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O u r s e m i n a r c a m e in to b e i n g in the mid-s ix t ies . S. P. N o v i k o v ' s w o r k s o n t h e 
t o p o l o g y of fol ia t ions a n d o n t h e t o p o l o g i c a l i nva r i ance of r a t i o n a l P o n t r y a g i n 
classes were c o n c l u d e d in 1965. A n e w s tage of r e sea rch was a b o u t t o beg in , 
d e v o t e d t o e x t r a o r d i n a r y (genera l ized) c o h o m o l o g y theo r i e s : c o m p l e x c o b o r d i s m s 
a n d ^ - t h e o r y . N o v i k o v ' s o lde r pup i l s (e.g. V. L . G o l o ) h a d m o v e d o n t o o t h e r fields. 

By t h a t t ime K-theory h a d b e c o m e ex t remely p o p u l a r in w ide circles of t he 
m a t h e m a t i c a l c o m m u n i t y in c o n n e c t i o n w i t h t he w o r k of A t i y a h a n d Singer o n 
t h e index of el l iptic o p e r a t o r s ; bes ides , A d a m s d i scovered br i l l i an t ap p l i c a t i ons of 
K-theory in t o p o l o g y itself: t he n u m b e r of l inear ly i n d e p e n d e n t vec to r fields o n 
sphe res w a s found , i m p o r t a n t s u b g r o u p s in t h e s table h o m o t o p y g r o u p s of sphe res 
were c o m p u t e d ( the i m a g e of W h i t e h e a d ' s / - h o m o m o r p h i s m ) . T h e poss ib i l i ty of 
c o n s t r u c t i n g r egu la r m e t h o d s , b a s e d o n A^-theory, for t h e c o m p u t a t i o n of h o m o t o p y 
g r o u p s (in p a r t i c u l a r t h o s e of sphe res ) , m o r e effective t h a n the classical m e t h o d s of 
C a r t a n - S e r r e - A d a m s , was b e i n g d i scussed ( the A d a m s p r o g r a m ) . 

A m o n g the p a r t i c i p a n t s of t he s e m i n a r d u r i n g the first t w o - t h r e e yea r s , t h e n a m e s 
of V. Buchs t abe r , A . M i s h c h e n k o , I. Be rns t e in , I. Vo lod in , S. Smi rnov , S. Vishik , 
a n d F. B o g o m o l o v s h o u l d be s ingled o u t . 

I n 1 9 6 6 - 6 7 S. P. N o v i k o v [49] ca r r i ed o u t his o w n p r o g r a m , c r ea t ing m e t h o d s 
for t h e r egu la r c o m p u t a t i o n of s table h o m o t o p y g r o u p s o n t h e bas i s of c o m p l e x 
c o b o r d i s m s . I t t u r n e d o u t t h a t t he A d a m s p r o g r a m for c r ea t ing such m e t h o d s 
o n t h e bas is of A^-theory c o u l d n o t be rea l ized in pr inc ip le . I n c o n t r a s t , t h e n e w 
t e c h n i q u e s of c o m p l e x c o b o d i s m s were ex t remely r ich in ideas a n d app l i c a t i ons t o 
t o p o l o g y a n d a lgeb ra , n a m e l y : 

• f o r m a l g r o u p s , t o g e t h e r w i th the i r app l i ca t i ons in h o m o t o p y t h e o r y as well as 
in t h e s tudy of fixed p o i n t s of finite a n d c o m p a c t t r a n s f o r m a t i o n g r o u p s of s m o o t h 
man i fo ld s , i nc lud ing the r e m a r k a b l e p r o p e r t i e s of ell iptic g e n e r a ([50, 11 , 5, 3 1 , 34, 
59, 38]) d i scovered m u c h later; 

• t h e t h e o r y of m u l t i v a l u e d fo rma l g r o u p s , t o g e t h e r w i th its app l i c a t i ons t o 
t opo logy , a lgebra , ana lys i s , i nc lud ing the r e l a t i onsh ip w i th genera l i zed shift o p e r a ­
t o r t h e o r y ([12, 6, 7, 8]); 

• t h e a lgeb ra of o p e r a t i o n s f rom c o m p l e x c o b o r d i s m t h e o r y w i th its n u m e r o u s 
t o p o l o g i c a l ap p l i c a t i o n s a n d beau t i fu l in t r ins ic a lgebra ic s t r u c t u r e t h a t la ter led t o 
t h e " o p e r a t o r (He i senbe rg ) d o u b l e " of H o p f a lgeb ras , w h i c h is t he q u a n t u m a n a l o g 
of t he a lgeb ra of differential o p e r a t o r s o n a Lie g r o u p ([49, 13, 58 , 9]) . 
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T h e s e ideas a r e d e v e l o p e d in t he ar t ic le by V. B u c h s t a b e r w h i c h a l so c o n t a i n s 
n e w resul t s in th is d i r ec t ion . 

By t h e e n d of t h e sixties, t h e p a r t i c i p a n t s of t h e seminar , as well as its s u b ­
j ec t ma t t e r , c h a n g e d not iceably. T h e r e sea rch in te res t s of several p a r t i c i p a n t s , e.g. 
I. Be rns t e in a n d S. Vishik , shif ted t o o t h e r fields of m a t h e m a t i c s . A w h o l e n e w gen­
e r a t i o n of ex t remely t a l e n t e d y o u n g r e sea rche r s a p p e a r e d in t h e s emina r : G . K a s ­
parov , O. Bogoyavlensk i i , S. G u s e i n - Z a d e , S. B r a k h m a n , I. Kr ichever , V. D u b r o v i n , 
M . B r u k , V. K r a s n o v , M . Brodsk i i , S. Tankeev , F. Z a k , R . N a d i r a d z e , A . Pe re -
setskii , A . S h o k u r o v , N . Panov , V. Vedenyap in , a n d o t h e r s . F o r a b o u t t w o yea r s , 
B. G . M o i s h e z o n b e c a m e co -d i r ec to r of t he seminar . D u r i n g th is p e r i o d its pa r t i c i ­
p a n t s s tud ied K a h l e r a n d a lgebra i c geomet ry . L a t e r several m e m b e r s of t he s e m i n a r 
b e g a n w o r k i n g o n t h e p r o b l e m s of a lgebra ic g e o m e t r y itself. 

A m o n g t h e p a r t i c i p a n t s were several o t h e r s , w h o , b e g i n n i n g in 1974, grea t ly 
c o n t r i b u t e d t o t h e a p p l i c a t i o n of m e t h o d s c o m i n g f rom a lgebra i c g e o m e t r y t o m o d ­
e r n m a t h e m a t i c a l physics ( m o r e specifically, t o t he pe r iod ic i ty p r o b l e m s in so l i ton 
t h e o r y a n d in in tegrab le sys t ems) . T h e w o r k of these p a r t i c i p a n t s , c a r r i ed o u t in 
t h e sevent ies a n d e ight ies , b e c a m e widely k n o w n ([24, 52, 35 , 4 1 , 17, 23] . 

I n th is v o l u m e these ideas a re d e v e l o p e d in the p a p e r s by I. Kr i cheve r , S. N a t a n -
z o n , A . Veselov. A s t r ik ing e x a m p l e of f eedback , namely , t he a p p l i c a t i o n of t h e 
t h e o r y of n o n l i n e a r e q u a t i o n s t o a lgebra ic geomet ry , w a s N o v i k o v ' s con jec tu re o n 
t h e c h a r a c t e r i z a t i o n of t h e J a c o b i a n s of R i e m a n n surfaces ( the R i e m a n n - S c h o t t k i 
p r o b l e m ) . T h e first n o t a b l e a d v a n c e in th is p r o b l e m w a s t h e w o r k of B. D u b r o v i n 
[18]. A c o m p l e t e p r o o f w a s given by S h i o t a [61]. 

D u r i n g t h e s e c o n d ha l f o f t h e sixties, several p a r t i c i p a n t s of t h e s e m i n a r a l so 
s tud ied t h e t o p o l o g y of n o n - s i m p l y - c o n n e c t e d man i fo ld s , deve lop ing t h e ideas t h a t 
h a d a r i sen in fol ia t ion theory , as well as t h o s e a p p e a r i n g in t h e p r o o f of t h e t o p o l o g ­
ical i nva r i ance of t h e r a t i o n a l P o n t r y a g i n classes. A t t h e t ime , t he final f o r m u l a t i o n 
of S. P. N o v i k o v ' s con jec tu re o n h i g h e r s igna tu res [51] for m a n i f o l d s w i t h a r b i t r a r y 
f u n d a m e n t a l g r o u p w a s p u t fo rward a n d w a s es tab l i shed for abe l i an f u n d a m e n t a l 
g r o u p s 7t\. I n th is p e r i o d t h e seminar , bes ides its t r a d i t i o n a l c o n t a c t s w i t h t h e sem­
i n a r s of t h e l ead ing M o s c o w m a t h e m a t i c a l schoo l s , w a s in c o n s t a n t very in t ense 
i n t e r a c t i o n w i t h t h e V. A . R o k h l i n s e m i n a r in L e n i n g r a d . 

T h i s p e r i o d a l so wi tnessed t h e a p p e a r a n c e of ideas o n t h e H e r m i t i a n a n a l o g s of 
a lgebra i c ^ - t h e o r y , b a s e d o n t h e l a n g u a g e a n d bas ic c o n c e p t s of t he H a m i l t o n i a n 
f o r m a l i s m , a n a lgebra i c ve r s ion of so r t s of symplec t i c g e o m e t r y [51]. 

T h e AT-theory of in f in i t e -d imens iona l c o m p l e x e s w a s t h e n c o n s t r u c t e d , l e ad ing 
u p t o c o m p l e t e answers in m a n y i m p o r t a n t cases , i n c l u d i n g c o m p u t a t i o n s for t h e 
classifying spaces of c o m p a c t Lie g r o u p s a n d E i l e n b e r g - M a c L a n e c o m p l e x e s [10]. 
T h e co r r ec t h i g h e r a n a l o g s of a lgebra i c ^ - t h e o r y K°, Kl (at t h e s a m e t ime as 
Qui l l en , b u t o n t h e bas i s of a different idea ) were o b t a i n e d [66]. 

S o o n after t ha t , t h e d e v e l o p m e n t of F r e d h o l m r e p r e s e n t a t i o n s w a s u n d e r t a k e n , 
b o t h for t h e c o n s t r u c t i o n of a t o p o l o g i c a l ^ - h o m o l o g y t h e o r y a n d for t he h i g h e r 
s igna tu re p r o b l e m ([32, 47]) . 

T h e S. P. N o v i k o v con jec tu re o n h i g h e r s igna tu res even tua l ly b e c a m e widely 
k n o w n in m a t h e m a t i c s . A h u g e n u m b e r of p a p e r s is d e v o t e d t o th is conjec ture . 
I t gave t h e i m p e t u s for finding d e e p r e l a t ionsh ips b e t w e e n topo logy , a lgeb ra , a n d 
func t i ona l ana lys i s ([48, 33 , 16, 14, 15]). A confe rence w a s he ld o n th is t o p i c in 
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O b e r w o l f a c h in S e p t e m b e r 1993. T w o v o l u m e s of t h e p r o c e e d i n g s of t h e confe rence 
[70] will i nc lude b o t h r e sea rch a n d survey p a p e r s i l lus t ra t ing t h e c u r r e n t s t a tus of 
t h e conjec ture . 

A t t h e b e g i n n i n g of t he sevent ies , t he r e sea rch in te res t s of t h e p a r t i c i p a n t s of t h e 
s e m i n a r d iverged: n e w s e m i n a r s were o r g a n i z e d , w h e r e t he b r a n c h e s of t o p o l o g y 
a n d a l g e b r a m e n t i o n e d above ( c o b o r d i s m s , fo rma l g r o u p s , p r o b l e m s of n o n s i m p l y -
c o n n e c t e d man i fo ld s , i n c l u d i n g H e r m i t i a n ^ - t h e o r y , p r o b l e m s of h i g h e r s igna tu res 
a n d func t iona l ana lys i s t e c h n i q u e s ) were still s tud ied , e.g. at t h e V. B u c h s t a b e r 
s e m i n a r o r t he A . M i s h c h e n k o seminar . 

I n t he s econd ha l f of t h e sevent ies , on ly o n e p u r e t o p o l o g i s t b e g a n r e sea rch at t h e 
S. P. N o v i k o v s e m i n a r itself o n t he t h e n very n e w s u b j e c t m a t t e r re la ted t o Sull ivan 's 
r ing a p p r o a c h t o r a t i o n a l h o m o t o p y type : th is was I. B a b e n k o ([2, 3]) . 

A r o u n d 1 9 7 0 - 7 1 , t h e s e m i n a r c o n c e n t r a t e d o n t h e s tudy of special a n d genera l ­
ized relat ivi ty (at t he t ime o n e of t he co -d i r ec to r s of t he s e m i n a r w a s V. P. M y a s -
n ikov ) . 

A t t h e b e g i n n i n g of 1971, S. P. N o v i k o v b e g a n w o r k i n g a t t he L a n d a u In s t i t u t e of 
T h e o r e t i c a l Physics a n d the in te res t s of t he s e m i n a r shifted m o r e a n d m o r e t o w a r d s 
t h e m a t h e m a t i c a l p r o b l e m s of m o d e r n t heo re t i ca l physics . Jo in t ly w i t h several o f h is 
pup i l s (O. Bogoyavlensk i i , B. D u b r o v i n , I. K r i c h e v e r ) , S. P. N o v i k o v o r ig ina t ed t h e 
qua l i t a t ive t h e o r y of h o m o g e n e o u s c o s m o l o g i c a l m o d e l s , so lved t h e p e r i o d i c p r o b ­
l ems of so l i ton theory , deve loped the t h e o r y of o n e - d i m e n t i o n a l a n d t w o - d i m e n ­
s iona l S c h r o d i n g e r o p e r a t o r s in p e r i o d i c electr ic a n d m a g n e t i c fields ([4, 24 , 22 , 
53]) . L a t e r these ideas were d e v e l o p e d a n d led t o t h e c r ea t i on of t h e t h e o r y o f 
t w o - d i m e n s i o n a l p e r i o d i c a n d rap id ly dec r ea s ing o p e r a t o r s ([57, 29 , 30, 37, 39]) . 

I n t he late sevent ies a n d in t h e e ight ies , n e w p a r t i c i p a n t s of t h e s e m i n a r j o i n e d 
in these d i r ec t ions of r e sea rch , in p a r t i c u l a r A . Veselov, I. T a i m a n o v , P. G r i n e v i c h , 
O. M o k h o v , S. Tsarev, A . Lyskova , R . N o v i k o v [26]. 

I n t h e p rocess of so lv ing p r o b l e m s of phys ica l n a t u r e , S. P. N o v i k o v r e t u r n e d t o 
t o p o l o g y : he f o u n d c u r i o u s t o p o l o g i c a l cha rac te r i s t i c s of t h e typ ica l t w o - d i m e n ­
s iona l S c h r o d i n g e r o p e r a t o r in a m a g n e t i c field a n d in a p e r i o d i c la t t ice , t h a t w a s 
la ter t o p lay a c ruc ia l role in exp la in ing the q u a n t u m H a l l effect, in i t i a ted t h e n o t i o n 
of m u l t i v a l u e d v a r i a t i o n a l ca lcu lus in theore t i ca l physics a n d m a t h e m a t i c s , a n d 
c o n s t r u c t e d the a n a l o g of M o r s e t h e o r y for m u l t i v a l u e d func t ions a n d f u n c t i o n a l 
([53, 54, 55 , 56, 62]) . A . Lyskova a n d I. T a i m a n o v t o o k p a r t in these s tudies . T h e 
t o p i c w a s la ter d e v e l o p e d by qu i t e a few resea rchers . 

T h e s e top ics were t h o s e w h e r e a w h o l e n e w g e n e r a t i o n of t he s emina r ' s pa r t i c i ­
p a n t s , w o r k i n g in topo logy , b e g a n the i r r e sea rch : F. Voronov , A . Z o r i c h , A . Lazarev , 
D . Mi l l ionshch ikov , A . A l a n i y a , L e T u T h a n g , I. D y n n i k o v , a n d o t h e r s ([68, 67 , 69, 
4 3 , 4 5 , 46 , 1, 44 , 28]) . I n th is v o l u m e these ideas a re deve loped in t he j o i n t ar t ic le 
by P. G r i n e v i c h a n d S. P. N o v i k o v a n d t h e o n e by I. D y n n i k o v . 

A c u r i o u s cycle of n e w ideas in E u c l i d e a n g e o m e t r y a ro se in t he eight ies as t h e 
resul t of t he i n t e r a c t i o n w i t h y o u n g theo re t i ca l physicis ts f rom the L a n d a u In s t i t u t e 
(Levitov, Ki taev , K a l u g i n ) : t h e beau t i fu l c o n c e p t of quas i -c rys ta l l i c s u b g r o u p of 
t he i s o m e t r y g r o u p s of E u c l i d e a n space in t he sense of N o v i k o v - V e s e l o v a n d o t h e r 
a spec t s of t he g e o m e t r y of quas i - c rys t a l s were successfully exp lo i t ed by S. P i u n i k h i n , 
V Sadov, a n d L e T u T h a n g [60]; t he a s y m p t o t i c p r o b l e m s of so l i ton t h e o r y led t o t h e 
c o n s t r u c t i o n of a H a m i l t o n i a n t h e o r y of sys tems of h y d r o d y n a m i c t ype (i.e., q u a s i -



l inear sys tems of t h e first o r d e r ) , wh ich h a d n o t a p p e a r e d in t he en t i re h u n d r e d - y e a r 
h i s t o ry of th is field. T h e H a m i l t o n i a n f o r m a l i s m of " h y d r o d y n a m i c t y p e " w a s 
d i scovered by S. P. N o v i k o v a n d B. D u b r o v i n in 1983, giving rise t o a n e w b r a n c h 
of R i e m a n n i a n g e o m e t r y ([27, 25 , 26, 19]). 

I n t h e f r a m e w o r k of th is geomet ry , S. Tsa rev f o u n d a m e t h o d for i n t eg ra t i ng such 
sys tems ([63, 64, 65]) . A s t h e resul t of a cycle of fu r the r s tud ies of several pa r t i c i ­
p a n t s of t he s e m i n a r (V. Avilov, S. P. Nov ikov , I. Kr ichever , G . P o t e m i n ) , t he c o m ­
ple te ana ly t i c so lu t i on for t h e d ispers ive a n a l o g of t h e wave e q u a t i o n , u n d e r t a k e n in 
t h e ear ly sevent ies by l e ad ing m e m b e r s of t h e L a n d a u s c h o o l (A. B. G u r e v i c h a n d 
L. P. P i t aevsk i i ) , w a s finally o b t a i n e d . T h e a lgebra ic g e o m e t r y rea l i za t ion of t h e 
F l a s c h k e - M a c L a u g h l i n m e a n of t h e ( W h i t h a m ) so l i ton e q u a t i o n s w a s deve loped 
by K r i c h e v e r [36, 40] . 

T h e s e g e o m e t r i c ideas p lay a n i m p o r t a n t role in t he c o n s t r u c t i o n of t h e n o w very 
p o p u l a r t w o - d i m e n s i o n a l t o p o l o g i c a l q u a n t u m field t h e o r y [20], [21]. In t he p r e s e n t 
v o l u m e th is cycle of ideas a p p e a r s in t he ar t ic les by O. M o k h o v , E . F e r o p o n t o v , a n d 
in t he s u b s e q u e n t o n e in t h o s e of B. D u b r o v i n , M . Pavlov, V. Alekseev. 

I n t h e e ight ies , several p a r t i c i p a n t s of t h e s e m i n a r m a d e significant c o n t r i b u t i o n s 
t o t h e d e v e l o p m e n t of t he g e o m e t r y a n d t o p o l o g y of s u p e r m a n i f o l d s . I n pa r t i cu l a r , 
F. V o r o n o v a n d A . Z o r i c h c o n s t r u c t e d t h e co r r ec t s u p e r a n a l o g of t h e de R h a m 
c o m p l e x [67]. T h e ideas of s u p e r s y m m e t e r y a r e d e v e l o p e d in th is v o l u m e in t h e 
ar t ic le by F. Voronov . 

I n c o n n e c t i o n w i th t he o p e r a t o r q u a n t i z a t i o n of b o s o n s t r ings a n d t w o - d i m e n s i o ­
n a l c o n f o r m a l field theory , S. P. N o v i k o v a n d I. K r i c h e v e r defined t h e co r r ec t a n a l o g s 
of t he L a u r e n t a n d F o u r i e r series for t h e e x p a n s i o n of m e r o m o r p h i c t e n s o r fields of 
a n y we igh t o n R i e m a n n surfaces . T h e o p e r a t o r q u a n t i z a t i o n p r o g r a m for s t r ings 
w a s act ively d e v e l o p e d by physic is ts in 1970-74 (Venec iano , V i r a so ro , M a n d e l s t a m , 
a n d o the r s ) for surfaces of genus 0. T h e absence of a n a l o g s of L a u r e n t - F o u r i e r 
series o n surfaces of pos i t ive genus s t o p p e d fu r the r d e v e l o p m e n t of th is t o p i c in t he 
mid-seven t ies . 

U s i n g a different a p p r o a c h ( the c o n t i n u a l i n t eg ra l ) , A . Po lyakov succeeded in 
q u a n t i z i n g the s t r ing for R i e m a n n surfaces ( d i a g r a m s ) of a n y genus . 

T h e i m p l e m e n t a t i o n of t h e p r o g r a m of o p e r a t o r o r a lgeb ra i c q u a n t i z a t i o n of 
s t r ings b e c a m e poss ib le as t h e resul t of t h e w o r k of S. P. N o v i k o v a n d I. K r i c h e v e r 
a t t h e e n d of t h e eight ies . T h e " K r i c h e v e r - N o v i k o v b a s e s " a n d t h e " K r i c h e v e r -
N o v i k o v a l g e b r a " t h a t t hey c o n s t r u c t e d a re t h e R i e m a n n a n a l o g s of t h e L a u r e n t -
F o u r i e r ba se s a n d of t h e V i r a s o r o a lgeb ra [42]. T h i s t o p i c is t h a t o f n u m e r o u s 
p a p e r s by m a n y a u t h o r s . I n th is v o l u m e it is r ep r e sen t ed by O. S h e i n m a n ' s art icle. 
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