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I N T R O D U C T I O N 

The theory of Abelian functions was a central topic of the 19th century mathematics . 
In mid-seventies of the last century a new wave of investigation arose in this field 
in response to the discovery that Abelian functions provide solutions to a number of 
challenging problems of modern Theoretical and Mathematical Physics. 

In the cycle of our joint papers with V. Enolski and D. Ley kin we have developed 
a theory of multivariate sigma function, an analogue of the classical Weierstrass sigma 
function. 

Considerable progress in the development of the theory of sigma functions was made 
with the construction of operators annihilating sigma functions and the calculation of 
Lie algebras of such operators (see [1]). In the hyperelliptic case, this calculation is very 
effective (see [2, 3]). 

A number of applications of the theory of multivariate sigma functions have been 
found (see [4-17]) . 

This survey is based on the joint papers with D. Leykin and E. Bunkova. We will 
describe in terms of sigma functions solutions of some important differential equations 
related to the classical heat equations. 

H E A T E Q U A T I O N A N D C H A Z Y E Q U A T I O N 

The elliptic theta function Э is an entire function of z defined by the series 

6 ( Z , T ) = Y,eninh+2Kinz, 
neZ 

where т e С is a parameter with I m x > 0. 
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We need the following properties of the theta function. 

1. This function is quasi periodic in z with respect to the lattice generated by ( l , x ) : 

8 ( z + l , T ) = e(z,T), Q(z + T,T) = e-2ni{z+l2x)Q(z,x). 

2. The theta function satisfies the heat equation 

Ae( Z X ) = J - , | i e ( z , x ) . CD 
Эх 4nidz2 

We also need the function 

9 i ( z ,T ) = eb+*bH)Q f z + L l + X ) ^ = £eI-(»+i)2x+2«i(i.+i)(z+i) j 

V 2 / neZ 

which satisfies the heat equation (1) as well as the quasi periodicity condition 0i(z + 
l ,T ) = -ei(z,x). 

Each elliptic curve whose affine part has the Weierstrass form 

* W 3 ) = {Ы e £ l I У2 = *х*-82Х-8э] 

determines a sigma function o(u,g2,g3). This function is an entire function of и G 
С with parameters (g2ig?>) € C 2 ; it has a series expansion in powers of и over the 
polynomial ring Q[g2,g3] ш the vicinity of и = 0 (see, e.g., [3]). An initial segment 
of the series has the form 

g2u5 6g3u7 gju9 \Sg2g3Un , ( 1 3 v 
о (г/) = м h (и . (2) 

v ; 2 - 5 ! 7! 4 - 8 ! 11! v ; ; 

We need the following properties of the sigma function. 
Set 

Э 1 Э 2 1 9 

Я 0 = - 1, Я 2 = + — g2u2. (4) 
d w 2 d w z 24 

1. The elliptic sigma-function satisfies the system of equations 

Goo = 0, Q2c = 0, (5) 

where Qo = h~H0, Q2 = l 2 - H 2 . 
2. The equation QqO = 0 implies that the function о is homogeneous of degree 1 

in the variables {u,g2,gi) with respect to the grading deg« = 1, degg2 = - 4 , 
degg3 = - 6 . 

3. The discriminant of the elliptic curve V(g2,g3) equals A = g\ — 21g\. Let Б = 
{(82,8з) <E С 2 I A / 0 } ; then the curve V{g2,g3), where (#2,£з) G B, is non degener­
ate. 
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The function с (и) is quasi periodic in и with respect to the lattice generated by 
(2co,2co'): 

a ( « + 2co) = -е2^иШ)о{и), O(m + 2G>') = -e2* (u). 

The parameters со, со', T| and r\f are determined by the relations 

/ dx л , / dx „ fxdx „ , fxdx 
2 c o = 4 > — , 2 c o ' = < £ — , 2ц=-ф—, 2ц' = - ф — , 

J а У Jb У J а У Jb У 

where — and ~ £ form a basis of holomorphic differentials on V(g2.g3) and a and b are 

basis cycles on the curve such that the integrals satisfy the Legendre identity TJCO' — 

© T i f f ­
in this notation, we have 

о ( и , £ 2 , * з ) = \ / ^ 4 = е х р ( 2 ю л г 2 ) в 1 ( 2 ^ ) 5 (6) 
V w V A 

where и = 2coz, со' = сот, and r| = 2 ж о . 

T h e o r e m 1 (uniqueness conditions for the sigma function). 
The entire function 0>(м,#2»£з) is uniquely determined by the conditions 

= 1. 
w=0 

Pro*?/ Consider the series expansion of the sigma function а(и ,#2>£з) m powers of и 
in the form 

а ( и , # , £ з ) = £ у * ( £ 2 , £ з ) и * . 
к 

The conditions of the theorem give us a recursion for the coefficients Ук(§2,8з) as 
polynomials of g2 and # 3 . The explicit form of this recursion see in [3]. • 

The vector fields lo,h are tangent to the discriminant variety 

{ ( g 2 , g 3 ) e C 2 | A ( g 2 , g 3 ) = 0} 

(see, e.g., [18]) because 

/ 0 А = 1 2 Л , / 2 А = 0. 

Let (#2(0>£з(0) be the integral curve of the field 

on B. Then along the curve (#2(0>£з(0) w e n a v e 

0 - (Y60 + Qi)v = (y/o + /2)0 + ( - у и Э и + у - ^ - g „ 2 ) o . 
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Therefore 

- о = - Э 2 о + у ( г ) " Э „ о + g u 2 a - y ( / ) o . 

and 
1 ? 

82 = 4yg2 + 6g3, £3 = 6y^3 + ^ ( 7 ) 

Let y(f) be a solution of the Chazy equation (the theory of this equation see e.g. 
in [19]). 

T(0 = 12y(0Y(0-18? (0 2 - (8) 
L e m m a 1. The system (7) has the solution 

g2(0 = 12y( r ) 2 - 12y(r), £3(0 - 12y(0Y(0 - 2y(0 - 8 y ( r ) 3 . 

Set 

a( i i ,g 2 (O^3 (O) = ^ M 0(«,Oi W 

where s(i«,f) = - | ^ £ и 2 + *(0 and &(r) = — | y ( r ) . 

L e m m a 2. о (м, #2>£з) ^ ^ sigma function with parameters CO, со', Г], awd Г)'. 
77?еи f/?£ function ф ) defined by (9), satisfies the periodicity condition ф (и + 2(0,0 = 
- ф ( м , 0 (f^wd owfy (fy(0 = -4(DT|. 

Р г о я / We have 

а ( и + 2ю) = - e 2 T l ( ^ w ) o ( W ) = - ^ ^ ^ ( и ) . 

On the other hand 

о ( м + 2ш) - И " + 2 ш - г ) ф ( " + 2со) = - ^ м + 2 ( 0 ^ ф ( М ) . 

Therefore, — ̂ ( м + ю) = 2 T | ( M + G)) and у = - 4 c o r | . • 

T h e o r e m 2. The function ф (м,г) defined by (9), w solution of the heat equation 

= (70) 

if an only ify(t) is a solution of the Chazy equation (8). 

E x a m p l e (a nonquasipereodic solution ф (u,t) to equation (10), defined by (9)). 
Set §2 = p4g2, §ъ = р 6 £ з , P = 2(0 and u = pz. 

Then a constant solution y(r) = P , P / 0, of the Chazy equation (8) gives £2(0 = 
4 8 p 2 , #з(0 = - 6 4 P 3 , and r(t) = - 3 P f + r 0 . In this case, the curve V degenerates 
(A = 0), and we have 

ф ( г , 0 = ^ " Г 0 ^ ^ ( г , 4 8 р 2 , - 6 4 р 3 ) . 
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Set (pi(f) = е3^~Г(\ q>2(z) = ^ ^ 2 o ( < : , 4 8 ( 3 2 , - 6 4 p 3 ) . Equation (10) takes the form 

Ф1Ф2 = \ Ф1Ф2 • This equation is equivalent to the system 

*1 = 1 K . < = K . 
Ф1 2 ф 2 

We obtain к = 6(3 and 92(2) = c\elz + C2e~Xz, where >i2 = 6(3. It follows from the 
conditions o ( 0 ) = 0 and o ' ( 0 ) = 1 that 

a ^ х 4 , ~ Х б ) = _ 1 , з / 2 ^ - ( i / 6 ) ( ^ - 3 ) ^ _ , - ( i / 6 ) ( ^ + 3 ) ^ 

In his study of third order ordinary differential equations having the Painleve property, 
Chazy (1911) was led to the remarkable family of equations 

Ухх = 2yyxx-3y2 + a{6yx-y2)2 

He showed that when a = 0 or a = * ,2 where 6 < k G N, then the nontrivial solutions 
3D—кг 

у = f[x) to this equations have a movable circular natural boundary. 
The Chazy equation also arises as a reduction of the stationary, incompressible Prandtl 

boundary layer equations 

The Chazy equation is a reduction of the self-dual Yang-Mil ls equations when the Y a n g -
Mills potentials take values in the infinite-dimensional Lie algebra sDiff(SI/(2)) of all 
"divergence-free" vector fields on SI / (2) (see details in [19]). 

The problem of differentiation of elliptic functions over parameters со, со' was solved 
by Frobenius and Stickelberger (1882). An affine connection on the modular curve, 
named the FS-connection, was introduced in terms of basic operators giving this dif­
ferentiation. The coefficient of this connection satisfies the Chazy equation. Solutions of 
the Chazy equation are used to construct Frobenius structures (see [20] for details). 

Weierstrass (1894) found the operators /0, h considered above solving the problem of 
differentiation of elliptic functions over parameters gi, 8з- See above how solutions of 
the Chazy equation appear in this case. 

Our works are devoted to the construction of operators of differentiation of Abelian 
functions of higher genus over parameters (see [21]) and their applications to the con­
struction of an analogues of the FS connection (see [22]). 

T W O - D I M E N S I O N A L C H A Z Y T Y P E E Q U A T I O N S 

The theta function 0 (z ,x) of genus 2 is an entire function of z = (z\ , £ з ) т determined by 
the series 

6 ( z , x ) = £ e n i n x n + 2 n i n z , 
neZ 2 

50 



where x = ^ '^J is a symmetric matrix, Xjj G C, and I m x is a positive definite 

matrix. We need the following properties of the two-dimensional theta function. 

1. This function is quasi periodic in z with respect to the lattice generated by (l2,t)'-

e(z + m , x ) = 9 ( z , x ) , 9 ( z + i m , x ) = ^ 7 l / m T x m - 2 7 l / m T z e ( z , T ) , 
where m G Z 2 and I2 is the identity (2 x 2) matrix. 

2. The function 0 (z .x) satisfies the system of equations 

v T e(z .T) = ^ v : v J e ( z , x ) , ( I D 

where 

\ 2 Э т 1 1 3 Эт3,з / \ a z 3 

The function Э [e](z,x) is defined by the series 

0 [ e ] ( z , T ) = £ ^я/(п+е /) тх(п+8 ,)+2я/(п+е /) т(г+е) 

neZ 2 

and satisfies system (11). Here, £ = (e,e') G ^ Z 2 x \l? is the vector of half-integer 
characteristics. 

Any hyperelliptic curve with affine part of the form 

V\ = {(*,У) £C2\y2=x5 + X4x3 + Хьх2 + X8x + } 

determines a sigma function о ( и Д ) (see [23]). This function is an entire function of 
u = ( « ь « з ) т G C 2 with parameters X = (X4.Xe.Xs Д ю ) т G С 4 ; it has a series expansion 
in powers of u over the polynomial ring ( Щ ^ Д б Л з Л ю ] in the vicinity of u = 0. The 
initial segment of the series has the form 

а ( и Д ) = щ - \ u\ + \ h"l - X4U1U3 - \ Хьи\и\-

3 о 12 о 

- I Xsu]u] - l- X i m 4 + ^ 8 + ^ ^ 6 2 ) «3 + ( » 7 ) - (12) 

Here and in what follows, (u*) denotes the ideal generated by the monomials u\uJ

3 with 
i + j = k. The sigma function is odd with respect to u. 

We set V , = ( g | - дЭ- fa j - ) T , V„ = ( £ ' , and F = ( J ° ) . Let fiy 

denote the (2 x 2) matrix in which the position is occupied by 1 and all the other 
entries are zero. We need the following properties of the two-dimensional sigma function 
(see [23], [3] for details). 

1. The following system of equations holds: 

Qi<5=0, where & = / , - - Я / , / = 0 , 2 , 4 , 6 , (13) 
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/ 4Х4 

\ЮХ , о 

(/о h h к) 

10А.Ю — 5Я.4А.6 
-iX^X^ 6X4X10 

8Х 8 

5 ^6^8 

u T F V H •3, 

ЮЛ. ш 

6X4X10 — jX6>-8 

(И) 

(15) 

Нг=1- V j £ u V„ + u T (5 2 V„ + ^ u T y 2 u - 8 2 , 

#4 = v « £ i , 3 V „ + u T p 4 V „ + ^u T Y 4 u - 84, 

H6 = X- V , } £ 3 3 V „ + iTp 6 V M + i u T y 6 u - S 6 . 

V 0 -ixl + 3Xs)' 1 4 V ̂  -Ix^ + exw)' 

2. The equation <2о^ = 0 implies that the function о is homogeneous of degree 3 
in variables (11Д) with respect to the grading degw; = /, i = 1 ,3 , degA, 7 = —j, 
7 = 4 ,6 ,8 ,10 . 

3. The discriminant A of the curve Vx equals ^ d e t 7 \ Let Б = {X G C 4|A(>c) ^ 0 } . 
Then the curve , where X e Б, is non degenerate. 
The matrices of the parameters со, со', Г| and r ) ' are determined by the relations 
(see [23, pp. 8-9]) 

2(0= ( f diij J , 2co' = ( f duj J 

\Jat У /-7=1,3 \ Д /1,7=1,3 

Ч-Ч /ij=l,3 Ч^Ь, / i,7=l,3 

where dwi = ^ , </w3 = rfn = and </r3 = ( 3 ^ + M ^ f o r m a basis of 
holomorphic differentials on and cii and are basis cycles on the curve chosen 
so as to satisfy the Legendre identity 

/со co ' \ (0 -lg\f(0 (o'\T (0 -\Л_ти 
{4 л 7 1 Л 0 Д л л 7 V1* 0 / 2 " 
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The Legendre identity is equivalent to the existence of symmetric matrices x and 
x such that со' = cox, r| = 2жо, and r | ' = 2 ж о ' - у ( с о 7 ) " 1 . In this notation, we 
have 

° ( и Д ) = 7 Щ Щ Щ е х р ( г Т ( 2 ю ) Т 1 1 2 ) в [ ё 1 ( 2 ' т ) ' ( 1 6 ) 

where u = (2co)z and ё is the vector of half-integer characteristics corresponding 
to the vector of Riemann constants. 

4. The function о ( и Д ) is quasi periodic in u with respect to the lattice generated by 
the (2 x 4) matrix of periods (2co,2co'). 
Set Q i ( m , m ' ) com + co'm' and ^ ( i r ^ m ' ) = r i m + r i W , where m , m ' e Z 2 . 
Then 

о ( u + 2 0 i ( m , m ' ) A ) 

= exp J2nJ(m,mO(u+Qi(m,m'))+2n/^ 

In particular, for m ' = 0, we obtain 

о (u + 2com, X) — exp j 2m r | T (u + com) +2я i m T e ; | о (u Д ) . 

T h e o r e m 3 (uniqueness conditions for the two-dimensional sigma function). 
The entire function о ( и Д ) is uniquely determined by the system of equations (13) with 
the initial condition o ( u , 0 ) = «3 — ^u\. 

The linear recursion equations for the coefficients of the series expansion of о ( и Д ) 
see in [3]. 

The vector fields I0J2J4J6 a r e tangent to the discriminant variety 

{(X)eC4\A(X) = 0} 

because 
/ 0 A = 40A, / 2 A = 0, / 4 A = 12А4Д, / 6 A = 4A^A. 

We have 

[hM = 2/2, [h,k] = 4/4, [/оЛ] = 6/ 6, [/2,/4] = ^ 6 / o - ^ 4 / 2 + 2/6, 

4 4 6 6 
[h, k] = -А^/о —-A4/4, [/4, k] — —2X\olo-\--X8l2 — -XeU + 2X4le. 

Consider the integral curve X(t) = (X4(t),Xe(t),X$(t)Дю(0) °f t n e v e c t ° r field 

y(t)lo + /4. Then along the curve X (t) we have 

- = y ( ? ) / 0 + / 4 
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and 

A 4 = 4y(r )A 4 + 8A 8 

54 

Хв = 6y(t)Xe + 10A 1 0 - ^ a 4 a 6 

A 8 = 8y(f)A 8 + 4A 4 A 8 - у A6

2 

А.Ю = 1Оу(0^ю + 6 А 4 А Ш - ^ A , 8 

We obtain 

— о - Э И 1 Э и з с + luG + V(i/,f )o - £ ( r ) a , 

where / м = ( 3 y + A 4 ) w i d M l + ( у и з - f Э „ 3 , V(n,f) = 3 ( А ^ о - ^ А Д ^ " i + A 8 H I W 3 

-^X6uj and = 3y + A 4 . 
Set 

о(и,А(0) = ^ ( и -°Ф(и,0 , 

where s(u,t) = | А б « 2 — y(0"i"3 + КО and A 4 = —2y. 

Theorem 4. The function ф (u,/) w я solution of the equation 

Хз,з(0 = - ^ ; Хзл(0 = А 8 + у ( г ) - у ( г ) 2 ; xi,i(0 = | ( - ^ + 4у(0Аб + 5 А 1 0 ) ; 

andx(t) = - 2 y ( f ) - r ( f ) . 

Here is an additional function. If r(r) = 0, then x(f) = —2y(f). Thus we obtain for A/: 

A 8 = - i y ( 0 + y ( 0 2 ; = - ^ s ; A 1 0 = ^ A 6 - § y(>)A6. 

Theorem 5. 77? e function y(t) is a solution of the equation y{t) — 4 y ( r ) 2 = const if 
A 8 ( r ) = 0, and a solution of the equation 

(p(r) + 130y(0) (p(0 + 42y(0) + iop(0 = 0. 

if Xs(t)^0, where p(t) = 5v(t)-\22y(t), v(*) = fjj}, e ( r ) = A.8. 

If X 6 = 0 we have Х ю = 0. Then Д = 2 1 6 • 5^. 8

3(4>. 8 - k 4

2 ) 2 . Thus if A.8 + 0 and 4\s ф\~ 
then our curve is non singular. 
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Let X6 = 0 then X\0 = 0 Д 4 = - 2 y ( 7 ) and - | y (0 + Y(02 = ^ 8 = « и м / . In this case 

х з . з ( 0 = 0 ; », i (0 = ^(0; Xu(0 = 0; т(0 = -2y(t)-r(t). 

Corollary 1. Lef X8(0 = я 2 = const, X\0{t) = X6(0 = 0 and X,4(f) = - 2 y ( f ) , where 

l+ce8at 

Sef r(r) = —2y(f). 77?£w /7?£ equation 

has a solution 

ф(и,г) = е 1 г ( ' ) ' " " 3 - г < ' ) о (u,X(0). 
In the case я = ib, b G К , с = — 1 we have kg(t) = —b2 = const, 

\ - е ш 

T+? 
and r(t) = 5 lncos(4&?) + c j . Then the equation is 

Y ( 0 = » r 7 l 8 * = f r , 8 ( 4 t o ) . 

Э л Э 2 ф , / V 
Ф = ^ - ^ + 3 7 7 7 T T И1«зф. 3f Э щ д м з \ c o s ( 4 b / ) 

In the case a G К , с = — 1 we have kg(t) = a2 = const, 

1 - eSa' 

and r(t) = \ In (сп(4яг)) + c 2 - Then the equation is 

~ 3 f u/̂  . Ч ^ WIM 3 ( | ) . 

M i . i B i . 3 \ 
U3.1 A3.3 / ' U3 .1 

dt duidui \ch(4<7f) 
Let A • В denote the tensor product of matrices A and B\ i.e., 

ALlB A{3B\ 
АЗЛВ АЪ,ЪВ)' 

We set 

\En E22) \ E n E22)' 

where as above, is the (2 x 2) matrix with 1 at the position (ij) and 0 at the other 
positions. 

Remark. The matrix К is a commutat ion (2 x 2) matrix; i.e., for any two (2 x 2) 
matrices Л and we have K(AB)K = (B-A). 
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Let t be a (2 x 2) matrix, and let t = ^ x . We set 

э l э ^ 
ЭГХД 2 Э Г К З 

1 э э 
2ЭГ1;3 Э/З,З , 

Then V, = 27iiV T . 

Theorem 6. If a function cp(z,f) /5 related to о ( и Д ) by /7?e substitution 

p 3 9 ( z , 0 = e z T G z - r o ( u A ) , 

A1.1 A I J \ 

A31 А3.3Г G = ^ 1 . 1 <-П,3 

^ 1 , 3 ^ з , з 7 ' 
P 0 
О p 3 

detA - 1, A,-,; = A,-j(0, <Яу = ^ i j (0 . r = КО, = P 

яга/ satisfies the system of equations 

V , 9 ( z , 0 = ^V zv7<p(M), 

A,/ = p'A,/, A, яга/ G satisfy the system of equations 

Vtlj=ATMjA + ^XjG1 

(VrA) = (l2-A)(K + N)(l2-G)--(G-FA) + (A.\2)lS{A.A)i 

( V , • G ) = ( 1 2 • G)(K + N)(12 • G ) + ^ ( A • A ) T P ( A - A ) , 

and the formula 

V , r : G + A Я А 

Mj = pjR 
T2J \ T4J t r (p 2 ) £ t r (p 4 ; 

i TR(p 4) tr(fc) 
7?. 

^ Ц Г ^ P2T №\ 1 Лг(Р 2 ) I T T ( P 4 ) \ I . . 

S - ( R R ) [ Ц Р Т p T j - ^ I ^ ) t r ( p 6 ) J •* ] (* •* ) 

f = - 5 ( f i ' s ) ( b 

K = R 
3 ^ t r ( p 2 ) I t r ( p 4 ) 

I t r ( p 4 ) t r (p 6 

5 2 ^ 5 4 

2 0 4 

r/ie matrices T, P„ яга/ у* яга/ quantities 5; яге defined in (14) and (15). 
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The following result is similar to Lemma 2: 

Lemma 3. Letc(u,X) be the sigma function with matrix parameters со, со', Г), and r\f. 
Then the function cp(z,f), defined by (17) with 2co = RA satisfies the quasi periodicity 
condition cp(z + m ,f) = e 2 n i m £ ' (p(z , f ) , where t = = ^ c o W , if and only if 
G = - 2 c o T r | = - ( 2 c o ) T x ( 2 c o ) . 

The rational limit of the sigma function in genus g is a polynomial in the variables u. 
Such polynomials have remarkable properties (see [24]) inherited from the function 
o ( u A ) , although they correspond to the case X = 0. 

In the case of genus 2, Xi = 0 for i = 4 , 6 , 8 , 1 0 in the rational limit. Thus, S2 = 
—£1.3, S4 = Sb = 0, у,- = 0, tr(p;) = 0, and 7}j = 0, and the formulas from Theorem 
6 take the form 

VrA = -l-(G-FA) + (l2-A)(K + N)(l2-G)-(AT • l2)(Ehl • EiA)(A-A), 

VrG=(\2-G)(K + N)(\2-G). 

We set g(r) = со + tr(^rf) + C2detf, where co ; c2, and ^ = are parameters 

independent of t. 

Theorem 7. A general solution of the equation 

VrG = (\2-G)(K + N)(l2-G) 

has the form 

G=~V,]ng(t), 

where the parameters of the function g(t) are related by 

C O Q = de tg . 

Let ci ф 0, then g(t) = det(m + ш), where a 2 = c2, am' = q, de tm = со, and m' is 
adjoint matrix for m. 

Corollary 2. In this case 

G = — - a ( m + < x f ) - 1 . 
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I N T R O D U C T I O N 

The theory of Abelian functions was a central topic of the 19th century mathematics . 
In mid-seventies of the last century a new wave of investigation arose in this field 
in response to the discovery that Abelian functions provide solutions to a number of 
challenging problems of modern Theoretical and Mathematical Physics. 

In the cycle of our joint papers with V. Enolski and D. Ley kin we have developed 
a theory of multivariate sigma function, an analogue of the classical Weierstrass sigma 
function. 

Considerable progress in the development of the theory of sigma functions was made 
with the construction of operators annihilating sigma functions and the calculation of 
Lie algebras of such operators (see [1]). In the hyperelliptic case, this calculation is very 
effective (see [2, 3]). 

A number of applications of the theory of multivariate sigma functions have been 
found (see [4-17]) . 

This survey is based on the joint papers with D. Leykin and E. Bunkova. We will 
describe in terms of sigma functions solutions of some important differential equations 
related to the classical heat equations. 

H E A T E Q U A T I O N A N D C H A Z Y E Q U A T I O N 

The elliptic theta function Э is an entire function of z defined by the series 

6 ( Z , T ) = Y,eninh+2Kinz, 
neZ 

where т e С is a parameter with I m x > 0. 

CPl 191, Geometric Methods in Physics—Proceedings of the XXVIII Workshop on Geometric Methods in Physics 
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We need the following properties of the theta function. 

1. This function is quasi periodic in z with respect to the lattice generated by ( l , x ) : 

8 ( z + l , T ) = e(z,T), Q(z + T,T) = e-2ni{z+l2x)Q(z,x). 

2. The theta function satisfies the heat equation 

Ae( Z X ) = J - , | i e ( z , x ) . CD 
Эх 4nidz2 

We also need the function 

9i(z ,T) = eb+*bH)Q fz+Ll+X)^ = £ eI-(»+i)2x+2«i(i.+i)(z+i) j 

V 2 / neZ 

which satisfies the heat equation (1) as well as the quasi periodicity condition 0i(z + 
l ,T ) = -ei(z,x). 

Each elliptic curve whose affine part has the Weierstrass form 

* W 3 ) = { Ы e £ l I У2 = *х*-82Х-8э] 

determines a sigma function o(u,g2,g3). This function is an entire function of и G 
С with parameters (g2ig?>) € C 2 ; it has a series expansion in powers of и over the 
polynomial ring Q[g2,g3] ш the vicinity of и = 0 (see, e.g., [3]). An initial segment 
of the series has the form 

g2u5 6g3u7 gju9 \Sg2g3Un , ( 1 3 v 
о (г/) = м h (и . (2) 

v ; 2 - 5 ! 7! 4 - 8 ! 11! v ; ; 

We need the following properties of the sigma function. 
Set 

Э 1 Э 2 1 9 

Я 0 = - 1, Я 2 = + — g2u2. (4) 
d w 2 d w z 24 

1. The elliptic sigma-function satisfies the system of equations 

Goo = 0, Q2c = 0, (5) 

where Qo = h~H0, Q2 = l2-H2. 
2. The equation QqO = 0 implies that the function о is homogeneous of degree 1 

in the variables {u,g2,gi) with respect to the grading deg« = 1, degg2 = - 4 , 
degg3 = - 6 . 

3. The discriminant of the elliptic curve V(g2,g3) equals A = g\ — 21g\. Let Б = 
{(82,8з) <E С 2 I A / 0 } ; then the curve V{g2,g3), where (#2,£з) G B, is non degener­
ate. 
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The function с (и) is quasi periodic in и with respect to the lattice generated by 
(2co,2co'): 

a ( « + 2co) = -е2^иШ)о{и), O ( M + 2G>') = -e2* (u). 

The parameters со, со', T| and r\f are determined by the relations 

/ dx л , / dx „ fxdx „ , fxdx 
2 c o = 4 > — , 2 c o ' = < £ — , 2ц=-ф—, 2г\' = - ф — , 

J а У Jb У J а У Jb У 

where — and ~ £ form a basis of holomorphic differentials on V(g2.g3) and a and b are 

basis cycles on the curve such that the integrals satisfy the Legendre identity TJCO' — 

© T i f f ­
in this notation, we have 

о ( и , £ 2 , * з ) = \ / ^ 4 = е х р ( 2 ю л г 2 ) в 1 ( 2 ^ ) 5 (6) 
V w V A 

where и = 2coz, со' = сот, and r| = 2 ж о . 

T h e o r e m 1 (uniqueness conditions for the sigma function). 
The entire function 0>(м,#2»£з) и uniquely determined by the conditions 

( ^ а ( « , £ 2 , £ з ) = 1. 
w=0 

Pro*?/ Consider the series expansion of the sigma function а (и , #2>£ з ) m powers of и 
in the form 

а ( и , # , £ з ) = £у*(£2 ,£з )и* . 
к 

The conditions of the theorem give us a recursion for the coefficients Ук(§2,8з) as 
polynomials of g2 and #3. The explicit form of this recursion see in [3]. • 

The vector fields lo,h are tangent to the discriminant variety 

{ ( g 2 , g 3 ) e C 2 | A ( g 2 , g 3 ) = 0} 

(see, e.g., [18]) because 

/ 0 Д = 1 2 Д , / 2 Д = 0. 

Let (#2(0>£з(0) be the integral curve of the field 

on B. Then along the curve (#2(0>£з(0) w e n a v e 

0 - (Y60 + Qi)v = (y/o + /2)0 + ( - у и Э и + у - ^ - g M

2 ) c . 
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Therefore 

- о = -d;a+y(t)udua + g u 2 a - y ( / ) o . 

and 
1 ? 

82 = 4yg2 + 6g3, 83 = 6Y^3 + ^ ( 7 ) 

Let y(f) be a solution of the Chazy equation (the theory of this equation see e.g. 
in [19]). 

T(0 = 12y(0Y(0-18? (0 2 - (8) 
Lemma 1 . The system (7) has the solution 

g2(0 = 12y( r ) 2 - 12y(r), £3(0 - 12y(0Y(0 - 2y(0 - 8 y ( r ) 3 . 

Set 

a( i i ,g 2 (O^3(O) = ^ M 0(«,Oi W 

where s(i«,f) = - ^ 1 к 2 + Ь(г) and &(r) = — | y ( r ) . 

Lemma 2. о (м, #2>£з) ^ ^ sigma function with parameters CO, со', Г), я т / Г ) ' . 
77?еи f/?£ function ф (и, f) defined by (9), satisfies the periodicity condition ф (и + 2co,f) = 
- ф ( м , 0 i/awrf owty (fy(0 = -4сот | . 

Р г о я / We have 

o ( « + 2co) = - e 2 T l ( ^ w ) o ( W ) = - e 2 ^ u + ^ e s { l U ^ ( u ) . 

On the other hand 

о ( и + 2©) - И " + 2 ш - г ) ф ( " + 2со) = _ ^ ( " + 2 < м ) ф ( м ) . 

Therefore, — ^ ( M + OD) = 2г | (и + а)) and у = - 4 c o r | . • 

Theorem 2. The function ф (м,г) defined by (9), w solution of the heat equation 

= (70) 

if an only ify(t) is a solution of the Chazy equation (8). 

Example (a nonquasipereodic solution ф (u,t) to equation (10), defined by (9)). 
Set g2 = p4g2, 83 = Р 6 £ з , P = 2(0 and и = pz. 

Then a constant solution y(t) = P , P ф 0, of the Chazy equation (8) gives g2(t) = 
4 8 p 2 , ^ ( f ) = - 6 4 P 3 , and r(f) = - 3 P f + r 0 . In this case, the curve V degenerates 
(A = 0), and we have 

ф ( г , 0 = ^ " Г 0 ^ ^ ( г , 4 8 р 2 , - 6 4 р 3 ) . 
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Set (pi(f) = е3^~Г(\ q>2(z) = ^ ^ 2 o ( < : , 4 8 ( 3 2 , - 6 4 p 3 ) . Equation (10) takes the form 
Ф1Ф2 = \ Ф1Ф2 • This equation is equivalent to the system 

* 1 = 1 K . < = K . 
Ф1 2 ф 2 

We obtain к = 6(3 and 92(2) = c\elz + C2e~Xz, where >i 2 = 6(3. It follows from the 
conditions o ( 0 ) = 0 and o ' ( 0 ) = 1 that 

a ^ х 4 , ~ Х б ) = _ 1 , з / 2 ^ - ( i / 6 ) ( ^ - 3 ) ^ _ , - ( i / 6 ) ( ^ + 3 ) ^ 

In his study of third order ordinary differential equations having the Painleve property, 
Chazy (1911) was led to the remarkable family of equations 

Ухх = 2yyxx-3y2 + a{6yx-y2)2 

He showed that when a = 0 or a = * ,2 where 6 < k G N, then the nontrivial solutions 
3D—кг 

у = f[x) to this equations have a movable circular natural boundary. 
The Chazy equation also arises as a reduction of the stationary, incompressible Prandtl 

boundary layer equations 

The Chazy equation is a reduction of the self-dual Yang-Mil ls equations when the Y a n g -
Mills potentials take values in the infinite-dimensional Lie algebra sDiff(SI/(2)) of all 
"divergence-free" vector fields on SI / (2) (see details in [19]). 

The problem of differentiation of elliptic functions over parameters со, со7 was solved 
by Frobenius and Stickelberger (1882). An affine connection on the modular curve, 
named the FS-connection, was introduced in terms of basic operators giving this dif­
ferentiation. The coefficient of this connection satisfies the Chazy equation. Solutions of 
the Chazy equation are used to construct Frobenius structures (see [20] for details). 

Weierstrass (1894) found the operators /0, /2 considered above solving the problem of 
differentiation of elliptic functions over parameters gi, 8з- See above how solutions of 
the Chazy equation appear in this case. 

Our works are devoted to the construction of operators of differentiation of Abelian 
functions of higher genus over parameters (see [21]) and their applications to the con­
struction of an analogues of the FS connection (see [22]). 

T W O - D I M E N S I O N A L C H A Z Y T Y P E E Q U A T I O N S 

The theta function 0 (z ,x) of genus 2 is an entire function of z = (z\ , £ з ) т determined by 
the series 

6 ( z , x ) = £ e n i n x n + 2 n i n z , 
neZ 2 

50 



where x = ^ '̂ J is a symmetric matrix, Xjj G C, and I m x is a positive definite 

matrix. We need the following properties of the two-dimensional theta function. 

1. This function is quasi periodic in z with respect to the lattice generated by (l2,t)'-

e(z + m , x ) = 9 ( z , x ) , 9 ( z + i m , x ) = ^ 7 l / m T x m - 2 7 l / m T z e ( z , T ) , 
where m G Z 2 and I2 is the identity (2 x 2) matrix. 

2. The function 0 (z .x) satisfies the system of equations 

v T e(z .T) = ^ v : v J e ( z , x ) , ( I D 

where 

\ 2 Э т 1 1 3 Эт3,з / \ a z 3 

The function Э [e](z,x) is defined by the series 

0 [ e ] ( z , T ) = £ ^я/(п+е/)тх(п+8,)+2я/(п+е/)т(г+е) 
neZ 2 

and satisfies system (11). Here, £ = (e,e') G ^ Z 2 x \l? is the vector of half-integer 
characteristics. 

Any hyperelliptic curve with afflne part of the form 

V\ = {(*,У) £C2\y2=x5 + X4x3 + Хьх2 + X8x + } 

determines a sigma function о ( и Д ) (see [23]). This function is an entire function of 
u = ( « ь « з ) т G C 2 with parameters X = (X4.Xe.Xs Д ю ) т G С 4 ; it has a series expansion 
in powers of u over the polynomial ring ( Щ ^ Д б Л з Л ю ] in the vicinity of u = 0. The 
initial segment of the series has the form 

а ( и Д ) = щ - \ u\ + \ h"l - X4U1U3 - \ Хьи\и\-

3 о 12 о 

- I Xsu]u] - l- X i m 4 + ^ 8 + ^ ^ 6 2 ) «3 + ( » 7 ) - (12) 

Here and in what follows, (u*) denotes the ideal generated by the monomials u\uJ

3 with 
i + j = k. The sigma function is odd with respect to u. 

We set V , = ( g | - дЭ- fa j - ) T , V„ = ( £ ' , and F = (J ° ) . Let fiy 

denote the (2 x 2) matrix in which the position is occupied by 1 and all the other 
entries are zero. We need the following properties of the two-dimensional sigma function 
(see [23], [3] for details). 

1. The following system of equations holds: 

Qi<5=0, where & = / , - - Я / , / = 0 , 2 , 4 , 6 , (13) 
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/ 4Х4 

\ Ю Х , о 

(/о h h к) 

10А.Ю — 5Я.4А.6 

-iX^X^ 6X4X10 

8Х 8 

5 ^ 6 ^ 8 

u T F V H • 3 , 

ЮЛ. ш 

6 X 4 X 1 0 — jX6>-8 

( И ) 

( 1 5 ) 

Нг=1- V j £ u V„ + u T (5 2 V„ + ^ u T y 2 u - 8 2 , 

# 4 = V , } £ i . 3 V u + u T p 4 V u + ^u T Y 4 u - 8 4 , 

H6 = X- V j £ 3 ] 3 V „ + iTp 6 V M + i u T y 6 u - S 6 . 

V 0 -ixl + 3Xs)' 1 4 V ̂  - I x ^ + exw)' 

2. The equation <2о^ = 0 implies that the function о is homogeneous of degree 3 
in variables ( 1 1 Д ) with respect to the grading degw; = /, i = 1,3, degA, 7 = —j, 
7 = 4 , 6 , 8 , 1 0 . 

3. The discriminant A of the curve Vx equals ^ d e t 7 \ Let Б = {X G C4|A(?c) ^ 0 } . 
Then the curve , where X e Б, is non degenerate. 
The matrices of the parameters со, со', Г| and r ) ' are determined by the relations 
(see [23, pp. 8-9]) 

2(0= ( f diij J , 2co' = ( f duj J 

\Jat У /-7=1,3 \ Д /1,7=1,3 

Ч-Ч / i j = l , 3 Ч^Ь, / i,7=l,3 

where dwi = ^ , </w3 = rfn = and </r3 = ( 3 ^ + M ^ f o r m a basis of 
holomorphic differentials on and cii and are basis cycles on the curve chosen 
so as to satisfy the Legendre identity 

/со co ' \ (0 -lg\f(0 (o'\T (0 -\Л_ти 
[r\ 4'){lg 0 )[r\ 4') \ \ g 0 J ' 2' 
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The Legendre identity is equivalent to the existence of symmetric matrices x and 
x such that со' = cox, r\ = 2жо, and r\f = 2x0)' - у ( с о 7 ) " 1 . In this notation, we 
have 

° ( и Д ) = 7 Щ Щ Щ е х р ( г Т ( 2 ю ) Т 1 1 2 ) в [ ё 1 ( 2 ' т ) ' ( 1 6 ) 

where u = (2co)z and ё is the vector of half-integer characteristics corresponding 
to the vector of Riemann constants. 

4. The function о ( и Д ) is quasi periodic in u with respect to the lattice generated by 
the (2 x 4) matrix of periods (2co,2co/). 
Set ^ ( m . m ' ) com + c o W and Q.2{m,mf) = r jm + r i W , where m , m ' e I?. 
Then 

о ( u + 2 0 i ( m , m ' ) A ) 

= exp | 2 ^ ( m , m / ) ( u + n i ( m , m / ) ) + 2 7 T / ( m T e - e T m 4 ^ m T m 

In particular, for m ' = 0, we obtain 

о (u + 2com, X) — exp j2m r | T (u + com) +2я / т е ' | о ( и Д ) . 

T h e o r e m 3 (uniqueness conditions for the two-dimensional sigma function). 
The entire function о ( и Д ) is uniquely determined by the system of equations (13) with 
the initial condition o ( u , 0 ) = «3 — ^u\. 

The linear recursion equations for the coefficients of the series expansion of о ( и Д ) 
see in [3]. 

The vector fields I0J2J4J6 a r e tangent to the discriminant variety 

{(X)eC4\A(X) = 0} 

because 
/ 0 A = 40Д, Ь A = 0, / 4 A = 12А4Д , / 6 A = 4A^A. 

We have 

[hM = 2 / 2 , [h,k] = 4 /4 , [/ 0,/ 6] = 6 / 6 , [ / 2 , / 4 ] = ^ / 0 - ^ 4 / 2 + 2 /6 , 

4 4 6 6 
[h, k] = -А^/о —-A4 / 4 , [/4, k] — —2Х\о1о + -Х812 — -Хби + 2Х41б. 

Consider the integral curve X(t) = (X4(t),Xe(t),X$(t)Дю(0) °f ш е v e c t ° r field 

y(t)lo + / 4 . Then along the curve X (t) we have 

- = y ( ? ) / 0 + / 4 
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and 

l 4 = 4 y ( r ) ^ 4 + 8?i 8 

8 

Хв = 6у(г)Хб + ЮХю - ^ АДб 

A,8 = 8y(r)X,8 + 4 А Д 8 - у * l 

We obtain 

— о - Э И 1 Э и з с + luG + V ( w , f ) o - £ ( 0 ° , 

where / м = ( З у + А ^ М щ + ( у и з - f ^ 6 « i ) 3„ 3 , V{u,t) = 3 ( А . 1 0 - 5 А Д 4 ) Щ + ^8"i"3 
-5Х6И3 and = 3y + ^ 4 . 

Set 

о ( и Д ( 0 ) = ^ ( и - ° Ф ( и , 0 , 

where s ( u , 0 = f А^м2 — у(0"1"з + КО а п с * ^ 4 = — 2y. 

T h e o r e m 4 . The function ф (u , / ) w я solution of the equation 

Хз,з(0 = - ^ ; Хзл(0 = ^8 + У ( 0 - У ( 0 2 ; Х м ( 0 = | ( - ^ + 4у(0>* + ЭД; 

andx(t) = -2y(t)-f(t). 

Here r(0 is an additional function. If r(r) = 0, then x(r) = —2y(r). Thus we obtain for X.,-: 

a* = - ^ y ( 0 + y ( 0 2 ; A* = - j i ^ ^10 = ^ 6 - § y ( 0 V 

T h e o r e m 5. 77? e function y(t) is a solution of the equation y(0 — 4y(f ) 2 = const if 
hg(t) = 0, and a solution of the equation 

(p(r) + 130y(0) (p(0 + 42y(0 ) + 10p(0 = 0. 

if Xs(t)^0, where p(t) = 5v(t)-\22y(t), v(*) = fjj}, e ( r ) = A.8. 

If X 6 = 0 we have k i 0 = 0. Then Д = 2 1 6 • ^1(41%-If)2. Thus if A.8 7^ 0 and 4\s ф\~ 
then our curve is non singular. 
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Let X6 = 0 then X\0 = 0 Д 4 = - 2 y ( f ) and - | y ( 0 + Y(0 2 = ^8 = « и м / . In this case 

х з . з ( 0 = 0 ; » , i ( 0 = ^ ( 0 ; X u ( 0 = 0; т (0 = -2y(t)-r(t). 

Corollary 1 . Le f X 8 ( 0 = я 2 = const, X\0{t) = X 6 ( 0 = 0 and X^t) = - 2 y ( f ) , where 

l+ce8at 

Sef r(r) = —2y ( f ) . 77?£w /7?£ equation 

has a solution 

ф(и,г ) = е 1 г ( ' ) '"" 3 - г < ' ) о ( u ,X(0 ) . 

In the case я = ib, b G К , с = — 1 we have kg(t) = —b2 = const, 
\ - е ш 

T+? 
and r(t) = 5 lncos(4&?) + c j . Then the equation is 

Y ( 0 = » r 7 l 8 * = f r , 8 ( 4 t o ) . 

Э л Э 2 ф , / V 
3f Э щ д м з \ c o s ( 4 b / ) 

In the case a G К , с = — 1 we have kg(t) = a2 = const, 

1 - eSa' 

and r(t) = \ In (сп(4яг)) + C2- Then the equation is 

~ 3 f u/̂  . ч ^ WIM 3 ( | ) . 

M i . i B i . 3 \ 
U3.1 A3.3 / ' U3.1 

dt duidui \ch(4<7f) 
Let A • В denote the tensor product of matrices A and B\ i.e., 

ALlB A{3B\ 
АЗЛВ АЪ,ЪВ)' 

We set 

\En E22) \ E n E22)' 

where as above, is the (2 x 2) matrix with 1 at the position (ij) and 0 at the other 
positions. 

Remark. The matrix К is a commutat ion (2 x 2) matrix; i.e., for any two (2 x 2) 
matrices Л and we have K(AB)K = (B-A). 
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Let t be a (2 x 2) matrix, and let t = ^ x . We set 

Э 1 Э ^ Эгхд 2 Эгкз 

1 э э 

2ЭГ1 ;3 Э/з,з , 
Then V, = 27iiV T . 

T h e o r e m 6. If a function cp(z,f) / 5 related to о ( и Д ) by /7?e substitution 

p 3 9 ( z , 0 = e z T G z - r o ( u A ) , 

A1.1 A i . 3 \ 
A31 А 3 . 3 Г 

G = ^ 1 . 1 <-П,3 
^1,3 ^з , з 7 ' 

P 0 
О p 3 

detA - 1, Aij=Aij(t), Gij = GLj(t), r = r ( f ) , A, = p 

яга/ satisfies the system of equations 

V , 9 ( z , 0 = ^V zv7<p(M), 

A, = p'A/, A, яга/ G satisfy the system of equations 

Vtlj=ATMjA + ^XjG1 

(VrA) = (l2-A)(K + N)(l2-G)--(G-FA) + (A-\2)lS(A.A), 

(V, • G) = ( 1 2 • G)(K + N)(12 • G) + ^ (A • A ) T P ( A - A) , 

and the formula 

V , r : G + A Я А 

Mj = pjR 
T2J \ T4J t r(p 2) \ t r(p 4 ; 

i tr(p 4) t r ( fc) 
7?. 

лг-цГ^ P 2

T 1 Лг(р 2) i t r ( p 4 ) \ i , . 
S - ( R R ) [ Ц р т p T j - ^ i ^ ) t r ( p 6 ) J •*](*•*) 

f = - 5 ( f i ' s ) ( b 

K = R 
3 ^ t r ( p 2 ) I t r ( p 4 ) 

I t r ( p 4 ) t r(p 6 

5 2 ^ 5 4 

2 0 4 

/7ze matrices T, P„ яга/ у ^wflf z7ze quantities 5; яге defined in (14) and (15). 
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The following result is similar to Lemma 2: 

Lemma 3. Letc(u,X) be the sigma function with matrix parameters со, со', Г), and r\f. 
Then the function cp(z,f), defined by (17) with 2co = RA satisfies the quasi periodicity 
condition cp(z + m ,f) = e 2 n i m £ ' (p(z , f ) , where t = = ^CO" 1 ©' , i / a n d owfy i / 
G = - 2 c o T r | = - ( 2 c o ) T x ( 2 c o ) . 

The rational limit of the sigma function in genus g is a polynomial in the variables u. 
Such polynomials have remarkable properties (see [24]) inherited from the function 
o ( u A ) , although they correspond to the case X = 0. 

In the case of genus 2, Xi = 0 for i = 4 , 6 , 8 , 1 0 in the rational limit. Thus, S2 = 
—£1.3, S4 = Sb = 0, у,- = 0, tr(p;) = 0, and 7}j = 0, and the formulas from Theorem 
6 take the form 

V ; . A = - i ( G - F A ) + ( l 2 . A ) ( ^ + ^ ) ( l 2 . G ) - ( A T - l 2 ) ( £ 1 , 1 - £ 3 j ) ( ^ - A ) , 

V r G = ( l 2 - G ) ( / i : + i V ) ( l 2 - G ) . 

We set g(r) = со + tr(^rf) + c 2 detf, where co ; c 2 , and q = *qyi) a r e P a r a m e t e r s 

independent of t. 

Theorem 7. A general solution of the equation 

VrG = (\2-G)(K + N)(l2-G) 

has the form 

G=~V,]ng(t), 

where the parameters of the function g(t) are related by 

coQ = de tg . 

Let ci ф 0, then g(t) = det(m + ш), where a 2 = c2, am' = q, de tm = со, and m' is 
adjoint matrix for m. 

Corollary 2. In this case 

G = — - a ( m + < x f ) - 1 . 
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