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Reversibility conditions for quantum
channels and their applications

M. E. Shirokov

Abstract. Conditions for a quantum channel (noncommutative Markov
operator) to be reversible with respect to complete families of quantum
states with bounded rank are obtained. A description of all quantum
channels reversible with respect to a given (orthogonal or nonorthogonal)
complete family of pure states is given. Some applications in quantum
information theory are considered.
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§ 1. Introduction

Quantum channels are linear trace-preserving completely positive maps between
Banach spaces of trace class operators (Schatten class of order 1), and they play
the role of dynamical maps in quantum theory [1]. They can be considered as
noncommutative analogues of Markov operators in classical probability theory.

The notion of reversibility (sufficiency) of a quantum channel with respect to
a given family of states arose in the 1980s, in the analysis of various general ques-
tions in quantum theory, in particular, the question of preserving certain quanti-
tative characteristics of states under the action of a quantum channel [2]-[4]. The
reversibility of a quantum channel ® with respect to a family of input states &
means there exists a quantum channel ¥ from the output space of the channel ®
into its input space such that U(®(p)) = p for any state p in &.

The notion of reversibility of a quantum channel is related to Petz’s theorem,
which states that equality holds in the general inequality

H(2(p) || ®(0)) < H(p| o)

(this expresses the fundamental monotonicity property of the quantum relative
entropy H(pl||o) of the states p and o under the action of the quantum channel @)
if and only if @ is reversible with respect to the family &={p, o} ([2], Theorem 5).
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An important corollary to this theorem is related to the notion of the y-quantity!
x({mi, pi}) of an ensemble of quantum states {m;, p;} (a collection of states {p;} with
the corresponding probability distribution {m;}). It plays a key role in quantum
information theory. This corollary states that a necessary and sufficient condition
for the y-quantity of an ensemble {m;, p;} to be preserved under the action of
a quantum channel ®, that is, for there to be equality in the general inequality

x({mi, @(pi)}) < x({mi; pi}),

is that the channel ® be reversible with respect to the family & = {p;}.

It has recently been shown that criteria for many other important character-
istics to be preserved under the action of a quantum channel also reduce to the
reversibility condition [5], [6]. It was also observed that necessary and sufficient
conditions for the capacities of two different transmission protocols for classical
information through a quantum channel ® to coincide can be formulated in terms
of the reversibility of the complementary channel ® (for the definition see §2) with
respect to certain families of pure states [7].

Starting with Petz’s works, conditions for quantum channels (and more general
maps) to be reversible with respect to families of two states and many states have
been studied by many authors (see [6], [8] and the references there). A distinguish-
ing feature of this paper is that in the analysis of reversibility we use results related
to the notion of a complementary channel. The importance of its role in various
questions in quantum information theory was observed recently [9].

The paper is organized as follows. In §§2,3 we give an overview of the nec-
essary concepts and preliminary results. In §4 we prove necessary conditions for
a quantum channel to be reversible with respect to families of bounded rank states
expressed in terms of the complementary channel (Theorem 3) and give a descrip-
tion of the class of quantum channels reversible with respect to a given family of
pure states (orthogonal and nonorthogonal) possessing the completeness property
(Proposition 1 and Theorem 4). In § 5 we look at some applications of these results
in quantum information theory. A condition for the y-quantity of an arbitrary
(discrete or continuous) ensemble of bounded rank states to be preserved under the
action of a quantum channel is obtained (Theorem 5) and some its corollaries are
considered.

We present a possible generalization of Petz’s theorem to the case of arbitrary
quantum states in the Appendix.

§ 2. Preliminaries

Let 4% be a separable Hilbert space, B(.5#) and T (%) the Banach spaces of all
bounded operators in # with the operator norm | - || and all trace-class operators
in ¢ with the trace norm || - [|; = Tr| - | [1], [10]. The closed convex subset

S(H)={AeT(H)|A>0, TrA=1)}

of () is a complete separable metric space with the metric defined by the trace
norm. By convention we denote operators in &(.7) by the Greek letters p, o, w and

IThis characteristic is often called the Holevo quantity; it plays the basic role in quantum
information theory, see [4], Ch. 5.
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call them states, since any such operator p determines a normal linear functional
A — Tr Ap with unit norm on the algebra B(5¢) [11]. Pure states are rank one
projectors, they are extreme points of the set &(#). The support supp p of a state
p is the orthogonal complement of its kernel ker p; the dimension of the support is
called the rank of a state: rank p = dimsupp p. A state p for which ker p = {0}, is
called nondegenerate.

For vectors and rank one operators in a Hilbert space we will use the Dirac
notations |¢), |x){¢|, ... (in which the action of the operator |x)(%| on the vector
|p) gives the vector (1, @)|x)). For brevity, orthonormal sets of vectors {|¢;)}ier,
where I = {1,2,...,n} or I =N, will be denoted by {|¢)}ic;.

The identity operator in a Hilbert space % and the identity transformation of
the Banach space ¥(4#°) will be denoted by I+ and Id s, respectively.

A set of vectors {|1;)} in a Hilbert space 4 is called an overcomplete system if

Z Vi) (Yil = L.

An orthonormal basis in 7 is an example of an overcomplete system.

A Hilbert space of finite dimension d (it can be identified with C?) will be denoted
by 9.

Let ¢4 and 55 be Hilbert spaces called input and output, respectively. Let
®: T(Hy) — T(Hp) be a linear map which is positive and trace-preserving
(P(A) > 0 and Tr®(A) = Tr A for any A > 0). The dual map &*: B(H#p) —
B(#4) (defined by the relation Tr ®(A)B = Tr A®*(B), A € T(4), B € B(H#5))
is the positive map such that ®*(I,4,) = Ly, .

A linear map ®: () — T(HAp) is called completely positive if the map
O @1d e, from T(HH @ ;) into T(H#p ® ;) is positive for each natural number d
(equivalent definitions of complete positivity can be found in [4], §6.2).

Definition 1. A linear completely positive trace-preserving map ®: T(7y) —
X (Hp) is called a quantum channel.

This definition of a quantum channel corresponds to the Schrodinger picture in
which the dynamics of a quantum system is described via the evolution of states.
A quantum channel in the Heisenberg picture is the dual map ®*: B(H#E) —
B(.4) describing the evolution of quantum observables [1], Ch. 3.

An important example of a quantum channel is the operation of partial trace

(A RH)DC— Try CeZ(H),

which transforms the operator A ® B into the operator ATr B and is extended
to operators of general form by linearity and continuity (see the strict definition
in [1], [4]). This operation is a noncommutative analogue of the transition from
a joint distribution of random variables to their partial distributions in classical
probability theory.

Using Stinespring’s theorem on representations of completely positive maps on
C*-algebras and some properties of the algebra %5 (.#’) one can obtain the following
representation of an arbitrary quantum channel ®: T(#4) — T(H#p): there exist
a Hilbert space %% and an isometry V: 54 — 53 ® % such that

B(A) = Trp, VAV* VA € T(H) (2.1)
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(see [1], [4]). This representation will be called the Stinespring representation of
the channel ®, while the operator V is the Stinespring isometry.
The quantum channel

T(HL) D A B(A) = Tryy, VAV € T(H5) (2.2)

is said to be complementary to the channel ® (see [4], §6.6, [9])?. The complemen-
tary channel is uniquely defined: if ®': T(#4) — T(H%) is the channel defined
by (2.2) via the Stinespring isometry V': 5y — #p ® % then the channels 0
and @' are isometrically equivalent in the sense of the following definition (see the
Appendix in [9]).

Definition 2. Two channels ®: T(54) — S(HE) and Y': T(H) — T(HF) are
isometrically equivalent if there is a partial isometry W: 5 — %/ such that

O'(A) = WO(AW*, B(A) = W' (AW,  AcI(H). (2.3)

The notion of isometrical equivalence is very close to the notion of unitary equiv-
alence. Indeed, if the channels ®, ® are isometrically equivalent, they are unitary
equivalent, provided that the output spaces ¢, ¢35 are replaced by the subspaces

A=\ suwpp®(p), A5 = \/ supp®(p).
PES(Ha) pES(Ha)

The concept of isometrical equivalence is convenient, since when we deal with a par-
ticular representation of a quantum channel ® it is not always easy to determine
the corresponding subspace 75 .

A Stinespring representation (2.1) is called minimal if the set

M ={(X @ Luy)VIp) | ¢ € H#a, X € B(H3)}

is dense in 5 ® #%. The complementary channel d defined by (2.2) via a minimal
Stinespring representation has the following property:

kerp={0} = ker®(p)={0}. (2.4)

By using the Stinespring representation (2.1) it is easy to obtain the Kraus
representation
(A) =D ViAVY, A€ (), (2.5)
k

where {V}} is a collection of linear bounded operators from 5 into % such that
> & ViiVie = Ly, . These operators are defined by the relation

(| Vih) = (0 @ k|VY), pE M, Y E A,

where {|k)} is an orthonormal basis in the space #%. It is easy to see that the
complementary channel (2.2) has the representation

B(A) =D Tr[ViAV kNI, A€ S(A). (2.6)
k.l

2The quantum channel 3 is also called conjugate to the channel ® [12].
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The following class of quantum channels plays an essential role in this
paper [4], [13].

Definition 3. A quantum channel ®: T(7y) — %(H#p) is called classical-
quantum (briefly, a c-q channel) if it has the representation

dim £,
o(A) = Y (klAk)ow, A€ T(Ha),
k=1

where {|k)} is an orthonormal basis in % and {o}} is a collection of states in

S(Hp).
Following [6], [8], we now introduce the basic notion of the paper.

Definition 4. A quantum channel ®: T(5,) — T(H#p) is called reversible with
respect to a family & C &(#,) if there exists a quantum channel ¥: T(#3) —
T(H)) such that p =V o &(p) for all p € &.2

The channel ¥ in this definition will be called a reversing channel for the channel
® with respect to the family &.
Note that reversibility is a property common to isometrically equivalent channels.

Lemma 1. Let ®: T() — T(H#p) and ' : T(Hx) — T(Hp:) be isometrically
equivalent quantum channels. The channel ® being reversible with respect to a fam-
ily & C &(Hy) is equivalent to ' being reversible with respect to this family.

Proof. Let U be a reversing channel for the channel ® with respect to the fam-
ily &. Let ©(-) = W*(- )W + o Tr(I,, — WW*)(-) be a channel from T(#p')
into ¥(H%), where W is a partial isometry from (2.3) and o is a fixed state
in 6(#%). Then ¥ o © is a reversing channel for the channel ® with respect
to the family &.

The von Neumann entropy of a state p in &(#) is defined as follows:*

+oo

H(p)=—Trplogp = —Z)\ilog)\i,
i=1

where {A;} is the set of eigenvalues of the state p (see [3], [4], [15]).
The quantum relative entropy of states p and o in &(57) is defined as follows

—+oo

H(pllo) => (il[plog p — plog ai),
=1

where {|i)};-°F is an orthonormal basis of eigenvectors of the state p (or o) and it
is assumed that H(p||o) = +oo if supp p € suppo (see [3], [4], [15]).

We will use the following concept concerning the structure of the set of states in
a Hilbert space 5 ® £ describing composite quantum systems.

3In most early papers this property was called the sufficiency of the channel ® with respect to
the family & (see [2], [14]).
4Here and in what follows log denotes the natural logarithm.
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The Schmidt rank of a pure state |1)(¢)| in &( @ %) is defined as the number

of nonzero summands in the Schmidt decomposition
) = Z Ailas) ®165),

where {|a;)} and {|5;)} are orthonormal bases in 5 and J£’; it coincides with the
rank of partial states Tre |[¢) (| and Tr ¢ 1) ()| (see [16]).

The Schmidt class &,. of order r € N is the minimal closed convex subset of
S(H @ X) containing all pure states with Schmidt rank not exceeding r, that is,
S, is the convex closure of these pure states [16], [17].> In this notation & is the
set of all separable (nonentangled) states in &(J ® %) (see [4], [15]).

A quantum channel ®: T(5%y) — T(H#p) is called entanglement-breaking if for
any Hilbert space Z the state ®®1Id ¢ (w) is separable in &(#B®.%") for each state
w € 6(H#y @ H') (see [13]). This notion has the following natural generalization
given in [16].

Definition 5. A quantum channel ®: T(%) — <(Hp) is called partially
entanglement-breaking of order r (briefly, an r-PEB channel) if for any Hilbert
space £ the state ® ® Id » (w) belongs to the Schmidt class &, C &(#p @ %) for
each state w € &(y @ X).

In this notation entanglement-breaking quantum channels are 1-PEB channels.
Properties of finite-dimensional r-PEB channels are studied in [16], where it is
proved, in particular, that the class of r-PEB channels coincides with the class of
channels having Kraus representation (2.5) such that rank V;, < r for all k. But in
infinite dimensions the first class is essentially wider than the second; moreover, for
each r there exist 7-PEB channels such that all the operators in any of their Kraus
representations have infinite rank [17].

§ 3. Petz’s theorem and reversibility criteria

A fundamental property of quantum relative entropy is its monotonicity (non-
increasing) under the action of a quantum channel; this is expressed by the inequal-
ity

H(®(p)l|®(0)) < H(pllo), (3.1)

which is valid for an arbitrary channel ®: ¥(#4) — T(#5) and any states p and o
in 6(%,4)

We will consider states p and o such that H(p||c) < 4+o0c. This implies supp p C
supp o. Thus, we will assume that o and ®(o) are nondegenerate states in S(5%4)
and in &(.#%), respectively (the general case is reduced to this one by replacing
A by supp o and #5 by supp ®(0)).

Petz’s theorem, which follows, characterizes the case of equality in (3.1).

5In finite dimensions the convex closure coincides with the convex hull by Carathéodory’s
theorem, but in infinite dimensions even the set of all countable convex mixtures of pure states
with Schmidt rank < r is a proper subset of &, for each r [17].
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Theorem 1. Let ©: (5#4) — T(HAB) be a quantum channel, and p and o states
in &(Hy) such that H(p|lo) < +oo. Let ©,: T(H#p) — T(H#4) be the quantum
channel predual to the map

B(H#)) 3 A O5(A) = CO(BAB)C € B(A3), B=|[0]"? C=[d()] V2

Then the following statements are equivalent:
() H(@(p)|2(0)) = H(pllo):
(i) p=0,(2(p));
(iii) the channel ® is reversible with respect to the states p and o.

Note that the implication (iii) = (i) in this theorem follows immediately from
the monotonicity of relative entropy, while the implication (ii) = (iii) is obvious,
since it is easy to verify that o = 0,(®(0)).

Note also that the action of the channel ©, on states p in &(#%) such that
Ao < @(o) for some A > 0 is given by the explicit formula

O,(0) = B®*(CoC)B,  B=lo]'?, C=[0(0)] "/?

(the condition Ap < ®(o) guarantees the operator CpC' is bounded).

Theorem 1 was formulated and proved in [2] in terms of von Neumann algebras
and normal states on these algebras. In [2] both p and o were assumed to be faithful
(nondegenerate in our notation). So the assertion of Theorem 1 follows directly
from the theorem in [2] only for nondegenerate states p. A possible generalization
to the case of arbitrary states p is presented in the Appendix. Note that in finite
dimension this generalization follows from the theorem in [5], §5.1.

Definition 6. A family & of states in &(52) is called complete if for any positive
operator A in B(H) there exists a state p in & such that Tr Ap > 0.

A family {Jea){(pal}rea of pure states in &(5) is complete if and only if the
linear hull of the family {|¢x)}rea is dense in J#. It is easy to show that an
arbitrary complete family of any states in &(#°) contains a countable complete
subfamily [14], Lemma 2.

A general criterion for the reversibility of a channel with respect to complete
families of states was obtained in [14]. We will use this criterion in the following
restricted form (in which ©5 is the channel defined in Theorem 1 with ¢ = p).

Theorem 2. A quantum channel ®: () — T(H5) is reversible with respect to
a complete countable family {p;} of states in &(s4) if and only if p; = O5(2(p;))
for all i, where p =), mip; and {m;} is any nondegenerate probability distribution.

Note that the assertion of Theorem 2 can be deduced from Theorem 1, since
using properties of the quantum relative entropy we can show that H(p;||p) < +o0
for all 4.

§ 4. Conditions for the reversibility of a quantum
channel with respect to complete families of states

4.1. Families of states with bounded rank. Using Theorem 2 we can obtain
a necessary condition for a quantum channel to be reversible with respect to com-
plete families of states with bounded rank, expressed in terms of the complementary
channel.
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Theorem 3. Let & = {p;} 1, n < 400, be a complete family of states in &(4)
such that rank p; < r for all i. If a quantum channel ®: T(H4) — T(HB) is
reversible with respect to the family & then its complementary channel P: () —
T(H%) has a Kraus representation (2.5) with n - min{dimker ®* + 72 dim 3}
summands, such that rank Vi < r for all k, and hence ® is a PEB-channel of
order r.

If the above condition holds for r = 1, that is, p; = |@;){wi| for all i, then

n

O(A) = (dilAg) D ) Wunl, A€ T(H), (4.1)

i=1 k=1

where m = min{dim ker ®* + 1,dim 5}, {|p:)}7, is an overcomplete system of
vectors in 4 defined by means of an arbitrary nondegenerate probability distribu-
tion {m;}7_, as follows:

=1

and {|¢1) } is a collection of vectors in a Hilbert space #% such thaty - ||[¢i>=1
and (Yy|i) = 0 for all k # 1 for each i = 1,...,n. Hence the channel ® is iso-
metrically equivalent to the channel

P = D @laeliule 3 Wbk (43)

from () into T(H,H,), where {|i)}1, and {|k)}7, are arbitrary orthonor-
mal bases in J;, and in F;,, respectively.

The first assertion in Theorem 3 means that the channel ® has the following
property: for an arbitrary Hilbert space £ and any state w in &(#) ® %) the
state ® ® Id ¢ (w) is a countably decomposable state in the Schmidt class &, C
S(HE ® ), that is, it can be represented as a countable convex mixture of pure
states with Schmidt rank < r (there exist states in &, which are not countably
decomposable [17]).

Proof. Let @(p) = 22:1 VipVyt, d < +oo, be the Kraus representation of the
channel ®: (%) — T(H#%), obtained via its minimal Stinespring representation
with the isometry V: 5y — % ® H#¢ (see §2). The complementary channel

¥ = ® to the channel ® determined by means of this representation has the form

d
T(Hp) 5 A U(A) = > [Te VAV k)| € (),
k=1
where {|k)}4_, is an orthonormal basis in d-dimensional Hilbert space .

Since ¥ = &, the channels ® are ¥ isometrically equivalent (see §2). By Lemma 1
the channel U is reversible with respect to the family {p;}.
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Let {m;}?_, be an arbitrary nondegenerate probability distribution and p, =
S mipi. It follows from (2.4) that ¥(p,) is a nondegenerate state in &().
By Theorem 2 the reversibility of ¥ implies A; = U*(B;) for all i, where 4; =

i[5 " 2pilpe] 712 and By = mi[W(p,)] /2 (pi)[¥(p,)]"1/? are positive opera-
tors in %(%”A) and in B(H#¢), respectively.
Note that

d
= > (ICKHV' Vi,  CeB(H).
k=1
Since A; = U*(B;) is an operator of rank < r, Lemma 2 below implies that
B = 3770 i) (g, where m = min{dim ker W* + 2, dim ¢} and {|v;;)}72, is
a set of vectors in ¢, for each i = 1,...,n. Since the state U(p,) € &(H#) is
nondegenerate it follows that

ZZ 1/@ 7/}1]|*ZB *ijc

=1

By Lemma 3 below

()= D Wi( )Wy, (4.4)

where W;; = ZZ:1<wij|k:>Vk. Since A; = W*(3_7L, [vi;)(¥i;]) is an operator of
rank < r for each i and

d
U ([eij) (i) Z (Uthig) iz | RYV Vie = Wi iWijs (4.5)
k=1

the collection {W;;} consists of operators of rank < r. To complete the proof of the
first part of the theorem it suffices to note that the partial isometry in the relation
similar to (2.3), which expresses the isometrical equivalence of the channels ® and U,
is an isometrical embedding of .#% into .#% (since ¥(p, ) is a nondegenerate state
in 6(s)). Hence dim .7 < dim 35 and dim ker U* < dim ker ®*.

If p; = |pi){p;| then A; = |¢;)(d;| for each i, where |¢;) is the vector defined
n (4.2). So, it follows from (4.5) that

i) { m-Zw (Ii5) (bi5) Z Wij,

j=1

and hence W;; = |n;;)(¢;| for all j = 1,...,m, where {|n;;)} is a set of vectors in
A such that Z;n:l [m:]|> = 1 for each i.
It follows from (4.4) that

O(A) = Z@IA% Z\m] nil, A€ ().
1=1 Jj=1

Using the spectral decomposition of the states Z;”:l [nij)(nisl, © = 1,...,n, we
obtain the representation (4.1).
The representation (4.3) is derived from (4.1) by means of the representation (2.6).
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Lemma 2. Let ®: T(H%) — I(HB) be a quantum channel. If B is a positive
operator in B(HB) such that rank ®*(B) = r < 400 then B = Z;nzl [ (],
where m = min{dim ker ®* +72, dim s} and {|¢;)}]-, is a set of vectors in H3.

Proof. Note that B = Zdlm 25 |4p;) (15, where [1h;) = BY/2|j), for any orthonormal
basis {|5)} in ##%3. So, it suffices to consider the case m = dim ker ®*+r? < dim 3.

We may assume that the first n = rank B vectors in {|¢);)} are linearly inde-
pendent, and hence the operators [1;)(1;], j = 1,...,n, generate an n-dimensional
subspace B,, C B(#,). Now, B > Z;‘L:1 |4j)(1;] and the support of the operator
*(B) is contained in some r-dimensional subspace 7. C 7, and so ®*(|¢;)(¢);]) €
B(A), j=1,...,n. Thus, &*(B,,) C B() and hence

rank B = n = dimB,, < dimker ®* + dim B(%,) = dimker ®* + 72 = m.

It follows from the finite-dimensional spectral theorem that B = Z;”:l EAXCAR
where {[¢})} is an orthogonal set of eigenvectors for the operator B.

Lemma 3. Let ®(4) = Zzzl Vi AV be a quantum channel and {|k)}¢_, an
orthonormal basis in the Hilbert space 7, d < +00. An arbitrary overcomplete sys-
tem {|vs)} of vectors in Hy generates the Kraus representation ®(A) = >, W, AW}

of the channel ® in which W; = ZZ:1<1[)¢|I<:>V;€.
Proof. Since ), [¢;)(¥i| = Ix,, we have

Do WiAW; = Z VAV (il k) (ls)

k,l=1 7

d d
= Z Vi AV Z’I\r|k><l||¢z><¢z| = ZVI@AVI@*'
k=1 i k=1

4.2. Orthogonal families of pure states. From Theorem 3 we can obtain the
following description of the class of all quantum channels reversible with respect to
a given complete family of orthogonal pure states.

Proposition 1. Let ®: T(#,) — T(H#B) be a quantum channel,
m = min{dimker ®* + 1, dim %3},

and & = {|pi){pil} a complete family of orthogonal pure states in &(H4). The
following statements are equivalent:
(i) the channel ® is reversible with respect to the famzly G;
(i) ® is a c-q channel with the representation ®(A) = Z?:T%A (pilApi)o;,
where {o;} is a set of states in &(HE) such that rank o; < m for all i;

(iii) the channel ® is isometrically equivalent to the channel

dim £, m
'(A)= D (pilApi)le (il @ > (il k)|
i,j=1 k,l=1

from T() into T(Ha @ ), where {| i)} is a set of vectors in a sepa-
rable Hilbert space such that 37, |[¢ur||* = 1 and (i) = 0 for all k #1
for each i and {|k)} is an orthonormal basis in F;,.
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Proof. The implication (i) = (ii) follows from Theorem 3, since in this case ¢; = @;
for all i. R
(il) = (iii). If o3 = Y000 |[vik) (Yur| then ®(p) = 3=, , WixpWyi,, where Wiy, =

|thir) (pil, and then (2.6) shows that & = @'
The implication (iii) = (i) follows from Lemma 1, since W(-) = Tryp, () is
a reversing channel for the channel ®’ with respect to the family &.

Proposition 1 makes it possible to obtain the following criterion for reversibility
in terms of the dual map to a quantum channel.

Corollary 1. A quantum channel ®: T(74) — T(HB) is reversible with respect
to a complete family of orthogonal pure states {|p;){wi|} if and only if there exists
a partial isometry W: Fx & 5, — H5 such that

lpi) (@il = @*(W|pi) (il ® Ly, ]W™) Vi, (4.6)

where m = min{dim ker ®*+1, dim #5} and ®*: B(H5) — B(H4) is a dual map
to the channel .

Note that condition (4.6) implies that ®*(WW™*) = I, , and hence WIW* is the
projector on a subspace containing the supports of all states ®(p), p € &(H%).

Proof. The necessity of condition (4.6) directly follows from Proposition 1.
To prove its sufficiency consider the channel ®(A) = W*®(A)W from (%)
into ¥ (4 ® ;,). By the above remark

W' (AW* = WIW*S(AWW* = B(A),  AcT(H),

and hence the channels ® and ®’ are isometrically equivalent. By Lemma 1 it
suffices to show that @’ is reversible with respect to the family {|p;){®;|}.
Condition (4.6) implies

Trllei) (@il ® Loe, ]2 (|05) (p5]) = Tr @ (Wllii) (pil @ Logs, W) ;) (0| = ;-

So, the support of ®'(|p;){(p;|) is contained in the subspace {\|p;)} ® 54, and
hence Trz, ©' (|0} {wil) = |pi){p;| for all .

4.3. Arbitrary families of pure states. Consider the structure of any quantum
channel reversible with respect to an arbitrary complete family & = {|ox) (pal}rea
of pure states.

It is well known that a quantum channel ®: T(s¢4) — T(H3) is reversible with
respect to the family of all pure states in &(#%) (which means it is reversible
with respect to &(7%)) if and only if its complementary channel is completely
depolarizing, that is, it maps all states in G(#4) into a fixed state in &(#%) (see
[4], Proposition 10.1.2). This means that the channel ® is isometrically equivalent
to the channel

P(A)=A®0 (4.7
from T(#4) into (74 ® A), where ¢ is a Hilbert space and o is a given state
in ().

We first give a characterization of family & = {|oa){©or|}rea C &S(F#4) such
that if the channel ®: ¥()) — T(H#%p) is reversible with respect to & then it is
reversible with respect to &(4).
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Definition 7. A family {|@x)}rea of vectors in 2 (a family {|px){(pa|}rea of pure
states in &(2)) is called orthogonally decomposable if there is a proper subspace
Hp C A such that some vectors of this family lie in % and all the others in J45-.

A family of pure states which is not orthogonally decomposable will be called
orthogonally nondecomposable.

Proposition 2. Let {|ox){ox|}rea be a complete family of pure states in S(Hy).
The following statements are equivalent:
(i) the family {|ox){©x|}ren is orthogonally nondecomposable;
(ii) any channel ®: T(H4) — T(Hp) reversible with respect to the family
{lea){(©xl}ren, is isometrically equivalent to the channel (4.7).

Proof. (i) = (ii). If ¥: I(H#p) — Z(H#4) is a reversing channel for ® then
Lemma 4 below shows that ¥ o ® = Idsz,. Thus the channel @ is reversible with
respect to &(54) and hence its complementary channel d is completely depolar-
izing.

(ii) = (i). If A4 is a proper subspace of 4 such that for each A € A the
vector |¢y) lies either in %) or in %", then the channel A — PyAPy + PyAP,,
where P, is the projector onto the subspace % and Py = I, — Py, is reversible
with respect to the family {|¢x){@a]}rea (since no state of this family is changed
under the action of this channel).

Lemma 4. Let ®: I(#) — T(H) be a quantum channel (dim . < +00) and
{lea){oxl}rea an orthogonally nondecomposable family of pure states in &().
If @(loa)(@al) = loa)(eal for all X € A then Pl = Idug , where Hp is the
subspace generated by the family {|ox) Frea -

Proof. Let ®(A) = Tr VAV™* be the Stinespring representation of the channel ®
in which V is an isometry from S¢ into ¢ ® ¢ .

Using the standard arguments based on Zorn’s lemma, we can show that any
complete orthogonally nondecomposable family of pure states contains a countable
complete orthogonally nondecomposable subfamily (Lemma 7 in the Appendix).

Let {|¢i){pi|} be a countable orthogonally nondecomposable subfamily of the
family {|¢a)(@a]}rea such that the vectors of the family {|¢;)} generate the sub-
space #%). The hypothesis of the lemma implies

Viei) = lei) @ [vi) Vi,

where {|¢;)} is a family of unit vectors in .. Since V is an isometry, we have
{piles) = (VeilVes) = (eile)Wilvs) Vi, j

and hence (@;|p;) # 0 = (¢Y;|1h;) = 1.

It follows that |¢);) = |¢;) for all ¢, j. Otherwise, we could decompose the set of
all indices into two subsets I and J such that [¢);) # |¢;) for alli € I, j € J and
the above implication implies (p;|¢;) =0 for all ¢ € I, j € J, and this contradicts
the fact that the family {|o;)(p;|} is orthogonally nondecomposable.

Thus Vl]p;) = |¢i) ® |[¢) for all ¢ and hence V]p) = |¢) @ |¢) for all |¢) € 4
since the family of vectors {|p;)} generates the subspace 4. Hence ®(A) = A for
any operator A € T(J4).
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In analysing the reversibility of a channel with respect to orthogonally decom-
posable families of pure states the following simple observation plays an essential
role.

Lemma 5. An arbitrary family & of pure states in &(S) can be decomposed as
S = U, Sk, where {&} is a finite or countable collection of disjoint orthogonally
nondecomposable subfamilies of & such that p L p' for all p € Gy, p' € Gy, k £ k.
This decomposition is unique (up to permutations of the subfamilies).

Proof. For a given state p € & consider the monotonic sequence {€”} of subfamilies
of & constructed as follows. Let €7 = {p}, let €4 be the family of all states in &
nonorthogonal to the state p, €# 11 the family of all states in & nonorthogonal to at
least one state in €2, n =2,3,... . Let € =, €7. Tt is easy to verify by induction
that €2 is an orthogonally nondecomposable family for each n and hence €% is an
orthogonally nondecomposable family. Note that any state in €% is orthogonal to
any state in & \ €7. Indeed, if p € €7 then p € €~ for some n. So, if a state o is
nonorthogonal to the state p then it lies in €/, C €.

It is easy to see that the families ¢ and e’ p,p' € & either coincide or have
empty intersection. Since the Hilbert space 7 is separable and each family ¢7
corresponds to a nontrivial subspace of J#, the collection {€7},ce contains either
a finite or countable number of different families. These families form the required
decomposition.

The above decomposition of a complete family & of pure states provides a des-
cription of the class of all channels which are reversible with respect to &.

Theorem 4. Let &: T(5€4) — T(H#3) be a quantum channel, & a complete family
of pure states in &(Hy) and let m = min{dimker ®* + 1, dim #5}. Let & =
Ui Sk be the decomposition of & into orthogonally nondecomposable subfamilies
(from Lemma 5) and Py the projector onto the subspace generated by the states
in Gy. The following statements are equivalent:

(i) the channel ® is reversible with respect to the family &;

(ii) the channel ® is reversible with respect to the family

G = {p € &(H)) ‘ p= ZPkPPk}§
%

(ili) ® s a c-q channel with the representation ®(A) = > wlTr APyloy, where
{ok} is a collection of states in &(H#%) such that rank o, < m for all k;
(iv) the channel ® is isometrically equivalent to the channel

O'(A) = PAP® Y (Wilvn)p) (|
k,l

p,t=1

Jrom T(H) into T(AL@H,), where {|P)} is a set of vectors in a separable
Hilbert space such that Z;"Zl [YEI? =1 and (f|¢h) = 0 for all p # t for
each k and {|p)} is an orthonormal basis in F, .
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Proof. (i) = (ii). Let ¥ be a reversing channel for the channel ® with respect to
the family & and 7, the subspace of 5 generated by the states in &. Since &y, is
an orthogonally nondecomposable family, Lemma 4 shows that Wo ®|z () = Id.,
for all k.

(ii) = (iii). Let {|¢:)} be an orthonormal basis corresponding to the decompo-
sition S = @,, /4. (such that each vector |¢;) lies in some ;). Let I, be the set
of all i such that |¢;) € /. Since |¢;)(¢;| € & for all i, the channel @ is reversible
with respect to the family {|¢;)(¢:|}. By Proposition 1 we have

=Y (dilAdi)o,

k i€ly

where {o;} is a collection of states in &(#%) such that ranko; < m for all i.
Since &j is an orthogonally nondecomposable family, Proposition 2 shows that
the restriction of ® to the set S () is a completely depolarizing channel. Thus
0; = oy for all i € Iy, and hence ®(A) = > Tr AP;]oy.

(iii) = (iv). Let k(i) be the index of the set I}, containing i, that is, i € I;(;) for
all i. If oy, = 320 [0k) (k] then ®(A) = 3, Wi AW, where Wi, = [1p”) (6]
and hence the representation (2.6) implies

2(A) = 3 Wi AW )I60) (51 @ o) ]

,5,D,¢

= > D (DilAs)ei) (e @ (Wil Ip) t|—zpkAPl®Z Gilvp)Ip) (i,

klpticly,jel;

where {|p)} is an orthonormal basis in J%,.
(iv) = (i) follows from Lemma 1, since U(-) = Tre, () is a reversing channel
for the channel ®" with respect to the family &.

We can deduce the following useful observation from Theorem 4.

Corollary 2. If a quantum channel ®: T(54) — T(Hp) is reversible with respect
to a complete family & of pure states in S(Hy) then it is reversible with respect to
some complete family of orthogonal pure states in &(Hy).

Remark 1. If a complete family of pure states & contains a subfamily Go={|p;) (p:|}
such that {|¢;)} is a basis in % (in the sense that any vector |¢) in 7, has a unique
decomposition |[¢p) = >, ¢;lp;)),° then the family of orthogonal pure states men-
tioned in Corollary 2 is given explicitly by Theorem 3. Indeed, by Lemma 8 in
the Appendix {|¢;)}, the set of vectors defined in (4.2) by means of an arbitrary
nondegenerate probability distribution {r;}, forms an orthonormal basis in 4. It
is easy to see that the channel ®' defined by (4.3) is reversible with respect to the
family {|¢;)(¢;|}. By Theorem 3 and Lemma 1 the same reversibility holds for the
channel ®.

6The existence of this subfamily g is obvious if .#4 is finite-dimensional. Conditions which
guarantee that a complete countable family of unit vectors in an infinite-dimensional Hilbert space
forms a basis can be found in [10], Ch. 1
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Theorem 4 gives the following description of the class of all reversible channels
between finite-dimensional quantum systems of the same dimensions.

Corollary 3. Let 5 be a finite-dimensional Hilbert space and & a complete family
of pure states in &(H°). Let & = J, & be the decomposition of & into orthogo-
nally nondecomposable subfamilies (from Lemma 5) and Py the projector onto the
subspace generated by the states in Sy.

A quantum channel ®: T(H) — T(IH) is reversible with respect to the family &
if and only if it is unitarily equivalent to the channel

'(A) = cuPrAP, A I(X),
k,l

where |lcki]| is the Gram matriz of a set of unit vectors in a finite-dimensional
Hilbert space.

Proof. Since ®'(p) = p for all p € &, if the channels ® and @’ are unitarily equiva-
lent then ® is reversible with respect to the family &.

By Corollary 2 if @ is reversible with respect to & it is reversible with respect to
some family {p;}_; of orthogonal pure states in &(.#) (where n = dim ). As
relative entropy is monotonic we have

S HE@E)|(F) = > Hpil) = logn.

where p = n™'Y." | pi = n 'I,. The left-hand side of this equality is the
Xx-quantity of the family of states {®(p;)}?_; with the uniform probability dis-
tribution (see §5). It follows from the general properties of the y-quantity (see [4],
Ch. 5) that this family consists of orthogonal pure states and that ® (1) = Ip.
By (2.2), which gives the definition of the complementary channel, {f/IS(pz) s
a family of pure states. Theorem 4 shows that ®(A) = >kl Tr APy by ) (|, where
{|%%) } is a set of unit vectors in ##%. Hence the channel ® is isometrically equivalent

to the channel ® = & with matrix cx = (¢h;|tr). Since ®(Ly) = ¥ (L) = Ly, if
® and @’ are isometrically equivalent they are unitarily equivalent.

Remark 2. Corollary 3 shows that if dimJ#y = dim J#5 < +o0o then a quantum
channel ®: () — ¥(H#p) is reversible with respect to a complete family &
of pure states if and ounly if ®(p) = UpU* for all p € &, where U is a unitary
operator; that is, ® being reversible with respect to a complete family of pure
states is equivalent to all the states of this family being preserved by ® (up to
a unitary transformation).

§ 5. A condition for the xy-quantity
to be preserved and some corollaries

We consider some applications of the results obtained in §4 to quantum infor-
mation theory.

A finite or countable set {p;} of states in &(.#°) with the corresponding prob-
ability distribution {m;} is called an ensemble and denoted by {m;, p;}, the state
p =, mip; is called the average state of this ensemble.
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The y-quantity of an ensemble {7;, p;} is defined as follows:
{ﬂ'upz Zﬂ'z Pz”ﬂ ) _Zﬂ-iH(p )

where the second formula is valid provided that H(p) < +oo. It is proved in [18§]
that this quantity provides an upper bound for the accessible classical informa-
tion which can be obtained by distinguishing the set of states {p;} using quantum
measurements (see details in [4], Ch. 5). The y-quantity plays a central role in
the analysis of different protocols of classical information transmissions through
a quantum channel and is involved in the expressions for the capacities of these
protocols.

Let ® be a quantum channel from ¥(7¢4) into T(#%). Since the relative entropy
is monotonic, for an arbitrary ensemble {7;, p;} of states in &(.74) the following
inequality holds

x({mi, ®(pi)}) < x({mi, pi}). (5.1)

Remark 3. If H(p) < +oo and H(®(p)) < +oo then (5.1) means that the function
p— H(®(p)) — H(p), the entropy gain of the channel ®, is convex.

Using the monotonicity of the relative entropy and Theorem 1 equality in (5.1)
(under the condition that the right-hand side is finite) is equivalent to the channel
® being reversible with respect to the family {p;}. So, using the results from §4
we can obtain conditions for equality, and this can be interpreted as preserving the
X-quantity of the ensemble {m;, p;} under the action of .

When we analyse infinite-dimensional quantum systems and channels we have to
consider generalized (or continuous) ensembles, defined as Borel probability mea-
sures on the set of quantum states (from this point of view the ensemble {m;, p;}
is the purely atomic measure ), m;0,,, where 6, is the Dirac measure concentrated
at the state p) [4], [19].

The set of all Borel probability measures on & () whose support lies in a closed
subset &7 C &() will be denoted by (o). We will call such measures general-
ized ensembles of states in o7

The average state of a generalized ensemble p is the barycenter of u defined by

the Bochner integral
plp) = / pr(dp).
&()

The x-quantity of a generalized ensemble y is defined as follows:

() = / H(p|[p(u)uldp) = Hp(s)) — / Hip)uldp),  (5.2)
&(H) & (o)

where the second formula is valid provided that H(p(u)) < 400 [19].
The image of a generalized ensemble p € P (G(5#4)) under the action of a quan-
tum channel ®: T()) — T(H%) is the generalized ensemble

B(p) = podt € 2(68(4%3)).
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This has y-quantity equal to

(@) = /6 . )P adp) = H(®(p(0) - /G H(®(p))u(dp),

(H4)
(5.3)
where the second formula is valid provided that H(®(p(u))) < +oc.
Similarly to the discrete case, as the relative entropy is monotonic this implies
the y-quantity for generalized ensembles is too:

X (@) < x(p)- (5.4)

Theorem 1 gives the following criterion for equality in (5.4), which is a modifi-
cation of Theorem 3 in [14] for the von Neumann algebra .# = B (7).

Proposition 3. Let ®: T(5,) — T(HB) be a quantum channel and 11 a general-
ized ensemble of states in &(Hy) with the nondegenerate average state p(p) such
that x(u) < +00. The following statements are equivalent:
(1) x(@(k) = x(1);
(i) H(@(0)|9(p(1))) = H{pllp(n)) for p-almost all p in &(H4);
(iii) p = Oz (®(p)) for p-almost all p in &(Hn);
(iv) the channel ® is reversible with respect to p-almost all p in &(4).

By contrast with Theorem 3 in [14], in Proposition 3 it is not assumed that the
state p(u) is a countable convex mixture of states of the ensemble .

Using this proposition, Theorem 3, Corollary 2 and Proposition 1 (taking [14],
Lemma 2 into account) we obtain the following necessary conditions for equality
in (5.4).

Theorem 5. Let ®: T(H4) — (%) be a quantum channel. If there exists a gen-
eralized ensemble € P(6"), where 6" = {p € &(4) | rankp < r}, with the
nondegenerate average state p(u) such that

X(®(p) = x(p) < o0, (5.5)

then the complementary channel ® has a Kraus representation (2.5) with the number
of summands dim %4 - min{dim ker ®* + r2 dim 3}, such that rank V}, < r for
all k, and hence it is a PEB-channel of order r.

If this condition holds with r = 1 then assertions (i)—(iii) of Proposition 1 are
valid for the channel ® with a particular orthonormal basis {|@;)} for the space F4.

We consider some corollaries of this theorem below, which are related to different
characteristics of quantum systems and channels.

5.1. The Holevo capacity and the minimal output entropy of a finite-
dimensional quantum channel. Let ®: (7)) — T(5) be a channel between
finite-dimensional quantum systems (dim 5%, dim 75 < 400).

The Holevo capacity of the channel ® (which is closely related to its classical
capacity [4], Ch. 8) is defined as follows:

C(®) = max x({m, ®(pi)}), (5.6)

{mi,pi

where the maximum is taken over all ensembles of states in &(4).
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Using inequality (5.1), one can show that
C(®) < logdim 54 (5.7)

for any channel ®. Theorem 5 gives the following criterion for equality to hold in
this inequality.

Corollary 4. Let ®: I(%4) — T(HB) be a quantum channel such that
dim 574, dim 73 < +o0.

A) Equality holds in (5.7) if and only if the equivalent statements (1)—(iii) in Pro-
position 1 hold for ® for some particular orthonormal basis {|¢;)} of the space .

B) If #5 = 4 then equality holds in (5.7) if and only if the channel ® is
unitarily equivalent to the channel ®' described in Corollary 3 with a particular
collection { Py} of mutually orthogonal projectors such that ), Pr, = Iz, .

Another important characteristic of a quantum channel ® is its minimal output
entropy
Hpyin(®) = min H(® .
min () pe® (s (®(p))
(The role of this characteristic in analysing the informational properties of quantum
channels is considered in [4], Ch. 8.)
Corollary 4 leads to the following criterion for the minimal output entropy of
covariant channels to take the value zero.

Corollary 5. Let A5 = ) be a finite-dimensional space and let ®: T(Hy) —
I(HB) be a quantum channel covariant with respect to some irreducible represen-
tation {Vy}gec of a compact group G (in the sense that ®(V,AV)) = V,@(A)V}
forall g € G and all A € ().

The equality Hpin(®) = 0 holds if and only if ® is unitarily equivalent to the
channel ®' described in Corollary 3 with a particular collection {Py} of mutually
orthogonal projectors such that Y, Py, = I, .

To derive this assertion from Corollary 4 it suffices to note that the covariance
condition implies C(®) = log dim 5% — Hyin(®) (see [4], Ch. 6).

All the assumptions of Corollary 5 hold for any unital qubit channel @, that is,
a channel ®: (%) — T(H#%) such that dim 7y =dim 5 =2 and O(Ix,) =1,
(see [4], Ch. 6).

5.2. On the strict decrease of the x-quantity under partial trace and
the strict concavity of the quantum conditional entropy. The operation of
partial trace T(# @ #) 3 A — Trpy A € T(H) is a noncommutative analogue
of the transition from a joint probability distribution to their partial distributions.
This operation can be considered as a quantum channel from T (S ®.%") into ().
Its complementary channel is the operation of partial trace A — Tr» A over the
other space.

Noting that the map A — Tr A is not a r-PEB channel for any r < dim ¢,
from Theorem 5 we obtain the following assertion.
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Proposition 4. Let ) = 5 @ H#x and P(A) = Tryp, A, A € T(H,).
A) x({mi, @(pi)}) < x({mi, pi}) for any ensemble {m;, p;} of states in &(.54) with
nondegenerate average state such that sup; rank p; <dim % and x({m;, p;}) <+o0.
B) x(®(n) < x(p) for any generalized ensemble p in P (& (%)) with non-
degenerate average state such that sup cq,pp , rank p < dim H#g and x(p) < +oo.

Remark 4. By the Stinespring representation (2.1) every quantum channel is uni-
tarily equivalent to a restriction of the channel ®(A) = Tr 4, A to the set of states
supported by some subspace of 5 ® #%. Since the x-quantity does not necessar-
ily strictly decrease under the action of the quantum channel, the nondegeneracy
condition for the average state is necessary in Proposition 4 and hence also in
Theorem 5.

The quantum conditional entropy of a state p of a composite system AB is
defined as follows:

Haip(p) = H(p) — H(Tr e, p)

provided that
H(p) < +oo and H(True, p) < +o0. (5.8)

By Remark 3 the concavity of the function p +— H4p(p) on the convex set
defined by (5.8) is equivalent to the y-quantity being nonincreasing under partial
trace. Proposition 4, A) gives the following sufficient condition for the conditional
entropy to be strictly concave.

Corollary 6. Let p be a nondegenerate state in &(Hx ® H#p) satisfying condition
(5.8). Then

Hap(p) > Z miH 7 1B(pi)

for any ensemble {m;, p;} with the average state p such that sup, rank p; < dim 57y .

Using Proposition 4, B) one can obtain a continuous (integral) version of Corol-
lary 6.

It is easy to construct examples showing that the property of strict concavity for
the conditional entropy does not hold for any convex decomposition of an arbitrary
state p.

An important consequence of Theorem 5 is its use in the proof of the criterion for
the capacities of two protocols for the transmission of classical information through
a quantum channel to coincide, which was considered in [7].

§ 6. Appendix

6.1. The proof of Theorem 1. It suffices to show that (i) = (ii). Consider
the ensemble of two states p and o with probabilities ¢t and 1 — ¢ where t € (0,1).
Let oy = tp+ (1 — t)o. By Donald’s identity (see [3], Proposition 5.22) we have

(pllff) (1 =t)H(ollo) =tH(pllor) + (1 = )H(ollor) + H(otllo),  (6.1)
H(®(p)[|®(0)) + (1 = ) H(®(0)[|®(0))
= tH(®(p)[|®(0¢)) + (1 = ) H(D(0)[[@(01)) + H(P(01)[|(0)),  (6:2)
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where the left-hand sides are finite and, by assumption, they coincide. Since all the
terms on the right-hand side of (6.1) are no smaller than the corresponding terms
on the right-hand side of (6.2), as the relative entropy is monotonic

H(®(p)|®(0r)) = H(pllor),  H(®(0)|[®(0r)) = H(ollow). (6.3)

It follows from [14], Theorem 3 and Proposition 4 that p = ©,(®(p)) for all t € (0,1)
where

0u(B) = [0:]" 20" ([®(01)] /2 B[®(00)] " /?)[01]'/?, B e T(Ap).
To complete the proof it suffices to show that

Jim 6, =6, (6.4)

in the strong convergence topology on the set of quantum channels; in this topology
(see [20]) ®,, — ® means that ®,,(p) — P(p) for all p, since (6.4) implies that

p = lim ©:(®(p)) = O (®(p)).

Now, ©4(®(c)) = o for all t € (0,1) and so the set of channels {O;};c(0,1)
is relatively compact in the topology of strong convergence by [20], Corollary 2.
Hence there exists a sequence {t,} converging to zero such that
lirf O, = Oq, (6.5)
where O is a particular channel. We will show that ©y = ©,.
Note that (6.5) means the sequence {©; (A)} converges to the operator ©F(A)
in the weak operator topology for any positive operator A € B(#,).” By Lemma 6
below we have
lim [®(0,)]"/?07, (A)[®(04,)]"? = [8(0)]/?05(A)[@(0)]'/*  (6.6)

n—-+o0o

in the Hilbert-Schmidt norm. The explicit form of the map ©; shows that
[@ (0, )]'/205, (A)[@ (0, )]V/? = @ ([0, ]2 Ao, ]'/?)

and, since lim, . oo [0y, |V/2A[oy, |V/? = [0]'/2A[0]*/? in the trace norm, the limit
in (6.6) coincides with ®([o]'/2A[0]'/?). Thus, O3(A) = ©%(A) for all A in B(H#)
and hence ©g = O,,.

The above arguments show that for any sequence {¢,} converging to zero any
partial limit of the sequence {O;,} coincides with ©,. This is equivalent to (6.4).

Lemma 6. Let {p,} be a sequence of states in &(H°) converging to a state pg
and let {A,} be a sequence of operators from the unit ball of B(H) converging to
an operator Ag in the weak operator topology. Then the sequence {\/pnAn~/Pn}
converges to the operator \/poAog\/po in the Hilbert-Schmidt norm.

"This is because this topology coincides with the o-weak operator topology on the unit ball of
the space B(H#3) (see [11]).
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Proof. Since {pn}n>0 is a compact set, the compactness criterion for subsets of
&() (see [19], the Appendix) shows that for any e > 0 there exists a projector P-
of finite rank such that Tr P.p,, < € for all n > 0, where P. = I — P.. We have

V pnAn\/ Pn =/ pnPeAnPa\/ Pn + vV pnPeAnﬁe\/ Pn
+ VP PeAnPon/pn + \on PeAnPer/pn, 1> 0. (6.7)

Since P is a finite rank projector, the sequence { P. A, P-} converges to the operator
P. Ao P; in the norm of the space B(.#) and hence the sequence {/pn P-An P-\/pn}
converges to the operator /poP:AoP-\/po in the trace norm. Further, it is easy
to see that the Hilbert-Schmidt norm of the other terms in the right-hand side of
(6.7) tends to zero as € — 0 uniformly in n.

6.2. Some auxiliary results.

Lemma 7. An arbitrary complete orthogonally mondecomposable family of pure
states in a separable Hilbert space F contains a countable complete orthogonally
nondecomposable subfamily.

Proof. Let $ be the set of all subspaces of 57 generated by countable orthogonally
nondecomposable subfamilies of & endowed with partial ordering by inclusion. Let
9o be a chain in § and 4 = |J g, # - Since there is a countable chain {77}

in § such that & = |J, 74, and a countable union of countable orthogonally non-
decomposable subfamilies is a countable orthogonally nondecomposable subfamily,
the subspace %) lies in $. Hence %) is an upper bound for the chain £, and
Zorn’s lemma implies the existence of a maximal element 577, in §. Suppose that
A & €. Since the family & is complete and orthogonally nondecomposable,
it contains a pure state |¢){p| such that the vector |p) lies neither in .77, nor in
L. By adding the state |¢)(¢| to the countable orthogonally nondecomposable
subfamily corresponding to the subspace %, we obtain a countable orthogonally
nondecomposable subfamily. Hence 5%, V{\|p)} € 9, contradicting the maximality
of 7.

Lemma 8. Let {|p;)} be a basis in a separable Hilbert space S (in the sense that
any vector |¢) in S has a unique decomposition |1)) =Y. ¢;lpi)). The set of vec-
tors {|¢;)}, defined in (4.2) by means of any nondegenerate probability distribution
{mi}, forms an orthonormal basis in I .

Proof. Since Y, |¢:)(¢i| = L for any j, we have

16;) = > _(¢iles)|o:)

3

and hence
(e 1* = Dles) + D (dilgs)lei) = 0.
i#]
By applying the operator /p, (defined in (4.2)) to all the terms of this vector
equality we obtain

VAiI651% = Dlgs) + D vmildilds)le:) = 0.

i#]
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Since {|¢i)} is a basis and 7; > 0 for all i, we have ||¢;[|?> = 1 and (¢;|¢;) = 0 for
all i # j. So, {|#;)} is an orthonormal set of vectors in 7. This set is a basis since

210 (bil = Lo
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