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IIpeauciosue

KeanroBas madoOpMarnka — ObICTPO pPA3BUBAIOIIASCA HAydIHAS IUCIUILIAHA,
KOTOpas m3ydaer oOmue 3aKOHOMEPHOCTH TEPEeIadn, XPAHEHUs U Mpeodpas3o-
BaHus WHMOPMAIMA B CUCTEMAX, MOJIYAHAIONINXCH 3aKOHAM KBAHTOBOI MeXa-
nuku. KBanToBas mH(MOPMATUKA HCIOIb3YyeT MATEMATHYECKHI AIapar Mar-
PUYHOTO W OMEPATOPHOTO AHAJIN3a, HEKOMMYTATUBHON TEOPUH BEPOSTHOCTEH U
CTATUCTUKHU [IJIsT UCCJIEOBAHUS TTOTEHINAIBHBIX BO3MOKHOCTEH TAKUX CHCTEM.
HemajioBaKHBIM MOy THBIM PE3YJIBTATOM SIBJISIETCH CYIIECTBEHHOE MPOsICHEHUE
JIOTHYECKOU CTPYKTYPbl KBAHTOBOI MEXaHWKH, €€ OCHOBAHUI U COOTHOIIIEHUSA C
peanbHOCTHIO. VI3BECTHO, YTO CO3HATEIHLHOE YCBOEHWE OCHOB KBAHTOBOM TEOpUHU
TpesicTaBiser coboit TPYAHOCTH, TPEOYIONMINE 3HAYUTEIHHBIX WHTEIIEKTYATb-
HBIX YCHUJIWH, HAMHOTO TPEBOCXOJAIINX T€, KOTOPbIe TPEOYIOTCs, CKAaXKeM, s
MIepPexoa OT Ie€TEPMUHUCTHIECKOTO K BEPOSITHOCTHOMY OITMCAHHIO KJIACCHIECKUX
cucrem. [locnemauit mpemosaraer ceppbe3Hy0 CMEHy MapagurMbl, HO HE OTMe-
HS€T UCIIO/Ib30BAHNE HAIJISTHBIX MEXAHUIECKUX MOJIEJIEl, B3SATHIX U3 MAKPOCKO-
[IU9€CKOr0 MUPA, JOCTYIIHOI'O HEIIOCPEACTBEHHOMY Y€JI0BEY€CKOMY BOCIIPUATHIO.
Cwmena mapajnurMbl IPU TEPexo/ie 0T KJIACCUIECKOTO CTATUCTUIECKOTO OMTUCAHMS
K KBAHTOBOI Teopun Tpedyer BHIPADOTKY 0COOOr0 PO/Ia MHTYUIUH, OMUPAIOIIEii-
cs Ha Oostee aOCTPAKTHBIE MATEMATHIECKUE MOJIEJIN, TIOCKOIbKY MEXaHUCTHIe-
CKHe TPECTABJIEHUs NMPUBOJAAT K KPHUYAIIMM [POTUBOPEYUSM C IKCIIEPUMEH-
TAJbHBIMA (DAKTAMU MHKPOMHpPA. B 3TOM CMBbIC/Ie, HECKOJIBKO mepedpasupys
3HAMEHWTOE BhICKa3biBaHue P. PeiinMana, “KBAHTOBYIO TEOPHUIO MOHITH HEJIb3s,
HO K Heil MOYKHO MPUBBIKHYTD”. 1.

Hacrositiiue jiekiiuu mpeiaraoT myTh K TOHUMAHUIO CTATHCTHIECKONH CTPYK-
Typbl KBAHTOBOI T€OpUHU (& MMEHHO TO IPEJACTABJIAET CO00it HAMOOMBIILYIO 10~
3HABATEJbHYIO TPYAHOCTD), JOCTYIIHbIA 3aUHTEPECOBAHHOMY YUTATENI0, BIIaIe-
IOIEMY OCHOBHBIMU ODIIEMATEMATHIECKAMH JUCIUILIMHAMU, U HE TPeOyomumit
IyOOKMX MO3HAHWN B (PU3UKE. DTO MOXKET ObITh CHEIUATUCT 1O KOMIIbIOTEP-
HBIM HAYKaAM WJIU 3aIMuTe HH(MOPMAIWN, YKEJIAIOIINi MTOHATh MPUHIUIIBI KBAH-
TOBBIX BBIYUCJIEHUI WU KBAHTOBOI KpuUNTOrpaduu, MaTEMATUK, CTPEMAIIAiC
HeOPMATHHO OCBOUTD MAPAIUTMY KBAHTOBON TEOPUHU W HANTH HOBBIE 33/1a9W U
TIOCTAHOBKY BOIIPOCOB, WK (DUBMK, XKAKIYIINAI HAWTH CBEXKUI B3IJIsII Ha, Ka3a-
J1och Obl, y2ke npoiigennbie Bernu. V310Kkenne BejeTcs HA yPOBHE KOHEYHOMED-

1Ha camom mese, umenno PelfHMaH ciesad OYeHb MHOTO JJIg IIOHHMAHUSA KBAHTOBOH TEO-
pHH: CM. B 9aCTHOCTH €r0 06CY’KIeHNe CIUHOBBIX cucTeM B Kuure [10].
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8 OI'JIABJIEHUE

HBIX MOJIEJIE: ¢ OJJHON CTOPOHbI, MOYTH BCE OCOOEHHOCTH KBAHTOBOI'O ONMKCAHUS
TIPOSIBJISIIOTCSI, TIPWYEM HAmbOJIee BBIMYKJIO, Y:Ke Ha STOM YPOBHE, C APYroil —
GoJIbIIIast 9aCTh PE3YIbTATOB KBAHTOBOM Teopuu uHbopManuu (MaTeMaTuIecKu
COBEPINEHHO HETPUBUAJIBHBIX) OTHOCHTCS MMEHHO K TakuM MozesaMm. Koneu-
HOMEDHOCTh W JInHelHas anrebpa B KBAHTOBOM WHQPOPMATHKE UTPAIOT Ty KE
dyHIAMEHTATIBHYIO POJIb, YTO KOHEYHOCTh U KOMOMHATOPUKA B KJIACCHYIECKON
— Pa3MEepHOCTb KBAHTOBOI CHUCTEMbI OIIPEJIEJIsieT ee MOTEeHIMAIbHbI nHpOpMa-
MHOHHBIA pecypc. Takke CyIECTBEHHBIM IS HAIWX TEJIeH SBJISETCS BJIaJIe-
HHE OCHOBAMHU TEOPUH BEPOSTHOCTEI M MATEMATHIECKON CTATHCTUKH, TTOCKOJIh-
KY CTATUCTUYECKOE ONMCAHMEe (KOHEUHBIX) KJIACCUYECKUX CUCTEM CJIYyYKUT JJIst
HAC KakK OTIPABHOM TOYKOMN, TaK ¥ 9TAJIOHOM Jiisi conocraienus. C oIHO cTO-
POHBI, MbI OLIEPAEMCs HA TIIyOOKOE CTPYKTYPHOE POACTBO CTATHCTHYECKOrO OIIH-
CaHUs KJIACCUYECKUX W KBAHTOBBIX cuCTeM ((baKTUUIECKU — Ha KOHEYHOMEDPHBII
BapMaHT M3BeCTHOro “anrebpamdeckoro moxxond’ [9]), ¢ apyroit — crapaemcs
BBIYJICHUTD WX HanboJiee DA30BbIe TPUHIMITHATBHBIE DA3TUIK.

B mepsoit wacTu Kypca MBI OMHpaeMcsa Ha “CTaHIAPTHYIO CTATHCTHIECKYIO
MO/IEJTb KBAHTOBOH CHCTEMbI’. DTOT TEPMUH, HE BIOJIHE CTAHJIAPTHBIN, O3HAYA-
eT ODBIUHYIO AKCHOMATHKY KBaHTOBOI Mexanukw [2], [7], [9], paccmarpuBaemyro,
OJTHAKO, TOJ, YIJIOM €€ COMOCTABJIEHUS C KJIACCHIECKUM CTATHCTUYIECKUM OIH-
carmeMm. [locmemoBaTenbHOe pa3BUTHE TAKON TOYKU 3PEHUS TPUBEJIO BO BTOPOit
nosoBrHEe XX BeKa K ODOOIEHHON CTATHCTHYECKONR MOIETN KBAHTOBOM TEOPUH
[12], [13], B KoTOpOI HabIIOAAEMBIEe (BOODIIE TOBODPH, “HeYeTKNE) ONUCHIBAIOTCS
BEPOATHOCTHLIMU OLIEPATOPHO-3HAYHBIMU MepaMu, a 3B0Jiouuu (BoobLie roBo-
ps, HEOOPATUMBbIE) — BIOJIHE MOJOXKUTEILHBIME OTOOparkenuamu. Hagambubie
cBemeHusi 00 STUX TMOHATHAX, KOTOPbIE JIeKAT B OCHOBE MATEMATHIECKIX MOJIE-
seifl KBAaHTOBBIX WH(DOPMAIMOHHBIX CHCTEM TPHU HAJUYUH IIYMOB W OMIHOOK U
WMEIOT MHOTOYHCIIEHHbIE TIPUJIOYKEHNsI B KBAHTOBON WHMOPMATHKE, H3/1araloTcs
BO BTOpOii yacru kypca (1oapobuee cm. B monorpadusx [14], [8]).
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I'maBa 1

CrapgapTHasi cCTaTUCTHYeCKasi
MOJIeJIb KBAHTOBOM CUCTEMbI

IIpex e gem mepeiftu cOOCTBEHHO K KBAHTOBOM Teopuu mHMOpMaIum, HEOOX0-
MO M3JIOKUTH TIPEIBAPUTENIHHBIE CBEICHUS O CMAMUCMUYECKOT CMpyKmype
K6anmoeot meopuu. 1lenh cOCTOUT HEe TOJIBKO B TOM, YTOOBI BBECTH OIIpeIese-
HEA 1 3a(pUKCHPOBATH 0O03HAYMEHNST, HO U B TOM, YTOOBI TVIyOzKe pa3o0paThcs B
OCHOBaX KBAHTOBOIl TEOPUU U €€ BEPOATHOCTHOI uHTeprperanuu (6oJiee MOIHOE
U3JI0’KEHUE ITUX BOLPOCOB CiIylaresb Hajiger B 7], [12]).

Mper GymeM uMeTh JIe70 ¢ KOHEYHOMEPHBIMU KBAHTOBbIMU cucTeMamu. C of-
HOI CTOPOHBI, YK€ B 9TOM CJiydae, IpudeM Haubosee HALISITHO, TPOABIAIOTCS
PaJMKaJIbHbIE OTJIMYMs KBAHTOBON craructuku. C Apyroil, MMEHHO CHCTEMBbI €
KOHEUYHBIM YHCJIOM YPOBHEl MPEICTABIISIIOT HHTEPEC C TOUKH 3PEHUST KBAHTOBOM
urdopMaTuKu (BIpodyeM, B KBAHTOBOH WHMOPMATUKE GOJILIIOE BHUMAHUE TIPHU-
BJIEKAIOT U “CHCTEMBI C HEPEPbIBHBIMY MEPEMEHHBIME ', KOTOPBIE OMUCHIBAIOTCS
6ECKOHEYHOMEPHBIMYU I'MJILOEPTOBBIMU IPOCTPAHCTBAMY ).

1.1 Kiaaccuyeckme m KBAHTOBbIE CUCTEMBbI

Knaccugeckad cucrema XapakKTepH3yeTcd HAIHYHEM Ga306020 NPOCMPAHCNEA
(), TOYKH KOTOPOIO W OHHUCBIBAIOT JETEPMUHHPOBAHHLIE COCTOAHUS CHCTEMBI.
15T IpOCTOTHI [lajiee pacCMaTPUBAETCS CIyYail KOHEIHOTO MHOYKECTBa, d = |].
(CraTuCTHYECKUM) COCMOAHUEM HA3BIBAETCS PACIIPEIEICHAE BEPOATHOCTEH HA
Q:

P:[P17~-~>pd]§ pw207zpw:1

Caynaiinas esununa — 3TO BellecTBeHHas QyHKIus Ha ) :

X =[x1,...,24); Tw = To.



12IVIABA 1. CTATUCTHYECKAS MOJIEJIb KBAHTOBOH CUCTEMBI

Mamemamuueckoe oscudarue ciaydaiinoil pesuuuabl X B cocrogHuu P jaercs
dopmyitoit
MpX = E PoTey-
w

Ormerum ewie, 4ro ungukarop E moboro nogmuoxecrsa € C 2 (1. e. “co-
ObiTus” Win “cBOiCTBA”) ABIAETCS CIIydalHON BEIUYMHON, TPUHUMAIONIEH 3Ha-
qennst 0 uian 1, 970 XapakTepu3dyercs: aaredOpandecKuM CBONCTBOM HIEMITOTEHT-
Hoctu E? = E, a BEpOATHOCTb COOTBETCTBYIOIIEro cobbITHA pasHa MpE.

B peanprOCTH 3TH TOHATHS U (HDOPMYJIBI UCIOIB3YIOTCS CJIEAYIONIUM 00pa-
30M: cocTogHne P OMMUChIBAeT “CTaTHCTHIECKUH aHcaMOIb”, T.e. CAyIalHyO BbI-
GOPKY OOJBIIOr0 KOJUYIECTBA HE3ABUCHMBIX, OJMHAKOBO PACIPEIEJIEHHBIX K-
3EMILISPOB CUCTEMbI, HAJ| KAXKJbIM U3 KOTOPBIX COOTBETCTBYIOIIUM IPUOOPOM
TMPOM3BOINTCS u3Mepenue HabsogaeMoil Benuunuabl X . [lpu HEeOrpaHWYeHHOM
YBEJIMYEHUN KOJUIECTBA K3IEMILIAPOB CPEeIHee 3HAYEHUE Pe3yIbTaTOB U3Mepe-
HES 110 BCeMy aHcaMOIIio NpubOINKaeTcss K TeopeTndeckomy 3uadenno MpX.

J11s IaBHOTO TEepexo/a K KBAHTOBBIM CHCTEMAM TIOJIE3HO BBECTH MPEICTAB-
JIEHUE KJIACCUYECKUX BEJIMYUH IUArOHATHHBIMA MATPUIIAME

P =diag[p,], X =diag|z,], MpX =TrPX,

rae Tr — ciem MaTpHIlbL.

Kpanrosas cucrema omuchiBaercsa d-mepHbiM npoctpanctsoM CY. Keanmo-
60€ COCTOANUE 33aeTCa MaTPUIel mIoTHOCTH !

— L. * —
S = [Slﬂ]i,jzl,...,d’ S*=5>0, TrS=1.
YacTHbIM CITy9aeM sBJISIETCs KJIACCUIECKOe COCTOSTHUE, TPEICTABIEHHOE THAr0-
HaJbHONW Marpunei S = P. Bemecrsennas xK6anmoeas Habaodaemas 3a1aeTCst
3PMUTOBOH MaTpuiei
— L. *
X = [xlj]i,jzl,...,d’ X" =X.
YacTHBIM CIIydaeM siBJISETCS KIACCUIECKas CIIydaiiHasi BeTUINHA, TTPEICTaBICH-
Hag auaronajabHoi marpureit X. Mamemamuueckoe oorcudarue HAOIIOIAEMOI
X B cocrogaum S maerca cmamucmuveckum nocmyasamom Bopua-don Heitma-
Ha [7]:
Mg X =TrSX. (1.1)

HabmromaeMble, yIOBICTBOPSIONHE COOTHOmERN0 E2 = E, aBAgioTCS MaTph-
HaMu npoenuposanus Ha noanpocrpancrsa £ C C?, koropele, Takum o6pazoM,
COOTBETCTBYIOT KBAHTOBBIM ‘‘coObITuaM’ mian “‘cBoiicrBam’. Ilpm aToM BeposT-
HOCTh COOTBETCTBYIOIIETO cobbrTust papHa MgFE = TrSE.

Eciu marputpt S, X, E 1tuaronaibHbl, Mbl (DOPMAIHHO BO3BPAIIAEMCs K KJIAC-
CUYECKOMY OTHCAHUIO.

'HepapercTso S > 0 03HAYaeT HEOTPUIATENLHOCTH KBAIPATHIHOH (DOPMBI MaTPHIHI S,
cMm. paszgen 1.3.



1.2. 'HJIBBEPTOBO IIPOCTPAHCTBO 13

IIpu rakoMm 1oaX0/Ee OOHAPYKUBAETCH AHAJIOTUS B CTATUCTHYECKOM OIMUCA-
HUW KJIACCMYECKUX W KBAHTOBBIX CHCTEM: CHAYAJIA HEKOTOPBIM TPUOOPOM TIpH-
rOTABJIMBAETCS CTATUCTUYECKOe cocrosuue (P wmu S), 3arem apyrum mnpubo-
POM TIPOM3BOAUTCS U3MEPEHUE CIyYaiHOM BeTmInHbl nin Hadmogaemoi X . Kak
MPUTOTOBJIEHNE, TAK ¥ U3MEPEHUe MOIYT HECTH B cebe CIydaifiHOCTh, B Pe3yJib-
TaTe 4ero MCXOJ, U3MEPEHUs CJIy9aeH, MPUYEM ero MAaTeMATHIeCKOe OXKUJIAHUE
sagaerca (opmydoit (1.1). B urobom ciaydae, upakruiecku pedb uiuer o 60sib-
IIIOM YHCJIe HE3aBUCHUMBIX, OJIMHAKOBO OPTAHM30BAHHBIX MOBTOPEHUil OMbITa. B
Cydae KBAHTOBBIX CHCTEM 3TO OOBIYHO OBIBAIOT YKCIEPUMEHTHI C Iy IKAMHU, CO-
CTOSIIMMHU U3 GOJIBIIOTO YHCIA YACTHIL, PU KOTOPHIX CTATUCTHKA HAOMPAETCs
OJTHOBPEMEHHO.

ITpu sToM juist KaXKI0#i KBAHTOBON BEJUYMHBI — COCTOSIHUS WA HAOJIO1a€-
MOI1, TpeZICTaBAgEMON SPMUTOBOIT MATPHUIIEHt — CYIIECTBYET CBOIf OPTOHOPMUPO-
BAHHBIN 0a3UC W3 COOCTBEHHBIX BEKTOPOB, B KOTOPOM 3Ta BEJUUMNHA, TPEICTAB-
JIIeTCA JUArOHAJIbHON marpureii. OyHIaMEeHTATHHOE OTINYNE KJIACCHIECKOTO
OIMCAHUsI COCTOUT B TOM, 9TO OHO HUCIOJIB3YET TOJIHKO KOMMYTHPYIOIIAE BEJIH-
auabl, XY = Y X. B camom mene, Bce nuaroHasibHbIE MATPUIBI KOMMYTHPYIOT
MexK Iy coboit. B m3BeCTHOM CMBIC/IE BEPHO W OOPATHOE: IPMUMOEHL MEMPULDL
XY wommymupyrom mozda u moavko mozda, k0206 OHU COBMECTNIHO QUGZOHA-
AU3YEMDBL, .. CYWECTNEYENM OPIMOHOPMUPOSAHHHLY 0a3UC U3 00UUT OAA HUT
cobcmeennnir sexmopos (cm. . (ii)-(iil) Teopemsr 4).

HekommyTupyiomue marpunst X, Y; XY # Y X, onucelBaioT HECOBMECTH-
Mble HaDJIIOJIa€Mble, T.e. TAKUE, KOTOPbIE HEBO3MOXKHO TOYHO H3MEPUTH OJIHO-
BpemenHo. CyIecTBOBaHNE HECOBMECTUMBIX HADJIIOIAEMBIX — TO TPOSBICHUE
KBAHTOBOT'O CBOWCTBA donoarumesvhocmuy. Pu3ndeckne M3MEpeHus HaJ MUK-
POOOBEKTAMY TPOU3BOAATCS TPHU TIOMOINKM MaKPOCKONW4YecKux mpubopos. -
HOBPEMEHHOE MCIIOJIb30BAHUE PATUIHBIX TPUOOPOB, COOTBETCTBY IOIIUX U3MEpe-
HUAM Pa3HBIX HAOIIIONAEMbBIX, MOXKET ObITh B3AMMHO UCKJIIOYAIOMMM (HECMOTPs
HA TO, 4TO OHU LPUMEHAIOTCH K OJMHAKOBO LIPUIOTOBJIEHHOMY MUKPOOOBEKTY ).
Takue M3MepeHnsT Ha3bIBAIOTCS B3AUMHO G0NOAHUMEALHOLMU. AHAIOTHYIHBIE CO-
00paxKeHusi OTHOCATCH U K PA3IUIHBIM CIOCODAM TPUTOTOBJIEHNUS KBAHTOBBIX
cocrostauii. JIONOMHATETEHOCTD — 3TO epBoe (hYHIAMEHTATLHOE OTININEe KBAH-
TOBOH CHCTEMBI OT KJIACCUYECKOM.

CyIecTByoT U IPOMEKYTOYHBIE “TUOPU/THBIE” CHCTEMbI, COYE€TAIOTUE YEPTHI
KJIACCMYECKOTO M KBAHTOBOTO ONMUCAHUSA (CUCTEMBI C TIPABUIAMHU CYTEpOTOODA).
MaremMaTu9ecKkoil MOIEIbI0 TAKUX CUCTEM SBJISIOTCS aareOpbl MATPUIL UJIH OITe-
paropos (anrebpst dbon Heiimana).

1.2 T'mapbepTOBO MPOCTPAHCTBO

Kommekcubie d X d-MaTpuiibl MOXKHO PACCMATPUBATH KAK JIMHEITHBIE OIepaTo-
pbl, aeiictyiomue B npocrpancrse C?; B mampmeiimem Gyner ymobHee uMerb
JIEJIO C OMEepaTopaMu, JAeHCTBYOIUME B KOHEYHOMEDHOM TUJILOEPTOBOM IPO-
CTpaHCTBE (XOTs TPU 3TOM MbI ¥ HE BHIMIPLIBAEM B OOIIHOCTH, TAKON TOIXOJ,
6oJiee TEOMETPUYEH U MOJIE3€H C TOUKY 3PEHUsT OECKOHETHOMEPHBIX 0000IIeHNIA).
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IIycrs H - KOMILIEKCHOE BEKTOPHOE IPOCTPAHCTBO pasmepHocrd dimH =
d < 00, cO cKaTApHBIM TIponssenenneM (@|v), ¢, 1 € H [6]; cnemya ckopee dbu-
3WYECKOil, HEXKEJIN MATEMATHYECKON TPAIUIINK, MBI CIUTAEM, 9TO (¢|1)) InHEeHHO
110 BTOPOMY apryMeHTy ) W aHTUJIUHEHHO 1O mepBoMy ¢. Mbl OymeM UCIOJb-
30BaTh JMPaKOBCKHe obosHadenus [2]: sekTop ¢ m3 H (B caygae C¢ emy co-
OTBETCTBYET BEKTOP-crosibern) o0blaHO Byer 0603HaYaThCs |1)); COOTBETCTBEH-

, (1] 0bo3HATAET BEKTOD COMPSIZKEHHOTO MPOCTPAHCTBA (IPMHUTOBO CONMPSZKEH-
Hyio crpoky)?. IIpu aTom (¢|1)) ecrecTBenHO 0603HAUAET CKATSAPHOE MTPOU3BE Ie-
Hue. D1 0O03HAYEHUS MO3BOJIAIOT YIO00HO 3aMUChIBATH ONEPATOPBI, HAIPUMED,
A = |[¢){(¢| — oneparop panra 1, geiicrByroumii Ha BekTOp |X) mo dbopmyse
Alx) = [¥V){(o|x). Ecau (¥|1p) = 1, 10 |¢) ()| — npoekTop Ha eAMHUYHBIA BEKTOD
1)

IIycts {e;}j=1,..a — oproHOpMupOBaHHLIi 6a3uc (0.1.6.) B H. IIponssomns-
HBII BEKTOP ¥ € H MOXKeT ObITh MPEICTABIEH B BUIE

d

[0) =D les)es ), (1.2)

j=1
YTO 3KBUBAJICHTHO COOMHOWEHUNO NMOAHOMbL

d

> lei)esl =1, (1.3)

j=1
rae I — ennunanbiii oneparop B H. CooTHorenne

d
j=

d
(@) =D (lej)esl) = (e;1)(e;]e)
7j=1

1

TIOKA3BIBAET, IYTO OTOOPAKEHHE
(e1]y)
[v)y —
(ealv)
SABJIAETCS U30METPUIECKUM U30MOPGhU3MOM (B3aUMHO-OHO3HAYHBIM JIMHEHHBIM
0TO0pasKeHNEM, COXPAHLIOIIUM CKaJIsAPHbIE IPOU3BE/IEHNs) THIBOEPTOBBIX TPO-
crpaucts H u C%. B npocrpancrse C? poigenserca cmandapmuvidi 0.1.6., s
KOTOPOI'O KOMIIOHEHTBI BEKTOPA |e;) PaBHBL d;; k= 1,...,d.
Banmaua 1. Bocmoab30BaBIINCH, COOTHOIIEHUEM ITOJIHOTHI JJIsT JAHHOrO Oa-
3UCA, AMUIIATE MATPUIHOE TPEJICTABIEHUE JJIs ONEePATOPOB B H, AaHATIOTHIHOE
upejcrasienuto sekropos (1.2). Iokaxure, yro marpuia oueparopa A B 0.1.6.

{ej}i=1...a ecro [(ej|Alex)]j k=1, a-

2Hynesoit BekTOp mpocTpancTBa H Bcerma oboznadaercs 0, T.K. obozmadernus |0), (0| wmc-
NOJIB3YIOTCA B APYroM cMeicse (cum. pasges 1.7).
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OyHaMEHTAIBHOE OTINYNE KOMILJIEKCHOIO I'MJIb0ePTOBa MPOCTPAHCTBA OT
BEIIECTBEHHOrO (EBK/IMIOBA) MPOCTPAHCTBA TPOABJISETCS B HATUYUY NOAAPUS -
YUOHHO20 MOANCIECTNEA

3

B6.0) = 7 S8 + .0+ M), (14)

k=0

TIO3BOJISIOIIETO BOCCTAHOBUTH BCe 3HaueHust GopMbl (¢, 1), anHeitHol 10 BTO-
POMY apryMeHTy U aHTHUJIMHETHOI 110 mepBoMy, 1o KBaaparndHoii hbopme B(1), 1), €
‘H (B BEIIECTBEHHOM CJlydae MOJ0GHOE BOCCTAHOBJIEHUE BO3MOXKHO JIUIID JJist
cummerpuunbix dopm). Biaronaps aromy, Hanpumep, JJisi 10Ka3aTEIBCTBA Olle-
paroproro pasencrtBa A = B JI0CTATOYHO yCTAHOBUTH PABEHCTBO COOTBETCTBY-
foux KBaaparnaabix dhopm (Y| A|Y) = (Y| Bly), ¢ € H.

HeobxoaumMbrit MUHIMYM CBeJIeHNUIT 06 OepaTopax B KOHEYHOMEPHOM THJTh-
6GepTOBOM TIPOCTPAHCTBE MPHUBE/IEH B CJEAYIONIEM Da3Ielie.

1.3 Omneparopbl B KOHETHOMEPHOM
rMJIb0EPTOBOM IIPOCTPAHCTBE

Eciu A — onmeparop B H, To A* o6o3Hagaer omeparop, conpastcenuvii K A |
KOTODBII OIPEeTsieTcss PABEHCTBOM

(Pl A™Y) = (Y|A¢) ¢, € H. (1.5)

Ecnu [a;x] MaTpuma omeparopa A B OPTOHOPMHPOBAHHOM Oa3mce, TO MATPU-
neit oneparopa A* B Tom ke Gaszuce sBistercs [dy;|. Omeparop A HasbiBaeTcs
apmumosvim, ecaim A = A*.

Bagaga 2. Jlokaxwure, aro orobpaxkenue A — A* anruinHeitHo u obia-
naer ceoiictamu (A*)* = A, (AB)* = B*A*.

Bamadua 3. Jlokaxkurte, YTO COBOKYITHOCTH BCEX IPMUTOBBIX OMEPATOPOB B
rIIHE0EPTOBOM MPOCTPAHCTBE PAa3MEpHOCTH d 0Opa3yeT BEmeCTBEHHOE THHEHHOe
IPOCTPAHCTBO PA3MEPHOCTH d2.

(OproroHasibHbIM) NPOEKMOPOM HA3BIBAETCHA SPMUTOB Olieparop P, Takoii,
yto P? = P. Q67aCThIO 3HAUEHNI TPOEKTOpa P SBIAETCH TIOATPOCTPAHCTBO

L={¢:PlY)=[¢)}.

Ecnu ||| = 1, To oneparop |¢) (1| aBisierca npoeKTOpoM Ha eMHUIHBII BEKTOD
|1). Bosee obuue, s 11060f OPTOHOPMUPOBAHHON cUcTeMBL {€; }icr, oneparop
> icrlei)(ei| = P aBiserca mpoekTopoM Ha IOMIPOCTPAHCTBO, MOPOXKICHHOE
cucremoit {e;}icr-

Ynumapunm HasbiBaeTcs oneparop U , takoit uro U*U = I; B KoHeY-
HOMEPHOM CIydae 3TO paBeHCTBO BaedeT UU* = I. Yacmuunol uzomempued
HasbiBaercs omneparop U takoit, auro U*U = P saBisercs mPOEKTOPOM; B 3TOM
ciayuae UU* = @ rakxke ectb npoekTop. Oneparop U orobparkaer 001acTh 3Ha-
gennit P Ha 06sacTh 3HAUEHUN () U30MEMPUYHO, TO €CTh COXPAHSIS CKAIIPHOE
MTPOM3BEIEHIE U HOPMBI BEKTOPOB.
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Ecimu

Ale) = ale),  |e) #0, (1.6)

TO @ HA3BIBAETCs COOCTBEHHBIM 3HAUEHMEM oreparopa A, a |e) — COOTBeTCTBY-
OIUM COOCTBEHHBIM BeKTOpOM. COOCTBEHHBIE 3HAUEHWST HAXOISATCH KaK KOPHU
XapaKTePUCTHIECKOTO YPABHEHUS

det(A —al) =0,

MOCJIE 9ero COOTBETCTBYIONINE COOCTBEHHBIE BEKTOPBI HAXOAATCA KAK HEHYJIEBbIE
peleHusi OQHOPOAHON cucreMbl ypasuenuit (1.6).

Teopema 1. Jas awbozo spmumosa onepamopa A cyuecmsyem opmoHop-
MUPOBAHHBLT 0a3UC U3 COOCTBEHHBIT 6eKMOPOs {€;}, Komopsm omeeyatom ee-
WECTNBEHHBLE COOCTNBEHNBIE SHAYEHUA Oj.

Yuuoxkas ypasrenme (1.6), T.e. Ale;) = ajle;) Ha (e;|, cymmupys mo j u
yUUTBIBas cooTHOIeHue monHoTel (1.3), nomydaem cnexkmpaavroe pasaogicenue
oneparopa A

d
A= Zaj\ej><ejl. (1.7)

Hpyras mone3nas ¢dhopMa CIEKTPAILHOTO PA3JIOKEHWS ITOJIY9aeTCs, eCIu
pPaccMOTpeTb pazauumbsie coOCTBEeHHbIE 3HadeHus {a} U COOTBETCTBYIOIME UM
CIIEKTPaAJIbHbIE ITPOEKTOPbI

Ea= > lej)ejl.

jaj=a

Ha6op pasnmunbix cobcTBeHHBIX 3HaueHnit spec(A) = {a} HaswbiBaercs cnex-
mpom oneparopa A, a cemeiicrBo mpoekTopos {F,} — cnexmpasvrol mepoi
oneparopa A. B aTux 0603HaueHnsax

A= > aE. (1.8)

a€spec(A)

Takoe mpeacraBjieHne €IUHCTBEHHO C TOYHOCTHIO O TOPSAIKA TEPEINCICHUST
cobcTBeHHbIX 3HadenHnit. Habop npoekropos { E, } obpasyer opmozonasvroe pas-
AOHCEHUE OUHULDL:

EaEa/ = 5aa’Ea7 Z E, =1 (19)

a€spec(A)

I'unpbepToBO MPOCTPAHCTBO H pasziaraercs B NPSAMYIO OPTOrOHAJIBHYIO CYMMY
obuiacreii 3uagenuii npoekTopos { E, }, Ha KoTopbix A feficrByer KaK yMHOXKEHHEe
Ha 9HCJIO q.

s smroboii BermecTBeHHOM (DyHKIMK f, ONpENeeHHON HA MHOYXKECTBE, CO-
JleprKalteM Bce a;, GYHKIMA OT onepaTopa A ompezenseTcsa COOTHOIEHNEM

f(A):Zf(aj)|€j><6j|: Y. f@E. (1.10)

a€spec(A)
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Banaua 4. Ucnonbsys (1.9), nokaxkure, 4ro

Ax--xA= > d'E, k=2,.. (1.11)
k a€spec(A)

IMosromy must gro6oro muorownena f omepatop f(A) MOXKeET OBITH BBITHCICH
anrebpanvecku, MyTeM MOJCTAaHOBKM A B f BMECTO HE3aBUCHMOI MEepPEMEHHON!;
C Jpyroii CTOPOHBI, JI00YI0 (DYHKIMIO HA KOHEYHOM MHOXKECTBE TOUEK spec(A)
MOKHO 3aMEHUTH MHOTOUYJIEHOM CTEIeHU He BhIIe d.

Kaxk yauTapHbie, TaK ¥ 3DMUTOBBI OIEPATOPHI ABJISIOTCA YACTHBIMU CJIyda-
SAMU HOPMAADHBLL OLEPATOPOB, TO €CTh OMEPATOPOB, YAOBIETBOPSIONINX YCJIO-
Buto A*A = AA*. It HOpMAaJIbHBIX OLEPATOPOB CIEKTPAJbHOE PA3JIOXKEHUE
(1.7) nmeeT MecTO ¢ BOODIIE TOBOPST KOMILIEKCHBIMU COOCTBEHHBIMY 3HAUEHUSIMU
a. CoorBercTBEHHO 0000MIaETCS U (DYHKIIMOHAILHOE UCIUCJIEHNE HOPMATHHBIX
OTIEPATOPOB.

OpMuTOB oneparop A Ha3bIBAETCS NoAVHCUMEALHIM, A > 0, eciu (W|AY) >
0 it gr06oro 1 € H u crporo nosoxkureabubim, A > 0, ecau (Y| A) > 0 ansa
a060ro 1 # 0. CobeTBeHHbIE 3HAYEHHS TIOJIOKUTEBHOIO OMEPATOPA HEOTPUIIA-
tenpHBE: ¢ > 0 s a € spec(A). Ecin A n B spmutosst 1 A— B > 0, T0 nuityT
A > B.

[IpakTuveckn ya0OHBIM YCIOBHEM TOJOKUTEILHOCTH SBISIETCS Kpumepud
Cuaveecmpa: WyCTb |Gk k=1,... .4 MATPHUIA onepaTopa A B KakoM-ub0 Oasuce;
A cTPOro MONIOKUTENEH TOTJA U TOJIBKO TOMJIA, KOrIa

det[ajk]mk:l’wm >0;, m= 1,...7d.

A TIOJIOXKUTEJIEH TOTIA U TOJBKO TOT/IA, KOT/IA BCE IIABHBIE (T.€. CUMMETPUIHBIE
OTHOCHUTEJIbHO TJIABHOMW JUArOHAJIN) MUHOPBI HEOTPUIATEHLHBL.

SBamadua 5. Oneparop sABISETCS MOJOKHUTEIBHBIM TOTIA U TOJBKO TOTIA,
KOIJIa OH MOXKeT OBITH Tpe/IcTaByieH B Buae A = B* B 11 HEKOTOPOTO OMepaTo-
pa B. Jlias 1106010 mojozKuTe bHOro oneparopa A cyliecrByer eIMHCTBEeHHBIA
IOJIOKUTEIbHBL KBapaTHbii kopenb C' = /A = A2, rakoii uro C? = A.

st J1t000r0 SpMUTOBA Oleparopa A MMeeT MecTo Pas3J/iozKeHHe

A=A, —A_, (1.12)

tme Ay =, galq, A= =), _al, — TOIOKNUTeIbHbIE ONepaTOphl, Ha3bl-
BAEMbIE NOAOHCUMEALHOT U OMPUUAMENbHOT TACTAMU onepaTopa A.

C apyroit cTOpOHBI, BCAKUi oneparop A mpeacTaBiisieTcs KOMILIEKCHOM Jiu-
HEWHOW KOMOWHAIIMEH IBYX SPMHUTOBBIX OIEPATOPOB:

A+ A" A—A*
e .

A
2 27

B wurore nmomyuaem
JTemma 1. Ioaoscumenvhroie 0nepamopst AUHETHO NOPOAHCIAIOM NPOCTNPAH-
CMB0 6cex ONEPamopos 6 zusvbbepmosom npocmpancmee H.
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Caed onieparopa T onpejiesisieTcsi COOTHONIEHHEM

d

TeT = (e;|Tle;), (1.13)
j=1

rae {e;} — IPOU3BOIBHBIN OPTOHOPMUPOBAHHBIH HA3HC.
Samagab. [Mokaxkwure, 9T0 3TO ONpEJETEHIE HE 3ABUCUT OT BHIOOpa ba3uca.
ITokaxkure, aro ¢pyukius T — TrT nuneitna n 0071a12€T CBOHCTBAMU:

Tr A* = Tr A, (1.14)
Tr AB = Tr BA. (1.15)
Ilokaxkurte, 94TO
Tr A[g) (ol = (| Al), (1.16)
B 9aCTHOCTHU
Tr [¢) (] = (plt). (1.17)

IMokaxkwure, aro ausg A, B > (0 BbIIOTHEHO
TrAB >0 (1.18)

¥ PABEHCTBO HYJII0 UMEET MECTO TOTJIA M TOJBKO Toraa, korga AB = 0.

1.4 CraTucTuydeckuii mocTyJiaT

Temepb MBI 00/1a1a6M HEOOXOIUMBIMA MAaTEMATHIECKAME CPEACTBAMHU, ITOOBI
chopMyIHPOBATH OCHOBHOM CTATHCTHUIECKUI MTOCTY/IAT KBAHTOBOM TEOPHH.

Besikast KBAaHTOBasi CHCTEMA XaPAKTEPU3YETCsl COBOKYITHOCTHIO CTATUCTHIE-
CKWMX 9KCITEPUMEHTOB, KaXK/IbIH 13 KOTOPHIX COCTOWT U3 JABYX HE3ABUCHUMBIX CTa-
JIMii: TIPUTOTOBJIEHNST (CTATHCTHYECKOTO) COCTOSIHUS S M M3MepeHus: HabJIo1a-
emoit X. KBaHTOBOII crcTeMe CONOCTABJISAETCS TUIBLOEPTOBO MPOCTPAHCTBO H
omnpeienentol pazmeprocTd d. COCTOSHMST OMUCHIBAIOTCS ONEPAMOPAMU NAOM-
Hocmu S B H, KOTOpbIE XapaKTEPU3YIOTC yCIOBUAMU

§*=5>0, TrS=1. (1.19)

(BemecrBennbie) HAO/IIOJAEMbIE OMUCHIBAIOTCSA SPMUTOBBIMU Oneparopamu X =
X*, 11si KOTOPBIX MMEET MECTO CIeKTpajIbHOe passoxkenue suzaa (1.8), T.e.

X=)> zE,

zeX

TIie & — pa3nnydHble cOOCTBEHHbIe 3HaueHus omneparopa X, a {E,} — ero crek-
TpajbHad Mepa.
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Puc. 1.1: Crarucrudeckuii SKCHEpUMEHT

Pesysbrar crarucTuiyeckoro 3KCLIEpUMEHTa, COCTOSINEr0 B IIPUIOTOBJIEHUU
cocTostHust S u mM3Mepernn HabmiomaeMoit X SBASETCS CAyJIaifHON BETNIHHOIN,
KOTOpasd IPUHUMAET 3HAUeHNA £ € X ¢ BepOATHOCTAMHA

Ps(X | z) = TrSE,. (1.20)

Heorpunarensuocrs srux uucen caeqyer u3z (1.18), a ror dakr, 410 ux cymma
mo BceM x pasHa 1, u3 Bropwix pasencts B (1.9) u (1.19). Takum obGpazom,
dopmysia KOppPeKTHA, T. €. JeHCTBATEIHHO 33/IaeT PACIPEIEIEHNE BEPOITHOCTEH
Ha criekTpe Habmomaemoit X . CoriacHo OIpeIe/IeHnuio U3 TEOPUHU BEPOSITHOCTEM,
MaTeMaTUIeCcKoe OKuaHne HabmomaeMoit X paBHO

MgX = Z tTrSE, = TrSX.
reX

Dopmyna (1.20) sBisiercs naubosiee [OJHBIM BbIPAXKEHUEM CIMAMUCTMUYECKO20
nocmyaama Bopua-don Heiimana. IlpakTuueckn oHa 03HAYAET, UTO IKCIEPU-
MEHT JIOMyCKAeT HEOrPAHWMUEHHOE YHCJIO HE3aBUCUMBIX TTOBTOPEHM, TPUYIEM HC-
XOZIOM KaKJ0¥ WHAWBUIYATbHON PEATn3alny SKCIEPUMEHTA SBISETCS TO WU
WHOE COOCTBEHHOE 3HadYeHne T oneparopa X, a 9aCTOThI ITUX 3HAYEHUIT HEOrDa-
HUYEHHO NPHOIHKAIOTCA K TeoperndeckuM Beandutam (1.20).

3ameTnM, 9TO €CJIM B OMMCAHHBIN BHITIIE KAPTHHE MBI OTPAHUYNMCST OTIepaTo-
paMu, JHArOHAJIbLHBIMU B (PUKCHPOBAHHOM OPTOHOPMHUPOBAHHOM 6a3mce, TO MbI
daxTHUIeCKH OTyYNM ONUCAHUE KJIACCUIECKON CHCTEMbI, KOTOPOE UMEET MeCTO,
HAIIPUMeEP B KJIACCUYECKON CTATUCTUYECKON MeXaHUKE.

B cayuae npocroro cnextpa nabmonaemoit X = 3 x5le;)(e;| (sce cobersen-
Hble Z; 3HadeHnus pasimdnbr) o3 (1.20), (1.16) momygaem

Ps(X ': .23]') = (ej\S|ej>, (1.21)
a ecam cocroguue ducroe (cM. paszen 1.5), 1. e. S = ) (1|, 10
Ps(X = @) = [{e;l)[*.
SBamaua 7. dokaxkure dbopmyry ajsa aucrnepcuu HabogaeMmoin X
Ds(X) =TrS(X — Mg(X))? = TrSX? — (Mg(X))?.

Bamaua 8. Haiignre MareMaTHIecKoe OXKUIAHUE, TUCTIEPCUIO U PACTIPEIE-
JIEHWe BeposiTHOCTel HabaogaemMoi X B COCTOSAHWH S, T

11 1 0 1
5:2[1 1}’ X:L 0}‘
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MHo2KecTBO BCeX KBAHTOBbBIX COCTOAHUIT JAHHON CHCTEMbI 00/1a/laeT CTaTu-
CTUYECKN MOTUBUPOBAHHOHM CTPYKTYpOIl BBIMYKJIOCTH, TOL/a KaK MHOYKECTBO
BCeX HAOJIIOJAEMbIX NMEET CTOJh K€ MOTHBUPOBAHHYIO (DYHKI[HOHAIBHYIO CTPYK-
Typy- K m3ydennio 3Tux CTpyKTyp MBI U IEPEXOIUM B CIEIVIONINX pa3/Ieiax.

1.5 DBpIIyKJoCTb

[MoaMuO)KecTBO G BENeCTBEHHOTO JTHHEHHOTO TPOCTPAHCTBA HA3BIBACTCS 8bLNYK-
LM, €CJIH JITst JTI000r0 KoHewHoOro Habopa rodek {S;} C & u soboro pacupee-
nenns BepositHocTe {p;} ewnykaas Kombunayua S =) ; PjiSj TPUHALTIERAT
S (mocrarouHo NOTPEOOBATH BHITIOJHEHNUS YKA3AHHOIO YCAOBUS TOJLKO JIJIA Ha-
OOpOB W3 JIBYX TOYEK, TO €CTh 4TOOBI MHOXKECTBO & BMeECTe C JII00BIME ABYMS
TOYKAMU COJEPIKATIO U COENUHSIONMUI X OTPE30K). B BBIMYKJIbIX MHOKECTBAX
0c000 BasKHBI KpatHue Mowku, He NMPEJICTABUMbBIE B BHJIE HETPUBUATIBHON BbI-
MyKJI0H KOMOMHAIMK JIPYTUX TOYEK. DTO IKBUBAJIEHTHO YTBEPXKICHUIO, YTO U3
S =pS1+(1—-p)Ss, 0 <p <1, crenyer S = S; = Sy T. e. 9T0 HU OAWH
orpe3ok B G He comepkutr S B KAUeCTBE CBOEH BHYTpeHHEH TOYKU. Mbl 000-
sHavaeM extr(S) MHOXKECTBO BCeX KpailHUX TOYEK BBIIYKJIOro MHOXKecTBa O.
Nmeer MecTo cmeayiomumii oOInii pe3yabTaT:

Teopema 2 (Munkosckuit-Kapareonopu). ITyems & — xomnaxmmuoe (ozpa-
HUYEHHOE U 3AMKHYMOE) 6binyKA0e nodmnosicecmeo R™, moeda aobas mouwka
S € 6 wmoorcem bvimsb npedcmasaena 6 eude 6uNYKAOTU KOMOUHAUUY He boaee
wem n + 1 xpatinuz mouex S; € extr(S):

n+1
S=>"p;S;, ;€ extr(6). (1.22)

j=1

B kadecTBe nmpumepa paccMOTPHM BBIILYKJIOE€ MHOXKECTBO J,, Bcex pacipe-
nenennii BepositHocTeit P = {p1,...,ppt1} HA MHOXKECTBE W3 1 + 1 37€MEHTOB.
B cuny ycnosust 'y ;pj = 1, mHoxecTBO B, Moxker ObITh TOrpyxkeno B R™.
Ero kpaiiHumu TOYKaMu SIBJISIOTCS BBIPOXK/IEHHBIE DPACIIPEIETICHNUS, TJIsT KOTO-
PBIX BCE BEPOATHOCTHU P;j PABHbI HYJIIO, 32 UCKJIIOYEHUEM O/HOil, pasHoil 1. Beero
nmMeercs n—+1 Takux TOYEK, u Ja1000e pacupeesenue u3 3, eIUHCTBEHHBIM 00pa-
30M IPEJICTABIACTCA B BUJE UX BBITYKJIOH KOMOMHAITN ¢ KOdpduImenTamu p; .
Takoe MHOKECTBO HA3BIBAETCS CUMNAEKCOM, U €IMHCTBEHHOCTH MPEICTABIEHUS
SIBJISIETCST XQPAKTEPUCTUIECKUM CBOMCTBOM 3TOTO BBIMYKJIOTO MHOXKECTBA. MHO-
KeCTBO Py_1 ABIAETCT MHOKECTBOM KIACCHICCKUX CTATUCTUIECKUX COCTOSTHUN
Ha KOHEIHOM (pa30BOM MPOCTpAHCTBE pa3Mepa d. Ero xpaiinme TOYKU Ha3bIBA-
0TCH YUCTNDLMY COCTNOAHUAMU.

Bemiecrsennast gpyuknms F, onpeeseHHast Ha BBITYKJIOM TOAMHOXKeCTBe &
KOHEYHOMEDPHOI'O JIMHEHHOr0 MPOCTPAHCTBA ABJIACTCS 6binykaol (602nymot),
ecm

I(ijSj) < (z)ij]-"(Sj), (1.23)



1.6. KBAHTOBBIE COCTOsHUSA 21

A 110003 BbiyKioil komOunaiuu Todex S; € &. B onpejenenun BbLIyKJ/IOM
byHKIINT OOBITHO TPEOYETCS BBHITIOJHEHNE 3TOTO YCJIOBUS JJIs JIOOBIX TBYX TO-
dek, a 3areM HepaBeHCTRO (1.23), HazbiBaeMoe Hepasencmeom Hencena, TOKa3bI-
BaETCH [JIsT JII0OOr0 KOHEYHOrO YUCJIa TOYEK M0 MHAYKInU. OYHKIMS SBISE€TCS
agdurroli, ecau OHa KaK BBIIYKJa, TAK U BOCHYTA, T. €.

f(ZPij) = ij]:(sj)~ (1.24)

Bamaua 9. HenpepoiHag Boinykias (B yacraocTu, adpdunnas) dysxims
Ha, KOMIIAKTHOM BBIITYKJIOM MHOXKeCTBe & J0CTHraeT CBOEro MakCUMyMa, B Kpaii-
Hell TOYKe 3TOr0 MHOKECTBA.

1.6 KBaHTOBBIE COCTOAHUA

CocTostHMe KBAHTOBO-MEXaHWYIECKOW CHCTEMBI, TPEICTABIAIONee CODON cTaTh-
CcTUYeCKnil ancambyIb GOBINOrO KOJIWYECTBA, HE3ABUCUMBIX, OIWHAKOBO TPUTO-
TOBJIEHHBIX 9K3EMILISIPOB CUCTEMBI (HAIIPUMED, MyYOK YACTHUIL, BHLIETAIONINX U3
YCKODUTEJIs1), OLUCHIBAETCH ONEpamopom niomuocmu (MaTpunedi MI0THOCTU B
dburcuposannom 6asuce), T.e. oneparopom S B H, yI0BIETBOPAIOLIUM yCIOBHUIM
S >0, TrS = 1. IIycrs S(H) — BBIIYKJI0E MHOKECTBO BCEX OIEPATOPOB ILIIOT-
HOCTHU. BBIMyK1as KOMOWHAIIMS OMEpATOPOB TIOTHOCTH OMUCHIBAET CMEITHBAHUE
COOTBETCTBYIOIIMX CTATHCTHIeCKNX aHcambueii. Cmech S = j p;S; momyJaer-
Cs1, eCJIN B3ATh aHCAMOJIN CHCTEM, IPUTOTOBIEHHBIX B COCTOSIHUSX S U CMEIIaTh
UX C BECAMH D;.

B BBITyK/TbIX MHOKECTBAX 0COOO0 BasKHBI KPAHHWE TOYKHU, HE TPEICTABAMbIE
B BUJIe HETPUBUAILHON cmecu apyrux ToueK. C TOUKHM 3pEeHusl CTATHCTHIECKO
MHTEPIPETANNY, KPARHUE TOYKHM MHOXKECTBA COCTOSAHUI, HA3BIBAEMbBIE YUCTbLMU
COCNOAHUAMU, COOTBETCTBYIOT MPOIEIypPaM TPUTOTOBICHAS 063 y9acThst KIac-
CWYECKO# corydaifHocTn. B KiiaccmaecKkoil Momenn OHU, O9eBHIHO, OMUCHIBAIOTCS
BBIPOXKIEHHBIME PACTIPEIETEHUAMHA, COCPEIOTOIEHHBIMU B OMHONW U3 TO4YeK (a-
30BOro npocrpancTsa. COOTBETCTBYIONIHE JIUATOHAIBHBIE MATPHUIBI SABJISIOTCS
(onuomepubiMu) npoexkropamu. OTMETUM TAKXKE, Y4TO KJIACCUYECKOMY DPABHO-
MepHOMy pacrpeznenennto P = {1/d,...,1/d} cooTBercTByeT KBaHTOBOE ZAO-
muyeckoe cocrostme S = 1/d 1.

B KBaHTOBOM CTATHCTHYECKOM aHcambie eCTh IBa BUIA CIyYaiHOCTH: BO-
TIEPBBIX, yCTPAHAMAS B IPAHIATIE CJIYyYaiHOCTD, O0YCIOBIeHHASA (DIIyKTyaIasiMu
KJIACCHYIECKUX MTAPAMETPOB IPOLEAYPhI MPHTOTOBJIECHUS, W BO-BTOPBIX, HEYHH-
YTOKMMAsS KBAHTOBasl CJIy9aifHOCTb, IIPUCYTCTBYIOMIAs B JIIOOOM YHCTOM COCTO-
STHWH.

Teopema 3. Kpatinue mouru mmnoscecmea keanmosnz cocmosnut S(H),
HA3HLEAEMDLE YUCTIVLMYU COCTNOAHUAMU, CYMb (00HOMepHble) npoexmopyl, S? =
S, U moavKo onu.

Takum 06pa3om, omepaTop IMJIOTHOCTH YUCTOTO COCTOSTHUS UMEET BUI S =
[1) (3], The |¢) — eqMHUYHBIH 6eKMOP COCMOAHUA, ONPEIETEHHBIH ¢ TOYHOCTHIO
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110 (Haz0BOTO MHOXKUTEJSI, IO MOJYJI0 PAaBHOrO equaune. Ecmu {ey} — duxcn-
POBAHHBIN OPTOHOPMHUPOBAHHLIH Gasuc, To P (k) = (ex|t)) U ecTh 3HaAMeHHTAS
ncu-(yHKIMs KBAHTOBOM MEXAHUKHU (B k-IIPEACTABIICHNN).

Jlokxazameavcmeo. PaccMoTpuM CIIeKTpaIbHOE PA3IOKEHHE SPMUTOBA, OTIe-
paropa S

d
S=3 siles)esl, 5520, 55 =1, (1.25)
j=1

rie s; — coOCIBeHHble 3HAYeHHsl, |€j) — CODCTBEHHbIE BEKTOPbI omeparopa S,
d = dimH. Eciu S — kpaiiHds TOYKa, TO 3T CyMMa COIEPYKUT TOJBKO OIHO
HEHYJIEBOE CJIaraeMoe, CJIEIOBATENHHO, S €CTh OIHOMEPHBIH mpoekTop. OOpaTHO,
nycrh S — omHOMepHbIi 1poekTop u S = pS1+(1—p)Se, re 0 < p < 1. Bo3Begem
5TO BBIPAXKEHHE B KBAJIPAT U PACCMOTPHM pasHocTh S u S2:

pS1(I = S1) + (1 = p)Sa(I — Sa) + p(1 = p)(S1 — S2)> =5 = 5% =0. (1.26)

Omneparopsr S1(I — S1), S2(I — S2) uMeroT HeOTpHUIATEIBHBIE COOCTBEHHBIE
suavenus Buga s(1 — s);0 < s < 1 u nosromy nonoxuresabusl. Kpome Toro,
(S1 — S)? > 0. Takum 06pa3oM, cymMMa TpPex TOJOKUTETbHLIX OMepaTOpPOB
PaBHA HYJIIO, CJI€I0BATE/IBHO, KAXK/J0€ CIaraeMoe JO0JZKHO PABHATHCA Hy1t0. Ho
3TO Oo3HavaeT, 4ro S; = Sy = 5, T. e. S — KpaiiHgas Touka. O

s moboro omeparopa IIOTHOCTH S MeEPa “UCMOMmMb, OIPEIesIseTcsi COOT-
HOIIEHHEM

P(S)=TrS* =) s, (1.27)

rjie s; — cobCTBEHHbIE 3HAYEHUsA oleparopa S. Iumponusa cocrognud S oupee-
JISIETCs COOTHOLIEHMEM

H(S)=—-TrSlogS =—>s;logs;, (1.28)
J

c cormarrennem 0log0 = 0, a norapudm Gepercst 1o GUKCHPOBAHHOMY OCHOBA-
uuio a > 1. B reopun urdopmaiuu y106HO UCIIOIB30BATH ABOUYHBIN Jorapudm
(a = 2), pu 3TOM emuHUIEH U3MepeHus sABAseTcsa 6um. B craTucTuueckoi me-
XaHUKE OOBIYHO WCIOJIB3YETCS HATYPAJIbHbIN JlorapudM, eIuHuIeil n3MepeHus
ABJISIETCST Ham, TaK 9470 1 HaT=In 2 OuT.

Bangava 10. Tlokaxkure, uro 1/d < P(S) < 1, npudyem P(S) =1 Toraa u
TOJIBKO TOrJa, Koraa cocroguue S — uucroe. P(S) = 1/d rorga u Tosnbko Toraa,
KOLJIa, COCTOsiHUE S — XaOTHUIECKO..

IMokaxkure, uro 0 < H(S) < logd, mpuuem H(S) = 0 Torza u TOIBKO
Torya, Korga cocroguue S — gucroe. H(S) = logd Torna u ToJbKO TOrA, KOraa
COCTOsTHHE S — XaOTHIECKOE.

Bamaua 11. [oxasars, uro ecnu dimH = d, To S(H) morpyzxkaercs B
BEIIECTBEHHOE MPOCTPAHCTBO pa3MepHocTH n = d? — 1.



1.7. IBYXYPOBHEBBIE CUCTEMBI. KBAHTOBBIH BUT 23

Cuekrpasbaoe paszsoxkenue (1.25) mokasbiBaer, 4TO B CJlydae MHOXKECTBA
KBAHTOBBIX COCTOAHWI (KAK ¥ JJIf JPYTUX BBIMTYKJIBIX MHOYKECTB C TJIAIKOMN
rpanuneii) Teopema Kapareomopu gaer 3apbimentoe 3uadenue n. C apyroit
CTOPOHBI, [IJIsT MHOYKECTBA KJIACCUYECKUX COCTOSIHUI, TPEJICTABJISIONIEr0 coDOit
CHMILIEKC, 3Ta TEOpeMa [IaeT TOYHOE 3HAYEHWEe. DTO HABOJUT HA MbBICIL WH-
TEPIPETUPOBATH KBAHTOBYIO TEOPHUIO0 KAK KJIACCHYECKYIO BEPOATHOCTHYIO MO-
J1eJib, B CTATHCTUYECKON CTPYKType KOTOPOi 3amu@poBaHbl HEKUE HEKJIACCH-
YEeCKMe OrpaHudeHusi (TE€OPUIO CO CKPBITHIMU mapamerpamu). Jljis oauHOYIHOM
KBAHTOBOIl CHCTEMBI TaKasd TOYKA 3PEHUSA BO3MOXKHA, HO /I0 CHX IOp HE OKa3a-
sachk mwIoaoTBOpHOM. [Ipu mepexose ke K COCTABHBIM CHCTEMAM OHA TTPUBOIUAT
K HEYCTPAHUMBIM [TPOTUBOPEYUAM C (DU3MIECKUMU MPUHIIUIAME JIOKATHHOCTH
u upuduHHocry (cM. Jasiee 11, 2.4).

1.7 JIByxypoBHeBbIe cucteMbl. KBaHTOBBII OUT

IIpocreiimieit KaccuIecKoit CHCTEMOH SIBISETCA OHUM — CUCTEMA, C ABYMSI TUCThI-
mu cocrogausiMu. CTaTUCTUYECKUE COCTOSHUS TPEICTABISIOTCS TUANOHAJIbHbI-
MU MaTPUIAMA
0
p=|7r , 0<p<1l
0 1—p

M MHOKECTBO BCEX KJIACCHYIECKUX COCTOSHHUI mpescTaBiser coOO# eIMHMIHbII
OTPE30K.

Haubonee mpocTbiM, HO Ba)KHBIM [IPUMEPOM KBAHTOBOW CHCTEMbI SIBJISETCS
g-O6um — IBYXypOBHEBast KBaHTOBas cucreMma, dim H = 2. Bygem ucmonn3oBarh

craHmapTHbIH 6azuc B C2:
1 0
=g w=1]

Ynobmo BBecTu 6a3uc [laynu B BemeCTBEHHOM IMPOCTPAHCTBE IPMUTOBBIX 2 X 2-
MaTPHII:

[0 Jo1 [0 - 10
% o1 T o2 T i o0 VT 0 -1 |°

Samauga 12. Marpuus [Taynu noguunsiorcs ciaemyomeil Tabanne yMHOXKEHUS

OO0y =105, 0y0, =105, 0,05 =1i0y. (1.29)

Kpowme Toro, Tro, = Troy = Tro, = 0.
Besikuit oneparop wiornocru S € S(H) upejcrasisiercs Kak

1 1+a, az—iay, | 1
S(a) = 5 ag + ia, 1—a, = 5(1 +ag05 +ayoy + asz)7 (1.30)



24T'7TABA 1. CTATUCTUYECKA I MOJEJ/Ib KBAHTOBOI CUCTEMBI

rae @ = (az, ay,a;). Yeaosue det S > 0 HakIaIbpIBAET CIEyIOIIee OrPAHIIEHNE
Ha napamempo, Cmokca (ag,ay,a):

S22 2 2
ldl” = a; +ay, +a; < 1.

Kpurepuit CunbBecTpa MOKa3bIBAET, 9TO ITO YCJIOBHE HEOOXOIUMO U JIOCTATOY-
HO i Toro, 4yrobpr S > 0. Takum obpazom, S(H) Kak BbIIYKJIOe MHOXKECTBO
130MOpBHO equHIYIHOMY mapy B R3.

Ja mepsr unctorst (1.27) momydaem

P(S(@) = 5 (1+[a?).
OTKY/JIa CJIE/LYeT, ITO YUCTHIE COCTOSIHIS COOTBETCTBYIOT IOBEPXHOCTH IIapa |d| =
1 u cocrasasiior cgepy Baoza.
Iycrs S(@) = |[¢) (¥, tme |¥) = ¢o|0) + c1|1) — eqUHUIHBIE BEKTOD, TaK <ITO
lcol? + |e1|* = 1. Torma coorsercrBytomuii BeKTOp @ = (g, ay,a,) Ha cdepe
Bioxa 0HO3HAUHO OIpPEesEISeTCs COOTHOLIECHUAMY

az +iay = 261, a, = 2|col* — 1. (1.31)

DT0 COOTBETCTBUE HE SBJISETCS B3AUMHO OJIHO3BHAYHBIM: YMHOKEHHUE BEKTODA |1))
Ha MPOM3BOJIHHBIN KOMILIEKCHBIH MHOXKUTEb (v, IO MOJYJII0 DABHBINA €IUHUIIE,
LPUBOJUT K TOMY 2Ke COCTOAHUIO S(@), 1 K TOMY 2Ke BEKTOpY d.

Bamada 13. Jas JAHHOTO BEKTOPA UHCTOTO COCTOSAHUS (-OWMTa HaiiguTe
COOTBETCTBYIONIHIT BeKTOP ¢ Ha cdepe Bioxa:

1 1
V2 V2

Yrobbl onmcarh 0OpaTHOE COOTBETCTBHE, BBEJEM yriibl Jditiepa 6 u ¢ Tak,
410 @, = cosf u a, + ia, = sin Be'?, Torma

10}, 1), (10) £ 1)), (10) £ ¢[1)).

S(a) = |a)(al, (1.32)

re

Nl -

3anmaua 14. Haijigure yroer Diisepa BeKTOpa —d U MOKAXKHUTE, UTO (G| —ad) =
0. Takum 06pa3oM, /IS KayKJIOro HAIPABJEHWs @, BEKTODPHI | £ @) obpa3yor
opToHOpMUpPOBaHHbI 6azuc B C2.

Bamaga 15. g gannoro BekTopa d Ha cdepe Bioxa maiigure coorBer-
CTBYIOIMI BEKTOP YUCTOrO COCTOSAHUS |@) U MATPUILY [IJIOTHOCTU B CTAHAAPTHOM

Oasce: 1 1 1 1
=(mow) (G 0o

Takum obpa3om, MBI JaJIA OMHUCAHWE COCTOsTHWI g-Omrta. Termeph mepeitmem
K HabmogaembiM. Mcmonb3ysa Tor daxt, uro marpuisl [laymu obpasyior 6as3uc
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1)

Puc. 1.2: IlpeacraBnenune q-6mra npu nmomoru chepor Baoxa

B TTPOCTPAHCTBE SPMUTOBBIX MATPHII, TOJIYyYaeM, UTO BCAKAS IPMUTOBA 2 X 2-
MAaTPHUIA OJHO3HAYHO TPE/ICTABJIAETCA B BHU/IE

X = kol + k1 X(a), (1.34)
rae ko = Tr X/2,
o a ay —1Qy |
X(a)= Gotia, —a, | =0t ay0yta:os, (1.35)
npudem |d| = 1. Takum oOpaszom, JOCTATOYHO paccMaTpuBarTh HAGIIOAAEMbIE

Buza (1.35), T.K. ocTasbHbIE MOJYYAIOTCA M3 HUX [IyTeM U3MEHEHHs HAYaJIa OT-
cuera u macwraba. Joa |@) = 1 noxyuaaem u3 (1.30), (1.32)

1@)(@) = %(IJrX(&)). (1.36)

Boruuras u3 (1.36) anajoruuHoe paBeHCTBO Jyisd —@, LOJLy4aeM CLEeKTPAJIb-
HOE pas3jIoyXKeHue 3pMuToBa oneparopa (1.35)

X(@) = |a)(@ - | - a)(-dl, |al=1. (1.37)

Takum obpazom, nabionaemas X (@) umeer nBa COOCTBEHHbIX 3HAadYeHus +1,
KOTOPBIM OTBEYAIOT COOCTBEHHBIE BeKTOpHI | & @) B C2.
Bagaua 16. Jokaxure popmyiy

X(C_l'l)X(C_I:Q) = (51 . 52)]4— ’LX(C_il X E{fg) (138)
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Banmaua 17. Ilonb3ysice dopmysoit (1.38) u cpoiicrBamu marpun, [laysu,
[IOKazKUTe, YTO MaremMarudeckoe oxujanue nabmonaemoit X (b), [b| = 1 B co-
crosiuuu S(d@), |@| < 1 pasuo

-,

Tr S(@)X(b) = - b. (1.39)

Banmaua 18. Ilonb3ysch crnekrpasibubiM pasioxenuem (1.37), mokaxure,

-

4gro m3mepenue Habmonaemoit X (b), [b| = 1 B cocrosuuu S(@), |d| < 1 maer
3HaveHus +1 ¢ BEPOSTHOCTSAMU

. 1 S
Psia)(X(B) b= +1) = 5 (1 +3- b) . (1.40)
Yemy pasHa “BeposTHOCTB epexona” |(a@|b)[2, rae ||a@]| = ||b]| = 17

Bamaua 19. Iomb3ysacs coornomenuem (1.37), HOIyYHUTE CIEKTPAILHOE
pasJsioxkenue orneparopa njoruoctu (1.30):

I e TR
W@+ 5 —@-al, @ =alal

Takum 006pazom, cobCTBEHHbIE 3HAYEHMs Olieparopa IwioTHocru S(d) cyTb

1+|a@
2'“‘. Orcioza, nosb3ysch onpenenennem (1.28), mojgydaeM SHTPOMUIO COCTOS-

.
sta) = 2

uus S(@):
1+l
aes@) =n(~57).
rae h(p) = —plogp — (1 — p)log(l — p) — suTponusa ciaydvaiinoro OGura. dra

dyHKIMg nocTosHHA HA KOHIEHTpUYeCKUX cdepax |d@| = r, upudeMm SHTPOIMs
SABJISIETCsl BOTHYTOM (yHKIMEll, npuHUMAIOIeii MuHuMaabHoe 3uHadenne () HA
rpaHune Iapa u Makcumaiibaoe 1 B ero menrpe @ = 0. 9TOMy COOTBETCTBYET
zaomuveckoe cmemmantoe cocrosaue S(0) = I/2.

Samaga 20. Ilycrs @ — ciygaiiHbiii BEeKTOP, UMEONIUH PABHOMEPHOE pac-
upegesienune Ha cdepe Baoxa. Haiigure MS(@) u paiire crarucrunieckyo narep-
TPETaINIo OTBETA.

DusuyeckumMy peanu3anusaMu ¢-0ura sBiIbTCs CuuH (BHYTPEHHUH yIJIOBOI
MOMEHT) 3JIEKTPOHA WJIM aToMa CO CTUHOM 1/2, TOJIsipu3alnnsi MOHOXPOMATH-
geckoro dotona’, mobas KBaHTOBAasA CHCTEMa C JABYMS aKTWBHBIMU SHEpTeTH-
9ecKUMHU ypoBHAMHE, cM. [1]. B Takux cucremax mabmionaemas X (@) = a,0, +
ay0y + a,0, ONHCBHIBAET “IPOEKINIO CHMHA  HA HANpaBieHue d = (Ag dy,as).
Takum obpazom, cnur — 3TO BEKTOP

7= (0z,04,02)

¢ (HEKOMMYTHPYIONUMH) OLHEPATOPHBIMA KOMIIOHEHTAMH Oy, 0y, 0. CocTosHme
(1.36) onucebiBaer aHcam0Gib (IIy40K YaCTHUI[) CO CHMHOM BJOJIb HAIPABJIEHUS

3B srom cayuae 0/2 sBnseTca yrioM JUHEHHON NOIAPH3AnUE B IUIOCKOCTH, MEPIEHANKY-
JISPHO#M HATPABJIEHHUIO UMITYJIBCA, a ¢ — PA3HOCTBIO a3 MeK Ty FOPH30HTAIHLHON U BEPTHKAJIb-
HOM KOMIIOHEHTaMHM 3JIEKTPUYECKOrO ITOJId.
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a. Ixcnepumenm Illmepna-I'epaaza, ONUCHIBAIONIUN IPUTOTOBICHAE COCTOSHUN
S (@) m n3mepenne HabmomaeMbix X (b) ¢ MOMOIIBIO BHEITHETO HEOHOPOTHOTO
MAarHUTHOTO TOJIs, JIETAJBHO onncaH B jeknnsax Peiinmana [10].

1.8 @Pyukiuu ot Habogaemoii. CoBMecTuMbIe Ha-
O0J1Ir0o1aeMbie

Paccmorpum BemecTBenHy0 Habm0gaeMyio X €O CMEKTPATLHBIM Pa3I0KeHNEM

X = Z:EEx

zeX

rue r — pas3JinvHble COOCTBEHHbIE 3HAYeHUs oneparopa X, a {F,} — ero crek-
TpaabHasA Mepa.
Hast sro6oii Bemecrsennoit dbyukuuu f(x), oupeienennoii Ha cuekrpe X,

Fx)= Y f(@)E..

zeX

Maremaruueckoe oxujanue naduaonaemoii f(X) pasHo

Msf(X)=TrSf(X) =Y f(z)TrSE,.

reX

Takum obpazom, uzmepenue nabsogaemoii f(X) MOKHO TPAKTOBATH KAK KBAH-
TOBOE m3MepeHue X C TOCIEeAYIONINM KJIACCUYECKUM BBIYUCIEHUEM (DYHKIUH
f(z) or pesynbrara n3mMepeHus .

BemecrBennbie Habmo1aemblie X, Y Ha3BIBAIOTCH COBMECTIUMbLMU, €CITH HA-
JeTcs BeliecrBenHas Habmonaemas Z, rakas yro X = f(Z),Y = g(Z), rue f, g
— HEKOTOpbIE BerecTBeHHbe pyuknnn. JIpyrumu ciaoBamu, Habmogaembie X, Y
MOryT ObITh U3MEPEHbI B OJJHOM JKClepuMenTe (u3MepeHus Z ), ¢ HOCJAEeLyIOLIUM
TIEPECYETOM PE3yJIHTATOB M3MEDEHMUSI.

Kommymamopom oneparopos X,Y HazweiBaercs oneparop [X,Y] = XY —
Y X. Oneparoper X,Y kommyrupytor (nepecranoBounsi), ecau [X,Y] = 0.

Teopema 4. I[Tycmv X,Y —-sewecmeennvie HabA00aeMbIE CO CNEKMPAND-
Howmu pasaooicenuamu X =y cE, Y = Zy yFy. Caedyrowsue ymeeporcdenus
IKBUBAAEHIMHDL!

(1) X,Y cosmecmumos;

(i) [Ey, Fy] =0 daa ecex x,y;

(iid) [X, Y] = 0;

(iv) X,Y odnospemenno duazonasusyemos, m.e. umerom obujuil 6asuc u3
COOCMBEHHDBLT BEKTNOPOS.

Zokxasamenbcmeo.

(1) = (i1). Ecam X,Y coBMecTHMBI, TO

Ex: Z GZ, Fy: Z Gz7

=f(z)=c zig(2)=y



28T/TIABA 1. CTATUCTUYECKA I MOJEJ/Ib KBAHTOBOI CHUCTEMBI

Puc. 1.3: CoBmecTnMble HAOIIOIAEMBIE

rae {G.}- cuekrpasbHas Mepa Habmomaemoit Z, orkyna ciaenyer (i), MOCKOJb-
Ky [G,,Gy] = 0.

(#4) = (i4i). OueBraHO, MOCKOABbKY X SBIAETCHA JUHEHHON KOMOUHAIMEH
omeparopos E;, a Y — nmuneitHo#t komObuHanueit oneparopos F,.

(#9i) = (iv). Ilepexons K Gasucy, B KOTOPOM MaTpuiia X JIMarOHAJIbHA, MBI
MoOkeM canTarh, uro0 X = diag[z;],Y = [y,x]. I3 ycmoBusg XY — Y X = 0 mo-
ayqaeM (z; — x)y;x = 0. Takum obpasom, x; # xy Bireder y;; = 0. I'pymnupys
BMeCTe OAMHAKOBBIE X, OTydIaeM, 9T0 MaTpuibl X,Y MOXKHO IpeNCcTaBUTH B
Gu10uno-aronanbiom e X = diaglr[;], Y = diag[Yj], rue see 2 pasiunu-
HEBI, [j — eIMAWTHBIE MATDPUIIL, PA3MEPHOCTH KOTOPHIX d; PABHLI KDATHOCTH T,
a Y; — spMuToBHI d; X d;-MaTpuiel. Teneps B Kaxk10M OI0Ke Y; MOYKHO mepeidTn
K 0a3ucy, B KOTOpOM Y, AMArOHAIBHA, IPU STOM BUI MATpUIbl X He H3MEHUTCS.

(tv) = (7). IIycrs {e; } — oOmmit 6a3uc u3 COBCTBEHHLIX BEKTOPOB OIEPATOPOB
X,Y,unycrs {z;,y;} - coorsercrpyiomue cobcrBenHble Yucia. Toraa ncKoMblil
orepaTop Z — omneparop ¢ TeMHU ¥Ke COOCTBEHHLIMI BEKTOPAMU U COOCTBEHHBIMHI

wncnavm {j}, npuaem f(j) = z;,9(j) = v;- B

Takum obpazom, ecaiu HaOI0MaeMbie X, Y COBMECTUMBbI, TO OTHO3HAYHO OIIpe-
JeJIeHbl HADJII0daeMble BUIA

h(X7 Y) = Z h(z, y)EarFya
aj7y

rae h — mpow3BoJibHAST (DYHKITUS JBYX TEPEMEHHBIX, a
E,F,=F,E, = Z G.,.
zif(z)=w,9(2)=y

OTcro/1a BUIHO, UTO COBMECTHOE PACTPedeseHUe 8ePOAMHOCTMEY HADTIOTAEMBIX
X,Y B mobom cocTosgamm S MOXKET ObITh 337aH0 (HOPMYIIOit

Ps(X =Y =y)=TrSE,F, =Tr SF,E,. (1.41)
IIpu sTom

Msh(X,Y) = Tr Sh(X,Y) = > h(z,y)Ps(X Ez,Y [ y). (1.42)

z,y
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ITomo6ubIM 06pa30M MOXKHO OIPENeSuTh COBMECTHOE M3MEPEHUEe W PacIpe-
JeJIeHNe BEPOSITHOCTEH M1 JII000T0 KOHEYHOTO HADOpa, COBMECTUMBIX HAOIIOIA-
€MBbIX.

Bagaga 21. O6o6mure coornomenns (1.42), (1.41) Ha ciydait n monapHo
COBMECTUMBIX HADJTIOJAEMBIX.

Banmauga 22.
[X(77), X (n1)] = 20X (7 x m).

TakmM 06pa3oM, HAGIIOIAEMbIE IPOEKIM CIMHA HA HATIPAB/ICHHAS 17, 1715 COBMe-
CTUMBI TOTJ/IA U TOJHKO TOT/IA, KOT/Ia 3TU HAMPABIEHUsS KOJIuHeapHbl. B gact-
HOCTH, KOMTIOHEHTBI CTIUHA O, 0y, 0, HEe JOIyCKaIOT COBMECTHOTO M3MEPEHN.

Bamaua 23. Ilokaxkure, 4TO BellecTBeHHas HabJIf0JaeMas, COBMECTHMAs
CO BCEMU KBAHTOBBIME HAOJIIOJAEMbBIMHU, SABJISIETCH MOCTOSHHONU BEIUIUHON, TO
€CTb 33/1eTCs OIIePATOPOM, KPATHBIM €JIMHUYHOMY OIePaTOpYy.

SBamaua 24. oxkaxkwure, uto ypaBuenne XY — Y X = cl, tme ¢ # 0, ne
WMeET pereHnii B KOHeTHOMePHBIX MaTpuiax X, Y.

Takum obpazom, HaOIIOgAEMbIE KOOPIUHATHI M UMITYIbCa (), P, KOTOpbIE yI0-
BJIETBOPHAIOT KAHOHUYIECKOMY KOMMYTAIIMOHHOMY COOTHOIeHuio [eiizenbepra

QP — PQ = ihl, (1.43)

rae h ~ 10727 1 em?c™! — mocrosmmas Ilnanka), MOMKHBI TIPEICTABIATHCA

“OeCcKOHEeTHOMEPHBIMU MAaTPHUIAMHA’, & TOYHEe, OlepaTopaMu B OECKOHETHOME]p-
HOM THJIOEPTOBOM MPOCTPAHCTBE. Pelerre 370ro ypaBHeHus JA0T OHepaTopbl

h d

_ _ _ 72 N
Q = z, P = 74 B npocrpancrse H = L*(R) xommiexcnosnaunpx ¢ynximii

Ha BEIECTBEHHON mpsaMoit R ¢ mHTerpupyeMbIM KBAIPATOM MOJTYJIS.

1.9 CooTrHollleHne HeonpeaeJJeHHOCTeM

IIycrs X,Y — aBa omeparopa. Torma
1
XY =XoY + i[X’Y]’

rme XoY = %(XY + Y X) — cuMmmerpu3oBaHHOe WM G0pdano60 TIPON3BEIEHHE
onepatopos X, Y.

ITycrs S — nekoropoe cocrosinue. s npoussosibaoro nabopa X = [Xi, ..., X,]
BEIIECTBEHHBIX HAOJIIOIAEMbIX IIOJIOXKUM XJQ = X; — IMgsX; u BBe#eM siBe Be-
IIECTBEHHBIE MATPHUIBL CHMMETPHYHYIO MAMPULY KOSAPUAUUTE

Ds(X) = [T&r SX%0 X}g]j’k:lwn, (1.44)
¥ KOCOCUMMETPUIHYIO KOMMYMAUUOHHYI0 MATPULY
Cs(X) = [iTrS[Xj,Xk]} _ - [z TrS[X;?,Xg]} _ . (145)
Gk=1,..,n Gk=1,...on
Nmeem )
Ds(X) > %CS(X) (1.46)
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B CMBICJIE HEPABEHCTBA MEXK/y KOMILJIEKCHBIMU 3PMUTOBbIMU Marpunamvu. [leii-
CTBUTEIHHO, 3DMUTOBA MAaTPHUIIA

i
Ds(X) = 5Cs(X) = [Trsxfxg]jkzl )

TIOJIOKUTEHHO ONpeesieHa, MOCKOIbKY I MPOU3BOIBHBIX ¢; € C

> e TrSX)X) =TvSZZ >0,
Jk=1

I o
rne Z =) .y ¢ X;.
Haga nyx nabmogaembix X1 = X u Xo = Y nepasencrso (1.46) sxBuBa-
JIEHTHO cooTHOIIeHuio Heonpeaenentnocreit [IIpemumarepa - Pobeprcona

Ds(X)Ds(Y) > covs(X,Y)? + %|MS[X, Y%, (1.47)

Tae
Ds(X) =TrS(X — IMg(X))? (1.48)

— JUCTIEpPCHUsT BEIECTBEHHONW HAOII0maemMoi X B COCTOSHUH .S,
covg(X,Y) =Mg(X — IMg(X)) o (Y — IMg(Y)). (1.49)

B camom gene, nepasencrso (1.46) npunumaer Bu

Ds(X) COVS(X,Y) :l > 1 |: 0 ZMs[X,Y]
COVS(X, Y) Ds(Y) -2 —iMs[X, Y] 0

ITepenocs npasyro 4yacrb HaseBo, BuauM, uro (1.47) o3nadaer HeOTpHUIATEIIb-
HOCTH OLPEIEUTEs MOLyduBIieiics 2 X 2-marpuipl. Ocraercs UCIoJIb30BaATH
kputepuit CuabBeCTpa HEOTPHUIATEHHON OMPEIEIEHHOCTH MATPHUIIHI.

Eciu XY coBmectumblie nabirogaembie, T0 Benuuuna covg(X,Y) mpen-
CTaBAAIOT coboit Kosapuayuro Bemmana X,Y B cocrosgamu S; B 9TOM CIydae
[X,Y] = 0 u (1.47) upespamaerca B nHepasencrso Kouu-Bynskosckoro s
KoBapuaruu ciaydaiiupix Bemaud. Ecin xe X, Y #ecomectumbl, To X, Y mHens-
MepHUMBI B OJIHOM 3Kcrepnmente, u mucrepcnn Dg(X),Dg(Y) B coorHomennn
HEOTIPEIEJIEHHOCTEH OTHOCATCA K ABYM DPA3JIMIHBIM U3MEPEHUSM, TPOU3BEICH-
HBIMW HAJ] PA3HBIMU MIPEICTABUTEISIMA OJHOTO CTATUCTAYECKOro ancamois. Or-
OpacbiBasi HEOTPUIIATEIbHbIN 11E€PBbII wien B npasoii wactu (1.47), noaydaem
0oJiee U3BECTHOE HEPABEHCTBO

Ds(X)Ds(¥) > 1IMs[X, Y] (1.50)

Ecau ¢dopmanbao moacraBuTh Cioga HAGMIOZAEMble KOOPIUHATHI M UMITYIHCA

X =Q,Y = P u yuecrs (1.43), 10 110/1y9aeTcsi COOTHOLLEHUE HEOIIPEIEIEHHO-
creit Teiizenbepra

h2

Ds(Q)Ds(P) = - (1.51)
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U3 KOTOPOr'O CJeJyer, 9TO B JII000M KBAHTOBOM COCTOSIHUU HEOIPEIEJIEHHOCTH
KOOPJWHATHI U UMITYJIbCA CBA3AHBI OOPATHO TPOMOPIMOHAIBHON 3aBUCUMOCTHIO
U He MOTI'YTb OBIThH CJIEJIAHbI OMHOBPEMEHHO CKOJIb YIOIHO MaJjIbIMU (CTPOTOe J0-
Ka3aTeJIbCTBO CM., HATIpUMep, B [7]).

Bamaga 25. JJokaxkure HeKoOMMyTaTuBHOE HepaBeHcTBO Kormu- ByHsakos-
CKOTrO

| Tr SX*Y|> < Tr SX*X TrSY*Y, (1.52)

JIJTsi TIPOM3BOJILHOrO cocrosuus S u oneparopos X,Y B H.
SBamaua 26. JlokaxkuTe HEPABEHCTBO

D)X () - Dgan X (1) > (@, 7, 1)?,

rjie B IIpaBoil 4acTu — CMelLIaHHOe IIPOU3Be/IeHIe TPEX BEKTOPOB.

1.10 AnmnocrepuopHoe cocrosinue. IlociemoBareib-
HbI€ U3MEPEHUs

PaccMoTpuM cHaYasia KIACCHYIECKYIO CHCTEMY ¢ (basOBBIM HPOCTPAHCTBOM ),
KoTOpas Haxomurcs B (crarucrudeckom) cocrosinuu P = {P(w)}. Ipennoso-
KM, 9TO MPOU3BOINATCA M3MEPEHNE BEIeCTBEHHON CIydaiiHoil Bemmdauubl X .
YTo MOKHO CKA3aTh O COCTOSTHUM CHCTEMBI TIOCIe U3MEPEHHUsI, B Pe3yJIbTaTe KO-
TOpOro TosTyueHo 3Hadenne 7 OHO TAeTCs YCIOBHBIM PACIPE/IeIeHHeM BEepOsIT-
Hocrel, npu ycaosnn X (w) = x:

P(w)Eqx(w)

Po(w) = P{X(w) =2z}’

rae depe3 E, obo3HadueH WHAMKaTop moaMHOXKecTBa {w : X(w) = z} C Q.
Knaccuaeckas dpopmyna Baiteca

P(w) =Y Po(w)P{X(w) =z} (1.54)

O3HAYAET, UTO MCXOMHBIA “‘cTarncTuyuecknii ancambin’ pa3buBaeTcs Ha, MOJAH-
camb1, COOTBETCTBYIOIINE PA3JINIHBIM 3HATCHUSAM T CJIy9aiHON BeInanHbl X
KoTopble umeror “Beca’ p, = P{X(w) = z}; eciin 31 aHcaMOGIM BHOBb CMeIIH-
BAIOTCsI, Oy YaeTCsl MPOCTO MCXOMHBIA aHCAMOb.

IepeiiseMm K KBAHTOBBIM M3MEpPEHHsIM. PacCMOTpUM KBAHTOBYIO CHCTEMY B
npocrpancree H, KOTOpas HAXOAUTCA B COCTOAHUM S M IyCTb HaJ| HEll mpous-
BOJIMTCST M3MepeHne BellecTRennoil nabmonaemoit X = Y xFE,, rne E = {E,}
—CIeKTpaibHas Mepa omeparopa X .

[IpeamonokumM cHAYANA, 9TO BCE COOCTBEHHBIE YUCAa X PA3JINIHBI, TAK UTO
E, = |es){ez]|, rue {|e,)}— 6azuc u3 cobecrsennbix BekropoB X . [loanoe udeans-
HOe KBAHTOBOE M3MEPEHUE CBHA3bIBACTCH C OPTOHOPMUPOBAHHBLIM 6A3UCOM |ez),
BEKTOPHI KOTOPOTO WHAEKCHPOBAHBI BO3MOXKHBIMI MCXOJAMU W3MEPEHUS T, Be-
POSITHOCTH KOTODBIX, coryacHo (1.21), pasubl p, = (e;|S|e,). ocrymupyercs,
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YTO B PE3yJIbTATE W3MEPEHHs C IOJTyYeHHBIM MCXOJOM I CHCTeMa [EePeXOIUT B
COCTOSTHIE
Sy = lex){ex|. (1.55)

Takum 00pa3oM, CTAaTUCTUYIECKUH aHCAMOJIb ITOCTE NU3MEPEHUs Pa30uBaeTCs Ha
TOTAHCAMOJIN, COOTBETCTBYIOIINE PA3IUIHBIM UCXOJAM X C BEPOATHOCTAMU Py,
¥ B I€JIOM ONHCHIBAETCS COCTOSHUEM

S'= paSe = lea)(ealSlex) (eal. (1.56)

IMocrynar (1.55) MmoTuBupyercs TpeGOBAHUEM 60CTPOUZEOOUMOCTIU: IPU HEME/I-
JIEHHOM IIOBTOPHOM HM3MepeHuu HabromaemMoir X HuCXo ¢ BePOATHOCTHIO 1 11oJi-
JKEH COBITACTH C WCXOIOM T MEPBOrO W3MEPEHWUSI.

B obmem ciygae mekoropsre cobcTBennbie uncaa X moryT copnanarh. Co-
[JIACHO npoexyuornomy nocmyaamy don Hetmana - Jhodepca [7], uneanbuoe
u3Mmepenune Habogaemon X = Zx rF, maer 3HaYEHWE T C BEPOATHOCTHIO

py = Tr SE, = Tr E,SE,, (1.57)

TIPH 3TOM GNOCMEPUOPHOE COCMOAHUE, T. €. COCTOSTHNE TIOAaHCaMbJIsi, B KOTOPOM
OBLJI TTOJIy9€H UCXOJ W3MEPEHUs T, PABHO

S, = pglEmSEI, ecnma  pg > 0.

[osicanm, 4T0 BTOpoe paseHCTBO B hopmyre (1.57) creayer u3z Toro, uto E? =
E, u csoiicrsa ciega (1.15). g cocrosuus Bcero ancam0JIst 1OC/Ie H3MepeHus
MMeeT MeCTO KBAaHTOBLIH anasor ¢opmyssr Baiteca

S' = puSy =) E.SE,. (1.58)

OrmMeTrM TakzKe, 9TO €CJIM MCXOJHOe COCTOsSIHWE — 4ncToe, S = [1) (1], To
AIOCTEPHOPHOE COCTOSHHE TAKXKE YHCTOE, ¢ BEKTOPOM, KOTOPBIA MOJTy9aeTcs
[IPOELMPOBAHMEM UCXOHOIO BEKTODA |1):

) — [2) = p7PEe|v),  po = (Y] Ex|). (1.59)

Samaua 27. llokaxkwure, uTo ecau omeparopbl S u X KOMMYTHUPYIOT, TO
[IPOEKIIMOHHBI TTOCTYIAT CBOAUTCA K Kiaaccuueckoii ¢popmyie (1.53), a dpopmyia
(1.58) nepexonur B dbopmyny Baiieca (1.54).

Bamerum, U4TO B OTIMYKE OT Kjaccuueckoii popmynsl Baiieca (1.54), kBan-
ToBOe cocrostue (1.58) Bcero ancam0isi TIOCJIE UACATHHONO U3MEPEHUS MOKET
OTJIMYATHCA OT HAYAJIBHOrO cocTosinust S. Takum obpa3om, mpeasbHOE KBAH-
TOBOE M3MEPEHUE HE CBOJIUTCS K ITPOCTOMY HADJIIOAEHUIO BBIXOJHOTO CHMBOJIA U
BKJITOYaEeT B cebs BO3/EHCTBUE, KOTOPOE M3MEHSET COCTOSIHUE CUCTEMbI, JTAYKe €C-
JIV MCXOZIBT “He CUMTHIBAIOTCS (TaKoe M3MepeHue Ha3hIBAETCS HECEJIEKTHBHBIM).
B sToM mpuHIMIHAIBHOE OTINYHE KBAHTOBBIX HAOJIIOZAEMBIX OT KJIACCHIECKUX
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CJIy4alHbIX BeJIMYUH, HADJIIOJEHUE KOTOPbIX HEe M3MEeHsleT CTaTUCTUYEeCKuil aH-
caMOJIb, & CBOIUTCSA K TIPOCTOMY OTOOPY €ro ImpeICTaBUTeNeil B COOTBETCTBUH CO
3HAYEHNAMU CJIyJIailHbIX BEJIMYINH.

QeHoMeH M3MEHEHUS KBAHTOBOI'O COCTOAHUSA NPU HECEJeKTUBHOM H3Mepe-
HUU JIEKUT B OCHOBE IIPOTOKOJIOB KBAHTOBOW KpunTorpapuu, Koropbie OyayT
paccMOTpeHbI B pasfene 3.6: eciu madopManusd mepejaeTcs ¢ IOMOIIbIO KBAH-
TOBOI'O COCTO:HUSI, TO BCKAs LOLBITKA IIOJC/HyIINBAHUA Tpebyer u3MepeHus,
KOTOpOE C TOYKHN 3PEHHs JIETUTUMHBIX YIACTHUKOB SABJIAETCA HECEeJTeKTHBHBIM,
IIOCKOJIbKY OHH HE MOT'YT 3HATh ero pe3yapraros. OgHako caM (BhaxT NOACTymn-
BaHWs MOXKeT OBITh yCTaHOBIEH Graronapsi u3MeHeHuo coctosians (1.58)

PaccmorpuMm rTenepsb nociiejoBaTesibHOE M3MEPEHHe, IIPH KOTOPOM HaJ| Cu-
cTeMoil, IPUrOTOBIEHHOR B cocrosiHuu S, CHAYAIa U3Mepsercs: HAbJIIoLaeMast
X =) ,zE;, azarem Y =3 yF,. Hcrnonssys popmysty ycIoBHOIM BepoATHO-
CTH, a TaKJKe OIpeJieJIeHNe allOCTEPHOPHOTO COCTOAHUSA, TTOTydaeM paclpeerte-
HUE€ BEPOATHOCTEHR

Ps(X =z, YEy = PsY EylX Eao)p, =TrS,F,TrSE,
— TvE,SE,F, = TrF,E,SE,F,. (1.60)

Bamerum, 9ro Boobiue rosops, Ps(Y =y, X = z) # Ps(X = z,Y [ y), re.
COBMECTHOE PACIIPEEITICHUE 3aBUCUT OT NOPsIKa u3Mepernus. Onuaxo ecau X, Y
COBMECTHUMBL, TO E, Iy KOMMYTHUDYIOT H 3/IeCh UMeeT MECTO PABEHCTBO JIJIS BCeX
cocrognuii S, npu 3ToM pacupenenenue (1.60) cosmamaer c (1.41).

Bamada 28. meanbHoe KBAHTOBOE H3MEPEHUE B OOIIEM CIydae YIOBIETBO-
psieT YCJIOBHIO BOCIIPOM3BOIMMOCTH: IPH MOBTOPHOM H3MEpPEHHH HaOJII0TaeMOit
X ucxos, ¢ BEpOATHOCTHIO 1 paBeH MCXOMY ITEPBOTO M3MEPEHHUS.

O6o6mmenne coornomenus (1.60) Ha caydaii moCIe€I0BATEIHLHONO U3MEPEHNUS
n Habmomaemerx X1, ..., X™ umeer Buj

Ps(X'Ea!,..., X" =a2")=TvE" ...ELSEL ... El.. (1.61)

.. T

Bagaga 29. Iokaxkure, 970 Pe3yabTATHI MOC/IEIOBATEIBHOIO H3MEPEHUS
HaOJIIOIAEMBIX C TTPOCTBIM CTIEKTPOM 00pasytor menb Mapkosa.

Ipeamnonoxum, 9To Haj ¢-GMTOM, TIPUTOTOBIEHHOM B XaOTHYECKOM COCTO-
auun S(0), npousBomuTcs uamepenue Habmomaemoii o(d). Cornacuo (1.40), B
pe3yJibrare TAKOro U3MEepeHus MOy YaroTcs 3Hadenus +1 ¢ BepogrHocTamu 1/2.
IIpu srom, cornacho (1.55), mosyvarorTcs anoCTEPUOPHBIE COCTOSIHUSA St =
| £ @)(£d|. [IpeauosoxKum, 4r0 Mbl OTOUPAEM TOJNBKO T€ LIPEJACTABUTEU ALO-
CTEPUOPHOTO aHcamOuist, st KOTOPBHIX pe3yabTar u3Mepenusi paseH +1. Takoe
M3MepeHHe C TOCJIEAYIOMNM O0TO0POM B COOTBETCTBUH C TOJYYIEHHBIM DE3YiIb-
TAaTOM (CEJIEKTHBHOE W3MEpEHHE) SBISETCS CIIOCOOOM MTPUTOTOBJIEHHS YHCTOIO
cocrostHus |@)(d|, eciiu NepPBOHAYAIBLHO MMEETCsl Xa0TUYeCKui ucToYHuK (“med-
ka” B repmunosoruu [10]).

Bamgawa30. PaccmoTpuTe mocsie1oBaTeIbHOE H3MepeHne HabIII0IaeMbIX O, O,
B cocrostHun g-6ura (1.30) m mokazkure, 4TO

1 1

PS(&')(Um ': 1,0, ': 1) = i(l —i—am), PS(&‘)(UZ ': 1,0, ': 1) = 1(1 —|—az).
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Samaga 31. Ilpu kakux 3HAYEHUSIX BEIIECTBEHHBIX MMapaMeTpoB a,b mar-
puIma

1 a 0
S==1]a 1 b
0 —ib 1

apygerca Marpuneil mioraoctu? [Ipu Kakux a, b OHA ABIAETCA MATPHUIEH IIJIOT-
HOCTH 9MCTOIO COCTOSAHUA?

s cocrosausa S HalIuTe pacnpeseeHne BEPOATHOCTEN U alloCTEePUOPHDIE
COCTOSIHMSA TIPU M3MEPEHUH HAOII0NAeMOii

X1 0 O
X = 0 ] 0 5
0 0 I3

TJe X1, X2, T3 — MIPOU3BOJIHHBIE BEIIECTBEHHDBIE YUCJIA.

1.11 OO6parumbie 3BOJJIOIAN

ObpaTuMble 3BOIONMN KJIACCUYIECKOH CUCTEMbBI OITUCHIBAIOTCS B3aNMHO-O/JHO3HAYHBIMH
npeobpasopanuamu (Has30Boro npocrpancrsa: w’ = Tw. IIpu sTom crarucTuge-
CKH€ COCTOSHUsI TOABEprafoTcs ad@UHHOMY B3aHMHO-OTHO3HATHOMY MIpeodpa-
soBaruto P = {p,} = P’ = {p.}.

ITo anasornu, B KBAaHTOBOM cCiiydae MbI paccmMorpuM addunHbIe mTpeodpa-

ZBOBa,HI/ISI7 KOTOpre HepeBO,ZLHT onepaTopr IIJIOTHOCTHU B onepaTopr IIJIOTHOCTHA
O S(H) — S(H),

® ijsj :ijq)[sj]? p; >0, ijzl; S; € S(H).
J J J

CroiictBo adhHUHHOCTH UMeeT MPSIMOM CTATUCTHYECKUN CMBICIT: OHO O3HAYAET
coXpaHeHne “BeCOB” B CMECSIX COCTOSHUI.

IMpuwmep 1. lycrs U — yaurapusrii oneparop, Torma $[S] = USU* asnser-
cst abPUHHBIM 1 B3aUMHO-OIHO3ZHATHBIM OTOOPAYKEHUEM MHOYKECTBA KBAHTOBBIX
cocrosiunit S(H) Ha cebs, T. e. 3a7aeT obpamumyto sBosorio. Ilpu obparumoit
DBOJIIOIUU YUCTHIE COCTOSHUS MEPEXOAT B YUCTHIE, TPU ITOM BEKTOD UCXOTHOTO
4qucToro cocrosuus |¢) upeobpasyercs B Uly).

Cuenytomuit pesynbrar, Bocxonamuii k Buraepy, xapakrepusyer Bce obpa-
TUMBIE KBAHTORBIE IBOJIIOINN.

Teopewma 5. ITycmv ® — aurtoe 63aummno-odno3HauHoe omobpasrcerue
BHINYKN020 MHOMCECTNBA KEaHMosuL cocmoanul S(H) na cebs, mozda

O[S] = USU*, S € S(H), (1.62)

2de U - ynumapuoil uAU GHMUYHUMAPHBLLE Onepamop, onpedessemviii Imum
COOMHOWEHUEM € TOYHOCTHIO 00 NPOU3BOALHOZ0 KOMNALKCHO20 MHONCUMEAS,
n0 M0JYA0 paerozo 1.

Anmuynumapnet oneparop U XapaKTepu3yercsi CBOMNCTBAMU:
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L US|l = [|¥;9 € H;
2. U(Q_civpy) = > U

Taxkoit omepaTop Bcerga MOXKHO MPEACTAaBUTH B Bule U = [7A, rae U- YHHUTap-
HBI omeparop, a A = A*— aHTHyHUTAPHBIH OMEPATOP KOMILJIEKCHOTO COMPSIZKe-
HUs B HEKOTOpoM ukcupoBanuoMm Gazuce. COOTBETCTBYIONAS €My IBOJIONUS
COCTOSTHWI 33/IaeTCs TPAHCIOHUPOBAHWEM MATPHUIIHI TJIOTHOCTH B 3TOM 0a3uce

ST =8 =ASA*.

HokazaresabcTBo TeOpeMbl § CM. Hanpumep B [14].
PaccymoTpuM HEIPEPBIBHYIO OMHOIAPAMETPUIECKYTO IPYIIIY YHUTAPHBIX OTIe-
paropoB Uy;t € R, T.e. cemeiicTBO, YIOBIETBOPSIONIEE YCIOBUIM

1. UO = I;
2. UtUs = Ut-i—s;
3. dyukusa t — U; HenpepbiBHA.

TeOpeMa CTOyHa O HEIIPEPBLIBHBIX I'PYIINIAX YHUTAPHBIX OIIEPATOPOB yTBEPZKIa-
€T, 9TO
Ut = e_ZtH7 (163)

rae H — spmuros omeparop. [lapamerp ¢ 00bI9HO UTpAET POJIb BPEMEHH, & YCJI0-
Bue 2) 03HAYAET OJHOPOAHOCTH IBOJIIOIUY BO BpEMEHH, 11pu 31oM H Ha3biBaeTcs
20MUADMOHUGHOM UITTH OIEPATOPOM SHEPIHH.

Teopema CToyHa sIBIsSIeTCS OMEPATOPHBIM AHAJIOTOM W3BECTHOTO B aHAJIN3€
daxra, uro HenpepbIBHBIE pereHnst GYHKIMOHAILHOTO ypaBHeHus f(t 4+ s) =
f@) f(s) cyTb srcoHeHMAIbHBIE DYHKIIUY.

Banmaua 32. IMokaxwure, uro dbopmyna (1.63) 3amaeT HENPEPHIBHYIO OIHO-
apaMerpuyecKylo IPyIIly yHUTapHbIX oneparopos. Jokaxure (1.63) B upes-
noyozkennu, 910 pyHkiusa t — Uy HenpepoiBHO quddepennupyema.

Huddepentupys coorromenue (1.63) mo ¢, nonyuaem ypashernue LIpedun-
2epa IS BEKTOPOB YHUCTHIX COCTOSHU [thy) = Uy|t))

d|y)
dt

g

= Hgy),  tho) = |9).

U3 coornomenwuii (1.62), (1.63) ciaemyer TakKe, 9TO BCSIKas HEMpepPbIBHAS
OJIHONIAPAMETPUYECKAs IPYINa 00PATUMBIX KBAHTOBBIX 3Bosonuit &yt € R,
rakag 910 Pg = Id (ToxgecTBeHHOE OTOOPAKEHUE), UMEET BUJL

OS] = e H G S S(H). (1.64)

uddepennupys coornorenne (1.64) mo ¢, nonydaem ypasuenue JIuyBusiis
Jtst oneparopa riorHocrn Sy = O[S
.dSt

’LE:[H7St]7 S():S
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Ormerum, 9ro obparieHue BpeMeHu t — —t PABHOCHJIBHO KOMILIEKCHOMY
conpsizkennio B ypapuennn [lIpenunrepa wian TpaHCTOHUPOBAHUIO B YPABHEHUT
JluyBusas, paccMaTpuBaeMbIiM B 0a3uce, B KOTOPOM TaMUJIbTOHHAH 33a€TCS
BEIIECTBEHHOU MAaTpHUIlei.

Mpumep 2. Obpamumsie 360a10uuL q-6uma. Beskoe addunHOe B3auMHO-
OTHO3HAYHOE OTOOpazkeHnwue mapa bioxa Ha cebst ocTaBiisier HHBAPUAHTHON €11-
HuuHyIo cdepy (MHOXKECTBO KPalHUX TOYEK LI1apa), OTKYAA CJAELYeT, YTO TAKOE
oTobpayKeHne sBiIdeTcd JHO0 BpaleHreM B R3, 1mb0 KoMOWHAIMeiHl BpalieHs
¥ OTPAXKEHUsI OTHOCUTEIHHO KAKOW-IN00 TIJIOCKOCTH, MPOXOISIIE 9epe3 HadaI0
koopauHaT. B KoopauHaTax Takoe 0ToOpayKeHHe 33aeTCs BEIECTBEHHOW OPTO-
roHasbHON 3 X 3-marpurieit R, npudem B epsom ciydae det R = 1, a Bo BTopom
det R = —1. Ilycrs S(@) — npoussosbhoe cocrosaue g-6ura (1.30). Torma

S(R@) = U(R)S(@)U(R)", (1.65)

rae U(R) — B IepBOM CJlydae yHUTAPHBII, a BO BTOPOM — aHTHYHUTAPHBII Orepa-
rop. Hanomuum, uro U(R) oupeiensiercss 3TuM COOTHOIIIEHUEM C TOYHOCTBIO 10
dazoBOro MHOKHUTES, IO MOIYIIIO0 paBHOro 1. B cityuae yuurapaoro oneparopa
YCJIOBUMCS YCTPAHUTE 3Ty HEOAHO3HATHOCTD, morpebosan det U(R) = 1.

Ecsm BekTOp @ emmuuuHbI, TO S(d) — umcroe cocrosinue (1.36), coorser-
CTBYIOIeEe HATTPABJIEHNIO CTTAHA @. [IpH 9TOM BEKTOPBI YMCTHIX cocTosamit B C2
mpeobpas3yoTcsa mo (popmyte

@) — |Ra) = aU(R)[a),

TJle @ — HEKOTOPBI MHOXKHUTENb, TI0 MOYJII0 PAaBHBIH 1.

Uzsecrrast meopema epaujerus Jiiaepa yTBEPKIALT, ITO BCIKOE BpPAIEHUE
B R? MOXKHO peanms3oBaTh Kak HOBOPOT BOKPYT HEKOTOPOII OCH.

Paccmorpum, Hanpumep, nosopor R, , BOKPYI OCH 2 IPOTUB YaCOBOI CTPEI-
KU Ha yrosa . Ilpu s1oM epuHudHbIi BEKTOD d ¢ yriamu Jiyiepa 6, ¢ npeodbpa-
3yercst B BeKTOp R, ,d ¢ yraamu 6, ¢ + ¢, mosroMy BekTop cocrosiams (1.33) B
H mepexoauT B BEKTOP

0
cos & i) .
[ sin gzei(durw) } = e"PU(R: ,)|d), (1.66)
rie »
e~ 0 i
U(Rz,ap) = 0 e“"/Q] = exp [—202]

— yHUTApHasi MATPHUIA C ONpPeJIeuTeNeM, PABHbIM 1.
Bamaua 33. Iokaxure, uro nosopory Rz, mapa Bioxa nporus dacosoit
CTPEJIKK HA YIOJI ¢ BOKPYI' OCU @ OTBEYAeT yHUTAPHbBINA OLepaTop

U(Rz,,) = exp {l;pX([i)] = cos %I — isin gxw), (1.67)

rae X(@) = ay0, + ayoy + a,0,. Jlas 10Ka3aTenInCTBa BTOPOTO COOTHOIICHNUS
ucnosb3yiite Toxkaecrso X (@)% = 1.



1.11. OBPATHUMBIE 3BOJIKOLINN 37

I _ [ _ .

Bamgadga34. Yuaurapubiii oneparop U = exp [—707] = —40 COOTBETCTBY-
er mosopory R, B R® Ha yroJI ™ OTHOCHTEIEHO OTHOCATETBHO KOOPAWHATHOM OCH
/y = x? y7 Z.

OrmeruMm 115 OyIyIIero, 9T0 B KBAHTOBBIX BBIYUCICHUSX OMEPAINSA O y:

Jw|0> = |1>7 Ur|1> = |0>7
Ha3bIBaeTCs “mepesopor omra’. Omeparus o,
0:|0) =10), o:|1) = —[1),

Ha3pIBaeTCd “nepesopor dassr’. Oueparud o, = 0,0, dBigeTcd UX KOMOHHA-
nmei.

Oneparyst 0, gBIGETCs KBAHTOBBIM AHAJIOIOM KJIACCUYECKOIO OTPUIAHUS
NOT. JIto60nBITHO, YTO B KBAHTOBBIX BBIYUCJIEHUSIX UMEET CMBIC] TOBOPUTEH 00
omeparun v NOT:

Bamaua 35. Iokaxure, 910 0, = W2, rie W — yHETapHBIH omepaTop

1140 1—i
1= A
211—2 141
Bangava 36. [Tokakure, 9T0 BCAKUIT yHUTAPHBII OIEPATOP B IPOCTPAHCTBE
BEKTOPOB cocrosuuil ¢-6uta umeer Bun U = aU(Rg,,), roe |a| = 1. Haiinure
o, d, p A7 onepanuu Axamapa

111 1
U=— .
ab 4]

Bagava37. AnruyHurapuslii oneparop U = A KOMIIJIEKCHOTO COMPSIZKEHUS
B Gazmuce |0),|1) coorBeTcTBYET OTparKeHUIO Ry, OTHOCHTEIBHO IJIOCKOCTH L2 C
det R,. = —1. IIpu srom orobpaxkenue (1.65) cBOAUTCH K TPAHCIHOHUPOBAHUIO
Marpulbl wiorHocru S(@).

IIpuwmep 3. Ipeyeccun cnuna 6 NOCMOAHHOM MAZHUMHOM Noae. LaMUIb-
TOHWMAH CIHHA BO BHEITHEM MATHUTHOM I10JI€, HAIIPABJIEHHOM BJIOJIb OCH Z MMEeT
BU/L

H= §waz,

rae ko3 duuuenT w nponopiponanel Hanpszkennoctu noss. Corsmacho (1.67),
oneparop yHUTAPHOU 3BOJIOLUNA
e—itH _ e—%wtoz

COOTBETCTBYET TIOBOPOTY BOKPYT ocu z Ha yrou wt. Takum obpazom, eciu mep-
BOHAYATLHOE YUCTOE COCTOSTHUE ¢-OUTa 3a1aBAJIOCH eIMHUIHBIM BEKTOPOM @, TO
BPEMeHHAs dBOIIOIMS B mape Biioxa onmchiBaeTcs BpaIEHUEM COOTBETCTBYIO-
IIIET0 €IMHUYHOTO BEKTOPA BOKPYT OCH Z C YIJIOBOI CKOPOCTBIO w, W pPelleHne
ypasuenus HIpemunrepa umeer Buz [¢;) = U (R, wi)|@).
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Usyuennem u pemenueM ypashenus Illpeaunrepa, a TakzKe CBA3AHHLIMU
C 9TWM BOTIPOCAMW 3aHWMAeTCsT KBAHTOBAs MEXaHWKa, M. Hampumep, [2], [10],
[9]. B cBs3m ¢ mpoGyiemMaMy KBaHTOBO# WH(MDOPMATHKY MPEJICTABISIET WHTEPEC
3a1a9a ynpasasenua 17 ypasaernus llpeauarepa: B Helt TaMAIBTOHUAH 3ABUCHT
OT yIPAaBJIIEMbIX IADAMETPOB, TPAEKTOPHUIO KOTOPBIX Ha orpe3ke [0, T ciemyer
BbIOpaTh Tak, 4YTOObI B MOMEHT 1 IOJy4YUThb 3aJaHHbIA YHUTAPHBLIA OLepaTop
3BOJIIOLMHU, JIMOO 1IOJLYYUTh 3BOJIOLMIO C 3a/aHHLIMU CBOMCTBAMU.

1.12 KBaHTOBBIII MapaJoKC 3€HOHA

ITonbiTkM paccMoTpeHs HEMTPEPHIBHBIX BO BPEMEHU U3MEPEHMiT HECOBMECTUMBIX
HabJII0IAEMbIX, OIMPAIOIIUECH HA MPOEKIIMOHHbBIA OCTYJIAT, MPUBOAAT K IIapa-
JOKCAJIbHBIM BBIBO/IAM, B OCHOBE KOTODBIX JIEXKUT CJIEAYIOIINi MaTeMaTHIeCKui
daxr. Ilycts H — spMuTos omepaTop, a E — mpoekrop B H, Tak uro E? = E.
Torma

lim (Eexp(itH/n)E)" = lim [E+itEFHE/n+ o(1/n)]" = Eexp(itEHE).
n—oo n—oo
(1.68)
PaccMorprM KBaHTOBYIO YACTHILY, SBOJIOMUOHUPYIONLYIO C TAMUAILTOHIAHOM
H na spemennom wmutepBase [0,t], u OPeANOTOKAM, 9TO B KaXKJIbIH MOMEHT
Bpemenu tk/n, k = 0,1,...,n npousBoanTcs m3Mepenue HabiomaemMoit F, T.
€. TIpoBepKa Toro (pakTa, 9TO JaCTHIA HAXOAUTCH B TOANPOCTpPaHcTBe &, Ha
KoTopoe npoermpyer E. BepogarHocTh TOro, 9ro BO BCeX n + 1 M3MEpPEHHAX
nosyded ucxoz 1, B custy coornomenus (1.61) pasua

Ps,(1,...,1) = Tr(Eexp(—itH/n)E)"So(E exp(itH/n)E)" (1.69)
n npn n — oo B cuay (1.68) crpemurcs K
Tr Eexp(—itEHE)Syexp(itEHE)E = Tr ESyE = Tr SoF,

rae Sy — HadasbHOe cocrosume. Ilociennee paBeHCTBO TOJIYYAETCsI, €CJIA BOC-
osab30Barbes coiicrBoM ciena (1.15) u rem dakrom, uro npoekrop E kommy-
Tupyet ¢ joboit ynkmueit or FHE.

Ecmn ESoE = Sp, T. €. B HAYaILHBIA MOMEHT YaCTHIIA, HAXOIUTCS B TTOATPO-
crpancrse &£, To BepoaTHOCTh (1.69) paBHa 1 HE3aBUCHMO OT IBOJIOIWH, T. €.
TP HENPEPHIBHOM M3MEpPEHWH CBOWCTBA F wacTwiia HUKOrIA HE TOKHIAET CO-
oTBercTByIoOIee moanpocTpancTtBo £. Takoe HEOOBIYHOE TOBEJEHWE ITOJLY9HIIO
Ha3BaHUe ‘KBAHTOBBIN MapagoKc 3eHoHa .

IIpuuuna mapaokca COCTOUT B TOM, YTO M3MEDPEHUE, OIUCHIBAEMOE IIPOEK-
IIMOHHBIM TIOCTYJIATOM, IEPEBO/IsT COCTOSTHIE CUCTEMBI B COCTOSTHIE, OTBEYAOIIEE
TOYHO ONPEIEJIEHHOMY 3HAYEHUI0 HAOJIIOAAEMOil, TPOU3BOAUT KOHETHOE M3Me-
Henue, Ha (oHe KOTOporo 3hdexT Boonun 3a BpeMs t/n ABJISETCS IIPeHe-
OpeKMMO MaJIBIM TIpH N — 00. UT0OBI m36exKaTh ITOr0, HEOOXOIMMO BBECTH
060011IeHe TPOEKIIMOHHOIO MOCTYJIATA, IIO3BOJIAIOIIEe PACCMATPUBATD HETOU-
Hble u3Mepenus. [Ipr 3TOM HETPUBHUAILHBIN TPEIETHHBIN MPOIECC HEMTPEPHIBHO-
T'0 M3MEPEHUsT, BKJIIOYAIONINIT SBOJIIOIUIO, MOJIYIAETCs [IJIs1 TOCJIEI0BATEIHHOCTH
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HETOYHBIX U3MEPEHUll, TOYHOCTh KOTOPLIX yObIBAaeT HPONOPHUOHAILHO KOPHIO
KBa/IPATHOMY M3 IHCJIa m3Mepenuit n (cm. [13]).
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I's1aBa 2

CocraBHbIEe KBAHTOBbDIE
CUCTEMBbI

2.1 Kuaaccudecknue M KBAaHTOBbIE KOPPEJIAIUN

Paccmorpum nBe knaccuuyeckue cucrembl, ¢ ha3oBbIMU npocTpancTBaMu 2, (o
B crarucrudeckux cocroguusax Py = {p;}, P> = {q;}, coorsercrsenno. Paso-
BBIM TIPOCTPAHCTBOM COCTABHOH CHUCTEMBI SABIAECTCS 0eKAPmMO60 MPOU36edeHUe
$daz30BbIX mpocTpaHcTB moacucTeM {21 X 25. CocTosIHWE COCTABHOW CHCTEMBI,
B KOTOPOM 3TH TOACUCTEMBI PACCMATPUBAIOTCA KAK HE3ABHUCHMBIE, OMUCHIBAET-
cs npom3BeneHueM pacmpenenenuit Py X P» = {p;q;}. Koppemuposamusre mom-
CHCTEMbl OIUCBIBAIOTCH COBMECTHBIM pacupesenenueM Pio = {p;;}, upu srom
MAP2UHANLHBLE PACTIPEJeneHUs TIONCUCTEM JAI0TCA YACTHIHBIME CyMMAaMI

pbi = Zpij; 45 = Zpij-
j i

IIycrb renepb COCTOAHUS JBYX KBAHTOBLIX CHCTEM OIIMCLIBAIOTCH MaTpPUIA-
v maotHocTn: S = [s;],S2 = [rj]. Torma cocrosiume cocTaBHOI CHCTEMBI,
B KOTOPOM 3TH MOJCUCTEMBI PACCMATPUBAIOTCS KaK HE3aBUCHMBbIE, ONACLIBACTCS
MeH30pHBM (KpoHeKeposckum) npoussedenuem MaTpuir S1QSe = [s;5751] . Kop-
peJInpoBaHHbIE KBAHTOBbLIE CHCTEMbI OIUCHIBAIOTCS IIPOM3BOILHBIMY MATPUIAME
C coCTaBHbIMU MHJEKcaMu: Sip = [s(ij)(kl)] . Ilpu srom wacmuumnvie cocmosnus
TOJCUCTEM JAl0TCH YaCTUUHBIMU ClledaMu

S1 = Zs(ij)(kj) ; S2= Zs(ij)(il) - (2.1)
J i

IMonaTne KBAHTOBOM cyeniennocmu’ BO3HIKAET yKe IPU PACCMOTPEHHIHN HH-

CTBIX COCTOAHUM. ZLHSI KJIACCUYIECKUX CUCTEM YUCTbIE COCTOAHUA UCUEPIIbIBAIOTCA

T Anrn. “entanglement”, B poccuificKoif hU3MYIECKON THTepaType HEepeBOTUTCH KaK “3alry-
TAHHOCTE .

41
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pacipe/ie/ieHusiMU, BbIPOXKIEHHBIMH B TOYKaX (Pa30BOI0 POCTPAHCTBA, II03TO-
MY €CJIM COCTABHAST CHCTEMa, HAXOIUTCS B YMCTOM COCTOSTHHH, TO €€ TOICUCTEMBI
TaKKe HaXONATCA B UMCTHIX COCTOAHMAX Pjo = 0; X 6.

Yucroe cocTOssHAE KBAHTOBON CUCTEMBbI SIBJISETCS OJHOMEPHBLIM IIPOEKTOPOM,
T.e. S12 = [¢;;Cri]. Ecnu ¢;j # c¢;cj, TO cocrosHue cyenaennoe. B sTom ciaydae
YaCTUYHbIE COCTOAHUA ST, Sa, nosydentbie 1o Gopmyde (2.1) yxke ne wucmote.
BeixoauT Tak, 94TO CTATHCTUYHOCTH B KaXKIOW M3 TOJICUCTEM BO3HUKAET U3 €€
“oxpyxkenus”! Coeobpasue u HEOOBIYHBIE BO3MOKHOCTH KBAHTOBOM TEOPUY WH-
dopmanyy B 3HAYUTEIHHON Mepe 00yCJIOBIEHBI CBOMCTBAMYU COCTABHBIX KBAHTO-
BBIX CHCTEM.

st 6ostee 1eTaIhbHOTO PACCMOTPEHUST HAM TIOHAJOOWTCS COOTBETCTBYIOIIUI
MaTeMaTUYeCKHUil anmapar.

2.2 Ten3opHoe nmpoun3BejieHNE THIIHOEPTOBBIX MTPO-
CTPAHCTB

IMycts H; (i = 1,2) runb6epToBbI MPOCTPAHCTBA JBYX KBAHTOBBIX CHUCTEM CO
CKaJIAPHBIMU 1pom3BeeHnsaMu (-|-),. COBOKyMHOCTH JBYyX KBAHTOBBIX CHCTEM
OIUCHIBAETCH TEH30PHBIM MMPOU3BEIEHIEM THIH0EPTOBBIX TPOCTPAHCTB, KOTOPOE
crpoutTca crenyomuM oopasom. Ilycrs 3amamno OunnHeHOE OTOOPaXKeHHe

[P1), [P2) — [91) @ [1h2) = |1 @ 92) (2.2)

napsl npocrpancts H; (i = 1,2) B HEKOTOpOe rusib0EPTOBO MPOCTPAHCTBO H.,
npuiem

1. BEKTODPBI-IPOU3BEEHUS 1)1 ® o) JuHENRHO TOpoKAAIOT H;

2. CKaJIIpPHOE MPOU3BEJAEHUE Ha MOPOKIAIONIUX IJEMEHTAX JAETCA COOTHO-
IIeHIEeM

(1 ® 2|1 @ ha) = (P1]h1)1(P2[1h2),-

JlanHbIMEU TPEOOBAHUSIMHU TTPOCTPAHCTBO H OMPEEsISIeTCs: OTHO3ZHAYHO C TOYHO-
CTHIO JI0 YHUTAPHOW 3KBUBAJEHTHOCTH, OHO U HA3BIBAETCS MEH30OPHOIM NPOU3-
sedenuem Hi ® Ho THABOEPTOBBIX HPOCTPAHCTB.

Bamaua 38. Ilycrs {e]}, {e5} — opromopmuposannbie 6asucer B Hi, Ha,
torma {e] ® ek} — opromopmuposanmbt Gazuc B Hi @ He u dimH = dim H; -
dim HQ.

B uwacruocru, Ch @ C% = C4% y crapgaprasii 6asuc 8 C1% cocrour
73 BCEBO3MOXKHBIX MOMAPHBIX MPOM3BEICHUI BEKTOPOB CTAHIAPTHBIX DA3UCOB B
C% u C%.

Bceskuit Bekrop |¢) € Hi ® Ho 3anucbiBaercsd B Buje

di  d2

dy
) =D cinlel) @ leb) = Z lef) @ |5, (2.3)

j=1k=1
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nim
|v1)
[) = - , (2.4)
‘¢d1>
IJIe KOMIOHEHTHI [1);) = ZZil cjkle5) € Ha, Tax uTo B 0bmeM ciyuae Hi @ Ha
n30MOpQHO IPSAMOI OPTOrOHAILHOM cymMe dy ciiaraeMbix Ho @ - - - D Hs. Anaso-
rUMHOE, N30MOP(HOE NMPEJACTABIEHUE II0IyIaeTCs, €CIM TOMEHATD POIsAMU H 1
n Hg.
Samaua 39. [lpenmosaras, 9to B H1, Ho UCIOMB3YIOTCA CTaHIAPTHBIE Oa-
3mCHI, 3amummTe npeacrasaenne (2.4) mus 1) = |¢1) @ |¢2), rae

—1
_ L]t L
¢1>_\/§|:1:|7 ‘¢2> \/g \éi

Ilns oneparopoB X1, Xo, AeficTByonux B mpocrpancrsax Hi, He coorser-
CTBEHHO, TEH30PHOE IIPOU3BE/IEHUE 33/1a€TCA COOTHOIIEHNEM

(X1 ® X2)(|¢1) @ |¢2)) = Xi|th1) @ Xa|iha),

¥ TIPOIOJ/IYKAETCsI 110 JIMHEHHOCTU Ha Bce TpOocTpaHcTBO H = Hi ® Ho. B npen-
crapyienuu (2.4) TeH30pHOrO npousBeieHust Hi ® Ha TOT oneparop 3amaercs
61ounoii di X di-marpuneii | (el X |e}) X, |. Ecim npn sTom X, 3a1aercs cBoeit
maTpmreit B 6asmce {5}, To X; ® Xy CBOTATCS K KPOHEKEPOBCKOMY TTPOU3BeEIe-
HUio matpul, X1, Xo.

B npeacrasienun (2.4) npousBosbHbil oneparop Xio B H1 ® Ho neiicTByer
Kak Osounas marpuna X2 = [Xj] 3JIEMEHTLI KOTOPOit X j; SBIISIOTCS
oneparopaMu B Ho.

Bamawa 40. Haiiaure (0, ® 0y) [¢), rae |¢) = % 10y ® 1) — |1) ®0)).

3agawa4l. 3anummure MaTPUIHEIH BUJ OMEPATOPOB 0y Q@ 04,0, Q 04, 0y @
O, 0y & 0y, NEHCTBYIOIUX B IpecTaBaeHun (2.4).

Jl=1,cdy

Ecmu X1, X5 3pMUTOBBI OIIEpaTOPhI CO CHEKTPATHHBIM PA3I0KEHUEM
_ E VPN AW/ -
Xi_ I’i|ei><6i|7 Z_172a
J

10 X1 ® X siBJIi€TCS SPMUTOBBIM OIEPATOPOM CO CHEKTPAIHHBIM PA3IIOKEHUEM

X1®Xo =Y Y ajzble] @eh)(e] @eb.
ik

Orcroza ciemyer, uro eciu X > 0, Xo > 0, to X1 ® X9 > 0. B wacrHocru, eciu
Sj;j = 1,2, — omepaTopbl IWIOTHOCTH B H;, T0 S ® So — omepaTop MIOTHOCTH
B H1® Hs.
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IIycrs oneparop 145 aeiictByer B H = Hi1®@Ha. Yacmuwnwd caed oneparopa
T (mo Hs) obosnaunm Ty = Trey,T12; 970 oneparop B Hi, ACCOIMNUPOBAHHBIN €
dopmoii

(@l(Tra, T)) = Y (d@eh|TIY ©e5), ¢4 € Hi.

k

Ananoruuno onpenensierca gacruauptii caen Ty = Tryy, Tho no Hy. Ecmn T =
T1®Ty, 10 Tray, (Th ®T3) = (Tr )Ty . B npencrasiennn (2.4) gacTudHble CIeabI
oueparopa T = [Tj];1=1,....d, HaX0aaTCs MO hOpMyIaM

ds
Ty, T = Ty, Tra,T = [Tr Tjilj i, ay- (2.5)

Jj=1

Ecin Si2 omeparop ImIOTHOCTH KBAHTOBOI'O COCTOSHUS, TO €I0 HACTUYIHBIE
caiesipl S, So ABJIAIOTCA onepaTopaMu mIoTHOCTH. OHU OUPENEIIIOT YacTnUYHbLE
cocmoanus roacuctem 1, 2.

Bangava42. OupejeneHne YaCTHIHOIO CJleJja He 3aBUCAT OT BBIOOpa OPTO-
HopMuposannoro 6asuca {e5}.

3amaua43. PaccMOTpUM BEKTOP UHCTOTO COCTOSIHHES |1)12) = % (100) + |11)).

2
Haiinure marpuisl miaorHoctn Sia, S1, So.

2.3 Pazgoxkenne IlIMmmara n ounmienume

Paccmorpum cocrosinue Si2 COCTaBHON CHCTEMBI B THJIBOEPTOBOM IIPOCTPAHCTBE
Hi1 ® Ho. Hucroe cocrosinme S1o HABBIBACTCH CUENAEHHbLM, €CIIH OHO HE LIPEJi-
CTaBUMO B BHUJE TEH30PHOTO TMPOM3BEICHUSA S1 ® So.

TaxkuM 06pa3oM, BCAKHUHA €TUHUYHBIA BEKTOp [t)12) € Hi ® Ha, KOTODHIi
ABJIAETCA HETPUBUAJIBHOU CYIIePIO3UIIAell BEKTOPOB-IIPOU3BEIEHUNA, TOPOXK IAET
9HUCTOE CIEIJIeHHOEe cocTosgame. [IpuMepom sBiisieTcss MaKcuMaibHo CUENAEHHOE
cOCMoARUe, KOTOPOE IIOPOXKIAETCS BEKTOPOM

d
pns) = jgg_j e) ® led) (2.6)

B mpocTpaHcTBe Hi ® Ha, rae d = dimH; = dimH,, a {6{72} — OPTOHOPMHEPO-
BaHHBIe 0a3HUCHL B H .

Bamaga 44. Jljsi MAKCUMATBHO CIEIIEHHOTNO COCTOSIHUS YACTUIHBIMU CO-
crosituaMu B H1, Ho aBisiiorcs xaoruueckue cocrognus I/d.

B kBanTOBO# Teopuu WHMOPMAIUN YACTO UCTIOIB3YETCS CIEAYIOIIWA MpOo-
CTOM, HO HEOXKUJAHHBI pe3yanaT2:

Teopewma 6 [Pasioxkenune IlIvmmaral. ITycmo Si2 = |¢) (Y| — wucmoe co-
cmoanue 8 2usvbepmosom npocmpancmee Hi @ Ha, u nycmo S1 = Try, Sio,

2Cwm., mampumep, G. Lindblad, “Quantum entropy and quantum measurements,” Lect.
Notes Phys. 378, Quantum Aspects of Optical Communication, Ed. by C. Benjaballah, O.
Hirota, S. Reynaud, 1991, 71-80.
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Sy = Tryy, S12 — wacmuunse cocmoanua. Tozda S u Sy umerom odnu u me dice
Henyaesbie cobemeennote 3navenus ;. Boaee moeo,

9) =3 VAl @ e}, @7)

2de {e] 5} — opmonopmuposanmvie cobemeennvie 6exkmopu, onepamopos S1 u So
;
€O0MBEeMCMBEHHO.

Jokasameavemeo meopemo. Ilycts {e]} — oproHOpMUpOBaHHBIA Ga3uc B
H1 u3 cOOGCTBEHHBIX BEKTOPOB OMEPATOpa S1, TOrAa COrIacHo (2.3) umeer MecTo
pa3JIoXKeHme

) = Zlejﬁ ® |hd), (2.8)

¢ HEKOTOpbIME BeKTopamu |hl) € Ho. Berancnenne gactuanoro ciaema oneparo-

pa |[¥){¢| no Ho naer

Y (lhs)ler)(ef] = 51 = ZMIG{W{\, (2.9)

J.k J

u nosromy (h}|hk) = Aj6j,. Takum obpasoM, mosmaras led) = ﬁ'h@ upu

A; > 0, momydaeM OPTOHOPMHPOBAHHYIO CHCTEMY, KOTOPYIO MOXKHO JOHOJTHUTH
10 6asuca B Ho, COCTOSAINErO U3 COOCTBEHHBIX BEKTOPOB omeparopa Ss. O

Nwmeer mecro crepyroree oGpalienne mpeIblIyInero yTBepK IeHIs:

Teopewma 7 [Ounmenne cocrosamii]. ITycmv S; — cocmoanue 6 Hy, mozda
HaUdymcesa 2uavbepmoso npocmparncmeo He mot orce pazmeprocmu, 4mo u Hi,
u wucmoe cocmoanue ) € Hi @ Ha, makue, wmo S = Try, [1)(].

as a06020 wucmozo cocmosnua [') € Hy ® Ha, obaadarouezo smum sice
ceoticmeom, natdemes yrnumaprud onepamop Us 6 Ha, maxrod, wmo |[¢p) =
(L @ Ua)[4).

Joxazamervcmeo. Tuaronanusyem Si u onpezgemum [1f) o dopmyne (2.7) ¢
npou3BosbHbIM Oazucom {e}} B ruanbeproBom mpocrpancTse Ha, u30MopdHOM
H1. JIroboit apyroit BekTop |¢)') umeer paznoxkenue (2.7) ¢ npyrum 6asucom B
Hs. OcTaercss 3aMeTUTh, 9TO JI00bIe IBa 6a31Cca B r’UILOEPTOBOM MPOCTPAHCTBE
CBS3AHBI YHUTAPHBIM TPE0OPA30BAHUEM. L

W3 Teopembr 6 BBITEKAET PABEHCTBO HEHYJIEBBIX COOCTBEHHBIX 3Ha4UeHui. c-
[OJIb3ysl BbIpazkenue s sarponun (1.28), mosyuaem
CuencrBue. DHTPOIMHY YACTUYHBLIX COCTOAHMIE S1 1 S paBHbI MEXK/Ly CO-
6oii:
H(Sl) = H(Sz) = — E /\j log)\j. (2.10)
J
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OHTPONUS YACTUIHBIX COCTOSHUN SBISETCS MEPOU CIEIJIEHHOCTH YUCTOrO
cocrostiust S1a = |1)(¢)| cocTaBHOl cUCTEMBI: OHA TIPUHUMAET MUHUMAJBLHOE
suadenne () TOrma W TOJBKO TOrAa, KOUIAa Sio HECHEIJIEHO, d MAKCHMAJILHOE
3HavYenue 1log d TOrIa M TOJIHKO TOTIA, KOraa S1o MAaKCHMAJILHO CIEIJIEHO.

Cwmermanuoe cocTosiune S4p HA3BIBACTCH pa3desuMbiM TN HECIETLIEHHBIM,
€CJIM OHO SIBJISIETCS CMECHIO COCTOSTHUM-TTPOU3BEICHUH, 8 BCE COCTOSIHUS, HE CBO-
JIATIIECS K TAKOBBIM — cyenaertoimy. CHenIenHoCTh MpecTaBiasger coboit 9ucTo
KBaHTOBOE CBOMCTBO, JIUIIb OTYACTH POJICTBEHHOE KJIACCHIECKONH KOPPETUPOBAH-
HOCTH.

Bonbiioit pasmen kBaHTOBO# Teopun HHMOPMAIIUN TOCBAIIEH KOJIUIECTBEH-
HOI TEOPHH CIEILJIEHHOCTH, KOTOPas IIPEACTAB/IAET CO00H CBOEOOPA3HYI0 KOMOU-
HATOPHYIO TEOMETPUIO0 TEH30PHBIX MPOU3BEICHUNH THILOEPTOBLIX MPOCTPAHCTB.
B uacrHOCTH, TTOKA3aHO, YTO MEpA, CIEMJIEHHOCTH YUCTOrO COCTOSHUS SAp CO-
CTaBHOI cucTembl A B onpeersieTcs: OHO3HAYHO KaK IHTPONHST YACTUIHOTO CO-
crosiaust TrpSap, TOrAa KaK JJis CMENIAHHBIX COCTOSHUN MMEETCs MEeJbIH Py
CYNIECTBEHHO DPA3JIMYHBIX XaPAKTEPUCTHK, BAXKHEHIIEH U3 KOTOPBIX SBJISETCs
CULNAEHHOCTND HOPMUPOBAHUSA

EF(SAB) = mianiH(TrBPwi),

I7e MEHEMYM 0epeTcd IO BCEBO3MOXKHBIM aHCAMOJIAM YUCTHIX COCTOSHMIA, IPe -
CTaBJIAIONIMM COCTOAHME S AB:

Sap =Y piPy..

IMokazano, 4T0 3Ta XAPAKTEPUCTHKA CBA3AHA C KOJUIECTBOM MAKCHMATb-
HO CLEIUIEHHBIX 1ap ¢-6uroB (1. H. e-6UTOB), KOTOPOE HEOOXOAMMO Jyis CO3/a-
HUS COCTOAHUSA S4B C UCTONb30BAHUEM JIOKAIBHBIX ONEpanuii (3aTparuBatomux
TosibkO A 6o B) u obMena kiaccudeckoil urdopmarmeit mexxkay A u B.

IBoiicTBeHHBIM 00pPA30M, B COCTABHBIX KBAHTOBBIX CHCTEMAX CYIIECTBYIOT
CLIEIICHHBIE W HECIEIJIEHHbIE Habatodaembie (u3Mepenus ). Eciu KBaHTOBbIE CH-
creMbl A U B HaXO[ATCS B HECIHEMJIEHHOM COCTOSIHUH, TO MAKCUMAJIbHBIE ITeH-
HOHOBCKHE KOMUYIecTBa nHMOpMaIuu o coctosauanu I 4, [g, [4p , momydaembie u3
CUEIJIeHHBIX U3MEPEHUil Ha 1 COCTaBHOM cucreMoil AB yi0B/IeTBOPIOT B 00IIeM
ciydae COOTHOWEHUIO0 Iap > 14 + Ig. dror HekaaccuyecKuii peHoMeH CTporoi
cynepaddumusrocmu nHGOPMAIMY O0HAPYKUBAETCA W UTPAET BAYKHYIO POJIb B
TEOPUHU MPOILYCKHBIX CIIOCOOHOCTEH KBAHTOBOrO KaHasa CBA3u (paszen 5.3).

2.4 JIBa g-Omra

OpTOHOPMUPOBAHHBIN OA3UC B MPOCTPAHCTBE ABYX (-ONTOB 0OPA30BaH YETHIPh-
M$ BEKTOPAMU-TIPOM3BEICHUAMMI

00) = 10)1®[0)2, [01) = [0)1 ®[1)2, [10) = [1)1©[0)2, [11) = [1)1 ®[1)2. (2.11)
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Cutetyst pUHATON B KBAaHTOBOM MH(MOPMATHKE TEPMUHOJIOIMH Mbl Oy1eM Ha-
3bIBATH TOT 0A3WUC, KAK M €r0 OYEBUIHOE 0DODIIeHNe HA CIydail n q-OUTOB, 6bi-
YUCAUMENLHbIM. PA3JI0YKEHNE TPOU3BOJIBHOIO BEKTOPA YUCTOTO COCTOSTHUST BYX
q-OMTOB MMeeT BHUT

%) = al00) + b|01) + ¢[10) + d|11),

rae
lal” + b1 + e|* + |d]* =

CoorBercrByonuii oneparop mIOTHOCTH
[¥) (1| = (a]00) + b]01) + c[10) + d|11)) (a(00| + b(01| 4+ &(10| + d(11]) .
YacTuuaHoe COCTOSTHHUE MTEPBOTO (-OMTa

S1 = Tra|Y) (Y|

= (lal* + 61" ) 10401 + (a2 + bd) 0) (1] + (ac + bd) [1)(0] + (ef” +[d[*) [1)¢11

CobcTBeHHBIE YHUC/Ia MATPHUIIHI IITIOTHOCTH HAXOAATCS M3 XapaKTEPUCTHICCKOrO
ypaBHeHUsd

det (S, — AI) — [|a| + |b)* — ac + bd

=N - A+C?4=0
ac + bd \c|2+|d|2— ] +C ’

rae C = 2 |ad — be|, Tak uro 0 < C < 1. Orcroga

1+v1-C?

Ax = >

DHTpONUs YaCTHUHOTO cocTosiuust (2.10) siBJsieTcsi CTPOro MOHOTOHHO BO3pAac-
taromieit dyuxnueii C.

Benuuauna C Ha3bIBaeTcs “CONTACOBAHHOCTHIO” (concurrence) u Tak:kKe MOXKeT
CJLy?KATH MEPOH CHEIJIEHHOCTH JIJIsi 9UCTOrO COCTOsHIS 1BYX q-0mroB. Ilpu C =
0 ToIy9aeTcst HECHETIEHHOE COCTOsTHME, [1) = |i)1) & |¢2> ampn C =1 -
MAKCHMAJIGHO CIEIIEHHOE COCTOSIHUE, IS KOTOpOFO At = 3.

Bagaua 45. dsnsercs au sextop |1b) = 1 (]00) — [01) — |10) + |11)) cuen-
JIEHHDBIM !

Bagaga 46. IIpoBepbre, 4T0 YeThIpe MAKCHMAJIBHO CHEIUIEHHBIX BEKTOPA

|Boo) = (|00> +11), (2.12)

Sl

|Bo1) = (|01> +[10)), (2.13)

Sl -

B10) = (|00> 1)), (2.14)

Sl -

B11) = |01> 10)) (2.15)

Sl-
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00paszyoT OpTOHOPMUPOBAHHBIN 0Aa3UC B cucTeME U3 IBYX (-OMTOB. DTOT 6A3UC
HaszbBaercs 6asucom Beana.

3apnaua 47. Ilokaxure, 4ro Tpu HabiloNaeMble 0y @ 047y = X,Y, 2, Ab-
JISIOTCST COBMeCTUMBbIMEU. Bee BekTOphI 6asuca besia aBsiioTcs cCOOCTBEHHBIMU
BEKTOpAMU I KaXKI0M W3 ITUX TPeX HADIIOTAEMBbIX.

2.5 Ilapamokc DIIP. HepaBencTBo Benna

KBanroBas crenneHHOCTb OTpakaer HeOObIYHBIE KOPPEJISIINU COCTABHBIX KBAaH-
TOBBIX CUCTEM, KOTODbIE OLUCHIBAIOTCS TEH30PHLIM (& HE JeKapTOBbIM, KAK B
KJIACCMYECKOH MeXaHuke) mpousseaeHueM mojcucrem. OOBIYHO CIEMIEHHOCTH
BO3HUKAET B PE3YJIHTATE KBAHTOBOTO B3AMMOIECHCTBUS TTOACUCTEM.

KroueBoii mpumep HEOOBIYHOrO (€ KJIaCCUYECKON TOYKU 3PEHNUs) OBEICHMUST
COCTaBHOW KBAHTOBOM CHUCTEMBI paccMorpenu Jditurreitn, [logonsckuit u Pozen
(9I1IP) B 1935 1. B coBpemennoii hopme, HCHOIB3YIOLIE CIIMHOBBIE CTEIIEHU CBO-
60701, ero npeacrasusi bom B 1950-x, a 3HaYnTeNbHOE MPOsiCHEHHE BHEC Besin
B paborax 1960-x romos. Paccmorpum cocrashyio cucremy u3 JIByX (-OMTOB,
HATpHUMeEp, JIBe YACTHIBI CO CMMHOM 1/2, KaxkJaasi W3 KOTOPBIX OIMCHIBAETCS
rIH0epTOBBIM TIpocTpancTBOM H ¢ dim H = 2. B HagaibHbBIH MOMEHT YACTHUIIBI
B3aUMO/IEHCTBYIOT TAKUM OOPA30M, 9TO PE3YIBTUPYIOIIEe COCTOSTHUE UX CITUHOB,
Ha3bIBAEMOE CUH2AEMHBLM, OTUCHIBAETCS BEKTOPOM

L
V2

o[ w-!

OIIMCBIBAIOT COCTOAHUA Ka)K,JOI’I JaCTUObI CO CIIMHOM, HalIpaBJI€EHHbIM, COOTBET-
CTBEHHO, B TTOJIO’)KUTEJIbHOM W OTPUIIATEJIHLHOM HAIPABJIECHUN OCH Z. B Kp&TKOﬁ
3a1Inucu

Bu) = —=[10) & 1) = 1) & |0)]

1€ BEKTOPbL

1
V2

Kaxxmast 3 KOMIOHEHT OMUCHLIBAET COCTOSTHHE C PA3HOHAMPABIEHHBIMU CITHHA-
MU, & |$11) — UX CyUEpHO3ULUs, KOTOPYI0 HEBO3MOXKHO IIPEJICTABUTH B BUJIE
TIPOM3BEIEHNST BEKTOPOB COCTOSIHUI, OTHOCSINWXCSA K pa3HbiM yactunam. Cun-
TJIETHOE COCTOSHME — KAHOHWYECKUH MpUMEpP YUCTOTO CIEIJIEHHOTO COCTOSAHUS
JIBYX KBAHTOBBIX CUCTEM, T.€. COCTOSHUA, HE TIPEICTABUMOTO B BUJE TEH30PHOTO
TPOU3BENEeHNST YUCTBIX COCTOTHUIA.

1B11) = —=[[01) = [10)]

[IpeimonoKuM, 9TO YACTUIBI PA3IETAIOTCA HA HEKOTOPOE MaKPOCKOMMYe-
CKO€ PaCCTOSHUE, IPU ITOM MX CIHHOBOE COCTOSHHME — CHHIVIET — COXPAHAETCH.
PaccmoTrpum 9KCIEPUMEHT, B KOTOPOM B ABYX YJAJIEHHDBIX APYr OT Apyra Jabo-
paTopnsix A u B HAJ 3TUMM DA3JIETEBINTMMUCS YACTUIAMY TTPOU3BOJSATCS OIHO-
BpeMeHHbIe n3MepeHust: Habmonaemoit (1.35) mpoekunu crmua X (@) a1 ogHOM
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-, -

gacrunpsl 1 X (b) masa apyroii. Oneparopsr X = X(@) ® I,Y = I @ X(b) xom-
MYTHDYIOT, CJIEJIOBATETHLHO COOTBETCTBYIOIINE HAOIIOAAEMble COBMECTUMBI M X
KOBapmanus Jaercs Boipaxkenuem (1.49).

Bagava 48. Vcmonb3ys BbIpasKEHUS JJIS MATPUIHBIX HJIEMEHTOB,

01X (@)|0) = a., (1[X(a)[0) = az +iay, (1[X(a)[1) = —a., (2.16)

BeITeRamonye u3 (1.35), moKaXknuTe, YTO B CHHIJIETHOM COCTOSTHUH CDeJTHee 3Ha-
qeHue W JUCIEePCHs KarxKI0i HAOII0IaeMOM paBHBI

MX =MY =0, DX =DY =1,

-

rak uro X = X (@) ® I,Y = I ® X(b) npuanMaior 3HadeHust £1 ¢ paBHbIMI
BEPOATHOCTAME 1/2, 4 KOBAPHAIIUSA MEXK/y CIMHAMY 3a73eTCs (HhopMyoit

-

MXY = (B11|X (d@) ® X (b)|B1) = —a - b. (2.17)

Orciona ciemyer, aro eciau b = d, T0 KoadduimenT Koppendiuu pasen -1, u
CJIEJIOBATEJIBHO MEXK/Ly UCXOJAMU 4, b M3MepeHuii uMeeTcs JeTePMUHAPOBAHHAS
cBa3b: a = —b. U3 dopmyan (2.16) n coornomenus X (@)% = I cuemyer

(Bul[X (@) ® I + 1 ® X(@)]*|A11) =0,

OTKyZa
[(X(@) @1+ 1 ® X(a)]|f) =0,

[X (@) ® X(@)]|B11) = —|B11)-

910 o3HaYaer, 9o eciau A U B u3MepsioT IPOeKIUI0 CIIUHA B OJHOM W TOM Ke
HAIPABJIEHUU @, TO PE3YJIBTATHI UX U3MEPEHUil OyIyT CJrydaiiHbl, HO C BEPOSAT-
HOCTBHIO 1 MTPOTUBOMOJIOXKHBI, KAKOBO ObI HU OBLIO HATIPABJIEHUE .

Eciu ObI CIMHBI OMUCHIBAINCH KJIACCHYECKUME BEKTOPHBIMY BEJIUINHAMMY,
KOTODBI€ ITOJIHOCTHIO XapaKTepU3yioT COCTOsIHME YaCTHIl, TO 9TO O3HAYAJO Obl,
9TO MPU U3MEPEHUH CIIMHA TEPBOil YaCTHUIIBL B IIPOU3BOIBLHO BHIOPAHHOM HAIIPAB-
JIEHUU ¢ CIMH BTOPOM 4aCTHUbL “MOMEHTAIbLHO” IPUHUMAET [IPOTHUBOIIOJIOXKHOE
HaTpaBJeHue.

Takum 00pa3oM, TPUXOANTCS BHIONPATH MEXK/y CIEIYIONMMHI aJbTePHATH-
BaMm:

1) B kBaHTOBOI MexaHWKe, IOJOOHO KJIACCHYECKOi, COCTOSHUE OIUCHIBAET
“peanbHbIe” BHYTpPEHHHE CBOHCTBA cucTeMbl. IIpu 3TOM, 9T0OBI OOBICHUTH, KaK
BTOpas JacTUla “y3uHaer’ o BbIOOpE HAIIPAB/ICHUS U3MEPIEeMOro CIUHA, JJIs IIep-
BO# YACTHIIBI, PUXOIUTCS JTOMYCTUTH MTHOBEHHOE TAJIBHOIEHCTBUE, TTPOTHBO-
peuaree HU3NIECKOMY “TMPUHITUITY JIOKAJTHHOCTH

2) BEKTOD COCTOSIHUS — 3TO JIUIIb BbIpasKeHue UHMOPMAIMOHHOTIO COIEPIKA-
HUsl TPOIE/yPhI IPUTOTOBIEHNST CUCTEMbI, BKJIIOYAOIIEE MPOIILIOe B3AUMOIEH-
crBue nojacucreM. B 9moM ciydae HUKAKOrO MPOTHBOPEYHsi ¢ JOKAIBHOCTHIO HE
BO3HWKAET, HO TIPUXOANTCS OTKA3ATHCSA OT TIOJTHOTHI MEXaHUCTUYIECKOTO OTHCa-
HUSI COCTOSIHUS KAK “COBOKYIHOCTH BHYTPEHHUX CBOWCTB’ CHCTEMBI.
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BuaumarespHnoe paccMOTpeHr€e STOTO MBICJIEHHOI'O 9KCIIEPUMEHTA IIPUBOIAT K
OoJtee TIIyOOKOMY BBIBOJLY, Ha KOTOPbIH 00paTwu BHUMaHue Besa: ecan nbrraTh-
Cs1 ONHCHIBATH KOPPEJSINN W3MEPEHNH CITUHOB JABYX YaCTHIL KJIACCUIECKH U B
COOTBETCTBUYU C HMPHUHIMIIOM JIOKAJIBLHOCTH, TO OKA3bIBAETCS HEBO3MOXKHBIM JI0-
CTHYb TAKOTO XaPaKTePa M YPOBHS KOPPEJIUPOBAHHOCTH, KOTOPBIl COOTBETCTBY-
€T IpeJCKa3aHnusM KBaHTOBOH Mexanuku. Kosapuarus (2.17) He MoxkeT ObITH
CMO/ICJIMPOBAHA HUKAKOHN KJIACCUYECKON MO/I€JIbI0 COCTABHOII CUCTEMBbI, Y/10BJIe-
TBOPSTIONIEH TPUHIINITY JOKATHLHOCTH. DTO JOKAZBIBAETCS C MOMOIIBIO CJIETYT0-
mero Hepasencmea Kaaysepa—Xopra—Illumornu—Xoavma:

IIyemo X;,Y%, (j,k = 1,2) — cayualnse 6eAununs Ha NPOU3BOALHOM Ge-
poammuocmuom npocmparcmee Q, maxue wmo |X;| < 1, Y| < 1. Tozda dasn
a106020 pacnpedesenusn eepoammuocmeti na ) KOPPEAAUUU IMUL 8eAudUH YJo-
8AEMBOPAINOM HEPABEHCMEY

IMX1Y] + MX1Ys + MX,Y; — MX,Ys| < 2, (2.18)

20e M — cCoomeemcmeyrnuULee Mamemamu1eckoe ootcudanue.
,ﬂomasame/wcmeo TOJIy49aeTCdA YCPpEeAHEHUEeM 3JIEMEHTAPHOTO HEPaBEHCTBA

-2 <X+ XqYo + X0V, — XY, <2,
KOTOpOE B CBOIO OY€PE/b BHLITEKAET U3 IEMOYKH COOTHOIICHMI
| X1Y1 + Xh Yo + X0V — XoYs| < |1+ Y|+ |V — Y3
N RS RN

= /4max(Y? Y}) <2

[IpuHIUI JIOKAJIBHOCTH, UJIH, JIy4Ille CKa3aTh, pa3deaumocmy B JAHHOW MO-
JIeJIA 3aKJII0YAeTCs B TOM, 9T0 bu3mdecKkas HabJIomaemMast /1isi BTOPOil CHCTEMbI

OIIMCHIBAETCs OJHOW U TOI ke ciydaitnoil Besmuunoil (Y7 B ciydae nepsoil u
Tperbeil Koppessuuil, Ya B APYyrux AByX CJydasX) HE3aBUCUMO OT TOIO, KaKas
BenmmumHa — X7 mwim Xo M3MepsieTcs BO MEPBOI CUCTEME. DTO YCIOBUE KAXKETCS
HACTOJIHKO ECTECTBEHHBIM, YTO OHO JayKe TPYAHO yinoBuMo. OIHAKO MMEHHO OHO
3amperniaer MIHOBEHHOE BJIMsIHUE BHIOOPA M3MEPEHUsi, TPOBOILIINEr0oCs B OIHOMI
cucTeMe, Ha IpeJICTaBJIeHue U3MEePEHU B IPYroil, IPOCTPAHCTBEHHO Y/IaJI€HHOM,
cucreme. Eciiu or HEro orkazarbcsi, TO HHTEPECYIOIIE HAC YeThbipe (hU3ndecKue
KODDEJISIIAN MOTYT OBITh JIFOOBIMHU BeJIMIMHAMHU U3 orpe3ka [—1, 1] n rpanuia B
uepasencTse (2.18) ysemuuusaercs 110 4.

Bepremcs Temepn K cucreme m3 ABYX (-OMTOB W PACCMOTPHUM 4YeThIPE Pa3-
JIMYHbIX 9KCIIEPUMEHTA, KOIJa B 1IePBOM (-OuTe u3Mepsiercs Habsojaemas ciu-
ma X; = X(a@;) (j = 1,2), a Bo BTOpPOM Y}, = X (by) (k = 1,2), nie nanpapyienms
a,, b (4, k = 1,2) obpasyror koudurypanuo, n300paxKeHHyI0 Ha, PUCYHKE.

IIpu 3TOM cucTeMa IPUIrOTABINBAETCS B OJHOM M TOM 2K€ CHHIJIETHOM COCTO-
aanu. B KaxXa0M u3 4-X 3KCMEPUMEHTOB MOJACYUTHIBAIOTCS KOPPEIAIITH MEXK Ty
pe3y/abTraTaMu U3MEPEHUil B MepBOM U BTOPOM (-OMTaX.
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Puc. 2.1: Bsibop BekTOpOB &; 1 b,

IIpeamonokumM, ITO I 3TUX IKCTIEPUMEHTOB CYIIECTBYET KJIACCUIECKOEe Be-
POSITHOCTHOE OMHCAHUE, yIOBJIETBOPSIONEe C(HhOpMYyIUPOBAHHOMY BBIIIE TTPWH-
uIy JIOKaabHOCTH (pasmesumoctu). MareMaTudecku 3TO 03HAYAET, YTO Haii-
JIeTCs BepoATHOCTHOE pocTpancTBo ({2, P) u ciayvaiinbie Besmaunbtl X1, Xo, Y1, Yo
HA 9TOM IIPOCTPAHCTBE, IPUHUMAOLIKE 3HaYeHus £1 (KaK U CIIMHOBbIE IepeMeH-

HbIE )/(\'1,)?2,Y1,Y2), U TakKue 4To
MpX,Yy = Mg X,V = —@; - b j b =1,2,

IMoucranoska rakux 3nadenuii koppessiuuii (u3 popmyist (2.17)) B seByIo yacTb
bopmynt (2.18) maer 3mauenue 24/2, mapymaiommee HepasencTso. OTCIONa Clle-
Jyer, 94To MO0 KBAHTOBAs TEOPHUs TAET HEMPABUIbHBIE BHIPAYKEHUS I PEATb-
HBIX KOPPEInii, THOO I JAHHOM COCTABHON CHCTEMBI HE CYIIECTBYET KIACCH-
YECKOTO BEPOSITHOCTHOTO OMUCAHUS, YIOBIETBOPSIOIIEr0 YCIOBUIO JTOKATHLHOCTH.
ITocuie nepsoro sxcuepumenta (Acue, 1981-1982) 6bu1 upouesian uesblii s ana-
JIOTHYHBIX 9KCIEPUMEHTOB o n3Mepennio DIIP-koppensimii, pe3yapTaTsl KOTO-
PBIX C OIIPEIEIeHHOCTLIO CBHIETEILCTBYIOT B MOTb3y KBAHTOBOI TEOPHH®.

Eme 6osiee HEOOBIYHBIMU CBOWCTBAMH B ILJIAHE CIEIJIEHHOCTH O0JIaJaeT CO-
crosinue ['punbeprepa-Xopua-Ilaitnunrepa (GHZ), koropoe 3amaercs ciemyto-
UM BEKTOPOM B NPOCTPAHCTBE TpeX (-OMTOB

1
) = NG (1000) + [111)). (2.19)

PaccmoTpum deTbipe KBaHTOBBIE HADIIOIAEMbIE

Al = 0,00, ®0y;
/Alz = 0y Q0; Q0y;
121\3 = 0, Q0yQ0y;
B = Or ® 0y Q0

3Breuarisromuii SKCIEPIMEHT ONUCAH B HegaBHeH padore R. Hanson et al., Experimental
loophole-free violation of a Bell inequality using entangled electron spins separated by 1.3 km,
arXiv:1508.05949.
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Samaga 49. Ilokaxwure, aro
Ajlw) = —[$); 5 =1,2,3, Bly) = [v). (2.20)

IIpenmonoxkum, 910 CymiecTByeT KJIACCHYECKOE OIMCAHUE CIIMHOBBIX IIE€pe-
MeHHBIX B Brie dynkmmi X;(w),Y;(w); j = 1,2,3, na runorerndeckoM haso-
BOM TIPOCTPAHCTBE ), MPUHUMAIOIINX 3HAaUeHus +1, Tak d9TO X; = Yj2 = 1.

Paccmorpum Kiaccmyaeckuii anasior HabmomaeMbrx A;:

A = Y1YoXy;
Ay = Y1XoYs;
Az = X1YoY3;
B = X1X3X;5

ITycrs w € Q) — mobas dasoBas TOUYKa (KJIACCHIECKOE YUCTOE COCTOSHHUE), JJIst
KOTOPOM

Aj(w)=-1;j=1,2,3.

IMockomnbky Toxkaecrsenno B = Aj Ay As, umeem B(w) = —1, B 1pOTUBOIIOJIOK-
HOCTH KBAHTOBBIM cooTHOLIeHusM (2.20).
Bamaua 50. Hokaxwure dhopmyny misa yactuanoro ciena GHZ-cocrosaust

Tog [0} = 5 (100)(00] +[11)(11]).

2.6 KBaHTOBad mnceBaoTeJenaTudecKasda urpa

KsanToBbie Koppessiuu (CHEmIeHHOCTb) — HOBbIH HHMOPMAIMOHHBIA PECypC, He
€600uMbI K KJIACCUIECKUM KoppessusaM. “KBaHTOBOE IMpeBOCXOACTBO” B I'PO-
TeckHOI dopme neMmorcTpupyer uzpa Mepmuna-Ilepeca: urpoku A u B urpator
uporus kpyube C. Kpyube nayraz soibupaer xierky (i,7) B marpuue 3 X 3 u
coO00ITIaeT HOMEp CTPOKM ¢ UTPOKy A, a HOMep crosbia j — urpoky B. A mos-
2KeH paccTaBUTh +1 B cBOEHl CTPOKe, TaK UTO Mpom3BeeHne paBuo = 1; B — +1
B CBOEM CTOJIOIE, TaK 4YTO IPOU3BEIEHUE PAaBHO = —1. AB BLIUIPLIBAIOT, €CJIU
BbIOpAHHBIE MMM 3JIEMEHTHI B KJIeTKe i, ] coBuaayT. A u B Mmoryr Bbipaborarb
OOIIYI0 CTPATeruio JI0 HAYAJIA UTPHI, HO MOCTE MM HE Pa3perieHo odmarbes: A
He 3Haer j, B we 3naer i. Haupumep: C' — A: crpoka 2, C' — B: crosbern 3

A: 1 -1 -1 B:| ... ... 1
1
AB npourpbIBaroT.

Kaaccuueckas cmpamezus: Irpoku A u B moriu Obl 3apanee BoIOpaTh (PuK-
CUPOBAHHYIO 3 X 3—MaTpuily ¢ 3jeMeHTaMu £1, 0OJJHAKO MaTPUIbI, YIOBJIETBO-
psitorteit cchopMyIUPOBAHHBIM OTPAHUYIEHUSIM, HE CyIlnecTByer. I3 orpanudenHus
ua A (coors. B) Ipou3BeIeHre BCEX MATPUIHBIX 3JIEMEHTOB JIOJIKHO PABHATHCS
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1 (coorB. —1). MoxHO n0Ka3aTh, YTO HAMIYUIIAs CTPATErHs COCTOUT B BbIOO-
pP€ MaTPUIILI, B KOTOPOH JIWIIL OIUH SJIEMEHT ABJIAETCA pasubiM mjisa A u B. B
9TOM CJIy4Yae OHU BHIMTPHIBAIOT B 8 u3 9 ciaydaen. Takum 0O6pa3om, BEpOATHOCTH
ycnexa Beerja Oymer < 1.

Kesanmosas cmpamezus: Onnako ecmu A u B MoryT 3apanee cO3JaTh CIIel-
JIEHHOE COCTOSHWE U 3apaHee BbIOpaTh (DUKCHPOBAHHYIO CXEMY KBAHTOBBIX W3-
MepeHuil, KaxKIblii B cBOeil j1aboparopuu, TO CYIIECTBYET CIOCOO 00ecrevduTh
BBIUTPBIII ¢ BEPOATHOCTHIO 1!

Pacemorpum cocmoanue Beara S = |Boo) as{Bool,

1 1
1Boo)a = —=(10)a@[0)p +|[1)a®[1)p) = —=
V2 V2

3apaHee IPUrOTOBJISAEMOE CIEILIEHHOE COCTOSHUE SABJISeTCS TEeH30PHBLIM IIPOU3-
BeJleHHeM JABYX cocrosHuil Besna ajs nyx nap q-6uros: A1 By u AsBs :

(j00) + [11)).  (2.21)

|Bo00o) = 1B00) 41 B, © |B00) A2 B, -

q-6utbr A1 u As nocbuiarorcs Mrpoky A, a q-6ursl By u By — urpoky B 110
obbapnenus C.

A u B rTak»Ke YCJIOBJIWUBAIOTCS, 9TO TIOCJE TOJyYeHWsT HOMEPOB { W j, OHU
[IPOU3BOIAT U3MEPEHHUsI CIUHOB, KaXKIblii B CBOUX (-OMTaX, B COOTBETCTBUU C
TabuIIEeH

oo X 0o, 0, X oo 0, R0,
O X 0g 0o X 0y Op Q 0y
—0,Q0, —0,Q0; 0yRQ0y
¥ 3aKUCHIBAIOT PE3YJIBTATHI U3MEPEHUs B COOTBETCTBYIOIINE KJIETKH.

Oboznagas X;; HabIOMAEMYIO Ha TIepecedennr {—if CTPOKH M j—T0 CTOJIO0IA,

HMeeM:

L Xjj=Xnu ij = 09®0¢ = I, Tak 90 X;; UMEIOT COOCTBEHHDIEC 3HAUCHUS
+1;

2. B KaxKJ10it cTpOKe 4 onepaTopbl X;;; j = 1,2, 3 KOMMYTUPYIOT, T.€. ABJIAIOT-
Csl COBMECTUMbIMU HAOII0maeMbiMu, 6osiee Toro X;1 X0 X;3 = I. [loatomy
st groboro ¢ = 1,2,3, ykaszaruoro C, urpok A MOKeT COBMECTHO W3-
MepHuTh HabmogaeMmble X;;;j = 1,2,3, momyuns pesyabTaTrsl +1 mmm —1,
nouunsronmecs orpanndennto st A. Torna A nomeraer 3tu pesynbra-
THI B CTPOKY 4. AHAJIOTHYHOE OMMCAHNE TPUMEHUMO K UTPOKY B 1 JI060My
YKA3aHHOMY CTOJIOIY j.

3. uymecHbIM 0Opa30M, HOMepa, moMmereHHbie A u B Ha mepecedeHun i—ii
CTPOKHU U j—T0 CTOJOIA 0053aTeIbHO COBIALYT! DTO ClleJyeT u3 paBeH-
cTBa

(X3 ® XJ) 1Boooo) = |Boooo); 1,4 =1,2,3,

rie XZA- (coors. X2) — onmeparop X;; B cucreme A = A; Ay (coots. B =
J iJ J

B1B5). 910 paBeHCTBO roBoput, 4ro eciu Bed cucrema Ay As By Bs upu-

TOTOBJIEHA B COCTOSTHUM |Bp00), TO TIPOM3BEIEHNE PE3YIHTATOB H3MepeHHit

A n B B n1000it Ky1eTke ij OyaeT paBHO 1, T.e. Pe3yJIbTATHI COBIATYT.
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Samaga 5l. Jdokaxkure yreepxaexus 1-3.

KpantoBasi cTpaTerusi yaoBJIETBOPSIET BCEM TPABWIaM WUrpbl. VIMEHHO wuc-
TOJIF30BAHNE KBAHTOBBIX MH(MOPMAIMOHHBIX MTPOTOKOJIOB TTO3BOJIAET TOJYIUTH
pe3y/IbTaT, HEJOCTHK MBI KaccudecKuMu cpeactBaMu. C TOYKHU 3peHnst KJiac-
CHUYECKOr0 HabII0aTe st 1e10 OOCTOUT Tak, Kak Oyaro Mexkay A u B cyuiecTBy-
eT HeMaTepuaJibHasA CBsA3b. VIrpbl THIlA ONUCAHHON BBIIIE, ObLIA SKCIIEPUMEH-
TAJIbHO PEATN30BAHBI U IIPOJEMOHCTPUPOBAIH “KBAHTOBOE IIPEBOCXOICTBO”.

2.7 KoppeadginnoHHble HepaBeHCTBa U OIIepaTOp-
HbIE€ aJITeOPBI

Ecnu 6b1 yerbipe koppensanun B (2.18) npuHUMAIN TPOU3BOIBLHBIC, HE 3ABUCH-
mye JApyr OT Apyra 3HAYEHUs, TO IPAHUILY 2 B MPABOA 9acTH HEPABEHCTBA CJIe-
noBaJjio 661 3amenuTh Ha 4. Takum 00pa30M, KBAHTOBAs JIOKAJIBHOCTH SIBJISETCS
OTpaHWYEHHEM, KOTOPOe TPUBOIUT K MEHbIIIEMY 3HAYEHUIO.

Ksanmosnie xoppeasyuornve nepasencmsa. Ilycts X;, Yy (j,k = 1,2) Be-
IIeCTBEHHBIE KBAHTOBBIE HabOII0JTaeMble, T.d. X? =1, Y,f =1, X;V, = Vi X;.
Toraa mjist 11060r0 KBAHTOBOTO COCTOSTHUS S MMeeT MecTo HepaBeH