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1. GENERAL OBSERVATIONS

Superactivation of quantum channel capacities is one of the most impressive quantum effects
having no classical counterpart. It means that the particular capacity C of a tensor product of two
quantum channels ®; and ®5 can be positive despite the same capacity of each of these channels
is zero; i.e.,

C(®;®Py) >0 while C(d1)=C(dy) = 0. (1)

This effect was originally observed by G. Smith and J. Yard for the case of quantum e-error
capacity [1]. Then the possibility of superactivation of other capacities, in particular classical and
quantum zero-error capacities, was shown [2-5].

A natural generalization of the superactivation effect (1) to the case of n channels ®4,...,®,
consists in the validity of the following property:

C((I)1®...®q)n)>0 while C(<I>i1®...®<I>ik):O, (2)

for any proper subset ®;,,...,®;, (k < n) of the set ®;,...,®,. This property will be called
n-partite superactivation of the capacity C.

Property (2) means that all the channels ®,..., ®,, are required to transmit (classical or quan-
tum) information by using a protocol corresponding to the capacity C; i.e., excluding any channel
from the set ®q,...,®, makes other channels useless for information transmission.

The obvious difficulty in finding channels ®4,...,®, that demonstrate property (2) for a given
capacity C consists in the necessity of proving the vanishing of C(®;, ® ... ® ®;,) for any subset
®;,..., P

In this paper we construct an example of tripartite superactivation in the case where C' = Qq is
the 1-shot quantum zero-error capacity (its definition is given in Section 2).

it

In [6] it is shown how a channel ¥,, for a given n can be constructed such that
Qo(¥;")=0 and  Qo(¥;™) >0, (3)
! The research was founded by the Russian Science Foundation, project no. 14-21-00162.
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88 SHIROKOV
where m is a natural number satisfying the inequality
n/m < 2In(3/2)/m < 1.

Relations (3) imply the existence of n > n not greater than m such that (2) holds for n = n,
C = Qo, and ®; = ... = &3 = VU,,. Unfortunately, the approach used in [6] does not allow to
determine this number 7.

In this paper we modify the example in [6] (by appropriately extending its noncommutative
graph) to construct a family of channels {®p} with d4 = 4 and dg = 3 having the following
property:

Qo(q)gl [ (1)92 [ (1)93) > (0 while Qo(q)gi X q)gj) = 0, V1 75 j, (4)
where 01, 03, and 63 are positive numbers such that §; + 02 4 03 = m. Thus, the channels ®g,, ®y,,
and ®p, demonstrate the 3-partite superactivation of the 1-shot quantum zero-error capacity.

Property (4) means that all the channels ®p, and all the bipartite channels ®y, ® Py, have no
ideal (perfectly reversible) subchannels, but the tripartite channel &y, ® ®p, @ ®p, has.

By using the observation in [7, Section 4], the superactivation property (4) can be reformulated
in terms of quantum measurement theory as the existence of quantum observables My, , Mp,,
and My, such that all the observables My, and all the bipartite observables My, ® My, have no
indistinguishable subspaces but the tripartite observable My, ® My, ® My, has (see Corollary 2).

2. PRELIMINARIES

Let H be a finite dimensional Hilbert space, B(H) the algebra of all linear operators in #H, and
S(H) the closed convex subset of B(H) consisting of positive operators with unit trace, called
states [8,9]. The algebra B(H) can be identified with the algebra 9, of all n x n matrices, where
n=dim%H.

Let ®: B(H4) — B(Hp) be a quantum channel, i.e., a completely positive trace-preserving
linear map [8,9]. This map has the Kraus representation

D(A) =) VR AVE, A€ B(Ha), (5)
k

where {V}} is a set of linear operators from H 4 into Hp such that Y V;*Vj, = Iy, is the identity
k

operator in H 4. The minimal number of terms in such representation is called the Choi rank of ®
and is denoted by dg (since dg is the minimal dimension of an environment space Hg [8, Ch. 6]).
We will also use the notation dg = dimH 4 and dg = dim Hp.

The 1-shot quantum zero-error capacity Qo(®) of a channel ® is defined as sup log, dim #,
Heqo(P)

where qo(®) is the set of all subspaces Hy of H4 on which the channel ® is perfectly reversible
(in the sense that there is a channel © such that ©(®(p)) = p for all states p supported by Hgp). The
(asymptotic) quantum zero-error capacity is defined by regularization: Qo(®) = supn~1Qo(®%")
(3,10, 11]. "

The capacities Qo(®) and Qo(®) are completely determined by the noncommutative graph G(®)
of the channel ®, which can be defined as the subspace of B(#H 4) spanned by the operators V;*Vj,
where Vj, are the operators from any Kraus representation (5) of ® [11]. In particular, the Knill-
Laflamme error-correcting condition (see [12]) implies the following lemma.

Lemma 1. A channel ®: B(Ha) — B(Hp) is perfectly reversible on a subspace Ho C Ha
spanned by vectors {p;}1_, (which means that Qo(®) > logn) if and only if

(il Alpj) =0 and (@il Alpi) = (pjlAlp;), Vi#j, VAelL, (6)
where £ is any subset of B(Ha) such that lin £ = G(P).
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ON MULTIPARTITE SUPERACTIVATION 89

Since a subspace £ of the algebra 9, of n xn matrices is a noncommutative graph of a particular
channel if and only if

£ is symmetric (£ = £%) and contains the unit matrix (7)

(see [4, Lemma 2] or [7, Appendix]), Lemma 1 shows that one can “construct” a channel ® with
dim H 4 = n having positive (correspondingly, zero) 1-shot quantum zero-error capacity by taking
a subspace £ C 9, satisfying (7) for which the following condition is valid (correspondingly, not
valid):

Jpp € (O such that (PlAlg) =0 and (glAlp) = (WIAl), VAes,  (8)
where [C"]; is the unit sphere of C™.

3. EXAMPLE OF TRIPARTITE SUPERACTIVATION

For a given # € (—m, 7], consider the 8-D subspace

a b e f
My=dm=|¢ T T abed heC 9
0 — — g h a b , a,0,C, 7evagv € ()
h vg ¢ d

of My satisfying condition (7), where v = exp[if].

Denote by Iy the set of all channels whose noncommutative graph coincides with 9%. In [7, Ap-
pendix] it is shown how to explicitly construct pseudo-diagonal channels in DMy with d4 = 4 and
dg > 3 (since dim Ny = 8 < 32).

Theorem. Let $y be a channel in ‘ﬁg and n € N be arbitrary.

A. Qo(®g) > 0 if and only if 0 =7 and Qo(®,) = 1;

B. If 01+...4+ 0, =7 (mod 27), then Qo(Pg, ®...®®p,) > 0 and the channel Py, ® ... Py,
is perfectly reversible on the subspace spanned by the vectors?

1 _ 1 ,
= Lt w2 2], b= [3..8) +id. 4], (10)

V2
where {|1),...,|4)} is the canonical basic in C*;

C. If ‘91| +102| < 7, then Qo(q)gl ® @92) =0;

D. If |01+ ... +|0n] <2In(3/2), then Qo(Py, ® ... R Py, ) = 0.

Assertion C is the main progress of this theorem as compared with Theorem 1 in [6]. It is the
proof of this assertion that requires using the extended subspace 9y (instead of the subspace £¢y
used in [6]).

Remark. Since assertion D is proved by using quite coarse estimates, the other assertions of
Theorem 1 make it reasonable to conjecture that assertion D can be strengthened as follows:

D If |61] + ...+ |0, <7, then Qo(Pp, @ ... R By, ) = 0.

The proof of assertion C (i.e., D’ with n = 2) given below cannot be generalized to the case of
an arbitrary n. Thus, the question of the validity of conjecture D’ remains open.

The above theorem implies the following example of tripartite superactivation of the 1-shot
quantum zero-error capacity.

2 Here and in what follows |1...1) denotes the vector |1 ® ... ® 1), etc.
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90 SHIROKOV
Corollary 1. Let 61, 05, and 03 be positive numbers such that 61 + 05 + 03 = w. Then
Qo(Pg, ® Py, ® Bg,) >0 while Qo(Ps, ® By,) =0, Vi #j.
The channel ®g, @ Py, @ Py, is perfectly reversible on the subspace spanned by the vectors

1 ) 1
) = o (1D +il22)], ) =,

If conjecture D’ were valid for some n > 2, then a similar assertion would be true for n + 1
channels ®g,,...,®p, . . This would give an example of (n + 1)-partite superactivation of the
1-shot quantum zero-error capacity.

, [1333) +il444)]. (11)

For each 6 one can (nonuniquely) choose a basis {M} }221 of the subspace Dy consisting of

8
positive operators such that Y. MY = I3, (since the subspace Ny satisfies condition (7); see [7]).
k=1
This basis can be considered as a quantum observable My. By using Proposition 1 in [7] and

Lemma 1, one can reformulate Corollary 1 in terms of the theory of quantum measurements.

Corollary 2. Let 01, 02, and 03 be positive numbers such that 61 + 02 + 03 = w. Then all the
observables My, and all the bipartite observables My, @ My, have no indistinguishable subspaces,
but the tripartite observable My, @ My, @ My, has an indistinguishable subspace spanned by the
vectors (11).3

Note also that Theorem 1 gives an example of superactivation of the 2-shot quantum zero-error
. . ., 1= .. . ..
capacity (i.e., the quantity 2Q0(<I>®2) determining the ultimate rate of zero-error transmission of

quantum information by simultaneous use of two copies of a channel).

Corollary 3. Let 01 and 0y be positive numbers such that 01 + 03 = w/2. Then
Qo([®g, ® Dp,]%?) >0 while Qo(cp(?f) = Qo(cpg?f) = Qo(Pg, @ Py,) = 0.

Proof of the theorem. The subspace 91y is an extension of the subspace £y used in [6], i.e.,
Ly C Ny for each 6, ‘and hence Qo(Pg, ® ... ® Py,) < Qo(Vy, ® ... ® ¥y ) for any channels
Uy, € Ly, ..., ¥y, € £y, (this follows from Lemma 1).

Thus, the equality Qo(®y) = 0 for 6 # 7, inequality Qo(®,) < 1, and assertion D follow from
the corresponding assertions of Theorem 1 in [6].

By using Lemma 1 it is easy to verify that the channel @, is perfectly reversible on the subspace
spanned by the vectors |¢) = [1,7,0,0]" and |¢) = [0,0,1,7]". This implies Qo(®,) = 1.

To prove assertion B, it suffices, by Lemma 1, to show that for any M; € Ny,,..., M, € Ny,
the equalities

W[ X]p) =0 and  (P[X[|¢) = (p|X]p) (12)
hold, where X = M; ® ... ® M,, and where ¢ and 9 are the vectors defined in (10).
Let ag, by, ..., hi be elements of the matrix M}, (see (9)). We have

20| X)) = (3...3|X(|1... 1) +4(3...3|X]2...2) —i(4. .. 4X[1... 1)+ (4...4]X]2...2)
=qg1--gn(l+7 . .)+hi...hy(i—1i) =0,
since 1 ...y, = —1 by the condition 6; + ...+ 6, = 7 (mod 27),
2| X @) = (1. 1X|1... 1) +i(l.. . 1[X[2...2) —i(2...2|X[1...1) + (2...2|X|2...2)
=ay...ap+i(by...bp—c1...cp) +d1...dy,

3 We call a subspace Hg indistinguishable for an observable M if applying M to all states supported by Hg
leads to the same outcomes probability distribution [7].
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ON MULTIPARTITE SUPERACTIVATION 91
and
2P X ) = (3...31X[3...3) +i(3...3|X|4...4) —i(d... 4X|3...3) + (4...4X]4...4)
=aj...an+i(by...0p—c1...cp) +di...dy.

Thus, both equalities in (12) are valid.

To prove assertion C, we have to show that the subspace 91y, ® 0y, does not satisfy condition (8)
if |61] + |02] < 7. In the case 61 = 6y = 0, this follows from assertion D. Thus, we may assume, by
symmetry, that 6o # 0.

Throughout the proof we will use the isomorphism
C"C"32Qy +— [a:ly,...,xny]TE@\Cm@...@C"i (13)
and the corresponding isomorphism "

M, M, AR B +—— [aijB] € Mum- (14)

Let Uy, Us, V4, and Va be unitary operators in C? determined (in the canonical basis) by the

matrices
1 0 1 0 01
Ul_[o %], vl_[o 72], UQ_VQ_L 0].

We will identify C* with C? @ C2. Thus, arbitrary matrices M; € 9, and My € 9y, can be
represented as

My = l A elUerfle*] My l Ay 62v1*+fzv2*17

g1U1 + Uy Ay g2V + haVa Az
or, according to (14), as
My =1 ® Ay + 2)(1] @ [g1U1 + hiUs] + [1)(2| @ [e1 U7 + f1U3]

and
My =1, ® As + |2)(1] ® [g2V1 + ha Vo] + [1) (2] @ [ex V] + f2V5],

where Ay and A, are arbitrary matrices and s is the unit matrix in 9.
Assume the existence of orthogonal unit vectors ¢ and 1 in C* ® C* such that

(V[ My @ Malp) =0 and (| My @ Ma|yp) = (| My @ Malp), (15)

for all My € My, and My € Ny,.
By using the above representations of M; and My we have

M @ My = I, ® I] ® [A1 ® Ag] + [I> ® [2)(1]] ® [A1 @ [g2V1 + ha V2]
+ [ ® [1)(2]] ® [A1 @ [e2V]" + f2V5 1] + [12)(1] @ L] @ [[91U1 + haUs] @ Ag] + ...
Since My @ My = My, by choosing e; = f; = g; = h; =0, i = 1,2, we obtain from (15) that
(WIs ® Alp) =0 and (Y|I4 ® Alyp) = (p|l4 @ Alp), VA€ My.
According to (13) and (14), we have

A 0 0 O T Y1
10 A 0 O _ | ™2 _ Y2
0 0 0 A Ty Y4
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92 SHIROKOV
where z; and y; are vectors in C*. Thus, the above relations can be rewritten as

4 4 4
D (wilAlz;) =0 and Y (yilAly) = (wilAlx;), VA€ My,

i=1 =1 i=1

which are equivalent to the operator equalities

4
> lyiy(zi| =0 (16)
i=1

and

4 4
Dy (il =D i) (@il (17)
=1 i=1

By choosing ¢; = f; = g1 = h1 =0,i=1,2, A3 =0, (g2, he) = (1,0), and (g2, h2) = (0,1), we
obtain from (15) that
(Y|[12 ® 2)(1]] ® [A1 ® Vi]|) = 0
and
(W[ @ |2)(1]] @ [A1 @ Vi][yh) = (][l @ |2)(1] @ [A1 @ Vi]|)

for all A; in My and k& = 1,2. According to (14), we have

0 0 0 0
neRalemev)= MO 00 B
0 0 AV, O
and hence the above equalities imply
(y2] A @ Vi|z1) + (4| A @ Vi|zs) =0, VA€M, k=12, (18)

and

(y2/A © Vielyr) + (yal A @ Vilys)
= (22| A ® Vi|z1) + (24| A @ Vi|xs), VA€eMy, k=1,2. (19)

Similarly, by choosing e; = f; = go = ha =0,i=1,2, Ay =0, (91,h1) = (1,0), and (g1, h1) =
(0,1), we obtain from (15) the equalities

(y3|Uk®A\z1>+(y4\Uk®A|x2> =0, VAEgﬁQ, k=12, (20)

and

(Y3|Uk @ Aly1) + (ya|Ur ® Alyz)
= <1‘3|Uk®A|1‘1>—|—<:L‘4|Uk®A|ZL‘2>, VAe My, k=12 (21)

By the symmetry of condition (15) with respect to ¢ and 1, relations (18) and (20) imply,
respectively,
<1‘2|A & Vk|y1> + (:L‘4|A & Vk|y3> =0, VAeMy, k=12, (22)

and
(23U @ Alyr) + (x4|U @ Aly2) =0, VAe My, k=12 (23)
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ON MULTIPARTITE SUPERACTIVATION 93

Finally, by taking A1 = Ay = 0 and choosing appropriate values of e;, f;, g;, and h;, i = 1,2,
one can obtain from (15) the following equalities:

(Y4|Up @ Vi|21) = (24|Up @ Vi[y1) =0,  k,1=1,2, (24)
(Ya|Ur, @ Vily1) = (24|Ux @ Vi|1), k,l=1,2, (25)
(ys|Ur @ Vi |z2) = (23|U @ V[*[y2) =0, k,1=1,2, (26)
(y3|Ux @ Vi'|y2) = (23U ® V" |22), k,l=1,2. (27)

Below we prove that the system (16)—(27) has no nontrivial solutions.
We will use the following lemmas.

Lemma 2. A. Equations (16) and (17) imply that all the vectors x; and y;, i = 1,4, lie in some
2-D subspace of C*.

B. If i, = vyi, = 0 for some iy, then equations (16) and (17) imply that all the vectors x;
and y;, 1 = 1,4, are collinear.

Proof. A. Consider the 4 x 4 matrices

X = [{zi|z;)], Y = [yily;)], Z = [(zily;)]-

It is easy to see that (16) implies XY = 0, while (17) shows that X? = ZZ* and Y? = Z*Z. Hence,
rank X =rankY < 2.

Since (17) implies that the sets {a:i}?zl and {yi}?zl have the same linear hull, the above inequality
shows that the dimension of this linear hull is not greater than 2.

B. This assertion is proved similarly, since the same argumentation with 3 x 3 matrices X, Y,
and Z implies rank X = rankY < 1.

Lemma 3. A. The condition
(z24|U @ Vi|21) =0, Kk, 1=1,2, (28)

holds if and only if the pair (z1,z4) has one of the following forms:

2’21—Z®'u;, Z4=2®528;
5.21:lﬁ21®2+;®ﬁ2t’ Z:h/_(ﬁ;@,l_iz’

where pg = /v, k=1,2, a,b,c,d,h € C, s = 1, and t = +1.
B. Validity of (24) and (25) for vectors z; and y;, i = 1,4, implies

(ya|Up @ Vi|y1) = (24|Ux @ Vi|21) =0, k,1=1,2.
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Lemma 4. A. The condition
(23|Up @ V[*|22) =0, k,l=1,2, (29)

holds if and only if the pair (z2,z3) has one of the following forms:

vasfeli] == e i)

ea= o] ==[ge[4)

] e e Y e e R R U B !
A A A AR AR L

5. 2 = i®2+;®2, zgzh[‘_;l]@’ﬂ,

where pg = /v, k=1,2, a,b,c,d,h € C, s = 1, and t = +1.
B. Validity of (26) and (27) for vectors x; and y;, i = 2,3, implies

<y3|Uk & Vl*|y2> == <ZL‘3|Uk & V}*|ZL‘2> = 0, k‘,l = 1,2.

Lemmas 3 and 4 are proved in the Appendix.

Lemma 5. Let 01| + |02] < m. Then (x|Ui|z) # 0 and (x|Vi|z) # 0 for any nonzero vector
z € C2.

Proof. Since 0,0, # 7, we have (z|Uy|z) = |z1|>+71|z2|? # 0 and (2|Vi|z) = |z1|>+72|22|? # 0
for any nonzero vector |z) = [x1,22]" # 0. A

Lemma 6. Let |61|+ |02] < m. Then (y|U; @ Vily) # 0 and (y|Ur @ Vi*|ly) # 0 for any nonzero
vector y € C? @ C2.

Proof. Since Uy ® Vi = diag{1,72,71,7172}, the equality (y|U; ® Vily) = 0 for a vector |y) =
[y1,2,3,y4] " means that

|y1|2 + |92|272 + |y3|271 + |y4|27172 =0.

By the condition |61]|+|02| < 7, the numbers 0, 1,792,791, 7172 are extreme points of a convex polygon
in the complex plane, so the last equality can be valid only if y; = 0 for all 7.

Similarly one can show that (y|U; ® V{*|y) = 0 implies y = 0. A

Lemma 7. Let p and q be complex numbers such that |p|>+|q|> = 1. If {|z:)}i_, and {|v:)}i,
satisfy the system (16)~(27), then {|pz; — qui)}i_, and {|qz; + pyi)}i—, also satisfy (16)—(27).

Proof. It suffices to note that the condition

(plAlY) = (W|Alp) = (P[Ald) — (p|Alp) =0

is invariant under the “rotation” |p) — ple) — q|v), |¥) — qle) + plv). A

Lemma 8. If 01| + |02 < 7, then the system (16)—(27) has no nontrivial solution of the form
|zi) = ailz) and |y;) = Bilz), i = 1,4.
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Proof. Assume that |z;) = «4|z) and |y;) = Bi|z), i = 1,4, form a nontrivial solution of the
system (16)—(27). Then (16) implies that |a) = [, ..., a4]" and |B) = [B1,...,B4] " are orthogonal
nonzero vectors of the same norm. By Lemma 6, it follows from (24)—(27) and the second parts of
Lemmas 3 and 4 that

oy = onfy = Proy = Pifs = avaz = azfiz = Paag = P23 = 0.
This is possible if and only if one of the pairs (g, 1) and (a4, 84) and one of the pairs (g, 82)
and (as, f3) are equal to (0, 0).

Assume that a3 = 1 = 0. Then |au| + |f4] > 0, since otherwise (8|a) # 0, and by Lemma 7
we may assume that ay # 0. By Lemma 6 it follows from (22) with A = U; and (23) with A =1
that a4y = ayf3 = 0, which implies S = B3 = 0. Hence, the condition (S]a) = 0 can be valid
only if |3) = 0.

In a similar way one can show that the assumption a4 = 84 = 0 leads to a contradiction. A

Assume that the collections {x;}{ and {y;}} form a nontrivial solution of the system (16)—(27).

If x; }t y; for some 4, then (24)-(27) and the second parts of Lemmas 3 and 4 imply

(Ys—ilWilzs) = (25| Wilys) = (w5-|Wilzs) = (ys—i|Wilys) = 0,

where W, = U@V, Wy = Uy @V, W3 = U ®@Vy, and Wy = Uf @ Vi*. Since x5_;, y5—; € lin{z;,y;}

by claim A of Lemma 2, the above equalities show that (x5_;|Wi|zs_;) = (y5_i|Wilys—;) = 0.

Lemma 6 implies z5_; = y5—; = 0. By claim B of Lemma 2, this contradicts the assumption x; }f ;.
Thus, x; || y; for all i = 1,4. By Lemma 8 we may assume in what follows that

lz;) = a;|z;)  and |y;) = Bilz), where |z;) are noncollinear vectors.* (30)

Claim B of Lemma 2 implies |o;| + |5;] > 0, i = 1,4, and equations (16) and (17) can be rewritten
as follows:

(2

1.1 = leal?] [z (=] = 0. (32)

1

4

Bicizi) (2] = 0, (31)
=1
4

2

By Lemma 7 we may assume that 81 = 0 and hence a1 # 0. There are two cases:
1. If By # 0 for all i > 1, then (31) and Lemma 9 (in the Appendix) imply 29 || 23 || z4. Then
it follows from (32) that
e[|z (2] + [ l22) (22] = 0,
and hence 21 || 22 || 23 || 24, contradicting the assumption (30).

2. If there is k > 1 such that Sya; = 0, then (31) implies that either f;o; # 0 and Bjo; # 0 or
Bia; = Bja; = 0, where ¢ and j > ¢ are complementary indices to 1 and k.

If iy # 0 and fB;a; # 0, then it follows from (31) that z; || z;, and (32) implies
e [21) (21| + plae) (zl + [ |z) (=il = 0,
where p is a nonzero number (equal to either |ay|? or —|Bx|?). Hence, 21 || 2 by Lemma 9.

Thus, 21 || 2 and 2; || z;. By Lemma 6 it follows from (24) and (26) that k # 4 and (7, j) # (2, 3).
Thus, we have only two possibilities:

(a) k=2,i=3, j =4. In this case z3 || z4 and (22) with A = U; implies
a4 B3(za|Ur @ Vi|z3) = —a2f1(22|U1 ® Vi[21) =0 (since By = 0).
Hence Lemma 6 shows that ay483 = 0, contradicting the assumption agf3 # 0 and a8 # 0.

4 In the sense that among the vectors |z;), i = 1,4, there are noncollinear pairs.
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(b) k=3,i=2, j =4. In this case 22 || 24, and (23) with A =V} implies

auf2(24|Ur @ Vi|ze) = —a3B1(23|U1 ® Vi|z1) =0 (since By = 0).

Hence, Lemma 6 shows that a4 = 0, contradicting the assumption asfs # 0 and ayf4 # 0.

Thus, we have f;o; = 0 for all ¢ = 1,4. Since the vectors zi,...,2z4 are not collinear by
assumption (30), equality (32) and claim B of Lemma 2 imply that there are two nonzero «; and
two nonzero ;. Thus, there are the following cases (up to permutation):

T 0 T 0 T 0

@ len ) = 21210 e = [ Y2 @ ey = | L |
b 0 ) y b) b :L‘3 ) 0 b) b 0 ) y3 )

0 Y4 0 Y4 T4 0

where z1 }f =1, and y; } y; (if either 1 || zx or y; || y;, then (32) implies z1 || zx || vi || yj,
contradicting assumption (30)).
First we show that case (c) is not possible. It follows from (18) with A = U; and (20) with
A= V1 that
(y2|Ur @ Vi|w1) = (ys|Ur ® Vi]a1) = 0.

Since y2 [ y3, claim A of Lemma 2 shows that x; € lin{ys,y3} and the above equalities imply
(x1|U; @ V1|z1) = 0. By Lemma 6 this is possible only if 21 = 0.

It is more difficult to show the incompatibility of the system (16)—(27) in cases (a) and (b). We
will consider these cases simultaneously by denoting zo = z9 and z3 = y3 in case (a), z2 = y2 and
z3 = x3 in case (b), and z; = x1 and z4 = y4 in both cases. The system (16)—(27) implies the
following equations:

1) (@] + |2i) (@il = [y;)(y;| + [ya) (yal, (33)

where (i,7) = (2,3) in case (a) and (7,j) = (3,2) in case (b),

<23|Uk & A|1‘1> = —O'*<y4|Uk & A|Z2>, VA€ My, k=12, (34)
<Z2|A & Vk|ZL‘1> = —I—O'*<y4|A & Vk|23>, YVAeMy, k=12, (35)
where 0, = 1 in case (a) and 0, = —1 in case (b),
(a|lUk @ Vi|lz1) =0, k,1=1,2, (36)
<23|Uk (= Vi*|22> =0, kil=1,2. (37)

It follows from (36) and (37) that the pairs (21, z4) and (22, z3) must have one of the forms 1-5
given in claims A of Lemmas 3 and 4, respectively.

Assume first that both pairs (z1,24) and (29, 23) have forms 1 or 2. In this case z;, 29, 23,
and z4 are tensor product vectors (vectors of the form u ® v). By Lemma 10 (see the Appendix),
equality (33) can only be valid in the following cases 1-4:

1. |z) = |p) ®|a;), i = 1,4. It follows from (34) that

(p|Uilp){as|Ala1) = —0u(p|U1|p)(as|Alaz), VA€ M.

Since (p|Uilp) # 0 by Lemma 5, we have a1 || a2 and ag || as. In case (a) this and (33) implies
x1 || 22 || y3 || ya, contradicting (30). In case (b) this means that z1 || y2 and x3 || y4. The
assumption z; J x3 and (33) show that this case can only be valid if |z1)(x1] = |y2)(y2| and
|x3) (3| = |ya)(ya|- Thus, this case is reduced to case 4 considered below.
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2. |z;) = la;) ® |p), i = 1,4. Similarly to case 1, this case is reduced to case 4 by using (35)
instead of (34).

3. |z1){(x1| = |ya)(ya| and |22) (22| = |23)(23|. It follows from (36), (37), and Lemma 6 that this
is impossible.

4. |z1)(z1] = |yi)(yi| and |x5_;)(x5-i] = |ya)(ya|, where i = 3 in case (a) and i = 2 in case (b).

If i = 3, then y3 = ax1, y4s = Bre, |af = |B] =1, and (34) with o, = 1 implies

a(r1|Uy @ Alxy) = —B{xa|U; ® Alzg), VA€ My. (38)
Since z1 and x5 are product vectors, it follows from this relation and Lemma 5 that
rI=a®p and To=b®p
for some nonzero vectors a, b, and p. Hence, (36), (37), and Lemma 5 imply
(b|Ugla)y = (b|Uf]a) =0, k=1,2.

If 1 #1 (i.e., 61 # 0), then this cannot be valid for nonzero vectors a and b. If 71 = 1, then (38)
shows that al|a||? = —p]|b]|?, while (35) with o, = 1 and Lemma 5 imply Ba = 1, i.e., a = 3.
Similarly, if ¢ = 2, then by using Lemma 5 one can obtain from (35) that

iy lp®a and  as |yl p®b
for some nonzero vectors a, b, and p. Hence, (36), (37), and Lemma 5 imply
(b|Vila) = (b|Vi'|a) =0, k=12,
which cannot be valid for nonzero vectors a and b (since the assumption o # 0 implies 2 # 72).
Assume now that the pair (z1,y4) have form 3 in Lemma 3, i.e.,
Gt (IS A RUTE e R R o[
where s = £1; let us show the incompatibility of the system (33)—(37) if the pair (29, 23) has

forms 1-3 in Lemma 4. We will do this by reducing to the case of tensor product vectors z1, 23, 23,
and y4 considered above.

M2
-8

M2
s

+d

+b lal

1

1. The pair (23, z3) has form 1, i.e.,

w=[rel) o

By substituting the expressions for z1, 29, 23, and y4 into (34) and noting that

X

i S t=EL Wl A0 fal+lyl 0.

<‘_;1 Uk‘fls>:o, s—+1, k=1,2, (39)
we obtain
H1 P\ Jx) lp2\ B (M1 [ H2| 4PN _
() () = e () () o s

Bl ML\ | 4|2\ 7/ 1 p1\ [ f2
lal) Gt ==l (%
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Gl == ) (7
) (e ) (2

where A\ = <i11‘U1‘ill> = 242 and Ay = <i11‘U2 i11> = 42u;. Since \{ = A\] # 0 and A\ =

—A; # 0, the validity of the above equalities for £ = 1,2 impliesb=c=0ift=1anda=d =10
if t = —1. Hence, x1, 29, 23, and y4 are product vectors.

The validity of this equality for all A € 915 implies

bA; = —0.e\] if t=1,

and

a\; = —oud);, if t=-1,

2. The pair (29, z3) has form 2, i.e.,

o[ -

By substituting the expressions for 1, 22, 23, and y4 into (35) and noting that

$®M2
Y

T t=EL I+l # 0, J2l 4yl #0.

<‘f Vi ﬁ2t> =0, t=+1, k=12,
we obtain
Pl g1\ [ B2l |2\ [ E| 4T\ [ A2, |12 . .
a<q‘A 1><t Vi t>—0*c<1 Ay><_th —t> if t=s,
and
Pl g1\ [H2) 2\ T B T\ [ H2|, (M2 . _
) (Bl =l B (o) 0=
The validity of this equality for all A € 915 implies
e\ /P |®\ [
avy, 1><q—a*cuk y><1 if t=s,
and
¢\ /Pl 5 |T\ [ _
by, _1> <q = oydv;, ><_1 if t=—s,

where v} = </12‘V1‘ut2> = 2u3 and v} = </;2‘V2‘M;> = 2tus. Since v} = I/l_t # 0 and v} = —1/2_t # 0,
the validity of the above equalities for Kk = 1,2 impliesa =c=0ift =sand b=d =0if t = —s.
Hence, =1, 29, z3, and y4 are product vectors.

3. The pair (29, 23) has form 3, i.e.,

_ .M
Z2 =D [ 1 ] Y
where ¢t = 1. If we substitute the expressions for 1, 22, 23, and y4 into (34) (by using (39)), then
the left- and right-hand sides of this equality will be equal, respectively, to

[ 1\ /2| 4| K2 _ Ly L\ [ 2] 42
(Bl ) () )
i p1\ [ B2 42\ 7 [ 1\ [ H2| 4| H2

”*0p< 1]7%1 > <—s / > "*dq<—1 U’“‘—1> < s —t>'

PROBLEMS OF INFORMATION TRANSMISSION Vol. 51 No. 2 2015

2
—t

M1
-1

2
—t

2
t

M1
-1

2

+4q /

& s 23 =X & +y

9

1
1]®

U, A

and

A A

Uy




ON MULTTPARTITE SUPERACTIVATION 99
Thus, the validity of this equality for all A € 9y implies

) o) O = 5y (5 o) 02

where ¢, = —\; /A = (—1)F. This equality can be valid for k£ = 1,2 only if the operators in the
squared brackets are equal to zero. Since ps # +jis by the assumption €2 # 0 and the condition
0> # m, we obtain ya = ¢p = dq = xb = 0. This means that x1, 29, 23, and y4 are product vectors.

+ oxCp + zb

Similar argumentation shows the incompatibility of the system (33)—(37) (by reducing to the
case of tensor product vectors) if the pair (z2, z3) has form 3 and the pair (21, y4) has form 1 or 2.

Assume finally that the pair (z1,y4) has form 4, i.e.,

_ |
) y4—l_81®

and the pair (22, 23) is arbitrary. We will show that (33)—(35) imply that y4 is a product vector.
Thus, in fact the pair (x1,y4) has form 1 or 2.

a
b

&
d

M2

.’Elzhl;l@) + +

t

® lﬂ . st =1,

Assume that yy is not a product vector and denote the vectors [i1,s]" and [us,t]" by |s) and |t).
In this notation, |z1) = h|s ® ).

In case (a) it follows from (34) and Lemma 11 (see the Appendix) that |z9) = |p ® t) for some
vector |p). Hence, the left-hand side of (33) has the form

(8% s)(s] @ [6)(t + [p){pl @ [6)(t] = [1h]*]s)(s] + [p){pl] @ [E)(¢],

and (33) implies |ya)(ya| < [|R]?|s)(s| + |p)(p|] @ |t)(t|. This operator inequality can only be valid
if y4 is a product vector.

In case (b) it follows from (35) and Lemma 11 that |z3) = |s ® ¢q) for some vector |¢). Hence,
the left-hand side of (33) has the form

B2 [s)(s| @ [£){t] + |s)(s| @ a) (al = |s)(s| @ [|h[*[£)}{t] + la)all,

and similarly to case (a) we conclude that y,4 is a product vector.

By using the same argumentation exploiting (33)—(35) and Lemma 11, one can show that neither
(1,y4) nor (z2,23) can be of form 4 or 5 (different from forms 1 and 2).

Thus, we have shown that the system (16)—(27) has no nontrivial solutions. This completes the
proof of assertion C. A

APPENDIX

Proofs of Lemmas 3 and 4
Proof of Lemma 3. A. Let (24| = [a,b,¢,d] and

a yb yic 7yd Hifle A2 pap2 p1fe
_ |0 a md mc I I ey R S )

c yd a b |’ M2 g2 —p2 —p2 |’

d ¢ b a +1 -1 -1 +1

where i, = /%, k = 1,2. By identifying A® B with the matrix ||a;; B|| one can write the equalities
(z4|Ur, @ Vi|z1) = 0, k,1 = 1,2, as the system of linear equations

W|z) = 0. (40)
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It is easy to see that S™1W.S = diag{p1, p2,p3,pa}, where

p1 = a+ pob+ pic+ pypad, P2 = a — pob + pic — pypad,

(41)
p3 = a+ pob — pic — pypad, P4 = a — piob — prc+ pypad.

Thus, system (40) is equivalent to the system ppuy, = 0, k = 1,4, where [u1, ug, uz, ug] " = S71|21).
Hence, this system has nontrivial solutions if and only if pypopsps = 0 and

{pr =0} = {Wlg) =0},

where |qi) is the kth column of the matrix S.

Thus, by choosing some of the variables pi,...,ps equal to zero we obtain all pairs (z1, z4) such
that (24|Ux @ Vj|21) =0, k,1 = 1,2. We have
(a) C% = 6 variants to chose pr, = p; = 0 and p; # 0, i # k, [;

(b) C} = 4 variants to chose py, = 0 and p; # 0, i # k;
(c) C3 = 4 variants to chose ppy =p; =p; =0 and p; # 0, i £k, j
(the case p1 = po = p3 = p4 = 0 means that a =b=c=d =0, i.e., gives a trivial solution only).
By identifying the vectors x ® y and [x1y, l‘gy]T it is easy to see that
_ M1 M2 _ M M2
_ |11 H2 _ | H2
and that )
=0 <= |zn)= Ue |+ M e|® , C1,...,c4 €C,
Co -1 -1 Cq
pp=0 <= |z = e+ M e|® , Cly...,c4 €C,
Co 1 -1 C4
p3:O A ‘Z4>: “ ® H2 + Ha ® s ’ 617”’7046@7
-1 1 C4
c [ [ c
pr=0 <= |z)= e H2 + 1 ® |73 , C1,...,c4 €C.
Co 1 1 Cyq

Hence, the above six possibilities in (a) correspond to forms 1-3 in Lemma 3 (for example, the
choice p; = pa = 0 and p3, py # 0 corresponds to form 1 with s = 1), while the four possibilities
in (b) and (c) correspond, respectively, to forms 4 and 5.

B. Denote the above matrix W with 24 = x4 and 24 = y4, respectively, by W, and W,. Then
the equalities in (24) and (25) can be rewritten as the system

Wm|y1> = Wy|$1> = 07 Wm|$1> = Wy|yl> = |C>7 |C> € (C4‘ (42)

Since S~'W,S = diag{p{,p5,p§, pi} and S~'W,S = diag{p{,p8,p§, i}, where p{,ps,pj, pf and
pY. Y, p4, p are defined in (41) with z4 = x4 and z4 = y4, respectively, system (42) is equivalent to

pi'Uk; = pzuk’ = 07 piuk = pzvk = Ek’) k= 1747 (43)

where [u1,ug, uz,ug]” = S7axy), [v1,v2,v3,v4]" = S y) and [¢1,¢,¢3,¢4)7 = S7c). Sys-

tem (43) has a solution only if ¢ = 0 for all k. Indeed, if pj # 0 for some k, then the first equality

in (43) implies ux = 0 and the second equality in (43) shows that ¢ = 0. Hence, |¢) = S|¢) =0. A
Lemma 4 follows from Lemma 3 with ~9 replaced by 7s.
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Auziliary Lemmas
Lemma 9. If |a){(z| + |b)(y| + |c)(z| = 0, then either a || b c orz |y | 2.
Proof. We may assume that all the vectors are nonzero (since otherwise the assertion is trivial).
Let p L x. Then (y|p)|b) + (z|p)|c) = 0, and hence either b || ¢ or (y|p) = (z|p) = 0.

If b || ¢, then we have |a)(z| = —|b)(y + Az|, A € C, and hence a || b || c.
If (y|p) = (z|p) =0, then z || y || 2, since the vector p is arbitrary. A

Lemma 10. The equality
X101+ Xo®Ys = X3®Y3+ Xy @Yy, (44)

where X; = |x;) (x|, Yi = |yi){yi|, i = 1,4, can be valid in the following cases only:
L ;|| z; for all i and j, and Yi||z1|* + Ya||lza|* = Ya|lzs||* + Ya|z4]*;

2. yi |l y; for all i and j, and Xi||y:||* + Xa|lyal® = Xsllys|? + Xallyal*;

3. X191 =X40Y, and Xo®Ys = X3 ®Ys;

4. X1 0Y1=X30Y3 and Xo®Y, =X, ®Y}.

Proof. We may assume that all the vectors x; and y; are nonzero (since otherwise the assertion
is trivial).
Let p L x1. By multiplying both sides of (44) by |p){(p| ® I, we obtain

[(@alp) Y2 = [(23]p)[*Ys + [(walp)[*Ya. (45)

If o || 1, then (x3]p) = (z4|p) = 0, and hence 1 || x2 || z3 || x4, since the vector p is arbitrary;
i.e., case 1 holds.

If 2o Jf 21, then one can choose p such that (xzs|p) # 0. Thus, (45) implies that either x3 }f 1 or
x4 ff x1. We have the following possibilities:

(a) If x; Jy 1 for i = 2,3,4, then one can choose p such that (z;|p) # 0, i = 2,3,4. It follows
from (45) that yo || y3 || va. Hence, (44) leads to the equality X; ® Y7 = [...] ® Y, which gives
y1 || y2. Thus, we have y1 || y2 || ys || y4; i-e., case 2 holds.

(b) If x; Jf 21 for i = 2,3, but x4 || 21, then one can choose p such that (z;|p) # 0, i = 2,3.
It follows from (45) that ya || y3. Hence, x4 = ax; and y3 = Bya, o, € C. It follows from (44)
that

X1 ® Y1 —|af*Ya] = [X5]8° — X2] © Yo,

and hence Y] — |a|?Yy = \Ya, A € C. If X # 0, then Lemma 9 implies y; || y2 || y3 || v4; i.e., case 2
holds. If A =0, then y; || y4 and x5 || 3. Thus, we have
Xi@Yy=yX10Y, X3®Y3=0Xo®Ys, 7,0 €C,

and (44) implies (1 —v)X; ® Y7 = (§ — 1) X2 ® Ya. Since z1 }f z2, we have 7 = 0 = 1; i.e., case 3
holds.

(c) If ; }f &y for i = 2,4, but x3 || z1, then similar arguments (with the interchange 3 <+ 4) show
that case 4 holds. A

Lemma 11. Let U = diag{1,~}, and let = and y be nonzero vectors in C2. If (a|lU®Alz®y) =
(c|U ® Ald) for all A € My, then either |d) = |z) ® |y) or |c) = |p) ® |q) for some vectors p, q,
and z in C2.

Proof. By using the isomorphism C? ® C2 3 u ® v +— [u1v,ugv]" € C? @ C2, the condition of
the lemma can be rewritten as follows:

alA 0 |ziy\ _ /a
ag T2y €2

0 vA
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where a1 and a9 are components of the vector a, etc. Thus, we have
z1(a1|Aly) + z2v(az|Aly) = (1] Ald1) + y(c2|Ald2), VA € My,

which is equivalent to the equality |y)(Zia1 + Tayas| = |d1){c1| + 7y|d2)(c2|. By Lemma 9 this is
possible if either dy || da || y, which means |d) = |z) ® |y), or ¢1 || c2, which means |¢) = [p) ® |¢). A

The author is grateful to A.S. Holevo and participants of the Quantum Probability, Statistics,
and Information seminar (Steklov Mathematical Institute, Russian Academy of Sciences) for useful
discussions.
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