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1. INTRODUCTION

The notion of convex closure of a function defined on a convex subset of a topological linear space is

widely used in modern convex analysis and its applications [1, 2].! The convex closure of a function f can
be defined as the maximal closed convex function that does not exceed f. There naturally arise questions
as to how to represent the convex closure by a closed analytic formula, whether it coincides with the
convex envelope (the maximal convex function that does not exceed f), and what the relationship
between the continuity properties of f and the convex closure of f is. The last question is of fundamental
importance for applications in quantum information theory [4], where the convex closure of a certain
function serves as a characteristic of a physical system (see Sec. 6).

The convex closure and the convex envelope of an arbitrary continuous function on a convex compact
set coincide [3]. However, even in R3, there exist convex compact sets and continuous functions defined
on them (in particular, concave continuous functions) whose convex closure is discontinuous. A convex
compact set is said to have the CE-property if the convex closure of every concave continuous function
on this set is continuous [5, 6]. In the present paper, for a wide class of convex sets, referred to as
u-compact sets, we consider the following strengthened version of the CE-property: the convex closure
of every bounded continuous function on a convex p-compact set is bounded and continuous. This
property can naturally be referred to as the strong CE-property. The class of u-compact sets consists
of subsets of separable Banach spaces. These subsets are characterized by the fact that the barycentric
mapping has a certain property, which serves as a substitute of compactness in the proof of many results,
including some results in Choquet’s theory [7]. This class contains all convex compact sets as well as
some noncompact sets important in applications, e.g., the simplex of all probability distributions with
countably many outcomes and its noncommutative analog, the set of density operators on a separable
Hilbert space.

We obtain a simple criterion that permits one to establish the strong CE-property for a wide class
of convex compact sets in R™ as well as for the noncompact sets indicated above. We consider some
corollaries of the strong CE-property related to the problem of extending continuous closed functions
defined on the set of extreme points of a convex p-compact set to convex or concave functions defined
on the entire set and possessing certain continuity properties.

"E-mail: msh@mi .ras.ru.
'The term “lower envelope” is also used [3].
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In Sec. 2, the definition of pu-compact sets is given and a sufficient condition and a criterion for
p-compactness are presented. Some auxiliary results about properties of y-compact sets, including
a generalization of Choquet’s barycentric decomposition theorem, are obtained.

Section 3 deals with a representation of the convex closure of an arbitrary closed lower-bounded
function on a p-compact convex set. We establish that the convex envelope and the convex closure of
an arbitrary continuous bounded function coincide; this assertion generalizes Corollary 1.3.6 in [3].

In Sec. 4, we prove a theorem stating that the strong CE-property is equivalent to two other
properties of a p-compact convex set. We use this theorem to establish the strong CE-property for
all P-sets (sets with certain continuity properties of the boundary [8]) in R™ as well as for the simplex
of all probability distributions with countably many outcomes and for the set of density operators on a
separable Hilbert space.

Section 5 contains some results on the extension, with closedness preserved, of closed lower-
bounded functions defined on the set of extreme points of a p-compact convex set with the strong CE-
property to convex or concave functions defined on the entire set. In particular, we prove that each
continuous bounded function defined on the set of extreme points has a continuous bounded convex
extension with certain maximality properties. A criterion for the convex closure of a concave function to
be continuous is obtained.

Section 6 deals with applications in quantum information theory.

In Sec. 7, we discuss possible generalizations of the main results of the paper to a wider class of
convex sets.

2. ON A CLASS OF CONVEX SETS

In Secs. 2—6, we assume that o7 is a closed bounded subset of a separable Banach space. The
following notation will be used:

co(?), o-co(a), and co(a?) are the convex hull, the o-convex hull> and the convex closure,
respectively, of a set <.

extr o7 is the set of extreme points of a convex set o7.

C(4) is the set of continuous bounded functions on a set 7.

P(a7) and P(«7) are, respectively, the set of convex continuous bounded functions on a convex set .7
and the set of functions representable as pointwise limits of monotone sequences of functions in P(</).

co f and co f are, respectively, the convex envelope and the convex closure of a function f defined on
a convex set o/ [1, 2].

B = {{m}, |m >0, > " m =1} is the simplex of all probability distributions with n < 400
outcomes.
The convex set of all Borel probability measures on a set <7, equipped with the weak convergence

topology [9], will be denoted by M;" (7). The measure in M, (<) concentrated at a point z € & will be
denoted by §(z). Consider the barycentric mapping

Mfr(,ng)Bqu(u):/Q/xu(da:)Ecosz%, (1)

where the integral is treated in the sense of Bochner. The convex closed subset of the set M (&) of
measures p such that b(u) = x € co.o/ will be denoted by M, ().

The mapping (1) is continuous (e.g., see[10, Sec. 2]); consequently, the image of any compact subset
of M (&) under the mapping (1) is a compact subset of co.«7. Let us single out a class of convex sets
for which the converse assertion holds.

Definition 1. A set & is said to be u-compact if the preimage of every compact subset of co(«?) under
the mapping (1) is a compact subset of M;" (7).

>The set of all countable convex combinations of elements of 7.
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ON THE STRONG CE-PROPERTY OF CONVEX SETS 397

Note that every compact set & is p-compact, because the compactness of &/ implies that
of M () [9].

Proposition 1. A convex set <7 is u-compact if and only if, for any compact subset % C o and
any e > 0, there exists a compact subset . C of such that, for each x € &, the decomposition
T =) iy Niwi, where {z;}], C o and {\;}}y € Py, implies that 37, c . 4 i <&

A convex set o/ is p-compact if there exists a family F(</) of concave nonnegative functions
on & with the following properties:

o Theset{x € o : f(x) < c}is relatively compact for any f € F(</) and ¢ > 0.

e Foreach compact subset & C o, there exists a function f € F(<) satisfying the inequal-
ity sup,c y f(x) < +o0.

Proof. The first assertion in Proposition 1 follows from Prokhorov’s theorem [9]. Indeed, the property
indicated in this assertion means that the set of all measures in M;" (/) with finite support and with
barycenter in £ is dense. By Lemma | below and Theorem 6.1 in [9], this is equivalent to the fact that
the set of all measures in M; (<) with barycenter in ¢ is dense.

The proof of the second assertion generalizes the argument in the proof of Proposition 2 in [11].
Let # be a compact subset of .7, and let f € F(7) be a function such that sup,c - f(z) = ¢ < +00.
For each e > 0, let . = {x € & : f(x) < ¢/e}; this is a relatively compact subset of o7. Since f is
concave and nonnegative, we have

ez f@) =Y Nf@@) = Y ANf@)>C Y N
=1

[RAFAW A (RIS

for an arbitrary « € ¢ and a decomposition z = """ | \;x;, whence it follows that Zi:xi@{\%s A < e

Lemma 1. Let o/ be a convex set. Then each measure g My (/) is the limit of a sequence {ju,}
of finitely supported measures in My (/) such that b(u,) = b(uo) for all n.

The proof of this lemma naturally generalizes that of Lemma | in[11].

The sufficient condition given in Proposition 1 can be used to show the p-compactness of the

noncompact set P, of all probability distributions with countably many outcomes. To this end,
for F(Pioo) one can take a family of functions of the form {p;} ;2% :;of pih;, where {h;} 1% is

an arbitrary increasing sequence of positive numbers tending to 4cc.
Many results of Choquet’s theory, which was developed for compact convex sets, can readily be

generalized to the case of p-compact convex sets. The forthcoming exposition heavily relies on the
following generalization of Choquet’s theorem [7].

Proposition 2. Let o7 be a u-compact set. Then each element of co(</) is the barycenter of some
measure in Mt (7).

Proof. Let zy € co(«7). By the definition of convex closure, there exists a sequence {z,} C co(</)
converging to zg. For each n, the element z,, is the barycenter of some finitely supported measure
pn € M (7). Since the set o is u-compact, it follows that the sequence {u,,} is relatively compact
and hence has a partial limit 1o € M;"(<7). The mapping (1) is continuous, and so xg is the barycenter
of Ho-
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If o7 is a convex set, then the set M;"(«7) can be equipped with the following partial order, which is
often called the Choquet order [7, 12]. One has u > v if and only if

/Q{f( (dy) > /f v(dy)  VfeP().

A measure p € M (<) is said to be maximal if, for any measure v € M;" (<), the relation v = u
implies that v = p.
We need the following properties of Choquet’s partial order.

Lemma 2. Let o/ be a convex u-compact set.’
(A)I] ppand v are measures in M (<) such that u = v, then

bu) =b(v)  and /f u(dy) > /f (dy) VfeP().

(B) Let {un} and {v,} be sequences of measures in M (<) converging to some measures
and v, respectively, in M (), satisfying the condition pi, = vy for all n. Then p = v.

(C) If extr o = extr o, then the set of maximal measures in M; (/) coincides with the set
M (extr o). 1], in addition, o = co(extr &), Then Jor each measure p € M, (/) there exists a
maximal measure i € My (/) such that fi = pu.

Proof. Assertions A and B can readily be derived from definitions and the monotone convergence
theorem for Lebesgue integral.

The first part of assertion C can be proved with the use of Theorem 5.2 in [10], Theorem 6.3.9 in [12],
and the argument in the proof of Theorem 1.1 in[13]. One can obtain a constructive proof of the second
part of assertion C by using Lemma 1 and Lemma 3 below.

Lemma 3. Let <7 be a u-compact convex set such that extr o/ = extr o/ and o/ = co(extr &).
Then, for each sequence {u,} of finitely supported measures in M (<) converging to some
measure pg € My (&), there exists a subsequence {u,,} and a sequence {fix} of measures
in M (extr o) converging to some measure fig € M (extr /) and satisfying the relation

b(fi) = b(pny) Yk and  fig > po.

If of = o-co(extr o), then for {fi} one can take a sequence of atomic measures.

Proof. By Proposition 2, for each n, every atom 7 of the measure

Hn = Z T o(xy)
i=1

is the barycenter of some measure
ui € My (extr o).

[t is easily seen that fi,, = ZZ 1 7T p? is a measure in M, (extr <) such that b(fi,,) = b(uy,) and fi,, =
n. Since the mapping (1) is contmuous, it follows that the set {b(y,) }n>0, which coincides with the
closure of the set b({/in }n>0), is compact. The set o7 is u-compact; therefore, the sequence {/iy, }n>0
is relatively compact in M;" (extr /) and hence contains a subsequence {fi,, } converging to some
measure {fio} € M (extr &7). Since fi,, = pn, for all k, it follows from assertion B in Lemma 2 that
fto > pto. Using the notation fi;, = fi,, , we obtain the main assertion of the lemma.

[f .o/ = - co(extr o/), then the measures p' in the above argument can be chosen to be atomic.

3The p-compactness condition is only used in the proof of the second assertion in item C; it permits one to establish the
existence of the measure i without resorting to the Zorn lemma.
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ON THE STRONG CE-PROPERTY OF CONVEX SETS 399

Lemma 3 results in the observation that atomic measures are dense in the set of all maximal measures
with a given barycenter.

Lemma 4. Let o/ be a p-compact convex set such that extr o7 = extr o/ and o/ = o- co(extr &).
Then each measure pg € My (extr /) is the limit of a sequence {u,} of atomic measures
in M (extr o) such that b(u,) = b(uo) for all n.

Proof. By Lemma 1, each measure p € M (extr o) is the limit of a sequence {su,} of finitely
supported measures in M;" (/) such that b(y,,) = b(j0) for all n. By applying Lemma 3 and by using
the fact (which follows from assertion C in Lemma 2) that the measure g is maximal in M;" (o), we
obtain a sequence {fi, } of measures with the desired properties.

3. ON THE CONVEX CLOSURE
For every closed lower-bounded function f on a closed set o7, the functional

w/f (2)

is well defined and lower semicontinuous on the set M;" (7).

Proposition 3. The convex closure of every lower-bounded closed function [ on a u-compact
convex set o7 is determined by the expression

cof(z)= inf / fly) u(dy) Ve (3)

WEM (o

For each x € o, there exists a measure y}, € M, () such that
co f(x / £ () pl(dy).

If extr o = extr o/, o/ = co(extr &), and f is a concave lower bounded function such that
—f€ P(sz%), then for ,u£ one can take a measure supported in extr o .

Remark 1. In general, the infimum over all measures in M, (<) in (3) cannot be replaced by the
infimum over all atomic measures in M, (<7). (In other words, the integral cannot be replaced by a
finite or countable sum.) There exist functions f for which these infima are distinct (see the examples in
Remarks 1 and 2 in [14]).

Proof. By assertion A in Lemma 5 below, the function

= inf

i 19
is convex and closed on .«7. Therefore, f. () < co f(x) for all z € &7. Since co f is a convex closed
function majorized by f, it follows from Jensen’s inequality that

cof(x) < inf /Q{cof(y)u( in / 1) uldy) = For()

neEMz () J,  HEMy (o

forall z € 7. Therefore, f, = cof
The existence of the measure pz I follows from assertion A in Lemma 5.

Let f be a concave lower-bounded function such that —f € P(«7), and let 114 be the measure whose
existence was established above for each € /. By assertion C in Lemma 2, there exists a measure

il e M (extr o7) that is maximal in M (<) and satisfies il = pl. By assertion A in Lemma 2,

b(ﬂf) = z, and the infimum in the expression for co f(z) is attained on il

MATHEMATICALNOTES Vol.82 No.3 2007
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Lemma 5. Let f be a closed lower-bounded function on the set <7 .
(A) If o is p-compact, then the function

fy(z) = inf / d
fer () et %f(y)u( y)
is convex and closed on the set co(<); moreover, for each x € co(<?), the infimum in the definition
of fo(x) is attained on some measure in M, ().
(B) If the mapping My (&) 3 p— b(u) € co(&/) is open and surjective, then the function
= o [ s

WEM (o

is concave and closed on the set co(<).

Proof. (A) The function f, is well defined on co(?), since the set M, (<) is nonempty for every
element x € co(&) by Proposition 2. The convexity of this function readily follows from its definition and
the convexity of the set M;"(<7). Since the functional (2) is lower semicontinuous and the set M, ()
is compact (the latter follows from the p-compactness of &), it follows that, for each = € co(«), the
infimum in the definition of f,, () is attained at some measure in M, (7).

Suppose that the function f., is not closed. Then there exists a sequence {z,} C co(</) that
converges to zg € co(.2/) and satisfies

Jlim_F@n) < flao) )

By the preceding observation, for each n = 1,2, ..., there exists a measure p,, € M, (/) such that

Forlan) = L F(3) tin(dy).

It follows from the p-compactness of o/ and the compactness of the sequence {z,},>¢ that the
sequence {fn}n>0 of measures is relatively compact. Consequently, it has a subsequence {f, }
converging to some measure p. Since the mapping (1) is continuous, it follows that pg € My, (7).
The functional (2) is lower semicontinuous, and so

o (w0) < /Q/ F(y) po(dy) < lim inf /Q{f(y) g (dy) = T fo (),

which contradicts (4).

(B) The function f. is well defined on co(.«7), since, in view of the surjectivity of the barycenter
mapping, the set M, (<) is nonempty for each x € co(«?). The concavity of this function is a

straightforward consequence of the definition of for and the convexity of the set M (7). Suppose that

the function f., is not closed. Then there exists a sequence {z,,} C co(.7) that converges to zq € co(#)
and satisfies

i fo () < for(0). (5)

For an arbitrary e > 0, let g € M,, (%) be a measure such that

forlo) < /Q{ £(9) s (dy) +e.

Since the barycentric mapping is open, it follows that there exists a subsequence {z,,} of the

sequence {z,,} and a sequence {p} of measures in M;" (<) converging to u§ such that b(u;) = ,,, for
each k. Since the functional (2) is lower semicontinuous, we have

7 (0) /f o(dy) +5<11;21i101£/f ) pr(dy) + € < hm f%(l’nk)‘i‘f

which contradicts (5) in view of the fact that  is arbitrary.
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ON THE STRONG CE-PROPERTY OF CONVEX SETS 401

Proposition 3 and Lemma 1 imply the following assertion, which generalizes Corollary [.3.6 in [3] to
the case of p-compact convex sets.

Corollary 1. /f o/ is a u-compact convex set, then the convex closure of every function f € C(<)
is determined by the expression

co f(x) = égg{;mf(azl) ‘ ;mmz =z, {z;} C A, {m} e ‘Bn} Vred.
This expression means that co f = co f for any function f € C(<7).

4. STRONG CE-PROPERTY FOR CONVEX p-COMPACT SETS

The CE-property of a convex compact set o7 is as follows: the convex closure of every concave
function in C'(«7) belongs to C'(«7) [5, 6]. Using this terminology, we introduce the following definition.

Definition 2. A convex topological space <7 is said to have the strong CE-property if the convex
closure of every function in C'(27) belongs to C(«7).

[t was shown in [5] that the CE-property of a convex compact set &7 implies that the set extr .o/ is
closed. Moreover, the CE-property is equivalent to the assertion that the mapping

M (extr &) 3 p— b(u) € o

is open. (This mapping is surjective by Choquet’s theorem.)
Theorem 1. Let o/ be a convex p-compact set. The following properties are equivalent:
(i) The mapping o x o x [0,1] 3 (z,y,\) — Az + (1 — \)y € < is open.
(ii) The barycentric mapping My (/) > p— b(u) € o is open.
(iii) The set o/ has the strong CE-property.

Properties (i)—(iii) imply that the set extr <7 is closed and, given of = co(extr <), the mapping

M (extr o) > p— b(p) € of

is open.t

Proof. (i)=-(ii) Let us show that property (i) implies that the mapping
U, " x P > ({widiy Amidie)) = Y miwi € o
i=1

is open. Here

for each n. Property (i) means that the mapping W4 is open. Suppose that the mapping ¥,,_; is open.
In view of symmetry, it suffices to prove that W,, is open on the open set

My = =" x (%n\{(g,o,...,g,l)}).

~~
-1

*See the remark following the proof of the theorem.
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One can readily see that the mapping I1,, given by

n—1
n Uy
B0 003 (i ({7 ] - mm) ) e B om,
n—1
is open.
The fact that the mapping ¥, is open on 9, follows from the representation of ¥,, as the product of
the mapping Id,x» xIL,, which is open on 901, the mapping

(=i A} v, 1 —0}) = (g Ti%i, Tn, {0, 1 — v}>

from .7 >*™ x B, _1 x Pa to &/ *? x Po, which is open by the inductive hypothesis, and the mapping ¥,
which is open by property (i).

Let U be an arbitrary open subset of M (<7). Suppose that the set b(U) is not open. Then, for
some xo € b(U), there exists a sequence {x,,} C & \ b(U) converging to x.

Let po be a measure in U such that b(ug) = xo. By Lemma 1, we can assume that pug is finitely
supported; i.e.,

m
po=> mo())  forsome {2} € ™, {m)}]L) € Pm, meEN
=1

We have already established that the mapping ¥,, is open. Therefore, there exists a subsequence {zy, }

of the sequence {z,,} and a sequence {uy, = S°I" | 7¥5(2F)} of measures converging to g such that

m
b(u) = ) wiaf = n,
i=1

forall k. Since U is open, it follows that i, € U for all sufficiently large k, which contradicts the definition
of the sequence {z,}.

(ii) = (iii) By Proposition 3, the upper semicontinuity of the function co f under condition (ii) follows
from assertion B in Lemma 5, applied to the function —f.

(iii) = (i) Let U,(x) be a ball neighborhood of radius r of a point € 7. One can readily see that
property (i) is equivalent to the following: for any x,y € <7, any A € [0, 1], and any sequence {z,} C &
converging to Az + (1 — \)y, there exist points ., € Uy, (%) and ym € Uy, (y), m = 1,2,3..., such
that

AT + (1 = M) ym € {2n}nsm forsome A, € [0,1].

Therefore, if property (i) is violated, then there necessarily exist zg, yo € &7, A\g € [0, 1], a sequence {z,}
converging to Apzo + (1 — Ag)yo, and a number mq such that

(U i (#0) U Uty (40)) 1 {zn Yz = 2 (6)
Let f be a continuous function on & with range [0, 1] such that
f(wo) = f(y0) =0 and flx)=1 Vzed\ (U1/2m0 (zo) U U1/2m0 (yo))-

Assume that the function co f, which coincides with the function co f by Corollary 1, is continuous.
Then

lim co f(zn) = co f(Aozo + (1 — Ao)yo) = 0. (7)

n—-+o0o

For each n, every finitely supported measure in M, (47) can be represented in the form

doara(al) + Y vps(y)) + Y mid(ry), (8)
i J k
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where {z'} C U1/2mo(330), {y?} C Ut/2mg (yo), {rp} C o'\ (U1/2m0 (zo) U Ut /2me (v0)), and {m}'},
{v}'}, and {n}} are sets of positive numbers such that

Zw?—i—Zv?—anZ:l and Zw?az?—i—zv?y;?-i-zngr}g:zn,
i J k i J k
[t follows from (7) that for each n there exists a measure of the form (8) such that
Jim (S + S et + S afon) o
i j k
By the definition of f, this is possible only if

n—-+00

lim 7, =0, where 7, = Zn,:f
k

Let
Fop = Zw?,@n = Zv;?, and 7, =7, anrg.
i j k
Note that
T =Ty Z wral € Upjomy(zo)  and  §p =10, Z v;y; € Utyamg (Y0),
( J

since the neighborhoods Uy /o, (z0) and Uy jap, (yo) are convex.

Without loss of generality, we can assume that 7,, > ©U,, for each n. Set

T = (Fn + M) (FnZn +Muin)  and 7 =T + .
Then
Zn = T + Unn VN (9)

Since the sequence {7, } tends to zero and the set .o/ is bounded, it follows that z, € Uy /y,,, (20) for all
sufficiently large n, which, in view of g, € Uy jam (30) and (9), contradicts (6).

We have thereby proved that properties (i)—(iii) are equivalent.

Property (i) readily implies that the set extr o7 is closed.

To prove that properties (i)—(iii) imply that the mapping

M (extr ) > p— b(p) € o
is open, it suffices to show that, for each measure pp € M;" (extr &) and each sequence {z,} C &
converging to b(ug) = xo, there exists a subsequence {z,, } and a sequence {u;} of measures
in M, (extr o) converging to po such that b(py,) = @, Tor all k. Property (i) guarantees that, for given
measure 19 and sequence {z,}, there exists a subsequence {x,, } and a sequence {p} of measures
in M{" (&) converging to g such that b(ug) = x,, for all k. By Lemma 1, we can assume that the
sequence {u } consists of finitely supported measures. By Lemma 3 applied to the set co(extr <), there
exists a subsequence {z,, } of the sequence {x,, } and a sequence {i,, } of measures in M;" (extr o)
converging to some measure fig € M;" (extr «7) such that
b(fim) = b(pk,,) = Ty, V0 and o > [o-

Since o is maximal in M;" (/) (which is guaranteed by Lemma 2), it follows that fig = . Thus, the

subsequence {xy, } and the sequence {fi,,} of measures have the desired properties.
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Using Theorem 1, one can prove that the class of convex compact sets in R” with the strong CE-
property is sufficiently wide and includes the class of P-sets in R™. (The definition can be found in[2, 8].)
Indeed, by using Theorems 1.8.1 and 1.8.2 in [2], one can readily prove that the mapping

I XS (xy)— A+ (1—-Nyed

is open for each fixed A € [0, 1] for any P-set &7 in R™, which guarantees that property (i) holds for this
set. Note that the class of P-sets contains all convex polyhedra and all strictly convex compact sets
in R™; furthermore, every convex compact set in R? is a P-set [2]. However, Example 1.8.1 in [2] shows
that, already in R3, not every convex compact set with the strong CE-property is a P-set.

Note also that there exist convex compact sets in R", n > 3, without the strong CE-property. By
Theorem 1, any compact set with nonclosed set of extreme points can serve as an example. Protasov
(oral communication) proved that property (i) for convex compact sets in R? is equivalent to the
closedness of the set of extreme points and constructed an example of a convex compact set in R* that
has a closed set of extreme points, satisfies the CE-property, but fails to satisfy property (i). Thus, the
difference between the CE-property and the strong CE-property of convex compact sets in R™ reveals
itself forn > 4.

[t was shown in [5]that the image of any compact set with the CE-property under an open continuous
affine mapping also has the CE-property. The counterpart of this assertion for the strong CE-property
is established in the corollary given below (with condition (a)), which can readily be proved with the use
of the fact that properties (i) and (iii) in Theorem 1 are equivalent.

Corollary 2. let o/ be a p-compact convex set with the strong CE-property, and let ® be a
continuous affine mapping of </ onto a p-compact set B. The set % has the strong CE-property,
provided that one of the following conditions is satisfied:

(a) ®isanopen mapping.
(b) # C o, and ®*> = ®.

By using Corollary 2 with condition (b) and Proposition 4 in Sec. 6, one can establish the strong
CE-property of the p-compact set P of all probability distributions with countably many outcomes.
In this case, for ® one should take the mapping that takes each density operator to the sequence of its
diagonal elements in some fixed basis.

5. ON CONVEX AND CONCAVE EXTENSIONS

Let &7 be a pu-compact convex set such that extr.of = extr./ and o/ = co(extr <), and let f be
a closed lower-bounded function on extr /. By Proposition 2, the set M, (extr <) of all measures
in M, (extr o) with barycenter x is nonempty for each € 7. Consequently, the functions

fulz)= inf / W), Fa = sw / Iwutdy) (10

wE My (extr o) wE My (extr o)

are well defined on <7

Since the set M;" (extr <7) is convex, it follows that the first of these functions is convex and the
second is concave on 7. The functions f, and f* coincide with f on extr o/. Hence they can be viewed
as the convex and concave extensions, respectively, of f to 7. The properties of these extensions are
described in the following theorem.

Theorem 2. Let <7 be a convex u-compact set such that extr o = extr o/ and </ = co(extr <),
and let f be a closed lower-bounded [unction on extr <.

(A) The function f, is the maximal convex closed extension of f to &> For each x € <, there
exists a measure i} € M (extr of) such that

fula) = / T i)

%In [3], this function is called the lower envelope of f.
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(B) If the mapping M; (extr /) > p v b(u) € o is open, then the function f* is closed. IJ,
in addition, of = o-co(extr /), then the function f* is the minimal concave lower-bounded
extension of f to <, and

“+oo
[i(@) = SUP{Z mi f ()
i=1

+00
Zm:ri:x, {z;} Cextr o, {m}e‘pm} Vo e o
i=1

Remark 2. By Theorem 1, all main assumptions of Theorem 2 are satisfied for a convex p-compact
set o7 that has the strong CE-property and satisfies &7 = co(extr .«7).

Analogs of the assertions in Theorem 2 on the existence of the measure [ﬂwe and on the representation
of the function f* in the case & = o- co(extr o) do not hold for the functions f* and fi, respectively
(see the examples in Remark 2 in [14]). The lower boundedness condition in assertion B is important.
Indeed, the function

) ff(@), @€ colextr &),
o) = {—oo, x € o \ co(extr &),

is a concave extension of f to .27 and is majorized by f*.

Proof. Lemma 5 (for the set extr @7), together with the p-compactness of the set extr.o/ C &/ and
Proposition 2, implies the closedness of f, and f* and the existence of ,a!;.
Let g be a convex closed lower-bounded extension of f to o7. By Jensen’s inequality,

gz) < inf / sty = it / I ) = 1)

T pEMy (extr o) WE My (extr o)

forall z € o7. Hence f, is the maximal convex closed extension of f to .o7.

If @ = o- co(extr &), then it follows from Lemma 4 that atomic measures are dense in M, (extr <)
for each z € 7. This, together with the lower semicontinuity of the functional (2), readily shows that it
suffices to take the supremum in the definition of f*(z) over the set of atomic measures in M (extr 7).

Let g be a lower bounded concave extension of f to «/. By applying Jensen’s inequality to this
function, we obtain

+o0 +o00
g(x) > sup{z mig(T;) ‘ mei =z, {x;} Cextros, {m} € ‘,Boo}
i=1 i=1

“+oo
S st
i=1

forall z € /. Hence f* is the minimal lower-bounded concave extension of f to .«7.

+00
mei =z, {z;} Cextro, {m} € ‘Boo} = f*(z)
i=1

Theorem 2 implies the following generalization of Proposition 9 in [5] to the case of u-compact convex
sets.

Corollary 3. Suppose that </ is a convex p-compact set with the strong CE-property such that
o/ = co(extr o).

For each [unction f € C(extr<f), the function f,. defined by the first formula in (10) is a
continuous bounded convex extension of [ to o/ and coincides with the supremum of all convex
closed extensions of f to <. I}, in addition, of = o- co(extr o), then

+oo +o0o
folx) = inf{me(a:i) mei =z, {z;} Cextro, {m} € ‘Boo} Voed,
i=1 i=1

and f, coincides with the supremum of all convex upper-bounded extensions of f to <.
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For the function f*, one can state an assertion dual to the assertion in Corollary 3.

Note that if a set o7 satisiying the assumptions of Corollary 3 is not compact, then it is not obvious
at all that every function in C'(extr o) has at least one convex extension in C'(«7). For compact <7, this
property is equivalent to the closedness of the set extr o7 [5, Corollary 2].

Note the following criterion, to be used in the next section, for the continuity of the convex closure of
concave functions.

Corollary 4. Suppose that o is a convex pu-compact set that has the strong CE-property and
satisfies o/ = co(extr of).

Let f be a concave lower-bounded closed function on < such that —f € ]5(,52%) Then
{COf € O(’Q{)} g {f|extr<£z{ S C(extr DQ{)}

Prooi. By Proposition 3, in view of the last assertion in Theorem 1,

cf@) = it | i) = @) Veew

HE M, (extr o)

for each function f of the form indicated. If f is continuous and bounded on extr <7, then, by Corollary 3,
the function co f = f, is continuous and bounded on <. The converse is obvious, since the functions f
and co f coincide on extr .o/ by Proposition 3.

6. SOME APPLICATIONS

Let % be a separable Hilbert space, and let T(#) be the separable Banach space of all trace-class
operators in 2 with the trace norm ||A||; = Trv/A*A. A density operator (a quantum state) is a
positive trace class operator p with unit trace [4, 15]. The set () of all density operators is a convex
closed subset of T(77); it is compact if and only if 57 is finite-dimensional. The set extr &() is closed
and consists of pure states (one-dimensional projections). Moreover, (%) = o- co(extr &(J)) by
the spectral theorem. The pure state equal to the projection onto the subspace spanned by a unit vector ¢
will be denoted by P,.

Using the sufficient condition given in Proposition 1, one can prove the u-compactness of §(.7). To
this end, for F'(&(.5¢")) one can take a family of functions of the form p — Tr Hp, where H is an arbitrary
unbounded positive operator with discrete spectrum of finite multiplicity. (See [11] for details.) Using
Lemma 3 in [16] with m = 2 and Theorem 1, we arrive at the following assertion.

Proposition 4. The set &(7) is a convex pu-compact set with the strong CE-property.

Note that the p-compactness of &(), together with Lemma 4, implies a useful result stating
that atomic measures are dense in the set of all probability measures on extr () with a given

barycenter: each measure pg in M (extr &(#)) is the limit of a sequence {u,} of atomic measures
in M (extr &()) such that b(p,) = b(uo) for all n.

The von Neumann entropy of a density operator p is defined by the expression

H(p)=—=> Xlog\;

where {\;} is the set of eigenvalues of p, and is a closed concave function on &(.#°) ranging
in [0, +o00] [17].

Consider a composite quantum system whose states are density operators in the tensor product
A @ & of two separable Hilbert spaces .7 and .# characterizing separate subsystems. Consider
the partial entropy, which is the closed concave function

fw:wr— H(Tryw) € [0, +00]
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on &(A @ x'), where Tr(-) is the partial trace over the space # [4]. The value of the convex
closure of f,r on a state w € &(# ® %) is an important characteristic of this state. It is called the
entanglement of formation (EoF) and is denoted by Ep(w) [18, 19]; i.e.,

Ep(w) =co fr(w) Vwe S(H @ X).
One can readily show that Er(w) = 0 if and only if w is a nonentangled state, i.e., lies in the convex

closure of the set of pure product states.

In a similar way, one can define the function fy: w— H(Trrw). Although the functions f,
and f, are distinct, they coincide on the set extr §( @ #") [4]. Hence the definition of the EoF
is independent of the choice of the space over which the partial trace is taken; i.e.,

Er=cofy=cofy. (11)

The following observations concerning the properties of the EolF can be obtained from these results
in view of Proposition 4.

Proposition 5. (A) The EoF is the maximal closed convex function coinciding with the partial
entropy on the set of pure states.
(B) Let £ be a subspace of 7 @ # . The EoF is continuous and bounded on the set

S(Y)={we&(HF ®X)|suppw C L}
if and only if the function
¢ f(Pp) = H(Try Pp)
is continuous and bounded on the unit sphere in £.

(C) The EoF is continuous and bounded on &(H @ %) if and only if either dim 7 < +o0
or dim .# < 400.5

Proof. Assertion A follows from Proposition 3 and assertion A of Theorem 2.
Assertion B follows from Corollary 4.
Assertion C follows from B in view of (11).

Assertion A in Proposition 5 is of interest in connection with the fact that each function serving as
a candidate for a measure of entanglement should coincide on the set of pure states with the partial
entropy f [5].

If 7 and ¢ are infinite-dimensional spaces, then the EoF is not a continuous function on (7 ®
), but there exists subspaces . C 7 ® J# such that although the functions f, and f, are
unbounded on the set &(.%), the assumption in assertion B in Proposition 5 is satisfied. By this
assertion, the EoF is continuous and bounded on the set 6(.¢). This result is important in that, by
virtue of an observation in [21], the output entropy of any quantum channel can be represented as the
restriction of the EoF to the set &(.Z) for some . C 7 @ . In practice, one can prove that the
assumption in assertion B holds for a given subspace . by using a sufficient condition for the continuity
of quantum entropy for noncompact sets of states [22].

From Corollary 3, in view of Proposition 4 and the spectral theorem, we obtain the following assertion,
which can be used for constructing continuous convex (or concave) characteristics of quantum states.

Corollary 5. For each function f € C(extr &(.5¢)), the function

+o0o +oo
o) =t { S0 | o = p. (i) € extr 6(), (m) € P
=1 =1

is a convex continuous extension of f to the set &(). This function coincides with the supremum
of all convex closed extensions of f to &() and with the supremum of all convex upper-bounded
extensions of f to &(H).

®Note that the direct proof of continuity of the EoF for the case in which dim 7 < 400 and dim % < 400 is not trivial [20].
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Since the set extr &() consists of pure states (one-dimensional projections), it follows that the
set C'(extr &(.77)) is isomorphic to the set of continuous bounded functions defined on the unit sphere
of the Hilbert space .7 and invariant with respect to multiplication of the argument by unimodular
complex numbers.

Using Corollary 5, one can construct a continuous bounded quasi-measure of entanglement,” closely
related to the entanglement of formation Er. Let n € N. For an arbitrary pure state w € §( @ %),
let

Forw) ==Y Ailog A + (Z )\z’> log (Z )\i> ;
i=1 i=1 i=1

where {\;}I"_; is the set of n largest eigenvalues (with multiplicities taken into account) of the states
Try w = Tr» w. By Proposition 4 in [17], the sequence {f7,} of functions in C'(extr &(# @ %)) is
increasing and converges pointwise to the partial entropy f .

Let £} be the extension (f’,). of the function f7), to the set &(# ® ") defined in Corollary 5
for f = f,. By this corollary, £} belongs to P(&(s¢ ® J£)). By construction, the function E% has the
following properties:

1. E%(w) = 0ifand only if w is a nonentangled state.
2. E}(w) < Ep(w) for each state w.
3. Ef(w) = Ep(w) for each state w such that either rank Tr » w < n orrank Tr p w < n.

4. 0 < Ef(w) < logn for each state w.

The sequence {E}} of functions in P(&( ® %)) is increasing. Consequently, its pointwise
limit L% is a convex closed function on &(# ® ) and coincides on the set of pure states with
the partial entropy. It is of interest to study the relation between E}> and Ep. By construction,
we have E}*®(w) < Ep(w) for an arbitrary state w, where the equality occurs for each pure state w
and also, by property 3, for each state w such that either rank Tr » w < +00 or rank Tr ;p w < +o0.
Proving that B> and Er coincide on the entire &(# @ .#°) would mean that E is a function of the

class P(S(# @ X)). 8

7. POSSIBLE GENERALIZATIONS

The conditions that the set o7 is separable, metrizable, and p-compact are substantially used when
proving the main results of the paper. Since these conditions are rather restrictive, let us briefly discuss
possible generalizations of these results to a wider class of convex sets.

First, note that the main result of the paper, Theorem 1, can be generalized in a straightiorward
manner to the class of compact convex subsets of an arbitrary locally convex linear topological space. To
obtain this generalization, one should use Proposition [.2.3 in [3] instead of Lemma | and slightly modify
the proof of Theorem 1. However, it is very difficult in this case to weaken the compactness requirements.

Note also that one can prove the equivalence of properties (i) and (iii) in Theorem 1 where the
condition of p-compactness of the set is replaced by the condition that the convex closure and the convex
envelope of an arbitrary continuous bounded function on this set coincide.

7As was noted above, each measure of entanglement coincides on the set of pure states with the partial entropy and hence
cannot be continuous in the infinite-dimensional case.
8This conjecture has now been proved by the author.
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