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Abstract: A general method for proving continuity of the von Neumann entropy on
subsets of positive trace-class operators is considered. This makes it possible to re-
derive the known conditions for continuity of the entropy in more general forms and to
obtain several new conditions. The method is based on a particular approximation of the
von Neumann entropy by an increasing sequence of concave continuous unitary invari-
ant functions defined using decompositions into finite rank operators. The existence of
this approximation is a corollary of a general property of the set of quantum states as a
convex topological space called the strong stability property. This is considered in the

first part of the paper.
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1. Introduction

The set of quantum states — density operators in a separable Hilbert space — plays the
central role in analysis of general infinite dimensional quantum systems. One of the
technical problems in this analysis is related to noncompactness of the set of quantum
states and nonexistence of inner points of this set considered as a closed convex subset
of the separable Banach space of all trace-class operators. Another technical problem
consists in discontinuity and unboundedness of basic characteristics of quantum states
such as the von Neumann entropy, the relative entropy, etc. The above problems can
be partially overcome by using two special properties of the set of quantum states con-
sidered in detail in the first part of [25]. The first of them can be considered as a kind
of “weak compactness” since it provides generalization to the set of quantum states of
several results well known for compact convex sets (see Sect. 2) while the second one
called the stability property reveals the special relation between the topology and the
convex structure of the set of quantum states (see Subsect. 3.1). These two properties
provide the foundation of analysis of continuity of several important characteristics of
quantum systems and quantum channels (see [25] and the references therein).

In this paper we prove a stronger version of the stability property of the set of quan-
tum states naturally called strong stability and consider its applications concerning the
problem of approximation of concave (convex) functions on the set of quantum states
and providing a new approach to analysis of continuity of such functions.

The main application of the strong stability property considered in this paper is the
development of a method of proving continuity of the von Neumann entropy. In infinite
dimensions the von Neumann entropy is a nonnegative concave lower semicontinuous
function on the set of quantum states taking the value +0c on a dense subset of this set.!
Nevertheless the von Neumann entropy has continuous bounded restrictions to some
important subsets of quantum states, for example, to the set of states of the system of
quantum oscillators with bounded mean energy. Since continuity of the entropy is a
very desirable property in analysis of quantum systems, various sufficient continuity
conditions have been obtained up to now. The earliest among them seems to be Simon’s
dominated convergence theorems presented in [26] and widely used in applications (the
generalized forms of these theorems are presented in Corollary 4). Another useful con-
tinuity condition originally appeared in [29] (as far as I know) and can be formulated
as continuity of the entropy on each subset of states characterized by bounded mean
value of a given positive unbounded operator with discrete spectrum provided that its
sequence of eigenvalues has a sufficient rate of increase (see Example 1). Some special
conditions of continuity of the von Neumann entropy are considered in [24]. It turns
out that the strong stability property of the set of quantum states (more precisely, the
approximation technique based on this property) provides a new method of proving con-
tinuity of the von Neumann entropy on a set of quantum states based on the established
relation between this property and the special uniform approximation property of this
set defined via the relative entropy. Well known results concerning the relative entropy
make it possible to show conservation of the uniform approximation property under
different set-operations, which implies roughly speaking “preservation of continuity” of
the entropy under these set-operations.

The proposed method makes it possible to re-derive the known conditions of conti-
nuity of the von Neumann entropy mentioned above (in the more general forms) and to

I Moreover, the set of states with finite entropy is a first category subset of the set of all quantum states
[29].
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obtain the several new (as far as [ know) conditions which seems to be useful in analysis
of quantum systems.

2. Preliminaries

Let H be a separable Hilbert space, B () — the Banach space of all bounded operators
in H with the operator norm || - ||, ¥(H) — the Banach space of all trace-class operators
in H with the trace norm || - |1, containing the cone T, (H) of all positive trace-class
operators. The closed convex subsets

TI(H) ={AeZT (H)|TrA <1} and 6(H) ={A € TL.(H) |TrA =1}

are complete separable metric spaces with the metric defined by the trace norm. Oper-
ators in G(H) are denoted p, 0, w, ... and called density operators or states since each
density operator uniquely defines a normal state on 8 (H) [3].

In what follows A is a subset of the cone of positive trace-class operators.

We denote by cl(A), co(A), o-co(A), co(A) and extr(A) the closure, the convex
hull, the o-convex hull, the convex closure and the set of all extreme points of a set .A
correspondingly [12,22].

In what follows we consider functions on subsets of T,(H) taking values in
[—o00, +00], which are semibounded (either lower or upper bounded) on these subsets.

We denote by co f and o f the convex hull and the convex closure of a function f
on a convex set A [12,22].

The set of all bounded continuous functions on a set A is denoted C(A).

The set of all Borel probability measures on a closed set .4 endowed with the topology
of weak convergence is denoted P(A). This set can be considered as a complete sepa-
rable metric space [19]. The barycenter b(u) of the measure u in P(A) is the operator
in co(A) defined by the Bochner integral

b(u) = / AudA),
A

which always exists if the set .4 is bounded.

For arbitrary subset B C ¢o(A) let Pg(A) be the subset of P(A) consisting of all
measures with barycenter in 5.

Let P?(.A) be the subset of P(A) consisting of atomic measures and let Pf(A) be the
subset of P?(A) consisting of measures with a finite number of atoms. Each measure in
P2(A) corresponds to a collection of operators {A;} C A with probability distribution
{m;} conventionally called an ensemble and denoted {m;, A;}. The barycenter of this
measure is the average >, m; A; of the corresponding ensemble.

We use the following two strengthened versions of the well known notion of a concave
function.

A semibounded function f on the set G(H) is called o-concave at a state pg € S(H)
if the discrete Jensen’s inequality

£lpo) = D i f (i)

holds for an arbitrary countable ensemble {m;, p;} of states in S(H) with the average
state pp.
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A semibounded universally measurable? function f on the set & (H) is called ju-con-
cave at a state pg € G(H) if the integral Jensen’s inequality

Floo) = / F(PIutdp)
S(H)

holds for an arbitrary measure p in P(S(H)) with the barycenter pg.

o-convexity and p-convexity of a function f are naturally defined via the above
notions applied to the function — f.

The examples of semibounded functions (in particular, Borel functions) on the set
G (H), which are convex but not o-convex or o-convex but not p-convex at particu-
lar states as well as sufficient conditions for o -convexity and p-convexity of a convex
function at any state are considered in [25].

The identity operator in a Hilbert space 7 and the identity transformation of the space
% (H) are denoted I3y and Id3 correspondingly.

Following [11] an arbitrary positive unbounded operator in a Hilbert space with
discrete spectrum of finite multiplicity is called the $-operator.

The set G(H) is not compact if dim H = +o0o, but it has the property consisting in
compactness of the pre-image b~!(A) C P(S(H)) of any compact subset A of G(H)
under the map © +— b(u) [11, Prop. 2], which can be used for proving for the set S (H)
and for its subsets several results well known for compact sets. This property (in the
general context of a metrizable convex subset of a locally convex space) is studied in
detail in [20], where it is called w-compactness. It implies in particular the following
Choquet-type assertion and the lemma below.

Lemma 1. Let A be a closed subset of G(H). For an arbitrary state p in co(A) there
exists a measure (1 in P(A) such that b(n) = p.

Proof. Let py € co(A) and {p,} C co(A) be a sequence converging to the state pgy. For
each n € N there exists a measure u,, € P(A) with finite support such that p,, = b(,,).
By u-compactness of the set G(H) the sequence {u,} has a partial limit ug € P(A).
Continuity of the map u +— b(u) implies b(ig) = pp. O

Lemma 1 provides correctness of the definition of the functions in the following
lemma, proved in the Appendix.

Lemma 2. Let f be a lower semicontinuous lower bounded function on a closed subset

A of G(H).
A) The function

falp) = ,ue’/iDI(Lf)(A)/_Af(U)M(dU)

is convex and lower semicontinuous on the set co(A). For arbitrary p in co(A) the
infimum in the definition of the value f (p) is achieved at a particular measure in

Pioy(A).
B) Ifthe map P(A) > u — b(u) € co(A) is open then the function

fa(p) = sup / f@)u(do)
wePp(A) J A

is concave and lower semicontinuous on the set co(A).

2 This means that the function f is measurable with respect to any measure in P(S(H)).
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For given natural £ we denote by ‘I’i(H) (correspondingly by &y (H)) the set of

positive trace-class operators (correspondingly states) having rank < k. The convex set
Zfl G (H) of all finite rank states is denoted S¢(H).

A linear positive trace-nonincreasing map ® : T(H) — < (H) such that the dual
map ®* : B(H) — B(H) is completely positive is called a quantum operation [10].
The convex set of all quantum operations from T(H) to itself is denoted <1 (H). If a
quantum operation ® is trace-preserving then it is called a quantum channel.

An arbitrary quantum operation (correspondingly channel) ® € F<;(H) has the
following Kraus representation:

+00
() =D V;()V},
j=1
where {Vj};fi"l is a set of operators in ‘B () such that Z;riol V;“ V; < Iy (correspond-
ingly 235 VIV, = Ipy).
For given natural n we denote by §'2; (H) the subset of § <1 (H) consisting of quantum

operations having the Kraus representation with < n nonzero summands.
We will use the following result of the purification theory.

Lemma 3. Let H and KC be Hilbert spaces such that dim 'H = dim K. For an arbitrary
pure state wg in S(H Q K) and an arbitrary sequence {p,} of states in G(H) converg-
ing to the state pg = Tricwq there exists a sequence {w,} of pure states in SG(H & K)
converging to the state wq such that p, = Trxwy for all n.

The assertion of this lemma can be proved by noting that the infimum in the defini-
tion of the Bures distance (or the supremum in the definition of the Uhlmann fidelity)
between two quantum states can be taken only over all purifications of one state with
fixed purification of another state and that convergence of a sequence of states in the
trace norm distance implies its convergence in the Bures distance [9, 14].

Let B3, be the set of all probability distributions with n < +00 outcomes endowed
with the total variation topology.

Note. In what follows continuity of a function f on a set A C T, (H) implies its
finiteness on this set (in contrast to lower (upper) semicontinuity).

3. The Strong Stability Property of S(H)

3.1. The definition. The notion of stability of a convex subset of a linear topological
space appeared at the end of the 1970’s as a result of study of the properties of com-
pact convex sets, which led in particular to proving equivalence of continuity of the
convex hull (envelope) of an arbitrary continuous function (the CE-property), openness
of the mixture map and openness of the barycenter map for given compact convex set
(the Vesterstrom-O’Brien theorem [4]). In the subsequent papers (see [5,8,18] and the
references therein) the term stability was used to denote openness of the mixture map
for an arbitrary convex subset of a linear topological space (which is not equivalent in
general to the CE-property).

The stability property of the set & (H) of quantum states and its corollaries are consid-
ered in detail in [25]. It consists in the validity of the following equivalent® statements:

3 Equivalence of these statements follows from the p-compact generalization of the Vesterstrom-O’Brien
theorem [20, Theorem 1].
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the map S(H)*? x [0, 1] 3 (p, 0, 1) — Ap+ (1 —X)o € G(H) is open;

the map P(G(H)) > u — b(n) € G(H) is open;

the map P(extrG(H)) > n — b(n) € G(H) is open;

cof =cof € C(6(H)) for arbitrary f € C(G(H));

fo = fl' € C(B(H)) for arbitrary f € C(extr&(H)), where £ and f}' are the
o-convex roof and the p-convex roof of the function f [25].

Physically openness of the map P(G(H)) > u +— b(u) € G(H) (correspondingly
of the map P(extr&G(H)) > u — b(u) € G(H)) means roughly speaking that any
small perturbation of the average state of a given continuous ensemble of states (cor-
respondingly of pure states) can be realized by appropriate small perturbations of the
states of this ensemble.

It turns out that the stability property of the set S (H) can be enforced by showing that
any small perturbation of the average state of a given (countable or continuous) ensemble
of finite rank states can be realized by appropriate small perturbations of the states of
this ensemble without increasing the maximal rank of these states. Mathematically this
strong stability property of the set G(H) is formulated in the following theorem.

Theorem 1. The surjective continuous maps P(Sx(H)) > u +— b(n) € G(H) and
PGk (H)) > u+— b(n) € G(H) are open for each natural k.

As mentioned before, the assertion of Theorem 1 for k = 1 is equivalent to openness
of the map P(6(H)) > u — b(n) € G(H). The proof of this equivalence is based on
coincidence of the set &1 () with the set extr&(H) and is universal in the sense that it
is valid for an arbitrary compact or p-compact convex set in the role of G(H) [4,20]. In
contrast to this in the proof of the assertion of Theorem 1 for £ > 1 the specific structure
of the set S(H) is essentially used.

The basic ingredients of the proof of the above theorem are the following lemma and
Lemma 5 below.

Lemma 4. Let {711-O , ,o?} be a countable ensemble of states in Sy (H) with the average
00 = Z:’:f nio p?. For an arbitrary sequence {p,} C G(H) converging to the state pgy
there exists a sequence {{t}', pi'}}, of countable ensembles of states in Sy (H) such that

[
n—>+00 ! n—+00 !

+0o0
lim 7' =70, 7ri0 >0 = lim p/'= 0, Vi, and p, = Zni”,of, Vn.
i=1
The assertion of this lemma implies weak convergence of the sequence {{r/", p}'}}, of
atomic measures to the atomic measure {711.O , p?}, t.i. convergence in P(Gy(H)), which
means that lim,, 100 >; 7/ f(0]') = >, niof(p?) for any function f in C(S;(H)).
This relation can be easily proved by noting that pointwise convergence of the sequence
{{r]'}}x to the probability distribution {711.0} implies its convergence in the norm of total
variation.

Proof of Lemma 4. For each i let |¢;) be a unit vector in S(H ® Hy) such that
Try lei) (@il = p?, where Hy is an auxiliary k-dimensional Hilbert space. Let {|¢;)}125

be an orthonormal basis in a separable Hilbert space H’. Consider the unit vector |y/) =

Z:’i‘f \ /nl.olgo,-) ®|€;) in the space HQHx @ H'. Itis easy to see that Tryy, g3 [0) (Yol =

00- By Lemma 3 there exists sequence {|v,,)} of unit vectors in H ® Hy ® H’ converging
to the vector |vo) such that Tryy, @ [¥n) (V| = p, for each n.
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Let {E; = Iy ® I, ®|€;)(€;}25 be the local measurement in the space H®@H @ H’
[10]. Since E;|¥) = /7 lgi) ® |e;) for each i we have 7) = TrE;|yo)(yo| and
70 pf = Tryg e Eil o) (Yol E;. Let ] = TrE;|Yiu)(Wn| and

ol = @) Trager Eilva) (YalEi, 7' >0

! ,olQ, ' =0.
Then rank o' < k for all n and i. The sequence of ensembles {7}, p!'} has the required
properties. O

Remark 1. Ttis interesting to compare the above lemma with Lemma 3 in [23] containing
the analogous assertion concerning finite ensembles with no rank restriction on states
of ensembles. The case of the finite ensemble {nio, ,o?};”:1 is naturally embedded in the
condition of Lemma 4 by setting JTZ-O = 0 for all i > m, but this lemma does not guar-
antee that the sequence {{ni", ,o;' }}n consists of ensembles of m states in contrast to the
assertion of Lemma 3 in [23]. Increasing dimensionality of ensembles of the sequence
{{r}', p'}}n is the cost of the rank restriction on the states of these ensembles.

For arbitrary state p in &(H) the set P{E‘p}(G(H)) is a dense subset of P, (&(H))
[11, Lemma 1]. This simple result can be enforced as follows.

Lemma 5. For arbitrary state p in S(H) and k € N the set P{ap}(6k (H)) is a dense
subset of Pyp) (G (H)).

This means that any probability measure supported by the set of states of rank < k can
be weakly approximated by some sequence of atomic measures — countable ensembles
of states of rank < k with the same barycenter.

Proof. To prove the assertion of the lemma for k = 1 consider the Choquet ordering on
the set P(G(H)). We say that i > v if and only if

/ Fouldo) = / Flow(do)
S(H) S(H)

for an arbitrary convex continuous bounded function f on the set G(H) [7].

By Lemma 1 in [11] for given measure pg in P(S(H)) there exists a sequence
{u,} of measures in P(S(H)) with finite support converging to the measure (o such
that b(u,,) = b(ug) for all n. Decomposing each atom of the measure 1, into a convex
combination of pure states we obtain the measure [, in P?(& (H)) with the same bary-
center. It is easy to see that i, > w,.By u-compactness of the set S (H) the set {{i,, }n=0
is relatively compact. This implies existence of the subsequence {/i,,} converging to a
measure {1} in P(S;(H)) [19, Theorem 6.1]. Since ft,, > fn, for all k, the definition
of the weak convergence implies ftp > o and hence fig = o by maximality of the
measure g with respect to the Choquet ordering (see the Appendix). Density of the set
P{"p}(61 (H)) in Pypy(&1(H)) is proved.

Let k > 1 and Hy be the k-dimensional Hilbert space. Let IT be the multi-valued
map from &y (H) into the set 261(H&HL) guch that I1 (p) is the set of all purifications in
S1(H ® Hy) of the state p € S (H). It is clear that the map IT is closed-valued. Thus
by Theorem 3.1 in [28] to prove existence of a measurable selection of the map IT it is
sufficient to show weak measurability of this map in terms of [28]. Let U be an open
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subset of S| (H® Hy). Then IT~(U) = {p € G (H) | [I(p) NU # @} = ©(U), where
O(-) = Try, (+) is the affine (single valued) map from &(H ® Hy) onto &y (H). Since
the restriction of the map ® to the set G (H ® Hy) is open,4 the set [T~ (U) = ©(U)
is open and hence Borel. As mentioned before, this implies existence of a measurable
selection IT, of the map IT.

Let vo = o o I I be the image of the measure ;1o under the map I1,. It is clear
that v9 € P(S1(H ® Hy)). By the assertion of the lemma for k = 1 there exists a
sequence {v,} of measures in P* (& (H ® Hy)) converging to the measure vy such that
b(v,) = b(v) for all n. Since ® o I, = Id; the image vpo ©~! of the measure vy under
the map ® coincides with . This and continuity of the map ® imply convergence of
the sequence {u, = v, o @‘1} of measures in P? (S (H)) to the measure (. Since the
map O is affine we have

b(1n) = ©(b(vy)) = O(b(v0)) = b(1o)
for all n. Thus the sequence {u,} has the required properties. O

Proof of Theorem 1. By Lemma 5 it is sufficient to prove openness of the surjective
map P*(Sx(H)) 2 u — b(n) € G(H) for each natural k.

Let U be an arbitrary open subset of P?(S;(H)). Suppose b(U) is not open in
G (H). Then there exist a state pg € b(U) and a sequence {p,} of states in S(H) \ b(U)
converging to the state pg.

Let o = {72, p?} be a measure in U such that b(up) = po. By Lemma 4 (and

1
the remark after it) there exists a sequence of measures u, = {r}, p!'} in P*(&;(H))

converging to the measure oy = {yrl.o, p?} such that b(u,) = p, for all n. Openness
of the set U implies u, € U for all sufficiently large n contradicting the choice of the

sequence {p,}. O

3.2. Some implications. In the case dim H < +oo the convex (concave) roof extension
to the set & (H) of a function f on the set of pure states G1(H) = extr&(H) is defined at
a mixed state p as the minimal (maximal) value of >_; 7; f (p;) over all decompositions
o = Zi m;p; of this state into a finite convex combination of pure states [27]. This
extension is widely used in quantum information theory, in particular, in construction of
entanglement monotones [21]. The convex (concave) roof extension has the two natural
generalizations to the case dim H = +o0, called in [25] the o-convex (concave) roof
and the p-convex (concave) roof correspondingly (the first extension is defined via all
decompositions of a state into a countable convex combination of pure states while the
second one — via all “continuous” decompositions corresponding to Borel probability
measures on the set of pure states with given barycenter).

Generalizing the o -concave roof construction, for given natural £ and semibounded
function f on the set & (H) consider the function

SGH)>p+ fk"(p) = sup Zﬂif(pi)
(i) €PY (S (H) 4

4 This means that for an arbitrary state g € &1 (H ® Hy) and sequence {p,} C Si(H) converging to the
state pg = O(wp) there exist a subsequence {pp; } and a sequence {w} C &1 (H ® Hy) converging to the
state wq such that © (wy) = pp,, for all k. The last property can be verified by using the standard arguments
of the purification theory.
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(the supremum is over all decompositions of the state p into a countable convex com-
bination of states of rank < k). This function is obviously o-concave on the set G(H)
(see Sect. 2). If the function f is o-concave at any state in S () then the functions fk"
and f coincide on the set G (H), so in this case the function fk" can be considered as
an extension of the function f to the set &G(H).

Generalizing the p-concave roof construction, for given natural k and semibounded
Borel function f on the set G (H) consider the function

GH)>p f'(p)= sup / flo)u(do)
wePp)(Sr(H)) Y S (H)

(the supremum is over all probability measures with the barycenter p supported by
states of rank < k). This function is also obviously o-concave on the set S(H) but its
wu-concavity depends on the question of its universal measurability. By Propositions 1

and 2 below, the function fk“ is pu-concave on the set G(H) if the function f is either
lower bounded lower semicontinuous or upper bounded upper semicontinuous on the
set Sy (H). If the function f is p-concave at any state in Gy (H) then the functions fk“
and f coincide on the set S, (H), so in this case the function fk” can be considered as
an extension of the function f to the set G(H).

The strong stability property of the set G(H) stated in Theorem 1 and Lemma 5
imply the following result.

Proposition 1. Let f be a lower semicontinuous lower bounded function on the set

Gr(H). Then f,f = fk“ and this function is lower semicontinuous and j-concave on
the set G(H).

Proof. Coincidence of the functions fk" and fk“ follows from lower semicontinuity of
the functional P(S;(H)) > u — ka (H) f(o)u(do) (proved by the standard argu-
mentation) and Lemma 5. Theorem 1 and Lemma 2 imply lower semicontinuity of the

lower bounded function fk" = fk“ , which guarantees its p-concavity (by Proposition
A-2 in the Appendix in [25]). O

The w-compactness property of the set G(H) (described before Lemma 1) implies
the following result.

Proposition 2. Let f be an upper semicontinuous upper bounded function on the set
Gk (H). Then the function fk“ is upper semicontinuous and p-concave on the set S(H).

For an arbitrary state p in S(H) the supremum in the definition of the value fk“ (p)
is achieved at some measure in Pi,) (G (H)).

Proof. Lemma 2 implies attainability of the supremum in the definition of the value
fk“ (p) and upper semicontinuity of the function fk“ , which guarantees its p-concavity
(by Proposition A-2 in the Appendix in [25]). O

Under the condition of Proposition 2 we can say nothing about upper semicontinuity
and p-concavity of the function f;7 (see example 2 in [25]).
The above two propositions have the obvious corollary.

Corollary 1. Let f be a continuous bounded function on the set Sy (H). Then fk" = fk“
and this function is continuous on the set S(H).
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4. On Approximation of Concave (Convex) Functions on &(H)

The functional constructions considered in Subsect. 3.2 can be used in the study of the
following approximation problem: for a given concave (convex) function f on the set
G&(H) having some particular symmetry> to find a monotonic sequence { f;} of concave
(convex) functions on the set S(H) having the same symmetry, satisfying additional
analytical requirements and such that

Jile )y = flery, Yk, and kEI-Poo fi(p) = f(p), Yp € 6(H).

Let f be a function on the set G(H) having semibounded restriction to the set G (H)
for each k. We can consider the nondecreasing sequence { fk"} of concave functions on
the set G(H) and its pointwise limit f7_ = sup, f,f . If the restriction of the function
f to the set G (H) is universally measurable for each k then we can also consider the
nondecreasing sequence { fk” } of concave functions on the set G(7{) and its pointwise
limit fl% = sup, f".

By construction all the functions in the sequences { fk"} and { fk“ } inherit the arbitrary
symmetry of the function f. Hence the same assertion holds for the functions ffoo and
floo: . . .

The functions fZ, and f{y, are concave on the set G(H). By construction f2 <
flo and fle,n < fooler (S¢(H) is the convex subset of G(H) consisting of
finite rank states). If the function f is o-concave on the set &(H) then ffoo < f,if the
function f is u-concave on the set &(H) then ffoo < f. To show coincidence of the
functions ffoo and ffoo with the function f additional conditions are required.

Proposition 3. Let f be a concave lower semicontinuous lower bounded function on
the set G(H), having some particular symmetry.

A) For each natural k the concave lower semicontinuous function fk" = fk” has the
same symmetry and coincides with the function f on the set Gy (H).
The pointwise limit ffoo = ffoo of the monotonic sequence { fk“ = fk” } coincides
with the function f on the set G(H).

B) If the function f has continuous restriction to the set Sy (H) for each natural k
then the sequence { fk” = fk“ } consists of concave continuous bounded functions
on the set S(H).

Proof. By Proposition 1 f,f = fk“ and this function is lower semicontinuous for each

k. This implies ffoo = ffoo and lower semicontinuity of the last function. Since the
function f is pu-concave by Proposition A-2 in the Appendix in [25], the first assertion
of the proposition follows from the previous observations and Lemma 6 below.

The second assertion of the proposition follows from Corollary 1 since it is easy to
see that continuity of the restrictions of the concave function f to the set Gy () for all
k implies boundedness of these restrictions. O

Lemma 6. A lower semicontinuous lower bounded concave function f on the set S(H)
is uniquely determined by its restriction to the set G¢(H) of finite rank states.

5 This means that the function f is invariant with respect to the particular family of symmetries of the set

S(H).
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Proof. Tt is sufficient to consider the case of a nonnegative function f.

Let pg be an arbitrary state and let { on = (TrP, ,00)_l P, ,oo} be the sequence of finite
rank states converging to the state pg, where { P,} is the sequence of finite rank spectral
projectors of the state pg increasing to the identity operator I7;.

For each n the inequality A, 0, < po with A, = TrP,po implies decomposition
Po = Appn + (1 — Ay)oy, where o, = (1 — An)_l(,oo — Anpn) is a state. By concav-
ity and nonnegativity of the function f we have f(pg) > A, f(p,) for all n, which
implies limsup,,_, .. f(on) < f(po). By lower semicontinuity of the function f we
have limy, 100 f(on) = f(p0). O

Remark 2. The first assertion of Proposition 3 can be considered as a “constructive form”
of Lemma 6 since it provides a constructive way of restoring a lower semicontinuous
lower bounded concave function on the set G() by means of its restriction to the set
G¢(H). . .

Note that the above functions f2_ and f{,, can be used in study of the following
construction problem: for a given concave function defined on the convex set G¢(H)
of finite rank states and having some particular analytical and symmetry properties to
construct its concave extension to the set G(H) of all states preserving these properties.
Since in the proof of Proposition 3 the restriction of the function f to the set & (H)
is only used, it shows that for an arbitrary concave lower bounded function f on the
set S¢(H) with some particular symmetry such that its restriction to the set Sy (H) is
lower semicontinuous for each k there exists a unique concave lower semicontinuous
extension ffoo = ffoo to the set G(H) with the same symmetry. For example, if f is
an entropy-type (t.i. nonnegative concave lower semicontinuous unitary invariant) func-
tion defined on the set of finite rank states, then ffoo = ffoo is its unique entropy-type
extension to the set of all states. O

The second assertion of Proposition 3 and the generalized Dini’s lemma (in which the
condition of continuity of functions of an increasing sequence is relaxed to their lower
semicontinuity) imply the following continuity condition.

Corollary 2. Let f be a concave lower semicontinuous lower bounded function on the
set G(H).

A) Ifthe function f has continuous restriction to the set Sy (H) for each k then uniform
convergence of the sequence { fk(’ = fAk’L } on a particular subset A C S(H) implies
continuity of the function f on this subset.

B) Continuity of the function f on a compact subset A C S(H) implies uniform
convergence of the sequence { fk" = fk“ } on this subset.

We will use Corollary 2 in the next section to obtain continuity conditions for the
von Neumann entropy.

5. The Approximation of the von Neumann Entropy
and the Continuity Conditions

The von Neumann entropy H (p) = —Trp log p is a lower semicontinuous concave uni-
tary invariant function on the set G (H) of quantum states with the range [0, +00], having
continuous restriction to the set Sy (H) for each k. By Proposition 3 the function H is
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a pointwise limit of the increasing sequence { Hx} of nonnegative concave continuous
bounded® unitary invariant functions on the set G(H) defined as follows

Hi(p) = sup ZniH(pi) = sup / H(o)u(do).
{mi.pi P, (Sr(H) UEPp (S (H)) 7 S (H)

(The first supremum is over all decompositions of the state p into countable convex
combination of states of rank < k while the second one is over all probability measures
with the barycenter p supported by states of rank < k.)

For each k the function H; may be called the entropy approximator of order k or
briefly k-approximator. By construction the von Neumann entropy coincides with its
k-approximator on the set G (H) of all states of rank < k. For arbitrary state p € S(H)
the difference Ayx(p) = H(p) — Hi(p) between the von Neumann entropy and its
k-approximator can be expressed as follows:

Ar(p) {n,-,p,-}e%%fge,{(%)) Zi:m H(pillp) ueP{pl}?ékm)) /Gk(m H(ollp)u(do),
where H (-||-) is the relative entropy [15,29] (the first equality follows from expression
(4) below, the second one — from Proposition 1 in [11]). The possibility to express the
value Ay (p) via the relative entropy is essentially used in what follows (see Lemma 8
below).

The representation of the von Neumann entropy as a limit of the increasing sequence
{Hy} of concave continuous bounded unitary invariant functions can be used for dif-
ferent purposes, in particular, for construction of the increasing sequence of continuous
entanglement monotones providing approximation of the Entanglement of Formation
(see Sect. 6 in [25]). By Corollary 2 this representation can be used for proving continu-
ity of the von Neumann entropy on a subset of states by showing uniform convergence
to zero of the sequence {Ag} on this subset. The last property of a subset of states, in
what follows called the uniform approximation property, is considered in detail in the
next subsection (in the extended context of subsets of the positive cone of trace-class
operators).

5.1. The uniform approximation property. Since in many applications it is necessary to
deal with the following extensions (cf.[13])

S(A) = —TrAlogA and H(A) = S(A) — n(TrA)

of the von Neumann entropy to the cone T, (H) of all positive trace-class operators
(where n(x) = —xlogx), we will obtain the continuity conditions for the function
A — H(A) on this extended domain.

In what follows the function A +— H(A) on the cone T, (H) is called the quantum
entropy while the function {x;} — H({x;}) = > ;n(xi) — n (Z, x,-) on the positive
cone of the space /1, coinciding with the Shannon entropy on the set {3, of probability
distributions, is called the classical entropy.

6 Itis easy to see that the range of the function Hj coincides with [0, log k].
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The von Neumann entropy has the important property expressed in the following
inequality:

H(Zkim)s D xiH(pi) + D 0, (1
i=1 i=1 i=1

valid for arbitrary set {p;}7_, of states and probability distribution {A;}"_,, where
n < +o0 (Proposition 6.2 in [15] and the simple approximation).

The definition and inequality (1) with n = 2 imply the following properties of the
quantum entropy:

H(OA) = AH(A), )

H(A)+ H(B — A) < H(B) < H(A) + H(B — A) + TrBh» (%) . Q)

where A, B € T.(H), A < B, > >0 and hy(x) = n(x) + n(1 — x).
Note that

S(A) = D miS(A) =D miH(Ai|A) )

for an arbitrary ensemble {m;, A;} of operators in T, (H) with the average A, where
H(-||-) is the (extended) relative entropy defined for arbitrary operators A and B in
T+ (H) as follows (cf.[13]):

H(A|IB) =) (i| (AlogA — Alog B+ B — A) i),

where {|i)} is the orthonormal basis of eigenvectors of A and it is assumed that
H(A ||B) = +oo if suppA is not contained in suppB. It is easy to verify that

H(M\A|AB)=XH(A|B), A>0. (5)
For given natural k consider the function

H(A) = sup > miH(A)
(i APy (FE(H)) i

on the set T, (H) (the supremum is over all decompositions of the operator A into a
countable convex combination of operators of rank < k). By using (2) it is easy to
see that the restriction of the above function Hj to the set G(H) coincides with the
k-approximator of the von Neumann entropy defined in the first part of this section (so,
we use the same notation) and that

H,(LMA) = L H (A), AeZT.(H), »>0.
Thus we have
Hi(A) = Al HE (IAIIT A) < Al logk, A € To(H). (6)

The contribution of the strong stability property of the set & (H) to the below results
is based on the following observation.
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Lemma 7. For arbitrary natural k the function A +— Hy(A) is continuous on the cone

T (H).

Proof. By means of (6) the assertion of the lemma follows from Corollary 1 showing
continuity of the function p = H (p) on the set 6(H). O

For given natural k consider the function

Ar(A) = inf mi H(A;|lA) (7
{71 A Y Py (FE(H) Z,:
on the set T, (H) (the infimum is over all decompositions of the operator A into a
countable convex combination of operators of rank < k).
It follows from (5) that

Ar(LA) = AAk(A), A e T (H), »>0. (8)

By Lemma 8 below the restriction of the function Ay defined in (7) to the set G(H)
coincides with the function Ay = H — Hj defined in the first part of this section (so,
we use the same notation).

We will use the following properties of the function Ay.

Lemma 8. For each natural k the following assertions hold:

A) For an arbitrary operator A € T,(H) the infimum in definition (7) of the value
Ay (A) canbe taken over the subset of P{aA ) (T’fr (H)) consisting of ensembles {m;, A;}
such that TrA; = TrA for all i and hence

Ar(A) = H(A) — Hi(A).

B) The function €,(H) 2 A — Ay (A) is nonnegative lower semicontinuous unitary
invariant and homogenous in the sense of (8). A,:l 0) = ‘I’i(’l—[). Continuity of this
function on a subset A C %, (H) means continuity of the quantum entropy on the
subset A.

C) The function A — A (A) is monotone with respect to the operator order:

A<B = Aw(A) <AuB), VA, BeT.(H).

D) Let{A;(A)} be the sequence of the eigenvalues of the operator A € T, (H) arranged
in nonincreasing order,’ then

Ak(A) < Ar(A) = H(O(AD = D 0 (A) — n(llAll),

i=1

where the sequence {)\.f-{ (A)} is the k-order coarse-graining of the sequence {A;(A)},
ti. AK(A) = Ag_re1 (A) + -+ + A (A) forall i = 1,2, . ...
E) For arbitrary operators A in T, (H) and C in B(H) the following inequality holds:

2
A(CACT) < [ICNI7Ak(A).
7 1tis possible to take the sequence {A;(A)} in arbitrary order but the corresponding sequence {A{F (A)}is

most close to the sequence ([|A|l1, 0, 0, ...) having zero entropy provided that the nonincreasing order is used.
The relation between Ag(A) and Ay (A) is considered in Remark 3 below.
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F) For an arbitrary operator A in ¥ (H) and an arbitrary sequence {P,} of projec-
tors in B(H) strongly converging to the identity operator I the following relation
holds:

lim Ax(P,AP,) = Ar(A).
n—+00

G) For an arbitrary operator A in T, (H) and an arbitrary family {P;}7"_ | of mutually
orthogonal projectors in B(H) (m < +00) the following inequality holds:

Ar(A) = D" AL(PAP).

i=1

H) For an arbitrary operator A in T,(H) and an arbitrary quantum operation @ :
T(H) — T(H) having the Kraus representation consisting of < n summands the
following inequality holds:

Ank(P(A)) = Ar(A).

I) For an arbitrary finite set {A;}/L, of operators in T,(H) and corresponding set

{ki}!L, of natural numbers the flozllowing inequality holds:

m m
Akl+k2+'“+km (Z A[) < Z Akl (Al)
i=1

i=1

J) For an arbitrary countable set {A;}{2] of operators in T,(H), probability distri-
bution {1;}{2 and natural m the following inequality holds:

+00 +00 +00 +00 -1 400
Ami (ZA,A,-) < D hid(AD) + D wiH [ Al (Z A,-) > A
i=1 i=1 i=m i=m

i=m

+00
= Z ri Ak (Ai)
i=1
+sup [|A; 1 H ({Ai}izm) -
i>m
Proof. A) For arbitrary ensemble {7, A;} in P}y, (TX(H)) one can consider ensemble

{Ai, B;} in P{aA}(T]i(H)), where A; = ;|| A; [1|Al;" and B; = A; || All1[|A; ]I}, such
that

D XHBIIA) =D mi H(Ai||A)

—(77 WAl = > min <||Ai||1>) <> mH(AA).

where the last inequality follows from concavity of the function 7, since > _; 7; || 4|1 =
[|A]l1- By (2) and (6) this implies Ax(A) = H(A) — Hx(A).

B) Lemma 7 and Assertion A imply the first and the third parts of this assertion.
To prove the second one note that the inclusion T’i(H) - A;l(O) follows from the
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definition of the function Ag, while the converse inclusion is easily derived from the
implication p € G(H) \ 6x(H) = H(p) > Hi(p), which follows from strict con-
cavity of the von Neumann entropy and the last assertion of Proposition 2, implying
attainability of the supremum in the second (continuous) expression in the definition of
the function Hy (p).

C)If A < B then there exists contraction C such that A = C BC*. Indeed, on the sub-
space supp B this contraction is constructed as the continuous extension to this subspace
of the linear operator A'/2B~1/2 defined on the linear hull of the eigenvectors of the
operator B corresponding to the positive eigenvalues, while on the subspace H © supp B
it acts as the zero operator. Hence this assertion follows from Assertion H proved below.

D) Let {Pik}i be the sequence of spectral projectors of the operator A such that the
projector Pl.k corresponds to the eigenvalues A _1yk+1(A), ..., Aix(A). Then )»i.‘ (A) =
TrPl.kA for all i and the ensemble {rrik, (711.]‘)_1 PikA}, where nl.k = kf? (A)]A ||1_1, belongs
to the set P?A}(‘Iﬁ(H)). Hence

Ac(A) < D> mfH((xl) ' PFA|IA) = H(MF(A))).

1

E) By means of (8) this follows from Assertion H proved below.

F) By lower semicontinuity of the function Ay (Assertion B) this follows from Asser-
tion E.

G) It is sufficient to prove that

Ar(A) > Ay (PAP) + Ay (PAP),

where P = Iy — P, for arbitrary projector P. This inequality is easily proved by using
the definition of the function Ay and the inequality

H(A||B) > H(PAP|PBP)+ H(PAP|PBP)

valid for arbitrary operators A and B in T, (H) (Lemma 3 in [13]).
H) This follows from monotonicity of the relative entropy since for an arbitrary
ensemble {m;, A;} in ’P{aA}(T]j(H)) the ensemble {m;, ®(A;)} lies in P{aq)(A)}(Tﬁk(H)).
I) By means of (8) it is sufficient to show that

A (YA+ (1 —y)B) < yAp(A) + (1 —y)Ap(B) )

for arbitrary operators A and B in T, (H) and y € [0, 1]. For given k' and k" let {r;, A;};
and {A;, B;}; be ensembles of operators of rank < k" with the average A and of rank
< k" with the average B correspondingly. Then the ensemble {r;A;, y A;+(1—y)B;}i ;
has the average y A + (1 — y)B and consists of operators of rank < k’ + k”. By joint
convexity of the relative entropy we have

Apair(yA+ (L —y)B) < > midjH(yA; +(1 = y)BjlyA+(1—y)B)
i,J

<y > mHAA)+ (1 —y) D rjH(B;j|B),
i J

which implies inequality (9).
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J) The first inequality with m = 1 is easily derived from the definition of the function
Ay by using Donald’s identity

D mH(AIB) =Y miH(AA) + H(AIB),

1

valid for arbitrary ensemble {r;, A;} of positive trace-class operators with the average
A and arbitrary trace-class operator B [15]. The case m > 1 is reduced to the case
m = 1 by applying Assertion I (with (8)) to the sum >;" | A, where A; = A; A; for
i=1,m—Tand A, = >/ XA;.

The second inequality follows from the estimation

D mH(Ai|A) < sup || A; [l H({mi)),

1

valid for arbitrary ensemble {r;, A;} of trace-class operators with the average A, which
can be proved by using monotonicity of the relative entropy:

D mHAA) = ¢ D mH@(p)|P(p) < ¢ D miH(pillp) = cH({mi}),

where ¢ = sup; | Al ®() = ¢~ 3, (il - YAy, pr = |i) (i and p = 3, mipi. O

Remark 3. It is easy to show that the upper bound Ax(A) in Assertion D of Lemma 8
obtained by using the spectral decomposition of the operator A tends to zero if H(A)
is finite, which provides the additional proof of convergence of the sequence {H} to
the function H on the cone T, (H). Noncoincidence of the functions Ay and Ay, ti.
existence of such operator A in T, (H) that Ax(A) < Ak(A), can be shown by the
following example.

_ Let p be the chaotic state in a particular 3-D subspace Ho C H. It is clear that
Ar(p) =log3 — %log 2 ~ (0.64 (we use the natural logarithm).

In the subspace Hp consider four unit vectors

1 —1/2 —1/2 0
o) =1 0 |,lg2)=1| 3/2 |.le3)=| —/3/2 |.lpa)=| O
0 0 0 1

By direct calculation of eigenvalues one can show that the two rank states
_ 1 1 _ 2 3 .
p1 = slei){eil + 3le2)(@2| and p2 = 5|@3) (3| + 5|p4){(pa| have the entropies
H(p1) =~ 0.57 and H(p2) =~ 0.67. Since %m + gpg = p we can conclude that

Hy(p) = §H (p1) + §H(p2) ~ 0.63. Thus Az (p) = H(p) — Ha(p) < Aa(p). O
The following notion plays the central role in this paper.

Definition 1. A subset A of T, (H) has the uniform approximation property (briefly the
UA-property) if

lim sup Ar(A) =0.
k—>+00 gc A
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Importance of the UA-property is justified by its close relation to continuity of the
quantum entropy considered in Theorem 2 in the next subsection. Usefulness of this rela-
tion is based on the following observation, showing the conservation of the UA-property
under different set-operations.

Proposition 4. Let A be a subset of ¥.(H) having the UA-property.

A) The UA-property holds for the closure cl(A) of the set A.
B) For each ) > 0 the UA-property holds for the set

My (A) = LA A € A).
C) If inf gpc g ||All1 > O then the UA-property holds for the set
E(A) ={MA|Ac A L= 01NT(H).

D) For each natural m the UA-property holds for the set
m
cop(A) = ’ ZmAi
i=1
If the set A is bounded then the UA-property holds for the set
+00
cop(A) = { Z”iAi
i=1

where ‘B is a subset of Pioo such that lim  sup H({m;}i=m) = 0.
m—>+00 {ﬂi }Em

{mi} € P, {Ai} C A] )

{mi} e P, {Ai} < «4] :

E) The UA-property holds for the sets
DA ={Be%,(H)|dJAe A: B < A}
and
DA) ={BeT,(H)|IA e A: B <A},

where B < A means that the sequence {1;(B)} of eigenvalues of the operator B is
majorized by the sequence {\;(A)} of eigenvalues of the operator A in the sense
Ai(B) < Ai(A) foralli;

If the set A is compact and does not contain the null operator, then the UA-property
holds for the set

D(A) = {B ceTI(H)|3A e A: B|B|;" < A||A||;‘},

where p < o means that the state o is more chaotic than the state p in the Uhlmann
sense [1,30], t.i. for the sequences {1;(p)} and {1;(c)} of eigenvalues of the states
p and o arranged in nonicreasing order the inequality ! 1i(p) = D7 Xi(0)
holds for each natural n.
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F) The UA-property holds for the sets
0n(A) = {P(A) [P eFL(H).Ac A}, neN,
and
O5(A) ={®(A) [P eF, Ac A},

where § is a subset of §<1(H) such that for the corresponding set U of sequences
{ V,};fl of Kraus operators the following two conditions hold: 8

1) either RanV} L RanV]T“, for all {Vj};g € Vandall j # j exceeding some

natural n or lim,_, o0 SUP(y,)es, Ac A ZjZm H (V/AV]?‘) =0;
2) '

lim sup H ({TerAVj*}jZm) =0.
m_)+°°{vj}e‘U,AeA

Remark 4. In connection with Assertion D note that the UA-property of a set A does
not imply the UA-property of its o-convex hull o-co(A) = {>/5] 7 Ail{7i} € Puoos
{A;} C A} evenif the set A is compact. As an example one can consider the converging
sequence of pure states from Example 1 in the second part of [24], such that the von
Neumann entropy is not continuous on the o-convex hull of this sequence (since the
UA-property implies continuity of the entropy by Lemma 7).

Note that the condition lim;;, s 100 SUP {71 H({m;}i=m) = 0 means continuity of
the classical entropy on the set 3 provided that this set is compact.

Proof of Proposition 4. A) This follows from lower semicontinuity of the function Ay
on the set T, (H) for each k (Lemma 8B).

B) This is an obvious corollary of (8).

C) This also follows from (8) since

-1
sup (A|B=2rA,Aec A} < (inf ||A||1) .
BeE(A) AeA

D) The first part follows from Lemma 81 and (8) implying

m m
Am (ZmAi) < ZmAk(Ai), V{mi}, € P
i=1

i=1

The second part follows from Lemma 8J since for arbitrary k and m it implies

+00 +00
A (Z n,-A,-) < D mi A (A +sup |A; 1 H ({7 )izm)
i=1

i=1 izm
< sup Ar(A)+ sup Al H ({70 }izm).
AeA AeA
V{A N2 C A V{m)2] € Pioo

i=1 <

8 The ways to show validity of these conditions are considered in the proof of Corollary 9 below.
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E) The first part follows from Lemma 8C and unitary invariance of the function Ay.
The second part follows from Lemma 8D and Lemma 9 below since

BIBIT' < AllAIT"Y = HWEBY) < IBIIAIT H{A (A

for each natural k by Shur concavity of the von Neumann entropy [30].
F) The first part follows from Lemma 8H.
To prove the second part note that Lemma 8J implies the inequality

+00 +00
Ben | D ViAvE) <> awv;AvH +H ({TrvjAv;}jZm) .
Jj=1 Jj=1
Thus it is sufficient to show that condition 1) implies

+00

lim sup A(V;AVH =0. (10)
k—+o00 {V,-}e‘l],AeAj; / /

If the first alternative in condition 1) holds then Assertions E and G of Lemma 8
provide the estimation

+00 n
Z A (VjAVE) = Z Ac(V;AVE) + Z Ac(V;AV)

j=1 j=l1 j>n
< nA(A)+ D A (PiAP) < (n+ 1) A(A),
j>n
v{V;} €,

where P; is the projector on the subspace Ran V;‘, which implies (10) by the UA-property
of the set A.

If the second alternative in condition 1) holds then the similar estimation, in which
the term Zj>n Ak(VjAVj*) is majorized by > H(VjAV;‘) also implies (10) by the
UA-property of the set A. O

j>n

Lemma 9. Let A be a compact subset of T, (H) having the UA-property. Then

lim sup Zk(A) =0
k—>+00 gc A

where Ay is the upper bound for the function Ay defined in Lemma 8D.

Proof. By Lemma 7 the UA-property of the set A implies continuity of the function
A +— H(A) on this set.

Let {Pik }i be the sequence of spectral projectors of the operator A defined in the
proof of Assertion D of Lemma 8 and nl.k =||A ||f1Tr PikA for all i. By Lemma 4 in [13]

the sequence of continuous functions A — H (Plk A) monotonously converges to the
function A — H(A) as k — +00. By Dini’s lemma this sequence converges uniformly
on the set A. This implies the assertion of the lemma since

Ar(A) = ZnikH((nik)_lPikAHA) < H(A)— H(PfA), AcA.

1
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By definition the UA-property of sets .4 and 53 implies the UA-property of their union
AU B. By Lemma 8I and Proposition 4D we have the following observations.

Corollary 3. Let A and B be subsets of T+(H) having the UA-property.

A) The UA-property holds for the set {A+ B|A € A, B € B} (generally called the
Minkowski sum of the sets A and B);

B) The UA-property holds for the convex closure co(A U B) of the union of A and B
provided these sets are convex.

5.2. The continuity conditions. Lemmas 7 and 8, Dini’s lemma and Proposition 4 imply
the following theorem, containing the main results of this paper.

Theorem 2. A) Ifa set A C T,.(H) has the UA-property then the quantum entropy is
continuous on this set.

B) If the quantum entropy is continuous on a compact set A C T, (H), then this set
has the UA-property.

C) Ifaset A C TL(H) has the UA-property then the quantum entropy is continuous
on the set A(A), where A is an arbitrary finite composition of the set-operations
cl, M,, E, co,, comp, D, D, D, Q,, Qg considered in Proposition 4 with arbitrary
parameters m,n € N and ) > 0 provided the sets ‘B, § and the arguments of E,
coy, D, Q3 satisfy the conditions mentioned in this proposition.

Remark 5. As the simplest example showing importance of the compactness condition
in the second assertion of Theorem 2, one can consider the set A = {Ap | A € R}, where
p is an infinite rank state with finite entropy.

The following example shows that the second assertion of Theorem 2 can not be valid
even for relatively compact convex sets of states.

Let {p; }i>0 be a sequence of finite rank states in G () such that pg is a pure state,

H(p;) > 1foralli > 0, suppp, C H O (@;:01 Supppi) and 1% ¢ HH 0D < 1o
forall A > 0.Let A; = (H(p;))~" foreach i € N. Consider the sequence of states
o= —=A)po+Aripi, i €N,

obviously converging to the state pg.

In Appendix 7.2 it is proved that the von Neumann entropy is continuous on the
convex set A = o-co ({oj}ieN) = {Z:ﬁ? mwio; | {m;} € ‘,]3+oo}, but it is not continuous
on the set cl (A) = ¢o ({oi}ien) = AU {po}. By the first assertion of Theorem 2 and
Proposition 4A the UA-property does not hold for the set A. 0O

Show first that Theorem 2 makes it possible to re-derive the continuity conditions
mentioned in the Introduction in the generalized forms.

Example 1. Let {h;} be a nondecreasing sequence of nonnegative numbers and Pyp;}.»
be the subset of I3, consisting of probability distributions {7;} satisfying the inequal-
ity >°; him; < h. By Lemma 11 in the Appendix the set J,),» satisfies the condition
in Proposition 4D if and only if g ({#;}) = inf {A >0]>; e M < +oo} = 0. By
Theorem 2C the von Neumann entropy is continuous on the set CI(CO&B(hi).h (Gx(H)))

for each k. This observation provides another proof’ of the well known result stated

9 The original proof of this result is based on lower semicontinuity of the function p — H(p||o} ), where
o5, = (Tre = )=1e=2H forall & > 0[15,29].
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that the entropy is continuous on the set Ky, = {p € &(H) | TrHp < h}, where H
is an $-operator such that g(H) = inf {A > 0| Tre *# < +00} = 0, since by using
the extremal properties of eigenvalues of a positive operator it is easy to see that the
set Cl(CO‘ﬂ(h,-;,h (61(H))), where {h;} is the sequence of eigenvalues of the operator H,
contains the set g , (and all its unitary translations).

The von Neumann entropy is not continuous on cl(co;pihi)‘h (G1(H))ifg({hi}) >0

since it is not continuous on the set Cp 5 if g(H) > 0[24]. O

Theorem 2 implies the following generalization of Simon’s dominated convergence
theorems [26].

Corollary 4 (Generalized Simon’s convergence theorem). '© If the quantum entropy
is continuous on a compact subset A of T,(H) then it is continuous on the sets D(A)
and D(A) defined in the first part of Assertion E of Proposition 4.

This condition and Corollary 3 show that
{H(A, + By) > H(Ao + Bo)} & {H(Ay) — H(Ao)} N {H(By) — H(Bo)},

where {A,} and { B, } are sequences of positive trace class operators converging respec-
tively to operators Ag and By.

The above “dominated-type” continuity conditions can be enriched by the following
one.

Corollary 5. If the quantum entropy is continuous on a compact subset A of T.+(H),
which does not contain the null operator, then it is continuous on the set D(A) defined
in the second part of Assertion E of Proposition 4.

By Corollary 5 and Theorem 13 in [30] to prove continuity of the von Neumann
entropy on a set A C &(H) it suffices to show its continuity on the image of this set
under the expectation p — »; P;p P; for a particular set { ;} of mutually orthogonal
projectors such that >, P; = Iy.

Corollary 5 and the infinite-dimensional generalization of Nielsen’s theorem pro-
vide the following observation concerning the notion of entanglement of a state of a
composite quantum system.

Example 2. Let H and /C be separable Hilbert spaces. The entanglement E(w) of a pure
state w in S (H ® K) is defined as the von Neumann entropy of its reduced states (cf.[2]):

E(w) = H(Trxw) = H(Tryw).

Let £(H, K) be the set of all LOCC-operations transforming the set S(H ® K) into
itself. Corollary 5 and Lemma 2 in [17]'! imply the following assertion:

10 1n the original versions of these theorems the weaker topologies are used. Since the set D(.A) is compact
(by the compactness criterion in Lemma 10 in the Appendix), the weak operator topology on this set coincides
with the trace norm topology. The j1-convergence topology does not coincide with the trace norm topology on
the set D(.A), but by noting that the sequences of eigenvalues of the operators in D(.A) form a compact subset
of the space /1 it is easy to see that j1-convergence of a sequence {A,} C D(.A) to an operator Ag € D(A)
means trace norm convergence of the sequence {U, A, U,} C D(A) to the operator A for some set {Uy} of
unitaries.

“ _»

1 In [17] the majorization order is used, which is converse to the Uhlmann order “<” used in this paper.
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If the function w — E(w) is continuous on a compact set C C extrG(H ® K), then it
is continuous on the set

(A |wel, Ae LCH,K)} Nextr&E(H ® K).

This shows that for an arbitrary sequence {wj, } of pure states in G (H®K) converging to a
state wp and arbitrary set { A, },>0 of LOCC-operations such that the sequence {A, (wy)}
consists of pure states and converges to the state Ag(wg), the following implication holds:

Jim E(wn) = E(wo) = lim E(An(wn)) = E(Ao(wo)). U

By Corollary 10 in the Appendix for arbitrary closed set A C T, (H) (not necessarily
compact) and arbitrary natural m the set co,, (A) defined in Assertion D of Proposition 4
is closed. Theorem 2 implies the following result.

Corollary 6. A) Ifthe quantum entropy is continuous and bounded on a closed bounded

set A C T (H) then it is continuous on the set coy, (A) for arbitrary natural m.
B) If the quantum entropy is continuous on a compact set A C T(H), then it

is continuous on the set cl(cos(A)) for arbitrary subset B of Pioo such that

lim  sup H({m;}i=m) = 0.
m—+00 {ﬂi}em
By Remark 4 the set cl(cogz(A)) in the second assertion of this corollary can not be

replaced by the o -convex hull o-co(A) of the set A.

Proof. A) Let {A,} C co,,(A) be a sequence converging to an operator Ag € coy, (A).
Suppose

lim_H(Ay) > H(Ay). (11)

By the construction of the set co,, (A) for each n there exists an ensemble {r}", A7},
of operators in A such that A, = >/, 7' A?. By using Proposition 5 in the Appen-
dix and boundedness of the set .4 we may consider (by replacing the sequence {A,} by
some subsequence) that there exists an ensemble {711.0, A?}l’.”:1 of operators in .4 such that
limy, s 400 7T}" = nl.o, limy, s 400 ' A} = nl.OA? foreachi = 1, m and Ag = > rriOA?.

Since the entropy is continuous and bounded on the set A we have lim, , 1o H (/' A})
=H (nio A?) for each i = 1, m. By the part “<’ of the remark after Corollary 4 this
implies a contradiction to (11).

B) This directly follows from Theorem 2. O

If A is a union of m < +0o closed convex sets then Corollary 10 in the Appendix
implies co,, (A) = co(A), so we obtain from Corollary 6 the following result.

Corollary 7. If the quantum entropy is continuous on each set from a finite collection
{A;: YL of convex closed bounded subsets of T, (H) then it is continuous on the convex

closure co (U:"Zl A,') of this collection.

Remark 6. The condition of closedness of the all sets from the collection {A;}/_ | in
Corollary 7 is essential. The simple example showing this can be constructed as follows.
Let A; = {po} and Ay = o-co ({0;};en), Where the state pg and the sequence {0;};en
are taken from the example in Remark 5. As shown in this example the entropy is con-
tinuous on the convex bounded sets .4; and .4, but it is not continuous on the convex
set A1 UAp. O

Theorem 2 also implies the following continuity condition.
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Corollary 8. Let {A;}!_, be a finite collection of subsets of T, (H) having the UA-prop-
erty (for example, compact subsets on which the quantum entropy is continuous). Then
for arbitrary natural m the quantum entropy is continuous on the set

n m
[ 1D D VijAIVi 1A € Ai, Vij € BOH), 1Vl < 1
i=1 j=1

The following observation can be used in the study of quantum channels and in the
theory of quantum measurements (see Example 3 below).

Corollary 9. Let U_; be the set of all sequences {V;}2] C B(H) such that > Vi
= Iy endowed with the Cartesian product of the strong* operator topology (the topol-
0gy of coordinate-wise strong* operator convergence).'> Let A be a subset of T, (H)
on which the quantum entropy is continuous.

1) The function ({Vi}, A) — > 20 H (V,-AVl.*) is continuous on Y—; x A.
2) If Uy is a subset of V=1 such that the function

(Vi) 4 > H ({Trviav)) (12)

is continuous on Uy x A then the function ({V;}, A) — H (ng ViAVi*) is con-
tinuous on Uy x A.

Proof. We can consider that the sets .4 and U are compact.
1) It follows from Corollary 8 that the function F,, (({V;}, A)) = H(C,, ACy,), where

Cy = ,/Z;":l Vl.*V,- and m € N, is continuous on U_; x A. Since Ci < Ciﬂ for
all m the sequence {F;,} is nondecreasing. By noting that convergence of a sequence
{A,} C Ti(H) to an operator Ag € T, (H) follows from its convergence in the weak
operator topology provided that lim, TrA, = TrAo (Theorem 1 in [6]) and by using
Corollary 8 we conclude that lim,,,_, 1o F, (({Vi}, A)) = H(A).

By the Groenevold-Lindblad-Ozawa inequality (see [16]) we have

D HViAV) < H(A) = Fu(({Vi}, A)).

i>m

Hence continuity of the function A +— H(A) and Dini’s lemma show that lim,,— 400
SUP(v; 1, AcA 2i=m H(ViAV;*) = 0 for an arbitrary compact subset U, of V. This
and continuity of the function ({V;}, A) — >7" | H (ViAV[.*) for each m (provided by
Corollary 8) imply the first assertion of the corollary.

2) By the above observation the second alternative in condition 1) in Proposition 4F
holds for the sets Uy and .A. Since condition 2) in this proposition follows from conti-
nuity of function (12) by Dini’s lemma, the set {Z:’:{ ViAVF [{Vi} € Uy, A € A} has
the UA-property. By Theorem 2 this implies the second assertion of the corollary. O

12 The strong™ operator topology on B(H) is defined by the family of seminorms A — [|Al@)|l + | A*|@) |,
l¢) € H [3]. By using more complicated analysis it is possible to replace this topology here by the strong
operator topology.
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Example 3. Let 9, (H) be the set of all quantum measurements with m < +oo out-
comes on the quantum system associated with the Hilbert space H. Each measurement
M in 9, (H) is described by aset {V;}/ | of operators in B (H) such that >/ | V*V; =
I3 and its action on an arbitrary a priori state p € & (H) results in the posteriori ensem-
ble {7r; (M, p), pi (M, p)}i_ |, where p; (M, p) = (TrV,-,oVi*)_1 Vi pV;* is the posteriori
state corresponding to the i outcome and 7; (M, p) = TrV; p V> is the probability of
this outcome (if TrVi,oVi* = 0 then the posteriori state p; (M, p) is not defined) [10].
The mean posteriori state 5(M, p) = > I° | 7 (M, p)pi(M, p) = D72, VipV* cor-
responds to the nonselective measurement.

We will consider that a sequence {M,} C 9,,(H) converges to a measurement
Mo € M, (H) if limy, 400 V' = Vi0 forall i = 1, m in the strong* operator topol-
ogy, where {V/'}!"| is the set of operators describing the measurement M,,.

Let A be a subset of G(H) on which the von Neumann entropy is continuous.
Corollaries 8 and 9 imply the following assertions:

e the von Neumann entropy of the posteriori state H (p; (M, p)) is continuous on the
subset of M, (H) x A, on which p; (M, p) is defined, i =1, m ;

e the mean entropy of posteriori states Z:”zl ;i (M, p)H (p; (M, p)) is continuous on
M (H) x A,

o if M is a subset of M, () such that the Shannon entropy of the outcome’s probabil-
ity distribution H ({m (M, ,0)};”=1) is continuous on 9t x A then the von Neumann
entropy of the mean posteriori state H (p(M, p)) is continuous on 91 x A.

If m < +00, then the function H (p(M, p)) is continuous on M, (H) x A. O

Remark 7. The continuity conditions considered in this subsection are formulated for
subsets of T, (H). They can be reformulated for subsets of & (H) by using the following
obvious observation: If the quantum entropy is continuous on a subset A of T+(H)
such that inf sc 4 ||All1 > O then the von Neumann entropy is continuous on the subset

{a1417" 14 € A} of 800,

6. Conclusion

The method of proving continuity of the von Neumann entropy proposed in this paper
is essentially based on the strong stability property (stated in Theorem 1) and on the
u-compactness (described before Lemma 1) of the set of quantum states, revealing the
special relations between the topology and the convex structure of this set. Of course, it
does not mean that validity of the continuity conditions obtained by this method depends
on validity of these abstract properties and that these conditions can not be proved by
other methods. For example, the assertion of Corollary 7 for sets of quantum states can be
shown by noting that continuity of the entropy on any closed convex set of states implies
compactness of this set (this follows from Lemma 2 in [25] and Corollary 7 in [24]) and
by applying spectral finite dimensional approximation based on using inequality (1) and
Dini’s lemma, but the proposed method provides a simpler and in a sense more natural
way of doing this.

The special approximation of concave lower semicontinuous functions considered in
this paper, in particular, the approximation of the von Neumann entropy used in proving
its continuity, seems to be interesting for other applications.
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7. Appendix

7.1. One property of the positive cone of trace-class operators. The positive cone T (H)
has the following important property.

Proposition 5. Let {{z], A} |}, be a sequence of ensembles consisting of m < +00
operators in T,.(H) such that the sequence {3}~ | m[' A}, of their averages converges to
an operator Ag. There exists a subsequence {{m'*, Al’.”" J'L | Yk converging to a particular

i
ensemble {nio, A?}?’zl with the average Ay in the following sense:

klim ni"":nio and 70 >0 :>k1im A?sz?, i=1,m.
—+00 —+00

Note that this proposition does not assert that A}’ # A i foralli # j.

Proof. We may assume that the sequence {A, = D> i, 7' A"}, belongs to the set T (H)
of positive operators with trace < 1.

Let B! = n/'AY be an operator in Ty (H) such that B/ < A, for all n > 0 and
i = 1, m. Since the set {A,}n>0 is compact, the compactness criterion for subsets of
T1(H) in Lemma 10 below implies relative compactness of the sequence {B'},~o for
each i = 1, m. Hence we can find an increasing sequence {n;} of natural numbers such
that there exist

lim 7% = nio and lim B = B? Vi=1,m,
k—+00 ! k—+o00 !
where {JTZ.O};”:1 is a probability distribution and {B? J7L, is a collection of operators in

T1(H). Since D7, B'* = A, forall k we have > | BY = A,.
Let A? = (771'0)_131‘0 if nl.o # 0 and A? = 0 otherwise. The subsequence
{ {nl." k. A?k }*, }x and the ensemble {rrio , A?};”:1 have the required properties. O

Corollary 10. For an arbitrary closed subset A of T.(H) and an arbitrary natural m
the set cop (A) = {D1L, i A; [{mi} € P, {Ai} C A} is closed.

The following compactness criterion for subsets of T1(H) can be derived from the
compactness criterion for subsets of G(H), presented in [11, the Appendix] (by consid-
ering the set {A+ (1 — TrA)po | A € A} C &(H) for a given set A C T (H), where pg
is a fixed pure state).

Lemma 10. A closed subset A of ¥1(H) is compact if and only if for arbitrary ¢ > 0
there exists a finite rank projector Py in B(H) such that Tr(Iy — P:)A < € for all
Aec A

7.2. The proofs of the auxiliary results. On maximality of any measure supported by
pure states. Maximality of a measure © in P(S1(H)) with respect to the Choquet order-
ing follows from coincidence of this ordering with the dilation ordering [7], but it can
be easily proved in this special case as follows. Suppose v > . Since for an arbitrary
concave continuous bounded function f on the S (H) stability of the set G(H) implies
continuity of its convex hull co f (see [20, Theorem 1]) we have

W(F) = () and w(cof) < vicof), where u(f) = /6 ., fmdo)
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By noting that f > cof and that these functions coincide on the support of the
measure p we conclude that u(f) = v(f) and hence u = v.

The proof of Lemma 2. 1t is easy to see that lower semicontinuity and lower bounded-
ness of the function f imply lower semicontinuity of the functional

P(A) 5> p—> F(p) = /Af(o)u(dﬁ)- 13)

A) Convexity of the function f 4 follows from its definition. By lower semicontinuity
of the functional (13) and compactness of the set P(,}(A) (provided by p-compactness

of the set &(H)) the infimum in the definition of the value f “4(p) for each p in co(A)
is achieved at a particular measure in Py, (A).

Suppose the function f 4 is not lower semicontinuous. Then there exists a sequence
{pn} C co(A) converging to a state py € co(A) such that

Jim  fa(on) < fatoo). (14)

As proved before for eachn = 1, 2, ... there exists a measure [, in Py,,}(A) such that

f A(pn) = F(uy). n-compactness of the set G(7) implies existence of a subsequence
{14n, } converging to a particular measure f1o. By continuity of the map u +— b(u) the
measure /o belongs to the set Py,,) (A). Lower semicontinuity of functional (13) implies

Fa(po) < F(uo) < liminf F(uy) = im  f4(0n).
k—+00 k—+00

contradicting (14).

B) Concavity of the function f 4 follows from its definition. Suppose the function f A
is not lower semicontinuous. Then there exists a sequence {p,} C co(A) converging to
a state pg € co(.A) such that

Jim  faten) < fatoo). (15)

For & > 0 let u1(; be such a measure in Py (A) that fA(po) < F(ug) + &. By open-
ness of the map P(A) > u — b(u) there exists a subsequence {p,, } and a sequence
{1k} C P(A) converging to the measure s such that b(ux) = pp, for each k. Lower
semicontinuity of functional (13) implies

falpo) < F(u§) +e < liminf F(up) +e < lim  fa(pn) +e,
k—+o00 k—+00

contradicting (15) (since ¢ is arbitrary). O

The proof of the assertion in Remark 5. For an arbitrary state p in A = o-co({o;}) there
exists a probability distribution {77;} € P such that p = Z:ﬁol 7;o0;. This distribution
is unique since P;p = m;A;p; for each i, where P; is the projector on the subspace
Suppp; -

The one-to-one correspondence P 2 {7} < Zi m;0; € A is continuous in both
directions (t.i. it is a homeomorphism). Indeed, continuity of the map “—” is obvious
while continuity of the map “<—"" can be proved by using the above set { P;} of projectors
and by noting that pointwise convergence of a sequence of probability distributions to a
probability distribution implies its convergence in the norm of total variation.
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Thus to prove continuity of the von Neumann entropy on the set A it is sufficient to
show continuity of the function Py > {7j} — H (Z, T ai).
By the construction of the sequence {o;} we have

H(me) = H((Zm(l - )»i))po S @ﬂi)»ipi)
i=1 i=1 i=1

= Zm(l — Xi)H (po) + Zﬂt/\iH(pi)

i=1 i=1

+1 (Zm(l - A,-))+ > (i)
i=1 i=1

=1 +’7(Z7Ti(1 - ?»i))
i=1

+00 +00
+Z7‘[,‘)\,’(— log ;) + ZJT,')»,'(— log A;).

i=1 i=1

By using properties of the function x — n(x) and Lemma 11 below it is easy to
show continuity of the all terms in the right side of the above expression as functions of
{7}

Discontinuity of the von Neumann entropy on the set cl (A) = AU{po} follows from
the inequality H(o;) > A;H(p;) =1, i > 0, since H(pp) = 0.

Lemma 11. Let {h -}JTOO be a nondecreasing sequence of positive numbers such that

g({hj}) 1nf{k>0|zjle f<+oo}<+oo.Then

lim  sup ZU(X/)hl g (th)}),

m—+00 {XJ}EBI J>m

where By is the positive part of the unit ball of the Banach space 1.

Proof. We will prove first that

+00

Ay < SUp Zn(xj)h 1<A*+h11, (16)
{x}}EBll 1

—Mhj — ¢ if it exists or

where A is either the unique solution of the equation > > =1
g ({h;}) otherwise (if Zjozol e—e(thjDhj ~ o),
By using the Lagrange method it is easy to show that the function {x j}’}:l >

Z?:l n(x j)hfl attains its maximum on the positive part BY of the unit ball of R" at the

vector {e i ’1} _y» Where 1, is the unique solution of the equation > e Mi =,
and hence
A < sup Zn(xj)h L=, +Ze nhj=1 T §An+hl_l.
{XJ}EBl ] 1
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It is easy to see that the increasing sequence {X,} converges to A, so by noting that
{xj} — Z;fl n(x j)h;l is a lower semicontinuous function and by passing to the limit
in the above expression we obtain (16).

The assertion of the lemma can be derived from (16) applied to the sequence
{hj+m}52 , since if the solution of the equation 7% e *Mijsm = ¢ exists for all m

ittends to g ({h;}) as m — +o0. O
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