II/ " > II/ " /(1)11; + 11/(1) " /(2)11 J + ' • ' + l l / ( « - I ) - f(„X-

COROLLARY 3. | | / ( m _ i ) - fim)\\M - » 0 a s m - » o o . 

The proof follows from the fact that the sequence / m = 0 , 1 , . . . , does not 
depend on g, so that the number sequence 

14 

l l / ( * - l ) - f(k)\\)i> 
k=l 

is bounded from above (by Theorem 4) and monotone increasing. 
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