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Abstract—The Schmidt number of a state of an infinite-dimensional composite quantum system is
defined and several properties of the corresponding Schmidt classes are considered. It is shown that
there are states with given Schmidt number such that any of their countable convex decompositions
does not contain pure states of finite Schmidt rank. The classes of infinite-dimensional partially
entanglement-breaking channels are considered, and generalizations of several properties of such
channels, which were obtained earlier in the finite-dimensional case, are proved. At the same time,
it is shown that there are partially entanglement-breaking channels (in particular, entanglement-
breaking channels) such that all the operators in any of their Kraus representations are of infinite
rank.
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1. INTRODUCTION

The Schmidt rank of a pure state and its “generalization” to mixed states, which is called the Schmidt
number, are important quantitative characteristics of entanglement in composite quantum systems.

The Schmidt rank of a pure state of a composite system AB described by the unit vector
[y € Ha ® Hp (Where H4 and Hp are the Hilbert states corresponding to the systems A and B) is
defined as the number of nonzero terms in the Schmidt decomposition

lv) = ZM%‘) ® |Bi)

of this vector; it coincides with the rank of partial states Try, 1) (30| and Try, [10) (3]

The Schmidt number of a mixed state w of a finite-dimensional composite quantum system AB
was defined in [1] as the maximum Schmidt rank in the ensemble of pure states with average state w
minimized over all of such ensembles (see Sec. 3). In[1], it is shown that the Schmidt number does
not increase under the action of LOCC-operations and the set of states whose Schmidt number does
not exceed k (the Schmidt class of order k) can be characterized in terms of k-positive maps.! Various
properties of the Schmidt number and Schmidt classes are considered in subsequent papers [2]—[4].

The Schmidt number is significantly used in the definition of partially entanglement-breaking
quantum channels [5]. It was recently discovered in [6, Theorem 1] that there is a relationship between
this notion and a necessary condition for equality in the law stating that the Holevo quantity of an
ensemble of quantum states does not increase under the action of a quantum channel.

* . .
E-mail: msh@mi.ras.ru

!The definitions of LOCC-operations and k-positive maps, as well as of several other notions of noncommutative probability
theory, are given in Sec. 2.
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The present paper deals with infinite-dimensional generalizations of the notions listed above. A
partial motivation of this paper is the author’s desire to generalize the above-mentioned result [6] to
the case of infinite-dimensional quantum systems and channels.

In Sec. 3, we consider the definition of the Schmidt number for states of an infinite-dimensional
composite quantum system. Since the existence of separable not countably decomposable states
(see[7]) shows that the finite-dimensional formula for the Schmidt number is not correct, a “continuous”
modification of this formula is proposed on the basis of the notion of essential supremum of a function
with respect to a given measure. It is shown that this formula gives an adequate definition of the Schmidt
number in the sense that the corresponding Schmidt classes (the sets of states with Schmidt number
< k) coincide with the convex closures of sets of pure states of Schmidt rank < k.

The properties of the Schmidt classes in the infinite-dimensional case are considered in Sec. 4. In
particular, the characterization of the Schmidt class of order k in terms of k-positive maps (generalizing
Theorem 1 in[1])is proved. It is shown that an arbitrary state of Schmidt class of order k is the barycenter
of some probability measure supported in the set of pure states of Schmidt rank < k. It is simultaneously
proved that there are states with a given Schmidt number such that any of their convex decompositions
does not contain pure states of finite Schmidt rank.

The definition and several properties of infinite-dimensional partially entanglement-breaking quan-
tum channels are considered in Sec. 5. It is shown that, in contrast to the finite-dimensional case,
the class of partially entanglement-breaking channels of order k& does not coincide with the class of
channels such that the operators in their Kraus representation are of rank < k (the last class is a
proper subclass of the first class). Moreover, it is shown that there are partially entanglement-breaking
channels (in particular, entanglement-breaking channels) such that all the operators in any of their
Kraus representations are of infinite rank.

2. PRELIMINARIES

The following notation is used:

e H,H', and K are separable Hilbert spaces;
e B(H) is the Banach space of all bounded operators in H;
e T(H) is the Banach space of all trace-class operators in H;

e T (H) is the cone of all positive trace-class operators in H;

G(H) is the subset of the cone T (H) consisting of operators with unit trace.

The closure, convex hull, convex closure, and the set of extreme points of a subset A of a topological
linear space will be denoted by cl(A), co(.A), €o(A), and extr(.A), respectively [8]-[10].

The operators in &(H) are denoted by p, o, w, ... and are called density operators or states,
because each density operator uniquely determines a normal state on the algebra B(H). The states

corresponding to density operators of rank 1 are said to be pure. The set of pure states in §(H) coincides
with extr &(H).

For vectors and operators of rank | in a Hilbert space, we use the Dirac notation |¢), |x){¥], ...
(where the action of the operator |x) (1| on the vector |p) is the vector (¢, ) |x)).

We denote the unit operator in a Hilbert space H and the identity transformation of the space T(H)
by Iy and Idyy, respectively.

Let P(A) be the set of Borel probability measures on a closed subset A C &(H) equipped with
the weak convergence topology [11], [12]. This set can be regarded as a complete separable metric
space [12]. The barycenter b(u) of the measure p in P(.A) is the state in ¢6(A) defined by the Bochner
integral

b(p) = /Apu (dp).
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768 SHIROKOV

For an arbitrary subset B C ©6(.A), the subset of the set P(.A) consisting of measures with barycenter
in B will be denoted by Pg(A).

A finite or countable set of states {p;} € A C &(H) with the corresponding probability distribution
{m;} is traditionally called an ensemble and is denoted by {m;, p;}. An ensemble of states can be
considered as an atomic (discrete) measure in P(A). The barycenter of this measure is the average
state ), m;p; of the corresponding ensemble.

A linear map ®: T(H) — T(H') is said to be k-positive if, for any k-dimensional Hilbert space K,
the map ®* ® Idg of the C*-algebra B(H' ® K) into the C*-algebra B(H @ K) is positive. If a map ®
is k-positive for any k, then it is said to be completely positive. A completely positive trace-preserving
linear map is called a quantum channel [13], [14]. The set of all quantum channels from T (H) into
T(H') is denoted by F(H, H').

A state w € 6(H ® K) is said to be separable or not entangled if it belongs to the convex closure
of the set of all pure state-products in S(H ® K) (i.e., states of the form p ® o, where p € &(H) and
o € 6(K)); otherwise, it is said to be entangled.

The key notion in the theory of entanglement is the notion of LOCC-operation, i.e., of transformation
of states in 6(H @ K) that can be reduced to a sequence of local operations (Local Operation) over each
of the subsystems and to the exchange of classical information between these subsystems (Classical
Communication) [14], [15]. The simplest examples of LOCC-operations are quantum channels of the
form ® ® ¥, where ® € F(H,H) and ¥ € F(K,K).

3. SCHMIDT NUMBER
The Schmidt rank SR(w) of a pure state w in 6(H ® K) can be defined as the rank of isomorphic
states Trx w and Try w.

I the spaces H and K are finite-dimensional, then the Schmidt number of an arbitrary state w in
S(H ® K) is defined by the expression

SN(w) = __inf  supSR(w;), (3.1)
where the infimum is taken over all ensembles {m;,w;} of pure states with average state w[1]. Using the
Carathéodory theorem, one can easily show that, for each positive integer k, the set §(H @ K) = {w €
S(H®K) | SN(w) < k} is closed and coincides with the convex hull of pure states of Schmidt rank
< k. This means that the function w — SN(w) is lower semicontinuous on the set §(H ® K). Thus, we
have the following increasing finite sequence 2

61 C6,CB3C---C6,1C6,=6H®K)

of closed subsets, where & is the set of separable (not entangled) states and n = min{dim H, dim £}.

If the spaces ‘H and K are infinite-dimensional, then the right-hand side of (3.1) is well defined, but it
does not give an adequate definition of the Schmidt number. This follows from the existence of separable
states in 6(H ® K) (they are said to be not countably decomposable), which cannot be represented
as a countable convex combination of pure state-products [7]. The fact that a separable state w is not
countably decomposable implies that the right-hand side of (3.1) is greater than 1 for each of such states,
despite the natural requirement that must be satisfied for the Schmidt number.?

In what follows, it will be shown that a reasonable generalization of definition (3.1) to the infinite-
dimensional case is given by the formula

SN(w) = inf esssup, SR(-), (3.2)

REP(,} (extr S(HRK))

where “esssup,,” is the essential supremum with respect to the measure p [9, Sec. 13.1].  We
note that esssup, SR(-) = [[SR||« is the norm of the function SR in the space L°°(X,pu), where
X =extrG(H® K).

2From now on, for brevity, we write &, instead of S (H ® K).

3This problem is similar to the problem arising in the infinite-dimensional generalization of the method of the convex roof
construction of entanglement monotones [15]): the existence of not countably decomposable separable states results in
that the discrete version of this construction is not well defined (see Remark 9 in [16]).
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Proposition 1. (A) The function SN(w) defined by (3.2) is lower semicontinuous on the set
S(H®K). For each state w € S(H® K), the infimum in (3.2) is attained on a measure in
extr Py, (extr &(H @ K)).

(B) For each positive integer k, the set & = {w € 6(H®K) | SN(w) < k}, where SN(w) is
defined by formula (3.2), is closed and convex. It coincides with the convex closure of the set
of pure states in S(H @ K) which have Schmidt rank < k.

(C) If w is a state of finite rank in S(H ® K), then the values of SN(w) determined by
formulas (3.1) and (3.2) coincide.

Proof. Since the nonnegative function w — SR(w) is lower semicontinuous on the set extr S(H ® K),
the first assertion in the proposition follows from Proposition 9 in the appendix.

The second assertion follows from the first one and Lemma 1 in [7].

To prove the third assertion, we note that if the right-hand side of (3.2) is equal to & < 400, then the
right-hand side of (3.1) is also equal to k because of the coincidence of the convex hull and the convex
closure of the subset

7 ={w € extr S(suppw) | SR(w) < k}

of the finite-dimensional space T(suppw) (see [9, Corollary 5.33]). O

The following proposition is a generalization of Proposition 1 in[1]to the infinite-dimensional case.

Proposition 2. The Schmidt number (defined by formula (3.2)) of a state of an infinite-
dimensional composite quantum system does not increase under the action of LOCC-operations.

This assertion can be reduced to the assertion of Proposition 1 in [1] by using the following
approximation result.

Lemma 1. Let {P,} and {Q,} be increasing sequences of projection operators of finite rank that
strongly converge to Iy, and to Ik, respectively. For an arbitrary statew € G(H ® K), let

wp=(Tr P, ® Qy - w)_an RQn-w-P,2Q,.
Then
lim SN(wp) = SN(w).

n—-4oo

If SN(w) < +o0, then there is ng such that SN(w,,) = SN(w) for all n. > ny.

Proof. Since the Schmidt number is lower semicontinuous (Proposition 1, A), it suffices to show that

SN(wp) <SN(w)  Vn. (3.3)

Since the state w lies in the convex closure of the set 6§N(w) of pure states of Schmidt rank
< SN(w) (Proposition 1, B), it follows that there is a sequence {w,,} in the convex hull of the set

GQNM converging to the state w and satisfying the condition lim,,— oo SN(w;;,) = SN(w). For each m,
inequality (3.3) with w = w, can be verified directly. Because of the lower semicontinuity of the Schmidt
number, passing to the limit as m — +o0, we obtain (3.3). O
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4. SEVERAL PROPERTIES OF THE SCHMIDT CLASSES &4

For dimH = dim K = 400, we have an infinite increasing sequence
6, C6,CcB3C---CG,1CG,C---

of closed subsets of the set §(H @ K), where &1 is the set of separable (not entangled) states.
Let &% be the set of all pure states in &y,

Proposition 3. (A) An arbitrary state in &y, is the barycenter of a measure in P(&Y).
(B) There are states w in &y, \ &1 such that the operator w — Ao is not positive for any A > 0
and any pure state o of finite Schmidt rank.* For each such state w,

w= mei, {wi} Cextr6(H®K) = SR(w;)=+o00 Vi.

(C) An arbitrary pure state in Sy \ Sx_1 can be approximated by a sequence of states in
Sk \ 6_1 with the property mentioned in assertion (B).

Proof. The first assertion readily follows from Proposition 1, and the second is confirmed by the example
considered in Appendix 6.2 (after Proposition 10).

The third assertion can be proved by using the construction in the above-mentioned example in
Appendix 6.2 and taking account of the facts that the functions with nonzero Fourier coefficients form a

dense subset in L2([0,27)) and that an arbitrary set {|1;)}¥_, of orthogonal unit vectors in a separable
Hilbert space H is the image of the set of vectors {|¢;) ® |i)}¥_, € L2([0,27)) ® K under a unitary map
from L2([0, 27)) ® K into H, where {|i)}%_, is an orthonormal basis of the space K. O

Let us consider a characterization of the set & in terms of k-positive maps (which is an infinite-
dimensional generalization of Theorem I in[1]).

Proposition4. A statew € G(H ® K) lies in &, if and only if the operator A, @ Idx(w) is positive
for any k-positive linear transformation Ay, of the space T(H).

Proof. Let wy € ;. By Proposition 3, there is a measure p in P(&}) such that wy = [ wpg (dw).
Since A, ® Idc(w) > 0 for any state w € &% by the definition of k-positiveness (see Sec. 2), we have

A @ Ty (wo) = / A ® Td () pio (d) > 0.

The converse assertion can be derived from the corresponding finite-dimensional result ([1, Theo-
rem 1]) by using an approximation method and Lemma 1.

Let wp € G(H®K) \ &, ie., let SN(wg) > k. By Lemma 1, there are projection operators
P e B(H) and Q € B(K) of the same finite rank such that the state
wy=(TrP®Q -wy) 'PRQ -wy-P®Q

does not liein the set . Let H, = P(H) and K, = Q(K). By Theorem 1 in[1], there is a k-positive map
Ak: T(H.) — T(H,) such that the operator Ay ® Idi, (ws) is not positive. We consider a k-positive map
Ay oI, where II(-) = P(-)P. Then the operator (Aj o IT) ® Idx(wp) is not positive, because otherwise
the operator

In®Q - (A oll) ®@Idg(wo)  In®@Q = (Tr P® Q - wo) A, @ Idic, (ws)

would be positive, and this contradicts the choice of A. O

The compactness criterion for a subset of the cone T, (H ® K) (see the proposition in the appendix
in[17]) can be used to prove the infinite-dimensional generalization of Proposition 1 in [2].

1t is assumed that Gy = @, and hence &1 \ 69 = &1 is a set of separable states.
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Proposition 5. An arbitrary state wy € &y can be represented as
W = (1 _p)wk—l +p57 pE [07 1]7 (41)
where wy_1 € 6_1 and d is a state with Schmidt number > k such that the operator § — Ao is not

positive for any A > 0 and any o € Sj_;.
In the set of such decompositions, there is a decomposition with minimal p.

In [2], a state with the property of the state § is called a k-edge state. In contrast to the finite-
dimensional case, to prove that d is a k-edge state, it is not sufficient to show that the operator § — Ao is
not positive for any A > 0 and any o € &}_,. This follows from Proposition 3, B.

Proof. Let
M={0tU{AeT (HRK)| A <wg, (TrA)_lA € 6k_1}

be a closed subset of the cone T, (H @ K).

We assume that M # {0}. It follows from the above-mentioned compactness criterion for subsets
of the cone T, (H ® K) that the set M is compact. Therefore, there is an operator Ag € M such that
Tr Ag = sup e Tr A

Introducing the notation p = 1 — Tr Ag, wi_1 = (Tr Ag) "1 A4g and § = p~!(wy — Ag), we obtain the
decomposition (4.1) with minimal p.

If M = {0}, then the only method for obtaining (4.1)is to set p = 1 and § = wy. O

5. PARTIALLY ENTANGLEMENT-BREAKING CHANNELS

The notion of partially entanglement-breaking channel of order %k (or of k-partially entanglement-
breaking channel) in the finite-dimensional case was introduced in [5] as a natural generalization of
the notion of entanglement-breaking channel (which is partially entanglement-breaking channel of
order 1). According to the definition given in [5], a channel ®: T(H) — T(H’) is said to be partially
entanglement-breaking of order k if, for any Hilbert space K, the Schmidt number of the state
¢ ® Idg(w) € 6(H' @ K) does not exceed k for any state w € S(H @ K).

The definition of the Schmidt number introduced in Sec. 3 can be used to generalize this definition of
partially entanglement-breaking channels of order & directly to the infinite-dimensional case.

Following tradition, a partially entanglement-breaking channel of order k will be briefly called a k-
PEB channel.

Let B (H, H') be the class of k-PEB channels from T(H) into T(H'). Since the set S (H' @ K) is
closed and convex, it follows that P (H, H’) is a closed convex subset of the set F(H, H') of all channels
from T(H) into T(H’) equipped with the strong convergence topology [17].

The following charactrization of k-PEB channels (generalizing the corresponding result in [5], [18])
can easily be derived from Proposition 4.

Proposition 6. A channel ® is a k-PEB channel if and only if the map Ay o ® is completely
positive for any k-positive map Ay,.
By definition, the relation ® € B (H, H') means that
¢ @ Idk(w) € &,(H' @ K) forany w e S6(H®K).

Because of the following proposition, it suffices to verify this inclusion only for one pure state.

Proposition 7. Let ®: T(H) — T(H') be a quantum channel. I there is a pure state |1) (1| in
S(H ® K) with partial states Tri [){¢)| = Try |0) (| of full rank such that

® @ Idc () (¥]) € Sr(H ® K),
then the channel ® is a k-PEB channel.
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Proof. Let

+oo
) =3 uali) ® i),
i=1

where {|i)} is an orthonormal basis in H = IC and p; > 0 for all 7. Let

P, = [i)il
=1

be the projection operator in B(KC).
By Proposition 2, we have

@ @ Idic([¢hn) (Yn]) = cnlr ® Po - @ @ Idc(|90)(4]) - I ® P € S1(H' @ K),

where
o) = ca Do maliy @ i), en =[]
=1 i=1

Let H,, = lin({|7) }I~;) and K,, = lin({|¢) }I;) be n-dimensional subspaces of the spaces H and K.
An arbitrary vector |¢) in H,, ® KC,, can be represented as

)= S vl @1y =l @ Ali),  where A= 3" (1)l il
=1

i,j=1 i,j=1

is an operator in B(/C,,). Therefore,
lo) (el = Ir, ® A [thn)(Ynl - I, ® A%,
and hence
@ @ Idc(lp)(pl) = In @ A- @ @ Idic([¢n) (Pul) - Inn @ A™ € Gx(H' @ K).
This means that the restriction of the channel ® to the set §(H,,) is a k-PEB channel. By Lemma 2
given below, the channel @ is a k-PEB channel. O

Lemma2. Let {H,} be anincreasing sequence of subspaces of the space H satisfying the relation
cl(U,, Hn) = H. I] the restriction of the channel ® to the set (M) is a k-PEB channel for each n,
then the channel ® is a k-PEB channel.

Proof. Since an arbitrary state w € G(H ® K) can be approximated by a sequence {w,} such that

supp Tri w, C H,, (see Lemma 1), this assertion follows from the fact that the set & (H' ® K) is closed.
O

Let |1) (1| be a pure state in §(H ® K), and let it have partial states
Tric [} (| = Try [Y) (0| = o
of full rank. Consider the one-to-one Choi—Jamiolkowski correspondence
SHH)2® «— d1dc(|v)(®]) €€ ={weSH @K)| Trypw =0},

which is a topological isomorphism if the set F(H,H’) of all channels is equipped with the strong
convergence topology [16, Proposition 3]. Proposition 7 implies the following observation.

Corollary 1. The restriction of the Choi—Jamiolkowski isomorphism to the class Br(H, H') is
an isomorphism between this class and &,(H' ® K) N &,, which is a closed subset of the set
S(H' @ K).

For a given isomorphism, the set Py(H, H') \ Pr—1(H,H') corresponds to the set

(Gk(H,(X)]C)\Gk_l(Hl(X)IC))ﬂ@U, k=23,....
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In [5], it was proved that the finite-dimensional channel ® is a k-PEB channel if and only if it has the
Kraus representation

‘P('):ZVQ(-)VZ-* (5.1)

such that rank V; < k for all 4 (this is a natural generalization of the well-known characterization
of finite-dimensional entanglement-breaking channels proved in [18]). In the infinite-dimensional
case, the class of k-PEB channels is significantly wider than the class of channels with the Kraus
representation mentioned above.

Proposition 8. (A)/f a channel ® has the Kraus representation (5.1) such that rank V; < k for all i,
then it belongs to the class By (H, H').

(B) There are channels ® in By, (H, H') \ Br_1(H, H') that have the following property®:
O(-)=> Vi(-)Vy = rankVi=+4o0 Vi.

Proof. The first assertion is obvious, because, for any pure state w € G(H ® K), the expression

PRIdc(w) =) Viel-w- Vi@l

2

leads to the decomposition of the state ® ® Idx(w) into a convex combination of pure states of Schmidt
rank < k.

To prove the second assertion, in the set & (H' ® K) \ 641 (H' ® K), we choose any state w with
the property of assertion (B) in Proposition 3. We can assume that Try w is a state of full rank in &(K).
Let |¢)(¢| be purification of this state in &(H @ K). By Corollary 1, the channel ®,, associated with
the state w by the Choi—Jamiolkowski isomorphism, which was induced by the state |¢)(¢|, lies in
PBr(H, H') \ Br_1(H,H'). If we assume that

and rank V;, < +o0 for some g, then we see that the result contradicts the basic property of the state w,
because V;, @ Idx|[¢)) # 0(otherwise, Vj, (Tri [¢) () (Vi,)* = 0, which contradicts the assumption that
Tric |¥) (] is a state of full rank). O

Corollary 2. There are entanglement-breaking channels ® such that the operators V; in any Kraus
representation (5.1) are of infinite rank.

Corollary 2 shows that infinite-dimensional entanglement-breaking channels can have a structure
which is more complicated than that of entanglement-breaking channels between finite-dimensional
systems [18].

6. APPENDIX
6.1. On a Property of the Set S('H)

Here we consider a consequence of the compactness criterion for subsets of probability measures on
the set G(H) (this criterion was considered in detail in [16, Sec. 1]), which states that a subset P of
the set P(6(H)) is compact (in the weak convergence topology) if and only if {b(p) | p € P} is a
compact subset of the set S(H).

*Itis assumed that Po(H, H') = @, and hence P (H, H') \ Bo(H, H') = P1(H, H’) is a class of entanglement-breaking
channels.
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774 SHIROKOV

Proposition 9. Let f be a nonnegative lower semicontinuous function on a closed subset
A C &(H). The function

F(p) = inf  esssu . 6.1
(1) =, jinf , esssup, () (6.1)

6

is lower semicontinuous on the set c6(A).° For each state p € ¢6(A), the infimum in (6.1) is

attained on a certain measure in extr Py, (A).

For each ¢ >0, the set {p € co(A) | F(p) < ¢} coincides with the convex closure of the set
{pe Al f(p) <c}.

Proof. The function F'(p) is well defined on the set co(A) by Lemma 1 in[7].

Let us show that the functional

~

P(A) > p— f(p) = esssup, f(-) (6.2)

is concave and lower semicontinuous. Because, for a given measure p in P(A), the p-essential
supremum of the function f (coinciding with the norm || ||« of the space L (A, 1)) is the least upper
bound of the increasing family of norms || f||, of the spaces LP(A, p), p € [1,400), the concavity and
lower semicontinuity of the functional (6.2) follows from the concavity and lower semicontinuity of the
functional

PA) 3 e |flp = \/ /A ()P (dp)

(the lower semicontinuity of this functional follows from the basic properties of weak convergence of
probability measures, see[11, Chap. I, Sec. 2]).

Since the functional (6.2) is concave and lower semicontinuous and the set P,y (A) is compact
(which follows from the above compactness criterion), the infimum in the definition of the quantity F'(p)
for each pin@o(.A) is attained on a certain measure in extr Py, (A).

We assume that the function (6.1) is not lower semicontinuous. Then there is a sequence
{pn} C @(A) converging to the state pg € @o(.A) such that
3 1im_Flpa) < Flpo). (6.3)

~

As was shown above, foreachn = 1,2, ..., there is a measure ju,, in Py, y(A) such that F'(p,,) = f(pn).
Since the sequence {p, } is a compact set, it follows from the above compactness criterion that there is
a subsequence {xy, } converging to some measure 9. Because the map p — b(p) is continuous, the
measure fig lies in Py 1 (A). The lower semicontinuity of the functional (6.2) implies

~ o~

< < T _
F(po) < f(po) < liminf f(uy, ) = lim F(pn,),
which contradicts (6.3).

The last assertion of the proposition is a consequence of the preceding assertions and Lemma 1 in[7].
]

8The symbol “ess sup,,” denotes the essential supremum with respect to the measure p [9, Sec. 13.1].
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6.2. On the Existence of a State with a Given Schmidt Number Such That None of Its Countable
Convex Decompositions Contains Pure States of a Finite Schmidt Rank

First, we show that the separable not countably decomposable state constructed in [7] has in fact a
stronger property, i.e., any countable convex decomposition of this state does not contain pure states
of finite Schmidt rank (the property of being not countably decomposable means that it cannot be
decomposed in a convex combination of pure state-products, i.e., states of Schmidt rank = 1). Further,
we use this observation to construct a state with a given Schmidt number such that none of its countable
convex decompositions contains pure states of finite Schmidt rank.

We use the notation introduced [7] to present the construction of such a separable state. We consider
a one-dimensional group of rotations G identifying it with the interval [0, 27) with addition mod 2.

Let H =L?([0,2n)) with normalized Lebesgue measure dz /27, and let {|k); k € Z} be an orthonormal
trigonometric basis in H such that

2 ) d
) = [ @) 5

The unitary representation « — V,, of the group G, where V,, = 3> ¢#®¥ k) (k|, such that (V) (z) =
¥(x 4+ u) is considered.

For arbitrary unit vectors |p;) € H; ~ L*([0,27)), j = 1,2, we consider the separable state
dx

o (6.4)

2
2= [ VOl (V) @ Vi eal al (V)

The following proposition sharpens the statement of Theorem 3 in [7]. Its proof is a natural
generalization of the proof of that theorem.

Proposition 10. Assume that p12 is the separable state defined in (6.4). If all Fourier coefficients
(coordinates in the basis {|k)}) of the vectors |p;) are nonzero, then the operator
p12 — Ao

is not positive for any A > 0 and a pure state o of finite Schmidt rank.

In particular, this means that any countable convex decomposition of the state p15 does not
contain pure states of finite Schmidt rank.

Proof. We assume that there is a vector |¢) in H; ® Hg of Schmidt rank n such that
p12 = ) (Y. (6.5)

Assume that
) = laj) ®|ad),
i=1

where {|af) " 1, J = 1,2, are sets of orthogonal vectors. It follows from inequality (6.5) that

n

> (ala)(elad)

i=1

2 . 5 ) 5 dx 2
|1Vl P alv@len) ? 57 =
0 7T

forany \; € L%([0,2m)), j = 1,2.
We consider the linear mappings
L2([0,2m)) 3 A = ®5(\) = {(a] M)}y € CT,
£2([0,2m) 3 A= w500 = AVl oy) = 37 (gslk) (kN e, =12,

k=—o00
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In the space L?([0, 27)), let Hg be a dense subset consisting of trigonometric polynomials (functions
with finitely many nonzero Fourier coefficients). Since (¢;|k) # 0 for all k, the maps ¥;, j = 1,2, are
linear isomorphisms in Hg. Therefore, it follows from (6.6) that

27 dx
(A1), E(A2(m))en|” < /0 €@ 5, &neHo, (6.7)

where A;(-) = (IJj(\Ilj_l( -)), 7 =1,2, are linear mappings from Hy into C", and = is the complex
conjugation in C™.
Since {®2(\) | A € L2([0,27))} = C™, we have {®2(\) | A € Ho} = C™, and hence

{A2(8) [ € € Hop =C™.

Therefore, there is a set |n1), ..., |n,) of vectors in the basis {|k)} such that the vectors

As(m), ..., Az(mn)
form a basis in C™. Since |n;(z)| = 1, it follows from (6.7) that

24z _

2
[(A1(€), Z(Aa () |2 < / @R Zg?, =10 £cHo

2r
0
Therefore, the map A; is bounded on Hgy and can be extended to a bounded linear map A;
from L2([0,27)) into C™.

Similar considerations show that it is possible to extend the map A, to a bounded linear map As
from L?([0,27)) into C™.

Since the anti-linear operator B = A} o Z0 Ay in the space L?([0,27)) is of rank < n, it can be
represented as

n

B(-) =Y (-18718}),

i=1
where {|ﬁf>}, j = 1,2, are sets of vectors in L?([0,2n)) and the set {|3})} consists of linearly indepen-
dent vectors.

Therefore, (6.7) can be rewritten as

n

> (€l mls?)

i=1

2 2w dx
2 . 0.8
< /O € (x)n(z)] (6.8)

2

It follows from Lemma 3 below that, for an arbitrary € > 0, one can find a subset A C [0, 27) with
Lebesgue measure < ¢ such that the functions 3{, 33, ..., 8L are linearly independent on .A. Therefore,
for each 4, one can find a function ¢ supported in A such that (¢|3}) # 0 but ({\5;> = Oforall j # 4. For
this function & and an arbitrary function n supported in [0, 27) \ ‘A, the right-hand side of (6.8) is zero,
and hence (n|3?) = 0; thus, 8%(z) = 0 almost everywhere in [0,27) \ A. Therefore, the measure of the
support of the function 32 does not exceed ¢, and hence 32(z) = 0 almost everywhere in [0, 27). Thus,
we have B = 0, which implies [¢)) = 0. O

In the following lemma, the linear independence of measurable functions fi,..., f, on a measurable
subset A C R means that any nontrivial linear combination of these functions is not equal to zero almost
everywhere on A.

Lemma3. Let fi,..., fn belinearly independent measurable functions on [a,b]. For any arbitrary

e >0, there is a subset A C [a,b] with Lebesgue measure p(A) < e such that the functions
f1,--., fnarelinearly independent on A.
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Proof. Formn = 1,2, the assertion of the lemma is obvious. We assume that it holds for a given n and
we will show that it can be satisfied for n + 1.

By assumption, for any e > 0 and each set of functions {f;} \ fj, 7 =1,...,n+ 1, there is a subset
As C [a, b] with pu(A5) < e such that the functions in this set are linearly independent on A3.

[f the assertion of the lemma does not hold for n + 1, then there is an €, > 0 such that the functions
fis-+, fay1 arelinearly dependent on any subset A C [a, b] with pu(A) < e..

Lete < e./2(n+ 1), and let

n+1

A= A5
Jj=1

We choose a finite set {By} of nonintersecting subsets of the set [a, b] \ A® such that u(By) < ,/2 and
Uy Br = [a,b] \ A%

For each k, we let C;, = A® U By. Since u(Cx) < ex, there is a set {)\f}?jll of complex numbers such
that

n+1 n+1
Z M fi(x) =0  almost everywhere on Cy, Z IAF| > 0. (6.9)
i=1 i=1

Since A5 C Cj for all 7, it is easy to see that AF £ 0 for all i. Therefore, we can assume that Aﬁﬂ =1
Since the functions f1, ..., fn41 are linearly independent on [a, b] = |J,, C, there are k; and ks such that

I # e
[t follows from (6.9) that
Z(Afl - )\fQ)fi(x) =0 almost everywhere on A5, | € Ci, N Cpy, Z |>\f1 - Af2| > 0,
i=1 i=1

which contradicts the construction of the set A5, ;. O

6.3. Example of the State w with SN(w) = k € N Such That the Operatorw — Ao is Not Positive for
Any Pure State o of a Finite Schmidt Rank and Any A > 0

Let {|8) ¥, and {|4)}¥_, be sets of orthogonal unit vectors in
Hy = L*([0,27)) and  Hy = L%([0,27)),

respectively, which have nonzero Fourier coefficients. Let K be a k-dimensional Hilbert space with
orthonormal basis {|i)}¥_,. For each positive integer n, we consider the state

ndx

o (6.10)

2w /n
Plag = / Vm(l) ® Vw(2) ® I - |2) (] - (Vw(l))* ® (Vw(2))* ® I
0

in 6(H; ® He ® K), where
1k
Oy =— o) @ p5) @ |i
|€2) ﬂ;M>M>H

is the unit vector in H; ® Ha ® K.

Further (speaking about the Schmidt rank and the Schmidt number), we assume that the space
H1 ® Ho ® K is the tensor product of the spaces H; and Hy ® K.

Since the state p7y3 lies in the convex closure of a family of local unitary “translations” of the state
|€2)(Q2] such that SR(|2)(Q2|) = k, we have SN(pf,3) < kforall n. Since the sequence {p7,3} converges
to the state |Q2)(€Q], it follows from the lower semicontinuity of the Schmidt number (Proposition 1, A)
that SN(p'ys) = k for a sufficiently large n.
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We assume that
Py > A1) (0] (6.11)

for some A > 0, where |¥)(U| is a pure state in &(H; ® Ho ® K) of finite Schmidt rank. Let P, =
I, @ Iy, @ i) (3]. Since

k
Z Pz = IH1®H2®K7
=1

there is an 4o such that P;,|¥) # 0. We can assume that ig = 1. Therefore, we have P;|¥) = v|¢) ® |1),
where v > 0 and |¢) is the unit vector in Hy ® Ha.

Since P plysPr = k7 1ph, @ [1)(1], where

. 27 /n 1 v/ 111 (L) @11 1112) Lndx
Pl = . Vrm ‘¢1><S01‘(Vx ) ®Vw ‘¢2><902‘(Vw )?7

it follows from (6.11) that pf, > kAv|y)(¢|. Since Py(-)P; and Tric( ) are local operations, the state
|1) (1] is of finite Schmidt rank. Therefore, Proposition 10 shows that A = 0.
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