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Abstract: Several equivalent formulations of the additivity conjecture for constrained
channels, which formally is substantially stronger than the unconstrained additivity, are
given. To this end a characteristic property of the optimal ensemble for such a channel
is derived, generalizing the maximal distance property. It is shown that the additivity
conjecture for constrained channels holds true for certain nontrivial classes of channels.
After giving an algebraic formulation for Shor’s channel extension, its main asymptotic
property is proved. It is then used to show that additivity for two constrained channels
can be reduced to the same problem for unconstrained channels, and hence, “global”
additivity for channels with arbitrary constraints is equivalent to additivity without con-
straints.

1. Introduction

In the recent paper [14] Shor gave arguments which show that conjectured additivity
properties for several quantum information quantities, such as the minimal output entropy,
the Holevo capacity (in what follows y -capacity) and the entanglement of formation are
in fact equivalent. An important new tool in these arguments is the construction of a
special extension ® for an arbitrary channel ® which has desired properties lacking for
the initial channel. In this paper we show that this extension allows us to deal with the
additivity conjecture for quantum channels with constrained inputs. Introducing input
constraints provides greater flexibility in the treatment of the additivity conjecture. In a
sense, Shor’s channel extension plays a role of the Lagrange function in optimization for
the additivity questions. On the other hand, while [14] deals with the “global” additivity,
i.e. properties valid for all possible channels, in this paper we make emphasis on results
valid for individual channels.

We start with giving several equivalent formulations of the additivity conjecture for
constrained channels (Theorem 1), which formally is substantially stronger than the
unconstrained additivity. To this end a characteristic property of the optimal ensemble
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for such a channel is derived (Proposition 1), generalizing the maximal distance property
[11]. It is shown that the additivity conjecture for constrained channels holds true for
certain nontrivial classes of channels (Proposition 2). After giving an algebraic formu-
lation for Shor’s channel extension [14], its main property (Proposition 3) is proved. It
is then used to show that additivity for two constrained channels can be reduced to the
same problem for unconstrained channels, and hence, global additivity for channels with
arbitrary constraints is equivalent to global additivity without constraints (Theorem 2
and corollaries).

Further results in this direction can be found in [4], on which the present paper is
based.

2. Basic Quantities

Let H, H' be finite dimensional Hilbert spaces and let ® : S(H) — & (H') be a channel,
where G(H) denotes the set of states (density operators) in H. Let {r;} be a finite prob-
ability distribution and {p;} a collection of states in & (), then the collection {r;, p;}
is called an ensemble, and p,y = Y, m; p; is its average.

An important entropic characteristic of the ensemble is defined by

xo (i, pi}) = H <Zm<b (,Oi)) — > mH (@ (p), (1

where H (-) is the von Neumann entropy. Following [6], we denote
Xo(p) = max xo({mi, pi}).
Notice that

xa(p) = H (® (p)) — Ho (p) , 2)

where

Ho (p) = min 3 7 H (P (p0))

The function I:Iq> (p) is the convex closure [5, 1] (or the convex roof, cf. [15]) of the
output entropy H (O (p)) , which is a continuous concave function. The function I:Iq> (p)
is a natural generalization of the entanglement of formation and coincides with it when
the channel & is a partial trace. The continuity of I:I¢ (p) follows from the MSW corre-
spondence [6] and the continuity of the entanglement of formation [7]. Thus the function
xo(p) (briefly x -function) is itself continuous and concave on S (H).

Consider the constraint on the ensemble {r;, p;} defined by the requirement p,, € A,
where A is a closed subset of G(H). A particular case is linear constraint, where the
subset A’ is defined by the inequality TrAp,, < « for some positive operator A and a
number « > 0. Define the x-capacity of the A-constrained channel ® by

C(d; A) = max xo(p) = max xo({mi, pi)- A3)

PE Pav €

In case of the linear constraint A’ we also use the notation C(®: A, a). Note that the
x -capacity for the unconstrained channel is C(®) = C(®; S(H)).
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Lemma 1. For arbitrary channel ® : G(H) v S(H') and arbitrary density opera-
tor po of full rank there exists a positive operator A < Iy in B(H) such that pg is the
maximum point of the function x ¢ (p) under the condition TrAp < «, wherea = TrApy.

The statement of the lemma is intuitively clear, but its proof (see Appendix, I) requires
an argument from the convex analysis due to the fact that the function x¢(p) may not
be smooth.

3. Optimal Ensembles

An ensemble {r;, p;} on which the maximum in (3) is achieved is called an optimal
ensemble for the A -constrained channel ®. The following proposition generalizes the
maximal distance property of optimal ensembles for unconstrained channels [11].

Proposition 1. Let A be a closed convex set. The ensemble {rw;, p;} with the average
state pay € A is optimal for the A -constrained channel ® if and only if

Y wiH@ @) P (oa)) < xolmi, pi})
J

for any ensemble {11, w;} with the average wyy € A, where H(-||-) is the relative
entropy.

Proof. The proof generalizes the argument in [11] by considering variations of the initial
ensemble involving not a single component but the whole ensemble.

Let {m;, p;}!_; and {u;, w; };'.1=1 be two ensembles with the averages p,y and w,y
contained in .A. Consider the variation of the first ensemble by mixing it with the second
one with the weight coefficient . The modified ensemble

T ={1—=mmip1, ... 1 = DTppp, NUIOT, .., MmO}

has the average o = (1= 1) pay + Nway € A (by convexity). Using the relative entropy
expression for the quantity (1), we have

n m
Xo (Z7) = A =m) Y mH@E)P(R)) +n Y wiH@@)IP(L).  4)
i=1 j=1
Applying Donald’s identity [11, 12] to the original ensemble we obtain
n
D mH@ )P (pR) = xa(Z%) + H(D(0u) D ().
i=1

Substitution of the above expression into (4) gives

xo (Z7) = xo(Z%) + (1 — ) H(®(pay) P (p1))

0 | D i H@ @) () — xe(E°) | - )
j=1
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Applying Donald’s identity to the modified ensemble we obtain

A=) Y w H@ )P (o)) + 1 Y it H(® (@)D (0w))
i=1 Jj=1

= xo (") + H(@ (o) | P (pav)),

and hence

xo (27) = xo (2°) = H@ @)1 (pw)

1| 3w H@ @190 = 2o (£°) | (©)
j=I

Since the relative entropy is nonnegative, the expressions (5) and (6) imply the following
inequalities for the quantity Axe = xo (£7) — X (EO):

. [Zl 1 H@ @) D) — Ko (EO)}
J=
<Axo < 7

n [f 1 H(® (@) | ®(pay)) — Xo» (20)} :

j=1

Now the proof of the proposition is straightforward. If

> i H@ @)@ (pu) < xo (2°)

J

for any ensemble {u;, w;} of states in &( H) with the average wyy € A, then by the
second inequality in (7) with n = 1 we have

xoij o) = xe(=" = xo (2°) = xo(lmi, o).

which means optimality of the ensemble {7;, p;}.
To prove the converse, suppose {r;, p;} is an optimal ensemble and there exists an
ensemble {u;, w;} such that

> i H@@)I9(0w) > xo (=°).
J

By continuity of the relative entropy, there is > 0 such that

> i H@ @I el) > xo (zO) .
J

By the first inequality in (7), this means that xo (") > xo (Z°) in contradiction with
the optimality of the ensemble {r;, p;} O
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Corollary 1. Let p,y be the average of an optimal ensemble for the A-constrained chan-
nel ®, then

C(®; A) = xo(pay) > xa(p) + H(@(0)|P(pay)), ¥p € A.

Proof. Let {r;, p;} be an arbitrary ensemble such that ) ", 7; p;=p € A. By Proposition 1

Y mH(@ (o) 19 (par)) < X (Pav)-

1

This inequality and Donald’s identity,

ZﬂiH(q)(pi)H@(pav)) = xomi, pi}) + H(P ()| P (pav)),

1

complete the proof. 0O

4. Additivity for Constrained Channels

Let ¥ : &(K) > &(K') be another channel with the constraint, defined by a closed
subset 5 C &(K). For the channel ® ® W we consider the constraint defined by the

requirements 0.5 := Tricoa € A and o,y = Try0a € B, where o,y is the average

state of an input ensemble {u;, 0;}. The closed subset of G (H ® K) defined by the above
requirements will be denoted A ® 5.
We conjecture the following additivity property for constrained channels

C(O®RV; AR B) =C(®; A)+ C(V; B). ®)

The usual additivity conjecture for unconstrained channels is obtained by setting A =
S(H), B=6(K).
Theorem 1. Let ® and \V be fixed channels. The following properties are equivalent:
(i) equality (8) holds for arbitrary closed A and B;
(ii) equality (8) holds for arbitrary linear constraints Al and B!;
(iii) for arbitrary o € G(H ® K)
Xoew (@) < xo(@®) + xw(¥); ©)
(iv) for arbitrary o € S(H ® K)
Hogw(0) > Hp(0®) + Hy(aY). (10)

These are also equivalent to the corresponding additivity properties of y¢ and Ho

for tensor product states. By using the MSW correspondence, the case of Hg can be
reduced to entanglement of formation, for which this was established in [14, 10].

Proof. (i) = (ii) is obvious. (ii) = (i) can be proved by double application of the
following lemma.

Lemma 2. The equality (8) holds for fixed closed B and arbitrary closed A if it holds for
the set B and an arbitrary linear constraint A', defined by the inequality TrAp < o with
a positive operator A and a number a such that there exists a state p’ with TrAp’ < a.
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Proof. Assume that the equality (8) holds for the set B and arbitrary set A, satisfying
the above condition. It is sufficient to prove that

Xoaw () < xo(0®) + C(¥; B) (11)

for any 0 € &(H ® K) such that o¥ € B. Due to continuity of the x -function, it
is sufficient to prove (11) for a state o with partial trace 0 ® of full rank. For the state
o® we can choose a positive operator A in B(7) in accordance with Lemma 1. Let
Al = {p € 6(H)|TrAp < a = TrAc ®}. The full rank of o ® guarantees the existence
of a state p’ such that TrAp’ < a = TrAc®. Let w be the average state of the optimal
ensemble for the B-constrained channel . Due to the above assumption the state 0 ® @ w
is the average state of the optimal ensemble for the Al ® B-constrained channel ® ® W.
But it is clear that this ensemble will also be optimal for {0 ®} ® B-constrained channel
® ® ¥ and, hence, (11) is true. O
(i) = (iv). Fix the states p and w and take A = {p}, B = {w}, then (8) becomes

C(P®V; (p)® {w) = C(®; {p}) + C(¥; {}). 12)

This implies existence of unentangled ensemble with the average p ® w, which is optimal
for the {p} ® {w} -constrained channel ® ® V. By Corollary 1 we have

xow(p @ ®) = xo(p) + xw(@) = xogw(0) + H(P ® V) (0)||P(p) ® ‘1’(60))3
13)

for any state 0 € G(H) ® &(K) such that c® = p and 0¥ = w. Note that
H({(®QW)(0)[P(p) ® V(w) = H(P(p)) + HWV(0) — H(PQ W)(0)). (14)

The inequality (13) together with (14) and (2) implies (10).

(iv) = (iii) obviously follows from the definition of the x -function and subaddi-
tivity of the (output) entropy.

(iii) = (i). From the definition of the y-capacity and (9),

C(@®¥; A®B) < C(®;4) +C(¥; B).
Since the converse inequality is obvious, there is equality here.

Remark 1. The additivity of the x —capacity for arbitrarily constrained channels is for-
mally substantially stronger than the usual unconstrained additivity. Indeed, the latter
holds trivially for channels that are (unconstrained) partial traces, but the additivity for
constrained partial traces, by the MSW correspondence, would imply validity of the
global additivity conjecture.

The following proposition implies that the set of quantum channels satisfying the
properties in Theorem 1 is nonempty. We shall use the following obvious statement

Lemma 3. Let {CIDJ-}’}.:1 be a collection of channels from G(H) into &G(H;), and let

{q; ’]1-:1 be a probability distribution. Then for the channel ® = @;Zl q;jP; from
6(H) into S(P';-, ;) one has

xo (pi mi) =Y qjxe; (pi, 7)) -

j=1
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We shall call ® the direct sum mixture of the channels {® ; };'.:1 .

Proposition 2. Let W be an arbitrary channel. The inequality (9) holds in each of the
following cases:

(i) ® is a noiseless channel;
(ii) ® is an entanglement breaking channel;
(iii) ® is a direct sum mixture of a noiseless channel and a channel ®( such that (9)
holds for ®y and V (in particular, an entanglement breaking channel).

An obvious example of a channel of the type (4i7) is the erasure channel.

Proof. (1) The proofis a modification of the proof in [3] of the “unconstrained” additivity
for two channels with one of them noiseless, based on the Groenevold-Lindblad-Ozawa
inequality [9]

H(c) =) pjH(o)), (15)

J

where o is a state of a quantum system before von Neumann measurement, o; — the
posterior state with the outcome j and p; is the probability of this outcome.

Let ® = Id be the noiseless channel and let p be an arbitrary state in & (7). We want
to prove that

CU® VY, {p}®{w}) = Cdd, {p}) + C(¥, {o}) = H(p) + xu(w).  (16)

Let {1;, 0;} be an ensemble of states in S(H ® ) with ) _; u,-afb =p,),; uiai‘l’ =ow.
By subadditivity of quantum entropy

Xidow (i, o)) = HIA @ (Y pioi) — Y puiH(Id ® ¥(07))

< H(p)+ HW (@) - Y niH(1d ® ¥(0)). (17)

1

Consider the measurement, defined by the observable {|e;)({e;| ® Ix}, where {|e;)} is
an orthonormal basis in H. By (15) we obtain

H1d® W) = ) pijH(¥(oy))), foralli,
7

where p;; = (ejloile;) and ai‘]l.’ = pi;] lej){ejl ® I - o; - |ej)(ej| ® Ix. Note that
2 Di jcr,.‘jl.’ =o0" and ), i HiDi jol.‘}’ = w. This and the previous inequality show that
the last two terms in (17) do not exceed xw ({i4; pij, al.‘f.’}) and, hence, xy (w). With this
observation (17) implies (16) and hence the proof is cbmplete.

(72) See [13] where the additivity conjecture for two unconstrained channels with one
of them entanglement breaking was proved. In the proof of this theorem the subadditivity
property of the x -function was in fact established. We can also deduce the subadditivity
of the y-function from the unconstrained additivity with the help of Corollary 2 (see
Sect. 5 below). One should only verify that entanglement breaking property of a channel
implies a similar property of Shor’s extension for that channel.
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(#) Let &4 = ¢gld & (1 — q)Po. For an arbitrary channel ¥ we have &, @ ¥ =
qId @ ¥) & (1 — q)(Py ® V). By using Lemma 3 and subadditivity of the functions
Xidew and Xo,@w,

Xo,0w(0) < gx1dew(0) + (1 — ) xoyew(0)
<qxu@®) +gxw@”) + (1 = Pxay@®) + (1 —g)xw(c?)
=qH@©@®) + (1 = xoy@®) + xw (@) = x0,(@®) + xw (™),

where the last equality follows from the existence of a pure state ensemble on which the
maximum in the definition of xg, (0®) is achieved. O

5. Shor’s Channel Extension

Let @ be a channel from &(H) to &(H'), and let E be an operator in B(H),0 < E < I.
Letg € [0;1]andd € N = {1,2,...}. Shor’s channel extension ® with probability
1 — g acts as the channel ® and with probability ¢ makes a measurement in A with
the outcomes {0, 1} corresponding to the resolution of the identity {E L E } , Where we
denote E+ = I — E. If the outcome is 1, then log d classical bits are sent to the receiver,
otherwise — a failure signal [14]. Later ¢ will tend to zero while d — to infinity, such that
q logd = X will be constant. The channel @ will then mostly act on input states p as P,

at the same time rarely sending a lot of classical information at the rate proportional to
the value Trp E, which to some extent explains its relation to the capacity of the channel
@ with constrained inputs to be explored in this section.

Translating the definition into algebraic language, consider the following channel
<I>(E g, d), which maps states on B(H) ® C¢ into states on B(H') ® C4t!, where C?
is the commutative algebra of complex d-dimensional vectors describing a classical sys-
tem. By using the isomorphism of B8(H) ® C? with the direct sum of d copies of B (),
any state in B(H) ® C? can be represented as an array {p j}‘j: | of positive operators

in B(H) such that Tr Z?:l pj = 1. The action of the channel 5(E ,q,d) on the state
0= {,oj}‘jj,=1 with p = Z?:l p; is defined by

B(E,q,d) D) = (1 — ) Po(D) ® ¢®1 (D),

where ®g(p) = ®(p) € S(H) and ®(p) = [TrpEL, TrpiE, ..., Trps E] € C4HL
Note that @ and @, are channels from B(H) ® C to %('H ) and to C‘H‘l correspond-
ingly. The input state space of the channel D(E, q,d) will be denoted G3.

Remark 2. More precisely, since in this paper channel means a map defined on the
algebra of all operators in the input Hilbert space, the action of d>(E q,d) should
be extended correspondingly. Then C? is considered as the algebra of diagonal matri-
ces acting in d—dimensional Hilbert space H,, and the input algebra of the channel
B(H)®C? C B(H®MHq), while the output algebra B(H) & CI ! € B(H & Har).
The actlon of dD(E ¢, d) can then be naturally extended to the whole of B(H ® Hy)
by letting ® vanish on the elements A ® B, where A € B (H) and B is any matrix with
zeroes on the diagonal, acting in Hy. This is described in [14] by saying that the first
action of CD(E g, d) is to make a measurement in the canonical basis of H,.
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Proposition 3. Let ¥ : §(K) S(K") be an arbitrary B-constrained channel. Con-
sider the channel CD(E q,d) @ V. Then

C_'(a(E, q,d) V¥, 65 ® B) — max B[(l — @) xogv(o)+qglogdTro(E ® I;C)]

o:Trpo €
< g(logdim K"+ 1).
Proof. Due to the representation
BE,q.d)@V=(>1-9)(P@¥)®q(P V), (18)

Lemma 3 reduces the calculation of the quantity xg g , 4)gw for any ensemble of input
states to the calculation of the quantities x¢o,ow and x¢,gw for this ensemble.
Note that any state & in B(H) ® C? ® B(K) can be represented as an array {o; }4

of positive operators in sB(H ® K) such that Tr Z j=10j = l.Denote by § (o) the array

& with the state o in the j position and with zeroes in other places.

It is known that for any channel there exists a pure state optimal ensemble [11] and
that the image of the average state of any optimal ensemble is the same (this follows
from Corollary 1). These facts and symmetry arguments imply existence of an optimal
ensemble for the channel <I>(E g, d) ® ¥ consisting of the states 5; ; = §;(0;) with the

probabilities ft; j = d~ Yiui, where {u;, 0;} is an ensemble of states in G(H ® K) (cf.
[14]). Let 0ay = Zi,j Wi joi,j and oy = Y _; io; be the averages of these ensembles.

Note that 6,y = [d L oay, ..., d Low].
The action of the channel ®¢ ® V¥ on the state ¢ = [o ]]jl with o = Zle o; 18
PRV (©G) =P V(o).
Hence @ ® ¥(0;,j) = ® @ ¥(0;) and
xooew ({Ii,j, 0, ;) = xoew({i, 0i}). (19

Let us prove that

xoow (i, j, 01,1 = logdTroa (E ® Ix) + fE {1, oi}), (20)
where 0 < ff ({ui, 0:i}) <logdim K’ + 1. Itis easy to see that the action of the channel
®| ® W on the state & = [oj];i with o = Zflzl o is

Q1 ®V(©) = [Vgi(0), VE(01), .., VE(0Q)],

where W4 (1) = Try (A ® Ixc)(Id ® W)(+) is a completely positive trace-nonincreasing
map from B(H ® K) into B( K'), (A = E, EL, and Id is the identity map on & (H)).
Therefore,

H(® ® V(G ;) = HWei(0) + HWEg (o)), (21)
and
D Q W(0a) = Zﬁi,;@ Q ¥ (0;,))
i,J
= [Wpi(0w), d "WE(0Ow), ..., d "W (ow)].
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Due to this
H(® ® W(Gay)) = logd TrWe(oay) + H(WE(0ay)) + H(W gL (0w)). (22)
Using (21), (22) and TrVg (o) = Tro (E ® Ix), we obtain

X<I>1®\D({ﬁi,ja 31]}) =logd Troa (E ® Ixc) + H(WE(oay)) + H(\IJEL (oav))
— Y wi(H(WE(0)) + H(WL(0))

1

= logdTroa (E ® Ic) + xwg (i 0i}) + xw, . (i, 0i}). (23)

Using the inequalities 0 < H(S) < TrS(logdim H — log TrS) for any positive operator
S € B(H), and ha(x) = xlogx + (1 — x) log(1 — x) < 1, it is possible to show that

fo Quis 0i) = xwp (i, 0i}) + xw,, ({pin 0i) <logdimK'+ 1, (24)

hence we obtain (20).
Lemma 3 with (19) and (20) imply

X&(E.q.00w (i), 01,
= (1 = @) xopev ({1, j. 0i,j}) + g xo,0v ({iLi, ;. 01.;})
= (1 — @) xoew {1, o)) + qlogdTrow (E ® I) + qfE (ui, 0i}).

The last equality with (24) completes the proof. O

Theorem 2. Let @ : G(H) — S(H) and ¥ : &(K) — &(K') be arbitrary channels
with the fixed constraint on the second one defined by a closed set B. The following
statements are equivalent:

(i) The additivity (8) holds for the A-constrained channel ® with arbitrary closed
A € 6(H) and the B-constrained channel W, R

(ii) The additivity holds asymptotically for the sequence of the channels {®(E, 1./ logd,
d)}ieN with arbitrary operator 0 < E < I and arbitrary nonnegative number )\
(without constraints) and the B-constrained channel WV, in the sense that

lim C(®(E,1/logd,d) @V, S5 ® B)
d—+o00

= lim C(®(E,r/logd,d)) + C(¥, B).
d——+o00
Proof. Note, first of all, that for an operator 0 < E < [ and a number A > 0 Proposition
3 implies

lim C(®(E,7/logd,d)) = max[xe(p) + ATrpE] (25)
d—+o0 14

and

lim C(®(E,r/logd,d) @V, S5 ®B) = max
d——+00

+ATro(EQ I
g;TngeB[X‘b@“’(“) o ©)]

(26)

correspondingly.
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Begin with (i) = (i7). Suppose that there exist an operator 0 < E < [ and a number
A > 0 such that (ii) does not hold for the sequence ®(E, A/logd, d) and the channel
W, Due to (25) and (26) this means that

max [xesw(0) +2Tro(E® Ix)] > max [xe(p) + ATepE] + C(¥. B). (27)
g.:0*€

Let 0 be a maximum point in the left side of the above inequality and ¢ = Tro, (EQIx).
By the statement (7) the additivity holds for the channel ® with the constraint Trp E 1<
1 — « and the B -constrained channel W. So there exist such states p and w € B that
TrpE > @ and ¢ (p) + xw(®) > xoew(0x). Hence

max | xogw (o) +ATro (E ® Ix) | = xoew(ow) + ATrow(E @ Ix)
0T E

o: B[
< xo(p) + xw(w) + ATrpE

< max [xo(p) + ATrpE] + C(¥; B)

in contradiction with (27).

The proof of (ii) = (i) is based on Lemma 2. Let Al be aset defined by the inequality
TrpA < o with an operator 0 < A < I and a positive number « such that there exists
a state p’ with Trp’A < . Due to Lemma 2 it is sufficient to show that

é(cp@xy; Al®8) < C(d; AY + C(w; B). (28)

Suppose, " > " takes place in (28). Then there exists an ensemble {u;, 0;} in G(H ® K)
with the average oy, such that Tro 2 A < &, o,¢ € B and

xoow (i, 0;}) > C(@; A+ C(v; B). (29)

Let pay be the average state of the optimal ensemble for the Al-constrained channel &
so that C(®; AY) = xo(pay)-

Note that the state p,y is the point of maximum of the concave function x4 (o) with
the constraint TrpA < «. By the Kuhn-Tucker theorem (we use the strong version of
this theorem with the Slater condition, which follows from the existence of a state p’
such that Trp’A < « ) [5], there exists a nonnegative number A, such that p,y is the point
of the global maximum of the function x¢(p) — ATrpA and the following condition
holds:

MTrApa — o) = 0. (30)

It is clear that p,y is also the point of the global maximum of the concave function
xo(p) + ATrpE, where E = I — A, so that

X (p) + ATrpE < xo(pay) + ATrpE,  Vp € S(H). (€29)

Consider the sequence a(E ,A/logd, d). Assumed asymptotic additivity together with
(25) and (26) implies

max [Xq:,@\p (o) +ATro(E® I;C)] = m/a)lx [xo(p) + ATrpE] + C(V: B). (32)
Due to (30) and (31) we have
max [Xo(p) + ATtpE] = xo(pav) + ATrpay (I — A) = C(d; A + A(1 — ). (33)
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Noting that
Trow(A® Ix) = TrafV)A <a,
we have by (29)
max [xogw(0) +ATro (E ® Ix)]
o:oVeB
> xoew (Ow) + ATrog (E @ Ix) > C(@; A) + C(¥; B) + A(1 — ).

The contradiction of the last inequality with (32) and (33) completes the proof of (28),
and hence (ii) = (). O

Corollary 2. The additivity of x-capacity for Shor’s channel extensions 5(E ,q,d)
and V (F, r, e) with arbitrary pairs (E, q,d) and (F, r, e) implies its additivity for the
A-constrained channel ® and the B-constrained channel ¥ with arbitrary A C G(H)
and B C 6(K).

Proof. This is obtained by double application of theorem 2. O

Corollary 3. If the additivity holds for any two unconstrained channels then it holds for
any two channels with arbitrary constraints.

Remark 3. The statement of Corollary 3 could be also deduced by combining results of
[14] and [6], but we gave a direct proof here.

6. Additive Constraints
Let A be a positive operator in H, and let
A =AQ - - QIy+ - +IH® QA

be the corresponding operator in H®". The classical capacity of the channel ® with
inputs subject to the additive constraint

Tr,o(")A(”) <no; n=1,2,...
is shown [2] to be equal to
C(®;A,@) = lim C(®®"; A™ na)/n.
In [6] the following weak additivity property was considered:

COQV;ARIx+I®B, y) = max [C(@; A, @) +C(W; B, B)].  (34)
atp=y

where ® and W are channels with the input spaces H and X', and the corresponding
linear constraints TrpA < « and TrpB < B. It is easy to see that the additivity for the
two constrained channels in the sense (8) implies the weak additivity (34). The extension
of the latter to n channels implies

C(®®"; A" na) =nC(®; A, a),
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and hence the equality C(®; A, @) = C(®; A, ). Indeed, the function f(a) =
C(d; A, o) defined by (3) is nondecreasing and concave (see Appendix, II), whence

o [fla1)+ -+ flan)]

is achieved fora; = - = o, = .

The weak additivity conjecture for constrained channels becomes equivalent to the
additivity conjecture in the sense of this paper when this weak additivity holds true for
any two channels. Indeed, the latter implies global additivity for channels without con-
straints, from which global additivity for constrained channels follows by Corollary 3.

Needless to say, however, that in applications constraints usually arise when the
channel space is infinite-dimensional and the constraint operators are unbounded. The
finite dimensionality (implying boundedness of the constraint operators) is crucial in
this paper, and relaxing this restriction is both interesting and nontrivial problem.

7. Appendix

I. The main property underlying the proof of Lemma 1 is the concavity of the function
xo(p) on G(H). This function may not be smooth, therefore we will use non-smooth
convex analysis arguments instead of derivatives calculations.

Consider the Banach space 28, (H) of all Hermitian operators on H and the concave
extension Yo of the function ¢ to By, (H), defined by:

—~ v _ [[Trol- xe(Trpl o), p € BL(H);
xolp) = { —co, p € By (H\B..(H).

where B (H) is the convex cone of positive operators in H. The function ¥ is bounded
in a neighborhood of any internal point of B () (and, hence, by the concavity it is
continuous at all internal points of 8. ({), which are nondegenerate positive operators,
see [5], 3.2.3).

By the assumption pq is an internal point of the cone B ({). Hence, the convex
function —¥¢ is continuous at pg. Due to the continuity, the subdifferential of the convex
function —X¢ at the point pg is not empty (see [5], 4.2.1). This means that there exists a
linear function /(p) such that pg is the minimum point of the function —xo (0) — [(p).
Any linear function on B, (H) has the form I[(p) = TrAp for some A € B,(H).
Hence, pg is also the minimum point of the function —¥¢(p) under the conditions

TrAp = a = TrApp and Trp = 1. Introduce the operator A’ = %[||A||_1A + I] and the

number o’ = %[H A||~Ya+1]. The linear variety defined by the conditions TrpA = « and
Trp = 1 coincides with that defined by the conditions TrA’p = &’ and Trp = 1. There-
fore, pg is the minimum point of the function — ¢ (o) under the conditions TrA’p = o’
and Trp = 1, and, hence, pg is the maximum point of the function x4 (p) under the
condition TrA’ p = ’. By concavity of the function x¢ () it implies that pg is the max-
imum point of the function x4 (o) under the condition either TrA’p < o’ or TrA’p > o’
(see I below). By noting that 0 < A’ < I and setting A and « to be equal to A" and o’ in
the first case and to / — A" and 1 — o in the second, we complete the proof of Lemma 1.
IL. If F(x) is a concave continuous function and /(x) is a linear function on a compact
convex subset of a finite dimensional vector space, then the function

f(@) = max F(x)

x:l(x)=a
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is concave. Indeed, assume f(«) is not, then there exist a1,  such that f (%) <
% [f(x1) + f(a2)]. Let x; be points at which the maxima are achieved, i. e. [(x;) = «;
and f(o;) = F(x;), then [(352) = 222 and F(1E2) < F(A32) < J[F(x)+
F(x2)], which contradicts the concavity of F. A similar argument applies to the functions
S+ (o) = max,.j(x)<a F(x)and f_ (o) = max,.;x)>« F (x) which are thus also concave.

With the same definitions one has either f(«¢) = fy(a) or f(e) = f_(x), for
otherwise there exist x1, x2 such that

I(x1)) <a; Fx) > f@); [(x)>a; F2)> f(a).

Then taking A = 1(;(;)2% onehas 0 < A < 1,/(Ax; + (1 — A)xp) = « and

Fxi + 0 =Mx2) < fla) < AF(x) + 1 =2 F(x2),

contradicting the concavity of F.
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