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ABSTRACT. In this paper the theory of Kleinian hyperelliptic functions is devel-
oped. New collections of basis functions for the field of meromorphic functions
on hyperelliptic Jacobians are introduced and the algebraic relations between
them are explicitly described. As applications, the following results are ob-
tained: the matrix realization of hyperelliptic Jacobians and their Kummer
varieties; the construction of a family of 2 x 2 matrix operators satisfying the
conditions of zero curvature and of a generalized shift that takes this fam-
ily to a parametric family satisfying the same condition; the construction of
systems of linear differential equations whose common spectral manifold is a
hyperelliptic curve; the construction of solutions to the KdV system and to
the Sine-Gordon equation in Kleinian functions.

§0. Introduction

In this paper we develop the Kleinian construction of hyperelliptic Abelian
functions, which is a natural generalization of the Weierstrass approach in elliptic
functions theory to the case of a hyperelliptic curve of genus g > 1. Kleinian ¢
and p-functions are defined as

0 2 .
¢i(u) = 9%, Ino(u), gi;(u)= _Mlna(u)’ ,i=1...,9,

where the vector w belongs to Jacobian Jac(V) of the hyperelliptic curve

2g+2

V= {(y,x) €C?:qy? — Z Azt =0}
=0

and o(u) is the Kleinian o-function.

The systematic study of o-functions, which originated in the paper [1] by
F. Klein, was an alternative to the developments of Weierstrass (]2, 3]) (the hyper-
elliptic generalization of the Jacobi elliptic functions sn, c¢n, dn) and the purely
@-functional theory of Géppel ([4]) and Rosenhain ([5]) for genus 2, generalized
further by Riemann. The o approach was furthered by Burkhardt ([6]), Wiltheiss
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([7]), Bolza ([8]), Baker ([9]) and others; a detailed bibliography may be found in
[10]. We would like to mention Baker’s monographs ([11, 12]), which merit special
attention.

The article is organized as follows. In §1 we present the facts from the theory
of hyperelliptic curves and 6-functions needed in this paper. In §2 the Kleinian
hyperelliptic functions are defined. Following Baker, the realization of o-functions
via @-functions is described. The fundamental differential 2-form of the second
kind is expressed explicitly, and the Jacobi inversion problem is solved in terms
of hyperelliptic functions. Theorems 2.1 and 2.2 in this section are classical (see
[11]). In §3, using the classical Theorem 3.1, we derive the main relations between
the p-functions, analyze them, and construct new collections of basis functions of
the field of meromorphic functions on hyperelliptic Jacobians. Algebraic relations
between them are described explicitly and, as the result, meromorphic embeddings
of the Jacobians and their Kummer varieties as intersections of cubics and quartics
respectively are obtained. In §4 we demonstrate the potential of Kleinian functions
in solving contemporary problems. The matrix realization of hyperelliptic Jacobians
and their Kummer varieties is presented. A family of 2 x 2 matrix operators (not
depending on a parameter) satisfying the zero curvature condition is described and
a generalized shift and gauge transformation taking this family to a parametric one
still satisfying the zero curvature condition is constructed. Systems of linear second
order differential equations whose joint spectral manifold is a hyperelliptic curve are
obtained. It is shown that the natural identification of the independent variables
of Korteweg—de Vries (KdV) systems and of the Sine-Gordon equation with the
canonical coordinates on the Jacobians yields their algebro-geometric solutions in
Kleinian functions. In §5 we discuss some contemporary aspects of the further
development of the theory of Kleinian hyperelliptic functions.

The paper is based on recent results partially announced in [18—-16]. The
presented results have already been applied to describe Abelian Bloch solutions of
the 2-dimensional Schrédinger equation ([17]).

§81. Preliminaries

We recall some basic definitions from the theory of hyperelliptic curves and
6-functions; see, e.g., [11, 12, 18-21] for a detailed exposition.

1.1. Hyperelliptic curves. The set of points V(y,z) satisfying the equa-
tion

2g+2 - 2g+2
(1.1) y? = Z AZt = Aogyo H (z —ex) = f(z)
=0 k=1

is a model of a plane hyperelliptic curve of genus g, realized as a 2-sheeted covering
over the Riemann sphere with the branching points eq,...,eqq+2. Any pair (y,z)
in V(y, x) is called an analytic point; an analytic point that is not a branching point
is called a regular point. The hyperelliptic involution ¢ (the swap of the sheets of
the covering) acts as (y,z) — (—y, ), leaving the branching points fixed.

To make y a single-valued function of x, it suffices to draw g+1 cuts, connect-
ing pairs of branching points e;—e;s for some partition of {1,...,2¢+2} into a set
of g+ 1 disjoint pairs %, 7. Those of the branching points at which the cuts start
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will be denoted by a;, the end points of the cuts by b;, respectively; an exception
is one of the cuts, whose starting point is denoted by a and the end point by b.
In the case Agg4o — O this point a goes to co. The equation of the curve in the
case Aogi2 =0 and Aggy1 =4 can be rewritten as

(1.2) y* = 4P(z) Q(z),

g g
P)=]Jz-a), Q@) =@-b][[@=-b).
i=1 =1

The local parametrization of the point (y,z) in the vicinity of a point (w, z),

13 near regular point (fw, z),

N &2 near branching point (0, ¢;),
T=2z
£~1 near regular point (£c0,00),

¢=2 near branching point (00, 00),

provides the structure of the hyperelliptic Riemann surface, a one-dimensional com-
pact complex manifold. We shall use the same notation for the plane curve and the
Riemann surface, V(y,z) or V. All curves and Riemann surfaces throughout the
paper are assumed to be hyperelliptic if the converse is not stated.

A marking on V(y,z) is given by the base point zo and the canonical basis
of cycles (Ay,...,Aq; By,...,By), ie., the basis in the one-dimensional homology
group H;(V (y,z),Z) of the surface V (y, z) with the symplectic intersection matrix

I= 1(1 —(;‘ g ) , where 1, is the unit g x g-matrix.

1.2. Differentials. Traditionally, three kinds of differential 1-forms are dis-
tinguished on a Riemann surface.

1.2.1. Holomorphic differentials or differentials of the first kind, are the differential
1-forms du that can be locally expressed as du = () ;o) ;€") d€ in the vicinity
of any point (y,z) with some constants o; € C. It can be checked directly that
forms satisfying this condition can all be expressed as

g—1
;d
> gt
=0 y
The forms {du;}{_; given by
i-14
dw:x w, i=1,...,9,

)

constitute the set of canonical holomorphic differentials in H*(V,C). The g X g-
matrices of their A- and B-periods,

e (f o) e (f)

are nondegenerate. Under the map (2w)~!, the vector du = (dug,...,duy)T is
taken to the vector of normalized holomorphic differentials dv = (dvy,...,dvy)7,
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i.e., to the vector in H'(V,C) satisfying the conditions

j( dvk=6kl, k:,l:l,...,g.
Ag

It is known that the g X g matrix,

T= <‘7{ dvl> =w W,
By,

belongs to the upper Siegel halfspace Sy of degree g, i.e., is symmetric and has a
positive definite imaginary part.

Let us denote by Jac(V) the Jacobian of the curve V, i.e., the factor C9/T',
where I' = 2w® 2w’ is the lattice generated by the periods of canonical holomorphic
differentials.

Divisors D on Riemann surfaces are given by formal sums of analytic points
D = >"m;(yi,xi), and the degree of D is degD = .. m;. A divisor is effective
if m; > 0 for all <.

Let D be a divisor of degree 0, D = X — Z, where X and Z are the effective
divisors, deg X = deg Z = n, presented by

X = {(ylaxl)""a(ynaxn)} and Z= {(’LU],Zl),. "’(wnazn)} € (V)n,

here (V)" is the nth symmetric power of V.
The Abel map has the form

AX - Z): (V)™ — Jac(V), AKX - Z) = (u,...,uq),

where
n (Yk-zx)
ui=Z/ du;, i=1,...,9,
k=1 Y (Wk,zK)
and Z = {(w1,21),...,(Wn,2n)} € (V)" is a fixed divisor, the path of integration
being the same for all i =1,...,g.}

Abel’s theorem says that the points of the divisors £ and X are the poles and
zeros, respectively, of a meromorphic function on V(y, z) if and only if A(X - Z) =
0 mod I'. In the case when n = g, the Abel map is onto and one-to-one, except
for the so-called special divisors. The Jacobi inversion problem can be stated as the
problem of inversion for such a map 2(. Note that a special divisor of degree g is
a set of points such that for at least one pair j and k =1,...,g the point (y;,z;)
is the image of the point (yx,zx) under the hyperelliptic involution.

1.2.2. Meromorphic differentials or differentials of the second kind are the differ-
ential 1-forms dr that can be locally expressed as dr = (3 o0, ;&) d€ in the
vicinity of any point (y,z) with some constants c;, and c(_qy) = 0. It can also be
verified directly that forms satisfying this condition can all be written as

g—1

Z B; cax’ d_:z:
i=0 y
(mod holomorphic differentials).

1To shorten the notation, from this point forward we shall denote the integration limits only
by the coordinate z of the point (y,z) of the curve.
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Let us introduce the following canonical Abelian differentials of the second kind

2g+1—j3 mkdz

(1.3) drj= (k+1_j)/\k+1+jWa i=1...,9.
k=j

We denote their matrices of A- and B-periods by

(o) -(-f)

The Riemann bilinear identity for the period matrices of the differentials of the
first and second kind implies the following statement.

LEMMA 1.1. The (2g x 2g)-matriz G = ( © “" belongs to PSpy,:
nn 9

0 —1g\,r_ m (0 =1
o(s, w)er--3( @)
1.2.3. Differentials of the third kind are the differential 1-forms d) that have only
poles of order 1 and have total residue 0, and so are locally given in the vicinity of

any of the poles as dQ = (Y 0 _; @;£%) d¢ with some nonzero constants o, o_1.
Such forms (mod holomorphic differential) may be represented as

Z”:ﬁ‘<y+y? _y+yf>d_w
‘\z -z ’

i=0 3 T—I; Y

where (v, :vit) are the analytic points of the poles of positive (respectively, nega-
tive) residue.
Let us introduce the canonical differential of the third kind

(1.4) dQ(z1, 22) = (w _ y+_w> d_m;
T—21 T—Z2/) 2y

for this differential we have
T4 x2
/ dQ(z1, 79) = / (s, 74)
z3 Z1

1.2.4. The fundamental 2-differential of the second kind. For an arbitrary pair
{(y1,71), (y2,22)} € (V)?, we introduce the function F(z1,z;) defined by the
conditions

(i) F(z1,22) = F(z2,21),
(11) F(:z:l,xl) = 2f(.’E1),
(lll) aF(xl’xQ) _ df(ml)
8(132 diEl ’

(1.5)

T2=T1
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This function F(zq,z2) can be represented in the following equivalent forms

d
(1.6) F(zq,22) = 2y2 +2(z1 — z2) Y2 d?:
g 2+1-j
+ (@ —z2)? Yy @l Y (k= G+ 1) Ak,
j=1 k:j

(L.7)  F(z1,%2) = 2290z 2™ + Zmlmz (2X2; + Agig1 (@1 + 22)) .
1=0

Properties (1.5) of F(z1,z2) allow us to construct the global Abelian 2 -differ-
ential of the second kind with unique pole of order 2 along z; = z2:
2y1y2 + F(z1,72) dzy dzs
4(z1—22)*  y1 oy’

(1.8) w(zy,z2) =

which expands in the vicinity of the pole as

w(z1,22) = (ﬁ + 0(1)>d€dC,

where & and ( are the local coordinates at the points z; and z2, respectively.
Using (1.6), we rewrite (1.8) in the form

9 Y1+ T
(1.9) w(zy,x9) = . (2y1 @1 = 23) ) dz; dze + du” (z1) dr(zs),

where the differentials du, dr are as above. So, the periods of this 2-form (the dou-
ble integrals § § w(z1,z2)) can be expressed in terms of (2w, 2w’) and (—2n, —27'),
e.g., for the A-periods we have:

{7{ 7{ w(xl,xg)} = —4wTy.
A; J A i,k=1,...,9

1.3. The Riemann @-function. The standard 6-function 6(v|7) on C9 x
S, is defined by its Fourier series,

Ov|r) = Z expmi{nTrn + 20Tn}.
nezd

The 6-function possesses the following periodicity properties:

(v +m +7m' | 1) = exp{—2mim'” (v + rm/)}0(v |7)
for all m,m' € Z9. The 6-functions with characteristics [¢] = [Z’: ] = [511 ::' E;] €
C% satisfy

Olel(v]|T) Z expri{(n+e&)r(n+e)+2(w+e)T(n+e)}
nez9

= exp{2mie’” (v + 1re) +2mieTe'} (v + € + 7€' | T);
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their periodicity properties are
. T
Ofe](v + m +m/ | 1) = exp{—2mim’” (v + ;rm’)}
x exp{2mi(mTe’ —m/'Te)}o(v| 1)

for all m,m’ € Z9.

Further, consider the half-integer characteristics [¢]: the §-function 8[e](v |7)
is even or odd whenever 4e’"e = 0 or 1 modulo 2. There are (49 +29) even
characteristics and (49 — 29) odd ones.

Let wT = (w1,...,w,) € Jac(V) be a point; then the function

'R(m):&(/ dv—'wl'r), z €V,
o

is said to be a Riemann 8 -function.
The Riemann 6-function R(z) is either identically 0 or has exactly g zeros

Zi,...,Z4 € V, for which the Riemann vanishing theorem says that
g T
> / dv = w + Ky,
k=1v%o
where K;{O = (K1,...,Ky) is the vector of Riemann constants with respect to the

base point zg; it is defined by the formula

1475 “ )
(1.10) K; = ——2—11—2‘%4 dvl(:c)/ dvj, i=1...,9.
L I

1#] o

§2. Kleinian functions

Let m,m/ € Z9 be two arbitrary vectors; introduce the following vectors
E(m,m') = 2nm + 2n'm/, Q(m,m') = 2wm + 2w'm/.

2.1. The o-function. In [1, 9] it was shown that properties (2.1) and (2.2)
define a function that plays the central role in the theory of Kleinian functions.

DEFINITION 1. An entire function o(u) is the Kleinian fundamental o -func-
tion if and only if the following holds.
1. For any vector u € CY9 we have

2.1) o(u+ Qm,m’)) = exp{ET (m,m')(u + :Q(m,m’))}
' x exp{—mimTm + 21 (mTq —m'Tq)}o(u),

where [g'] is the half-integer characteristic of the vector of Riemann constants K, .

2. In the vicinity of u = 0, the decomposition
(2.2) o(u) = 6(u) + higher order terms

holds, where 6(u) = det({wi+j—1}:;=1,...,[(3+1)/2)) 1S @ homogeneous polynomial of
degree [(g+1)/2].
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Note that for small genera we have

6(u) = uy for g=1 and 2,
§(u) = ujuz — ul for g = 3 and 4,
6(u) = —ug + 2ugugug — U U; — u%us + ujugus for g =5 and 6, etc.

In the case g = 1, the above definition becomes that of the standard Weierstrass
o-function; for all m, m’ € Z the latter possesses the following periodicity property

0w+ 2mw + 2m/w’) = (=1)™m AT () ermetn m) (ukmetmu)

For all vectors 7,7’ € %ZQ/Z-" , we introduce the o-functions o, . with char-
acteristic by the formula
—ET (r,r")u U(’LL + Q(T) 'f‘l))
o(Q(r, "))
These functions are completely analogous to Weierstrass’ o, appearing in the the-
ory of elliptic functions ([22]).

O (u)=e

2.1.1. o-functions as 0-functions. The fundamental hyperelliptic Kleinian o-
function belongs to the class of modified f-functions. We can explicitly express o
in terms of the standard #-function as follows:

(23)  ofu) = Ol **4((2w) u — K, | r)] 279 (-@) M utirg'~a}

where » = (2w)~'n and K, is the vector of Riemann constants (1.10) with base
point a, which is equal to

g a;
(2.4) Ko=) / dv,
k=174

because a is a branching point. Hence K, is a half period, so that it can be written
as K, = g + 7q’ with half-integers q, q’, which are uniquely determined by the
fixed basis of cycles (A1,...,A4q,B1,...,Bq) (see e.g. [18]).

In (2.3) the constant C' equals

where (e4)? = 1.

Direct calculations show that the function defined by (2.3) satisfies (2.1) and
(2.2).

Putting ¢ = 1 and fixing the elliptic curve y? = f(x) = 422 — gox — g3 in (2.3),
we see that the function

olu) = 1 enuz/(QW) _1_1/_ T
) 93(0]7)/(e1 — e2)(e2 — e3) ﬂl(le )

is the standard Weierstrass o-function, where we have used the standard notation
for Jacobi 9-functions (see e.g. [22]): Y1 (v|7T) = —9[1;3] (w|T).
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2.2. The functions ( and p. The Kleinian ¢ and p-functions are defined
as the logarithmic derivatives of the fundamental function ¢, namely

Olno(u)

Cz(u)z aui ’ Z:]-a"'aga
_ 9%Ino(u) 8 lno(u) .
pij(u)——Wa ngk(u)_—Ma ceey Z,j,k,.-.—l,.--,g.

The functions ¢;(u) and p;;(u) have the following periodicity properties

Cl(u_*_ﬂ(m?m,)) =<1;(’U/)+Ei(m,m/), i=1a"~ag7
pij(u+ Q(m,m")) = p;;(u), ,j=1,...,9.

2.2.1. Realization of the fundamental 2 -differential of the second kind by Kleinian
functions. The construction is based on the following

THEOREM 2.1. Let (y(ao),ao0), (y,z) and (v,u) be arbitrary distinct points

on V and let {(yla -’131), L) (yga Ig)}; {(Vl’ﬂl)7 sy (Vg,/ig)} € (V)g be arbitmry
sets of distinct points. Then the following relation is valid:

/I : /mz 2yyz+FZLE1) d:l,‘ dz;
Boi=1 CAz-z)? oy
=ln{ (faodu 1ledu)}._ln{a( a'f,du— g:lfc:idu)
(fao du — i=1 f:,;1 du) U( ;t)du_ 19:1 fa/":ldu) 3

where the function F(z,z) is given by (1.7).

PROOF. Let us consider the sum

g

26) S [ [ ot + au @)eute)]

i=1YH

with w(«, ) given by (1.9). It is the normalized Abelian integral of the third
kind with logarithmic residues at the points z; and p;. By the Riemann vanishing
theorem, we can express (2.6) in terms of Riemann 6-functions as

ln{e(f;dv—( Ly [odv—K, ))}
G(fazudv—( I (:’dv—Kao))

_m{Q(:Jdv_( o [ av— Kao))};

o([r av - (i, ;f;dv Ko))

(2.7)

to obtain the right-hand side of (2.5), we must combine (2.3), the expression of the
vector K,, (2.4), the matrix » = (2w)~!n, and Lemma 1.1. The left-hand side of
(2.5) is obtained by using (1.8). O

The fact that the right-hand side of (2.5) is independent of the arbitrary point
o (that will appear later) has its origin in the properties of the vector of Riemann



10 V. M. BUCHSTABER, V. Z. ENOLSKII, AND D. V. LEIKIN

constants. Consider the difference K,, —K,; of vectors of Riemann constants with
arbitrary base points ap and ay; it follows from (1.10) that

ag
Ko, — Kqy = (g——l)/ dv.
a

’
0

This property implies that

o g T; zo g T;
/ dv—<2/ dv—Ka0>=/ dv—(Z/ dv—Kaa)
ao =17 a0 ag i=17a0

1 0

for arbitrary z;, with ¢ = 0,...,g on V', so the arguments of the ¢’s in (2.5),
which are linear transformations by 2w of the arguments of 8’s in (2.7), do not
depend on ag .

COROLLARY 2.1.1. For arbitrary distinct points (y(ao),ao) and (y,z) on V
and an arbitrary set of distinct points {(y1,21),.-.,(¥g,Zg)} € (V)9 we have
(2.8)

g T g Tr ) ) F(a: T )_2yy
03 / du + / du)zl_lwﬁ_lz——;——T, r=1,...,9.
> oo [Lawr X [ FEa

i,j=1

PROOF. Taking the partial derivative 8%/8z,0z of both sides of (2.5) and using
the hyperelliptic involution ¢(y,z) = (—y,z) and ¢(y(ao), a0) = (—y(ao), o), we
obtain (2.8). O

In the case ¢ = 1, formula (2.8) is actually the addition theorem for the
Weierstrass elliptic functions,

1[g/(u) - so'(v)r
p(u+v) =—p(u) — pv +—[——-—
(utv) = —pw) — o) + 3| E I
on the elliptic curve y? = f(z) = 42° — goz — g3.
Now we can give the expression for w(z,z,) in terms of Kleinian functions. We
send the base point ag to the branch place a; for r = 1,...,g the fundamental
2-differential of the second kind is given by

g < 9 rak i1 j—1
w(z,z,) = Zp¢j</ du—Z/ du)m dxw.
a k=1Y0k

52 y Yr

COROLLARY 2.1.2. Forallr#s=1,...,9

(2 9) i (23] (zg:/zk du)xi_lxj—l — F(.’Es,.’l:r) — styr
. 52 1 — Jo, s T 4(1:5 —.’L'T)2 .
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PROOF. For s # r in (2.8) we have

z 9 Tk #(z) g T
/ du-l—Z/ du=—2w(/ dv—(Z/ dv~KaO)>
¢(ao) =1 ak ag iz1 Jao
@(z) g z;
:—2w</ dv—(Z dv—Kms>>

=1
i#£s
T 9 T;
=/ du + Z du
as i=17 0
1%£s
and the change of notation z — zs gives (2.9). O

2.2.2. Solution of the Jacobi inversion problem. The equations of the Abel map
under the conditions of the Jacobi inversion problem,

g Tr 1—1
(2.10) ui=2/ 2 dz

k=1 ag y

are invertible for nonspecial divisors for which the points (yx,zx), k=1,...,g, are
distinct and for all j,k=1,...,9, ¢(yx, zx) # (y;,2;), where ¢ is the hyperelliptic
involution. Using (2.8), we find the solution of Jacobi inversion problem on the
curves with @ = oo in a very effective form.

THEOREM 2.2. Let the preimage of the point u € Jac(V) of the Abel map
{(y1,21),-- -, (yg,zg)} € (V)9 be a nonspecial divisor. Then {z1,...,z4} are the
zgros of the polynomial

(2.11) P(z;u) =0,
where
(2.12) Pz;u) =27 — mg_lgog,g(u) - mg"ngyg_l(u) — - —pg.1(u),

and the points {y1,...,yq} are given by

OP(z;u)
Oug

(2.13) Yk = m/gc-lpg,g,g(u) 4+ pgg1(u) =—

=Tk

ProOF. In (2.8) let ag — a = co. Then

(2.14) lim —Lpﬁ)— 25091

z—o0 42971 (z — x,.)2

The limit in the left-hand side of (2.14) is equal to z¢, and we obtain (2.11).
From (2.10) we find

k> Ewniial = S
! Oug Hi;ék(xk — ;)

i -1 sz Oz, Yk
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On the other hand,
oP
Oug

and we obtain (2.13). O

=z}

Let us denote by g, g’ the following g-dimensional vectors,
p
pz(pgl""ypgg)T7 @/=%;

The companion matrix C ([25]) of the polynomial P(z;u) given by (2.12), is

g
C=B+ peg, where B = Zekef_l .

k=1
The companion matrix C has the property
(2.15) zp = XTcn9tle, = XTC" 90, Vnez,
with the vector X7 = (1,xk,...,wi_1), where zj is one of the roots of (2.11).

From (2.9) we find
g . .
—2y,ys = 4(z, — z5)* Z pi; (W)t 2™t — F(z,, 25) .
i=1

Introducing the matrices
II= (g)ij)? Ao = diag(Agg—2,...,A0), A1 =diag(Aag—1,...,A1),
we have, taking into account (2.15),
XT o' o' "X, = —4XT (C211 — 2¢TICT + TICT?) X, + 4XT (Cop” + " CT) X,
+2XTAoXs + XT(CAy + A CT) X
Hence (see [16]), we obtain the following statement.

COROLLARY 2.2.1. The relation
(2.16)

20’ = —4(C2TI — 2CTICT + TICT?) + 4 (Cpp™ + pETCT) + CAy + A1CT + 240

connects odd functions gpgg with poles of order 3 and even functions @;p with
poles of order 2 in the field of meromorphic functions on Jac(V).

DEFINITION 2. The umbral derivative ([23]) Ds(p(z)) of a polynomial p(z) =
S h_oPr2" is given by

where (), means taking the purely polynomial part.
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Considering the polynomials p = [_,(z — 2) and p = (z — zp)p, we imme-
diately deduce the elementary properties of D;:

Ds(p) = 2Ds41(p) + ps = 2Ds11(p) + Sn—s(215 - - -, 2n),

Ds(P) = (2 — 20) Ds(p) + ps—1 = (2 — 20) Ds(p) + Sn+1-s(215- -+ 2n)s
where Sy(---) is (—1)! times the Ith order elementary symmetric function of its
variables (we assume Sp(---)=1).

From (2.17) we see that Sp_s(20,-.-,21,...,2n) = (Ds+1(D)|2=2) - It is partic-
ularly useful to write down the inversion of (2.13), namely

g
P(z)) )
2.18 0 h ( )
(219 00k = 2\ 5P/2) (2 ...,
where P(z) =[[i_,(z — zx).
It is important to describe the set of common zeros of the functions pggr(u).

(2.17)

=1

COROLLARY 2.2.2. The vector function @'(u) vanishes if and only if u is a
half-period.

PROOF. The equations pggr(u) =0, k=1,...,g imply (2.18), the condition
y; =0 forall i =1,...,g. This is possible if and only if the points z;,...,z, coin-

cide with any g points e;,,...,e;, from the set of branching points ey,...,ez542.
So the point
g e,
u=2/ du € Jac(V)
1=1" o
is of the second order in the Jacobian and hence is a half-period. O

§3. Basic relations

In this section we shall derive explicit algebraic relations between the generating
functions in the field of meromorphic functions on Jac(V). After some immediate
preparations, in 3.1 we shall find the explicit cubic relations between pgq; and g;; .
These, in turn, lead to very special corollaries: the variety Kum (V) = Jac(V)/+
is mapped into the space of symmetric matrices of rank not greater than 3.

The conditions Aggy2 =0, Aggy1 = 4 being imposed, we start with the follow-
ing theorem, which is the starting point for the derivation of the basic relations.

THEOREM 3.1. Let (yo,%o) € V be any point and {(y1,z1),...,(Yg,Zg)} €
(V)¢ be the Abel preimage of the point u € Jac(V). Then
z=xk>’

o ([ [0 [ (282

k=0

where R(z) =[]5(z — z;) and R'(z) = (OR/8z)(z). Further,

(32) —G(u Z/ drj — 3 @gg j+1(u).

k=1
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PRrOOF. Putting in (2.5) u; = a;, we obtain
o [Z du—u) o( [ du—u) @ gk
(3.3) ln{ o } - { 20 } = / drTu + / dQ(z, p),
A et 1)

where df? is as in (1.4). Taking derivative in u; from both sides of (3.3), letting
ao tend to p, applying #(y,z) = (—y,z) and @(v,u) = (—v, 1), we get

¢ ¢ 1S~ 1 0zk Y — g 4 =
Cj(/ du+u>+/ drj — = -—_ﬂﬂ’i__y=gj(u)_1 1 0zk ye—v
H M 21\7: C ; A 2k=lyk 8'U,J T — [

) Ye =y
2ma) Tk~ T
-En(2) (2

Hence, using (2.18) and adding > 7_; f;k dr; to both sides, we deduce

(/ du+u> / er+Z drj 22@/( R’z))
1 3.’13k Yk —V 1
+Z/ yh Ou; Th—p 2 #gg,5+1 -

Now we see that the left-hand side of the (3.4) is symmetric in zo,z1,...,2,,
while the right-hand side does not depend on zg. So, it does not depend on any of
the ;. We conclude that it is a constant depending only on p. Letting 4 — a and
applying the hyperelliptic involution to the whole aggregate, we find this constant
to be 0. O

Z—-:Ek>
z—cck>

COROLLARY 3.1.1. For (y,z) €V and o= [, du:

(=yD; +9;) P(z;u)

(35) G+ @) = G(u) ~ (o) = EPLEIITIE)
where 0; = 0/0u; .

Proor. To find ¢j(c), take the limit as {z1,...,24} — {a1,...,a4} in (3.1).
The right-hand side of (3.5) is obtained by rearranging

1 Osvk Yk —Y
2Zyk 8u3 wk—x 0

COROLLARY 3.1.2. For k=1,...,g, the functions pggqr are given by

(3.6) Pgagi = (6099 + A2g) Pgi + 60g,i-1 — 209-1,; + %591')‘29—1 .
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PRrOOF. Consider relation (3.2). The differentials d¢;, ¢ = 1,...,9g, can be
presented in the following forms

g g g
1
—d¢; = k§=1 pik duy, = k§=1d7“i($k) ~3 k§=1 ©gg,i+1,k dug -

Put i =g — 1. For each of the zx, k=1,...,g, we have

g
_ dz dz
(12:cg+1 + 2X202] + Aog_127 1_y4 E gag_l,jmk ) ykk =2 E pggg]xj l—ykk
Jj=1 j=1

‘Applying formula (2.12) to eliminate the powers of zj greater than g — 1, and
taking into account the fact that the differentials dxj are independent, we come to

g

1 g
Z [(6ng + Aag)pgi + 6g,i-1 — 2091, + 3 591"\29-1} Z PagaiTh -
=1 j=1

Calculating the difference Ogpggqr/0u; — Opgqgi/Our according to (3.6), we ob-
tain

COROLLARY 3.1.3.

(3.7) PggkPgi — PggiPgk + Pg,i—1,k — Pgik—1 = 0.

This means that the 1-form Z (gggi + ©g,i—1)du; is closed. We can
rewrite this form as du”Cg.
Differentiation of (3.7) with respect to ug yields

(38) P999kPgi — Pgggi®ek T Pgg,i-1,k ~ Pggik—1 = 0.
The corresponding closed 1-form is du”Cg’.

3.1. Fundamental cubic and quartic relations. Now we shall find rela-
tions connecting the odd functions pg4; and the even functions g;;. In hyperelliptic
theory these relations replace the Weierstrass cubic relation

2
P =4p° — g20 — g3,

for elliptic functions, which defines a meromorphic map between the elliptic Jaco-
bian C/(2w,2w’) and the plane cubic.

The theorem below is based on the property of an Abelian function to be
constant if any gradient of it is identically 0. Equivalently, if for the Abelian
functions G(u) and F(u) there exists a nonzero vector a € C¢ for which

> «i(8/0u)(G(u) — F(u))
=1

vanishes, then G(u) — F(u) is a constant.
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THEOREM 3.2. The functions pgg; and @i are related by
Pggifggk = 4904109k — 2(@91’899—1,16 + @g,k@g—l,i)
(3.9) + 4(PgrfPg.i-1 + PgiPgk—1) + 4pr—1,i-1 — 2(Pki-2 + ©ik—2)
+ AagPgkPgi + X291 (8igiorg + Okgiig) + C(ik)s

where

(3.10) Clik) = A2i—20ik + T (A2im16ki1 + Aok—103 k+1) -

PROOF. We are looking for a function G(u) such that (0/8ug)(Pqgiggr—G) =
0. A direct verification using (3.7) shows that

0
%(@ggipggk - (4@gg@gi@gk — 2(pgig—1,k + Pg,k@g—l,i)
g
+ 4(pgkPgi-1 + ©gifg k—1)
+ 4k _1i-1 — 2(pr,i—2 + Pik—2)
+ A?g@gk@gi =+ %AZg—l((Singg + 6kg@ig))) =0.

It remains to determine c;;. From (2.16) we conclude that c(; xy is equal to A2i—2
for k =14, to Ag;_1/2 for k=1+1, and vanishes otherwise. So ¢;; is given by
(3.10). O

Consider C9+9(6+1)/2 with the coordinates (z,p = {pi;}ij=1,...¢) With ¥ =
(211, ey Zg) and Pij = Pji -

COROLLARY 3.2.1. The map
p: Jac(V)\ (o) = COF9WD2 0 o(u) = (p'(u), 1L(w),

where IL = {i;}i j=1,..,g, 15 @ meromorphic embedding.
The image p(Jac(V)\ (0)) C Cotelg+1)/2 45 the intersection of g(g +1)/2
cubics induced by (3.9).

Here (o) denotes the divisor of zeros of o.
Consider the projection

x: Clotelg+1)/2 _, cole+1)/2, m(z,p) =p.

COROLLARY 3.2.2. The restriction mo @ is a meromorphic embedding of the
Kummer variety Kum (V) = (Jac(V) \ (¢))/=% into C9@tD)/2 | The image

n(p(Jac(V) \ (0))) C COE+D/2
is the intersection of quartics induced by

(8.11) (@ggi@ggj)(@ggkpggl) - (ngi@ggk)(ngnggl) =0,

where the parentheses mean that the substitutions from (3.9) are made before ex-
panding.

The quartics (3.11) have no analog in elliptic theory. The first example is given
by genus 2, where the celebrated Kummer surface ([24]) appears.
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3.2. Analysis of the fundamental relations. Let us take a second look
at the fundamental cubics (3.9) and quartics (3.11).
3.2.1. Sylvester’s identity. For any matrix K with entries ki, 4,5 =1,..., N, we

introduce the symbol K Bi = ;’:] to denote the m x n submatrix:

KBi o ;T:] = {kik,jl}k=l,...,m; l=1,...,n

for subsets of rows i, and columns j;.
Here we shall need the Sylvester’s identity (see, for instance [25]). Let us fix
a subset of indices a = {41,...,%;x} and consider the (N — k) x (N — k) matrix
S(K, ) assuming that
S(K, o),y = det K[‘;g‘

and p, v are not in «; then

(3.12) det S(K, @) = det K[2]N*~D det K .

3.2.2. Determinantal form. We introduce (cf. [13]) new functions h;; defined by
the formula

hik = 4pi—1,k—1 — 20k,i—2 — 205 k—2

3.13)
( + 3 (6ik(M2i—2 + Aak—2) + bk i+1A2i-1 + 6ikt1A26-1),

where i,k =1,...,9+ 2. We assume that p,.,, =0 if n or m is less than 1 and
ponm = 0 if n or m is greater than g. It is evident that h;; = h;;. We shall denote
the matrix with entries h;; by H.

The map (3.13) from the p’s and A’s to the h’s respects the grading

degh;; =i+7, degpij =1+Jj+2, deg\; =i+ 2,

and on a fixed level L (3.13) is linear and invertible. The definition implies

L-1 2g+2
Y ohipi=X2 = XTHX =) M\z'
i=1 i=0

for XT = (1,z,...,29%!) with arbitrary z € C. Moreover, for any roots z, and

zs of the equation ng:f hgt2,;2°~1 =0, we have (cf. (2.9)) y,ys = XTHX,.
From (3.13) we deduce

1o} 0 1 0
—2pggi = Buy hgio,i = T hg+29 = —3 Fu. Metlatls
3 1
5]
2(pgik—1 — Pg,i-1,k) = Fur hgt2,i-1 — 5 hg+2 k-1
1 0 1 0

5 EE; g+1,k — 5 —871; hg+1,ia
etc., and (see (3.6))

62 . 1 i—1 2 i
(8:14) 20099i = =55 hgta,i = det H[gy; J15] — det H [ T15] + det H[29%2].
g
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Using (3.13), we rewrite (3.9) in a more effective form:

0 0 ;
(815)  dpugiposs = 5 hovai g-hevan = —det H[e 211 ].

As an example, consider the case of genus 1. On the Jacobian of the curve
y? = Mz + X3z + Moz + Mz + Ao,

we define the following Kleinian functions: ok (u1) with expansion u; +... and its
second and third logarithmic derivatives —p;; and —g111. By (3.15), and following
the definition (3.13), we obtain

Las Ao A1/2 —2pn
—4@%11 = detH[lzzza] = det )\1/2 4011 7- Ag )\3/2 ;
—2p11 Az/2 A

the determinant expands as

Ads — 4Ash0 A2 + As(A2 — 4Aa)o)
4 + 16 ’

P11 = 4pd1 + dapds + P11

and (3.14) gives
A1z —4hg X0
3 .
These equations show that oy differs by exp (—A2u?/12) from the standard Weier-
strass opw built from the invariants

p1111 = 6ply + Aap11 +

1 1 Ao A4 Xo/6
gQ=A4,\O+EA§—Z,\3,\1 and gz=det | \1/4 X2/6 N3/4
Ao/6 Az/4 g

(see, e.g. [22, 26]).

Further, we find that rank H = 3 at generic points of the Jacobian and
rank H = 2 at half-periods. At u; = 0, where ox has is a zero of order 1,
we have ranko% H = 3.

In the general case, on the basis of (3.15), we prove the following result.

THEOREM 3.3. We have rank H =3 at generic points of Jac(V) and rank H=
2 at the half-periods. rank o?(u)H = 3 at generic points (o) and rank o?(u)H = 0
at the points of (0)sing -

Here (o) C Jac(V') denotes the divisor of zeros of o(u). Further, (0)sing C (o)
is the so-called singular set of (o), i.e., (0)sing is the set of points where o vanishes
and all its first partial derivatives vanish. The set (0)sing is known (see [18] and
references therein) to be a subset of dimension g — 3 in hyperelliptic Jacobians of
g > 3, to be empty for ¢ = 2, and to consist of one point for g = 3. Generally, the
points of (0)sing are presented by {(yi,z1),-.., (Yg—3,Tg-3)} € (V)973.

: P)ROOII: Consider Sylvester’s matrix S = S(H [Hggillg;_g] {9+1,9+2}). By
3.15) we have

S=_4 < Pggilggk  Pggifggl ) and detS =0,
P9958ggk  PagiPggl
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so by (3.12) we see that

1,5,9+1,9+2 g+1,9+2
det H [k,l,g+1,g+2] det H [g+1,g+2]

vanishes identically. Since
1,942
detH[gil,giﬂ = A2g+2(4fgg + A2g) — /\%g+1/4
is not identically 0, we infer that

(3.16) det H [Qi’zﬂ’gﬁ] =0.

Note that this equation is actually (3.11) rewritten in terms of h’s. Now, putting

j =1 =g in (3.16), we see that unless w is such that H [g;gj;};gj:g] becomes

degenerate, or the entries become singular, i.e., u € (¢), we have, for any i, k,

hi.g
g+1,g+271\—1 ’
(8.17) hik = (hig, higs1, higr2) (H[$9719715]) hi,g+1
hk,g+2
This leads to the skeleton decomposition of the matrix H
o g2 ,g+1,g+27\—1 ,g+1,9+2
(3.18) H= H[;,g+l,g+2] (H[Z,Z+1,g+2]) H[sly,?.fl §+2],

which shows that at a generic point of Jac(V) the rank of H equals 3.

Consider the case det H[2911972] = 0. Since by (3.15) we have

9,9+1,9+2] _ 2
det H[g,g+1,y+2] - 49999’

this happens if and only if u is a half-period. Therefore, instead of (3.16) we have

the relations H [Z gi}:gig] = 0 and consequently at a half-period matrix H is

decomposed as
H = H[p s3] (H ) T H ),

and has rank 2.
Next, consider o(u)?H at u € (o). We have

o(u)?hik = 405_105—1 — 20:0%—2 — 20520k,
where o; = (8/0u;)o(u), and, consequently, we obtain the decomposition

0 0 -1 sT
U(u)zHlue(a)=2(31,S2,S3) 0 2 0 st |,

-1 0 0 sT
where 81 = (01,...,04,0,0)T, s2 = (0,01,...,04,0)T, s3 = (0,0,01,...,04)7T.
We infer that rank(c(u)2H) is 3 at generic points of (o), and vanishes only
when oy = --- = 04 =0, i.e., at the points € (0)sing, While no other values are

possible. O
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Conclusion. The correspondence

h:u+— {40'2'—107:—1 - 2UiUk—2 — 20’i—20'k
—0(405-1,k—1 — 2045,k—2 — 20i—2.k)
+ 302 (Bin(A2i—2 + A2k—2)

+ 0k i+1A2i-1 + 5@,k+1>\2k—1)}i‘kzl’m,g”,

induced by (3.13) establishes a meromorphic map of (Jac(V) \ (¢)sing)/=% into the
space Qs of complex symmetric (g + 2) X (g + 2) matrices of rank not greater
than 3.

We give an example of genus 2 with A\g =0 and A5 = 4:

Ao A —2p11 —2p12
i A2+ 4p L\s—2p —2p

3.19 g—| 3M 2 1 523 12 22
(8.19) —2p11 3X3—2p12 Mg+ 4pa 2
—2p12 —2p92 2 0

In this case, (0)sing = {@}, so the Kummer surface in CP? with coordinates

(X0, X1, X2, X3) = (0%, 0%p11,0%p12, 0% p22)

is defined by the equation detc?H =0.
3.2.3. Extended cubic relation. A generalization ([13]) of (3.15) is given by the
following theorem.

THEOREM 3.4.

1 i, k.g+1,9+2
(3.20) RT’]leTr,’L‘.I;cS =1 det (H ,z,ﬁ-;1,g+2] 3) ,

where R,S € C* are arbitrary vectors and

_pggk
$ggi
£g,i,k—1 — £g,i—1,k
Pg—1,i,k—1 — Pg—1,k,i—1 + Pg,k,i—2 — Pg,i,k—2

Tk =

Proor. The vectors 7 = 73, and 7 = 7;; solve the equations

Jk,g+1, g+2 _ ~T 74, k,g+1,9+2] _
Hponselm =0,  #TH[G9i9] =0.

The theorem follows. O

The case of genus 2 was thoroughly studied by Baker ([12]). In this case
91 = (—P222, 0221, —P211, Pln)T, exhausts all the possible g;;x-functions.
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§4. Applications

4.1. Matrix realization of hyperelliptic Kummer varieties. Here we
present the explicit matrix realization (see [14]) of hyperelliptic Jacobians Jac (V)
and Kummer varieties Kum (V') of the curves V with the fixed branching point
eag+2 = a = 0o. Our approach is based on the results of §3.2.

Let us consider the space H of complex symmetric (g + 2) x (g + 2)-matrices
H = {hgs}, with hgt2 942 = 0 and hgyq1,442 = 2. Let us assign to H € H a
symmetric (g x g)-matrix A(H) with entries ax s = det H [';;gii;gig] .

It follows from Sylvester’s identity (3.12) that the rank of the matrix H € H
does not exceed 3 if and only if the rank of the matrix A(H) does not exceed 1.

Let us put KH = {H € H : rank H < 3}. For each complex symmetric (g x g)-
matrix A = {ag s} of rank not greater 1, there exists a g-dimensional column
vector z = z(A), defined up to sign such that A = —4z- 27 .

Let us introduce the vectors hy = {hxs; s=1,...,9} € CY.

LEMMA 4.1. The map
v: KH — (C9/4) x C9 x C9 x Ct,
Y(H) = —(z(A(H)), hgy1,hgy2,hg1 g11)
is a homeomorphism.
PROOF. The claim follows from the relation:

dH=4z-27 +2 (hg4ohl,; +hgiihl o) —hgy1 g1 hgohl o,

where H is the matrix composed of the column vectors hy, £ = 1,...,g, and
z = z(A(H)). O

Let us introduce the 2-sheeted ramified covering #n: JH — KM, which is
induced by the map « from the covering C¢ — (CY9/+).
COROLLARY 4.1.1. 7: JH = C39+!,

Now let us consider the universal space W, of gth symmetric powers of hyper-
elliptic curves

2g
V = {(’y’ :E) € C2 : y2 = 4$29+1 + Z AQg—kaQ_k}
k=0

as an algebraic subvariety in (C2)9 x C**! with coordinates
{((yh 3)1), LERE] (y_m xg)), )‘297 ceey /\O}a
where (C?)9 is gth symmetric power of the space C2. Define the map
A JH = C3*! — (C%)9 x C29+1

in the following way:
o for G = (z,hg41,hgq2,hgy1941) € C¥F! construct the matrix 7(G) =
H = {hy s} € KH using Lemma 4.1;
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e put
MG = {(yk,zx), Ar; k=1,...,9,7=0,...,2g},
where {z1,...,24} is the set of roots of the equation 2z9 + h§+2X =0,
and y, =z X}, and A, = D injmraa i
Here X = (1, zg, - - .,mi_l)T.

THEOREM 4.2. The map X induces a map JH =2 C39t! — W, .
PRrROOF. A direct verification shows that

g+2
XEAX,+4 > by izl =0,
4,j=1

where A = A(H) and H = 7(G). Putting k = s and using A = 4z- 27, we obtain

2g
2 2g+1 z : 2g—s
yk = 4:L‘kg -+ /\gg_sa:kg . D
=0

Now everything is ready to give the description of our realization of the varieties
T9 = Jac(V) and K9 = Kum(V') of hyperelliptic curves.
For each nonsingular curve

2g
V= {(y,x),zf = 42?91 4 3" A2g-sz29-3}

s=0

define the map
v:T9\ (o) = H: y(u) = H = {hy s},

where

his = 4pr—1,5-1 — 2(@s,k—2 + Ps—2,k)
+ 3 [0ks(A2s—2 + Azk—2) + Oks1,s 2k—1 + Ok, s41A25-1] -

THEOREM 4.3. The map «y induces a map T9\(o) — KH such that pgekpges =
sars(yY(w)), i.e., v is lifted to

F:TIN\ (0) = JHEC¥ with 2= (pgg1,---» Pgg)" -

The composition of maps X\y: T9\ (o) — W, defines the inversion of the Abel map
A: (V)9 — T9 and, therefore, the map ¥ is an embedding.

So we have obtained an explicit realization of the Kummer variety 79 \ (¢)/+
of the hyperelliptic curve V' of genus g as a subvariety in the variety of matrices
KH. In particular, as a consequence of Theorem 4.3 we get a new proof of the
theorem by Dubrovin and Novikov about the rationality of the universal space
of the Jacobians of hyperelliptic curves V of genus g with fixed branching point
eag2 = 00 ([27]).
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4.2. Matrix operators satisfying the zero curvature condition and
the generalized shift. The theory of Kleinian functions developed above yields
the explicit description of a family of operators satisfying the zero curvature con-
dition (see Theorem 4.4 below). Further in this subsection, we present a new con-
struction that assigns to this family a parametric family with the same property.
This construction is based on the generalized shift operator approach.

We introduce the family of matrices

_ By, A
= (& %)

where
Ay = 0k g — pgp+1(),
1 8 1 1 62 A2g
B, = -3 B—Ug A = 3 KJgg,k-q-l(u), Cy = -3 gu—g Ap + (2g3gg('u') + T)Ak‘

THEOREM 4.4. Let 8y = 8/0ur. Then the family of matrices {A;} satisfies
the zero curvature condition:

[Ak, Ai] = Ok Ai — 0i Ay, -
PROOF. The required relations are verified directly using identities (3.7) and
(3.8). For example, according to (3.7),
Ok A; — ;AL —2(A;Br — ArB;)

= Pgk,i+1 — Pgi,k+1 — Pgg.k+1(8g,i — Pg,it1) + Pgg,i+1(6g,k — ©g,k+1) = 0.

COROLLARY 4.4.1. Let L(§) = Y ;50 &5 Ar and 0% =37 _, €0, . Then

[L(&1), L(&)] = 8% L(&) — 8% L(&1) -

Note that Theorem 4.4 has a direct geometric interpretation in terms of the
embeddings (constructed in the previous section) of the Jacobians in matrix spaces.
Let us introduce the shift operator D by setting

zG(z) — £G(6)
DﬁG(m) = T’
where the subscript indicates the shifted argument and the superscript indicates
the size of the shift.

LEMMA 4.5. The operator DS defines a commutative generalized shift, i.e., it
satisfies the associativity equation

Dg2DS = D DL

The proof follows immediately from the definition.
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PROPOSITION 4.6. On the space of functions regular at x = 0, the action of
DEG(z) can be expressed as

DiG(z) = > DGl

k>0

where the operators Dy are invariant with respect to the shift D§ and coincide with
those introduced in Definition 2.

Note that Dy = D¥. The action of D can be extended to matrices whose
entries are functions of x and is given by the same formula.
Let us introduce the matrix £(§,z) of the form

£(e,) = DEL() + Gl6,)), where Gl6,2) = | Y(e - €94 (] 0).
i>0
The coefficients of the decomposition of £(£,z) determine the operators Ly(z):
(4.1) L(g )= & Ly(o);
k>0
note that Ly (z) vanishes for k> g.

THEOREM 4.7. For such a matriz L(€,z) and for the vector field

g

;. O
8£=Z§k5u—k

k=1

we have
0% L(E2,x) — 0% L(&1, 2) = [L(é1,2), L(E2, )]
PrOOF. The definition of the generalized shift implies
[£(&1, 1), L(E2, 22)] = DI DE[L(21) + G (61, 21), L(z2) + G(E2, z2))],
8% L(,x2) = DA D0 (L(@2) + G(£2,2)),
0% L(&1,21) = D DF0% (L(21) + G(61,21)).-
Put
F(&1, 21,82, 22) = [L(z1) + G(&1, 71), L(z2) + G(&2, 22)]
— 0% (L(z2) + G(&2, 22)) + 8% (L(z1) + G(é1,21)) -
Then

DS DE2 F (€1, 21, &2, T2)
1
C(z1— &)z — &)

[T122F (€1, 21, &2, T2) — E122F (€1, &1, €2, T2)
— 2162 F (&1, 21, &2, &2) + E162F (61,61, 62,62)] -

Obviously, we have
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LEMMA 4.8.
DS D F (&1, 21, €2, %2) |y —ap=z = 0
if and only if
F(£17€17£2’£2) =0

and at the same time

xF(gha"aéan) - glF(gl)é-l)gZ)m) - §2F(§1,CE,§2,£2) =0.

The proof of the theorem is a direct verification of the assumptions of Lemma
4.8. First, the condition F(&1,&1,&2,&2) = 0 holds by Corollary 4.4.1. The second
assumption of the lemma is equivalent to

> 2{(8% — 8°)(L(z) + G(&, 1)) + [L(z), G(€2, 1))} = O,
where the sum is over all the cyclic permutations of the triples {z,&1,&}. The
matrix elements (4,7) of the functions under the summation sign can be rewritten
in the form
(L1): @ e — ) + @7 (0% - 0%) + (67 - &7 0°)¢
+ (0% — 8°)(g) 07¢y — (1/2)(8% — 8%) 8% pogy;
(1,2): (6% — 351)81(9;
(2,1) 1 (0% = 0%)[(20gg + A2g/4) + (1/2) 040" (pg4)]
+ ((8% — 8%) — (8%pge))[E9 T — E8H + (8% — 0%) (s

(2’ 2) = _(L 1)5
where we have used the relation A; = —0;41(y(u); after summation, we see that
the assumptions of the lemma hold. The theorem is proved. O

COROLLARY 4.8.1. The parametric family of matrices {L;(z)} also satisfies
the zero curvature condition:

[Lk(m),Lz(x)] = 8kL1’(IE) ot 81'Lk(x) .

Thus, applying the generalized shift DS to the generating function L(z) of
the matrix family A,,...,. A, shifted by the gauge summand G(§,z), we obtain
the generating function of the matrix family Lo(z),...,Lg(z) that depends on a
parameter, and the family thus obtained also satisfies the zero curvature condition.

The above result also solves the following problem: for a given family of opera-
tors satisfying the zero curvature condition, construct a generalized shift operator,
which (after a gauge correction) takes this family to a new family satisfying the
same condition for all values of the parameter.

4.3. 'The hyperelliptic ®-function. In this section we construct linear dif-
ferential operators for which the hyperelliptic curve V(y,z) is the spectral variety.

DEFINITION 3. The ®-function of the curve V(y,z) with fixed point a is
®:CxJac(V)xV —C,

O (ug, u; (y,2)) = % exp ( - %yuo + CT(a)u),

where ¢T(a) = (¢i(e),...,{4(c)) and (y,z) €V, u and o= [, du € Jac(V).
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In particular, ®(0,u; (y,)) is the Baker function (see [11, p. 421] and [28]).
The following theorem recovers the fundamental result of finite-gap integration
theory ([29]) in the framework of the Kleinian o-functions.

THEOREM 4.9. The function ® = ®(up, u; (y,x)) solves the Schridinger equa-
tion with the potential 244,

(4.2) (83 — 2pgg) ® = (z + A24/4) @,
with respect to ug for all (y,z) € V.

Proor. From (3.5),
Y+ 0, P(z;u)
2P(z;w) ’
where P(z;u) is given by (2.12). Hence,
920y — (0,P(z;u))? + 2P(xz;u) O P(x; u)
P 4P?(z; u) ’
and by (3.9) and (3.6) we obtain the theorem. O

8,3 =

Let us introduce the vector T = (@, ®,), where @, stands for §,P.

THEOREM 4.10. For every genus g > 1, the vectors ¥ = W(ug,u;(y,z))
satisfy the equations

(43) 8;91! :Lk(l')‘I’, k= 1,...,g,
where Li(z) is defined by (4.1).
The system (4.3) has a solution by Corollary 4.8.1.

PrOOF. According to the results of the previous subsection, the entries of the
matrix Ly(x) have the form

Lo(x)=<1¥% _U{}O), Lk(x)szLo(m)—(pgk 8)

g
; 1
(4.4) Uo=2-) a'7'pg, Vo= —5 99U,

i=1

1 1
Wy = 3 63[]0 + (m + 2pgg + 1 )\29> U .
Note that Uy = P(z;u). On the other hand, (3.5) implies
®; _ (yD; +98;)P(z;w) _ (yD; +9;)Us

P 2P(z; u) 20y ’

so that using the identity
(0;U0) + (85Uo )(D;Uo) — Uo(84(D;U0)) = 0,
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which is valid by (3.7), we obtain
®; =U;0,+ @V}

Differentiating the last equation with respect to u, and expressing ®,, using (4.2),
we conclude that

Byj = — Vg + OWj,
which proves the theorem.

COROLLARY 4.10.1. Let the vector uT = (ui,...,uy) be identified with the
vector (tg,...,ts,t2 =t,t1 = 2). Then the function ® = ®(uo,u; (y,x)) solves the
problem

[(a/oat a/oaz) - (—ZZ((?,?)/AL —Ll(z,t)/02+>\29/8)] <§z> -7 <§z> ’

where U(z,t) = 2pq9 + A2g/4 and subscript means differentiation.

THEOREM 4.11. The function ® = ®(ug,u; (y,z)) solves the system of equa-
tions 1
(Ok01 — i(z, ) Oy + Bra(z,u)) ® = 1 Dy yi(f(z)) @
with polynomials in x

g+2

1 i
Yei(z,u) = 1 [0k Dy + 01.Dg] sz "hgt2,i,
1=1
1 &
Bra(w, w) = 2 [(0g0k + hg+2,) Di+ (8901 + hg2,1) Di] > 2 heya
im1
N k+1 I+1
S (8 ) (8]
G=krl+2 v=1 p=1

forall k,1€0,...,9 and arbitrary (y,x) € V.

The most remarkable aspect of the equations of Theorem 4.11 is the balance
of degrees of the polynomials ~x;, Bk and of the “spectral part”, the umbral
derivative Dyyi(f(z)):

deg, vri(z,u) < g — 1 —min(k,1),
deg, Bri(z,u) < 29 — (k+1),
deg, Di+i(f(z)) =29+1—(k+1).

Here f(z) is as given in (1.1) with Aggye =0 and Aggq1 = 4.

Note that the definition of the functions {h;r} and the help of relations
(3.14)—(3.15) readily yields the following formula, which re-expresses the functions
{hik}ikgg In terms of the basis functions {g;, Pggj, 0gq¢5} and of the constant
)\Qg :

hik = (8pgg + A2g) Pgifgk + 20gi0g,k—1 + 20g,i—10gk
+ @ggilﬂoggk — PgggifPgk — Pgifgggk -

Thus all the coeflicients in the differential equations from Theorem 4.11 are

polynomials in z and in the basis functions {pg;, ©gg5> ©gg95} -
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PrOOF. The construction of the operators L yields
Dy = %(@Uk + 8kUl)‘§g + (ViV, + %(ale + Vi + U W + Wi 1)) @
To prove the theorem, we use (4.3) and notice that (cf. Lemma 4.1):

Dy (Vo) Di(Vo) + 3 Di(Uo) Di(Wo) + 3 Di(Uo) Dr(Wo)

: Ry [l o i,
= —%(detH[gﬂ’gig])(l,x,...,a:9+1 k)H[k’_“)gig](l,m,...,a:9+1 hT,

having in mind the relations hg42 g+2 = 0 and hgi2 411 = 2, we obtain the theorem
from properties of the matrix H . O

As an example of the application of Theorem 4.11, consider the genus 2 case:

(3% — 2@22) = %1(4.’13 + /\4) P,
(4.5) (0201 + %922282 — p22(T + a2 + %)\4) +2012)® = %(4:1:2 + Az + A3) D,
(0} + 12202 — 2p12(2 + P22 + 3A4)) @ = 2(4a® + Xy2® + X3z 4+ A2) B

Now the function ® = ®(ug,u1, us; (y,x)) of the curve
y2 = 4.’175 + )\4.’134 + )\3.’133 + /\2(62 + )\133 + )\0

solves these equations for all z.

Excluding z from the left-hand sides of equations (4.5) one after the other, we
obtain the equivalued system
(4.6)

Aoa® = (05 — 2020) @ = 1(dz + M\4y) @,

AN1o® = (0201 — 9223% + %922282 + p%z —2p12)® = %(4@2 + Mz + A3) 9,
A1 @ = (6% — 2@1233 + p12282 + 2{)22@12)@ = %(4$3 + /\4562 + A3z + )\2) (o3
This example illustrates the general fact that for the systems of equations described

in Theorem 4.11, one can iteratively exclude the dependence on z in their left-hand
sides.

COROLLARY 4.11.1. Calculating the commutators of the triple of operators
Aoz, Ay, Agy, we find

[A12, Aoo] = —2p022A,  [A11, Az = —4p122A,  [A11,A12] = —6p1124,

where

A=0,—05+ (3paz + 1A1)02 + 2222
The operator A is the difference between 01 and the positive part of the formal
fractional power [(L)*/?]; of the operator L = 0% — (2p22 + $4), i.e., it is the A-
operator of the (L, A)-pair of the classical KdV equation with respect to the function
2002 + $As.

This corollary illustrates the following general property of the operators {Ay ;}
obtained by excluding z from the equations of Theorem 4.11: commutation yields
operators from Lax pairs of integrable systems.
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4.4. Solution of KdV system by Kleinian functions. The KdV system
is the infinite hierarchy of differential equations

utk = Xk [Z/[],

for the function U(t1,%2,%3,...). One usually puts t; = z and t; = t. The first
two equations of the hierarchy have the form

U, =U, and Uy, = LUy, — 6UL),

the second being the classical Korteweg—de Vries equation. The higher KdV equa-
tions are given by the relations

X1 [U] = RAG[U],

where R = 162 — (U +¢) — 3U,8;? is the Lenard recursion operator, and c is a
constant.

The KdV hierarchy is a well-known object in the theory of integrable systems,
studied in many papers, beginning with [34].

The theory of Kleinian functions constructed above yields explicit solutions
to the KdV equations so that these solutions directly depend on the canonical
coordinates of the Jacobian of a hyperelliptic curve. Identifying time variables
(t1,t2,...,tg) = (Ug,Ug—1,...,u1) and the constant ¢ = Ay,/12, we have

THEOREM 4.12. The function U = 2pgq(u) + Aog/6 is a g-gap solution of the
KdV system.

PROOF. Indeed, we have U, = 03204, and by (3.6)

U, = 09—12p49 = %(@ggggg — (12049 + A2g) 0ggq) -
The action of R

Og—i-12pgg = [%85 — (204 + %)‘29)]299919—1' = 20g998g,9—i

is verified by (3.6) and (3.7).

On the gth step of recursion, the “times” u; are exhausted and the stationary
equation Xyii[U] = 0 appears. A periodic solution of g + 1 higher stationary
equation is a g-gap potential (see [29]).

4.5. Solution of the Sine-Gordon equation in Kleinian functions.
Consider the following system

2
a— 80(217 22, t) = 2/6 Smﬁo(zh 22y t) - 0“/1(21, 22, t) e{_in(Zl’zz’t)})
T 0 1 . 0
— ) = = {ip(z1,22,8)} _~ t
821 (zla 22, ) 9 /86 8212 SD(Zla 22, )

for the two functions ¢(z1,22,t) and (21, 22,t). For o = 0 this system splits
into two independent equations, the first of which is the well-known Sine-Gordon
(SG) equation in the coordinates of the light cone. In the general case (c # 0) this
system is a weak two-dimensional analog of the SG equation.
The theory of Kleinian functions yields explicit solutions of this system.
Consider the correspondence of coordinates (z1,22,t) — (u1,u2, ug).
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THEOREM 4.13. Let o = X\o/M\1 and B = v/A1. Then the pair of functions
0 = —ilog(2p1,4(u)/vA1) and ¥ = ips 4(u) is 2g-periodic finite-gap solution to
system (4.5) for every genus g > 2.

PROOF. By (3.6)—(3.9) we have

A1 + Ao o
—5— 2,9,
2@1,9 p%,g 7

010glog 1,9 = 21,9 —

which ensures that the first equation in (4.5) holds; the second one is equivalent to
the relation 012,y = O2p1,9 - O

The results of the last subsections demonstrate the possibilities of Kleinian
functions in the contemporary theory of integrable systems. Note that the natural
identification of the independent variables (see Theorems 4.12 and 4.13) with the
canonical coordinates on the Jacobians yields explicit solutions in Kleinian functions
of well-known systems in a form convenient for the study of these solutions and their
applications. This is one of the important incentives for the further development
of the theory of Kleinian functions.

85. Concluding remarks

Several remarkable properties of the Kleinian functions are beyond the scope
of our paper. We give some instructive examples for the case of genus 2 when
ul = (u1,uz):

e The addition theorem

a(ug:_(z; Zg?v; v) = paa(u) p12(v) — p12(w) P22 (v) + p11(v) — p11(u);

o The following expression, which can be interpreted as the Hirota bilinear
relation:

0 0 1

1

gAAT +AT{ 0 —1/2 0 | epnenn ety — (E=n)encere p o(u)o(u) ,
1 0 O w=u

is identically 0, where AT = (A2,2A1A,,A2) with A; = 8/0u; — 0/0u’ and
also egn = (1,n+ &,n€). After evaluation, the powers of parameters 7 and & are
replaced according to the rules n*, &% — A\ k!(6 — k)!/6! by the constants defining
the curve;

e For Kleinian o-functions, the following operation is defined

6

0
O'(’l,bl,UQ) = exp {Z—j Zk)\ka—Akj}O'(ul,O),

k=1

which resembles the function executed by vertex operators.

A reference for these formulas is [12].

Another interesting problem is the reduction of hyperelliptic p-functions to
lower genera. In the case of genus 2, this happens according to the Weierstrass
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theorem when the period matrix 7 can be transformed to the form (see e.g. [11,

24))
T (1711\7 1@[)

where the so-called Picard number N > 1 is a positive integer. The associated
Kummer surface in this case turns out to be the Pliicker surface. Similar reductions
were studied in [30] in order to single out elliptic potentials among the finite gap
ones. Problems of this kind were treated in [31—33] by means of the spectral theory.
We remark that the formalism of Kleinian functions makes the related calculations
much easier and the solution more descriptive.

These and other problems of hyperelliptic Abelian functions will be discussed
in our forthcoming publications.

In the forthcoming papers we intend to develop the following topics:

e For any genus g, to express

o(u+v)o(u—v)
a?(u)o?(v)

as a polynomial in the basis meromorphic functions on the hyperelliptic Jacobian;

e Using the relations between the g-functions and their derivatives obtained
. above, to obtain the differential addition theorem for g = (p1,g, .-, 0qq)T ;

o To continue an in-depth study of the relationship between the theory of gen-
eralized shift operators and algebro-geometric methods in the theory of integrable
systems.

In conclusion we emphasize that the Kleinian construction of the hyperelliptic
Abelian functions complements the theta functional realization; according to the
authors’ experience, the combination of the two approaches makes the whole picture
more complete and descriptive.
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