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Ìàëûå òîðè÷åñêèå âûðîæäåíèÿ òðåõìåðíûõ ìíîãîîáðàçèé Ôàíî

Ñ.Ñ. Ãàëêèí

Àííîòàöèÿ. Â ýòîé ñòàòüå ïîêàçàíî, êàêèå ãëàäêèå òð¼õìåðíûå ìíîãîîáðàçèÿ Ôàíî âûðîæ-
äàþòñÿ â òîðè÷åñêèå ìíîãîîáðàçèÿ Ôàíî ñ îáûêíîâåííûìè äâîéíûìè îñîáåííîñòÿìè.

1. Ââåäåíèå

Ìû ðàññìàòðèâàåì ìàëûå òîðè÷åñêèå âûðîæäåíèÿ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî, òî
åñòü âûðîæäåíèÿ ãëàäêèõ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî â òîðè÷åñêèå ìíîãîîáðàçèÿ Ôàíî
ñ îáûêíîâåííûìè äâîéíûìè îñîáåííîñòÿìè (ñì. 2.1, 2.2). Òàêèå âûðîæäåíèÿ èìåþò ïðèëîæå-
íèÿ â çåðêàëüíîé ñèììåòðèè. Çåðêàëüíàÿ ñèììåòðèÿ äëÿ ãëàäêèõ òîðè÷åñêèõ ìíîãîîáðàçèé
(è ïîëíûõ ïåðåñå÷åíèé â íèõ) áûëà ïîñòðîåíà â Ãèâåíòàëåì è Áàòûðåâûì â [1], [2] è [3].
Åñëè ó ãëàäêîãî ìíîãîîáðàçèÿ Ôàíî Y èìååòñÿ ìàëîå òîðè÷åñêîå âûðîæäåíèå X, òî ìîæíî

ïîëó÷èòü êàíäèäàòà äëÿ çåðêàëüíî ñèììåòðè÷íûõ ïàðòíåðîâ Y èñïîëüçóÿ òîðè÷åñêóþ êîí-
ñòðóêöèþ, è, íàïðèìåð, âû÷èñëèòü íåêîòîðûå èíâàðèàíòû Ãðîìîâà�Âèòòåíà ìíîãîîáðàçèÿ
Y .
Òàê, èñïîëüçóÿ òîðè÷åñêèå âûðîæäåíèÿ ìíîãîîáðàçèé Ãðàññìàíà (ïîñòðîåííûå â [4]) è ìíî-

ãîîáðàçèé ÷àñòè÷íûõ ôëàãîâ (ïîñòðîåííûå â [5]), â ðàáîòàõ [6, 7] áûëè ïîëó÷åíû êàíäèäàòû
â çåðêàëüíûå ïàðòíåðû ê ýòèì îäíîðîäíûì ìíîãîîáðàçèÿì.
Â ðàáîòå [8] Áàòûðåâûì áûëî ââåäåíî ïîíÿòèå ìàëîãî òîðè÷åñêîãî âûðîæäåíèÿ ïðîèçâîëü-

íîãî ìíîãîîáðàçèÿ Ôàíî, îáîáùàþùåå ïðèìåðû ñ ìíîãîîáðàçèÿìè ôëàãîâ. Ïîëíàÿ êëàññè-
ôèêàöèÿ íåîñîáûõ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî, èçâåñòíà áëàãîäàðÿ ðàáîòàì Èñêîâñêèõ,
Øîêóðîâà, Ìîðè è Ìóêàè ([9],[10],[11],[12],ñì. òàêæå [13],[14] è [15]). Òàì æå, â ðàáîòå [8]
áûë çàäàí åñòåñòâåííûé âîïðîñ ([8, Question 3.9]): ¾Êàêèå òð¼õìåðíûå íåòîðè÷åñêèå ãëàäêèå
ìíîãîîáðàçèÿ Ôàíî äîïóñêàþò ìàëûå òîðè÷åñêèå âûðîæäåíèÿ?¿ Òåîðåìà 2.10 äà¼ò îòâåò íà
ýòîò âîïðîñ. Â ðàçäåëå 6 � ïðèìåð îïèñàííîãî âûøå ïðèëîæåíèÿ òàêîãî âûðîæäåíèÿ.

2. Óòâåðæäåíèå

Âñå àëãåáðàè÷åñêèå ìíîãîîáðàçèÿ ñ÷èòàþòñÿ ïðîåêòèâíûìè è îïðåäåë¼ííûìè íàä ïîëåì
êîìïëåêñíûõ ÷èñåë C, åñëè ÿâíî íå óêàçàíî îáðàòíîå.
Åñëè H � àáåëåâà ãðóïïà, ñèìâîëîì H/tors áóäåì îáîçíà÷àòü ôàêòîð ãðóïïû H ïî ïîä-

ãðóïïå êðó÷åíèÿ.
Ñèìâîë Pic(X), êàê âñåãäà, îáîçíà÷àåò ãðóïïó Ïèêàðà ìíîãîîáðàçèÿ X, à ñèìâîë Cl(X) �

ãðóïïó êëàññîâ äèâèçîðîâ Âåéëÿ íà X. Ñèìâîëîì ρ(X) îáîçíà÷àåòñÿ ÷èñëî Ïèêàðà ìíîãî-
îáðàçèÿ X. Ñèìâîëîì b(Y ) îáîçíà÷àåòñÿ ïîëîâèíà îò òðåòüåãî ÷èñëà Áåòòè íåîñîáîãî òð¼õ-
ìåðíîãî ìíîãîîáðàçèÿ Y . Ìíîæåñòâî îñîáûõ òî÷åê ìíîãîîáðàçèÿ X îáîçíà÷àåòñÿ Sing X.
Êëàññ êàíîíè÷åñêîãî äèâèçîðà íà íîðìàëüíîì ìíîãîîáðàçèè X ìû îáîçíà÷àåì KX . Åñëè
F � êîãåðåíòíûé ïó÷îê íà àëãåáðàè÷åñêîì ìíîãîîáðàçèè X, ÷åðåç hi(X,F) áóäåì îáîçíà-
÷àòü ðàçìåðíîñòè ïðîñòðàíñòâ êîãîìîëîãèé H i(X,F), à χ(F) =

∑
(−1)ihi(X,F) � ýéëåðîâó

õàðàêòåðèñòèêó.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ãðàíòîâ INTAS 05-100000-8118 è ÍØ-1987.2008.1.
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Îïèøåì èíòåðåñóþùóþ íàñ ñèòóàöèþ.

Îïðåäåëåíèå 2.1. Äåôîðìàöèåé íàçûâàåòñÿ ïëîñêèé ñîáñòâåííûé ìîðôèçì

π : X → ∆,

ãäå ∆ � åäèíè÷íûé äèñê {|t| < 1}, X � íåïðèâîäèìîå êîìïëåêñíîå ìíîãîîáðàçèå. Âñå ðàñ-
ñìàòðèâàåìûå äàëåå äåôîðìàöèè ïðîåêòèâíûå (ìîðôèçì π ïðîåêòèâíûé íàä ∆). Îáîçíà÷èì
÷åðåç Xt ñëîè Xt, à ÷åðåç it, t ∈ ∆, ìû áóäåì îáîçíà÷àòü ìîðôèçì âëîæåíèÿ ñëîÿ Xt → X .

Åñëè ñëîè Xt ïðè t 6= 0 íåîñîáûå, òî äåôîðìàöèÿ π íàçûâàåòñÿ âûðîæäåíèåì Xt ïðè t 6= 0
è ñãëàæèâàíèåì X0. Åñëè õîòÿ áû îäèí òàêîé ìîðôèçì π ñóùåñòâóåò, äîïóñêàÿ âîëüíîñòü
ðå÷è, ìû áóäåì ãîâîðèòü, ÷òî Xt ïðè t 6= 0 ÿâëÿåòñÿ ñãëàæèâàíèåì X0, à X0, ñîîòâåòñòâåííî,
âûðîæäåíèåì Xt.
Ïóñòü L � îáðàòèìûé ïó÷îê íà ìíîãîîáðàçèè X íàä ∆. Òîãäà äëÿ âñåõ t ∈ ∆ ñèìâîëîì

Lt = i∗tL ìû áóäåì îáîçíà÷àòü îãðàíè÷åíèå îáðàòèìîãî ïó÷êà íà ñëîé íàä òî÷êîé t, äðóãèìè
ñëîâàìè îïðåäåëåí ìîðôèçì i∗t : Pic(X ) → Pic(Xt).

Îïðåäåëåíèå 2.2 ([8]). Âûðîæäåíèå (ñãëàæèâàíèå) π íàçûâàåòñÿ ìàëûì, åñëè X0 èìååò
ëèøü ãîðåíøòåéíîâû òåðìèíàëüíûå îñîáåííîñòè (ñì. íàïðèìåð [16] èëè [17]), è äëÿ âñÿêîãî
t ∈ ∆ ìîðôèçì i∗t : Pic(X ) → Pic(Xt) ÿâëÿåòñÿ èçîìîðôèçìîì.

Îïðåäåëåíèå 2.3. Åñëè îêðåñòíîñòü òî÷êè O íà ìíîãîîáðàçèè X ëîêàëüíî àíàëèòè÷åñêè
èçîìîðôíà êîíóñó íàä ãëàäêîé äâóìåðíîé êâàäðèêîé â P3 çàäàííîìó óðàâíåíèåì

x2
1 + x2

2 + x2
3 + x2

4 = 0 ⊂ A4,

òî÷êà O íàçûâàåòñÿ îáûêíîâåííîé äâîéíîé îñîáåííîñòüþ. Òð¼õìåðíîå ìíîãîîáðàçèå âñå îñî-
áûå òî÷êè êîòîðîãî ÿâëÿþòñÿ îáûêíîâåííûìè äâîéíûìè îñîáåííîñòÿìè íàçûâàåòñÿ íîäàëü-
íûì.

Òð¼õìåðíûå òåðìèíàëüíûå ãîðåíøòåéíîâû òîðè÷åñêèå ìíîãîîáðàçèÿ íîäàëüíû (ñì. íà-
ïðèìåð [18]).

Îïðåäåëåíèå 2.4. Ìû áóäåì íàçûâàòü ãîðåíøòåéíîâî ìíîãîîáðàçèå X ìíîãîîáðàçèåì
Êàëàáè�ßó, åñëè KX ' OX è äëÿ âñåõ 0 < i < dim X âûïîëíåíî H i(X,OX) = 0. Â ñìûñëå
ýòîãî îïðåäåëåíèÿ, ìíîãîîáðàçèÿ Êàëàáè�ßó ðàçìåðíîñòè 2 ýòî K3-ïîâåðõíîñòè.

Îïðåäåëåíèå 2.5. Íåîñîáîå ìíîãîîáðàçèå X íàçûâàåòñÿ ìíîãîîáðàçèåì Ôàíî, åñëè àíòè-
êàíîíè÷åñêèé êëàññ −KX îáèëåí. Íîðìàëüíîå ìíîãîîáðàçèå X íàçûâàåòñÿ îñîáûì ìíîãîîá-
ðàçèåì Ôàíî, åñëè íåêîòîðàÿ êðàòíîñòü àíòèêàíîíè÷åñêîãî êëàññà −nKX ÿâëÿåòñÿ îáèëü-
íûì äèâèçîðîì Êàðòüå (â ÷àñòíîñòè, ñàìî ìíîãîîáðàçèå X ÿâëÿåòñÿ Q-ãîðåíøòåéíîâûì).
Àíàëîãè÷íî, (âîçìîæíî, îñîáîå) ìíîãîîáðàçèå X íàçûâàåòñÿ ìíîãîîáðàçèåì ïî÷òè Ôàíî,
åñëè íåêîòîðàÿ êðàòíîñòü åãî àíòèêàíîíè÷åñêîãî äèâèçîðà ÿâëÿåòñÿ ÷èñëåííî ýôôåêòèâ-
íûì äèâèçîðîì Êàðòüå è åãî ñàìîïåðåñå÷åíèå ïîëîæèòåëüíî, ò.å. (−nKX)dim X > 0. ×èñëî

deg(X) = (−nKX)dim X

ndim X íàçûâàåòñÿ àíòèêàíîíè÷åñêîé ñòåïåíüþ ìíîãîîáðàçèÿ Ôàíî.

Îïðåäåëåíèå 2.6. Èíäåêñîì (îñîáîãî) ìíîãîîáðàçèÿ Ôàíî X íàçûâàåòñÿ íàèáîëüøåå (ðà-
öèîíàëüíîå) ÷èñëî r > 0, äëÿ êîòîðîãî àíòèêàíîíè÷åñêèé äèâèçîð −KX ÿâëÿåòñÿ r-êðàòíûì
íåêîòîðîãî öåëîãî äèâèçîðà (Êàðòüå) H:

−KX = rH.
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Îïðåäåëåíèå 2.7. Ïóñòü H ∈ Pic(X) � äèâèçîð Êàðòüå íà n-ìåðíîì ìíîãîîáðàçèè X,

D1, . . . , Dl � áàçèñH2k(X, Z)/tors. Ðàññìîòðèì ìàòðèöóM
(k)
ij = (Hn−4k∪Di∪Dj), i, j = 1, . . . , l.

Îïðåäåëèì dk(X, H) êàê îïðåäåëèòåëü ìàòðèöû M (k) (îí íå çàâèñèò îò âûáîðà öåëî÷èñëåí-
íîãî áàçèñà). Äëÿ òð¼õìåðíîãî ìíîãîîáðàçèÿ Ôàíî X ïîëîæèì d(X) = d1(X,−KX).

Åñëè X � ãëàäêîå ìíîãîîáðàçèå, à H � îáèëüíûé äèâèçîð, òî ÷èñëî dk(X, H) îòëè÷íî îò
íóëÿ (ýòî ïåðåôîðìóëèðîâêà ñèëüíîé òåîðåìû Ëåôøåöà).

Îïðåäåëåíèå 2.8. Íàáîð ÷èñåë ρ, r, deg, b, d ìû áóäåì íàçûâàòü íàáîðîì îñíîâíûõ èíâàðè-
àíòîâ òð¼õìåðíîãî ãëàäêîãî ìíîãîîáðàçèÿ Ôàíî.

Îïðåäåëåíèå 2.9. Ìû èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ (ñåìåéñòâ) ñïåöèàëüíûõ ãëàäêèõ
ìíîãîîáðàçèé:q Pn � n-ìåðíîå ïðîåêòèâíîå ïðîñòðàíñòâî;q Qn � n-ìåðíàÿ ãëàäêàÿ êâàäðèêà â Pn+1;q Sd, d = 1 . . . 8 � ïîâåðõíîñòè äåëü Ïåööî ñòåïåíè d èíäåêñà 1.q Q = Q3 � òð¼õìåðíàÿ êâàäðèêà â P4;q V4 � ïåðåñå÷åíèÿ äâóõ êâàäðèê â P5;q V5 � ñå÷åíèå ãðàññìàíèàíà G(2, 5) ïîäïðîñòðàíñòâîì êîðàçìåðíîñòè 3;q V22 � òð¼õìåðíûå ìíîãîîáðàçèÿ Ôàíî ðîäà 12 ñ ÷èñëîì Ïèêàðà 1;q Vρ.N (ρ = 2, 3, 4) � ñåìåéñòâà òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî ñ ÷èñëîì Ïèêàðà ρ è

íîìåðîì N â òàáëèöàõ [10, Table 2, Table 3, Table 4].

Ìû èñïîëüçóåì ñòàíäàðòíûå îáîçíà÷åíèÿ äëÿ òîðè÷åñêèõ ìíîãîîáðàçèé ([19], [20], [1]):
òîðè÷åñêîå ìíîãîîáðàçèå X ñâÿçàíî ñ âååðîì Σ â ïðîñòðàíñòâå N = Zdim X , à êàæäîìó
îáèëüíîìó äèâèçîðó H íà X ñîîòâåòñòâóåò ìíîãîãðàííèê ∆H â äâîéñòâåííîì ïðîñòðàíñòâå
M = Hom(N, Z); ìû áóäåì îáîçíà÷àòü ìíîãîîáðàçèå X ñèìâîëàìè XΣ è P(∆).

Òåîðåìà 2.10. Ñëåäóþùèå ñåìåéñòâà òð¼õìåðíûõ íåòîðè÷åñêèõ ãëàäêèõ ìíîãîîáðàçèé Ôà-
íî, è òîëüêî îíè, èìåþò ìàëûå âûðîæäåíèÿ âûðîæäåíèÿ â òîðè÷åñêèå ìíîãîîáðàçèÿ Ôàíî
(îáîçíà÷åíèÿ ñîîòâ. 2.9):
1) 4 ñåìåéñòâà ìíîãîîáðàçèé ñ ãðóïïîé Ïèêàðà Z, à èìåííî Q, V4, V5,V22;
2) 16 ñåìåéñòâ ìíîãîîáðàçèé ñ ãðóïïîé Ïèêàðà Z2, à èìåííî V2.n, ãäå n =
12, 17, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32;
3) 16 ñåìåéñòâ ìíîãîîáðàçèé ñ ãðóïïîé Ïèêàðà Z3, à èìåííî V3.n, ãäå n =
7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24;
4) 8 ñåìåéñòâ ìíîãîîáðàçèé ñ ãðóïïîé Ïèêàðà Z4, à èìåííî V4.n, ãäå n = 1, 2, 3, 4, 5, 6, 7, 8.
Âñå òàêèå âûðîæäåíèÿ ïåðå÷èñëåíû â ðàçäåëå 5.

Çàìå÷àíèå 2.11. Àïîñòåðèîðè ïîëó÷àåòñÿ, ÷òî âñå ãëàäêèå òð¼õìåðíûå ìíîãîîáðàçèÿ Ôàíî
Y , äîïóñêàþùèå ìàëîå òîðè÷åñêîå âûðîæäåíèå, óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

(1) Y ðàöèîíàëüíî (ñì. íàïðèìåð [15]),
(2) ρ(Y ) 6 4 (íàïîìíèì, ÷òî ó ìíîãîîáðàçèÿ Ôàíî ρ(Y ) = h1,1(Y ))
(3) deg(Y ) = (−KY )3 > 20,
(4) b(Y ) = h1,2(Y ) 6 3,
(5) b(Y ) = 3 â åäèíñòâåííîì ñëó÷àå ìíîãîîáðàçèÿ V2.12,
(6) b(Y ) = 2 ëèøü â äâóõ ñëó÷àÿõ ñåìåéñòâ ìíîãîîáðàçèé V4 è V2.19.
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3. Äîêàçàòåëüñòâî

Ñ ïîìîùüþ òåîðåìû Êàâàìàòû�Ôèâåãà, ýêñïîíåíöèàëüíîé ïîñëåäîâàòåëüíîñòè è ñïåê-
òðàëüíîé ïîñëåäîâàòåëüíîñòè Ëåðå ëåãêî ïîëó÷àþòñÿ ñëåäóþùèå ñâîéñòâà ìíîãîîáðàçèé Ôà-
íî.

Ïðåäëîæåíèå 3.1 (Ñì., íàïðèìåð, [16], [15]). Ïóñòü X � ìíîãîîáðàçèå ïî÷òè Ôàíî ñ êà-
íîíè÷åñêèìè îñîáåííîñòÿìè. Òîãäà

(1) H i(X,O) = 0 äëÿ âñåõ i > 0,
(2) Pic(X) = H2(X, Z),
(3) Pic(X) � êîíå÷íî-ïîðîæä¼ííûé ñâîáîäíûé Z-ìîäóëü,

Åñëè π : Y → X � ðàçðåøåíèå îñîáåííîñòåé, âñå ïåðå÷èñëåííûå óòâåðæäåíèÿ âåðíû è äëÿ
Y , è êðîìå òîãî R

q
π∗OY = OX (êàíîíè÷åñêèå îñîáåííîñòè ðàöèîíàëüíû).

Ëîêàëüíàÿ òîïîëîãèÿ ñãëàæèâàíèé óñòðîåíà ñëåäóþùèì îáðàçîì:

Ïðåäëîæåíèå 3.2 (ñì., íàïðèìåð, [21], [22] èëè [23]). Ïóñòü π : X → ∆ � ñãëàæèâàíèå.

(1) Îãðàíè÷åíèå π : X\X0 → ∆\0 ÿâëÿåòñÿ ëîêàëüíî òðèâèàëüíûì ðàññëîåíèåì â êëàññå
ãëàäêèõ òîïîëîãè÷åñêèõ ìíîãîîáðàçèé, â ÷àñòíîñòè âñå ãëàäêèå ñëîè äèôôåîìîðôíû
(ýòî óòâåðæäåíèå èçâåñòíî êàê òåîðåìà Ýðåñìàíà).

(2) Ñóùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå Êëåìåíñà c : X → X0 (âíå c−1(Sing X0) îòîá-
ðàæåíèå c ÿâëÿåòñÿ ãëàäêèì), ÿâëÿþùååñÿ äåôîðìàöèîííîé ðåòðàêöèåé ïðîñòðàí-
ñòâà X íà ñëîé X0 ñîãëàñîâàííîé ñ ðàäèàëüíîé ðåòðàêöèåé ∆ → 0. Îãðàíè÷åíèå
îòîáðàæåíèÿ c íà ãëàäêèé ñëîé Xt ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì âíå îñîáûõ òî-
÷åê X0.

Ýòè óòâåðæäåíèÿ ÷èñòî òîïîëîãè÷åñêèå è ÿâëÿþòñÿ âàðèàöèÿìè òåîðåìû î òðóá÷àòîé
îêðåñòíîñòè.

Ñëåäñòâèå 3.3. Ìíîãîîáðàçèÿ X è X0 ãîìîòîïè÷åñêè ýêâèâàëåíòíû (ãîìîòîïè÷åñêàÿ ýê-
âèâàëåíòíîñòü çàäà¼òñÿ ïàðîé èç îòîáðàæåíèÿ Êëåìåíñà c : X → X0 è âëîæåíèÿ ñëîÿ
i0 : X0 → X ), â ÷àñòíîñòè

H2(X0, Z) = H2(X , Z)

H2(X0, Z) = H2(X , Z)

Ñëåäñòâèå 3.4. Äëÿ âñåõ t 6= 0 îáðàçû Im[{it}∗ H q(Xt, Z) → H q(X , Z)] ñîâïàäàþò.

Äîêàçàòåëüñòâî. Ïîêðîåì ∆\0 îêðåñòíîñòÿìè Ui íàä êîòîðûìè π ÿâëÿåòñÿ òðèâèàëüíûì
ðàññëîåíèåì. Ðàññìîòðèì ïàðó òî÷åê t, s ∈ Ui è k-öèêë γ ∈ Hk(Xt, Z). Ïóñòü I ⊂ U � îòðåçîê
ñîåäèíÿþùèé t è s â U , à γU � (k + 1)-öèêë â XI , ñîîòâåòñòâóþùèé ïðîèçâåäåíèþ I íà γ ïðè
òðèâèàëèçàöèè π íàä I. Òîãäà ãðàíèöà γU â X ýòî ðàçíîñòü {it}∗ γ è {is}∗ γ. �

Òåîðåìà 3.5 ([24]). ×èñëà Õîäæà hp,q(Xt) ïîñòîÿííû äëÿ âñåõ t ∈ ∆\0.
Ïðåäëîæåíèå 3.6 (Òåîðåìà ïîëóíåïðåðûâíîñòè, ñì. íàïðèìåð [25]). Ïóñòü F � êîãåðåíò-
íûé ïó÷îê íà X , ïëîñêèé íàä O∆; îáîçíà÷èì Ft = i∗tF . Òîãäà

(1) Ýéëåðîâà õàðàêòåðèñòèêà χ(Xt,Ft) íå çàâèñèò îò t ∈ ∆.
(2) Ðàçìåðíîñòü êàæäîãî îòäåëüíîãî ïðîñòðàíñòâà êîãîìîëîãèé H i(Xt,Ft) êàê ôóíêöèÿ

îò t ïîëóíåïðåðûâíà ñâåðõó (òî åñòü ∀n ∈ Z ìíîæåñòâà âèäà{
t ∈ ∆ : hi(Xt,Ft) > n

}
çàìêíóòû â òîïîëîãèè Çàðèññêîãî).
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Çàìå÷àíèå 3.7. Ìû áóäåì ïîëüçîâàòüñÿ òàêèì ïðè¼ìîì: åñëè êîãîìîëîãèè êàêîãî-òî êîãå-
ðåíòíîãî ïó÷êà H i(X0,F0) = 0 çàíóëÿþòñÿ, òî áóäåì ñ÷èòàòü, ÷òî äèñê ∆ âûáðàí òàê, ÷òî
çàíóëÿþòñÿ è êîãîìîëîãèè âñåõ ñëî¼â H i(Xt,Ft) = 0.

Òåîðåìà 3.8 ([26]). Ïóñòü ìíîãîîáðàçèå X0 èìååò êàíîíè÷åñêèå îñîáåííîñòè. Òîãäà è ìíî-
ãîîáðàçèå X èìååò êàíîíè÷åñêèå îñîáåííîñòè. Òîòàëüíîå ïðîñòðàíñòâî X ÿâëÿåòñÿ Q-
ãîðåíøòåéíîâûì. Åñëè ìíîãîîáðàçèå X0 ãîðåíøòåéíîâî, òî è X òîæå ãîðåíøòåéíîâî.

Â ïîñëåäíåì ñëó÷àå, íà X âåðíà íàèâíàÿ ôîðìóëà ïðèñîåäèíåíèÿ (òàê êàê äóàëèçèðóþùèé
ïó÷îê ðàâåí êàíîíè÷åñêîìó).
Âñþäó äàëåå â ýòîì ðàçäåëå ìû ïðåäïîëàãàåì ÷òî ìíîãîîáðàçèå X0 ãîðåíøòåéíîâî ìíîãî-

îáðàçèå Êàëàáè�ßó ðàçìåðíîñòè áîëüøå 1 èëè ïî÷òè Ôàíî ñ êàíîíè÷åñêèìè îñîáåííîñòÿìè
(ëþáîé ðàçìåðíîñòè).

Ïðåäëîæåíèå 3.9. Äëÿ âñåõ i è t èìååì

hi(Xt,OXt) = hi(X0,OX0)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ hi(Xt,OXt)0<i<dim Xt êàê ôóíêöèþ îò t. Ýòà ôóíêöèÿ
ïîëóíåïðåðûâíà ñâåðõó (ïî òåîðåìå ïîëóíåïðåðûâíîñòè), è ïðè t = 0 ðàâíà 0 (ïî îïðåäåëå-
íèþ åñëè X � ìíîãîîáðàçèå Êàëàáè�ßó, è ïî ñâîéñòâó 3.1 åñëè X � ìíîãîîáðàçèå ïî÷òè
Ôàíî). Ñëåäîâàòåëüíî, îíà ðàâíà 0 â îêðåñòíîñòè 0. Çíà÷èò, îíà è òîæäåñòâåííî ðàâíà 0
(3.5). Ïîñêîëüêó h0(Xt,O) = 1 äëÿ âñåõ t, èç 3.6 ïîëó÷àåì ÷òî hn(Xt) = hn(X0) äëÿ âñåõ t (0
äëÿ ïî÷òè Ôàíî, 1 äëÿ Êàëàáè�ßó). �
Ïî òåîðåìå Ãðàóýðòà âûñøèå ïðÿìûå îáðàçû ïó÷êîâ OX è OX (−KX ) çàíóëÿþòñÿ Riπ∗O =

Riπ∗O(−KX ) = 0, dim X0 > i > 0, à π∗O(−KX ) � ëîêàëüíî ñâîáîäíûé ïó÷îê íàä
∆ ðàíãà h0(X0,O(−KX0)). Ñïåêòðàëüíûå ïîñëåäîâàòåëüíîñòè Ëåðå H i(∆, Rjπ∗O(−KX )) è
H i(∆, Rjπ∗O)) âûðîæäàþòñÿ. Èìååì

H i(X ,OX (−KX )) = H i(Xt,OXt(−Kt)) = 0, dim X0 > i > 0, t ∈ ∆(3.10)

H i(X ,OX ) = H i(Xt,OXt) = 0, dim X0 > i > 0, t ∈ ∆(3.11)

H0(Xt,OXt(−KXt)) = H0(X0,OX0(−KX0)), t ∈ ∆(3.12)

H0(X ,OX (−KX )) = H0(X0,OX0(−KX0))⊗H0(∆,O)(3.13)

Èç ýêñïîíåíöèàëüíîé òî÷íîé ïîñëåäîâàòåëüíîñòè è 3.11 èìååì èçîìîðôèçìû

Pic(X ) = H2(X , Z)(3.14)

Pic(Xt) = H2(Xt, Z)(3.15)

Êîìáèíèðóÿ ðàâåíñòâî 3.14 è óòâåðæäåíèÿ 3.3 ïîëó÷àåì

Ïðåäëîæåíèå 3.16. Îòîáðàæåíèå i∗0 : Pic(X ) 7→ Pic(X0) � èçîìîðôèçì.

Ïðåäëîæåíèå 3.17. Îòîáðàæåíèå i∗t : Pic(X ) 7→ Pic(Xt) èíúåêòèâíî, òî åñòü

(3.18) Ker i∗t = 0.

Äîêàçàòåëüñòâî. Ïîñêîëüêó äëÿ âñåõ γ ∈ H q(Xt) è Γ ∈ H
q
(X ) âûïîëíåíî

〈i∗t (Γ), γ〉 = 〈Γ, {it}∗ γ〉 ,
èç íåâûðîæäåííîñòè ñïàðèâàíèÿ íà Xt ïðè t 6= 0 è ñëåäñòâèÿ 3.4 ïîëó÷àåì ÷òî ÿäðà Ker i∗t :
H2(X , Z)/tors → H2(Xt, Z)/tors ñîâïàäàþò äëÿ âñåõ t 6= 0. Èç îòîæäåñòâëåíèÿ 3.14 òî æå
âåðíî äëÿ it : Pic(X ) → Pic(Xt): Ker it = Ker it′ äëÿ âñåõ t, t′ ∈ ∆\0.
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Ðàññìîòðèì ïðîèçâîëüíûé ýëåìåíò L ∈ Ker i∗t = ∩t′∈∆\0Ker i∗t′ . Ýòî îáðàòèìûé ïó÷îê îá-
ëàäàþùèé ñâîéñòâîì LXt = OXt , t ∈ ∆\0. Ïðè t 6= 0 ó ýòîãî òðèâèàëüíîãî ðàññëîåíèÿ îäíî-
ìåðíîå ïðîñòðàíñòâî ñå÷åíèé:

h0(Xt,LXt) = h0(Xt,OXt) = 1,

ñëåäîâàòåëüíî ïî ïîëóíåïðåðûâíîñòè (3.6)

h0(X0,LX0) > 1.

Àíàëîãè÷íî, ïîëó÷èì

h0(X0,L−1
X0

) > 1

. Ïîýòîìó LX0 ' OX0 . À ñëåäîâàòåëüíî ïî 3.16 è L ' OX . �

Òàê êàê ìíîãîîáðàçèå X0 ãîðåíøòåéíîâî, òî ãîðåíøòåéíîâî è òîòàëüíîå ïðîñòðàíñòâî X
(3.8), ïîýòîìó, ïî ôîðìóëå ïðèñîåäèíåíèÿ, äëÿ âñåõ t ∈ ∆ âûïîëíåíî

(3.19) −KXt = −(KX + Xt)|Xt = i∗t (−KX ),

.
Ïóñòü D ∈ Pic(X ). Ñëîè X0 = X è Xt àëãåáðàè÷åñêè ýêâèâàëåíòíû, ñëåäîâàòåëüíî

(3.20) i∗0(D)dim X = Ddim X ·X0 = Ddim X ·Xt = i∗t (D)dim X

Ñëåäñòâèå 3.21. Àíòèêàíîíè÷åñêàÿ ñòåïåíü (−Kt)
dim Xt íå çàâèñèò îò t ∈ ∆.

Ïóñòü X � îòíîñèòåëüíîå ìíîãîîáðàçèå Ôàíî (òî åñòü ïó÷îê −KX îáèëåí íàä ∆).

Òåîðåìà 3.22 ([27]). Âñÿêîå òð¼õìåðíîå íîäàëüíîå ìíîãîîáðàçèå Ôàíî X0 èìååò ñãëàæè-
âàíèå π : X −→ ∆, ó êîòîðîãî îáùèé ñëîé Xt ïðè t 6= 0 ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì
Ôàíî.

Òåîðåìà 3.22 èìååò îáîáùåíèå

Òåîðåìà 3.23 ([28]). Âñÿêîå òð¼õìåðíîå ãîðåíøòåéíîâî ìíîãîîáðàçèå Ôàíî X0 ñ òåðìè-
íàëüíûìè îñîáåííîñòÿìè èìååò ñãëàæèâàíèå π : X −→ ∆, îáùèé ñëîé Xt6=0 êîòîðîãî
ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì Ôàíî.

Ïðåäëîæåíèå 3.24. Â ñëó÷àå ìíîãîîáðàçèé (ïî÷òè) Ôàíî, ìàëîñòü âûðîæäåíèÿ ýêâèâà-
ëåíòíà ñîâïàäåíèþ äâóõ ïàð ÷èñåë (ρ, d) (÷èñëî d îïðåäåëåíî â 2.7):

ρ(X0) = ρ(Xt)

d(X0) = d(Xt)

Äîêàçàòåëüñòâî. Îãðàíè÷åíèå i∗0 âñåãäà èçîìîðôèçì, è èíúåêòèâíîñòü i∗t âåðíà âñåãäà (ñì.
3.17). Îáå ãðóïïû Pic(Xt) è Pic(X) ÿâëÿþòñÿ ðåø¼òêàìè êîíå÷íîãî ðàíãà (3.1). Òàêèì îáðà-
çîì, ðàâåíñòâî ρ(X0) = ρ(Xt) îçíà÷àåò ÷òî ìîðôèçì i∗t (i

∗
0)
−1 âçàèìíî-îäíîçíà÷íî îòîáðàæà-

åò ðåø¼òêó Pic(X0) â ïîëíóþ ïîäðåø¼òêó êîíå÷íîãî èíäåêñà â Pic(Xt). Ýòîò èíäåêñ ðàâåí

[Pic(Xt) : Pic(X0)] =
(

d(X0)
d(Xt)

) 1
2
. �

Òåîðåìà 3.25 ([29]). Åñëè X � ñãëàæèâàíèå, à X0 � òð¼õìåðíîå ãîðåíøòåéíîâî ìíîãî-
îáðàçèå Ôàíî ñ òåðìèíàëüíûìè îñîáåííîñòÿìè, ìîðôèçì i∗t ÿâëÿåòñÿ èçîìîðôèçìîì äëÿ
âñåõ t.

6



Ñëåäñòâèå 3.26. Ó âñÿêîãî òð¼õìåðíîãî ãîðåíøòåéíîâà ìíîãîîáðàçèÿ Ôàíî ñ òåðìèíàëü-
íûìè îñîáåííîñòÿìè ñóùåñòâóåò ñãëàæèâàíèå, îáùèé ñëîé êîòîðîãî ãëàäêîå ìíîãîîáðàçèå
Ôàíî, è âñå òàêèå ñãëàæèâàíèÿ ÿâëÿþòñÿ ìàëûìè.

Äîêàçàòåëüñòâî. Ýòî ôîðìàëüíîå îáúåäèíåíèå òåîðåì 3.23 è 3.25. �

Ñëåäñòâèå 3.27. Òð¼õìåðíîå ãîðåíøòåéíîâî òåðìèíàëüíîå ìíîãîîáðàçèå Ôàíî X è åãî
ñãëàæèâàíèå Y èìåþò îäèíàêîâûå èíâàðèàíòû ρ, deg, r, d.

Äîêàçàòåëüñòâî. Ðàâåíñòâî 3.21 óòâåðæäàåò deg(X) = deg(Y ). Êàê ñëåäñòâèå 3.25 èìååì
ρ(X) = ρ(Y ). Ïîýòîìó, èç 3.20 è 3.24 ñëåäóåò d(X) = d(Y ). Íàêîíåö, èç 3.25 è 3.19 ïîëó÷àåì
r(X) = r(Y ). �
Ó òð¼õìåðíîãî ìíîãîîáðàçèÿ Ôàíî Y âñåãî äâà íåòðèâèàëüíûõ ÷èñëà Õîäæà, ïåðâîå

h1,1(Y ) = h2,2(Y ) = ρ(Y ) ðàâíî ðàíãó ãðóïïû Ïèêàðà, à âòîðîå b(Y ) = h1,2(Y ) = h2,1(Y ) =
1
2
rk H3(Y, Z); åù¼ äâà ðàâíû åäèíèöå h0,0(Y ) = h3,3(Y ) = 1, îñòàëüíûå íóëè.

Ïðåäëîæåíèå 3.28. Ïóñòü X � íîäàëüíîå òð¼õìåðíîå ìíîãîîáðàçèå, X̃ � åãî ìàëîå êðå-
ïàíòíîå ðàçðåøåíèå, Y � ñãëàæèâàíèå X. Îáîçíà÷èì p(X) � êîëè÷åñòâî îáûêíîâåííûõ
äâîéíûõ òî÷åê íà X. Òîãäà âûïîëíåíî ðàâåíñòâî

(3.29) b(Y ) = p(X) + b(X̃) + ρ(Y )− ρ(X̃),

Äîêàçàòåëüñòâî. Ñðàâíèì òîïîëîãè÷åñêèå ýéëåðîâû õàðàêòåðèñòèêè (äëÿ íåêîìïàêòíûõ
ìíîãîîáðàçèé è ìíîãîîáðàçèé ñ êðàåì áóäåì èñïîëüçîâàòü ýéëåðîâó õàðàêòåðèñòèêó êîãî-
ìîëîãèé ñ êîìïàêòíûì íîñèòåëåì: χ(M) =

∑
i(−1)i dim H i

c(M, C)) ìàëîãî êðåïàíòíîãî ðàç-

ðåøåíèÿ X̃ è ñãëàæèâàíèÿ Y 1.
Âûðåæåì èç X ìàëåíüêèå îêðåñòíîñòè âñåõ îáûêíîâåííûõ äâîéíûõ òî÷åê pi, ïîëó÷åííîå

ìíîãîîáðàçèå ñ êðàåì íàçîâ¼ì M . Ïðîêîëîòàÿ îêðåñòíîñòü îáûêíîâåííîé äâîéíîé îñîáåííî-
ñòè íà X èçîìîðôíà êàñàòåëüíîìó ðàññëîåíèþ ê âåùåñòâåííîé òð¼õìåðíîé ñôåðå TS3 áåç
íóëåâîãî ñå÷åíèÿ: åñëè

∑4
i=1 z2

i = 0, z = x + yi, òî x è y � ïàðà íåíóëåâûõ îðòîãîíàëüíûõ
(îòíîñèòåëüíî ñòàíäàðòíîé åâêëèäîâîé ìåòðèêè) âåêòîðîâ â R4 îäèíàêîâîé äëèíû r; âåêòîð
x
r
ýòî òî÷êà íà (n − 1)-ìåðíîé ñôåðå ðàäèóñà 1, à y � êàñàòåëüíûé âåêòîð â ýòîé òî÷êå.

Ïîýòîìó, ãðàíèöà îêðåñòíîñòè îáûêíîâåííîé äâîéíîé îñîáåííîñòè íà X èçîìîðôíà S2 × S3.
Ïðè êðåïàíòíîì ðàçðåøåíèè îíà çàêëåèâàåòñÿ S2 ×D4, à ïðè ñãëàæèâàíèè � D3 × S3. Ñëå-
äîâàòåëüíî

χ(X̃) = χ(M) + p · χ(S2),

χ(Y ) = χ(M) + p · χ(S3).

Ïîýòîìó

χ(X̃) = χ(Y ) + 2p.

Ñ äðóãîé ñòîðîíû,

χ(Y ) = 2 + 2ρ(Y )− 2b(Y ),

χ(X̃) = 2 + 2ρ(X̃)− 2b(X̃).

�

1Âìåñòî ýòîãî ìîæíî áûëî áû ñðàâíèòü ðàçìåðíîñòè âåðñàëüíîãî ïðîñòðàíñòâà äåôîðìàöèé Y è X; òàêæå
ñóùåñòâóþò îáúÿñíÿþùèå ýòî ñîîòíîøåíèå ñîîáðàæåíèÿ çåðêàëüíîé ñèììåòðèè (ñì. [30, 6]).
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Ïðåäëîæåíèå 3.30. Åñëè X � òð¼õìåðíîå íîäàëüíîå òîðè÷åñêîå ìíîãîîáðàçèå, ñîîòâåò-
ñòâóþùåå ìíîãîãðàííèêó ñ v âåðøèíàìè, p ãðàíÿìè-ïàðàëëåëåïèïåäàìè (îáûêíîâåííûìè
äâîéíûìè îñîáåííîñòÿìè) è f − p òðåóãîëüíûìè ãðàíÿìè (ãëàäêèìè íåïîäâèæíûìè òî÷-
êàìè), èìååì H3(X̃) = 0, ρ(X̃) = v − 3. Ïîýòîìó åñëè Y � ñãëàæèâàíèå X, òî

b(Y ) = p + ρ(X)− (v − 3)

Äîêàçàòåëüñòâî. Ïîñêîëüêó ìíîãîîáðàçèå X̃ íåîñîáîå, ãðóïïà Pic(X̃) ñîâïàäàåò ñ ãðóïïîé
Cl(X̃). Ïîñêîëüêó ðàçðåøåíèå îñîáåííîñòåé X̃ → X � ìàëîå, íà X̃ è X îäèíàêîâûå äèâèçîðû
Âåéëÿ, òî åñòü Cl(X̃) = Cl(X). Ïîýòîìó ρ(X̃) = rk Pic(X̃) = rk Cl(X) = v−3. Òàêèì îáðàçîì,
óòâåðæäåíèå 3.28 â äàííîì ñëó÷àå ýêâèâàëåíòíî íàïèñàííîìó âûøå ðàâåíñòâó. �

Òåîðåìà 3.31 (ñì. [10],[12]). Äâà ãëàäêèõ òð¼õìåðíûõ ìíîãîîáðàçèÿ Ôàíî Y1, Y2 èìåþùèå
îäèíàêîâûé íàáîð îñíîâíûõ èíâàðèàíòîâ ρ, r, deg, b, d ëåæàò â îäíîì äåôîðìàöèîííîì êëàñ-
ñå. Âñåãî äåôîðìàöèîííûõ êëàññîâ ñòî ïÿòü 2. Âñå îíè ïåðå÷èñëåíû â ðàáîòå [10], êàæäûé
èç íèõ íåïóñòîé.

Áóäåì ãîâîðèòü, ÷òî ãëàäêîå òð¼õìåðíîå ìíîãîîáðàçèå Ôàíî Y îïðåäåëÿåòñÿ èíâàðèàíòà-
ìè (ρ, r, deg, b), åñëè äëÿ âñÿêîãî ãëàäêîãî òð¼õìåðíîãî ìíîãîîáðàçèÿ Ôàíî Y ′ èç ðàâåíñòâ
ρ(Y ′) = ρ(Y ), r(Y ′) = r(Y ), deg(Y ′) = deg(Y ), b(Y ′) = b(Y ) ñëåäóåò, ÷òî Y è Y ′ ëåæàò â
îäíîì ñåìåéñòâå. Ñîãëàñíî [12] èç 105 ñåìåéñòâ òð¼õìåðíûõ ãëàäêèõ ìíîãîîáðàçèé Ôàíî íå
îïðåäåëÿþòñÿ èíâàðèàíòàìè ρ, r, deg, b òîëüêî 19.

Ëåììà 3.32. Äëÿ âñÿêîãî òð¼õìåðíîãî íîäàëüíîãî ìíîãîîáðàçèÿ Ôàíî X ñóùåñòâóåò åäèí-
ñòâåííîå ñ òî÷íîñòüþ äî äåôîðìàöèé ãëàäêîå ìíîãîîáðàçèå Ôàíî Y , ò.÷. Y � ñãëàæèâàíèå
X.

Äîêàçàòåëüñòâî. Ó X åñòü ñãëàæèâàíèå � ãëàäêîå ìíîãîîáðàçèå Ôàíî Y (3.22).
Îñíîâíûå èíâàðèàíòû ìíîãîîáðàçèÿ Y (ñì. 2.8) ÿâíî âûðàæàþòñÿ ÷åðåç èíâàðèàíòû ìíîãî-
îáðàçèÿ X (3.27, 3.30).
Äåôîðìàöèîííûé êëàññ ìíîãîîáðàçèÿ Y îäíîçíà÷íî îïðåäåëÿåòñÿ åãî îñíîâíûìè èíâàðèàí-
òàìè (3.31).
�

Ñëåäñòâèå 3.33. Ïóñòü Y îïðåäåëÿåòñÿ èíâàðèàíòàìè (ρ, r, deg, b). Òîãäà òð¼õìåðíîå
íîäàëüíîå ìíîãîîáðàçèå Ôàíî X ÿâëÿåòñÿ âûðîæäåíèåì Y òîãäà è òîëüêî òîãäà êîãäà
ρ(X) = ρ, r(X) = r, deg(X) = deg, b(X) = b. Åñëè æå Y íå îïðåäåëÿåòñÿ ñâîèìè èí-
âàðèàíòàìè (ρ, r, deg, b), òî X ÿâëÿåòñÿ âûðîæäåíèåì Y òîãäà è òîëüêî òîãäà, êîãäà
ρ(X) = ρ, r(X) = r, deg(X) = deg, b(X) = b, d(X) = d.

Îòìåòèì, ÷òî äîêàçàòåëüñòâî ëåììû 3.32 ðàáîòàåò íå òîëüêî äëÿ òîðè÷åñêèõ ìíîãîîáðà-
çèé, íî äëÿ ëþáûõ íîäàëüíûõ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî (è íà ñëó÷àé òåðìèíàëüíûõ
ãîðåíøòåéíîâûõ îñîáåííîñòåé òîæå íåñëîæíî îáîáùàåòñÿ). Äàëåå ìû îãðàíè÷èìñÿ ñëó÷àåì
íîäàëüíûõ òîðè÷åñêèõ ìíîãîîáðàçèé Ôàíî X 3.
Äëÿ îïèñàíèÿ âñåõ ðåôëåêñèâíûõ ìíîãîãðàííèêîâ (òî åñòü ãîðåíøòåéíîâûõ òîðè÷åñêèõ

ìíîãîîáðàçèé Ôàíî) â ëþáîé ôèêñèðîâàííîé ðàçìåðíîñòè åñòü ýôôåêòèâíûé àëãîðèòì ([32]).

2Â íà÷àëüíîé âåðñèè [10] ñåìåéñòâî ìíîãîîáðàçèé V4.13 áûëî ïðîïóùåíî, ýòî áûëî èñïðàâëåíî â 2003 ãîäó.
3Èç-çà îñîáåííîé ïðîñòîòû âû÷èñëåíèé, è áîëüøåãî êîëè÷åñòâà ïðèëîæåíèé. Â ðàçäåëå 6 îá ýòîì ñêàçàíî

ïîäðîáíåå.
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Èõ êîëè÷åñòâî ðàñò¼ò äîñòàòî÷íî áûñòðî: 16 ìíîãîóãîëüíèêîâ, 4319 ìíîãîãðàííèêîâ â òð¼õ-
ìåðíîì ïðîñòðàíñòâå ([32]), 473800776 ÷åòûð¼õìåðíûõ ìíîãîãðàííèêîâ.
Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé íîäàëüíûõ òð¼õìåðíûõ òîðè÷åñêèõ ìíîãîîáðàçèé Ôàíî.

Äëÿ ïîëó÷åíèÿ ïîëíîãî ñïèñêà òàêèõ ìíîãîîáðàçèé ìû èñïîëüçîâàëè ïðîãðàììíûé ïàêåò
PALP ([31, 32]). Âñåãî òàêèõ ìíîãîîáðàçèé 100, èç íèõ 18 ãëàäêèå. Â íåãëàäêîì ñëó÷àå ÷èñëî
Ïèêàðà íå ïðåâîñõîäèò 4. Âñå ýòè ìíîãîîáðàçèÿ ïåðå÷èñëåíû â òàáëèöå ðàçäåëà 5.
Òð¼õìåðíûå òîðè÷åñêèå íîäàëüíûå ìíîãîîáðàçèÿ ÿâíî îïèñàíû ([18]). Èìåþòñÿ äàæå áîëåå

îáùèå êëàññèôèêàöèè âñåõ òåðìèíàëüíûõ òð¼õìåðíûõ òîðè÷åñêèõ ìíîãîîáðàçèé Ôàíî ([33])
è âñåõ ãîðåíøòåéíîâûõ òð¼õìåðíûõ òîðè÷åñêèõ ìíîãîîáðàçèé Ôàíî ([32]).
Âñåãî íîäàëüíûõ òîðè÷åñêèõ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî 100, íî 18 èç íèõ íåîñîáûå,

è äåôîðìàöèåé äðóãèõ íåîñîáûõ ìíîãîîáðàçèé Ôàíî íå ÿâëÿþòñÿ (3.31).
Èòàê, âû÷èñëèì èíâàðèàíòû ñãëàæèâàíèÿ Y òîðè÷åñêîãî íîäàëüíîãî ìíîãîîáðàçèÿ Ôàíî

X.
Îáîçíà÷èì ñèìâîëîì π : X̃ → X íåêîòîðîå ìàëîå êðåïàíòíîå ðàçðåøåíèå íîäàëüíîãî

ìíîãîîáðàçèÿ X, à ñèìâîëîì p(X) � êîëè÷åñòâî îáûêíîâåííûõ äâîéíûõ îñîáåííîñòåé íà X.

Äîêàçàòåëüñòâî òåîðåìû 2.10. Ïðåäïîëîæèì, ÷òî ãëàäêîå òð¼õìåðíîå ìíîãîîáðàçèå Ôàíî
Y âûðîæäàåòñÿ â X.
Êàê ïîêàçàíî â 3.27, ìíîãîîáðàçèÿ X è Y , èìåþò îäèíàêîâîå ÷èñëî Ïèêàðà, îäèíàêîâûé

èíäåêñ, îäèíàêîâóþ àíòèêàíîíè÷åñêóþ ñòåïåíü è îäèíàêîâûé èíâàðèàíò d. Ââåä¼ì îáîçíà-
÷åíèÿ

ρ(X) = ρ(Y ) = ρ,(3.34)

r(X) = r(Y ) = r,(3.35)

(−KX)3 = −(KY )3 = deg,(3.36)

d(X) = d(Y ) = d.(3.37)

Ïîñêîëüêó ìíîãîîáðàçèå X̃ òîðè÷åñêîå, H3(X̃, Q) = 0.
Ñîîòâåòñòâåííî (ñì. 3.28, 3.29, 3.30):

(3.38) b(Y ) = p(X) + ρ(X)− ρ(X̃)

Îáîçíà÷èì b = p(X) + ρ(X)− ρ(X̃).

Îñòà¼òñÿ âû÷èñëèòü èíâàðèàíòû ρ, r, deg, b, d ìíîãîîáðàçèÿ X (ýòî äåëàåòñÿ â ðàçäåëå 4),
è íàéòè â òàáëèöå [11] åäèíñòâåííîå ñåìåéñòâî ãëàäêèõ ìíîãîîáðàçèé Y ñ èíâàðèàíòàìè
ρ(Y ) = ρ, r(Y ) = r, deg(Y ) = deg, b(Y ) = b, d(Y ) = d.

�

Ñëåäóþùèå ñîîáðàæåíèÿ ïîçâîëÿþò óïðîñòèòü âû÷èñëåíèÿ.
×èñëî Ïèêàðà îñîáûõ íîäàëüíûõ òîðè÷åñêèõ ìíîãîîáðàçèé Ôàíî áûâàåò ðàâíûì 1, 2, 3 è 4

(ñì [18] èëè òàáëèöó â 5). Ñëåäîâàòåëüíî, ãëàäêèå íåòîðè÷åñêèå ìíîãîîáðàçèÿ Ôàíî ñ ÷èñëîì
Ïèêàðà ρ > 5 (à èìåííî: íåòîðè÷åñêîå ìíîãîîáðàçèå ñòåïåíè 28 ñ ρ = 5 è ïðîèçâåäåíèÿ
P1 × Sd=11−ρ ïðÿìîé P1 íà ïîâåðõíîñòü äåëü Ïåööî Sd ñòåïåíè d 6 5) ìàëûõ òîðè÷åñêèõ
âûðîæäåíèé íå èìåþò.
Äëÿ 55 èç 82 îñîáûõ íîäàëüíûõ òîðè÷åñêèõ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî X ñóùåñòâó-

åò ëèøü îäíî ñåìåéñòâî ãëàäêèõ ìíîãîîáðàçèé Ôàíî Y ñ èíâàðèàíòàìè (ρ, b, r, deg)(Y ) =
(ρ, b, r, deg)(X). Äëÿ ýòèõ ìíîãîîáðàçèé íåò íåîáõîäèìîñòè âû÷èñëÿòü èíâàðèàíò d(X), âû-
÷èñëåíèå êîòîðîãî íàèáîëåå òðóäî¼ìêî.
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Èñêëþ÷åíèå ñîñòàâëÿþò ñëåäóþùèå âîñåìü íàáîðîâ èíâàðèàíòîâ (ρ, r, deg, b), êîòîðûì
ñîîòâåòñòâóþò 17 òèïîâ ìíîãîîáðàçèé Ôàíî óêàçàííûå â òàáëèöå 1:

Òàáëèöà 1:

ρ deg b, r ãëàäêèå Y
2 30 0, 1 V2.22[−24], V2.24[−21]
2 46 0, 1 V2.30[−12], V2.31[−13]
3 36 0, 1 V3.17[28], V3.18[26]
3 38 0, 1 V3.19[24], V3.20[28], V3.21[22]
3 42 0, 1 V3.23[20], V3.24[22]
4 32 0, 1 V4.4[−40], V4.5[−39]
2 54 0, 2 V2.33, V2.34

3 48 0, 2 V3.27, V3.28

Çàìå÷àíèå 3.39. Ìíîãîîáðàçèÿ V2.33, V2.34, V3.27, V3.28 ñàìè ÿâëÿþòñÿ òîðè÷åñêèìè.

Çàìå÷àíèå 3.40. Â ïðåäûäóùåé òàáëèöå çà êàæäûì ãëàäêèì ìíîãîîáðàçèåì Ôàíî Y â êâàä-
ðàòíûõ ñêîáêàõ óêàçàí åãî èíâàðèàíò d(Y ) (ñì. [12, ïðåäëîæåíèå 7.35]).

4. Âû÷èñëåíèå

Òåîðåìà 4.1 (ñì. íàïðèìåð [1]). Ïóñòü X � íåîñîáîå è ñîáñòâåííîå (âîçìîæíî, íå ïðîåê-
òèâíîå) òîðè÷åñêîå ìíîãîîáðàçèå. Êîëüöî êîãîìîëîãèé H

q
(X, Q) ïîðîæäåíî êëàññàìè èíâà-

ðèàíòíûõ äèâèçîðîâ Dρi
. Ñîîòíîøåíèÿ â ýòîì êîëüöå ïîðîæäåíû ñîîòíîøåíèÿìè Ñòåíëè�

Ðèçíåðà � äëÿ âñÿêîãî J ⊂ Σ(1), íå ñîäåðæàùåãîñÿ íè â îäíîé ãðàíè ∆, âûïîëíåíî∏
j∈J⊂Σ(1)

Dρj
= 0,

è ñîîòíîøåíèÿìè òðèâèàëüíîñòè ãëàâíûõ äèâèçîðîâ - ∀m ∈ M∑
i

〈m, ρi〉Dρi
= 0.

Ýòî îçíà÷àåò ÷òî â êîëüöå êîãîìîëîãèé ãëàäêîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ âñå ñîîòíîøå-
íèÿ ïîðîæäàþòñÿ íàèâíûìè: ïåðåñå÷åíèå k ðàçëè÷íûõ äèâèçîðîâ ïóñòî, åñëè ñîîòâåòñòâóþ-
ùèå ýòèì äèâèçîðàì 1-ìåðíûå ãðàíè íå ëåæàò íà îäíîé k-ìåðíîé ãðàíè σ. Åñëè æå ëåæàò,
òî îíè òðàíñâåðñàëüíî ïåðåñåêàþòñÿ â (d− k)-ìåðíîé îðáèòå ñîîòâåòñòâóþùåé ãðàíè σ.

Ëåììà 4.2. Ïóñòü XΣ � ãëàäêîå n-ìåðíîå òîðè÷åñêîå ìíîãîîáðàçèå. Ðàññìîòðèì îäíîðîä-
íóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé

xj1...jn = 0, åñëè {ρj1 . . . ρjn} íå êîíóñ â Σ∑
〈m, ρj〉xj1...ji−1jji+1...jn = 0

Îíà èìååò åäèíñòâåííîå ñ òî÷íîñòüþ äî ïðîïîðöèîíàëüíîñòè ðåøåíèå. Âûáåðåì åäèí-
ñòâåííîå ðåøåíèå óäîâëåòâîðÿþùåå óñëîâèþ xj1...jn = 1, åñëè {ρj1 . . . ρjn} ÿâëÿåòñÿ êîíóñîì
â Σ. Òîãäà ÷èñëà xj1...jn ðàâíû èíäåêñàì ïåðåñå÷åíèÿ äèâèçîðîâ Dj1 · . . . ·Djn íà XΣ.
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Ïðåäëîæåíèå 4.3. Äëÿ äèâèçîðà Âåéëÿ
∑

aρDρ óñëîâèå ëîêàëüíîé ãëàâíîñòè â îáûêíîâåí-
íîé äâîéíîé îñîáåííîñòè íà òð¼õìåðíîì òîðè÷åñêîì ìíîãîîáðàçèè âûãëÿäèò òàê � ñóì-
ìà êîýôôèöèåíòîâ ïðè èíâàðèàíòíûõ íåïðèâîäèìûõ äèâèçîðàõ ñîîòâåòñòâóþùèõ êîíöàì
äèàãîíàëè ρAρC ïàðàëëåëîãðàììà ρAρBρCρD ðàâíà àíàëîãè÷íîé ñóììå íà êîíöàõ äèàãîíàëè
ρBρD:

aρA
+ aρC

= aρB
+ aρD

.

Ëåììà 4.4. Ïóñòü X � íîäàëüíîå òð¼õìåðíîå òîðè÷åñêîå ìíîãîîáðàçèå Ôàíî. Òîãäà ãðóïïà
Pic(X) îïðåäåëÿåòñÿ èç òî÷íîé ïîñëåäîâàòåëüíîñòè

0 → Pic(X) → Pic(X̃)
φ→ ⊕ABCDZ,

â ïîñëåäíåì ÷ëåíå ñóììèðîâàíèå ïðîèñõîäèò ïî âñåì áàçèñíûì ïàðàëëåëîãðàììàì ρAρBρCρD

äëÿ X, φ = ⊕ABCDφABCD, è φABCD(
∑

aρDρ) = (aρA
− aρB

+ aρC
− aρD

).

Çàìå÷àíèå 4.5. Èñïîëüçóÿ ëåììó 4.2 è ëåììó 4.4, ìîæíî äîñòàòî÷íî ýôôåêòèâíî âû÷èñëèòü
òåîðèþ ïåðåñå÷åíèé íà ãðóïïå Ïèêàðà Pic(X) Q-ãîðåíøòåéíîâîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ
X, èìåþùåãî ìàëîå ðàçðåøåíèå f : X̃ → X
(íàïðèìåð, ýòèì ñâîéñòâîì îáëàäàåò òð¼õìåðíîå íîäàëüíîå X). Èíäåêñ ñàìîïåðåñå÷åíèÿ

Dn äèâèçîðà Êàðòüå D ∈ Pic(X) ðàâåí èíäåêñó ïåðåñå÷åíèÿ åãî ïîëíîãî (ñîâïàäàþùåãî ñ
ñîáñòâåííûì) ïðîîáðàçà D̃ = f ∗D íà X̃. Ïðè ìàëîì ðàçäóòèè ãðóïïà äèâèçîðîâ Âåéëÿ íå
ìåíÿåòñÿ, äèâèçîð D̃ ïðåäñòàâëåí òåì æå ñàìûì äèâèçîðîì Âåéëÿ, ÷òî è D (åãî ñîáñòâåííûì
ïðîîáðàçîì).
Òàêèì îáðàçîì, ÷òîáû íàéòè èíäåêñû ïåðåñå÷åíèÿ íà Pic(X) íóæíî ðåøèòü äâå ñèñòåìû

ëèíåéíûõ óðàâíåíèé: îäíó ñèñòåìó íà èíäåêñû ïåðåñå÷åíèé Di1 · . . . ·Din îïèñàííóþ â 4.2, è
âòîðóþ � ñèñòåìó óðàâíåíèé 4.3 ÷òîáû âûäåëèòü Pic(X) êàê ïîäãðóïïó â Pic(X̃)4.

Îáîçíà÷åíèå. Ïóñòü M � öåëî÷èñëåííàÿ ìàòðèöà ðàçìåðà 3× v. Îáîçíà÷èì ÷åðåç ∆(M)
ìíîãîãðàííèê, ÿâëÿþùèéñÿ âûïóêëîé îáîëî÷êîé âåêòîðîâ-ñòîëáöîâ M . Ïóñòü M âûáðàíà
òàê, ÷òî 0 ëåæèò ñòðîãî âíóòðè ∆(M), è íè îäèí èç ñòîëáöîâ M íå ëåæèò â âûïóêëîé
îáîëî÷êå îñòàëüíûõ. ×åðåç P(M) îáîçíà÷èì òîðè÷åñêîå ìíîãîîáðàçèå Ôàíî, ñîîòâåòñòâóþùåå
ìíîãîãðàííèêó ∆(M). Ïóñòü Di � èíâàðèàíòíûå äèâèçîðû Âåéëÿ, ñîîòâåòñòâóþùèå i-îé
âåðøèíå ìíîãîãðàííèêà ∆(M), G1, . . . , Gρ � îáðàçóþùèå ãðóïïû Pic(P(M)).
Äëÿ âû÷èñëåíèÿ èíâàðèàíòà d ñíà÷àëà ìû íàõîäèì âñå èíäåêñû ïåðåñå÷åíèÿ äëÿ ýëåìåí-

òîâ áàçèñà ãðóïïû Ïèêàðà Pic(P(M)), çàòåì âû÷èñëÿåì äèñêðèìèíàíò. ×òîáû âû÷èñëèòü
èíäåêñû ïåðåñå÷åíèÿ äèâèçîðîâ èç Pic(P(M)) ìû èñïîëüçóåì ñîîáðàæåíèå 4.5 � âû÷èñëÿ-

åì êîëüöî H
q
(P̃(M)), èíäåêñû ïåðåñå÷åíèÿ äëÿ ýëåìåíòîâ ãðóïïû Ïèêàðà Pic(P̃(M)) ìàëîãî

êðåïàíòíîãî ðàçðåøåíèÿ5 φ : P̃(M) → P(M), çàòåì ïîëó÷àåì èíäåêñû ïåðåñå÷åíèÿ íà P(M)

îãðàíè÷åíèåì ñ P̃(M).
Ðàçáåð¼ì ïðèìåð ìíîãîîáðàçèé ñ èíâàðèàíòàìè (ρ = 2, deg = 30, b = 0) 6.

4Ñöåíàðèé äëÿ pari/gp ðåàëèçóþùèé îïèñàííûé âûøå àëãîðèòì: http://www.mi.ras.ru/ galkin/work/
NodalToric3foldPicard.gp.

5Ìû áåð¼ì ïðîèçâîëüíîå ìàêñèìàëüíîå êðåïàíòíîå ðàçðåøåíèå, êàê îáúÿñíÿëîñü â 4.5, îòâåò ïîëó÷èòñÿ
îäèíàêîâûé äëÿ ïðîåêòèâíîãî è íåïðîåêòèâíîãî ðàçðåøåíèÿ.

6Îñòàëüíûå ñëó÷àè: http://www.mi.ras.ru/ galkin/work/NodalToric3foldPicard.pdf.
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Ñëó÷àé 4.6 (v = 9, f = 10).

M =

 1 0 0 0 0 −1 1 1 −1
0 1 0 0 −1 0 1 0 −1
0 0 1 −1 0 0 0 −1 1


G1 = D1 + D4 + D5 + D8, G2 = −D1 + D6 + D9.

int(aG1 + bG2, aG1 + bG2, aG1 + bG2) = (aG1 + bG2)
3 = a3 + 6ba2 − 2b3

−K = G1 + 2G2

d = −24

Ñëó÷àé 4.7 (v = 10, f = 11).

M =

 1 0 0 0 0 −1 0 −1 −1 −1
0 1 0 0 −1 0 1 1 0 −1
0 0 1 −1 0 0 −1 0 1 1


G1 = D7 + D8 + D9, G2 = D2 + D3 + D5 −D6 + D10.

(aG1 + bG2)
3 = −2a3 + 6ba2 − 3b3

−K = 3G1 + 2G2

d = −24

Ñëó÷àé 4.8 (v = 9, f = 10).

M =

 1 0 0 −1 0 −1 1 0 1
0 1 −1 0 0 1 1 −1 0
0 0 0 0 1 0 −1 1 −1


G1 = −D1 + 2D3 + D4 −D7 + D8, G2 = D1 + D7 + D9.

(aG1 + bG2)
3 = 3ba2 + 6b2a

−K = G1 + G2

d = −21

5. Îïèñàíèå òîðè÷åñêèõ âûðîæäåíèé ãëàäêèõ òð¼õìåðíûõ ìíîãîîáðàçèé

Ôàíî.

Êàê áûëî îòìå÷åíî â ñëåäñòâèè 3.33, äëÿ îïðåäåëåíèÿ âîçìîæíûõ òèïîâ òîðè÷åñêèõ âû-
ðîæäåíèé òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî X, íàäî äëÿ êàæäîãî òð¼õìåðíîãî íîäàëüíîãî
òîðè÷åñêîãî ìíîãîîáðàçèÿ Ôàíî X âû÷èñëèòü èíâàðèàíòû ρ(X), r(X), deg(X), b(X), è âîç-
ìîæíî d(X). Äëÿ ýòèõ âû÷èñëåíèé áûëà èñïîëüçîâàíà êîìï. ïðîãðàììà 7 àëãîðèòì âû÷èñ-
ëåíèé êîòîðîé áûë îñíîâàí íà ôîðìóëàõ 4.2,4.4, 4.5. Ðåçóëüòàòû âû÷èñëåíèé ïðèâåäåíû â
òàáëèöå 2.

7http://www.mi.ras.ru/ galkin/work/NodalToric3foldPicard.gp.
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Â ïåðâûõ 4 ñòîëáöàõ âûïèñàíû òð¼õìåðíûå ìíîãîîáðàçèÿ Ôàíî Y è èõ èíâàðèàíòû, âû-
÷èñëåííûå â ðàáîòå [12].
Â 5 ñòîëáöå, â ñëó÷àå, êîãäà ìíîãîîáðàçèå Y íå îïðåäåëÿåòñÿ èíâàðèàíòàìè (ρ, r, deg, b),

óêàçàíî çíà÷åíèå d(Y ).
Â 6 ñòîëáöå óêàçàíû îñíîâíûå êîìáèíàòîðíûå èíâàðèàíòû íîäàëüíîãî òîðè÷åñêîãî ìíîãî-

îáðàçèÿ X ÿâëÿþùåãîñÿ âûðîæäåíèåì Y � ÷èñëî âåðøèí, ÷èñëî îñîáûõ òî÷åê, è ÷èñëî âñåõ
íåïîäâèæíûõ òî÷åê.
Â 7 ñòîëáöå íàïèñàíî êîëè÷åñòâî òîðè÷åñêèõ ìíîãîîáðàçèé X ÿâëÿþùèõñÿ âûðîæäåíèÿìè

ìíîãîîáðàçèÿ Y è èìåþùèõ êîìáèíàòîðíûå èíâàðèàíòû óêàçàííûå â 6 ñòîëáöå.

Çàìå÷àíèå 5.1. Èíâàðèàíòû ρ, b, v, p ñâÿçàíû ëèíåéíûì ñîîòíîøåíèåì 3.30:

v − p = 3 + ρ− b

Çàìå÷àíèå 5.2. Ìíîãîîáðàçèÿ V2.34, V3.25, V3.26, V3.28, V4.9 � ãëàäêèå òîðè÷åñêèå ìíîãîîáðàçèÿ,
èìåþùèå âûðîæäåíèÿ â îñîáûå òîðè÷åñêèå íîäàëüíûå ìíîãîîáðàçèÿ. Îñòàëüíûå ãëàäêèå
ìíîãîîáðàçèÿ Ôàíî ïðèâåä¼ííûå â òàáëèöå-îòâåòå â ýòîì ðàçäåëå � íå òîðè÷åñêèå.

Çàìå÷àíèå 5.3. Ìíîãîîáðàçèå Ôàíî V4.13 (ñòåïåíè 26) 8 ìàëûõ òîðè÷åñêèõ âûðîæäåíèé íå
èìååò.

Òàáëèöà 2:

V22 1 22 0 (13,9,13) 1
V4 1 32 2 (8,6,6) 1
V5 1 40 0 (7,3,7) 1
Q 1 54 0 (5,1,5) 1

V2.12 2 20 3 (14,12,12) 1
V2.17 2 24 1 (12,8,12) 1
V2.19 2 26 2 (11,8,10) 1
V2.20 2 26 0 (11,6,12) 2
V2.21 2 28 0 (10,5,11) 2
V2.21 2 28 0 (11,6,12) 1
V2.23 2 30 1 (9,5,9) 1
V2.22 2 30 0 (10,5,11) 1
V2.22 2 30 0 [−24] (9,4,10) 1
V2.24 2 30 0 [−21] (9,4,10) 1
V2.25 2 32 1 (8,4,8) 1
V2.25 2 32 1 (9,5,9) 1
V2.26 2 34 0 (10,5,11) 1
V2.26 2 34 0 (8,3,9) 1
V2.26 2 34 0 (9,4,10) 1
V2.27 2 38 0 (7,2,8) 1
V2.27 2 38 0 (8,3,9) 2

8Ýòî ìíîãîîáðàçèå áûëî ïðîïóùåíî â ïåðâîé âåðñèè [10].
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Y ρ deg b [d] (v, p, f)(X) #(X)
V2.28 2 40 1 (7,3,7) 1
V2.29 2 40 0 (7,2,8) 1
V2.29 2 40 0 (8,3,9) 1
V2.30 2 46 0 [−12] (6,1,7) 1
V2.31 2 46 0 [−13] (6,1,7) 1
V2.31 2 46 0 [−13] (7,2,8) 1
V2.32 2 48 0 (6,1,7) 1
V2.34 2 54 0 (6,1,7) 1

V3.7 3 24 1 (12,7,13) 1
V3.10 3 26 0 (11,5,13) 1
V3.11 3 28 1 (10,5,11) 1
V3.12 3 28 0 (10,4,12) 1
V3.12 3 28 0 (11,5,13) 1
V3.13 3 30 0 (10,4,12) 2
V3.13 3 30 0 (9,3,11) 1
V3.14 3 32 1 (8,3,9) 1
V3.15 3 32 0 (10,4,12) 1
V3.15 3 32 0 (9,3,11) 3
V3.16 3 34 0 (8,2,10) 1
V3.16 3 34 0 (9,3,11) 1
V3.17 3 36 0 [28] (8,2,10) 2
V3.17 3 36 0 [28] (9,3,11) 1
V3.18 3 36 0 [26] (8,2,10) 1
V3.18 3 36 0 [26] (9,3,11) 1
V3.19 3 38 0 [24] (7,1,9) 1
V3.19 3 38 0 [24] (8,2,10) 1
V3.20 3 38 0 [28] (7,1,9) 1
V3.20 3 38 0 [28] (8,2,10) 1
V3.20 3 38 0 [28] (9,3,11) 1
V3.21 3 38 0 [22] (8,2,10) 1
V3.22 3 40 0 (7,1,9) 1
V3.23 3 42 0 [20] (7,1,9) 1
V3.23 3 42 0 [20] (8,2,10) 1
V3.24 3 42 0 [22] (7,1,9) 1
V3.24 3 42 0 [22] (8,2,10) 1
V3.25 3 44 0 (7,1,9) 1
V3.26 3 46 0 (7,1,9) 1
V3.28 3 48 0 (7,1,9) 1

V4.1 4 24 1 (12,6,14) 1
V4.2 4 28 1 (10,4,12) 1
V4.3 4 30 0 (10,3,13) 1
V4.4 4 32 0 [−40] (9,2,12) 1
V4.5 4 32 0 [−39] (9,2,12) 1
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Y ρ deg b [d] (v, p, f)(X) #(X)
V4.6 4 34 0 (10,3,13) 1
V4.6 4 34 0 (9,2,12) 1
V4.7 4 36 0 (8,1,11) 2
V4.7 4 36 0 (9,2,12) 1
V4.8 4 38 0 (8,1,11) 1
V4.9 4 40 0 (8,1,11) 1

Äëÿ òð¼õìåðíûõ ãëàäêèõ ìíîãîîáðàçèé Ôàíî íå âîøåäøèõ â òàáëèöó ìàëûõ òîðè÷åñêèõ
âûðîæäåíèé íå ñóùåñòâóåò, òàê êàê íè îäíî èç òð¼õìåðíûõ íîäàëüíûõ òîðè÷åñêèõ ìíîãîîá-
ðàçèé Ôàíî íå èìååò òåõ æå èíâàðèàíòîâ.

6. Ñëåäñòâèÿ

Ïðè ñðàâíåíèè ïðîñòûõ ÷èñëåííûõ èíâàðèàíòîâ X è Y ìû èñïîëüçîâàëè êëàññèôèêàöèþ
ãëàäêèõ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî.
Â ñëó÷àå, åñëè áû ýòà êëàññèôèêàöèÿ íå áûëà çàðàíåå èçâåñòíîé, ìû ìîãëè áû å¼ ÷àñòè÷íî

âîññòàíîâèòü � äîêàçàòü, ÷òî ñóùåñòâóþò ãëàäêèå ìíîãîîáðàçèÿ Ôàíî Y ñ èíâàðèàíòàìè
PicE(Y ) = PicE(X), è b = b(X), ãäå X � êàêîå-òî èçâåñòíîå íàì íîäàëüíîå ìíîãîîáðàçèå
Ôàíî (òîðè÷åñêîå, íàïðèìåð).
Êðîìå ýòèõ ½êëàññè÷åñêèõ� èíâàðèàíòîâ ìû ìîæåì îïðåäåëèòü è íåêîòîðûå äðóãèå.

Ïðåäëîæåíèå 6.1. Ó ãîðåíøòåéíîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ Ôàíî X ñ èçîëèðîâàííûìè
îñîáåííîñòÿìè ñóùåñòâóåò íåîñîáîå àíòèêàíîíè÷åñêîå ñå÷åíèå S ∈ | − KX |, ÿâëÿþùååñÿ
ìíîãîîáðàçèåì Êàëàáè�ßó.

Äîêàçàòåëüñòâî. Ýòî ïðîñòîå ñëåäñòâèå òåîðåìû Áåðòèíè. �

Ïðåäëîæåíèå 6.2. Ñãëàæèâàíèÿ Xt ãîðåíøòåéíîâà ìíîãîîáðàçèÿ Êàëàáè�ßó X0 ÿâëÿþò-
ñÿ ìíîãîîáðàçèÿìè Êàëàáè�ßó.

Äîêàçàòåëüñòâî. Èç óòâåðæäåíèÿ 3.9 èìååì hi(Xt,O) = 0 äëÿ 0 < i < dim Xt. Èç 3.16 è 3.19
ïîëó÷àåì KX |X0

= KX0 = OX0 =⇒ KX = OX , à ñëåäîâàòåëüíî KXt = KX |Xt
= OX |Xt

= OXt .
�

Ñëåäñòâèå 6.3. Àíòèêàíîíè÷åñêèå ñå÷åíèÿ Xt ÿâëÿþòñÿ äåôîðìàöèÿìè àíòèêàíîíè÷åñêèõ
ñå÷åíèé X0.

Äîêàçàòåëüñòâî. Åñëè Y0 � íåêîòîðîå àíòèêàíîíè÷åñêîå ñå÷åíèå ñîîòâåòñòâóþùåå ýëåìåíòó
y0 ∈ H0(X0,−KX0), òî Y � àíòèêàíîíè÷åñêîå ñå÷åíèå X ñîîòâåòñòâóþùåå ýëåìåíòó y0 ⊗ 1 ∈
H0(X0,−KX0)⊗H0(∆,O∆) = H0(X ,−KX ) (ñì. 3.13), çàäàþùåå òðåáóåìóþ äåôîðìàöèþ. Èç
òî÷íîé ïîñëåäîâàòåëüíîñòè

0 → OX ((−m− 1)KX ) → O(−mKX ) → OY(−mKX ) → 0,

çàíóëåíèé 3.1 è 3.10,3.11,3.12,3.13 (è àíàëîãè÷íûõ èì äëÿ O(−mKX )) ïîëó÷èì ÷òî ìíîãî÷ëåí
Ãèëüáåðòà Yt íå çàâèñèò îò t, ñëåäîâàòåëüíî ñåìåéñòâî Yt ïëîñêîå. �

Ñëåäñòâèå 6.4. Åñëè ñóùåñòâóåò íåîñîáîå àíòèêàíîíè÷åñêîå ñå÷åíèå X0, òî îáùåå àíòè-
êàíîíè÷åñêîå ñå÷åíèå Xt äëÿ îáùåãî t òîæå íåîñîáîå.
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Ñëåäñòâèå 6.5. Ó ãëàäêîãî ìíîãîîáðàçèÿ Ôàíî Y ÿâëÿþùåãîñÿ ñãëàæèâàíèåì ãîðåíøòåé-
íîâîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ Ôàíî ñ èçîëèðîâàííûìè îñîáåííîñòÿìè ñóùåñòâóåò ãëàä-
êîå àíòèêàíîíè÷åñêîå ñå÷åíèå S ′ ∈ | −KY |.

Äîêàçàòåëüñòâî. Ýòî ñëåäñòâèå 6.1, 6.3 è 6.4. �
Äëÿ ïîäìíîãîîáðàçèÿ Z ⊂ X (è äèâèçîðà H) îáîçíà÷èì ñèìâîëîì IX

H ôóíäàìåíòàëüíûé
÷ëåí I-ðÿäà X (îòíîñèòåëüíî äèâèçîðà H), à ñèìâîëîì IX→Z ôóíäàìåíòàëüíûé ÷ëåí I-ðÿäà
Z îãðàíè÷åííîãî ñ X (ñì. [34], [35], [36]). Òåîðåìà Ãèâåíòàëÿ [34] âû÷èñëÿåò I-ðÿä íåîñîáîãî
ïîëíîãî ïåðåñå÷åíèÿ Z ñå÷åíèé ÷èñëåííî ýôôåêòèâíûõ ëèíåéíûõ ðàññëîåíèé O(Zi), ÿâëÿ-
þùåãîñÿ ìíîãîîáðàçèåì ïî÷òè Ôàíî â íåîñîáîì òîðè÷åñêîì ìíîãîîáðàçèè X (àíàëîãè÷íîå
âû÷èñëåíèå âåðíî äëÿ íåîñîáîãî ïîëíîãî ïåðåñå÷åíèÿ â îñîáîì òîðè÷åñêîì ìíîãîîáðàçèè, ñì.
[37]). Â ÷àñòíîñòè, I-ðÿä òîðè÷åñêîãî ìíîãîîáðàçèÿ Ôàíî X = P(∆) èíäåêñà r(Y ) > 1 ðàâåí
ðÿäó ñâîáîäíûõ ÷ëåíîâ Φf ìíîãî÷ëåíà Ëîðàíà f(x) =

∑
m∈∆∩M xm − 1. Ïóñòü ñèìâîëîì [1]g

îáîçíà÷àåòñÿ êîýôôèöèåíò ïðè 1 = x0 ó ðÿäà Ëîðàíà f = g(x). Òîãäà Φf (t) = [1]etf(x).

Ïóñòü φ : X̃ → X � êàêîå-íèáóäü ìàëîå êðåïàíòíîå ðàçðåøåíèå.

Ïðåäëîæåíèå 6.6. I-ðÿä äëÿ IY→S′ îãðàíè÷åííûé ñ Pic(Y ) íà S ′ ðàâåí I-ðÿäó äëÿ X̃ îãðà-
íè÷åííîìó ñ Im[Pic(X) → Pic(X̃)] íà φ−1(S) ' S.

Äîêàçàòåëüñòâî. Ñîãëàñíî 6.1 îáùèé ýëåìåíò S àíòèêàíîíè÷åñêîé ëèíåéíîé ñèñòåìû |−KX |
íà òð¼õìåðíîì íîäàëüíîì òîðè÷åñêîì ìíîãîîáðàçèè Ôàíî X � ýòî ãëàäêàÿ K3-ïîâåðõíîñòü
S. Êàê ïîêàçàíî â 6.3, ãëàäêèå àíòèêàíîíè÷åñêèå ñå÷åíèÿ ìíîãîîáðàçèÿ X è åãî ñãëàæèâàíèÿ
Y ëåæàò â îäíîì äåôîðìàöèîííîì êëàññå. Ãðóïïà Ïèêàðà Pic X èçîìîðôíà Pic Y (3.25).

Ïóñòü H ∈ Pic(X ). Òîãäà IX̃→S
HS

= IY→S′
HS′

. �

Ïðèìåð 6.7. Ðàññìîòðèì ìíîãî÷ëåí Ëîðàíà

f1 = xyz + x + y + z + x−1 + y−1 + z−1,

åãî ìíîãîãðàííèê Íüþòîíà ∆ = ∆(f), è ñîîòâåòñòâóþùåå òîðè÷åñêîå ìíîãîîáðàçèå X =
P(∆∨). ßâíî X ñòðîèòñÿ òàê: ðàçäóåì òî÷êó íà ìíîãîîáðàçèè P1 × P1 × P1; ïîëó÷èì ãëàä-
êîå ìíîãîîáðàçèå W , êîòîðîå áóäåò ìíîãîîáðàçèåì ïî÷òè Ôàíî, íî íå Ôàíî � ñîáñòâåííûå
ïðîîáðàçû òð¼õ êîîðäèíàòíûõ ïðÿìûõ íå ïåðåñåêàþòñÿ ñ −KW ; ñòÿíåì èõ, ïîëó÷èâøååñÿ
ìíîãîîáðàçèå Ôàíî � ýòî X, îáðàçû ñòÿíóòûõ ïðÿìûõ � òðè îáûêíîâåííûå äâîéíûå îñî-
áåííîñòè, à W �ìàëîå êðåïàíòíîå ðàçðåøåíèå X. Òðè îáûêíîâåííûå äâîéíûå îñîáåííîñòè
ìíîãîîáðàçèÿ X ñîîòâåòñòâóþò òð¼ì ãðàíÿì-ïàðàëëåëîãðàììàì (xyz, x, y, z−1), (xyz, x, z, y−1)
è (xyz, y, z, x−1). Àíòèêàíîíè÷åñêàÿ ñòåïåíü ó X òàêàÿ æå, êàê ó W â òî÷êå, òî åñòü
deg(X) = 23 · 6 − 8 = 40. Ïóñòü Y � ãëàäêîå ìíîãîîáðàçèå Ôàíî, ÿâëÿþùååñÿ ñãëàæèâà-
íèåì X.

Ðàññìîòðèì îáùèé ìíîãî÷ëåí Ëîðàíà ñ ìíîãîãðàííèêîì Íüþòîíà ∆:

fa =
∑

amxm = axyzxyz + axx + ayy + azz+

+ ax−1x−1 + ay−1y−1 + az−1z−1.

Îí ñîîòâåòñòâóåò äèâèçîðó
∑

bmDm ∈ Pic(W )⊗ C, òàêîìó ÷òî am = e2πibm . Òàêîé äèâèçîð
ÿâëÿåòñÿ îáðàòíûì îáðàçîì äèâèçîðà Êàðòüå íà X, åñëè âûïîëíåíû òðè ëèíåéíûõ óñëîâèÿ,
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ñîîòâåòñòâóþùèå ëîêàëüíîé ãëàâíîñòè â òð¼õ íîäàëüíûõ òî÷êàõ

bxyz + bx−1 = by + bz,

bxyz + by−1 = bx + by,

bxyz + bz−1 = bx + bz.

Ãëàâíûå äèâèçîðû èìåþò âèä

(bx + by + bz)xyz + bxx + byy + bzz − bxx
−1 − byy

−1 − bzz
−1.

Ìíîãîîáðàçèå X èìååò èíäåêñ 2, è îáðàçóþùàÿ ïðåäñòàâëÿåòñÿ äèâèçîðîì −Dxyz + Dx−1 +
Dy−1 + Dz−1 . Ñ òî÷íîñòüþ äî ãëàâíûõ äèâèçîðîâ, ìíîãî÷ëåí Ëîðàíà ñîîòâåòñòâóþùèé α-
êðàòíîé îáðàçóþùåé Pic(X), èìååò âèä ft = t(xyz + x + y + z + x−1 + y−1 + z−1), t = eπiα.
Ñîãëàñíî [34] IW

−KW ,1(t) = Φf+α(t̃), òî åñòü I-ðÿä äëÿ W ðàâåí Φf1 ñ òî÷íîñòüþ äî ïåðå-

íîðìèðîâêè9. Âû÷èñëèì Φf1 . Ïðîèçâåäåíèÿ ìîíîìîâ
∏

ni
(xmi)ni äàþò íåíóëåâîé âêëàä â ðÿä

ñâîáîäíûõ ÷ëåíîâ, åñëè
∑

nimi = 0; â íàøåì ñëó÷àå ïîëîæèì nxyz = d, nx = a, ny = b, nz = c.
Òîãäà nx−1 = a + d, ny−1 = b + d, nz−1 = c + d. Îòñþäà

(6.8) Φf1 =
∑

a,b,c,d>0

(2a + 2b + 2c + 4d)!

a!b!c!d!(a + d)!(b + d)!(c + d)!
t2a+2b+2c+4d =

= 1 + 6t2 + 114t4 + 2940t6 + 87570t8 + . . .

Ïî 6.5 ó ìíîãîîáðàçèÿ Y îáùåå àíòèêàíîíè÷åñêîå ñå÷åíèå S ′ ∈ | −KY | íåîñîáîå. Ïðèìåíÿÿ
ïðåäëîæåíèå 6.6, ïîëó÷èì ÷òî îãðàíè÷åííûé ñ Y ðåãóëÿðèçîâàííûé I-ðÿä IY→S′

−KY ,1 äëÿ ãëàäêîãî
àíòèêàíîíè÷åñêîãî ñå÷åíèÿ Y ðàâåí Φf .
Òàêèì îáðàçîì, ìû âû÷èñëèëè I-ðÿä ñãëàæèâàíèÿ Y ìíîãîîáðàçèÿ X íå ïîëüçóÿñü ãåîìåò-

ðèåé. Íà ñàìîì äåëå, ëåãêî âèäåòü, ÷òî ñãëàæèâàíèå ìíîãîîáðàçèÿ X ÿâëÿåòñÿ ìíîãîîáðà-
çèåì V5, òàê êàê ýòî åäèíñòâåííîå òð¼õìåðíîå ìíîãîîáðàçèå Ôàíî ñ (ρ, r, deg, b) = (1, 2, 40, 0).
Òàê êàê V5 ÿâëÿåòñÿ ñå÷åíèåì G(2, 5) òðåìÿ ïëîñêîñòÿìè, åãî I-ðÿä ìîæíî âû÷èñëèòü ïðè-
ìåíèâ êâàíòîâóþ ôîðìóëó Ëåôøåöà ([35]) ê I-ðÿäó G(2, 5) âûïèñàííîìó â [6, 38]: IG(2,5) =∑

d>0
td

(d!)2

∑
d>j2>j1>j0=0

1
(d−j2)!

Q3
i=2((d−ji−1)!(ji−1−ji−2)!ji−1!)

.

Ëåãêî ïðîâåðèòü, ÷òî ïîñëå ïðèìåíåíèÿ êâàíòîâîé ôîðìóëû Ëåôøåöà ê I-ðÿäó ãðàññìà-
íèàíà IG(2,5) ïîëó÷èòñÿ 6.8.

7. Îáîáùåíèÿ

Ê ñîæàëåíèþ, ñãëàæèâàíèåì íîäàëüíûõ òîðè÷åñêèõ ìíîãîîáðàçèé ÿâëÿþòñÿ òîëüêî ïî-
ëîâèíà èç òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî. Â ÷àñòíîñòè, åäèíñòâåííîå âûðîæäàþùååñÿ â
íîäàëüíîå òîðè÷åñêîå ñåìåéñòâî ìíîãîîáðàçèé Ôàíî îñíîâíîé ñåðèè èíäåêñà 1 � ýòî V22.
Îòìåòèì, ÷òî äëÿ íîäàëüíûõ òîðè÷åñêèõ ìíîãîîáðàçèé, ïðîåêòèâíàÿ íîðìàëüíîñòü è ãëàä-
êîñòü îáùåãî àíòèêàíîíè÷åñêîãî ñå÷åíèÿ äîêàçûâàþòñÿ ñîâñåì ïðîñòî, è ìîæíî ïîêàçàòü,
÷òî ýòè ñâîéñòâà ñîõðàíÿþòñÿ ïðè ñãëàæèâàíèè (íàïðèìåð, êàê â 6.3). Âñå ñãëàæèâàíèÿ Y
ïîëó÷èëèñü ðàöèîíàëüíûìè. Òåì æå ìåòîäîì ìîæíî ïîëó÷èòü áîëåå øèðîêèé êëàññ ñãëàæè-
âàíèé, åñëè êðîìå ñàìèõ òîðè÷åñêèõ ìíîãîîáðàçèé ðàññìàòðèâàòü åù¼ è ïîëíûå ïåðåñå÷åíèÿ
â íèõ (ñ ãîðåíøòåéíîâûìè òåðìèíàëüíûìè îñîáåííîñòÿìè, íàïðèìåð) � îíè òîæå èìåþò
ñãëàæèâàíèÿ (3.23), âåðíû àíàëîãè÷íûå ñîîòíîøåíèÿ ìåæäó èíâàðèàíòàìè ñãëàæèâàíèÿ è
âûðîæäåíèÿ, äëÿ íèõ òîæå íåñëîæíî âû÷èñëèòü êîãîìîëîãèè ([39]), ìíîãî÷ëåí Ãèëüáåðòà,

9Êàê ìû óâèäèì, èíäåêñ W è X ðàâåí 2, ïîýòîìó ïåðåíîðìèðîâêà òðèâèàëüíà: α = 0, t̃ = t.
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äà è òåîðèÿ Ãðîìîâà�Âèòòåíà äëÿ ïîëíûõ ïåðåñå÷åíèé â òîðè÷åñêèõ ìíîãîîáðàçèÿõ èçó÷å-
íà ñòîëü æå õîðîøî, êàê è äëÿ ñàìèõ òîðè÷åñêèõ ìíîãîîáðàçèé. Ïðè ýòîì áèðàöèîíàëüíûé
êëàññ ïîëíîãî ïåðåñå÷åíèÿ â òîðè÷åñêîì ìíîãîîáðàçèè áûâàåò óæå ïðîèçâîëüíûì. Ìíîãèå èç
íåâûðîæäàþùèõñÿ â íîäàëüíûå òîðè÷åñêèå ìíîãîîáðàçèé ñàìè ÿâëÿþòñÿ îáû÷íûìè ïîëíû-
ìè ïåðåñå÷åíèÿìè âî âçâåøåííûõ ïðîåêòèâíûõ ïðîñòðàíñòâàõ. Íàïðèìåð, Áàòûðåâ è Êð¼éçåð
íàøëè âñå íîäàëüíûå ïîëóàíòèêàíîíè÷åñêèå ãèïåðïîâåðõíîñòè â òîðè÷åñêèõ ìíîãîîáðàçèÿõ
Ôàíî èíäåêñà 2: âñåãî èõ îêîëî 160, èç íèõ 100 � ýòî êîíóñû íàä èçó÷àâøèìèñÿ â ýòîé ãëàâå
òîðè÷åñêèìè ìíîãîîáðàçèÿìè, à îñòàâøèåñÿ 60 ïî÷òè ïîêðûâàþò âñå íåâûðîæäàþùèåñÿ â
íîäàëüíûå òîðè÷åñêèå ìíîãîîáðàçèÿ Ôàíî.
Äðóãîå íàïðàâëåíèå îáîáùåíèé � òîðè÷åñêèå ìíîãîîáðàçèÿ ñ ïðîèçâîëüíûìè ãîðåíøòåé-

íîâûìè îñîáåííîñòÿìè. Äëÿ ïàðû íåòåðìèíàëüíûõ ãîðåíøòåéíîâûõ òîðè÷åñêèõ òð¼õìåðíûõ
ìíîãîîáðàçèé Ôàíî P(∆16), P(∆18) Ïðæèÿëêîâñêèé ïîêàçàë ([36]), ÷òî íåêîòîðûå ìíîãî÷ëåíû
Ëîðàíà f16, f18 ñ íîñèòåëÿìè â ñîîòâåòñòâóþùèõ ìíîãîãðàííèêàõ ∆16, ∆18 ÿâëÿþòñÿ ñëàáûìè
ìîäåëÿìè Ëàíäàó�Ãèíçáóðãà äëÿ ãëàäêèõ òð¼õìåðíûõ ìíîãîîáðàçèé Ôàíî îñíîâíîé ñåðèè V16

è V18; ïîýòîìó, íå èñêëþ÷åíî ÷òî ìåòîä òîðè÷åñêèõ âûðîæäåíèé ðàáîòàåò äëÿ áîëåå îáùåãî
êëàññà îñîáåííîñòåé (âîçìîæíî, äëÿ âñåõ ãîðåíøòåéíîâûõ), õîòÿ ïðî ñàìè ïàðû (P(∆16), V16)
è (P(∆18), V18) íàâåðíÿêà ïîêà íå èçâåñòíî ÿâëÿþòñÿ ëè îíè âûðîæäåíèÿìè.

Ñïèñîê ëèòåðàòóðû

[1] V.V.Batyrev, Quantum Cohomology Rings of Toric Manifolds, arXiv:alg-geom/9310004.
[2] V.V.Batyrev. Dual polyhedra and mirror symmetry for calabi-yau hypersurfaces in toric varieties, J. Algebraic

Geom., 3:493�535 (1994), arXiv:alg-geom/9310003.
[3] A.B.Givental. Homological geometry and mirror symmetry. In Proceedings of the ICM, Z�urich 1994, volume 1,

pages 472 � 480. Birkh�auser (1995), http://math.berkeley.edu/∼giventh/papers/hg.pdf
[4] B. Sturmfels, Gr�obner bases and convex polyhedra American Mathematical Society, 8, 1996.
[5] N.Gonciulea, V. Lakshmibai, Schubert varieties, toric varieties and ladder determinantal varieties, Ann. Inst.

Fourier, t.47:1013 � 1064 (1997), http://www.math.neu.edu/∼lakshmibai/mega.pdf.
[6] V.V.Batyrev, I. Ciocan-Fontanine, B.Kim, D. van Straten, Conifold transitions and mirror symmetry for

calabi-yau complete intersections in grassmannians, arXiv:alg-geom/9710022.
[7] V.V.Batyrev, I. Ciocan-Fontanine, B.Kim, D. van Straten, Mirror Symmetry and Toric Degenerations of

Partial Flag Manifolds, Acta Math. 184, No. 1 (2000), 1�39, arXiv:math.AG/9803108.
[8] V.V.Batyrev, Toric Degenerations of Fano Varieties and Constructing Mirror Manifolds, Collino, Alberto

(ed.) et al., The Fano conference. Papers of the conference, Torino, Italy, September 29�October 5, 2002.
Torino: Universita di Torino, Dipartimento di Matematica. 109�122 (2004), arXiv:alg-geom/9712034.

[9] Â.À.Èñêîâñêèõ, Àíòèêàíîíè÷åñêèå ìîäåëè òðåõìåðíûõ àëãåáðàè÷åñêèõ ìíîãîîáðàçèé, Èòîãè íàóêè è
òåõíèêè, ñåð. Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè. Ò. 12, Ì.: ÂÈÍÈÒÈ, ñ. 59�158 (1979).

[10] S.Mori, S.Mukai, Classi�cation of fano 3-folds with b2 > 2, Manuscr. Math., 36:147�162 (1981). Erratum 110:
407 (2003).

[11] S.Mori, S.Mukai, On fano 3-folds with b2 > 2, Algebraic varieties and analytic varieties,

Proc. Symp., Tokyo 1981, Adv. Stud. Pure Math., 1:101�129 (1983), http://www.kurims.kyoto-
u.ac.jp/∼mukai/paper/Fano1983.pdf

[12] S.Mori, S.Mukai, Classi�cation of Fano 3-folds with B2 > 2, I, `Algebraic and Topological Theories � to the
memory of Dr. Takehiko Miyata', (M. Nagata ed.), Kinokuniya, 496�545 (1985), http://www.kurims.kyoto-
u.ac.jp/∼mukai/paper/Fano1985.pdf.

[13] Â.À.Èñêîâñêèõ, Ëåêöèè ïî òðåõìåðíûì àëãåáðàè÷åñêèì ìíîãîîáðàçèÿì. Ìíîãîîáðàçèÿ Ôàíî, Ì.: Ìîñ-
êîâñêèé óíèâåðñèòåò (1988).

[14] S.Mukai, Fano 3-folds, Lond. Math. Soc. Lect. Note Ser. 179, 255�263 (1992).
[15] V.A. Iskovskikh, Yu.G.Prokhorov, Fano Varieties, volume 47 of Encyclopaedia Math. Sci. Springer-Verlag,

Berlin.
[16] Y.Kawamata, K.Matsuda, K.Matsuki, Introduction to the minimal model problem, Algebraic Geom., Sendai,

June 24-29, 1985: Symp. Tokyo; Amsterdam e.a.1987 p. 283�360.
18

http://arxiv.org/abs/alg-geom/9310004
http://arxiv.org/abs/alg-geom/9310003
http://math.berkeley.edu/~giventh/papers/hg.pdf
http://www.math.neu.edu/~lakshmibai/mega.pdf
http://arxiv.org/abs/alg-geom/9710022
http://arxiv.org/abs/math.AG/9803108
http://arxiv.org/abs/alg-geom/9712034
http://www.kurims.kyoto-u.ac.jp/~mukai/paper/Fano1983.pdf
http://www.kurims.kyoto-u.ac.jp/~mukai/paper/Fano1983.pdf
http://www.kurims.kyoto-u.ac.jp/~mukai/paper/Fano1985.pdf
http://www.kurims.kyoto-u.ac.jp/~mukai/paper/Fano1985.pdf


[17] M.Reid, Young person's guide to canonical singularities, In Algebraic Geometry Bowdoin 1985, Proc. Symp.
Pure Math. 46 (1987).

[18] B.Nill, Gorenstein toric fano varieties, manuscripta mathematica, 116:183 (2005). Äèññåðòàöèÿ (ïîäðîáíàÿ):
http://w210.ub.uni-tuebingen.de/dbt/volltexte/2005/1888/pdf/nill.pdf.

[19] Â.È.Äàíèëîâ, Ãåîìåòðèÿ òîðè÷åñêèõ ìíîãîîáðàçèé, Óñïåõè ìàòåì. íàóê, ò. 33, âûï. 2 (200) (1978), 85�
134.

[20] W.Fulton, Introduction to toric varieties, Princeton University Press, Princeton, NJ (1993).
[21] H.Clemens, Degeneration of Kahler manifolds, Duke Math. J. Volume 44, Number 2 (1977), 215�290.
[22] Â.Ñ.Êóëèêîâ, Ï.Ô.Êóð÷àíîâ Êîìïëåêñíûå àëãåáðàè÷åñêèå ìíîãîîáðàçèÿ: ïåðèîäû èíòåãðàëîâ, ñòðóê-

òóðû Õîäæà, Èòîãè íàóêè è òåõí. Ñåð. Ñîâðåì. ïðîáë. ìàò. Ôóíäàì. íàïðàâëåíèÿ ÂÈÍÈÒÈ, ò. 36 (1989).
[23] C.Voisin, Hodge theory and complex algebraic geometry, Cambridge Studies in Adv. Math. 77, CUP, 2003.
[24] P.Deligne, Theoreme de Lefschetz et criteres de degenerescence de suites spectrales, Publications

Mathematiques de l'IHES, 35 (1968), p. 107-126
[25] Ð.Õàðòñõîðí, Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ, Ì.: Ìèð (1981)
[26] Y.Kawamata, Deformations of canonical singularities, J. Am. Math. Soc. 12, No.1 (1999), 85�92 arXiv:alg-

geom/9712018.
[27] R. Friedman, Simultaneous resolutions of threefold double points., Math.Ann., 274(4):671�689 (1986).
[28] Y.Namikawa, Smoothing fano 3-folds., J Alg. Geom., 6:307�324 (1997).
[29] P. Jahnke, I. Radlo�, Terminal fano threefolds and their smoothings, arXiv:math/0601769.
[30] M.Reid, The moduli space of 3-folds with K = 0 may nevertheless be irreducible, Math. Ann., 278:329�334

(1987).
[31] M.Kreuzer, H. Skarke, PALP: A Package for Analyzing Lattice Polytopes with Applications to Toric Geometry,

Computer Physics Communications, 157:87 (2004), arXiv:math/0204356.
[32] M.Kreuzer, H. Skarke, Classi�cation of re�exive polyhedra in three dimensions. Advances in Theoretical and

Mathematical Physics, 2:847 (1998), arXiv:hep-th/9805190.
[33] A.Kasprzyk, Toric fano 3-folds with terminal singularities, Tohoku Math. J., Volume 58, Number 1 (2006),

101�121. arXiv:math/0311284.
[34] A.B.Givental, A mirror theorem for toric complete intersections, Kashiwara, Masaki (ed.) et al., Topological

�eld theory, primitive forms and related topics. Proceedings of the 38th Taniguchi symposium, Kyoto, Japan,
December 9�13, 1996 Boston, MA: Birkhauser. Prog. Math. 160, 141�175, arXiv:alg-geom/9701016.

[35] A.Gathmann, Absolute and relative Gromov-Witten invariants of very ample hypersurfaces, Duke Math. J.
115, No. 2 (2002), 171�203, arXiv:math.AG/0009190.

[36] Â.Â.Ïðæèÿëêîâñêèé, On Landau�Ginzburg models for Fano varieties, Comm. Num. Th. Phys., â ïå÷àòè,
arXiv:0707.3758.

[37] V. Przyjalkowski, Quantum cohomology of smooth complete intersections in weighted projective spaces and

singular toric varieties, arXiv:math/0507232v3.
[38] A.Bertram, I. Ciocan-Fontanine, B.Kim, Two Proofs of a Conjecture of Hori and Vafa, Duke Math. J. 126,

No. 1 (2005), 101�136, arXiv:math.AG/0304403.
[39] Â.È.Äàíèëîâ, À. Ã.Õîâàíñêèé, Ìíîãîãðàííèêè Íüþòîíà è àëãîðèòì âû÷èñëåíèÿ ÷èñåë Õîäæà�Äåëèíÿ,

Èçâ. ÀÍ ÑÑÑÐ, Ñåð. Ìàò., 50, No. 5 (1986), 925�945.

19

http://w210.ub.uni-tuebingen.de/dbt/volltexte/2005/1888/pdf/nill.pdf
http://arxiv.org/abs/alg-geom/9712018
http://arxiv.org/abs/alg-geom/9712018
http://arxiv.org/abs/math/0601769
http://arxiv.org/abs/math/0204356
http://arxiv.org/abs/hep-th/9805190
http://arxiv.org/abs/math/0311284
http://arxiv.org/abs/alg-geom/9701016
http://arxiv.org/abs/math.AG/0009190
http://arxiv.org/abs/0707.3758
http://arXiv.org/abs/math/0507232
http://arxiv.org/abs/math.AG/0304403

	1. Введение
	2. Утверждение
	3. Доказательство
	4. Вычисление
	5. Описание торических вырождений гладких трёхмерных многообразий Фано.
	6. Следствия
	7. Обобщения
	Список литературы

