ISSN 0032-9460, Problems of Information Transmission, 2014, Vol. 50, No. 3, pp. 232-246. (© Pleiades Publishing, Inc., 2014.
Original Russian Text © M.E. Shirokov, T.V. Shulman, 2014, published in Problemy Peredachi Informatsii, 2014, Vol. 50, No. 3, pp. 35-50.

INFORMATION THEORY

On Superactivation of One-Shot Quantum
Zero-Error Capacity and the Related Property
of Quantum Measurements

M. E. Shirokov®! and T. V. Shulman®?

@ Steklov Mathematical Institute, Russian Academy of Sciences, Moscow, Russia
mshOmi.ras.ru
b University of Copenhagen, Denmark
shulman@math.ku.dk

Received March 3, 2014

Abstract—We give a detailed description of a low-dimensional quantum channel (input dimen-
sion 4, Choi rank 3) demonstrating the symmetric form of superactivation of one-shot quantum
zero-error capacity. This property means appearance of a noiseless (perfectly reversible) sub-
channel in the tensor square of a channel having no noiseless subchannels. Then we describe
a quantum channel with an arbitrary given level of symmetric superactivation (including the
infinite value). We also show that superactivation of one-shot quantum zero-error capacity of
a channel can be reformulated in terms of quantum measurement theory as appearance of an
indistinguishable subspace for the tensor product of two observables having no indistinguishable
subspaces.
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1. INTRODUCTION

Quantum channels, i.e., completely positive trace-preserving linear maps between spaces of trace-
class operators (spaces of matrices in the finite-dimensional case), can be considered as noncommu-
tative analogs of classical communication channels. There exist various protocols for transmission
of classical and quantum information over quantum channels, determined by used resources, secu-
rity requirements, etc. For each such protocol and for a given quantum channel there is an ultimate
rate of errorless (or asymptotically errorless) information transmission. Similarly to the classical
case, it is called the capacity of this channel (corresponding to this protocol) [1,2].

The superactivation phenomenon means that a particular capacity of the tensor product of two
quantum channels may be positive despite that the same capacity of each of these channels is zero.
This phenomenon, which has no classical counterpart, has been discovered by G. Smith and J. Yard
in 2008 for the case of quantum capacity [3].

Later it was shown that superactivation may hold for different quantum channel capacities, in
particular, for (one-shot and asymptotic) classical and quantum zero-error capacities [4,6]. The
effect of (so-called) extreme superactivation of zero-error capacities was also discovered [5].

This paper is devoted to superactivation of one-shot quantum zero-error capacity. This capacity
Qo(®) (strictly defined in Section 2) characterizes the possibility of zero-error transmission of
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ON SUPERACTIVATION OF ONE-SHOT QUANTUM ZERO-ERROR CAPACITY 233

quantum information over quantum channel ® with one use of this channel. Superactivation of this
capacity means that

Qo(®1) = Qo(P2) =0, but Qo(P1 ® P2) >0 (1)

for some channels ®; and ®s.

The superactivation property (1) can be reformulated without using the term capacity as ap-
pearance of a noiseless (i.e., perfectly reversible) subchannel in the tensor product of two channels
each of which has no noiseless subchannels. Thus, analysis of property (1) seems to be interesting
for the theory of completely positive maps between operator algebras.

Existence of quantum channels for which (1) holds follows from existence of quantum chan-
nels demonstrating the so-called extreme superactivation of asymptotic zero-error capacities. This
result is shown in [5] in an implicit way, and hence it neither gives an explicit form of channels
demonstrating property (1) nor says anything about their minimal dimensions.

In our recent paper [7] we explicitly describe low-dimensional channels ®; # ®9 (input di-
mension 8, Choi rank 5) demonstrating the extreme superactivation of one-shot zero-error capac-
ity, which means (1) with the condition Qo(®1) = Qo(®2) = 0 replaced by a stronger condition
Co(®1) = Co(®2) = 0 (where Cj is the one-shot classical zero-error capacity). For these channels,
property (1) obviously holds.

In this paper we use the same approach to construct a simpler example of superactivation (1).
It turns out that the change of prerequisites

Co(@1) =Co(P2) =0 —  Qo(P1) = Qo(P2) =0

makes it possible to essentially decrease the dimensions (input dimension 4, Choi rank 3) and
construct a symmetrical example ®; = ®9, i.e., a channel ® such that

Qo(®) =0, but Qo(®®®)> 0.

Moreover, this channel ® is defined via a very simple noncommutative graph, which makes it
possible to write a minimal Kraus representation of ® in an explicit form.

In Section 3 we explicitly describe a quantum channel ® such that

Qo(®) =0,  Qu(®®®)>logn,

where n is any natural number or +oco (in the last case, ® is an infinite-dimensional channel).

In Section 4 we show that the superactivation property (1) has a counterpart in quantum
measurement theory. Namely, it can be reformulated as appearance of an indistinguishable subspace
for the tensor product of two quantum observables having no indistinguishable subspaces.

A general way to write the Kraus representation of a channel with a given noncommutative
graph is considered in the Appendix.

2. SUPERACTIVATION OF ONE-SHOT QUANTUM ZERO-ERROR CAPACITY

Let #H be a separable Hilbert space, B(H) and T(H) the Banach spaces of all bounded operators
in H and of all trace-class operators in H, respectively, and &(H) the closed convex subset of T(H)
consisting of positive operators with unit trace, called quantum states [1,2]. The support supp p of
a state p is the orthogonal complement of its kernel ker p; the dimension of the support is called
the rank of a state: rank p = dimsuppp. If dimH = n < 400, then we may identify B(H) and
T(H) with the space 9, of all n x n matrices (endowed with an appropriate norm).
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234 SHIROKOV, SHULMAN

Let ®: T(Ha) — T(Hp) be a quantum channel, i.e., a completely positive trace-preserving
linear map [1,2]. Stinespring’s theorem implies existence of a Hilbert space Hp and an isometry
V:Has— Hp @ HE such that

(p) = Tru, VoV*, p€T(Ha). (2)
The quantum channel
T(HA) 2 pr B(p) = Try, VoV* € T(HE) (3)

is said to be complementary to the channel ® [1,8]. The complementary channel is defined uniquely
up to isometric equivalence [8, Appendix].
By using the Stinespring representation (2), one can obtain the Kraus representation

= Z Vkpvk*v p € T(Ha), (4)
k
in which {V}j} is a set of bounded linear operators from H4 to Hp such that E ViVi, = Iy, . These
operators are defined by the relation

<¢’ka> - <<P®k‘v¢>a QOGHBv wEHAv

where {|k)} is an orthonormal basis in Hg [1, ch. 6].

Representation (4) with a minimal number of nonzero summands is called the minimal Kraus
representation of a channel ®. This minimal number is a characteristic of the channel ® called the
Choi rank [1,2]. In what follows, the Choi rank of ® will be denoted by dim H g, since it coincides
with the minimal dimension of Hg.

The one-shot quantum zero-error capacity Qo(®) of a channel @ is defined as sup log dim #,
HeEqo(P)
where qo(®) is the set of all subspaces Hy of H4 on which the channel ¢ is perfectly reversible
(in the sense that there is a channel © such that ©(®(p)) = p for all states p supported by Hg). The
(asymptotic) quantum zero-error capacity is defined by regularization: Qo(®) = supn='Qo(®=")
[4-6,9,10]. "

It is well known that a channel ® is perfectly reversible on a subspace Hg if and only if the
restriction of the complementary channel ® to the subset &(#) is completely depolarizing, i.e.,
D(p1) = D(py) for all states p1 and pa supported by Ho [1, ch 10]. It follows that the one-shot
quantum zero-error capacity Qo(®) of a channel ® is completely determined by the set G(®) =
®*(B(Hp)), called the noncommutative graph of ® [9].

Lemma 1. A channel ®: T(Ha) — T(Hp) is perfectly reversible on the subspace Ho C Ha
spanned by the family {@;}r_,, n < +oo, of orthogonal unit vectors (which means that Qo(®) >
logn) if and only if

<§01|A90]> =0 and <§01|A901> = <30j|A§0j>7 Vi7j7 VA € ’87 (5)
where £ = G(P), or, equivalently, £ is any subset of B(Ha) such that
w-o-cl(lin £) = w-o-cl(G(®)), (6)

where w-o-cl(+) is the weak operator closure and lin £ is the linear span of £.

Proof. It is easy to see that relations (5) with £ = G(®) mean that the complementary chan-
nel ® has a completely depolarizing restriction to the subset &(H,).

Validity of relations (5) with any £ satisfying condition (6) implies validity of these relations
with £ =G(®). A
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ON SUPERACTIVATION OF ONE-SHOT QUANTUM ZERO-ERROR CAPACITY 235

Remark 1. Since a subspace £ of the algebra 9, of n X n matrices is a noncommutative graph
of a particular channel if and only if

£ is symmetric (£ = £) and contains the unit matric (7)

(see [6, Lemma 2] or [7, Proposition 2]), Lemma 1 shows that one can construct a channel ® with
dim#H 4 = n and positive (respectively, zero) one-shot quantum zero-error capacity by taking a
subspace £ C IM,, satisfying (7) for which the following condition is valid (respectively, not valid):

Jp, € [C"]; such that (Y|Ap) =0 and (p|Ap) = (Y|Ay), VAe L, (8)

where [C"]; is the unit sphere of C".
If m is a natural number such that dim £ < m?, then Corollary 1 in [7] and Proposition 3 in the
Appendix give explicit expressions for a channel ® such that G(®) = £ and dimHg = m.

Superactivation of one-shot quantum zero-error capacity means that
Qo(q)l) = Qo(@g) =0 but QO((I)l X @2) >0 (9)

for some channels ®; and ®5. As is mentioned in Section 1, existence of channels ®; and ®, for
which (9) holds follows from the results in [5], but explicit examples of such channels with minimal
dimensions are not known.

Below we will construct a channel & with dimH,4 = 4, dimHg = 3, and dimHp = 12 such
that (9) holds with &1 = &y = .

By Remark 1, the problem of finding channels for which (9) holds reduces to the problem of
finding subspaces £; and £9 satisfying (7) such that condition (8) is not valid for £ = £; and for
£ = £ but is valid for £ = £; ® £9. Now we will consider a symmetric example (£, = £9) of such
subspaces in My.

Let U be the unitary operator in C? determined (in the canonical basis) by the matrix

im0

where 1 = exp[in/4]. Consider the 5D subspace

A MU
20—{M_[)\U A],Aeimg,)\ec}

of My. It obviously satisfies condition (7).
Theorem 1. Condition (8) is not valid for £ = £y but is valid for £ = £y® £y with the vectors
1 1
o) = E ﬁ
where {|k)}i_, is the canonical basis in C* and t is a fived number in [0,2r).

Proof. Throughout the proof, we will identify C* with C? & C2.

Assume there exist unit vectors ¢ = [z1,22] and ¥ = [y1,y2], 74, y; € C2, such that (|My) = 0
and (P| M) = (p|My) for all M € £y. It follows that

e +e2e2)], v =—x[3)o3)+9) ), (10)

(y1|Az1) + (y2|Aze) =0, VA € My,
(y1|U"x2) + (y2|Uz1) = 0,
(1lAyr) + (y2|Aya) = (z1|Az1) + (v2|Azo), VA € My,
W1|Uy2) + (y2|Uy1) = (21U z2) + (22|Uz1).
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236 SHIROKOV, SHULMAN

If x1 Jf x2, then there is Ay € My such that y; = Apzy and ya = Agxe. Hence, it follows from (11)
that (y1|y1) + (y2|y2) = 0, i.e., y1 = yo = 0. Similarly, if y; }f y2, then (11) implies x1 = 25 = 0.

Thus, we have z1 || z2 and y1 || y2. Now we will obtain a contradiction to (11)—(14) by
considering the following cases:

1. 29 =0, 1 # 0. In this case (11) implies (y;|Az1) = 0 for all A € My, which gives y; = 0.
Then (13) implies (x1]|Az1) = (y2|Aye) for all A € My, which can be valid only if z; || y2. By
Lemma 2 below, this and (12) show that y, = 0. Thus, we obtain y; = yo = 0;

2. yo =0, y1 # 0. Similarly to Case 1 we obtain x1 = z2 = 0;

3. 9 #0, yo # 0. In this case 1 = pxa, y1 = vys, and (13) implies

(1 + |ul?)(wa] Az2) = (1 + [1]*)(y2|Ay2), VA € My,

which can only be valid if z3 || y2. Hence, we have z1 = ays and xo = Sys (in addition to y; = vys).
We may assume that x; # 0 and y; # 0, since otherwise (11) implies (y2|Azo) = 0 for all A € My,
which can only be valid if either x5 = 0 or yo = 0.

It follows from (11) that (o + 5)(y2|y2) = 0, and hence
g = —ba. (15)

By Lemma 2 below, 20 = (y2|Uy2) is a nonzero complex number. Thus, (14) and (15) imply
Re(vz) = Re(afz0) = —|a|? Re(vzp), and hence

Re(vzp) = 0. (16)
It follows from (12) and (15) that
7B% + azg = a(—*Zy + z9) = 0.

Since o # 0 (z1 # 0), we have v?zy = %. This equality implies that vz is a real number.
Thus, (16) shows that v = 0, contradicting y; # 0.

Hence, condition (8) is not valid for £ = £.
Now we will show that

<¢t‘M1 ® M2§0t> = 07 VMla M2 € 207 (17)

and
(V| My @ Matpy) = (pe| My @ Mawpy), VM, My € Lo, (18)

where ¢; and 1; are vectors defined in (10). Since we identify C* with C2 @ C?, these vectors are
represented as follows:

1 .
lpe) = 7 [\61,0> ® le1,0) + e”le2,0) @ \62,0”7
1 4
|11Z)t> = = |07€1> b2y |07€1> + 61t|07 62> ® |07€2> )
V2
where {|e;)} is the canonical basis in C2.
By setting a; = 1 and as = €', we have
12
M ® M2’¢t> = ﬁ Zai\Alei, )\1U6i> [ ’AQ@i, )\2U€Z‘>, (19)
i=1
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ON SUPERACTIVATION OF ONE-SHOT QUANTUM ZERO-ERROR CAPACITY 237

and hence

2
<¢t’M1 & Mgtpt> = Z 0 €Z‘ X <0 €Z‘ ]Alej,)\erj> ’AQ@j,)\QU@j>

2
1
A9 Z @iaj<6i|U6j><€i|U6j> = 5)\1)\2 [772|a1|2 +ﬁ2|a2|2} =0,
i,7=1

N — L\’)I»—A
>

Thus, (17) is valid. It follows from (19) that

1 2
<g0t|M1 X Mggﬁt> = § Z dia]’<€i,0| X <€i70| . |A1€j,)\1U€j> X |A2€j,)\2U€j>
i,j=1
1 2
=5 2. diajleilAie;)(eilAze ). (20)
ij=1
Since
M ® MQW)t \/— Zaz|)\1U 617A1€z> ® |)\2U 61,A2€Z>
we have
1 2
(| My @ Mahy) = 3 Z ;0,5 @ (0, €;] - (MU ej, Arej) @ [ AU ej, Azej)
. 1,32:1
=5 2 diajleilAie;)(eil Aze;).
i,j=1

This equality and (20) imply (18). A
Lemma 2. If y is a nonzero vector in C2, then (y|Uy) # 0.

Proof. Let y = [y1,y2]; then Uy = [ny1,7y2] and (y|Uy) = [pa[*n + |y2/*n # 0 (since n =
explim/4]). A
Theorem 1 (with Lemma 1) and Proposition 2 in [7] imply the following assertion.

Corollary 1. There is a pseudo-diagonal® channel ® with dimH4 = 4, dimHg = 3, and
dim Hp = 12, such that G(®) = £o, and hence

Qo(®) =0 but Qo(®® @) > 0.

For each given t € [0,27), the channel ® @ ® is perfectly reversible on the 2D subspace H; =
lin{|pe), [11)}, where @i, are vectors defined in (10).

Remark 2. It is easy to see that the above subspace £y is not transitive. Thus, by Lemma 2
in [7], the corresponding channel ® has positive one-shot classical zero-error capacity, and hence
this channel does not demonstrate the extreme superactivation of one-shot zero-error capacity
(in contrast to the channels considered in [7]).

3 A channel ®: T(Ha) — T(Hp) is said to be pseudo-diagonal if it has the representation

p) = Z cij(ilplY)|i) (il p e T(Ha),

where {¢;;} is a Gram matrix of a collection of unit vectors, {|i;)} is a collection of vectors in H 4 such
that > |¢i) (| = I, , and {|i)} is an orthonormal basis in Hp [11].
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238 SHIROKOV, SHULMAN
To obtain a minimal Kraus representation for one of the channels having the properties stated

in Corollary 1, we have to find a basis {4;}>_, of £ such that A; > 0 for all i and Z A; = 1y
Such a basis can easily be found; for instance,

1 070 1 0 -7 0 1 000
110 2 0 9 1o 2 0 —n 500 0 00
A1_617010’ A2_6—7701O’ A4=510 0 1 o]
07 0 2 0 -7 0 2 0000
1 V3 0 0 1 —vV3 0 0
13 3 0 0 1 |-v3 3 0 0
A4:_ ) A5
1810 0 1 43 18| 0 0 1 =3
0 0 V3 3 0 0 —v/3 3

We also have to chose a collection {[;)}o_, of unit vectors in C? such that {|v;) (1]}, is a
linearly independent subset of 9M3. Let

) =10, ) =12),  [¥3)=13),  [ta) =

where {|1),2),]3)} is the canonical basis in C3.

Now, by noting that r; = rank A; = 3 for i« = 1,2 and r; = rank A; = 2 for i = 3,4,5, we can
apply Proposition 3 in the Appendix to obtain a minimal Kraus representation for the pseudo-
diagonal channel ® having the properties stated in Corollary 1. Direct computation gives the
following Kraus operators:

) vs) = )

1
1+3 —|2+3
= 7

S

oooé‘ooooom@ o
>
3

Vo =

(2NN

0
8

(0%

0

0

0

O )
0

0
/3

3
0
0

OOHOOOOOOOOS
o»—nooooooé‘ooo
|
»—noooooooé‘ooo
3
ooooo@%oooo

(=}
SO O R OO DODODODODO O

5

Va=-19

o%ooooooooo

OHO!—*OSOOOOOO'
o
o%oooooooo
)
I—‘OP—‘OSOOOOOOO
o)

°%
|
S

3;;/5 and f = ?73?/%/5 (n =

representation of ®.

where o« =

A 3
™). Thus, ®(p) = 3. VikpV} is a minimal Kraus
k=1
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ON SUPERACTIVATION OF ONE-SHOT QUANTUM ZERO-ERROR CAPACITY 239
3. SUPERACTIVATION WITH Qo (® ® ®) > logn

By generalizing the above construction, one can obtain the following result.

Theorem 2. Let dimHa = 2n < +oo, {|k)};", be an orthonormal basis in Ha, and m the
minimal natural number such that n?> —n +4 < m? if n < +oo and m = +oo otherwise.

There exists a pseudo-diagonal channel ®: T(Ha) — T(Hp) with dimHEr = m such that
Qo(®) = 0 while the channel ® @ ® is perfectly reversible on the subspace of Ha ® Ha spanned by

the vectors 1

t
where t is a fized number in [0,27), and hence Qop(® ® ®) > logn.

12k —1) @2k —1) + e"2k) @ 2k)|, k=1,2,....m, (21)

Proof. Assume first that n < +00. Consider the subspace

A ApU* L0 AU
Ln=<M = AnlU A coo AU , A€My, )\z’j eC (22)
AU AU A

of My, where U is the unitary operator in C? defined in Section 2 (it has the matrix diag{n, 7} in
the canonical basis of C2, i = explin/4]).

The subspace £,, satisfies condition (7) and dim £,, = n? —n + 4. Thus, by Proposition 2 in [7],
there is a pseudo-diagonal channel ® with dim#H 4 = 2n and dim Hg = m such that G(®) = £,,.

We will prove that Qo(®) = 0 by showing that condition (8) is not valid for £ = £,,.

Assume that there exist unit vectors ¢ = [11,22,...,7,] and ¥ = [y1,Y2,- .-, ¥n), 7i,y; € C?,
such that (|My) =0 and (Y|Mv) = (p| M) for all M € £,,. It follows that

n

D (yilAz;) =0, VA€M, (23)
i=1

(ys|{U*xg) =0, Vk>1, 1<k, (24)
(yilUxp) =0, VYk<n, i>k, (25)
i@i\z‘ly» = i(xi\Am, VA €My (26)

Note that (26) means that . .
z:l lyi) (| = 231 i) (il (27)

It suffices to show that ) !
either  zy || o || ... 20 or willw2llwsll - | yn, (28)

since this and (27) imply «; || y; for all 4,7, which, by Lemma 2 in Section 2, contradicts (24)
and (25) (if x; = y; = 0 for all © # k, then (yx|zr) = (¥|p) = 0).

We will assume that both vectors ¢ and 1 have at least two nonzero components (since (28)
obviously holds otherwise).

Let k£ be the minimal number such that x; = y; = 0 for all ¢ < k and either x; # 0 or y; # 0.

By symmetry, we may assume that zj # 0. Then (25) implies

Ukt | Yra2 - | Un- (29)
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240 SHIROKOV, SHULMAN

If yr, = 0, then (29) means (28). If yi # 0, then we have the following three cases:
1. 2; # 0 and y; # 0, where 7 > j > k. In this case (24) with k = 4 implies

Yk H Yk+1 H H Yi—1-

This and (29) imply (28) (since y; # 0 and ¢ > k + 2);

2. x; #0y; # 0, where j >4 > k. Since z3 # 0 and y;, # 0, this case is reduced to the previous
one by permuting ¢ and ;

3. x; =y; =0 for all i > k excluding ¢ = ¢ > k. In this case (23) implies

(Yk|Azg) + (ye|Aze) =0, VA€ M.

If . } x4, then there is Ag € My such that yp = Agzy and y; = Agzy. Thus, the above equality
implies (yx|yx) + (ye|ye) = 0, which contradicts the assumption yi # 0. Thus, xy || x4, and (28)
holds.

Hence, condition (8) is not valid for £ = £,,.
Now we will show that

(LI My @ Magh) =0, VM, My € £,, k#¢, (30)

and
(oL My @ Magy) = (pg| My @ Magy), YMy, My € £,, k#Y, (31)

for the family {¢}},_, of vectors defined in (21). By Lemma 1 these relations mean perfect
reversibility of the channel ® ® ® on the subspace spanned by this family.

Let |€F) =10,...,0,¢;,0,...,0) be a vector in C*" = [C2@ C?®...® C?], where ¢; is in the kth
position ({e1,e2} is the canonical basis in C2). Then

1 )
k) = 5 e @leh + g @ lgh)], k=12,

By setting oy = 1 and ay = €', we have

2
My ® Ma|pl) = Z (1, k, 5) @ (2, k, 5)), (32)

where
[W(r, k. 5)) = [A\xUTej, Ao Uej, oo AU e, Aej, AUy, - AneUey),

r=1,2 (A" and \j; correspond to the matrix M,). If £ > k, then

<QOZ|M1 ® M%Ok Z o1e%] §z| ® <§z| | (17k73)> ® |¢(27k73)>
i,5=1
2
1 _
AMMZm%mmww@ S AN [l + 7Plan?| = 0.
t,j=1

Thus, (30) holds for all £ > k and hence for all ¢ # k. It follows from (32) that

(04| My © Mah) = qio (€| @ (€8] - [ (1K, 5)) © [9(2, &, §))

1
aioij(ei| Al ej) (il Ae;) (33)
1

)

N — N
NTI'M[\D
Q

i,J
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ON SUPERACTIVATION OF ONE-SHOT QUANTUM ZERO-ERROR CAPACITY 241

and that )
1 _ ) .
(Pl My ® Magp) = 5 D7 Gioy (€] @ (&1 [Y(L,6.9) © [$(2,6.9))
2,=1
1
= 5 Z OéiOéj<€i‘A1€j><€i’A2ej>.
ij=1

This equality and (33) imply (31).

Consider the case n = +o0o. Let H4 be a separable Hilbert space represented as a countable
direct sum of 2D Hilbert spaces C2. Each operator in B(#H4) can be identified with an infinite
block matrix satisfying a particular “boundedness” condition.

Let £, be the set of all infinite block matrices M defined in (22) with n = 400 satisfying the
condition

“+o0o
A% = Z Z |)\ij|2 < +o00. (34)
i=1 j£i
This condition guarantees boundedness of the corresponding operator due to the following easily-
derived inequality:

1M 13520,y < 2[1A4115c2) + A7) (35)

Let £, be the operator norm closure of £,. It is clear that L, is a symmetric subspace of B(H )
containing the unit operator Iy ,. By using inequality (35) it is easy to show separability of the
subspace L, in the operator norm topology (as a countable dense subset of L., one can take the
set of all matrices M in which A and all \;; have rational components).

Symmetricity and separability of £, imply (by the proof of Proposition 2 in [7]) existence
of a countable subset {MZ}:;O; C L, of positive operators generating L, (i.e., such that the
operator norm closure of all linear combinations of the operators M; coincides with L,). Let

L~ —~ _ +00
M; = 27¢||M;|| =t M;, i = 2,3,... Since I3, € L. and the series Y. M; converges in the operator
+o0 _1=2
norm topology, the positive operator M; = Iy, — > M; lies in L,. Thus, {MZ};Lzolo is a countable
i=2
subset of positive operators generating the subspace £, such that

+oo
> M; = Iy,, (36)
=1

where the series converges in the operator norm topology.
Let {|e;)}; 7 be an orthonormal basis in a separable Hilbert space #p. Consider the unital
completely positive map

“+o0o
B(Hp) > X = UHX) = (ei|Xe;)M; € B(Ha).
i=1
Apparently, all M; lie in Ran ¥* = U*(B(Hp)). Since the series in (36) converges in the operator
norm topology, Ran U* C L,. Hence, Ran U* is a dense subset of L,.
The predual map
+oo

T(Ha) 3 p = W(p) =D [Tr Mipllei){ei| € T(Hp)
=1

is an entanglement-breaking quantum channel [1, ch. 6]. Let ® be the complementary channel to ¥,
so that @ is a pseudo-diagonal channel (see [11]) and G(®) = Ran ¥*.
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To prove that Qo(®) = 0, it suffices to show, by Lemma 1, that condition (8) is not valid for
£ = £, (since £, and Ran U* are dense in £,). This can be done by repeating the arguments from
the proof of the same assertion in the case n < +oc.

The vectors defined in (21) with n = 400 are represented as follows:
r¢z>:7[\§1>®rfl>+e“r£2>®r£2>] k=123,

where |€F) =10,...,0,¢;,0,0,...) is a vector in Hy = [C2@C?@ ... C?@.. ] containing e; in the
kth position ({e1,e2} is the canonical basis in C2).

Since Ran ¥* is a dense subset of £,, Ran [U* @ U*] is a dense subset of £.2L, (where ® denotes
the spacial tensor product). Thus, to prove that the channel ® ® ® is perfectly reversible on the
subspace spanned by the family {|¢%)}/2], it suffices to show, by Lemma 1, that relations (5) hold
for any pair |¢h),|¢h) and £ = {M; ® My | My, My € £,}. This can be done by the same way as
in the proof of the similar relations in the case of n < +o00. A

4. ONE PROPERTY OF QUANTUM MEASUREMENTS

In this section we will show that the effect of superactivation of one-shot quantum zero-error
capacity has a counterpart in quantum measurement theory.

In accordance with the basic postulates of quantum mechanics, any measurement of a quan-
tum system associated with a Hilbert space H corresponds to a positive operator-valued measure
(POVM), also called a (generalized) quantum observable [1,2]. A quantum observable with a fi-
nite or countable set of outcomes is a discrete resolution of identity in B(H), i.e., a set {M;};",,

m < 400, of positive operators in H such that Z M; = Ij. An observable is said to be sharp if

it corresponds to an orthogonal resolution of 1dent1ty (in this case, {M;};", consists of mutually
orthogonal projectors).

If an observable M = {M;}" is applied to a quantum system in a given state p, then the
probability of the ith outcome is Tr M;p. Thus, we may consider the observable M as the quantum-
classical channel

S(H) 3 p = mm(p) = {Tr Mip}L; € Bom,

where P, is the set of all probability distributions with m outcomes.

In quantum measurement theory, the notion of informational completeness of an observable and
its modifications are widely used [12-14]. An observable M is said to be informational complete if
for any two different states p; and po the probability distributions ma(p1) and maq(p2) are different.

Informational noncompleteness of an observable can be characterized by the following notion.

Definition. A subspace Hy C H is said to be indistinguishable for an observable M if ma((p1) =
mm(p2) for any states p; and py supported by Hy.

If M = {M;} is a sharp observable, then all its indistinguishable subspaces coincide with the
ranges of the projectors M; of rank > 2. Thus, a sharp observable has no indistinguishable subspaces
if and only if it consists of rank-one projectors. This is not true for unsharp observables (see the
example after Corollary 2).

To describe indistinguishable subspaces of a given observable, one can use the following charac-
terization of such subspaces.

Proposition 1. Let M = {M;}!" |, m < 400, be an observable in a Hilbert space H, and let H,
be a subspace of H. The following statements are equivalent:
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(i) Ho is an indistinguishable subspace for the observable M;
(i) (Y|M;p) =0 for all i and any orthogonal vectors ¢ and ¥ in Ho;
(iii) There ezists an orthonormal basis {|pk)} in Ho such that

(pr|Mipj) =0 and (| Mipr) = (p;|Mip;), Vi, j, k.
Proof. Note that the subspace Hy is indistinguishable for the observable M if and only if the
quantum channel

m
T(H) > pr> > [Tr Mip)|i)(i] € T(Hm), (37)
i=1
where {]i)} is an orthonormal basis in the m-dimensional Hilbert space #,,, has a completely
depolarizing restriction to the subset &(Ho) C S(H). Thus, assertions of the proposition follow
from the well-known characterizations of completely depolarizing channels [1]. A

Nonexistence of indistinguishable subspaces for a quantum observable can be treated as recog-
nition quality of this observable. Thus, if we have two observables, M; and Ms, having no indis-
tinguishable subspaces, it is natural to ask about existence of indistinguishable subspaces for their
tensor product M; ® Ms.? It turns out that this question is closely related to the superactivation
of one-shot quantum zero-error capacity.

Proposition 2. Let HY and H? be finite-dimensional Hilbert spaces. The following statements
are equivalent:
(i) There exist channels ®1: T(HY) — T(HY) and @o: T(HE) — T(HE) with dim G(P1) = my
and dim G(®3) = ma such that

Qo(®1) = Qo(P2) =0 and Qo(P1 ® ®2) > logn;

(i) There exist observables My = {M}}", and My = {M?} in the spaces HY and H%
having no indistinguishable subspaces such that the observable M1 ® Moy has an n-dimensional
indistinguishable subspace.

If & =y in (i), then My = My in (ii), and vice versa.

Proof. An observable M = {M;}" | has an n-dimensional indistinguishable subspace if and
only if the one-shot quantum zero-error capacity of the channel complementary to channel (37) is
not less than logn, and this observable M has no indistinguishable subspaces if and only if the
above capacity is zero. This follows from Lemma 1 and Proposition 1, since the output set of
the channel dual to channel (37) coincides with the subspace of B(H4) generated by the family
{Mi}iZ,.

This observation directly implies (ii) = (i).

(i) = (ii). By the proof of Proposition 2 in [7], there exist bases {Al} and {A?}" of the

subspaces G(®1) and G(®P) consisting of positive operators such that Z Al = I’Hl and Z A2 =

IHA If we consider these bases as observables M; and M, then vahdlty of (ii) can be shown by
using the above observation. A

Remark 3. By the above proof, the implication (ii) = (i) in Proposition 2 holds for infinite-
dimensional Hilbert spaces HY, H% and n < co. The implication (i) = (ii) can be generalized to
this case if the noncommutative graphs G(®;),G(®P2) are separable (in the operator norm). This
can be done by using the arguments at the end of the proof of Theorem 2 instead of Proposition 2
in [7].

4 If H, and H, are indistinguishable subspaces for observables M; and My, then it is easy to see that
H1 ® Ho is an indistinguishable subspaces for the observable M; ® My, but there is a possibility of
existence of entangled indistinguishable subspaces for the observable M; ® M.
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Proposition 2 and Corollary 1 imply the following result.

Corollary 2. There exists a quantum observable M = {Mi}?zl i a 4D Hilbert space with
no indistinguishable subspaces such that the observable M & M has a continuous family of 2D
indistinguishable subspaces.

As a concrete example of such an observable M, one can take the resolution of identity {Ai}?zl
described after Corollary 1. In this case each 2D subspace of C* ® C* spanned by the vectors (10)
is indistinguishable for M ® M.

Proposition 2 (with Remark 3) and Theorem 2 imply the following observation.

Corollary 3. Let n € N or n = +o00. There exists a quantum observable M = {Mi};i;"Jr4 i
a 2n-dimensional Hilbert space with no indistinguishable subspaces such that the observable M ® M
has a continuous family of n-dimensional indistinguishable subspaces.’

n

Remark 4. The above effect of appearance of (entangled) indistinguishable subspace for the
tensor product of two observables M; and M having no indistinguishable subspaces does not
hold for sharp observables M and Ms (since the tensor product of two observables consisting of
mutually orthogonal rank-1 projectors is an observable consisting of mutually orthogonal rank-1
projectors as well).

APPENDIX

The Kraus representation of a channel with a given noncommutative graph. The
following proposition is a modification of Corollary 1 in [7].

Proposition 3. Let £ be a subspace of M,, n > 2, satisfying condition (7), and {Ai}?zl a
d

basis of £ such that A; > 0 for all i and >, A; = I,,.5 Let m be a natural number such that
i=1

d = dim £ < m?, and {]¢i>}f:1 a collection of unit vectors in C™ such that {|1;)(1s|}L, is a
linearly independent set of matrices.

I d
For each k = 1,m, let Vi be a linear operator from Hp = C" to Hp = G} C":, where r; =
rank A;, defined as =1
d
Vi = Y (k) Wi,
=1

where {|k)} is the canonical basis in C™ and W; is a partial isometry from Ha to Hp with the
initial subspace Ran A; and final subspace C™. Then the channel

m
My, > pr @(p) = Z VipVi € My g (38)
k=1
is pseudo-diagonal, and its noncommutative graph G(®) coincides with £.

Proof. In the proof of Corollary 1 in [7] it is shown that the channel

d
My 3 p > Up) =D [Tr Aipl|ehi) (i] € My

i=1

> If n = 400, then n? —n + 4 = +o0, and the n-dimensional Hilbert space (subspace) means a separable
Hilbert space (subspace).

6 Existence of a basis {Ai}le with the stated properties for any subspace £ satisfying condition (7) is shown
in the proof of Proposition 2 in [7].
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has the Stinespring representation
\Ij(p) = Tr(cn®(cd V,OV*,

where

d
1/2 .
Vile) o 304 le) @ 1i) @ i)
i=1
is an isometry from C" to C" ® C¢ ® C™ (here {|i)} is the canonical basis in C%).
Since the channel ¥ is entanglement-breaking and ¥*(9,,) = £, its complementary channel

T(p) = Trem VpV*

3

is pseudo-diagonal (see [11]), and G(T) = &. Its Kraus representation is ¥(p) =

f/kpf/k*, where
the operators Vj, are defined by the relation !

k

(BVip) = (9@ k|Vp), 9eC”, $eC"®CY,
so that .
Vile) = S (k) A2 10) ® |d).

=1

d
By identifying C" @ C?¢ with @ C", it is easy to show that the channel ® defined in (38) is
i=1 - -
isometrically equivalent to the channel ¥ (see [8, Appendix]), and hence G(®) = G(¥) = £.

The authors are grateful to A.S. Holevo and participants of the Quantum Probability, Statistics,
and Information seminar (Steklov Mathematical Institute, Russian Academy of Sciences) for useful
discussions.
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