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. o ¥
O cBoiicTBax BEPOATHOCTHBIX ME€P Ha MHOXKECTBE€ KBAHTOBBLIX COCTOAHUN

Paccmorpensr gBa CBOHCTBA MHOXKECTBA BEPOATHOCTHBIX MeD HA IIPOCTPAHCTBE KBAHTOBBIX CO-
CTOSTHIH, CHAOYKEHHOTO TOIOJIOTHEH CIab0il CXOAMMOCTH, a TaK¥Ke X CJIeJCTBUS, KOTOPHIE CBSI-

3aHbl C HEKOTOPBIMHA d)yHKHI/IOHa.HI)HbIMI/I KOHCTPYKIIUAMMU, UCIIOIb3yEMBbIMU B BBIIIYKJIOM aHa-

JIX3€ U €ro IIPUJIO2KEHUAX.

KuroueBbie cijioBa: KBAaHTOBOE COCTOSIHME, BEPOSITHOCTHAsI Mepa, DApUIIEHTPUIeCcKoe 0TOOpa-
JK€He, BBIyKJIasg 000I09KA U BBIMYKJIO€ 3aMbIKaHue (bYHKITIN.

1. BBeneunune

TlonsTue ancambist — HAOOPa KBAHTOBBIX COCTO-
SHUH C COOTBETCTBYIOIIUM DACIPEIeIEHIEM BEPOsIT-
HOCTEHl — IIUPOKO HCIOJIb3yeTCA B KBAHTOBOW TEO-
pun mHGOpPMAINH. B 9acTHOCTH, TaKHe Ba’KHBIE Xa-
PAKTEPUCTUKH, KaK IPOIIYCKHAS CIIOCOOHOCTH X 0JIEBO
kBanroBoro kauasaa (the Holevo capacity) u cuen-
sierHocTh Gopmuposanus (the Entanglement of For-
mation) COCTOSIHUS COCTABHOW KBAHTOBOH CHCTEMBI,
OTIPEJIENISIIOTCA KAK IKCTpeMaabHble 3HaUYeHus (HDyHK-
[MHOHAJIOB, 3ABUCAIINX OT aHCAaMOJIsd KBAHTOBBIX CO-
croguuii [3,10].

AncamMbib KBAHTOBBIX COCTOSHHII MOXHO pac-
CMaTpUBATh KAK ATOMHYECKYIO BEPOSITHOCTHYIO MEPY
HA MHOXKECTBE BCEX KBAHTOBBIX COCTOSHUM, ATOMBI
KOTOPO# COOTBETCTBYIOT COCTOSHUAM ancamOs. 1lo-
9TOMY €CTECTBEHHO MPEICTABIATH MPOU3BOIBHYIO OO~
PEJIEBCKYIO BEPOSATHOCTHYIO MEpPy Ha MHOXKECTBE BCEX
KBAHTOBBIX COCTOAHUI KakK 000OIIEHHbIH aHcamOJb.
DTa TOYKA 3peHUst 0COOEHHO yA0OHA MPH M3YUeHNN
0ECKOHEYHOMEDHBIX KBAHTOBBIX KAHAJIOB W CHUCTEM,
[IOCKOJIbKY B 9TOM CJIydae HEOOXOIMMO DPacCMaTpH-
BaTh HENMPEPBHIBHBIE AHCAMDIIN KBAHTOBBIX COCTOSHHUIA,
T.€. CeMEHCTBa COCTOAHMNA WHJECKCHUPYEMblEe BEIeCT-
BEHHBIM TapamerpoM (miam BekTopom) [19].  OmmHo
U3 MPEUMYIIECTB TAKOTO TMOIX0IA COCTOUT B BO3MOXK-
HOCTHU TIPUMEHEHUs OOMUX PE3YJIbTATOB TEOPUH Be-
POSTHOCTHBIX Me€p Ha TOJHBIX CenapabenbHbIX MeT-
puyeckux npocrpancrsax [4,12,15].

B mamHO#i cTarhbe paccMOTPEHBI Clemyrommpe 00-
i€ CBOMCTBA MHOYKECTBA BEPOSITHOCTHBIX Mep Ha
MPOCTPAHCTBE KBAHTOBBIX COCTOSTHUIA:

e cnabas KOMIAKTHOCTH TOIMHOMKECTB BEpPOSIT-
HOCTHBIX Mep, OapUIIEHTPBI KOTOPHIX 0OPa3yIT
KOMTIAKTHBIE TIOMHOMXKECTBA COCTOAHUIN;

® OTKDPBITOCTH BAPUIIEHTPUIECKOTO OTOOPAKEHM ST
¥ HEKOTOPBIX €r0 CY>KEHUH B TOMOJIOTHH CIaboit
CXOIUMOCTH.

OTu cBoiicTBa, MOAPOGHO OMWCAHHBIE B pPa3/eiax
IIT u IV, orpaxarmT OmpejeIeHHbIE COOTHOIIEHUS
MEZK/JIy TOHIOJIOTHEHl M BBINYKJOU CTPYKTYpPO#H MHO-
JKecTBa KBAHTOBBIX cocrosuuil.  Ilepsoe u3 Hux
MOYKHO DACCMaTPUBAThL KaK <«Pa3HOBUIHOCTHY CJla-
00lf KOMITAKTHOCTH, ITOCKOJIBKY OHO MO3BOJISIET I0-
Ka3bIBaTh [IJIsi HEKOMIIAKTHOIO MHO2KECTBA KBAHTO-
BBIX COCTOSIHHI 1 €0 3AMKHYThIX BBIILYKJIBIX IIOMHO-
JKeCTB XOPOIIO U3BECTHBIE JIJIsI BBIMYKJIbIX KOMITAKTOB
pe3ynbrarbl. BTopoe cBOMCTBO mHOKazbiBaeT, rpydo
TOBOPsI, YTO J1I000E MajI0e BO3MYIIEHUE CPETHEr0 CO-
CTOSIHMST KBAHTOBOI'O aHCAMOJI MOYKHO PeaM30BaThH
[IOCPEICTBOM COOTBETCTBYIOMIMX MAJIBIX BO3MYIIEHUN
COCTOSTHW# 3TOTO ancaMmOst, OHO TaeT BO3ZMOMKHOCTb,
B YaCTHOCTH, J0Ka3aTh COXPAaHEHUE IOJIyHEeIPepbIB-
HOCTH CBEPXY IIPU OIEPAIUTX BBITYKIOTO 3aMbIKAHU S
dyukuuu u Binykioit Hagcrpoiiku (the convex roof)
dyHkuuu (craHJapTHBIE ONEPALUY BBIILYKJIOIO aHa-
JM3a).

Hekoropble mnpuMeHeHusi 3THX CBOMCTB M UX
CIeACTBUN PACCMOTPEHBI B paszese V, PACITUPEHHbIH
0030p TpHUJIOKEHUH B KBAHTOBOH Teopuu mHMOpMa-
uuu pad B [14].

II. IIpenBapuTesIbHBIE CBEAEHUS

[Iycts 'H — cenmapabenbHOE THIHLOEPTOBO TIPOCT-
pancreo, B(H) u T(H) — GaHaxoBbl IPOCTPAHCTBA
BCEX JIMHEHHBIX OTPAHUIEHHBIX OMEPATOPOB B H ¢
omepaTopHO#i HOpMOi#L || - || m Beex amepHBIX omepa-
Topoe B H co cnenopoii Hopmoit || - |1 = Tr| - | co-
oreerTcTBenHo, a By (H) n T, (H) — KOHYCHI OO~
JKUTETBHBIX OMEPATOPOB B 3TUX NpocTpaHcTBax [10].
3amkHyTOE BBIMyKI0e moamaoKecTBo G(H) = {A €
€ T.(H)| Tr A = 1} konyca T, (H) sBnserca moma-
HBIM CEITapabeIbHBIM METPHYECKAM IIPOCTPAHCTBOM €
METPHUKOI1, Onpe/iessemoii cienoBoit Hopmoit. Cheys
Tpagunuu, oneparopbl u3 S(H) Gymem obozHadarh
IPEYECKUME OYKBAMHY 0, 0, W U HA3BIBATH COCTNOAHU-
AMU, TTOCKOJBbKY KaxKJbIil TAKON ONepaTop p 3a1aeT

* - s

Pabora BeimosHeHa mpu DUHAHCOBON MOIEPXKKE HAy4IHO! mporpammbl «Maremarndeckas: Teopus ynpasienus» PAH, ABIIIL
«Pa3BuTme HAaydYHOrO MOTEHNUWAJIa BbICIEH wmKombl», npoekrt 2.1.1/11133, ®IIII «Hay4nble W HayYHO-IEJATOTHYECKHE KaJ Db
MHHOBAIMOHHOMN Poccun», kouTpakT 11938, 1 rpanToB PO ®PU 09-01-00424a u 10-01-00139a.
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JINHEHHBI HOpMABHBIH dyukmmonanr A — Tr Ap ¢
eIMHUYHOM HOpMOit Ha anrebpe B(H), Ha3bIBAEMBIi
B TEOPUU ONEPATOPHBIX arebp cocrosuueM [6].

IIycte G(H) — TOMMHOXKECTBO MHOMXKECTBA
S(H), cocrosmee u3 cocrosiumii panra < k. B uact-
HoctH, ©1(H) — MHOMXKECTBO YUCTBIX COCTOSHUNA —
OIHOMEPHBIX TTPOEKTOPOB.

O603naumm co(A) n ¢6(A) BEIMYKIYHO 060IOUKY
U BBIIYKJIOE 3aMblkanue nogmaoxkectsa A C G(H).
MHOXKECTBO KpallHUX TOYCK BLIMYKJIOTO MHOMKECTEA
A oboznaunm extr A.

IMycts C(A) — MHOXKECTBO HENPEPHIBHBIX OIpa-
HrIeHHbIX DyHKIME Ha MHOXKeCTBE A.

Jna mpowseonbHOl DyHKIME [ HA MHOXKECTBE
S(H) ee BRIMYKIYIO 000MOUKY (MAKCHMAIBHYIO BBI-
OYKJIYIO DYHKIUIO, HE TPEBOCXOAANLY IO DYHKIMIO f)
U €€ BBIMYKJIOe 3aMBIKAHUE (MAKCHMAJIBHYH BBITYK-
JIYIO TIOJIYHETPEPBIBHYIO CHU3Y (DYHKIIUIO, HE TIPEBOC-
xouganyio dbyukimio f) obo3uadum co f u €of coor-
BercTBeHHO [16,17].

Jns mpom3BOMBHOTO 3aMKHYTOTO MOJMHOMKECTBA
A C 6(H) nycrs P(A) — MHOXKeCTBO GOpeses-
CKUX BEPOATHOCTHBEIX Mep Ha A, cHalKeHHOEe TOTo-
gormedt craboit cxogumocru [4,12]. Iockonsky A —
MOJTHOE CemapabenbHOe METPUIECKOEe TPOCTPAHCTEO,
mHOKECTBO P(A) TakXkKe MOXKHO CIATATH TOJHBIM
cenapabesibHbIM METPUYECKUM [pocTpaHcrBoM [12].
[ycrs P2(A) n Pf(A) — nommmoxecTna MHONKeCTBa
P(A), cocroamue u3 AaTOMAYECKAX MEP CO CUCTHBIM
¥ KOHETHBIM IHCJIOM ATOMOB COOTBETCTBEHHO.

Mepy u3 P%(A), cocroamyw u3 atomos {p;} C
C A ¢ cooreercrByommMu BecamMn {m;}, o6o3Ha-
qum {7;, pi}. C duszndeckoit ToUKU 3peHHUs Takasi
Mepa MOXKeT PACCMATPUBATLCH KAK JAMCKDETHDLIH aH-
caMOJIb KBAHTOBBIX COCTOSHWH, TOTAA KAaK ITPOU3-
BosbHasg Mepa u3 P(A) — Kak HempepbIBHBINA aH-
cam6buis [19].

Bapuuenmp mepot p € P(A) — 310 cocrosiive u3
co(A), ompenensemoe naTErpansom boxmepa:

bis) = [ onldo).

A
Ecmu p = {m;, pi}, o b(p) = > mip; — cpennee co-

crostane ancambus {m;, p;}.

Jns mporn3BOIBHOTO OMMHOKECTEA, [3 MHOYKECTBA
0(A) mycrs Pp(A) — TOIMHOXKECTBO MHOXKECTBA
P(A), cocroaniee u3 mep ¢ GAPULIEHTPOM, JICKALLIM

B B.

1I1. Kpurepuii KOMIIAKTHOCTU 1 €T0
cJie/ICTBUS

Muoxkecreo P(G(H)) KOMIIAKTHO TOJBKO TOTJIA,
korma dimH < 4oo (mockombky mMuOXKecTBO S(H)
KOMIIAKTHO TOJMBKO Torga, korma dimH < 4o00).
B caywae dim’H = 400 mmeeT MeCTO CJeayIONInii
KPUTEPUI KOMIAKTHOCTH IIOAMHOYKECTB MHOXKECTBA

P(S(H)), KOTOPBIH JTOKA3BIBAETCA C TIOMOIIBIO TEO-
pemsbl IIpoxoposa [19, upemioxenue 2).

Teopema 3.1. Muoxecreo Pa4(6(H)) C
C P(6(H)) xOMIaKTHO TOTJA B TOSBKO TOTIA, KOTIIA
muoKecTBO A C G(H) KOMIAKTHO. O

CaoiicTBo, mpescTraBientnoe B Teopeme 3.1, He aB-
JISIETCSl 9UCTO TOMOJOIMYECKUM, OHO OTPAXKAET OIIpPe-
JIeJIEHHOE COOTHOITIEHWE MEXKIy TOTOJOTHell W BhI-
MyKJIO# cTpyKTypoii MuokecrBa & (H) (koTopas «3a-
JefiCTBOBaHa» B ONpeneeHnn OAPUIIEHTPA BEPOSIT-
HOCTHO# MepbI). DTO CBOMCTBO (B KOHTEKCTE 3aMKHY-
TBIX MOJHBIX METPU3YEMBIX OMPAHUYEHHBIX MTOMHO-
JKECTB MPOU3BONBHOTO JIOKATHHO-BBIMYKJIOTO TPOCT-
paHCTBa) n3yueHo B [18], rjie OHO HA3BAHO CBOHCTBOM
p-roMmakTHOCTH. [loKa3aHo, 9TO (-KOMTIAKTHBIE BbI-
OyKJIble MHOXKECTBA (B 9acTHOCTH MHOKECTBO G (H))
006JIaIaI0T MHOTMMU W3BECTHBIMH CBOMCTBAMU BbI-
[YKJIbIX KOMIIAKTOB, B YACTHOCTHU, JIJIsi HUX HMEIOT
mecto Teopema, [lloke 0 GapuiieHTpHIECKOM pa3IokKe-
Hun, Teopema Becrepcrpema—O’Bpaiiena (em. [7]),
YTBEPKAEHUE O MOJYHENPEPHIBHOCTH CHU3Y BBHITYK-
Jiott 0607I049KH 1000 HENpPePhIBHON OrpaHUYIeHHON
GbDYHKIUN U T. [I.

IIpsimbim cencrBrem Teopembr 3.1 apisercs cie-
JyIOIIee yTBepXK/IeHre 0 OAPHUIEHTPUYECKOM Pa3Jio-
sxennu [13, memma 1].

Caencreue 3.1. Ilycrts A — 3amknyTOE 1MOA-
MHOKeCTBO MHOXKecTBa S(H). Torma moboe cocTosi-
uue u3 ¢o(A) saBiagerca 6apUIEHTPOM HEKOTOPOit Go-
PEJIEBCKOU BEPOATHOCTHON MEPBI C HOCUTEJIEM, JIeZKa-
muM B A. O

Jns nponssonbrOro cocrosuus p u3 S(H) muO-
JKECTBO P{p}(G(H)) wiorno B Pr,y(6(H)) [19,
aemma 1]. C momorbio TeopeMbl 3.1 3T0oT TPOCTOi
Pe3YJIBTAT MOXKHO YCUINTD CJIeIYIONmM obpazom [13,
nemma 5.

Caencreue 3.2. i mwoboro cocrosiaus p €
€ 6(H) u narypanbroro k muoxecrso P{,, (6 (H))
SABISIETCS  TJIOTHBIM — TIOAMHOXKECTBOM — MHOXKECTBA
Py (Gk(H)). O

DTO yTBEPXKIEHHE O3HAYALT, UTO JIIOOYIO BEPOAT-
HOCTHYIO MEpPy € HOCHTEJEM BO MHOXKECTBE COCTOsi-
Huil padra < kK MOXKHO anmpOKCUMUPOBATH TOCIEI0-
BaTEIbHOCTBIO ATOMUYIECKUX MEP — CUYETHBIX aHCAM-
Oneit cocrogrmit panra < k ¢ TeMm ke cambIiM Oapu-
[IEHTPOM.

Baxk#biM cieIcTBHEM KPUTEPHs KOMIAKTHOCTH B
reopeme 3.1 gaBigercs ciaezyoniee yreepxiaenue [13,
jaeMma 2A], B KOTOPOM KOPDPEKTHOCTH OIIPEIEJIeHHs]
dbyHKIIINT fa rapaHTupyercst ciaeacrsueM 3.1.

Caenctsue 3.3. Ilycrb f — nosyHenpepbiBHAA
CHU3Y OTpaHWYEHHAs] CHU3Y (DYHKIUST Ha 3aMKHYTOM
nonmuokecTBe A C G(H). Bommykinas GyHKIms

Fato) = _jnt Z f(@)p(do)

NOJIyHENPEPBIBHA CHM3Y Ha MHOXKecTBe CO(A). s
moboro cocrognusa p u3 co(A) uadumyM B ompese-
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JICHUY BEIMYHHBL f4(p) JOCTHTAETCS Ha HEKOTODOIL
mepe u3 Py, (A). O

N3BectHO, uTO miia 060 BO3pacTalomiei Imo-
crenoBarensioctu { f,} HenpepwBHLIX byHKUMH Ha
BBITIYKJIOM KOMITAKTHOM MHOXecTBe A, MoTouednHo
cXOmAIEeiics K HEMPephIBHOW (GyHKIMHA fj, COOTBET-
CTBYIOIIAS TIOCJEIOBATETHHOCT {COf,} CXOAMTCS K
dbyukmuu cofy.! Kpurepmii KOMOAKTHOCTH U3 Teo-
peMbl 3.1 03BOJIgET JOKA3ATh AHAJIOTUIHOE YTBEPK-
JIGHWe JIJIT HEKOMIAKTHOTO MHOkecTBa A = G(H)
[20, npennoxkenne 6).

Caeacreue 3.4. Jlaa mroboit BO3pacraromei
MOCTIETOBATEIBHOCTH { [y, } MOIyHENPEPHIBHBIX CHU3Y
orpaHmYeHHBIX cHU3Y hyHKIWmi Ha MHOKecTBe S(H)
u JiI000H cXondIeics IoCJaeI0BaTeIbHOCTH {pn} co-
crosiauii u3 G(H) uMeeT MECTO HEPABEHCTBO

lim inf mfn(pn) = m.fO (p0)7

n—-+o0o

rae fo =sup f, w po = lim p,.
n n—-+oo

B wactaoCTH,

lim cofn(p) =c0fo(p) VpeS(H). O

n—-4oo
3ameuanue 3.1. Kpurepwnii KOMOAKTHOCTA W3
TeopeMHbl 3.1 paBHOCHIIEH BBITOTHUMOCTH MOCTETHETO
VTBEPXKIEHNA CAeACTBUA 3.4 11 000t mocaeaoBa-

rensrocTH { fr,} C C(S(H)), cxonsmeiica k dyHKImn
fo € C(8(H)) [20].

IV. OTkpsIiTOCTh HAPUIIEHTPUIECKOTO
0OTOOpaKeHus

Bapunienrpudeckoe orobparkenue
P(6(H)) > p— b(u) € 6(H) (4.1)

SIBJIsSIeTCS. HepephIBHON cropbekimeii [19]. B cumy
CIIEKTPAJLHON  TEOPEMbI  CIOPDHLEKTUBHBIMU  SIBJIsI-
IOTCSL Cy2KEHHsI 9TOrO OTOODasKeHHs HA MHOMKECTBA
P(6r(H)) u P*(Sr(H)) npm xaxmom k € N. Bax-
HOE CBOMCTBO OapUIEHTPUIECKOIO OTOOPaKEHMUs
OPEICTABICHO B CAEAYIONIEH Teopeme (CM. pasie
3 B [13)).
Teopema 4.2.

A) Bapunenrpuueckoe orobpaxenue (4.1) u ero
cyxkenne Ha MHOKeCTBO P%(S(H)) sBnaoTcs
OTKPBITBIMH.

B) Cyxenus  6Gapuuenrpuydeckoro  orobpaxe-
musa (4.1) ma wmuOkectBa P(Skp(H)) wm
P (Sk(H)) ABIAIOTCS OTKPBITBIMEA MPH KasK-
gom k € N, O

C dusndeckoii TOYKH 3peHUsi OTKPBITOCTH OTO-
Gpaxennst P(G(H)) > pu — b(p) € 6(H) (coor-
BercTBenHO oToOpaxenus P*(S(H)) > p+— b(u) €
€ 6(H)) osnauaer, 9To M1060E MAJIOE BO3MYIIECHUE

CPEJIHEro COCTOAHMS 33JAHHOIO HENIPEPBIBHOIO (COOT-
BETCTBEHHO ,HHCerTHOFO) aHC3M6ﬂH KBAaHTOBBIX CO-
CTOSHUN MOKET OBITH OCYIIECTBICHO MAJIBIMU BO3MY-
MIEHUSIMHU COCTOSTHIN TOTO aHcaMOys. B cuny p-kom-
MMaKTHOM Bepcuu TeopeMmbl Becreperpema—O’bpaitena
([18, Teopema 1]) 3TO CBOKCTBO PABHOCUNBHO BBIIOJ-
HUMOCTH CJIEAYIONINX yTBEPKAECHUH]:

e orobpaskerne G(H) x 6(H) 3 (p,0) — %(er
+ o) € 6(H) orkpsITO;

e orobpaxkenue P(S1(H)) > p — b(u) € 6(H)

OTKPBITO;

e cof =tof € C(6(H)) nng mpou3BOIBHON BO-
ruytoit Gyuknuu f € C(G(H));

ecof = cof € C(6(H)) mna mPOM3BOIBHOI
dynxmun f € C(&(H)).

B coorBercTBUM ¢ NPUHATONW B BBIMIYKJIOM aHA-
mu3e TepmuHomorueit (cMm. [8, 11]) BBINOTHHMOCTH
[EPBOr0 W3 YKA3AHHBIX BBIIIE yTBEDPXK/EHUI HA3bI-
BAeTCA CBOUCTBOM yemotuusocmu muoxkectsa S (H).
CyIecTBEHHO, UTO TIEPBOE YTBEPKICHNE TeOpeMbI 4.2
BBIBOIUTCS U3 ycroliuumBoctu muoxkecrBa S(H) Ges
UCIOIb30BAHUS [I~-KOMIIAKTHOCTH 9TOIO MHOXKECTBA.

Bropoe yTBepxkaenne TeopeMmbl 4.2 MOKA3LIBAET,
4To J000e Majoe BO3MYLIEHUE CPEIHero COCTOsi-
HUS 33JaHHOTO (AMCKPETHOTO WJIM HENPEepPLIBHOIO)
ancamb6iisi MOYKeT ObITH OCYIIECTBJIEHO COOTBETCTBY-
IOIUME MaJIbIMU BO3MYIIEHUSAMU COCTOSTHUI 3TOrO
aHcaMbilsl, He YBCAUNUBAIOUUMY MEKCUMEALHBIT
pamez IMUL COCMOAHUT. IDTO CBOMCTBO HA3BAHO B
[13] cBOHCTBOM CuAbHOT YCMOGUUBOCTNY MHOKECTBA
S(H).

Ucnomb3ys nemmy 2B u3 [13], u3 Teopemst 4.2 mo-
JIY4aeM CJIEMYIOIIUE YTBEPKICH S .

Caencrsue 4.5. Ilycts A — 3ro mmbo G(H),
60 & (H) npu k € N. Ilycts f — moayHenpepbis-
Has CHU3Y OIPAHUYEHHAs] CHU3Y (DYHKIUS Ha MHO-
sxectee A. Torma sorayrast GyHKITHS

fa)= s ! f(o)u(do)

uep(p} (.A

noayHenpepbiBHa cuuzy Ha MHoxecrse S(H). Cyn-

PEMYM B OIPeIeICHIN BeTHInHbL f 4 (p) MOKHO Bpats

10 MHOYKECTBY P{fp} (A), ecrm A = G(H), u mo MHO-

xecrsy PP, (A), ecrm A = 6, (H). O
TMocnenree yTBEpIKIEHNE CJIEJCTBUST BBITEKAET

U3 TOJIYHENPEPBIBHOCTH CHU3Y (YHKIHOHATA [ —

— [ f(o)u(do) ¢ yaerom memmbr 1 u3 [19] B cayqae
A

A = 6(H) u cnencreus 3.2 B cnyaae A = S (H).

DTO yTBEPKIEHUE TTOKA3BIBAET, YTO

falp = sup D mf(p),

{71'7'7/01'}6773,,} (A

rne * = f B ciyuae A = 6(H) u * = a B ciayuae

A=6L(H).

1910 cremyer uz memmbr Juru. CymecTBeHHOCTh YCIOBHS KOMIAKTHOCTH MOKA3bIBAET TOC/ACI0BATENLHOCTS yHKImi fr (T) =
= exp(—x?/n) na R, cxogamasca xk dyuxmun fo(r) = 1, Takas 910 o fp (x) = 0 g1 BCex n.
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V. HekoTopsie npunioKeHus

V.1. O6 ammpokcuManuyu BOTHY ThIX
¥ BBIMYKJIBIX TOJIyHENPEPhIBHBIX CHU3Y
dbyHKIIMIIT

Xopomio u3BECTHO, UTO JIOOYI0 TONYHEIPEPhIB-
HYIO CHU3Y OFDAaHHYEHHYIO CHU3Y (DYHKIMIO Ha MET-
PHYECKOM OPOCTPAHCTBE A MOMXKHO MPEJCTABUTH B
BUZE IIOTOYEIHOIO MPEIE/a BO3PACTAIOMIEH IOCIe10-
BATEJIBHOCTH HENPEPBIBHBIX OrPAHNYEHHBIX (DYHKIUHA
[2]. Teopembr 3.1 m 4.2 MO3BOJSAIOT YCHJIUTH 3TO
yrBepxenue mys cayydas A = S(H) crenyrommm
obpazom.

IIpenmoxenue 5.1. Jliobaga sorayras (cooTBer-
CTBEHHO BBINYKJIasi) HOJYHENPEPbIBHAA CHU3Y Orpa-
HuueHHaa cHu3y ¢yukuusa wa G(H) asiasercs mo-
TOYEUHBIM [TPEJIEJIOM HEYObIBAIOIIEH MOCIeI0BATE b
HOCTH BOTHYTBHIX (COOTBETCTBEHHO BBIMYKJIBIX) (hyHK-
it n3 C(G(H)). O

HokasareabctBo. Ilycts f — Bormyras mosy-
HelPepbIBHAA CHU3Y OIPAHUYEHHAs CHU3Y (DYHKIUS 1
{gn} — HeyOBIBaIOmMAS TOCTETOBATENLHOCTL (DYHK-
mait w3 C(G(H)), Takas, ato f = supg,. Iycrs

n

fn — Bormyras obosouka dydruuu g, (T.e. f, =
= —co(—gn)). B cuny reopem 3.1 u 4.2 u3 0606-
mienHoil reopembl  Becrepcrpema—O’Bpaiiena [18,

teopema 1] cmemyer, aTo mocaemoBaTeabHOCTH { fr }
aexur B C(S(H)). Mockombky gn, < frn, umeem f =

= sup fn-

n

IMycth f — BLIIyKJasd HOJIyHEIPEPLIBHAS CHU3Y
orpaHWveHHas CHU3Y DyHKIMS U {g,} — HEyObIBa-

fomas nocienosarenbaocts bynxmmit w3 C(S(H)),

rakasi, 4to f = sup g,. Iycrp f, — BbInyKIas 060-
n

siouka dyHkimu g,. B cuny reopem 3.1 u 4.2 u3 0606-

menHo# TeopeMbl Becrepcrpema—O’Bpaitena u3 [18,

reopema 1] caenyer, aro nocaemnoBaTenbHOCT { fr}

nexur B C(6(H)). B cuny cnencreua 3.4 nmeem f =

= sup fn. |
n

V.2. O HEKOTOPBIX PE3yJIbTATAX, CBI3AHHBIX
c nopsjikom ITloke

Ha muoxkecree P(G(H)) paccMOTpuM 9aCTUIHBI
nopsaaok [1loke, mpu KOTOPOM [ > V O3HAYAET, UTO

/ f(0)u(do) > / fo)wldo)  (52)
S(H) S(H)

st mro6oit eermykaoi dbyrakmum f uz C(G(H)). DTo
OTHOITICHWE COBMANAET ¢ HEKOTODBIMHU JPYTHME 9aC-
THYHBIMY TIOpsiikaMu Ha MHOKecTBe P(S(H)), B
9JaCTHOCTH, C T.H. JWJIATAIMOHHBIM mopsakoM (the
dilation ordering) [5,9].

IIpeskme BCETO OTMETHM OYEBWITHOE CJIEJICTBHE
npeyioXkenus 5.1 U TeopeMbl 0O MOHOTOHHOHN CXOIU-
MOCTH.

Jlemma 5.1. Ilycte g m v — Takme Mepwl U3
P(6(H)), aro p > v. Torna Hepasencrro (5.2) nmeer
MecTo qist 060l Beimykiaoil ¢yukuua f ua S(H),
KOTOpad JU60 MOJIYHEIPEePhIBHA CHU3Y?, OO0 MOMy-
HENPEPBIBHA CBEPXY W OTPAHHYIEHA, CBEPXY. O

Jlerko Buzerh (paccmarpupas adduHHbIE HEIIPe-
peieable dhyakmu HAa S(H)), uTo u3 p > v cuaenyer
b(s) = b(v).

O6pa3HO rOBOPs, OTHOIIEHHUE L > ¥ O3HAYAET, 9TO
«OCHOBHOI BEC MEpHI (4 YIaJeH AajbIie oT 0bmero 6a-
pUIIEHTPA MEP p U vV, GIuzKe MOAX0Ad K MHOMKECTBY
Kpaiinux todek» [1]. 3amerum, 4ro KpaliHUMEH TOY-
kaMu MHOZKeCTBA S (H) ABAAIOTCSA IUCTHIE COCTOSTHUS
(cocrostnust parra 1) u 9TO [7Is1 MPOU3BOIBLHOTO TO-
npocrpancrea Ho C H unogmuoxkecrso &(Hy) ss-
asercs epamwvblo Muokectsa S(H) [16,17]. ITosromy
NIPUBEIEHHAA BBIIIE XaPAKTEPUCTUKA YACTAIHOTO IO~
PAAKA «>» IOATBEPKIAETCA CIELyONMME Y TBEPXK-
JECHUSIMU.

IIpennoxenne 5.2. Ilycts p m v — Mepsl u3
P(S(H)), Takme, uro p > v. Torma

o u(A) > v(A) ans mr6oro GOPETCBCKOTO MOA-

muoKecTBa A C 61(H) = extr S(H);

o u(S(Ho)) = v(6(Hyp)) mng mobGoro moampocT-
pamcTBa Ho mpocTpancTsa, H;

o 1(6k(H)) = v(6k(H)) npu KaKIOM HATYDATb-
woMm k.
O

HdokaszaTeabcTBo. IlepBoe yrBep:kaeHue mpem-
JIOKEHWS I 3aMKHYTOrO moaMmHOXkectBa A cie-
JIyeT U3 JIEMMBI 5.1, TOCKOIBKY MHAUKATOPHASA (DyHK-
WSl STOrO IOJMHOMKECTBA BBIMYKJA ¥ MOJYHENpe-
pbiBHA cBepxy. Jljig 3aBeplieHus J10KA3aTEIbCTBA
9TOr0 YTBEPKJEHUS JOCTATOYHO 3AMETUTh, YTO JIHO-
Gasa mepa n3 P(S(H)) asnaerca mepoit Panona [15].

Bropoe m Tperbe yTBEPIKIEHHA TAKIKE CIEIYIOT
n3 jeMMbl 5.1, TIOCKOJMBbKY WHIUKATOPHBIE (DyHKIUH
nonmuokecTs S(Ho) 1 Sy (H) BBHIMYKIBI U TTOMYHEN-
PEPBIBHBL CBEPXY. |

Mepa p u3 P(S(H)) HasbiBaeTCsi MAKCUMAALHOL,
€CJIN U3 V > [ CJIEIIyeT V = [ JUIs JII00OH MephI V u3
P(S(H)).

CiaencrBue 5.6. MHOXeECTBO MaKCUMaJIbHbBIX
mep B P(S6(H)) cosmamaer ¢ P(&1(H)).

Hna moboit meper p w3 P(G(H)) cymecryer
mepa i u3 P(S1(H)), Takasi, 910 [i > L. O

JdokazaTeabcTBO. YTBEPKICHUS 3TOTO CIEICT-
BUsl MOYKHO BBIBECTH M3 OOIIUX PE3YJIbTATOB TEOPUU
MepbI Ha BBIIYKJIBIX MHOXKecTBax [5,9]. OmHako Mbl
MTOKAKEM, 9TO PACCMOTPEHHBIE BBIIIE CBOWCTBA MHO-
xkectBa P(G(H)) matoT mpocToii n KoHCmpykmueHsl
CTocod I0KA3aTeThCTRA ITUX YTBEPKICHMI.

IMycts p — npoussombHag Mepa u3 P(Sq(H)).
B cuny npennoxenus 5.2 u3 OTHOIMEHUS V > [ JJIS
HeKoTopoit Mepbt v u3 P(S(H)) ciemyer HEpaBEHCTBO

2 Tiobas BLIyKTast MO TyHENpephiBHas cau3y dyukrus na S(H) nubo orpanutena cuu3y, mub0 He IPHHAMAET KOHEIHBIX 3HAMEHUET

(em. nemmy 2 B [20]).
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v(A) > p(A) ana npou3BoIBHOTO GOPETEBCKOTO MHO-
JKecTBa, A 9aucThIx cocroganii. ITOCKONBKY (4 0 UV —
6EPOATMHOCTIHDIE MEPBL U HOCUTEND (i IPHHAIJICKAT
MHOKECTBY BCEX YUCTBIX COCTOSHWH, B MPUBEICHHOM
BBIIIE HEPABEHCTBE HMEET MECTO PABEHCTBO, KOTOPOEe
HOKA3BIBAECT, 9TO [t = V. I103TOMY [t — MAKCHMAJIb-
naa mepa B P(S(H)).

Ecmm p — makenmanbras mepa B P(S(H)), To, B
CUJTy TIPHBEJICHHON HUYKE KOHCTPYKIAH, CYIIECTBYeT
mepa fi w3 P(&1(H)), Takas, 9ro i > p u, caenoBa-
TEeJIbHO, [k = [i.

Mycts p — nupoussonbhas Mepa uz P(S(H)).
B cuny memuer 1 u3 [19] cymecTByeT moCie 0BATENb-
HOCTB {fin} Mep w3 P{b(u)}(G(H)), CXOZAMAACT K
Mepe ji. PacknaapiBas KaKbplii ATOM MEpHI fin, B BbI-
IMYKJIY K KOMOMHAIAIO IUCTHIX COCTOSHUI (3TO MOXKHO
CIIenaTh B CHJLYy CIIEKTPAIBHON TEOPEeMBI), IOy IuM
MepY [l C TEM K€ CAMBIM DAPUIIEHTPOM U HOCUTEIEM,
JIEXKAITEM BO MHOXKECTBE UHCTBIX COCTOSTHWEA. SlcHO,
9TO [l > ln. B cuiy Teopemsbr 3.1 mociemoBaTennb-
HOCTB {/[in }n>0 OTHOCHTENLHO KOMITAKTHA W, CIEI0-
BATENBEHO, COMEPIKAT MOAIOCTENOBATENBHOCTD { fin, },
CXOIAIIYIOCA K HeKOTopoii mepe fi u3 P(G1(H)). To-
CKOJIBKY fln, > [n, OIS BCEX k, U3 OIpeeeHUs Cla-
60#1 CXOAMMOCTH CIIEIYET, 9TO fI > [i. |

V.3. O BBIIyKJIOM 3aMBbIKAHUHU U BOTHYTOM
060J/109Ke TTOJIYHEeNIPEePhIBHOM CHU3Y (DYyHKITUN

B sTtoM pazmene pacCcMOTpEHBI CJIEICTBUS TeO-
pem 3.1 m 4.2, cBA3aHHBIE C TIOHATUAMU BBITYK-
JIOA (BOTHYTOI) OGOJIOYKU U BBIIYKJIOIO 3aMbIKAHMS
dbyuxmmn, onpeaenennoi Ha maoKecTBe S (H).

IIpennoxenne 5.3. [lycts f — nosyHenpepbis-
HAs CHW3Y OrPAHWYEHHAs CHU3Y (DYHKIMSA HA MHO-
xkecree S(H).

A) Oyukuuu

F f (do)
flp) = #GP{;?G(H /f o)u(do)

w fo= s s
HEP,y (S(H))
TOJTYHETTPEPHIBHBI CHNU3Y Ha MHOKecTBe & (H).

B) dna mpomsgonsrOTo cocrostaus p € S(H) nadn-
MYM B OIpeJeeHHN BeTHIHHbI f(p) JOCTHraercs
Ha HEKOTOpOil Mepe ,u‘f) u3 Py (6(H)). Ecam f
— BoruyTasd (PYHKIHI, TO Mepa ,ug MOXKeT OBbITh
soiGpana B Py, (61(H)).

C) Oyukius f COBIAMAET ¢ BBIMTYKIIBIM 3aMBIKAHIEM
cof dpynkuun f, a pyHKIUSL f* C BOI'HYTOIi 060-
JI04Koi® yukuuu f, 1. e.

flp) = sup > wif(pi), VpeS(H). O
{mipi}ePY,) (S(H))

Joka3areabcTBo.  YTBepkKienue A, mnepsas
9acThb yTBEpkKIeHus B u BTOpas 4acTb yTBepKie-
Hust C HEIIOCPEICTBEHHO BHITEKAIOT U3 CIAEICTBUH 3.3

u 4.5.

3

Ecin f — Borayras ¢yHKIUs, TO U3 ONTUMAIb-
HOCTW MepbI uf: cllelyeT, B CUJIy JIeMMbl 5.1, omTu-
MaJTbHOCTH J000# Mephl v € Py,1(61(H)) Taxoit, 9To
v o> H; (CcymiecTBOBaHE TAKOH MEDBI V TApaHTHUDPY-
eTcs caencTereM 5.6).

[IoCKOIbKY BbIIyK/Iasg (DyHKIMA f MOJIyHEIpe-
DBIBHA CHU3Y, W3 ONPEJETEHNsT BBIMYKJIOTO 3aMbIKa-
Hus ciaegyer, uro f(p) < Cof(p) mus Bcex p u3
S(H). TockoabKy €O f — BBILYKJIAsl IOJIYHEIPEPbIB-
Hag cHu3y PYHKIMSA, He IpeBocxonsdmas GyHKIuo f,

u3 HepasencrBa Vlencena ciemyer, 9To

co < inf /@'J do) <
f(p) per Moo f(o)u(do)

</1€7’{p}(6(71))/f = 1)

nust Beex p u3 S(H). Caenosarensho, f =cof. M

3ameuanme 5.2. Awnajoru yreepxienuii B u
Bropoit wactu C npemjioxkenus: 5.3 HEe UMEIOT MeCTa
A7st QyHKIHH f u f coorBercrenno. IIpumep, moka-
BBIBAIOTIHIA, UTO CYTIPEMYM B OTIPe/Ie/IeHHH BeTMTUHBI
f(p) MOKeT HE TOCTUTATHCS IAZKE JJIsT OrPAHUIEHHON
MOJIYHENIPEPLIBHON CHU3Y (DYHKITUW, TPEJICTABICH B
[14, 3ameuanue 1]. B kavecrBe npumepa mHOJyHEI-
PEpPBbIBHOA CHM3Y HeOoTpuuaTeabHON dyHKuuu f, mjs
KOTOpOii co f # COf MOXKHO PacCMOTPETh SHTPOIMIO
don Heiimana H (p) = — Tr plog p, mockonbky coH =
= H = 0 B CUIy CHEKTPATBHON TEOPEMBI, B TO BPEMsI
Kak co H(p) = +00 1yrst m060ro COCTOSHUS P, TAKOTO,
yto H(p) = 400, B CHILY BBITYKJIOCTH MHOMKECTBA, CO-
CTOdHUI ¢ KOHEeYHOI suTponueit [10].

Jpyrre npuMeHeHus TPEICTABICHHBIX B JTAHHON
CTaThE CBOWCTB MHOXKECTBA, BEPOATHOCTHBIX MEP HA,
IPOCTPAHCTBE KBAHTOBBIX COCTOSHUII PACCMOTPEHBI
BO BTOpO# wacru [14].
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Summaries of all articles

G.G. Amosov and A.I. Dnestryan

On the spectrum of a set of integral operators determining the
symplectic quantum tomogram
In this paper, we find eigenfunctions and eigenvalues of a set of integral operators determining the
symplectic quantum tomogram. It is shown that given certain parameters, the studied operators define

the fractional Fourier transform. The variances for canonical observables associated with spectrum states
are calculated.

Keywords: symplectic quantum tomogram, fractional Fourier transform, spectrum of an integral op-
erator.

M.V. Balashov
On moduli of convexity of a set and function

We consider a relationship between uniformly convex sets and functions in a Banach space. We prove
that the level sets of a uniformly convex function are uniformly convex sets. We prove that the boundary
of a uniformly convex set is the graph of a uniformly convex function. The estimates for the moduli of
convexity are obtained.

Keywords: modulus of convexity, uniformly convex function, uniformly convex set.

A.A. Belolipetskiy and A.A. Ter-Krikorov

Solution of a singular perturbed boundary initial problem for a
linear parabolic equation

A singular perturbed boundary initial problem for a linear parabolic equation is investigated. Approxi-
mations are constructed for small parameter values. We prove the existence and uniqueness theorem for
solutions for which approximations are asymptotic. Such problems are of importance for laser targets
technology in the thermonuclear synthesis problem.

Keywords: parabolic equation, singular perturbation, boundary layer solution, laser target.

0.V. Besov
Sobolev’s embedding theorem for anisotropically irregular domains

We prove a Sobolev-type embedding theorem, viz. an embedding of the Sobolev space W;(G’) in the
Lebesgue space Lq(G), for anisotropically irregular domains G C R™ of various classes.

Keywords: Sobolev space, embedding theorem, irregular domain, anisotropy.

A.I. Besportochnyy

Asymptotic regimes of the hydrodynamic contact of rigid cylinders
having thin elastic coating

A one-dimensional lubricating fluid flow in a thin layer separating a cylinder with an elastic coating and
rigid half-space is considered. The fluid viscosity depends on pressure. The lubricant film thickness and
pressure distribution within the contact aria are investigated. Different asymptotic lubrication regimes
are examined. The ranges of applicability of a number of formulas for calculating the film thickness are
suggested.

Keywords: lubrication, hydrodynamic contact, elastic coating, qualitative analysis, asymptotic regimes.
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S.B. Gashkov and A.A. Burtsev

On hardware and software implementation of arithmetic in finite
fields of characteristic 7 for pairing calculation

We study scheme (hardware) and program (software) methods for multiplying polynomials over fields of
characteristic 7 in order to apply them to cryptographic protocols on elliptic curves based on parings.
We consider hardware and software implementations of arithmetic in GF(7), GF(72), GF ("), GF(7™),
and GF(7'%") and estimate the complexity of corresponding schemes and programs.

Keywords: schemes for arithmetic in finite fields, cryptographic reports.

A.K. Volosova

On the theory of nonlinear diffusion and heat conductivity

It is shown that a wide class of equations in partial derivatives is equivalent to a system of functional
linear algebraic equations. It permits us to construct exact and approximate solutions and determine the
solution character of evolution with respect to “limit attracting solution” according to the eigenvalues of
a matrix corresponding to the equation under study. We propose an alternative classification for PDE
solutions on eigenvalues.

Keywords: transformation of variables, eigenvalues, classification for PDE solutions.

B.1. Golubov and S.S. Volosivets

Generalized weighted integrability of the multiplicative Fourier
transform

The multiplicative Fourier transform introduced by N.Ya. Vilenkin is defined by the sequence of natural
numbers P = {pn}°2 1, pn 2> 2. In the case p, = 2, it coincides with the known Walsh transform having
numerous applications in numerical analysis and coding theory. The sufficient conditions on functions
providing the weighted integrability of their multiplicative Fourier transforms on R4 are obtained for
a bounded sequence P. Some of them are sharp. Multiplicative counterparts of Hardy—-Littlewood,
Zygmund, Moricz, Onneweer, M. Izumi-S. Izumi and Aljancic-Tomic theorems are proved.

Keywords: multiplicative Fourier transform, multiplicative convolution, weighted integrability, function
of bounded s-fluctuation, Lipschitz classes, monotone function.

N.A. Gusev

Asymptotic properties of linearized equations of low compressible
fluid motion

The initial boundary value problem for linearized equations of a viscous barotropic low compressible
fluid in a bounded domain is considered. Convergence of solutions to this problem to the corresponding
incompressible limit is studied. The sufficient conditions for the convergence to be weak and strong are
given.

Keywords: linearized equations of compressible fluid, compressibility factor, low compressible fluid.

P.E. Dvurechensky and G.E. ITvanov

Optimal strategy algorithm in a nonlinear differential game using
convolution

We develop a method for computing quasioptimal strategies in a nonlinear differential game on a fixed
time interval with a goal set. In the two-dimensional case, the play-attainable sets are calculated by
an algorithm similar to that for convolution of Minkowski’s sum of two polygons. We give in detail the
error estimates of the algorithm.

Keywords: differential game, optimal strategy algorithm.
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N.O. Ermilov

Tetrahedrons with the same suite of length ribbings and volume
inscribed into the same sphere

The recovering of a tetrahedron on the specified length ribbings depends on the allocation of the length
ribbings. In the capacity of the tetrahedron length ribbings, other characteristics such as volume and the
radius of a circumscribed sphere can define the tetrahedron. But there is an example of the tetrahedron
defined ambiguously by these eight parameters.

Keywords: tetrahedron, suite of the length ribbings, volume, radios of a circumscribed sphere.

G.E. Ivanov and G.M. Tvanov

Relationship between supporting conditions in Banach spaces

We consider two classes of weakly convex sets in a Banach space. The classes are characterized by IN-
supporting and P-supporting conditions, respectively. We prove that the two classes coincide provided
that the Banach space is uniformly convex. The proof is based on the theorem of the smooth equivalent
renorm of a uniformly convex Banach space.

Keywords: supporting condition, weak convexity.

V.M. Ipatova

Attractors of finite difference schemes for the Lorenz system with
time dependent coefficients

The explicit and implicit finite difference schemes for the Lorenz system with time dependent coefficients
are considered. For each of these schemes the existence of its uniform attractor is established. It is shown
that with the decrease of a time step the attractors of schemes become closer to the genuine attractor
of the system.

Keywords: attractor, nonautonomous system, finite difference scheme.

V. V. Maksimenko and L.Yu. Kupriyanov and V.A. Zagaynov and A.A. Hasanov

Self-organization elements in gas diffusion inside a system of
nanogeterogeneities

The ideal gas diffusion in a system of small spherical heterogeneities is considered. It can be a collective
of particles or a system of small spherical cavities in some homogeneous medium. The effective diffusion
coefficient is calculated using the methods of multiple scattering theory. Contribution to the diffusion of
multiple passing closed loops on a molecule trajectory is considered. Interest in such loops is associated
with the constructive interference of amplitudes of two alternative ways of the loop passing (clockwise
and counterclockwise). This interference always exists irrespective of medium disorder. It is shown
that interference corrections to classical diffusion reduce to the appearance of low frequency macroscopic
oscillations of gas concentration and the total diffusion stopping. The latter resembles the Anderson
localization of an electron in the system of impurities inside an ideal lattice.

Keywords: diffusion, nanogeterogeneities, oscillations, localization.

N.A. Markitantova and A.P. Chernyaev

Nonlinear filtration to a horizontal well in the case of special
nonlinearity

The model of stationary incompressible fluid filtration for the special nonlinear flow to a horizontal
nonsymmetrical well is considered. The hodograph plane map is used. The equation in hodograph plane
variables may be reduced to Laplace’s equation.

Keywords: stationary filtration, nonlinear filtration flow, incompressible liquid, nonsymmetric well.
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G.I. Marchuk and V.1. Agoshkov and V.M. Ipatova

Theory of solvability of initial-boundary value problems and data
assimilation problems for the primitive equations of the ocean
This paper is a review of progress in the solvability analysis of initial boundary value problems and
data assimilation problems for the primitive equations of the ocean. The historical sketch and the
description of the earliest results are given. The existence of weak solutions and the solvability of data
assimilation problems for the primitive equations with a free surface condition on the upper boundary

are studied. The existence and uniqueness theorems for a strong solution to the simplified system of
primitive equations are considered.

Keywords: partial differential equations, ocean dynamics models, solvability, inverse and variational
problems, data assimilation problems.

M.N. Matveev
Invisible facets and face polytopes

The notion of a polytopally complete fan is well-known, viz. any cone of a fan is the conical hull
of a polytope facet. The paper generalizes this notion to incomplete fans. The key feature of this
generalization is that the definition of a polytopally incomplete fan uses the notion of a polytoplly
invisible facet. A criterion for an unnecessarily complete fan to be polytopal is proved. An application
of the criterion is shown.

Keywords: polytopes, cones, fans, polytope facets, systems of linear equations and inequalities.

Yu.N. Orlov
Asymptotic diagonalization of polynomial quantum Hamiltonians

The method of asymptotic diagonalization of polynomial quantum Hamiltonians for large numbers in
terms of the second quantization approach is described. The asymptotic spectrum distribution function
and the corresponding system of special polynomials as Hamiltonian eigenfunctions are constructed.

Keywords: quantum Hamiltonian, conservation laws, spectrum asymptotic, special polynomials.

O.K. Podlipsky

On methods of expert knowledge bases for development of applied
consulting and training systems

Methods for constructing expert knowledge bases for development of applied consulting and training
systems proposed by a group of experts are studied. The formal model of the expert in malignant
glomerulonephritis is constructed.

Keywords: decision-making theory, expert knowledge base.

E.S. Polovinkin
Riemannian integrability of set-valued maps

In this paper, we obtain new results for the Riemannian integration on a segment of set-valued maps with
nonconvex compact values belonging to uniformly smooth Banach spaces. We prove the convexity of
these Riemann integrals and obtain the common properties of Riemann integrals. We find the necessary
and sufficient condition for Riemannian integrability of a nonconvex set-valued map belonging to a
separable uniformly smooth Banach space. This condition is the almost everywhere continuity of a
convex hull of map values.

Keywords: Minkowski sum of sets, Hausdorff metric, Riemann integral of set-valued map, uniformly
smooth Banach space, necessary and sufficient condition of Riemannian integrability.
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0.A. Pyrkova and A.A. Onufriev and A.T. Onufriev

Initial time behavior of the velocity in a homogeneous and isotropic

turbulent flow

In this paper, the initial time behavior of the velocity in a homogeneous and isotropic turbulent flow is
considered, with account taken of an intermitting flow phenomenon. The flow is considered as a mixture
of turbulent and viscous regimes. For both regimes there are Loitsansky invariants and Kolmogorov
(turbulent regime) and Millionschikov’s (viscous regime) similarities. Velocity decays coincide with
experimental data at initial time.

Keywords: homogeneous and isotropic turbulent flow, homogeneous and isotropic turbulent flow, ve-
locity decays.

V.Zh. Sakbaev

On the regularization of a degenerate Schrodinger operator and the

minimizaton of a seminorms set

The Cauchy problem for the Shrédinger equation with degenerate Hamiltonian is studied. The Hamil-
tonian is a second- order linear differential operator of nonnegative characteristic form. We obtain the
necessary and sufficient conditions for well-posedness of the Cauchy problem. In the case of ill-posedness,
we use the elliptic regularization method and the quazisolution method for studying the Cauchy problem.
We establish the following correspondence between these methods: any sequence of regularized solutions
and any minimizing sequence of the set of deviation seminorms have a unique limit.

Keywords: operator of nonnegative characteristic form, elliptic regularization, quazisolution.

V.B. Trushin
Existence of solutions of some variational inequalities

The paper deals with the solvability conditions for noncoercive variational inequalities.

Keywords: monotonicity, pseudomonotonicity, variational inequality, coercivity.

A.L Tyulenev
Description of the traces of weight Sobolev spaces

In this paper, we derive the generalization of the weight Sobolev space Gagliardo’s theorem on the
description of the traces of Sobolev spaces WZ}(Q). Here @ is a square (cube) and the trace is considered
on the fixed side (face) of this square (cube). If the domain studied is a square, we consider the weight
function monotonically dependent on the distance to the fixed side of the square. If the domain is a
cube, we consider the weight function monotonically decreasing on some variables, with others fixed,
and monotonically increasing on the remainder variables, with others fixed.

Keywords: Sobolev space, weight function.

E.A. Unnov and A.E. Umnov

Parametric linearization method using penalty functions with

everywhere invertable derivation

An approach to parametric primal-dual linear programming problems is considered. The approach is
based on the smooth penalty function method. A be-level optimization scheme is given. The suggested
method is demonstrated for a set of test problems.

Keywords: mathematical programming, be-level optimization, penalty function method, primal-dual
linear programming problems.
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A.A. Fonarev

Functional minimization on the convex set of a normed space

The functional minimization on the convex set of a real normed space in the absence of the reexivity of
space and the coercivity of the functional is investigated. A relaxational sequence is constructed using
the iterative process. This sequence minimizes the functional in the presence of the convexity of the
functional.

Keywords: functional, minimization, iterative process.

A.P. Chernyaev

Nonlinear filtration for the special and degree laws of the resistance
medium

The general kind of incompressible liquid filtration fluids are considered. The hodograph plane equations
obtained from the physical plane fluids are linearized. They are reduced to Laplace’s equation according
to the special filtration law and to the known equations according to the degree filtration law. An
example of fluid to a horizontal well shows the solvability of the initial problem in the comfortable
conditions for numerical and quality investigations.

Keywords: filtration, filtration fluids, incompressible liquid, physical plane, hodograph, horizontal well,
resistance medium.

M.E. Shirokov

On properties of probability measures on the set of quantum states

Two properties of the set of probability measures on the space of quantum states endowed with weak
convergence topology are considered. Their corollaries related to the particular functional constructions
used in the convex analysis and their applications are discussed.

Keywords: quantum state, probability measure, barycenter map, convex hull and convex closure of a
function.
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