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Applications

Victor M. Buchstaber and Vadim D. Volodin

Abstract We study a class of simple polytopes, called 2-truncated cubes. These 
polytopes have remarkable properties and, in particular, satisfy Gal’s conjecture. 
Well-known polytopes (flag nestohedra, graph-associahedra and graph-cubeahedra) 
are 2-truncated cubes.

1 Introduction

Stasheff polytopes have many geometric realizations which are not affinely equivalent. 
The starting point of this work is a realization of Stasheff polytopes obtained from 
cubes by truncations of faces of codimension 2. In the focus of our interest is the 
family of polytopes that are obtained from cubes by a sequence of truncations of 
faces of codimension 2. Such polytopes will be called 2-truncated cubes and a 
truncation of a face of codimension 2 will be called a 2-truncation. We will show 
that 2-truncated cubes have remarkable properties and this family contains classes of 
polytopes playing important roles in different areas of mathematics. Note that every 
«-dimensional 2-truncated cube is a simple flag polytope P" and, moreover, it is an 
image of the moment map for some smooth toric variety Mp'. It is well known that 
the odd Betti numbers of Mpn are zero and the even Betti numbers are equal to the 
components of the /г-vector of P". Truncation of a face of codimension 2 corresponds 
to a blow-up of the variety Mp" along a subvariety of complex codimension 2. For 
the well-known / - ,  /г-, g- and у-vectors, we explicitly describe their transformation 
under 2-truncations.
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S. Gal conjectured in [14] that all components of the у-vector of a flag general­
ized homological sphere (and, therefore, a y-vector of a flag simple polytope) are 
nonnegative. This was a generalization of the Chamey-Davis conjecture (see [6]), 
which was formulated in terms of /г-vectors and is equivalent to the nonnegativity 
of the last component of the y-vector. In the work of R. Chamey and M. Davis and 
later in the work of S. Gal, the operation dual to 2-truncation was used to support 
their conjectures. Gal’s conjecture became widely known because it is connected 
not only with the combinatorics of sphere triangulations, but also with problems of 
differential geometry and the topology of manifolds. This conjecture was proved in 
special cases.

Using the transformation formula for the у-vector under a 2-truncation, we obtain 
a proof of Gal's conjecture for our family. There is a well-known formula in toric 
geometry, £?"0(—1 )'/г,(Р2") =  (—l) no(M p"), where P2n is the image of the moment 
map of a smooth toric variety Mpn and a  is the signature. The left part is equal to the 
last component y„(R2") of the у-vector. Then our result shows that (—1 )no(M pn) is 
nonnegative if the image of the moment map is a 2-truncated cube.

An important class of simple polytopes is that of nestohedra. These poly topes arose 
in the work of C. De Concini and C. Procesi (see [7]). Nestohedra were constructed 
as Minkowski sums of certain sets of simplices corresponding to some building 
set. Attention was drawn to nestohedra due to the work of A. Postnikov, V. Reiner,
L. Williams (see [20]), who obtained important results about their combinatorics. 
In particular, Gal’s conjecture was proved for chordal building sets. We show that a 
nestohedron is a 2-truncated cube if and only if it is a flag polytope. As a corollary, 
we obtain a proof of Gal’s conjecture for the family of all flag nestohedra.

A wide class of flag nestohedra, the graph-associahedra, were introduced by
M. Carr and S. Devadoss in [3]. Among them are the Stasheff polytopes (associahe- 
dra), Bott-Taubes polytopes (cyclohedra), and the permutohedra. Graph-associahedra 
can be described as nestohedra, where the building set is constructed in a natural way 
from a graph. Since every graph-associahedron is a 2-truncated cube, we obtain (see 
Example 8.9) realizations of Stasheff polytopes that are not equivalent to realizations 
described in [5], [15] and [20].

S. Fomin and A. Zelevinsky (see [13]) introduced a new class of polytopes 
corresponding to cluster algebras related to Dynkin diagrams. It was shown by M. 
Gorsky (see [16]) that the polytopes corresponding to diagrams of the D-series are 
not nestohedra, but each of them is a 2-truncated cube.

The face lattices of the Stasheff polytopes are the well-known Tamari lattices. 
Since Stasheff polytopes are 2-truncated cubes, Tamari lattices can be obtained from 
Boolean lattices by a special operation corresponding to the 2-truncation. As a result, 
we obtain a family of lattices from Boolean lattices by sequences of these operations.

Stasheff polytopes have extremal properties: their / - ,  h-, g- and y- vectors are 
componentwise minimal in each dimension among the graph-associahedra corre­
sponding to connected graphs. We describe classes of graph-associahedra among 
which cyclohedra, stellohedra and permutohedra having extremal properties.

We describe geometric operations that transform an гг-dimensional graph-associa­
hedron to an (гг +  l)-dimensional one. It allows us to consider series of graph-
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associahedra and to describe their combinatorics in terms of differential and func­
tional equations for the generating functions of face polynomials. Similar equations 
were obtained using the ring of simple polytopes (see [1]). For example, the fa­
mous Hopf equation describes the generating series of Я -polynomials of Stasheff 
poly topes.

In the work of S.L. Devadoss, T. Heath and W. Vipismakul, it was shown that some 
moduli spaces of marked bordered surfaces have a polytopal stratification. In [9] a 
class of simple polytopes, called graph-cubeahedra, were introduced. They generalize 
polytopes associated with moduli spaces. This class contains some well-known series 
(for example, associahedra) and a new sequence of polytopes called halohedra.

We introduce a class of simple /i-polytopes АР(Р.б), called nested polytopes. A 
member is defined by a pair (P.5), where P is a simple /г-polytope with fixed order 
of facets and 5  is a building set on [и]. We show that the nested polytope NP(P. B) 
is flag if both the polytope P and the nestohedron Pb are flag. The nested polytope 
NP(P.B) is a 2-truncated cube if P is a 2-truncated cube and Pb a flag polytope.

We show that graph-cubeahedra are a special case of nested poly topes NP(P.B ), 
where P is the «-cube and 5  is a graphical building set. As a corollary, we obtain that 
any graph-cubeahedron is a 2-truncated cube.

2 Simple polytopes

A convex /г-dimensional polytope P is called simple if each vertex belongs to exactly 
« facets.
A simple polytope P is called flag if every collection of its pairwise intersecting faces 
has a nonempty intersection.

2.1 Enumerative polynomials

Let f i  be the number of /-dimensional faces of an /г-dimensional polytope P. The 
vector ( /o ,. . .  ,/„ ) is called the /-vector of P. The P-polynomial of P is defined by

F {P )(a ,t)  =  a" + f , - i a " ~ lt-\------ b f \ a t n~1 +  f 0tn ,

The /г-vector (h o ,... ,h n) and the Я -polynomial of P are defined by

H (P ){a ,t) = F { P ) ( a - t , t )  = h0<xn + h \a " ~ lt-\------ \-hn- Xa t"~ { + h nt" .

The g-vector of a simple polytope P is the vector (go ,g i, • • . ,g["]), where go =  1 ar|d 
Si ~  h{ hj— i f o r /> 0 .

The following formulas connect the / - ,  h- and g-vectors:
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m  =  I
j=i

hn-j(Py, hl(P) =  ' £ g J(P).
7=0

( 1)

According to the Dehn-Sommerville equations (see [22]), H{P) is symmetric for any 
simple polytope (see [1]). It can therefore be expressed as apolynomial of a  + t and 
at:

III
#(/*) =  £  7l(aty(a + t)n~2i. (2)

i=0

The у-vector of P is the vector (yo, y\ , . . . ,  yjnj). The y-polynomial of P is defined by 

У(Р)(т) =  № +  yiT +  --- +  yj«]T[2] .

The next formula (see [1]) connects the g- and the y-vectors.

g,(P) = (n -  2i + 1) £ ----- ( ПГ  2 j)  Yj{P) ■ (3)
P 0 n - i ~ ] +  \ \  i - j  )

Proposition 2.1. Let у  (Pi) <  Yi{P2) ,i  =  0 , . . . ,  [|], where P\ and A  are simple n- 
polytopes. Then

1) gi{P \)< gi{P i),
2) h i i ^ )  < hi(P2),
3) f i{ P \)< fi(P 2).

Proof. This follows from the nonnegativity of the coefficients in (1) and (3) □

Gal’s conjecture (see [14]) in the case of convex polytopes can be formulated as 
follows.

Conjecture 2.2. Any flag simple n-polytope P satisfies y(P") >  0, i =  0 , . . . ,  [|],

3 Class of 2-truncated cubes

Truncation of faces plays a key role in this work. We will use it as a combinatorial 
operation (dual to stellar subdivision) and as a geometric operation. We consider the 
combinatorial construction first, because it is stricter.

The stellar subdivision of a complex К  over a simplex a  G К  is denoted by 
(v'o, o)K , where vo is a new vertex. The link of the simplex a  6 К  is denoted by 
lk (c ,^ ). The join of complexes К  and L  is denoted by К * L. We will use и  to 
indicate combinatorial equivalence.
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Recall that, for every poly tope P, there exists a dual polytope P*. Its partially 
ordered set of faces is inverse to the partially ordered set of faces of P. If P is simple, 
then P* is simplicial (all its faces are simplices). If P is simplicial, then P* is simple.

Definition 3.1. We say that a simple polytope Q is obtained from a simple polytope 
P by truncation of the face G С P, if the simplicial complex dQ* is obtained from 
the simplicial complex dP* by stellar subdivision over the simplex o (, corresponding 
to the face G, i.e., if dQ* =  (vo, Oc)dP*. The polytope Q has a facet corresponding 
to the vertex vo £ dQ* (added to dP*).

Geometric realization of the truncation. Let P С E" be a simple polytope contain­
ing 0 in its relative interior, and let G be a face of P. Let la € R'!* be a linear function 
such that /G(P) <  1 and {x 6 P : lex =  1} =  G. The polytope Q, obtained from P by 
truncation of the face G, can be realized as Q = {x E P : Iqx < 1 — e}. Here e >  0 
is so small that all the vertices of P, except the vertices of G, satisfy Igx <  1 — £. 
Informally, the polytope Q is obtained from P by shifting the support hyperplane 
of G inside the polytope P. The new facet Fo of the polytope Q, corresponding to a 
new vertex vo <G dQ*, lies in the hyperplane of the section. We will call it the section 
facet Fo.
Remark 3.2. Let P be a simple polytope and the face G c P  correspond to the simplex 
<7g C dP*. Then the complexes dG* and \k(<J(;. dP*) are isomorphic.

Proposition 3.3. Let the polytope Q be obtained from  the simple n-polytope P by 
truncation o f the face G o f dimension k. Then the section facet Fo is combinatorially 
equivalent to G x A n~k~ x.

Proof Truncation of the face G corresponds to a stellar subdivision, so we have 
dQ* =  (vo, Of;)dP*. From the properties of stellar subdivisions, we obtain

lk(v0, dQ*) ~  lk(aG, d P * )* d A n~k~' .

The proof is completed by

dFo ~  lk(v0,<9(2*) ~  dG* * d A n~k~ x ~  d(G  x A n~k~ x)* . □

Proposition 3.4. Let the polytope Q be obtained from the simple n-polytope P by 
truncation o f a face G o f  dimension k. Then

1) H{Q) = H(P) +  a tH {G )H (A n~k~2),
2) 7 (6 ) =  V(P) + Ty(G )y(An~k~2).

Proof. The truncation removes the face G and creates the face G x A n~k~ l , so that 

F(Q) = F {P )+ tF {G )F {A n~k~ l ) - t n- kF{G) .

Thus
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H(Q) = H (P )+ tH (G )H (A n~k~ l ) —tn~kH(G)
n—k— 1

= H(P) +  tH (G )( £  a ‘tn~‘ - t n~k- 1)
1=0

_2
=  H(P) + atH (G ) I £  =  H (p ) +  & tH (G )H (An~k~2) ,

and, moreoever,

tf(G ) =  £ t f 0>) (« 0 i(“ + 0 n 2'
/=0

Then, by definition of the y-vector, y(Q) =  Ji{P) + 'LP+q=i-\ YpiG)Yq{An k 2)- The

Definition 3.5. A truncation of a face of codimension 2 will be called a 2-truncation. 
A combinatorial polytope, obtained from a cube by 2-truncations, will be called a 
2-truncated cube.

The following is the dual of a result that can be found in [14J.

Corollary 3.6. Let the polytope Q be obtained from a simple polytope P by 2- 
truncation o f the face G. Then

1) H {Q )= H (P ) + atH{G),
2) y (Q) = y {p ) + 4 ( g ).

Remark 3.7. Let A" be a simplicial complex and K ’ =  (v>o.A )К  its stellar subdivision 
over A =  {v i, . . . ,  Vyt} G K. An arbitrary set V of vertices of K’ forms a simplex iff 
one of the following conditions holds:

a) v0 ^ V and {v i, . . . ,  v*} ^  V and V e  K,
b) Vo G V and {v i,...,v * }  $£ V and { v i , . . . ,v t } U (V \{ v 0}) G K.

Lemma 3.8. Any 2-truncation keeps flagness.

Proof. Let Q be obtained from P by truncation of the face G -- F\ П Fi. Then dQ* =  

(v0, Oc)dP*, where Og =  {v i, V2}, and v \ , V2 are the vertices corresponding to facets 
F\ .Fo. Let the vertices V C dQ* be pairwise adjacent. Note that one of the vertices 
v i, v’2 is not contained in V. The vertices V \  {vo} are pairwise adjacent in the complex 
dP*, and then V/ \{v o } G dP*. If vo f. V. then V G dQ* according to a) of Remark 3.7. 
If vo G V, then V \  {vo} G lk(vo, dQ*) = lk ({v i, v'2}, dP*), hence V G dQ* according 
to b) of Remark 3.7. □

proof is now complete. □
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Proposition 3.9. Every face o f  a 2-truncated cube is a 2-truncated cube.

Proof. We show that if P isa  2-truncated cube, then all the facets of P are 2-truncated 
cubes. The proof is by induction on the number of truncated faces. Let the polytope 
Q be obtained from a 2-truncated cube P by 2-truncation of a face G of codimension 
2. Then the section facet has the form Fq ~  G x l ,  and is thus a 2-truncated cube by 
the induction assumption. Every other facet F' of the polytope Q is either some facet 
of P. or obtained from some facet F" of P by 2-truncation of a face G' C F ". □

Proposition 3.10. Every 2-truncated cube P satisfies yfiP) >  0, i.e., Gal’s conjecture 
holds fo r  2-truncated cubes.

Proof. According to Proposition 3.9, each face of a 2-truncated cube is a 2-truncated 
cube. We can therefore complete the proof by induction on the dimension of P, using 
the formula y(Q) = y(P) + ty(G). □

Definition 3.11. The convex polytope P C R" is called a Delzant polytope if at each 
vertex the normal vectors of the facets through the vertex can be chosen to form a 
Z-basis for the integer lattice Z" CR".

Note that the required normal vectors can be chosen as outer integer prime normals 
to the corresponding facets, i.e.. integer vectors directed outside of P having coprime 
components.

Proposition 3.12. Let P С E" be a Delzant polytope and G = F\ П • • • П Fy- a face. 
Let the polytope Q be obtained from P by truncation o f G in such a way that the outer
normal to the section facet Fq is vq =  vy H-------b vy, where ry are the outer integer
prime normals to the facets /у. Then the polytope Q is a Delzant polytope.

Proof. It is sufficient to prove that, for each vertex q G Fo of the polytope Q. outer 
integer prime normals containing q form a basis of the integer lattice. By Remark 3.7, 
q = Fq П F\ П • • • П Fi П • • • П Fy П G', where /у is omitted, and the intersection G П G' 
is a vertex in P (i.e., /у is replaced by Fo in the expression F\ П • • • П /у. П G'). Without 
loss of generality, we can assume i =  1.

Let V] , . . . ,  vy be outer integer prime normals to facets F\, . . . ,  Fy and vy+ i , . . . , v n 
outer integer prime normals to facets containing G'. Then det(vo,V2, . . . , v„) =  
det(vi 4------ f  v*,v2l ...,v „ ) =  det(vi,v2,.. . ,v „ )  =  ±1. □

Every Delzant zz-polytope P" with in facets has a canonical characteristic function 
Л : Zm —>■ Z" (see [2]), which is a linear map given by the n x m matrix A which has 
as its 7-th column the vector of components of the outer integer prime normal to the 
y'-th facet Fj. Using Proposition 3.12. we can explicitly construct the matrix A for any 
2-truncated cube P" with m  facets. The zz-cube is realized by — 1 <  x t <  1, i — 1 ,... ,n. 
Therefore the first n columns form the identity matrix E, the next zz columns form the 
matrix —£ , and every other column has the form Ay =  Ay, +  Ay2 , where j \ , j i  <  j  
and"Fj is the section facet appearing in the ( j  — 2zz)-th step after truncation of the 
face Fjx П Fj2 .
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4 Smooth toric varieties over 2-truncated cubes

Every 2-truncated cube is a Delzant polytope, so it is the image of the moment map 
for some smooth toric variety. There is a well-known formula in toric geometry.

Theorem 4.1 ([17, Theorem 3.12]). I f  the n-polytope P'1 is the image o f the moment 
map fo r  a smooth toric variety Mpn, then

k=0

The signature a(M pn) is zero for odd-dimensional polytopes. Consider a polytope 
P2n and the corresponding toric variety M p . Setting a  =  1 and r =  —1 in formula 
(2), we obtain

a( Mp)  =  £ ( - P % ( P 2n) =  ( -1  )n7n(P2n) ■ (4)
k=0

Corollary 4.2. (—l)no (M p )  > 0 fo r  every 2-truncated cube P2".

Corollary 4.3. o (M p )  =  0 fo r  every 2-truncated cube P2n with less than 5n facets.

Proof. The assumption is equivalent to the number of 2-truncations being less than 
n. By Corollary 3.6, we have y(<2) =  y(P) +  xy(G), where Q is obtained from P by 
a 2-truncation of the face G. Then, using induction on the dimension of the polytope 
and the number of facets, we obtain the stated result. □

5 Small covers of 2-truncated cubes

In [8], the notion of a small cover M" of a simple /z-polytope P" with mod 2 character­
istic function on it was introduced. This is a smooth manifold with Zj action (locally 
isomorphic to the standard representation of Щ on M") such that M n/ Z£ — Pn. The 
small cover M" of any 2-truncated cube Pn is an Eilenberg-Mac Lane space K(G. 1) 
(see [18], Proposition 4.10), since 2-truncated cubes are flag. The group G can be 
determined (see [8], Corollary 4.5) in terms of a right-angled Coxeter group and the 
characteristic function of P '\ which is explicitly constructed in §3. It was proved (see 
[8], Theorem 3.1) that mod 2 Betti numbers of M n are equal to the components of 
the /г-vector of Pn. For P2"~1, the Euler characteristic of the small cover M 2n~ l is 
zero. Setting a  =  1 and t = — 1 in (2), we obtain the following formula for the Euler 
characteristic of the small cover M 2n of P2n.

x {m 2") =  £ ( - i )khk(p2n) =  ( - 1  )nyn{P2n) .
k=0

(5)
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We note that the Euler characteristic of the small cover of P is equal to the 
signature of the smooth toric variety associated with P.

Corollary 5.1. (— l)"x(M 2") >  0 fo r  every 2-truncated cube P2".

Using Corollary 4.3, we obtain the following result.

Corollary 5.2. x(M 2") =  0 fo r  every 2-truncated cube P2n with less than 5n facets.

6 Nestohedra and graph-associahedra

In this section we recall some well-known facts about nestohedra (see [12], [19], 
[21]).

Notation 6.1. By [n] and [i, j] we denote the sets { 1 and {* ,..., j } ,  respec­
tively.

Definition 6.2. A collection В of nonempty subsets of [n +  1] is called a building set 
on [n +  1] if the following conditions hold:

1) If S \,S 2 € В and Si HS2 f  0, then Si US2 6 B\
2) {г} G В for every i G [n +  1].

The building set В is connected if [n + 1 ] G B.

Remark 6.3. It is often convenient to consider an arbitrary set A, |A| = n  + 1, instead 
of the set [n +  1]. Building sets are considered up to the following equivalence: a 
building set B\ on Aj is equivalent to a building set B2 on A2 if there exists a bijection 
a: A\ -A A2 which induces a bijection between B\ and B2. We will assume that 
A = [n+ 1], if not specified else.
The restriction of a building set В to S G В is the following building set on S:

B\s = {S' G S :  S 'C S } .

The contraction of a building set В with respect to S G В is the following building set 
on [n+ 1] \5 :

B /S =  {S' C [ n + l ] \S :  S' G B o r S 'U S e B }  = { S '\S ,S ’ e B }  .

The product В \ B2 = B \ Ufi2 of building sets B\ andfi2 on A andB, where АП В =  0, 
is the building set on A U В consisting of all elements of both building sets.
Remark 6.4. Any building set В on [n +  1] is the product of connected building 
sets: В = B\ U • • • Ufi*, where В , is a connected building set on A,-. The sets А,- are 
maximal in В (i.e., there is no Aj G В containing A,-), and В, =  В|д.. We will denote 
the collection {A,} by Bmax. If В is connected, then Bmax =  {[n + 1]}.

Recall that a graph is called simple if it has no loops or multiple edges.
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Definition 6.5. Let Г  be a simple graph on the node set [n + 1]. The graphical 
building set В (Г) is the collection of nonempty subsets S C [n +  1] such that the 
induced subgraph Г\$ on the node set S is connected.

Remark 6.6. A building set В (Г)  is connected iff Г  is connected.
Remark 6.7. Let Г  be a connected graph on [n + 1] and S £ В (Г). Then B\s and B /S  
are both graphical building sets corresponding to connected graphs Г\$  and Г /S . 
The node set of Г /S  is the set [n +  1] \S . Vertices v and w are adjacent in Г /S  if they 
are either adjacent in Г , or if they are both adjacent to some vertices from S in Г. 
Let M\ and Mi be subsets of R". The Minkowski sum of M\ and Mi is the following 
subset of MR

M \+ M i — {.x £ M" : x  = x i +X2, X] £ M i, x i £  M i} .

If M\ and M i are convex polytopes, so is Mi +  Mi.

Definition 6.8. Let e, be the endpoints of the basis vectors of Rn+I. We define the 
nestohedron Pb corresponding to the building set В as follows,

PB = Y ,  ^  where A s =  conv{e,-,( £ S} . 
see

If В{Г) is a graphical building set, then Pp '■= Рв[Г) >s called a graph-associahedron.

Definition 6.9. A building set В is called flag if the corresponding nestohedron PB is 
a flag polytope.

Example 6.10. We are especially interested in the following series of graph- 
associahedra:

•  Let Ln+1 be the path graph on [n +  1]. Then the polytope Pl„+] is called associa- 
hedron (Stasheff polytope) and denoted by As".

•  Let Cn+i be the cyclic graph on [n +  1]. Then the polytope Pc„+] is called cyclo- 
hedron (Bott-Taubes polytope) and denoted by Cyn.

•  Let Kn+1 be the complete graph on [n+ 1]. Then the polytope Pk„+i is called 
permutohedron and denoted by Pen.

•  Let Ki„  be the complete bipartite graph on [n + 1]. Then the poly tope Pp] n is 
called stellohedron and denoted by St".

Proposition 6.11 (cf. [12, §2]). Let В be a connected building set on [n +  1]. Then

1) the nestohedron Рц is a simple n-polytope given by the intersection o f  the hy­
perplane H  = {Y!i=ix i = \B\} with half-spaces Hs =  { £ ies-V >  |B|s|}, where
S E B \[ n  + 1];

2) every facet o f  PB has the form  Fs = Рв П dHs, where S £ В \  [n +  1], and it is 
combinatorially equivalent to the nestohedron PB\S x Pb/s-

Proposition 6.12 ([20, Corollary 7.2]). Every graph-associahedron is a flag polytope, 
i.e., every graphical building set is flag.



Combinatorial 2-truncated Cubes and Applications 171

Definition 6.13. Let В be a building set on [л +  1]. The collection У  =  {S i__ ,Sk} C
В is called a nested set if the following conditions hold:

Definition 6.14. Let В be a building set on [n +  1]. The nested set complex JV(B) 
is the simplicial complex on the node set B \B max consisting of all the nested sets
у с в \ в шах.

The next proposition allows us to describe the combinatorics of PB in terms of 
elements of a building set B.

Proposition 6.15 ([19, Theorem 7.4], [12, Theorem 3.14]). Let В be a building set 
on [л]. The nestohedron PB is a simple polytope o f  dimension n — |Bmax| and the 
simplicial complexes dPB and (B) are isomorphic. The facets F,st , ■ ■ ■ ,Fsk o f  the 
polytope Pb have a nonempty intersection iff {S i , . . .  ,Sk} € *Ж(В).

Remark 6.16. If В =  B x U • • • U Bb then Л ( В )  ~  J f ( B \ ) * • ■ • * JF (B k) and PB «  
PB] x ••• x Рдк.

Notation 6.17. Occasionally, we will write “facet S” instead of “facet Fs”.

7 Building set as a structure

Let us show (see Corollary 7.6) that every nestohedron is combinatorially equiv­
alent to some nestohedron corresponding to a connected building set. Since we 
consider building sets up to equivalence, [A] and [/] will eventually denote disjoint 
sets consisting of A, respectively l elements.
Construction 7.1 ([10]). Let B \ ,__ Bn+\ be connected building sets on [Ai],
[A„+i]. Then, for every connected building set В on [и +  1], there is a connected
building set B (B i,... .Bn+\) on [Ai] U ---U  [kn+\] = [k\ -\------ b A„+i], consisting of
elements S' 6 B, and LI [A,-], where S £ B.

Notation 7.2. When B \ , . . . ,B n are singletons, { 1 } , . . . , {и}, we will simply write 
B (l,2 , ...,n .B „+ i) instead of B({ 1}, { 2 } , . . . ,  {n };B„+1).

Lemma 7.3 ([10]). Let B .B \ ,__ Bn+1 be connected building sets on [n+ 1], [A_i],
.... [kn+1], andB ' = B { B \ , . . . .B n+\). Then Pff и  PB x PBl x x PBn+r

Proof Consider B" = BUB] U • • ■ UB„+i and the map (p : В" -A B' defined as follows,

Obviously, (p generates a bijection between B" \B " ax and В' \  [и +  1]. Let У  C B \
[л +  1] and f t  С  В, \  [A,-]. Notice that Ц?+/ q>(S*) U (р(У ) £ „Г (В') iff У  £ <Ж{В)

1) ySj,Sj: either S C Sj, or 5, D Sj, or Si П Sj = 0,
2) VS/, , . . . ,S jp such that ПSi, =  0: 5,-, U ■ ■ • U S,p B.

if В ев,-
^  =  [A;] if B e  В .
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and S?i G j V{Bi). Consequently, j f l (B ')  ~  <Ж(В") ~(V(B)*(V(Bi) * - ■ -*N (B n+i), 
and therefore PBi «  PB" ~  PB x  Pb { x • • • x Sgn+1. □

Example 7.4. Let B .B i,B2 be building sets equivalent to { {1 } ,{2 } ,{1 ,2 }}  corre­
sponding to a segment I. Let us describe the building set B(Bi,B2). In the build­
ing set {{a } ,{b } ,{a ,b } } , we substitute a by B\ =  { {1 } ,{2 } ,{1 ,2 }}  and b by 
Z?2 =  {{3}, {4}, {3 ,4 }}. As a result, we obtain the building set B' on [4], consisting 
° f  {*}> {1>2}, {3 ,4}, [4].

The facet correspondence between the polytopes PB x PB] x PBl and Pbj is defined 
as follows,

{1} E S] i—> { 1} G В '. {2} G S] {2} G В ,
{ 3 } G 5 2^ { 3 } E B ' .  {4} G B2 {4} G S',
{a }G fi2H { l ,2 } E  S', {£} Gfi2 H  {3 ,4} G B '.

Example 7.5. Let В = {{/}, [n +  1]} be a building set corresponding to the simplex
A" and В i , __ Bn+1 be arbitrary connected building sets on [fci],...,[fc„+i]. Then
B' = B(B i, . . .  ,B„+ i) =  (B\ U • • • UBn+i) U [&i H------ P &n+i], and PBi «  A" x Pg, x
■■■х р в„+ r
Corollary 7.6. Every nestohedron corresponds to some connected building set, i. e., 
for each nestohedron P there exists a connected building set В such that PB ~  P.

Proof. Indeed, any building set B' can be represented as Si U • • ■ L/C, where Bi are 
connected building sets on [fc,- + 1]. Define a building set B" =  Si (1, • • • ,^i .S 2) U 
B3 LI • • • U S^, giving the same polytope. The building set S' is a product (disjoint 
union) of к connected building sets and B" is a product of (& — 1) connected building 
sets. Then we apply again a substitution to B", and so on. At some step we obtain a 
connected building set S. □

From now on, we can assume without loss of generality that every nestohedron 
corresponds to a connected building set.

Proposition 7.7. Let В be a connected building set on n +  1]. Then the polytope PB 
is flag iff fo r  every element S G S  with j.Sj >  1 there exist elements ,Sj . Si G S  such 
that S] US2 =  S.

Proof. Suppose PB is a flag polytope. Consider an element S G S. Choose S i , . . .  ,Sk G 
S \  {S}, such that Si U • • ■ US* =  S, and к minimal among such disjoint representations 
of S. Note that V7 C [&], 1 <  |7 <  к : Uyey Sj (f S, since otherwise к can be decreased. 
Therefore, k = 2. Indeed, if к > 2, then the facets S s ,, . . . ,  Fsk intersect pairwise, but 
have empty intersection.

Suppose for each element S G S, |S| >  1. there exist elements S[,S2 G S, such 
that Si US2 =  S. Let S j ,, . . . ,  Fsk be the minimal collection of facets that intersect 
pairwise but have empty intersection. By Proposition 6.15, Si U ■ • • US* =  S G S. 
We will find a nontrivial subcollection of facets having empty intersection in the 
collection Fsv .. .  ,Fsk. For that let us find a set S G B|g intersecting more than one S,-,
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but not intersecting every S,-. Then the collection F$n satisfying S, П S ф 0, will be 
the desired subcollection, since by definition of a building set

U  Si e  в .
S,:S,nŜ 0

By our assumption. S = S' U S", where S', S" € B. Choose as .S’1 one of the sets S' 
and S", intersecting more elements S, than the other. If .S'1 intersects all the sets Si, 
then S1 =  Sn US"1, where S '] ,S 'n 6 B. Choose as S2 one of the sets S '1 and S"1, 
intersecting more elements S; than the other. If S2 intersects all the sets S,, choose 
S3 in the same way, and so on. The resulting sequence must be finite. Therefore, in 
some step we will find the desired set S £ В as one of the sets S",S"‘. □

The necessity of the condition in Proposition 7.7 has also been proved in [20J.

Definition 7.8. A Hasse diagram  of a partially ordered set (X, -<) is the oriented 
graph on the vertex set X , where vertices x  € X  and y g X  are connected by an edge 
from x  to у  iff x  -< у  and no element z € X  with x  A z A у  exists.

Every building set В is partially ordered by inclusion. Its Hasse diagram will be 
called B-Hasse diagram.

Proposition 7.9. Let В be a connected building set on [n+ 1]. The polytope PB is 
combinatorially equivalent to a product ofsimplices iff the B-Hasse diagram is a tree. 
In this case Pb ~  A k'~ x x • • • x A k'~ \  where k \ , . . .  ,ki are numbers o f  input edges 
fo r  all internal nodes o f  the B-Hasse diagram.

Proof. Let the B-Hasse diagram be a tree, and k \ , . . . ,  к/ numbers of input edges 
for all its internal nodes. We prove that Pb ~  A k,~ l x  ■■■ x  A k,~ 1. For n =  1 there 
is nothing to prove. Let us assume the statement holds for m < n. We prove it for 
m = n. Without loss of generality, we can assume that the number of input edges 
for the maximal vertex [n + 1] is к/ and that this vertex is adjacent to the vertices 
S i , . . . ,S * (. Therefore Si U ---U S*( =  [n+  1 ]. Indeed, for every vertex {q} there 
exists a path to the vertex [n+  1], this path necessarily contains some S,-. Then 
{q} C Si. If {q} C Si ПSj ф 0, then there exist pathes from the vertex {q \ to the 
vertices S, and Sj, but S; and Sj are adjacent to [n +  1 ], so there is a cycle, which is a 
contradiction (since we consider a tree). Therefore В =  (B|j, U • • -UB|st()U [л+ 1]
and the Hasse diagrams of B\si are trees, and k \ ,__ k /-\ are the numbers of all
their input edges. Using Example 7.5, and the induction assumption, we obtain 
Pb ~  A kl~ ] x PB\ x . - x Pjl  x • • • x A k'~ l .IS] \S/Cl

Let Рв  и  A*1-1 x • • • x A k‘~ l . We prove that each vertex S has no more than one 
output edge. This implies that the B-Hasse diagram is a tree. Suppose a vertex S has 
output edges to vertices S ', S" £ B. Then S' \  S" ф 0, S" \  S' ф V). S' П S" D S, and thus 
FS' П FS" =  0. As a consequence, the facets Fst and FS" correspond to the opposite 
points of A 1 — /  in the product of simplices, i.e., they are the bases of the cylinder PB. 
Let us consider the collection S \ , . . . ,S k  G B, such that Si U ■ ■ • USt =  S '\S " ,  and к is 
the minimal among such disjoint representations of the set S '\S " .  Then \_\jqj  Sj (f В
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VJ С [*], 1 <  |У| <  к , since otherwise к could be decreased. Therefore the side face 
D/=i Fsi does not intersect the base Fsn, which is a contradiction. □

The last proposition implies the following result.

Corollary 7.10. Let В be a connected building set on [n + 1]. The polytope Pb is 
combinatorially equivalent to a cube iff the B-Hasse diagram is a binary tree.

The sufficiency of the statement was proved in [20].

8 Flag nestohedra as 2-truncated cubes

We are going to construct a sequence of building sets Bo C • • • С Вдг =  В, where Bq 
corresponds to a cube and B,, i > 0, is obtained from B,-_ \ by adding one element 
S,. From [11] (Theorem 4.2), it follows that, for connected building sets В' С B", 
the polytope PBn is obtained from PBt by a sequence of truncations. Our goal is to 
show that if PB is flag, then B, can be chosen such that all truncated faces have 
codimension 2.

Proposition 8.1 ([20, Proposition 7.1]). I f  В is a flag building set on [n+ 1], then 
there exists a building set Bq C B  such that Pb0 is a combinatorial cube with dim PBu = 
dim PB.

Proof. By Remarks 6.4 and 6.16, we need to consider only connected building sets. 
For n = 1, the proposition is true. Assuming that the assertion holds for m < n, 
we shall prove it for m =  n. By Proposition 7.7, we have [n +  1] =  .S) U S2, where 
Si ,5г £ B. By the induction assumption, the building sets B\st and B\$2 have subsets 
В i and B2 corresponding to cubes. The building set Bo =  (Bi UB2) U [n +  1] is the 
desired one (see Example 7.5). □

Now we determine which faces have to be truncated in order to obtain BB« from 
PBi, where В' С B" are connected building sets.
Construction 8.2 (Decomposition of S £ B\ by elements of Bo). Let Bo and B] be 
building sets on [n +  1], Bo C B ], and S G B |. We define a decomposition of S by 
elements of Bo as S =  Si U ■ ■ ■ US*-, Sj £ Bo, where к is minimal among such disjoint 
representations of S. Denote the collection S i, . . .  ,S* by Bo(S). One can see that this 
decomposition exists and is unique.

Lemma 8.3. I f  two simplicial complexes К  C L  are the boundaries o f  simplicial 
n-polytopes, then К  = L.

Proof. The lemma holds for n =  1. Assuming it holds for m < n, we shall prove it 
for m =  n. Let us assume that L \ K  ф 0 and choose a simplex A £ L \K ,  containing 
a vertex v 6 К  (which exists since L  is connected). The complexes lk(v, BL) and 
lk(v,L) are the boundaries of simplicial (и — l)-polytopes and lk(v,К) C lk(v,L), 
since A \  { v'} £ lk(v,L) \lk(v, K). This contradicts the induction assumption. □
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The next lemma can be extracted from [11], Theorem 4.2. For convenience, we 
provide a simpler proof in the present more restricted context.

Lemma 8.4. Let Bp and B\ be connected building sets on n +  1] and Bp C B\. 
Then У ( В \ )  is obtained from  j Y (B o) by stellar subdivisions over simplices 
Oj =  {S'|, . . .  -S )} , corresponding to decompositions S' = S\ U • • • U SJ(. G В i \  Bo o f  
elements S', numbered in any order that is reverse to inclusion (i.e., S' D S' => i <  i!).

Proof We use induction on the number N  =  |B] j — |Bp|. For N  =  1, we have B\ =  
Bo U {5 1}. We show that К  ~  У ( В \ ), where К =  (S1 ,Bo(S' ) ) У (Bo). By Lemma 
8.3, it is sufficient to prove that У ( В \ )  С K. Let У  € У ( В \ ) .  Note that Bo(Sl ) = 
{S j, . . .  ,5^ } ^  У . If S1 ^ У , then У  £ У  (Bo), therefore У  £ К  according to a) 
of Remark 3.7. If 5 1 £ У , then for each element S £ У , intersecting with S1, either 
S'1 C 5, or S1 D S (otherwise S U S1 G B\). In the last case, 3 j : S  C Sj (otherwise, 
merging ,S’j , intersecting S, we can decrease k \ , which contradicts the definition of the 
decomposition of 5 1). Consequently, Bo(S') U ( У  \  {S1}) G J Y (Bo), thus У  £ К 
according to b) of Remark 3.7.

Assuming the lemma holds for M  < N, we prove it for M  =  N. The collection 
of sets Bq =  Bo U {S1} is a building set. By the induction assumption, ^Y(B'0) is 
obtained from ^Y(Bo) by stellar subdivision over the simplex corresponding to the 
decomposition of .S'1, and У  ( I f ) is obtained from ,/L (B'0 ) by a sequence of stellar 
subdivisions over simplices corresponding to decompositions of S ', i =  2 , . . .  ,N . This 
completes the proof. □

Corollary 8.5. Let Bo and B\ be connected building sets on [n+ 1], and Bo C B\. 
Then Pb] is obtained from Рва by truncations effaces Gl — f)j= i • corresponding 

to decompositions o f S' =  S', U ■ ■ ■ U S'k G B, \Bo, numbered in any order that is 
reverse to inclusion (i.e., S' Э S' => г <  г').

Theorem 8.6. Let B, and Вт be flag connected building sets on [n + 1] and B\ C Bi. 
Then jY ( B f)  is obtained from У ( В \ )  by a sequence o f  subdivisions o f  edges (or, 
equivalently, Рд, is obtained from  Pg, by a sequence o f  2-truncations).

Proof. We will prove the following: if B\ and B3 are connected flag building sets on 
[n +  1] and B, С B3, then there exists a building set Вт such that B\ С B2 С B3 and 
У  (BY) is obtained from j Y  (Bj) by a sequence of subdivisions of edges. This then 
implies the statement in the theorem, since stellar subdivisions over edges are dual to 
2-truncations (which keep flagness).

Set Bj =  B\ U {S}, i.e., the minimal (by inclusion) building set containing B\ U 
{S}, where S is the minimal (by inclusion) element of B3 \  B \ . By Proposition 7.7, 
there exist I .J  G B3 such that I Li J = S. From the choice of S, it follows that I .J  £ B \ .  
It is easy to show that the collection of sets В1 U {S' =  Si U S2 15,- G B i , /  C S), У C St } 
is a minimal building set containing B\ U {S}. Then the decomposition of any element 
B2 \B  1 consists of two elements. Therefore, У ( В 2) is obtained from j Y (B \)  by a 
sequence of subdivisions of edges. □
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We conclude that for each flag building set В there exists a sequence of building 
sets fio C fii C • • ■ C Bn  = B, where Pb0 is a combinatorial cube, fi, =  Z?,_i U {5,}, 
and the polytope Pb, is obtained from the polytope Рц1 , by a 2-truncation of the face 
Fsh  ПFsh  C PBi_[, where S, = Sjt USh , and Sh ,Sh  6 Д,_1.

Using results of the last two sections, we obtain the following.

Theorem 8.7. Every flag nestohedron is a 2-truncated cube.

Theorem 8.8.

1) У(Рв) >  0 fo r  every flag nestohedron PB, i.e., G al’s conjecture holds fo r  flag  
nestohedra.

2) у(Р в \ ) <  Yi(PB2)fa r  connected flag building sets B UB2 with В j C B2- Moreover, 
equality holds fo r  all i iffB \ = B2.

Example 8.9. Let us construct a geometric realization of the 3-dimensional Stasheff 
polytope as a 2-truncated cube. The building set corresponding to As3 is

В =  { { 1} , { 2} ,{ 3 } ,{ 4 } ,{ 1,2} ,{ 2 ,3 } ,{ 3 ,4 } ,{ 1 ,2 ,3 } ,{2,3 ,4 } ,{ 1,2,3 ,4 }}  .

In order to obtain As3 from /3 by 2-truncations, we have to find a building set So С B, 
such that PBq яз I3, and to order the elements of В \  So such that adding a new element 
to the building set corresponds to a 2-truncation. On the left-hand side of Fig. 1, S q 
consists of {/}, {1 ,2}, {3 ,4}, [4]. The associahedron PB is obtained from Pb0 «  /3 by 
stepwise truncation of the faces E {\n  ПFtyi,F iji n F {3 4},S m  FlFm in this order. 
In the drawing, the facets Fn 2} and Fr34} are the top and the bottom section facets, 
respectively, while F{2) and F{3j are the right and front facets, respectively.

On the right-hand side of Fig. 1, So consists of {1 ,2}, {1 ,2 ,3 } , [4]. First we 
truncate the face F{2]. FlF^j of PBo and derive the new facet F{2i3j. Then we truncate 
the faces F{2 n  n f | 4| and F[3j П Sr4| . In the drawing, F{2},F |3} and Fj4i are the 
front, right and top facets.

In [4] it was shown that the geometric realizations of As” that appeared in [5], 
[15] and [20] are not affinely equivalent. None of our realizations above is equivalent 
to one of those.

9 Recursion formulas

Let J  be the building set {{1}, {2}, {1 ,2 }}, which corresponds to the interval Pj ~  I. 
Recall that a subset V  o f vertices of a graph Г  is called a clique if the induced 
subgraph Г" I у is complete.
Construction 9.1. Let Гп+\ be a connected graph on [n + 1] and the set V  C [n] of 
vertices adjacent to the vertex {n +  1} be a clique. Set Гп — Гп+\ \  {n + 1}, i.e., Гп is 
the graph obtained from Гп+{ by deletion of the vertex {n +  1}.

According to Lemma 7.3, the building set B\ =  J{B(rn),n +  1) =  B(Tn) U {n +  
1} U [n + 1] corresponds to РВ] и  Pr„ x /: the bottom and top bases of the cylinder
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Fig. 1 Realizations of the 3-dimensional Stasheff polytope via two different choices of the building 
subset So of B, represented by their Hasse diagrams (below the respective polytope).

Prn x I correspond to [n],{n + 1} £ B\, the side facets correspond to S £ В(Гп) \  [n\ c  
B\. Thus, the side facets Fs ,S  £  Si of the cylinder Pr„ x /  are naturally identified 
with the facets Fs, S £ В(Гп) of the base Pr„ ■

We have В(Гп+\ ) \ В \  =  {SU {n+  l} ,^  £ JP}, where У  = {S £ B(Tn) \  [n] : Sfl 
V ф 0}. By Corollary 8.5, Prn is obtained from Pp„ x /  by truncations of intersections 
of the top base Т{„+]} with side facets Fs for S £ -9J. Since the top base does not 
change after truncation of any of its facets, the truncated faces have type РГп |s x 
Pr„/SiS 6 By Proposition 3.6, we have

У(Рг„+1) =  у{Рг„) +  т L  r(prn\s)y(pr„/s), (6)
SeY

H(Pr„+i ) =  (a  + t)H(Prn) + a t  £  Н(РГпЬ)Н(РГп/3) . (7)
seY

We required that V is a clique of /7,+ь because in this case every element of 
B(Tn+\ ) \ B \  has a decomposition consisting of two elements (S LJ {n +  1}, where 
{n +  1}.S £ S i), and we know the combinatorial type of the truncated faces of 
codimension 2.
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9.1 Associahedra

Let us apply Construction 9.1 to the path graph Ln+\. After deletion of the vertex {/i +  
1}, we obtain the graph L„. Here V = {n} and S f  = {[i,n],i =  2 Therefore,  
the truncated faces have type As'- 1 x Asn~‘~ 1, i =  1 , . . . ,  n — 1, and we obtain the 
recursion formulas

/7—1
y(Asn) =  y(As"-1 ) +  г £  y(As'-1 )y(Asn-'-1 ), ( 8)

1=1
П— 1

H(Asn) =  (a  + t)H (Asn~ l ) + a t  £  //(A s'“ 1)#(As''- ''“ l ) . (9)
7=1

The recursion formulas for associahedra are equivalent to the equations

oo

Yas(x ) =  1 + xYas(x ) +  'cJ ’YaA x ) where YAs(x ) =  L  Y(Ax',)xn,
/1=0

oo

Has (x) =  (1 +  axHAs (x)) (1 +  txHAs (x)) where HAs (x) =  £  H  (As” )x" .
n=o

The last equation is equivalent to:

_________ хЯдДх)_________ __
(1 +  axHAs (x)) (1 +  txHAs (x))

Set U(x) = xH As(x). Then U(0) =  0,7/'(0) =  1, and

U
(1 +  a U ){\ + tU ) ~ X '

Applying the classical Lagrange Inversion Formula, we obtain

U(x) = — <f In 
2 7ti J\z\=e

1 - - (1  +  а г )(1 + tz)

1

£  V^Tn" f\z\=e

(1 + « ;)" (!  + tz )n
dz

: I  £  \ l J \ J/7=1 \i-\-j=n— 1 /  \J

n \  П

Therefore,

н ( л л  =  А _  г  ( ' " + П Л .+  1
» + 1,+% Л  <

a t J
" +  1 ,toV  *
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Lemma 9.2. For every connected graph Гп+1 on [n + 1], vve have Yi(Prn+i) >  у  (As"). 
Moreover, equality holds for all i ijfTn+\ is a linear graph Ln+\.

Proof. It is sufficient to prove the lemma for trees, since for every connected graph 
Г ,  there exists a tree Г С Г о п  the same nodes. Then B(T) С В (Г)  and we can apply 
Theorem 8.8.

For n =  1 there is nothing to prove. Assume that the lemma holds for m < n. Let 
Гп+1 be a tree on [n+ 1]. Without loss of generality, assume that { « + 1 }  is adjacent 
only to {n}. Then we can use Construction 9.1, setting Гп =  Гп+1 \ { л  +  1} and 
V = {n}. For every i e  [1, л — 1], there exists a connected subgraph of f,j on i vertices 
containing {n}, i.e., there exists S G ,9 ': S| =  i. Therefore, comparing (6) and (8), 
and using the induction assumption and Remark 6.7, we obtain the proof of the stated 
inequalities.

Note that if Гп+\ is not a linear graph, then either Гп is not a linear graph or, for 
some i € [1,л — 1], there exist more than one element S £ 5? with |S| =  i. In both 
cases, for some i the inequality in the lemma is strict. □

9.2 Cyclohedra

Let Cn+1 be a cyclic graph on [n + 1]. We apply a construction different from Con­
struction 9.1.
Construction 9.3. According to Lemma 7.3, the building set Si =  B(Cn)( 1,. .. ,n — 
1. J (л, n +  1)) corresponds to Pg, и  Cy”~1 x /: the bottom and top bases of Cyn~1 x I 
correspond to { « } ,{ « +  1} £ В i, and the side facets correspond to elements S £ 
B\ \  [n +  1] that either contain {n ,n +  1}, or do not intersect {n ,n +  1}. Thus, by 
contraction of the set {n ,n +  1} to the point {«}, we identify side facets /■’<,, S € B\, 
of the cylinder Cy"^1 x I  with facets Fs^ n+^ , S \ { n +  1} G B(Cn) of the base Cy”” 1.

We have

B (c „ + i) \B 1 =  { s u { i i } )S € ^ l} u { s u { n + i } >s e  ^ ,+ 1},

where У п =  {[г,л — 1],г =  2 , . . . ,n  — 1} and 5^п+\ — {[1,г],г =  1 ,. . . ,л  — 2}. By 
Corollary 8.5, Су" is obtained from Cv" ' 1 x /  by truncations of intersections of 
the bottom base F{„| with the side facets Fs for S 6 У„, and by truncations of 
intersections of the top base ^{n+i} with the side facets Fs for S £ У „+\. Since the 
bases do not change after truncations of the facets, truncated faces of each base have
the form As '~1 x Cy"~'~x Л =  1........n - I {Pc„\s x Pc„/s- S E У п for bottom base and
PCn\s X Pcn/SiS  C У„+\ for top base). By Proposition 3.6, we obtain the recursion 
formulas



180 Victor M. Buchstaber and Vadim D. Volodin

7 (C /)  =  7( С / - 1) +  2 т '^ 17(Л,г- 1) г (С /- ' ' -1) , (10)
i=i

П— 1
H ( C f )  = (a + t)H (C y"~ ')  + 2 a t H (As‘~ l )H(Cyn~‘~ l ) . (11)

i=i

The recursion formulas for cyclohedra are equivalent to the equations

7cy(x) =  1 +хусу{х) +  2тх1ум {х)гсу{х) ,

HCy{x) =  1 +  (a  +  t)xHCy(x) + 2 m x 2HAs(x)HCy(x) ,

where

Ycy {x) =  £  y W V , HCy(x) =  Y  H (C yn )x" .
n=0 n=о

Setting V (.r) =  xHcy(x), we obtain

V
1 +  (a  +  t)V  +  2atU V

and thus
U V

(1 +  a t / ) ( l  + tU ) ~  1 +  (a  + t)V  + 2atU V  ’

which implies

y =  U  
1 -  a tU 2

Recall that a graph Г  is called Hamiltonian if it contains a Hamiltonian cycle, i.e., 
a closed loop that visits each vertex of Г  exactly once.

Lemma 9.4. Yi(Prn+l) >  7 (Cv") fo r  any Hamiltonian graph Гп+\ on [n +  1]. More­
over, equality fo r  all i is achieved iffTn+\ is a cyclic graph Cn+ j.

Proof. Since J7i+i is Hamiltonian, there exists a cyclic subgraph Cn+\ C 17i+i • There­
fore, B(Cn+1) C B(Tn+1) and Theorem 8.8 allows to complete the proof. □

9.3 Permutohedra

Let us apply Construction 9.1 to the complete graph Kn+\ . After deletion of the vertex 
\n  + 1}, we obtain the graph Kn. Here V = [n] and ,9' =  2-"l \  {0, [и]}. Therefore, 
we truncate (") faces of the form Pel~ 1 x Pen~ '~ \  i=  1 ,. . . ,  n — 1, and obtain the 
recursion formulas for permutohedra
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n— 1

i=l
Y(Pen) = y(Pen 1) +  т £  ( " ) y(Pe‘ 1 )y(Pe" ' 1' ( 12)

n - l
H(Pen) = (a  + t)H (Pen~ l ) + a t Y ,  [ . ) н { Р е ‘~ 1)Н(Реп~‘~ 1) . (13)

i=l

They are equivalent to the differential equations

dype(x
dx

=  1 +  yPe{x) +  x fPe{x)
x n+]

where yPe (x) =  £  y ( /V ) ^  +  ] ,̂

dHPe(x)
7—  =  (1 +  CcHPe(x))(l + tH Pe(x)) where HPe(x) = У  H(Pen) - -  
x  «=o (”

~л+1

(и+ 1)!

One can explicitly solve the last equation to obtain

Hpe(x) =  --- -----------  .
v ' a e ,x — teax

Let A (n .k) =  |{cr S Sym (n): des(cr) =  k}|. Then, by a well-known formula,

na.x _  atx oo n ч ^л+ 1

* EE-n=0 (=0

pax _  tx ° °  ,  n yii+\
-----V  =  I  ( T A { n  + \ , k ) a 4 n- k) - ^ - —  .

ae ,x — teax ~!< V r-t. )  (n + 1)!

^ + i

(rTTT)!

9.4 Stelloliedra

Let us apply Construction 9.1 to the complete bipartite graph K \M, or н-star with 
apex {1}. After deletion of the vertex {n +  1}, we obtain the graph K \n- \ .  Here 
V =  {1} and 5P — {{1} US’,S  C [2,n]}. Therefore, we truncate ("Z}) faces of the 
form 5r,_1 x Pen~l~ l ,i =  1__ , n — 1 and obtain

y(Stn) =  y (5 f '-1) +  t £  ( ” ~ j ) y(St‘~ 1)y(Pen~’~ 1), (14)

H (Stn) =  (a + t)H (Stn~ l ) + a t  ^ _ 11̂ Я(5г/ - 1)Я(Реп_'“ 1) . (15)

These recursion formulas for stellohedra are equivalent to the differential equations

d7s' ^  = ySt (x) (1 +  т yPe (x)) where ys, (x) =  £  y{Stn) — ,
ax  n=o ” •

dHs' ^  =  HSl(x){a  + t + a tH Pt.(x)) where Hs, (x) =  '£ H ( S tn) ~  . 
dx /1=0 n -



182 Victor M. Buchstaber and Vadim D. Volodin

The last equation can be solved:

Hs,{x) =
( a  _ f ) <,(«+»*

a e lx -  teax

Lemma 9.5. For every tree i7,+i on [n +  1], we have Yi(Pr„+l) £  Yi{Stn). Moreover, 
equality fo r  all i is achieved i f fr n+\ is a star graph K \n.

Proof. For n =  1 there is nothing to prove. Assume that the Lemma holds for m < n. 
Let Гп+1 be a tree on [n +  1]. Without loss of generality, assume that {n +  1} is 
adjacent only to {n}. Then we can use Construction 9.1, setting Гп = Гп+\ \  {n +  1} 
and V  =  {«}. For every i e  [1. n — 1], there are no more than ("f])  elements S G .9' 
with |S| =  and for each such S we have Y(Pr„\s )Y{Pr„/s) <  Y(St'~x)Y(Pen~'~x). 
Therefore, comparing (6) and (14), and using the induction assumption, we obtain 
the statement in the lemma.

We note that if Г„+1 is not a star graph, then either Г,, is not a star graph or, for 
some i 6 [1 , n — 1], the number of elements S G У  with j.Sj =  i is less than ("l})- In 
both cases, for some / the inequality in the lemma is strict. □

10 Bounds of face polynomials for flag nestohedra and 
graph-associahedra

Summarizing Lemmas 9.2, 9.4, 9.5 and Theorem 8.8, we obtain the following results. 

Theorem 10.1. For any flag n-dimmensional nestohedron Pb, we have

1) Y ( n  < Y.{Pb) <  Yi(Pen),
2) gi(In)< g i( PB)<gi(Pen),
3) hj(In) < h'{PB) < hfPe"),
4) М П  < fi(PB) < fi(Pen).

Moreover, the lower hound is achieved iff PB « I", the upper bound is achieved iff 
PB и  Pe".

Theorem 10.2. For any connected graph Гн+\ on [n +  1], we have

1) 7(As") < Yi{Prll+l) < Yi(Pen)>
2) gi{AH<gi{Prn+x) < S i { pen),
3) h fA s") < h,(Prn+l) < hfPe"),
4) fi(Asn) < MPr„+{) < M Pe")-

Moreover, the lower bound is achieved iff Гп+\ is a linear graph Ln+\, the upper 
bound is achieved iff'Г„ 11 is a complete graph Kn+\.

Theorem 10.3. For any Hamiltonian graph Гп+1 on [n + 1], we have

1) Y,(Cyn)<Yi(Pr„+l)<Yi(Pen),
2) gi(Cyn) < g i(Prn+l)<8i(Pen).
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3) hi(Cyn) <  hj(Prn+l) <  hj(Pen),
4) fi(C yn) < f i(Prn+l) < M P e n).

Moreover, the lower bound is achieved ijfT n+\ is a cyclyc graph Cn+\, the upper 
bound is achieved ijfTn+\ is a complete graph Kn+\.

Theorem 10.4. For any tree Гп+\ on [n +  1 j, we have

1) yi(Asn)< n (P r n+l)< 7 i(S tn),
2) gi(Asn) < gi(Prn+, ) < g i ( S n
3) h ^ A s ^ K h ^ P r ^ K h ^ s n ,
4) M A sn)< f.(P r n+l) < M S t n).

Moreover, the lower bound is achieved i f f r n+i is a linear graph Ln+\, the upper 
bound is achieved ijfTn+\ is a star graph K \n.

The bounds can be written explicitly, using results about the / - ,  h-, g- and y- 
vectors of the respective series (cf. [20] and [1]):

The derived bounds for the / - ,  h-, g- and у-vectors determine bounds for the 
corresponding polynomials, for which generating functions were obtained in [1].

11 Nested polytopes and graph-cubeahedra as 2-truncated cubes

Let Г  be a connected graph, В(Г)  its building set. Using the notation of [9], elements 
of В(Г)  are called tubes and { S i , . . . , S'*} € М^(В(Г))  is called a tubing. Two tubes 
forming a tubing are called compatible.

In [9], a class of simple poly topes called graph-cubeahedra was introduced. To 
formulate a definition, we have to introduce the notion of ‘design tubing’.

Definition 11.1. Let Г be a connected graph. A round tube is a set of nodes S of Г  
whose induced subgraph r \ s  is connected. A square tube is a single node S =  { v} of 
Г . Such tubes are called design tubes of Г . Two design tubes are compatible if one 
of the following conditions holds.

1) they are both round and compatible,
2) one of the tubes is square and does not intersect the other.

A design tubing U of Г  is a collection of design tubes of Г  such that every pair of 
tubes in U is compatible.
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For a graph Г  with n nodes, we define □/- to be the п-cube where each pair of 
opposite facets corresponds to a particular node of Г . Specifically, one facet in the 
pair represents that node as a round tube and the other represents it as a square tube. 
Each subset of nodes of Г ,  chosen to be either round or square, corresponds to a 
unique face of D r, defined by the intersection of the faces associated with those 
nodes. The empty set corresponds to the face that is the entire polytope Dr-

Definition 11.2. For a graph G, truncating faces of G that correspond to round 
tubes in increasing order of dimension, results in a convex polytope CG called
graph-cubeahedron.

Theorem 11.3 ([9, Theorem 12]). For a graph G with n nodes, the graph-cubeahed­
ron CG is the shnple convex polytope o f  dimension n whose face poset is isomorphic 
to the set o f design tubings ofG , ordered such that U < U' ifU  is obtained from U' 
by adding tubes.

Definition 11.4. Let В be a building set (not necessary connected) on [n + 1]. Define 
the complex Ж  (В) as the simplicial complex on the node set В consisting of all the 
nested sets У  С В.

Proposition 11.5. For any building set B, we have Ж  (В) ~  К Ж ( В \ ) * • • ■ * 
К Ж  (B;.), where В — B\ U • • ■ UB^ and B, are connected. In particular, i f  В is con­
nected, then Ж  (В) is a cone over ,yV(B ).

Proof. Let В be a connected building set on [n +  1], then the node set of the complex 
Ж{ В )  consists of the node set of the complex ,Ж(В) and the vertex [n+ 1]. By 
definition, { S i , . . . , S k} е Ж { В )  iff {Sb ...,S * }  €  Ж(В)  iff { [n +  l] ,Su . . . , Sk} £ 
Ж (В). Therefore Ж  (В) ~  К Ж  (В). The proof is complete, since Ж  (B\ UB2) ~  
Ж ( В 1) * Ж { В 2). □

Lemma 11.6. Let Bq andB\ be building sets on [н+ 1], andBo C B\. Then Ж (B \ ) is 
obtained from Ж  (By) by stellar subdivisions over O'; =  (S ), . . .  ,S'k \, corresponding 
to decompositions S' = S\ LI • ■ - LI S‘k. £ I f  \  By o f elements S', numbered in any order 
that is reverse to inclusion (i.e., S' S' =4- i < i').

Proof. We prove the lemma by induction on the number N  — |Bj | — |Bo|.
Let N  =  1, then B\ =  Bo U S1. We show that Ж ( В \ )  ~  (S1,Bo(S1) ) J f  (Bo). Let 

Bo =  Bg U ■ • • UBq, where B'{) are connected building sets on [Ar(_i +  1 ,&,•]. There are 
only two possibilities: S1 C [&,■_ 1 +  l,fc,-] for some i € [/], or S1 =  U ieafa-i +  l,&i] 
for some ffC  [/].

Consider the first case and assume 1 =  1. We have B\ =  B] U • • • U B ,, where 
B| = B qU {S1} andB) =  B‘0 for i > 1. By Lemma 8.4, ^L (B |) ~  (S1 ,B '(S'))./F(B/,). 
Using Proposition 11.5, we obtain Ж ( В \ )  ~  (S1 .Bo(S'))J^(Bo).

Consider the second case. Without loss of generality, we can assume that 
cr =  [/]. Using Example 7.5, Ж ( В \ )  =  д Л1~ х *^U(Bq) ★  • • • * Ж ( В 10), and then 
Ж ( В i ) =  К { д Л * Ж ( В 10) * • • ■*Ж{В'0)) = K { d A ' - ]) - k ^ { B ' 0) * • • ■ * Ж {В'0). 
This complex is the stellar subdivision of Ж  (Во) ~  КЖ( Вц)  *■ ■ -*К Ж (В '0) over
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the simplex +  l , n +  1]} G J^(fio), which corresponds to the join
of apexes of the cones Ж  (B‘0).

Let us assume the lemma holds for M < N  and prove it for M  — N. The collection 
of sets B'0 =  Bq U {S1} is a building set. By the induction assumption, Ж (В'0) is 
obtained from Ж  (Bo) by stellar subdivision over the simplex corresponding to the 
decomposition of S1, and Ж ( В \ ) is obtained from Ж (B'0) by a sequence of stellar 
subdivisions over simplices corresponding to decompositions S‘,i =  2 , . . . , N.  This 
completes the proof. □

Theorem 11.7. Let B\ and Bo be flag building sets on [n +  1] and B\ C Bo. Then 
Ж  (Bo) is obtained from Ж  (B \ ) by a subdivision o f edges.

Proof. The proof repeats the proof of Theorem 8.6. □

Let us denote by ВЛп the building set consisting of singletons {/}, i e  [n\.

Definition 11.8. Let P be a simple /г-polytope with fixed order of facets, F\, Fi, ■ ■ ■, 
Fm, such that F\ П • • • П F„ ф 0, and let fi be a building set on n. By Lemma 11.6, 
Ж  (fi) is obtained from Ж  (ВАя ) ~  A n~ x by a sequence of stellar subdivisions. Pick 
the facet Av o f dP* associated with the vertex v =  F\ П •• • ПFn, identify vertices
{г} € Ж ( В Ам) with vertices /Ц. of Av for i =  1__ ,n, and apply the sequence of
stellar subdivisions to Av inside the complex r)P \ to obtain the boundary of some 
simplicial polytope Q. By definition, the nested polytope NP(P, B) is the dual of the 
polytope Q.

Proposition 11.9. I f  P = /" and В = В(Г)  is a connected graphical building set, 
then NP(In,B) is combinatorially equivalent to the graph-cubeahedron associated 
with Г.

Proof. This follows from Lemma 11.6. □

Theorem 11.10.

1) I fP  is a flag poly tope and В a flag building set, then NP(P,B) is a flag poly tope.
2) I fP  is a 2-truncated cube and В a flag building set, then NP(P,B) is a 2-truncated 

cube.

Proof. By Theorem 11.7, the complex Ж  (fi) can be obtained from A„_i by stellar 
subdivisions over edges. Therefore NP(P.B)  can be obtained from P by 2-truncations.

□
Corollary 11.11. Any graph-cubeahedron is a 2-truncated cube.
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