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. Ç [1] è. ù-
‰Â¯ Ë è. íÛ‡Ì ‚˚ÒÍ‡Á‡ÎË „ËÔÓÚÂÁÛ, ÒÓ„Î‡ÒÌÓ ÍÓÚÓ-
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 = 3 „ËÔÓÚÂÁ˚ (1) ·˚Î ‰Ó-
Í‡Á‡Ì ä.î. êÓÚÓÏ ‚ [2]. Ç Ò‚ÓÂÈ ‡·ÓÚÂ êÓÚ, ËÒÔÓÎ¸-
ÁÛfl ÏÂÚÓ‰ ï‡‰Ë–ãËÚÎ‚Û‰‡, ‰ÓÍ‡Á‡Î ÌÂ‡‚ÂÌÒÚ‚Ó
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ÅÛ„ÂÈÌÛ [3]. éÌ ‰ÓÍ‡Á‡Î, ˜ÚÓ
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ÑÎfl ÔÓËÁ‚ÓÎ¸ÌÓ„Ó 
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 „ËÔÓÚÂÁ‡ (1) ·˚Î‡ ‰ÓÍ‡Á‡-
Ì‡ Ö. ëÂÏÂÂ‰Ë [4] ‚ 1975 „. Ç Ò‚ÓÂÏ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ-
‚Â ëÂÏÂÂ‰Ë ËÒÔÓÎ¸ÁÛÂÚ ÚÛ‰Ì˚Â ÍÓÏ·ËÌ‡ÚÓÌ˚Â
‡„ÛÏÂÌÚ˚. ÄÎ¸ÚÂÌ‡ÚË‚ÌÓÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ·˚-
ÎÓ ÔÂ‰ÎÓÊÂÌÓ ï. îfiÒÚÂÌ·Â„ÓÏ ‚ [9]. Ö„Ó ÔÓ‰ıÓ‰
ËÒÔÓÎ¸ÁÛÂÚ ÏÂÚÓ‰˚ ˝„Ó‰Ë˜ÂÒÍÓÈ ÚÂÓËË.

ä ÒÓÊ‡ÎÂÌË˛, ÏÂÚÓ‰˚ ëÂÏÂÂ‰Ë ‰‡˛Ú Ó˜ÂÌ¸
ÒÎ‡·˚Â ‚ÂıÌËÂ ÓˆÂÌÍË ‰Îfl 
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ÔÓ‰ıÓ‰ ‚ÓÓ·˘Â ÌÂ ‰‡ÂÚ ÌËÍ‡ÍËı ÓˆÂÌÓÍ. íÓÎ¸ÍÓ ‚
2001 „. Ç.í. É‡Û˝Ò [5] ÔÓÎÛ˜ËÎ ÍÓÎË˜ÂÒÚ‚ÂÌÌ˚È
ÂÁÛÎ¸Ú‡Ú Ó ÒÍÓÓÒÚË ÒÚÂÏÎÂÌËfl Í ÌÛÎ˛ ‚ÂÎË˜ËÌ˚
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 4. éÌ ‰ÓÍ‡Á‡Î ÒÎÂ‰Û˛˘Û˛ ÚÂÓÂÏÛ.

ak N( ) 1
N
----max A : A 1 N,[ ]⊆ Ë{=

A ÌÂ ÒÓ‰ÂÊËÚ ‡ËÙÏÂÚË˜ÂÒÍËı ÔÓ„ÂÒÒËÈ

‰ÎËÌ˚ k } ,

ak N( ) 0 ÔË N ∞.→ →

1
Nlnln

---------------

a3 N( ) � 
Nlnln

Nln
---------------.
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k

 

.
Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ Ï˚ ·Û‰ÂÏ Â¯‡Ú¸ ÒÎÂ‰Û˛-
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íÓÈÍÛ ËÁ (3) Ï˚ ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ Û„ÓÎÍÓÏ. Ç ‡-
·ÓÚ‡ı [6, 9] ·˚ÎÓ ‰ÓÍ‡Á‡ÌÓ, ˜ÚÓ ‚ÂÎË˜ËÌ‡ 
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 ÒÚÂÏËÚÒfl Í ·ÂÒÍÓÌÂ˜ÌÓÒ-
ÚË. Ç.í. É‡Û˝Ò (ÒÏ. [5]) ÔÓÒÚ‡‚ËÎ ‚ÓÔÓÒ Ó ÒÍÓÓ-
ÒÚË ÒıÓ‰ËÏÓÒÚË 
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Ç ‡·ÓÚÂ [10] ·˚Î‡ ‰ÓÍ‡Á‡Ì‡ ÒÎÂ‰Û˛˘‡fl ÚÂÓÂ-

Ï‡ (ÒÏ. Ú‡ÍÊÂ [7, 8]).
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‚ÁflÚ¸ ‡‚ÌÓÈ 73.

äÓÂÌÌÓÂ ÓÚÎË˜ËÂ Ì‡ÒÚÓfl˘Â„Ó ÒÓÓ·˘ÂÌËfl ÓÚ
‡·ÓÚ˚ [10] ÒÓÒÚÓËÚ ‚ ÔÓfl‚ÎÂÌËË ÌÓ‚Ó„Ó Ó·˙ÂÍÚ‡,
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òÍÂ‰Ó‚

Ì‡ËÎÛ˜¯‡fl Ì‡ ÒÂ„Ó‰Ìfl ÓˆÂÌÍ‡ ‚ÂÎË˜ËÌ˚ a3(N) ‰Ó-
Í‡Á˚‚‡ÂÚÒfl ËÏÂÌÌÓ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ˝ÚËı ÏÌÓ-
ÊÂÒÚ‚ (ÒÏ. [3]).

2. ë ı Â Ï ‡  ‰ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ ‡. èÛÒÚ¸ Q –
ÌÂÍÓÚÓÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó ˆÂÎ˚ı ˜ËÒÂÎ. ÅÛ‰ÂÏ
Ó·ÓÁÌ‡˜‡Ú¸ ÚÓÈ ÊÂ ·ÛÍ‚ÓÈ Q ı‡‡ÍÚÂËÒÚË˜ÂÒÍÛ˛
ÙÛÌÍˆË˛ ˝ÚÓ„Ó ÏÌÓÊÂÒÚ‚‡.

é‰ÌËÏ ËÁ ÍÎ˛˜Â‚˚ı ÏÓÏÂÌÚÓ‚ ‡·ÓÚ˚ [3] ·˚-
ÎÓ ÔÓÌflÚËÂ ÏÌÓÊÂÒÚ‚ ÅÓ‡.

èÛÒÚ¸ N Ë d – Ì‡ÚÛ‡Î¸Ì˚Â ˜ËÒÎ‡, ε > 0 – ‰ÂÈÒÚ-
‚ËÚÂÎ¸ÌÓÂ ˜ËÒÎÓ Ë θ = (θ1, θ2, …, θd) ∈  Td.

é Ô  Â ‰ Â Î Â Ì Ë Â  1. å Ì Ó Ê Â Ò Ú ‚ Ó Ï  Å Ó  ‡
Λ = Λθ, ε, N Ì‡Á˚‚‡ÂÚÒfl ÏÌÓÊÂÒÚ‚Ó

é Ô  Â ‰ Â Î Â Ì Ë Â  2. èÛÒÚ¸ 0 < κ < 1 – ÌÂÍÓÚÓ-
ÓÂ ̃ ËÒÎÓ. åÌÓÊÂÒÚ‚ÓÏ ÅÓ‡ Λ = Λθ, ε, N Ì‡Á˚‚‡ÂÚ-
Òfl  Â „ Û Î fl  Ì ˚ Ï, ÂÒÎË ‰Îfl Î˛·˚ı ε', N', Ú‡ÍËı,
˜ÚÓ

‚˚ÔÓÎÌÂÌÓ

èÂ‚‡fl ÌÂÓ·ıÓ‰ËÏ‡fl Ì‡Ï ÎÂÏÏ‡ ‰ÓÍ‡Á‡Ì‡ ‚ [3].
ã Â Ï Ï ‡  1. èÛÒÚ¸ 0 < κ < 1 – ÌÂÍÓÚÓÓÂ ˜ËÒÎÓ

Ë Λθ, ε, N – ÏÌÓÊÂÒÚ‚Ó ÅÓ‡.
íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ Ô‡‡ (ε1, N1) ÒÓ Ò‚ÓÈÒÚ‚‡ÏË

Ú‡Í ̃ ÚÓ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡  fl‚ÎflÂÚÒfl Â„Û-
ÎflÌ˚Ï.

é Ô  Â ‰ Â Î Â Ì Ë Â  3. èÛÒÚ¸ ε ∈ (0, 1] – ÌÂÍÓÚÓ-
ÓÂ ˜ËÒÎÓ Ë  – ÏÌÓÊÂÒÚ‚Ó ÅÓ‡, θ = (θ1, θ2,
…, θd). êÂ„ÛÎflÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡ Λ' = Λθ', ε', N' Ì‡-
Á˚‚‡ÂÚÒfl ε-Ò Ó Ô  Ó ‚ Ó Ê ‰ ‡ ˛ ˘ Ë Ï  ÏÌÓÊÂÒÚ‚‡

Λ, ÂÒÎË θ' = (θ1, θ2, …, θd, θd + 1, …, θd + k), k ≥ 0,  ≤

≤ ε' ≤ εε0,  ≤ N' ≤ εN0. àÁ ÎÂÏÏ˚ 1 ‚˚ÚÂÍ‡ÂÚ ÒÛ-

˘ÂÒÚ‚Ó‚‡ÌËÂ Ú‡ÍÓ„Ó ÏÌÓÊÂÒÚ‚‡.
å˚ ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ̃ ÚÓ k = 0, ÂÒÎË ÌÂ Ó„Ó‚ÓÂÌÓ

ÔÓÚË‚ÌÓÂ.
èÛÒÚ¸ f – ÙÛÌÍˆËfl ËÁ Z ‚ C, ÔËÌËÏ‡˛˘‡fl ÍÓÌÂ˜-

ÌÓÂ ˜ËÒÎÓ ÌÂÌÛÎÂ‚˚ı ÁÌ‡˜ÂÌËÈ. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ

(x) ÍÓ˝ÙÙËˆËÂÌÚ îÛ¸Â ÙÛÌÍˆËË f

Λθ ε N, , n Z  n N , nθ j ε<≤∈{=

‰Îfl j 1 2 … d, , ,= } .

ε ε'–
κ

100d
------------ε, N N'–

κ
100d
------------N ,< <

1 κ–
Λθ ε' N', ,

Λθ ε N, ,
------------------ 1 κ .+< <

ε
2
--- ε1 ε,

N
2
---- N1 N ,< < < <

Λθ ε1 N1, ,

Λθ ε0 N0, ,

εε0

2
-------

εN0

2
---------

f̂

f̂ x( ) f s( )e sx–( ),
s Z∈
∑=

„‰Â e(x) = e2πix.
é Ô  Â ‰ Â Î Â Ì Ë Â  4. èÛÒÚ¸ Λ – ÏÌÓÊÂÒÚ‚Ó ÅÓ-

‡, Q ⊆ Λ , |Q| = δ|Λ|, α, ε – ÌÂÍÓÚÓ˚Â ÔÓÎÓÊËÚÂÎ¸-
Ì˚Â ˜ËÒÎ‡ Ë Λ' ÂÒÚ¸ ε-ÒÓÔÓ‚ÓÊ‰‡˛˘ÂÂ ÏÌÓÊÂÒÚ-
‚‡ Λ. ê‡ÒÒÏÓÚËÏ ÏÌÓÊÂÒÚ‚Ó

åÌÓÊÂÒÚ‚Ó Q Ì‡Á˚‚‡ÂÚÒfl (α, ε)- ‡ ‚ Ì Ó Ï Â  -
Ì ˚ Ï, ÂÒÎË

(4)

(5)

(6)

èÓıÓÊÂÂ ÓÔÂ‰ÂÎÂÌËÂ (α, ε)-‡‚ÌÓÏÂÌÓÒÚË ·˚ÎÓ
‰‡ÌÓ ‚ [5].

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ D Á‡ÏÍÌÛÚ˚È ‰ËÒÍ Ì‡ ÍÓÏ-
ÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË Ò ˆÂÌÚÓÏ ‚ 0 Ë ‡‰ËÛÒÓÏ 1.
èÛÒÚ¸ R – ÌÂÍÓÚÓÓÂ ÏÌÓÊÂÒÚ‚Ó. ÅÛ‰ÂÏ ÔËÒ‡Ú¸ f:
R → D, ÂÒÎË ‚ÌÂ R ÙÛÌÍˆËfl f ‡‚Ì‡ ÌÛÎ˛.

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ e1 Ë e2 ‚ÂÍÚÓ˚ (1, 0) Ë (0, –1).
èÛÒÚ¸ Λ1, Λ2 – ÏÌÓÊÂÒÚ‚‡ ÅÓ‡, ε > 0 – ÌÂÍÓÚÓ-

ÓÂ ˜ËÒÎÓ Ë Λ' ÂÒÚ¸ ε-ÒÓÔÓ‚ÓÊ‰‡˛˘ÂÂ ÏÌÓÊÂÒÚ‚‡
Λ1. èÛÒÚ¸ Ú‡ÍÊÂ E1, E2 – ÌÂÍÓÚÓ˚Â ÔÓ‰ÏÌÓÊÂÒÚ‚‡
Λ1, Λ2 ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ë |E1| = β1|Λ1|, E2 = β2|Λ2|.

é Ô  Â ‰ Â Î Â Ì Ë Â  5. îÛÌÍˆËfl f : Λ1 × Λ2 → D
Ì‡Á˚‚‡ÂÚÒfl (α, ε)- ‡ ‚ Ì Ó Ï Â  Ì Ó È  ÓÚÌÓÒËÚÂÎ¸-
ÌÓ ÔflÏÓÛ„ÓÎ¸ÌÓÈ ÌÓÏ˚, ÂÒÎË

(7)

é·ÓÁÌ‡˜ËÏ ÏÌÓÊÂÒÚ‚Ó Λ' ‚ ÙÓÏÛÎÂ (7) ˜ÂÂÁ
Λ1(ε).

é Ô  Â ‰ Â Î Â Ì Ë Â  6. èÛÒÚ¸ A ⊆  E1 × E2, |A| =
= δβ1β2|Λ1||Λ2|, δ > 0 Ë f(s) = A(s) – δ(E1 × E2)(s).
èÛÒÚ¸ fl(s) = f(s1 + l, s2)Λ'(s1), l ∈  Λ1. ê‡ÒÒÏÓÚËÏ
ÏÌÓÊÂÒÚ‚Ó

åÌÓÊÂÒÚ‚Ó A Ì‡Á˚‚‡ÂÚÒfl (α, α1, ε)- ‡ ‚ Ì Ó -
Ï Â  Ì ˚ Ï  ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔflÏÓÛ„ÓÎ¸ÌÓÈ ÌÓÏ˚,
ÂÒÎË |B| ≤ α1|Λ1|.

ç‡¯Â ÔÂ‚ÓÂ ÔÂ‰ÎÓÊÂÌËÂ ÓÚÌÓÒËÚÒfl Í ÒËÚÛ‡-
ˆËË, ÍÓ„‰‡ ÏÌÓÊÂÒÚ‚Ó A ⊆  E1 × E2 fl‚ÎflÂÚÒfl (α, α1, ε)-
‡‚ÌÓÏÂÌ˚Ï ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔflÏÓÛ„ÓÎ¸ÌÓÈ ÌÓ-

B = m Λ Q ∩ Λ' m+( ) δ Λ' m+( )–( )^
∞ α Λ ''≥∈{ } .

B α Λ ,≤

1
Λ
------ δΛ' m+ Q( ) δ– 2

m Λ∈
∑ α2,≤

Q ∩ Λ δΛ–( )^
∞ α Λ .≤

f Λ1 Λ2× ε,
4  = Λ' m k– i–( )Λ' u k– i–( ) ×

m u,
∑

k

∑
j Λ2∈
∑

i Λ1∈
∑

× Λ' k r j–+( ) f r m,( ) f r u,( )
r

∑
2

≤

≤ αβ1
2β2

2 Λ' 4 Λ1
2 Λ2 .

B l Λ1  f l Λ' Λ2× ε,
4 >∈{=

> αβ1
2β2

2 Λ' ε( ) 4 Λ' 2 Λ2 } .
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éÅ éÑçéå éÅéÅôÖçàà 3

Ï˚, ‡ Ò‡ÏË ÏÌÓÊÂÒÚ‚‡ E1, E2 fl‚Îfl˛ÚÒfl (α, ε)-‡‚ÌÓ-
ÏÂÌ˚ÏË ‚ ÒÏ˚ÒÎÂ ÓÔÂ‰ÂÎÂÌËfl 4.

èÛÒÚ¸ Λ – ÌÂÍÓÚÓÓÂ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡, Λ =
= , θ ∈ Td, Ë E1, E2 ⊆ Λ , |E1| = β1|Λ|, |E2| = β2|Λ|.
é·ÓÁÌ‡˜ËÏ ̃ ÂÂÁ � ‰ÂÍ‡ÚÓ‚Ó ÔÓËÁ‚Â‰ÂÌËÂ E1 × E2.

í Â Ó  Â Ï ‡  4. èÛÒÚ¸ ÏÌÓÊÂÒÚ‚Ó A ÔËÌ‡‰ÎÂ-
ÊËÚ E1 × E2 Ë ËÏÂÂÚ ÏÓ˘ÌÓÒÚ¸ |A| = δ|E1||E2|.
èÛÒÚ¸ ÏÌÓÊÂÒÚ‚‡ E1, E2 fl‚Îfl˛ÚÒfl (α0, 2–10ε2)-

‡‚ÌÓÏÂÌ˚ÏË, α0 = 2–2000d96 , ε = .

èÛÒÚ¸ Ú‡ÍÊÂ A fl‚ÎflÂÚÒfl (α, α1, ε)-‡‚ÌÓÏÂÌ˚Ï
ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔflÏÓÛ„ÓÎ¸ÌÓÈ ÌÓÏ˚, α = 2–100δ12,
α1 = 2–7δ Ë

(8)

íÓ„‰‡ A ÒÓ‰ÂÊËÚ ÚÓÈÍÛ ‚Ë‰‡ {(k, m), (k + d, m),
(k, m + d)} Ò d ≠ 0.

èÛÒÚ¸ A ⊆ E1 × E2 ÌÂ ÒÓ‰ÂÊËÚ ÚÓÂÍ ‚Ë‰‡ {(k,
m), (k + d, m), (k, m + d)} Ò d ≠ 0. àÒÔÓÎ¸ÁÛfl ÚÂÓÂÏÛ
4, Ï˚ ÔÓÎÛ˜‡ÂÏ ÒÎÂ‰Û˛˘ËÈ ÂÁÛÎ¸Ú‡Ú.

í Â Ó  Â Ï ‡  5. èÛÒÚ¸ ÏÌÓÊÂÒÚ‚Ó A ÔËÌ‡‰ÎÂ-
ÊËÚ �, ËÏÂÂÚ ÏÓ˘ÌÓÒÚ¸ |A| = δ|E1| · |E2| Ë ÌÂ ÒÓ‰Â-
ÊËÚ ÚÓÂÍ ‚Ë‰‡ {(k, m), (k + d, m), (k, m + d)} Ò d ≠ 0.
èÛÒÚ¸ ÏÌÓÊÂÒÚ‚‡ E1, E2 fl‚Îfl˛ÚÒfl (α0, 2–10ε2)-

‡‚ÌÓÏÂÌ˚ÏË, α0 = 2–2000d96 , ε = ,

ε' = 2–10ε2 Ë

íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡  Ë Ú‡ÍÓÈ ‚ÂÍ-
ÚÓ y = (y1, y2) ∈  Z2, ˜ÚÓ ‰Îfl ÏÌÓÊÂÒÚ‚ F1 ⊆ E1 ∩
∩ (  + y1), F21 ⊆ E2 ∩ (  + y2) ‚˚ÔÓÎÌÂÌÓ

(9)

(10)

èË ˝ÚÓÏ ‰Îfl  =  ‚˚ÔÓÎÌÂÌÓ  = θ,  ≥
≥ 2–5ε'ε0 Ë N ≥ 2–5ε'N.

è  Â ‰ Î Ó Ê Â Ì Ë Â  1. èÛÒÚ¸ Λ = Λ(θ, ε0, N) – ÌÂ-
ÍÓÚÓÓÂ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡, θ ∈ Td Ë ̂ ÂÎ˚È ‚ÂÍÚÓ
s = (s1, s2). èÛÒÚ¸ ε, σ, τ, δ ∈ (0, 1) – ‚Â˘ÂÒÚ‚ÂÌÌ˚Â
˜ËÒÎ‡, E1, E2 – ÌÂÍÓÚÓ˚Â ÏÌÓÊÂÒÚ‚‡, Ei = βi|Λ|,
i = 1, 2, E = E1 × E2 – ÔÓ‰ÏÌÓÊÂÒÚ‚Ó (Λ + s1) × (Λ + s2),

A ⊂  E, δE(A) = δ + τ Ë ε ≤ , κ = 2–100(τβ1β2)5σ3.

èÂ‰ÔÓÎÓÊËÏ Ú‡ÍÊÂ, ˜ÚÓ

(11)

Λθ ε1 N1, ,

β1
48β2

48 2 100– α0
2

100d
-----------------

N1ln 210d
1

ε1ε
-------.ln≥

β1
48β2

48 2 100– α0
2

100d
-----------------

Nln 210d
1

ε0ε
-------.ln≥

Λ̃

Λ̃ Λ̃

F1 2 125– δ12β1 Λ̃ , F2 2 125– δ12β2 Λ̃ ,≥ ≥

δF1 F2× A( ) δ 2 500– δ37.+≥

Λ̃ Λθ̃ ε̃ Ñ, , θ̃ ε̃

κ
100d
------------

N 2 100– ε0ε( )
2100 τβ1β2( ) 5– σ 3–

d+( )
2

–
≥

Ë δ ≤ 2–100τβ1β2.

íÓ„‰‡ ÒÛ˘ÂÒÚ‚Û˛Ú ÏÌÓÊÂÒÚ‚Ó ÅÓ‡ Λ' = Λ(θ',
ε', N'), θ' ∈  TD, D ≤ 230(τβ1β2)–5σ–3 + d, ε' ≥ (2–10ε)Dε0,
N' ≥ (2–10ε)DN, Ë ˆÂÎ˚È ‚ÂÍÚÓ t = (t1, t2), Ú‡Í ˜ÚÓ
‰Îfl ÏÌÓÊÂÒÚ‚  = (E1 – t1) ∩ Λ',  = (E2 – t2) ∩ Λ',

E' =  ×  ‚˚ÔÓÎÌÂÌÓ:

1) |E'| ≥ ;

2) ,  fl‚Îfl˛ÚÒfl (σ, ε)-‡‚ÌÓÏÂÌ˚ÏË ÔÓ‰-
ÏÌÓÊÂÒÚ‚‡ÏË Λ';

3) δE'(A – ) ≥ δ + .

3. ë ı Â Ï ‡  ‰ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ ‡  Ú Â Ó  Â Ï ˚
3. ëÎÂ‰Û˛˘‡fl ÎÂÏÏ‡ 2 ÔËÌ‡‰ÎÂÊËÚ Å.ÉËÌÛ.

ã Â Ï Ï ‡  2. èÛÒÚ¸ N – Ì‡ÚÛ‡Î¸ÌÓÂ ˜ËÒÎÓ,
ÏÌÓÊÂÒÚ‚Ó A ⊆  [–N, N]2, |A| = δ(2N + 1)2 ÌÂ ÒÓ‰ÂÊËÚ
ÚÓÂÍ ‚Ë‰‡ {(k, m), (k + d, m), (k, m + d)} Ò d > 0 ‚
ÒÚ‡Ì‰‡ÚÌÓÏ ·‡ÁËÒÂ (1, 0), (0, 1).

íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó A1 ⊆  A,
˜ÚÓ 

1) |A1| ≥  Ë

2) A1 ÌÂ ÒÓ‰ÂÊËÚ ÚÓÂÍ ‚Ë‰‡ {(k, m), (k + d, m),
(k, m + d)} Ò d ≠ 0.

é·˙Â‰ËÌËÏ ‰Îfl Û‰Ó·ÒÚ‚‡, ÚÂÓÂÏÛ 5 Ë ÔÂ‰ÎÓ-
ÊÂÌËÂ 1 ‚ Ó‰ÌÓ.

è  Â ‰ Î Ó Ê Â Ì Ë Â  2. èÛÒÚ¸ Λ = Λ(θ, ε0, N) – ÌÂ-
ÍÓÚÓÓÂ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡, θ ∈  Td Ë ̂ ÂÎ˚È ‚ÂÍÚÓ
s = (s1, s2). èÛÒÚ¸ E1, E2 – ÌÂÍÓÚÓ˚Â ÏÌÓÊÂÒÚ‚‡
Ei = βi|Λ|, i = 1, 2, β = β1β2, E = E1 × E2 – ÔÓ‰ÏÌÓÊÂ-
ÒÚ‚Ó (Λ + s1) × (Λ + s2), E1, E2 fl‚Îfl˛ÚÒfl (α0, 2–10ε2)-
‡‚ÌÓÏÂÌ˚ÏË ÔÓ‰ÏÌÓÊÂÒÚ‚‡ÏË Λ + s1, Λ + s2 ÒÓ-

ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, α0 = 2–2000δ96 , ε = .

èÛÒÚ¸ ÏÌÓÊÂÒÚ‚Ó A ⊂  E, δE(A) = δ, ÌÂ ÒÓ‰ÂÊËÚ
ÚÓÂÍ ‚Ë‰‡ {(k, m), (k + d, m), (k, m + d)} Ò d ≠ 0.
èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ

(12)

íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡  Ë Ú‡ÍÓÈ
‚ÂÍÚÓ y = (y1, y2) ∈  Z2, ˜ÚÓ ‰Îfl ÏÌÓÊÂÒÚ‚Ó  ⊆

⊆  (E1 – y1 ∩ ),  ⊆  (E2 – y2 ∩ ) ‚˚ÔÓÎÌÂÌÓ:

1) èÛÒÚ¸ | | = | |, | | = | | Ë β' = .
íÓ„‰‡ β' ≥ 2–1500δ100β.

E1' E2'

E1' E2'

β1β2τ Λ '
16

----------------------

E1' E2'

t
τ

116
---------

δ2 2N 1+( )2

4
-----------------------------

β1
48β2

48 2 100– α0
2

100d
-----------------

Nln 21 000000 2250000δ 20 000– β 200– d+( )3 1
δβε0
-----------.ln≥

Λ̃
E1'

Λ̃ E2' Λ̃

E1' β1' Λ̃ E2' β2' Λ̃ β1' β2'
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2) ,  fl‚Îfl˛ÚÒfl ( , 2–10ε'2)-‡‚ÌÓÏÂÌ˚-

ÏË, „‰Â  = 2–2000δ96β'48, ε' = , D ≤ D' =

= 2250000δ–20000β–200 + d.

3) åÌÓÊÂÒÚ‚Ó ÅÓ‡  =  Ó·Î‡‰‡ÂÚ Ò‚ÓÈ-

ÒÚ‚‡ÏË  ∈  TD,  ≥ (2–100ε'2)Dε0 Ë N ≥ (2–100ε'2)DN.

4) (A) ≥ δ + 2–600δ37.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó  Ú Â Ó  Â Ï ˚  3. èÛÒÚ¸
ÏÌÓÊÂÒÚ‚Ó A ⊆  [–N, N] ÌÂ ÒÓ‰ÂÊËÚ ÚÓÂÍ ‚Ë‰‡ {(k,
m), (k + d, m), (k, m + d)} Ò d > 0. èÓÎ¸ÁÛflÒ¸ ÎÂÏÏÓÈ 2,

Ì‡ıÓ‰ËÏ ÏÌÓÊÂÒÚ‚Ó A', A' ⊆  A, |A'| ≥ , ÌÂ

ÒÓ‰ÂÊ‡˘ÂÂ ÚÓÂÍ ‚Ë‰‡ {(k, m), (k + d, m), (k, m + d)}
Ò d ≠ 0. Ç ‰‡Î¸ÌÂÈ¯ÂÏ Ï˚ ·Û‰ÂÏ ‡·ÓÚ‡Ú¸ ÚÓÎ¸ÍÓ

Ò ˝ÚËÏ ÏÌÓÊÂÒÚ‚ÓÏ. èÛÒÚ¸ δ' = .

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ 3 ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ
ÒÎÂ‰Û˛˘ËÈ ‡Î„ÓËÚÏ. ç‡ i-Ï ¯‡„Â ·Û‰ÛÚ ÔÓÒÚÓÂ-

Ì˚ ˆÂÎ˚È ‚ÂÍÚÓ si = ( , ) Ë ÏÌÓÊÂÒÚ‚‡: Â-

„ÛÎflÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡ Λi = , ÏÌÓÊÂÒÚ‚‡

 –  ⊆  Λi,  –  ⊆  Λi, | | = |Λi|,

| | = |Λi|, βi = , Ei =  × . èË
˝ÚÓÏ ·Û‰ÛÚ ‚˚ÔÓÎÌÂÌ˚ ÛÒÎÓ‚Ëfl.

1) βi ≥ 2–1500δ'100βi – 1;

2) ,  fl‚Îfl˛ÚÒfl ( , 2–10( )2)-‡‚ÌÓ-

ÏÂÌ˚ÏË,  = 2–2000δ'96 ,  = ;

3) Λi = ,  ∈  , di ≤ 2250000δ'–2000  +

+ di – 1, εi ≥ (2–100( )2 δi – 1, Ni ≥ (2–100( )2 Ni – 1;

4) (A') ≥ (A') + 2–600δ'37.

èÓÒÎÂ ˝ÚÓ„Ó ÔÂ‰ÎÓÊÂÌËÂ 2 ‰‡ÂÚ Ì‡Ï ÌÓ‚˚È

‚ÂÍÚÓ si + 1 = ( , ) ∈  Z2 Ë ÏÌÓÊÂÒÚ‚‡: Â„Û-

ÎflÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡ Λi + 1 = , ÏÌÓ-

ÊÂÒÚ‚‡  –  ⊆  Λi + 1,  –  ⊆  Λi + 1,

| | = |Λi + 1|, | | = |Λi + 1|, βi + 1 =

= , Ei + 1 =  × , Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ
ÛÒÎÓ‚ËflÏ 1–4.

èÓÎÓÊËÏ θ0 = {0}, Λ0 =  Ë E1 = E2 = [–N,
N], β0 = 1. ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó ÅÓ‡ Λ0

fl‚ÎflÂÚÒfl Â„ÛÎflÌ˚Ï, ‡ ÏÌÓÊÂÒÚ‚Ó E1, E2 (2–2000δ'96,
2–10000δ'400)-‡‚ÌÓÏÂÌ˚ÏË. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÌÛÎÂ-
‚ÓÈ ¯‡„ ‡Î„ÓËÚÏ‡ ÔÓÒÚÓÂÌ.

E1' E2' α0'

α0'
2 100– α0

'2

100D'
------------------

Λ̃ Λθ̃ ε̃ Ñ, ,

θ̃ ε̃
δE1' E2'×

δ2

4 2N 1+( )2
---------------------------

δ2

4
-----

si
1( ) si

2( )

Λθi εi Ni, ,

Ei
1( ) si

1( ) Ei
2( ) si

2( ) Ei
1( ) βi

1( )

Ei
2( ) βi

2( ) βi
1( )βi

2( ) Ei
1( ) Ei

2( )

Ei
1( ) Ei

2( ) α0
i( ) εi'

α0
i( ) βi

48 εi'
2 100– α0

i( )( )2

100di

--------------------------

Λθi εi Ni, , θ̃ T
di βi 1–

200–

εi' )
di εi' )

di

δEi
δEi 1–

si 1+
1( ) si 1+

2( )

Λθi 1+ εi 1+ Ni 1+, ,

Ei 1+
1( ) si

1( ) Ei 1+
2( ) si 1+

2( )

Ei 1+
1( ) βi 1+

1( ) Ei 1+
2( ) βi 1+

2( )

βi 1+
1( ) βi 1+

2( ) Ei 1+
1( ) Ei 1+

2( )

Λθ0 1 N, ,

éˆÂÌËÏ Ó·˘ÂÂ ˜ËÒÎÓ ¯‡„Ó‚ ‡·ÓÚ˚ Ì‡¯Â„Ó
‡Î„ÓËÚÏ‡. èÎÓÚÌÓÒÚ¸ (A') Ì‡ i-Ï ¯‡„Â Ò‚flÁ‡Ì‡

Ò ÔÎÓÚÌÓÒÚ¸˛ (A') ÒÓÓÚÌÓ¯ÂÌËÂÏ ÛÒÎÓ‚Ëfl 4.

èÓÒÍÓÎ¸ÍÛ ‰Îfl Î˛·Ó„Ó i ‚˚ÔÓÎÌÂÌÓ (A') ≤ 1, ÚÓ,
Í‡Í ÎÂ„ÍÓ Û·Â‰ËÚ¸Òfl, ˜ËÒÎÓ ¯‡„Ó‚ ‡Î„ÓËÚÏ‡ ÌÂ
ÏÓÊÂÚ ·˚Ú¸ ·ÓÎ¸¯Â 2700δ'–36 = K.

ìÒÎÓ‚ËÂ 3 ‚ÎÂ˜ÂÚ ÓˆÂÌÍÛ βi ≥ (2–1500δ'100)i, ÓÚÍÛ-

‰‡ di ≤ (C1δ , „‰Â C1,  > 0 – ÌÂÍÓÚÓ˚Â ‡·ÒÓ-
Î˛ÚÌ˚Â ÍÓÌÒÚ‡ÌÚ˚.

óÚÓ·˚ ÚÂÓÂÏ‡ ·˚Î‡ ÔÓÎÌÓÒÚ¸˛ ‰ÓÍ‡Á‡Ì‡, Ì‡Ï
ÌÂÓ·ıÓ‰ËÏÓ ÔÓ‚ÂËÚ¸ ÌÂ‡‚ÂÌÒÚ‚Ó (12) Ì‡ ÔÓ-
ÒÎÂ‰ÌÂÏ ¯‡„Â ‡Î„ÓËÚÏ‡. àÒÔÓÎ¸ÁÛfl Ò‚ÓÈÒÚ‚Ó 3
‡Î„ÓËÚÏ‡, Ì‡ıÓ‰ËÏ

„‰Â C2, C3, C4 > 0 – ÌÂÍÓÚÓ˚Â ‡·ÒÓÎ˛ÚÌ˚Â ÍÓÌ-
ÒÚ‡ÌÚ˚. ë‡ÏÓ ÛÒÎÓ‚ËÂ (12) Á‡ÔËÒ˚‚‡ÂÚÒfl ÔÓıÓÊËÏ
Ó·‡ÁÓÏ:

„‰Â , ,  > 0 – ‰Û„ËÂ ‡·ÒÓÎ˛ÚÌ˚Â ÍÓÌÒÚ‡ÌÚ˚.
ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ì‡Ï Ì‡‰Ó ÔÓ‚ÂËÚ¸ ÌÂ‡‚ÂÌÒÚ‚Ó

(13)

„‰Â , , , C' > 0 – ‡·ÒÓÎ˛ÚÌ˚Â ÍÓÌÒÚ‡ÌÚ˚.
èÓ ÛÒÎÓ‚Ë˛ ÚÂÓÂÏ˚

éÚÒ˛‰‡

Ë ÌÂ‡‚ÂÌÒÚ‚Ó (13) ‚˚ÔÓÎÌÂÌÓ. áÌ‡˜ËÚ, ÏÌÓÊÂÒÚ-
‚Ó A' ÒÓ‰ÂÊËÚ ÚÓÈÍÛ {(k, m), (k + d, m), (k, m + d)}
Ò d ≠ 0. èÓÚË‚ÓÂ˜ËÂ. íÂÓÂÏ‡ 3 ‰ÓÍ‡Á‡Ì‡.

á ‡ Ï Â ˜ ‡ Ì Ë Â  2. äÓÌÒÚ‡ÌÚÛ 73 ‚ ÚÂÓÂÏÂ 3
ÏÓÊÌÓ, ÍÓÌÂ˜ÌÓ, ÌÂÏÌÓ„Ó ÛÏÂÌ¸¯ËÚ¸. íÂÏ ÌÂ ÏÂ-
ÌÂÂ, ÔÓ ÏÌÂÌË˛ ‡‚ÚÓ‡, ˝Ú‡ ÍÓÌÒÚ‡ÌÚ‡ ÌÂ ÏÓÊÂÚ
·˚Ú¸ Ò‰ÂÎ‡Ì‡ ·ÎËÁÍÓÈ Í Â‰ËÌËˆÂ ·ÂÁ ÔËÏÂÌÂÌËfl
Í‡ÍÓÈ-ÚÓ ÌÓ‚ÓÈ Ë‰ÂË.

Ä‚ÚÓ ‚˚‡Ê‡ÂÚ Ó„ÓÏÌÛ˛ ·Î‡„Ó‰‡ÌÓÒÚ¸
ç.É. åÓ˘Â‚ËÚËÌÛ Á‡ ÔÓÒÚÓflÌÌ˚È ËÌÚÂÂÒ Í ‡·Ó-
ÚÂ, ‡ Ú‡ÍÊÂ ÔÓÙÂÒÒÓÛ Å. ÉËÌÛ Á‡ ÔÓÎÂÁÌ˚Â Á‡-
ÏÂ˜‡ÌËfl Ë Ë‰ÂË.

ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÔÓ‰‰ÂÊÍÂ êîîà
(„‡ÌÚ 02–01–00912), „‡ÌÚ‡ çò-136.2003.1 Ë IN-
TAS („‡ÌÚ 03–51–5070).

δEi

δEi 1–

δEi

)
Ci'i–

C1'

NK C2δ( )
C3δ

C4K–

N ,≥

NK C2' δ( )
C3' δ

C4' K–
–

,≥

C2' C3' C4'

N C2''δ( )
C3''δ

C4''K–
–

≥ δ C'δ' 36––( ),exp=

C2'' C3'' C4''

δ � 
1

Nlnln( )1/73
---------------------------.

δ' � 
1

Nlnln( )2/73
---------------------------.
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