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Awnnoranus. This paper is devoted to further study of the Holevo capacity of infinite dimensional
quantum channels. Existence of the unique optimal average state for quantum channel constrained
by arbitrary convex set of states is shown. The minimax expression for the Holevo capacity of a
constrained channel is obtained.

The x-function and the convex closure of the output entropy of an infinite dimensional quantum
channel are considered. It is shown that the x-function of an arbitrary channel is lower semicontinuous
on the set of all states and has continuous restrictions to subsets of states with continuous output
entropy. The explicit expression for the convex closure of the output entropy of an infinite dimensional
quantum channel is obtained and its properties are explored. It is shown that the convex closure of
the output entropy coincides with the convex hull of the output entropy on the set of states with finite
output entropy and, similarly to the x-function, it has continuous restrictions to subsets of states with
continuous output entropy. The applications of the obtained results to the theory of entanglement are
considered. The properties of the convex closure of the output entropy make possible to generalize
some results related to the additivity problem to the infinite dimensional case.
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1. Introduction. One of the basic notions of the quantum information theory
is the notion of a quan-tum channel defined as completely positive trace preserving
map from the set of states of input quantum system into the set of states of output
quantum system. Quantum channels are characterized by a set of capacities defined
by type of transmitted information (quantum or classical) and by resources used for
this transmission [7], [25].

While major attention in quantum information theory up to now was paid to
finite dimensional systems, interest to infinite dimensional systems is increasing. For
mathematically rigorous treatment of these systems it is necessary to use specific
results from the operator theory in a Hilbert space, measure theory and infinite
dimensional convex analysis.

This paper is devoted to study of the Holevo capacity? of infinite dimensional
quantum channels and related entropic characteristics of quantum channels, following
9], [10], [21], [31].

From mathematical viewpoint the essential features of infinite dimensional quantumijj
channels are noncompactness of state space and discontinuity and unboundedness of
the output entropy. As a result for infinite dimensional constrained channel with finite
Holevo capacity generally there exist no optimal ensembles, which plays important
role in study of finite dimensional channels [29]. In [10] the sufficient condition of
existence of an optimal measure (generalized ensemble) for arbitrary constrained
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channel is obtained, but in [10], [32] the examples of constrained channels with
no optimal measure are constructed. In section 3 of this paper it is shown that
despite possible nonexistence of optimal measure for arbitrary channel constrained
by convex set of states there exists the unique state, called output optimal average,
which inherits properties of the image of the average state of an optimal ensemble for
a finite dimensional constrained channel (proposition 1). The minimax expression for
the Holevo capacity is obtained and the alternative definition of the output optimal
average state as the minimum point of the lower semicontinuous function on a compact
set is given (proposition 2).

In section 4 the notion of the y-function of an infinite dimensional quantum
channel is introduced. By using properties of the output optimal average state the
inequality for the y-function, derived in [21] for finite dimensional channels, is generalized|]
to the infinite dimensional case (proposition 3). It is shown that the y-function of
arbitrary quantum channel is a lower semicontinuous function with natural chain
properties (propositions 4-5). The x-function version of Simon’s dominated convergencel]
theorem for quantum entropy is proved (corollary 3).

The another important characteristic of a quantum channel is the convex closure
of the output entropy considered in section 5. Since in the finite dimensional case
the entropy is a continuous function on a compact set, its convex hull coincides with
its convex closure [4] (lower envelope in terms of [12]). The important role of this
function in study of finite dimensional channels is justified by its close relation to the
x-function: the later is a difference between the output entropy and its convex hull
(closure). In the infinite dimensional case the above coincidence do not hold generally
and it is natural to consider the convex closure of the output entropy instead of its
convex hull. The explicit expression for the convex closure of the output entropy of
an infinite dimensional quantum channel is obtained and its properties are explored
(propositions 6-8, corollary 4). The main technical problem is noncompactness of
the state set, which prevents to use general theory of integral representations on the
compact convex sets [2], [12]. The basic instrument of our approach is the criterion of
compactness of families of probability measures on the set of quantum states as well
as other results from [10]. It is shown that the convex closure of the output entropy
coincides with the convex hull of the output entropy on the set of states with finite
output entropy. Thus, the representation of the y-function as the difference between
the output entropy and its convex closure is valid on this set similarly to the finite
dimensional case.

By using the results of the previous sections the following continuity observation is
obtained in section 6: the y-function and the convex closure of the output entropy have
continuous restrictions to arbitrary set of continuity of the output entropy (theorem
1). This and the observation in [10] imply, in particular, continuity of the y-function
for Gaussian channels with constrained mean energy.

Section 7 is devoted to the additivity problem — one of the basic open problems
of quantum information theory. The results of the previous sections make possible
to prove infinite dimensional versions of the theorems in [21] and [30] concerning
equivalence of different additivity properties for given two quantum channels.

The important partial case of the convex closure of the output entropy is a
special entanglement measure of a state of a bipartite system called Entanglement of
Formation (EoF) [17]. In the finite dimensional case the EoF coincides with the convex
closure of the output entropy of a partial trace, which can be considered as a channel
from the state space of a bipartite system into the state space of a single subsystem.
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In section 8 the arguments for definition of the EoF in the infinite dimensional case as
the convex closure of the output entropy of a partial trace are considered. It is shown
that this definition is natural and implies such properties of the EoF as convexity,
lower semicontinuity on the whole state space and continuity on the set of states with
bounded mean energy. It is shown that this definition coincides with the definition
proposed in [19] for all states with finite entropy of partial states. The question of
their coincidence on the whole state space remains open.

2. Basic notations. Let H be a separable Hilbert space, B(H) be the algebra
of all bounded operators in H, T(H) be the Banach space of all trace class operators
with the trace norm || - ||;. In what follows we use the term state for positive operator
p in ‘H with unit trace: p 2 0; Trp = 1. The algebra B(H) is generally called the
algebra of observables of a quantum system while the state p defines the expectation
functional A — TrpA; A € B(H), t.i. normal states in terms of the operator algebras
theory [2]. The set of all states &(H) is a convex closed subset of T(H), which is a
complete separable metric space with the metric defined by the trace norm.

A finite collection of states {p;} with the corresponding probabilities {7;} is called
(finite) ensemble and is denoted by {7, p; }, the state p = >, m;p; is called the average
state of this ensemble. In [10] the notion of generalized ensemble as Borel probability
measure 7 on &(H) is introduced. The average state of a generalized ensemble 7 is
the state (also called barycenter of the measure 7), defined by the Bochner integral

o) = | P

Conventional ensembles correspond to measures with finite support.

A convex combination of ensembles is defined as a convex combination of correspondingfj
probability measures. In particular, for arbitrary set of ensembles {{n¥, p¥ ?:(li)}?zl
and probability distribution {\z}, the convex combination Y -, A\g{rF, pf}?:(]i) of
the above ensembles is the ensemble, consisting of ;" n(k) states {p¥} ; with the
corresponding probabilities {\gmF} ;.

Let P be the convex set of all probability measures on &(H), endowed with the
topology of weak convergence [1]. In [10] it is noted that the map P > 7 — p(n) is
continuous in the above topology. The subset of P, consisting of all measures 7 with
the barycenter p(m) in A C &(H), will be denoted by P 4.

Let A and B be positive operators in T(H). The von Neumann entropy of the
operator A and the relative entropy of the operators A and B are defined correspondinglyl]

by the expressions

H(A)=-) (i|Alog Ali) and H(A|B) = (i|AlogA— Alog B + B — Ali),

3 K2

where {]i)} is the basis of eigenvectors of the operator A (see details in [22], [34]).
The entropy and the relative entropy are lower semicontinuous functions of their
arguments taking values in [0; +00], the first function is concave while the second one
is convex [22], [34]. The following inequality

(1) H(pllo) = 5 llp ol

N[ =

holds for arbitrary states p and ¢ in S(H) [27].
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The relative entropy H(p|| o) of states p and o can be considered as a measure
of divergence of these states, its classical analog is called Kulback-Leibler distance.
Despite the fact that this measure is not a metric (it is nonsymmetric and do not
satisfy the triangle inequality), it is possible to introduce the notion of convergence of a
sequence of states {p, } to a particular state p., defined by the condition lim,,—, + o H(pn||p«) =l
0. In the classical case the topology on the state space, related with this convergence,
is explored in [20], where it is called strong information topology. In quantum
information theory this convergence, which will be called H -convergence, also plays
important role (see. [11, proposition 2]). It follows from inequality (1) that

{H lim p,, = p*} {ngrfwﬂ(pnllp*) = 0} = {nﬁrpoopn = p*}~

n—-+oo

We will use Donald’s identity [15], [27]

(2) Zﬂ-l pz ||P Zﬂ—z Pz ||P) +H(p”p)

=1

which holds for arbitrary ensemble {m;, p;}?_; with the average state p and arbitrary
state p.

Let H, H’ be a pair of separable Hilbert spaces, which will be called correspondinglyfi
input and output spaces. Channel ® is a linear positive trace preserving map from
T(H) into T(H') such that the dual map ®*: B(H') — B(H) (which exists since @
is bounded) is completely positive, see. [8, ch. 3, p. 1]. In particular, channel maps
input states in G(H) into output states in S(H’).

The important characteristic of a channel ® is its output entropy He(p) =
H(®(p)) — concave lower semicontinuous nonnegative function on the set of input
states G(H).

Let A be an arbitrary subset of G(H). Consider the constraint on input ensemble
{mi, pi}, defined by the inclusion p € A. A channel ® with this constraint is called
A-constrained channel. The Holevo capacity of the A-constrained channel ® is defined
as follows [9], [10]:

(3) C(®,A) = ilelp xo({mi, pi}),

(4) a({mi, pi}) Zm @(pi) | ©(p))-

In [10] it is shown that the Holevo capacity of the A-constrained channel ® can
be also defined by the expression

(5) T(@,A) = sup / H(®(p) || &(p(x))) n(dp),

TEPA

which means coincidence of the supremum over all measures in P 4 with the supremum
over finitely supported measures in P 4.

3. The optimal average state. It is well known that for arbitrary finite
dimensional channel ® and arbitrary closed set A there exists optimal ensemble
{mi, pi}, at which the supremum in definition (3) of the Holevo capacity is achieved
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[18], [29]. The image of the average state of an optimal ensemble plays important role
in study of finite dimensional channels [21].

For infinite dimensional quantum channels generally there exist no optimal finite
ensembles. Thus it is natural to introduce the notion of generalized optimal ensemble
as a probability measure on the set of all states, at which the supremum in definition (5)J
of the Holevo capacity is achieved. In [10] the sufficient condition of existence of
optimal measure for arbitrary constrained channel is obtained, but examples in [10], [32]J]
shows that optimal measure does not exist in some cases.

The aim of this section is to show that despite possible nonexistence of an optimal
measure there exists the unique state, inheriting basic properties of the image of the
average state of optimal ensemble for finite dimensional channel. This state is naturally
called the output optimal average for constrained channel. If optimal measure exists
then the image of its average state (barycenter) coincides with the above output
optimal average. By using properties of this state it is possible to generalize some
results in [21] to the case of infinite dimensional channels.

LEMMA 1. Let {{rk, p} }n(k)}k 1 be a finite set of ensembles and {\i}7, be a
probability distribution. Then

m(}jxk{m,pz il ) 5 e (475 1) + o (b

k=1 k=1

where Py, is the average state of the ensemble {m¥, ph }?(ﬁ), k=1,.
If m = 2 then for arbitrary A € [0, 1] the following inequality holds

vo (Ml o) + (= {2 1Y) 2 e ({115

F - n e (20009) + M o) - e

Proof.Let p = > -, AP, be the average state of the ensemble Y-, A {7, p} }n(k I
By definition

X@(ZM{WNPZ ) ZAkakH (P9)12(P)) -

By applying Donald’s identity (2) to each inner sum in the right side of this expression
we obtain the main identity of the lemma.

To prove inequality for m = 2 it is sufficient to use inequality (1) for estimation
of the last term in the right side of the main identity of the lemma:

AH ((0,) [® 59y + (1= 1) 7)) + (1 = VH (@(,)|® (49, + (1= X) 7))
> A= N (7~ )l + 5 (- A2, — 7))

- %)\(1 = N)[1®(p5) — (5,13

Lemma 1 is proved.

Despite possible nonexistence of optimal ensemble for the A-constrained channel
®, the definition of the Holevo capacity implies existence of the sequence with the
following properties.
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DEFINITION 1. A sequence of ensembles {{r¥, p¥}}, such that p, = Y, 7Fpl € A
for all k and limy_, oo xa({7F, pF}) = C(®,.A) is called approzimating sequence for
the A-constrained channel ®.

A state is called input optimal average for the A-constrained channel ®, if it
is a limit of the sequence of the average states of some approximating sequence of
ensembles for the A-constrained channel ®.

This definition guarantees neither existence nor uniqueness of input optimal averagel}
(the examples of channels with no input optimal average are considered in [3]).
Existence of at least one input optimal average is a necessary condition of existence
of optimal measure for the A-constrained channel ®, which also becomes a sufficient
condition if some additional requirements hold. This input optimal average coincides
with the barycenter of the optimal measure (see details in [10]).

Despite possible nonexistence of limit points of the sequence of the average states
of approximating sequence of ensembles for the A-constrained channel, finiteness of
its Holevo capacity guarantees convergence of the sequence of the images of these
averages.

The following proposition is a generalization of proposition 1 in [31] to the case
of noncompact set A.

PROPOSITION 1. Let ®: S(H) — G(H') be an arbitrary channel and A be a
convez subset of S(H) such that C(®, A) < +oo. There exists the unique state Q(®, A)
in &(H') such that 3_; p; H(®(oj) || (D, A)) = C(®, A) for any ensemble {uj, o;}
with the average T € A. L

The state Q(®, A) lies in ®(A). For arbitrary approzimating sequence of ensembles
{7k, p¥Y}i for the A-constrained channel ® with the corresponding sequence of the
average states {p;, }i there exists

H-lim D(py,) = Q(P, A).

Proof. Show first that for arbitrary approximating sequence of ensembles {X; =
{rk, pF 3% for the A-constrained channel ® the sequence {®(p,)} converges to

1 (3
some state in &(H’). By definition of approximating sequence for arbitrary ¢ > 0
there exists N, such that xo(Xx) > C(®, A) — ¢ for any k = N.. By lemma 1 (with

m =2 and A = 1) we have

1

— 1
C(®,A) —e= §X<I><Zk1) + 5

1 1
xXo(Zk,) = Xo (2 Yi, + 3 Ekg)

1 — 1
— < 18(,,) — @(p, )2 <T@, 4) - < |9(py,) — B(7, ),

for any ki = N. and ko = N,. Hence, ||®(py,) — ®(pi,)[1 < V8. Thus the sequence
{®(p,)} is a Cauchy sequence and hence it converges to some state w in S(H').

Let {uj,0;}7., be arbitrary ensemble of m state with the average 7 € A.
Consider the family of ensembles

= (1= N oS e Mg, obm,, Aef0.1], keN,

with the average states pp = (1—\) pj, +\@. By convexity of the set .A we have pp € A
for all A € [0,1] and k € N and the above observation implies

(6) Jim B(E)) = (1= V) w + ().
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By definition

n(k)

(1) xo(Zh ZﬂkH (o§) || ©(72) +>\ZM3 (®(0) [ 2(PR)) -

By the condition C(®, A) < +oo the both sums in the right side of this expression
are finite. Applying Donald’s identity (2) to the first sum we obtain

n(k)
ZWkH (o) 1 @(Px)) = xo (Z0) + H(®(5) | 2(52)) -

Substitution of this expression to (7) leads to
Xa (31) = xa(30) + (1= ) H (®(p,) || ®(2y))

+/\<Zu3 (0;) | 2(7)) —xé(Eﬁ))

Thus by nonnegativity of the relative entropy we obtain
(8) Zuj (o)) [|2(PR) =A™ (xa (Z2) — xa(Z)) + xa(51)

for A # 0. The definition of approximating sequence implies
(9) m X (Z0) = C(®,4) = xa (22)
for all k and all A € [0, 1]. Thus

(10) liminf liminf A~ (xe (T2) — xe (X3)) £0.

By lower semicontinuity of the relative entropy if follows from (6), (8), (9) and
(10) that

;ujH(@(%) ) < liminf lklgmquy ®(0)) | ®(pp)) < C(2, A).
J:
Thus it is proved that
(11) Y wiH(@(o)) | w) < C(@, A)
J

for arbitrary ensemble {y;,0;} with the average state o € A.

Let {{u¥,0¥}}1 be arbitrary approximating sequence of ensembles for the .A-
constrained channel ® with the corresponding sequence of the average states {o }x.
Property (11) implies

Zu Dlw) <T@, 4) vk
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Applying identity (2) we obtain
(12) D i H(®(oF) | w) ZMfH D1 @@x) + H(®(@) || w).

The last two expressions imply

H(2(0k) |w) =C ZufH Dl e@r).

By approximating property of the sequence {{u¥, 0¥}} the right side of this inequality
tends to zero as k — +00, hence there exists limy_, 4 oo H(®(7%)||w) = 0, which implies
convergence of the sequence {7} to the state w. Thus the state w does not depend
on the choice of approximating sequence and hence it is defined only by the channel
® and the set A. Denote this state by Q(®,.4). The above observation also implies
that w = Q(®,.4) is the unique state such that property (11) holds. Proposition 1 is
proved.

Proposition 1 shows in particular that the set of input optimal averages for the
A-constrained channel ® is either empty or mapped by the channel ® to the single
state.

COROLLARY 1. Let A be a convex subset of &(H). If there exists input optimal
average p,. for the A-constrained channel ® then ®(p.) = Q(®,.A).

If the set A is compact then there exists at least one input optimal average state.

This corollary justifies the following definition.

DEFINITION 2. The state Q(®,.A) is called the output optimal average for the
A-constrained channel ®.

Note that there exist examples of the A-constrained channels ¢ with finite Holevo
capacity with no input optimal averages while the output optimal average Q(®,.4)
is explicitly determined and plays important role in analysis of these channels (see.
examples in [3], [32]).

There exists the another approach to the definition of the state Q(®,.A4). In [11]
it is shown (corollary 6) that finiteness of the Holevo capacity of the .A-constrained
channel ® implies compactness of the set ®(.A). For any ensemble {yu;,0;} with the
average o € A consider lower semicontinuous function Fy,,; 5 1(w) = >2; p;H(®(0;) [ w)]]

on the set ®(A). The function F'(w) = supP |, o c 4 Fiu; 0,3 (w) is also lower semicontinuousl
J

and hence it achieves its minimum on the compact set ®(A). The following proposition
shows in particular that the state Q(®, A) can be defined as the unique minimum point
of the function F(w) on the set ®(A).

PROPOSITION 2. Let &: 6(H) — S(H') be an arbitrary channel and A be a
convez subset of S(H). The Holevo capacity of the A-constrained channel ® is defined
by the expression

C(®,A) = inf ( sup ZMJ (o, ||w))

weP(A) o €A

If C(®,A) < +oo then Q(®, A) is the unique state at which the infimum in the right
side of this expression is achieved.
Proof. Let C(®, A) < 4+00. Show first that

(13) P s DD H () 1900 4) =T, )

jHoiEA
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Proposition 1 implies inequality “<” in (13). To prove the converse inequality consider
arbitrary approximating sequence {{r¥, p¥}}%. By using Donald’s identity (2) we
obtain

ZﬂkH (o) [ (@, A)) ZW'“H (01) | @(B1)) + H(®(py) | (@, A))

for all k. By approximating property of the sequence {{m¥, p¥}} the first term in the
right side tends to C(®,A) as k — +oo while the second one is nonnegative. This
proves inequality “ 2” and hence equality in (13).

Let w, be a minimal point of the function F(w). By equality (13) we have

P SUD Zuj B(0,) || w.) = F(w.) £ F(Q®, A)) = T(, A).

jHiOFE

Proposition 1 implies w, = Q(®, A).

If C(®, A) = +o0 then the right side of the expression in proposition 2 is equal to
+00. Indeed, if there exists state w in &(H') such that suppj pioieA 2 i (2(0;) ||w) <I
+oo then equality (12), valid for arbitrary approximating sequence of ensembles
{{uk,o¥}}, implies C(®,.A) < +o0. Proposition 2 is proved.

Remark 1. The assumption of convexity of the set A in propositions 1, 2 and
corollary 1 is essential. Consider the noiseless channel ® = Id and the set A consisting
of two states p; and py such that H(p1) = H(pa) < +oo. In this case C(®, A) =
H(p1) = H(p2), the states p; and po are input optimal averages in the sense of
definition 1 with different images ®(p1) = p1 and ®(p2) = po.

4. x-function. Let ®: &(H) — &(H’) be an arbitrary channel. Consider the
function xg on the set &(H), which takes value C(®,{p}) at state p. By using
definitions of the Holevo capacity (3) and (5), we obtain

(14)  xo(p) =p sup Zm P(pi)[| @(p)) = sup H(®(0) || ®(p)) w(do).

§ Tipi= m€Ppy JS(H)

In the finite dimensional case x¢ is a continuous concave nonnegative function on the
set of input states &(H), used in study of the classical capacity of quantum channels,
in particular, of the additivity problem [21]. In this section the properties of the
x-function of arbitrary infinite dimensional channel ® are considered.

In [10] it is shown that if Hg(p) < 400 then the supremum in the last expression
in (14) is achieved at some measure supported by the set of pure states.

DEFINITION 3. A measure my with the barycenter py supported by the set of
pure states such that

Xa(po) = H(®(o) || (po)) mo(do),
&(H)

is called xg-optimal measure for the state pg.

Note that xe(p) < +oo does not imply He(p) < +oo. Indeed, it is easy to
construct the channel ® from finite dimensional into infinite dimensional spaces such
that Hg(p) = +oo for any state p in &(H).> By monotonicity property of the relative

3For example the channel ®: T(H) > A — % A® % ocTr A € T(H'), where o is a fixed state with
infinite entropy.
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entropy [23] we have

Zm D(p;)|| @(p <Z7rZ (pillp) £ logdimH < +oo

for any ensemble {m;, p;} and hence x¢(p) < logdim H < 400 for any state p in &(H).

The definition of the Holevo capacity of the A-constrained channel ® implies
C(®, A) = sup e 4 xa(p). In [10] it is shown that the question of attainability of the
above supremum is closely related with the question of existence of optimal measure
for the A-constrained channel ® and due to examples in [32] it can have negative
answer.

The results of the previous section make possible to prove the important inequality,Ji
determining behavior of the y-function on any convex subset of states, which is proved
in [21] in the finite dimensional case. This inequality plays the essential role in the
proof of theorem 2 in section 7.

PROPOSITION 3. Let &: G(H) — S(H') be an arbitrary channel and A be a
convex subset of &(H). Then for any state p in A the following inequality holds

_ 1
Xa(p) = C(®,4) — H(®(p) [| 22, A)) = C(P, 4) = 5 || @(p) — (2, AJ7.
Proof. Let C(®, A) < +o0 and {m;, p;} be arbitrary ensemble such that >, m;p; =
p. By proposition 1

S mH(@(p) |90, 4) <T@, 4).

This inequality, Donald’s identity

Zm @(pi) [ 2(2,.A)) Zm @(pi) | 2(p)) + H(2(p) [| (P, A))

and definition of the x-function (14) imply the first inequality of the proposition. The
second one follows from inequality (1). Proposition 3 is proved.

For arbitrary state p with finite output entropy the y-function has the following
representation:

(15) xa(p) = Ho(p) — co Ha(p),
where

16 co H = p inf g miHo (p;
( ) <I>( Pi TiPi= X ® p

is the convex hull of the output entropy (see. appendix A).

In the finite dimensional case the output entropy He and its convex hull co Hg are
continuous functions on the set G(H), the first function is concave while the second
one is convex and representation (15) holds for all states. Hence in this case the
function x¢ is continuous and concave on the set &(H).

In the infinite dimensional case the output entropy Hg is only lower semicontinuousj
and hence the function x4 is not continuous even in the case of the noiseless channel ®
for which y¢ = Hg. The following proposition shows that the function ¢ of arbitrary
channel ® has properties similar to the properties of the output entropy He.



ON PROPERTIES OF QUANTUM CHANNELS 11

PROPOSITION 4. For arbitrary channel ® the function x¢ is a nonnegative lower
semicontinuous concave function on the set S(H) and

(17) Z’]TZXCP pz 2 Z pz H(D( ))

for any ensemble of states {m;, p;}7_, with the average p.
Inequality (17) can be considered as a generalization to the case of the x-function
of the well known identity for quantum entropy

n
- Zﬂ'i Zﬂ-z Pz”p
i=1

Proof. Nonnegativity of the y-function is obvious. Lower semicontinuity is proved
in [31] (proposition 3). To show concavity of the x-function it is sufficient to prove
inequality (17). Let € > 0. By the definition of the y-function for each i = 1,...,n

there exists ensemble {5, o ]}m( 9

with the average state p; such that xa({u, o%}) >
Xa(pi) — €. Since the average state of the ensemble Y 7" | m{u}, 0%} coincides with p,

by using lemma 1 we obtain

Xa(p) >X¢><Z7Ti{/$§70§}> me@ {ut, ot} +Zm @(pi)|| ©(p))

z Zm)@ pi) + Zm (pi)|| (p)) —

i=1

Since ¢ is arbitrary this implies inequality (17). Proposition 4 is proved.

In the modern convex analysis the notion of strong convexity (concavity) is widely
used [6]. Proposition 4 and inequality (1) imply the following observation.

COROLLARY 2. For arbitrary channel ® the function x¢ is a strong concave
function on G(H) in the following sense:

xa (o + (1= 0p2) 2 (o) + (1= ) xa(p2) + 5 A1 = V) [2(7) — (7

for any states p1 and py in S(H) and any A in [0,1].
Similarity of the properties of the functions x¢(p) and He(p) is stressed by the
following analog of Simon’s dominated convergence theorem for quantum entropy [33].*]}
COROLLARY 3. Let {p,} be a sequence of states in G(H) converging to the state
po such that Appn < po for some sequence {\,} of positive numbers converging to 1.
Then

lim xa(pn) = xa(po)-

n—-+oo

Proof. The condition \,p, < po implies decomposition py = Appn + (1 — Ap)oy,
where o, = (1 —\,) 1 (po — )\npn) is a state in G(H). By concavity of the y-function
we have

Xa(p0) 2 Anxa(pn) + (1= An) xa(0n) 2 AnXa(pn) Vn,

4This theorem can be formulated as corollary 3 with the quantum entropy H instead of the
function xq.
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and hence limsup,,_,, . xo(pn) = Xao(po). Lower semicontinuity of the x-function
implies existence of the above limit. Corollary 3 is proved.

Remark 2. Corollary 3 provides possibility to approximate the value x4 (pg) for
arbitrary state po by the sequence {xa(pn)}, in which p,, = (Tr P,po) ~* P,.po is a finite
rank state for each n, where P, is the spectral projector of the state pg, corresponding
to n maximal eigenvalues.

By exploring the properties of the convex closure of the output entropy in the
next section we will establish continuity of the restriction of the yx-function to any set
of continuity of the output entropy (theorem 1).

We shall also use the following chain properties of the y-function.

PROPOSITION 5. Let ®: S(H) — G(H') and ¥: &(H') — S(H") be two
arbitrary channels. Then

Xwon(p) £ xa(p) and xwos(p) < xw(®(p)) for all p in S(H).

Proof. The first inequality follows from the monotonicity property of the relative
entropy [23] and definition (14), the second one is a direct corollary of definition (14).

5. Convex closure of the output entropy. In the finite dimensional case the
output entropy Hg is finite and the function x¢ can be represented by expression (15)
as a difference between the output entropy Hg and its convex hull co Hg. In this case
the function co Hg is continuous and hence it is closed (see appendix A). This means
that the convex hull co Hg of the output entropy coincides with the convex closure
o Hg of the output entropy.

In the infinite dimensional case the function co He is not closed even in the
case of the noiseless channel ®. Indeed, co He(p) = +oo for any state p such that
Hg(p) = +0o (see the proof of lemma 2), but this state p is a limit of some sequence
{pn} of finite rank states, for which co Hy(p,) = 0. Thus the function co Hg is not
lower semicontinuous.

It seems natural to suppose that in the infinite dimensional case the role of the
function co Hg is played by the function €6 Hg. The aim of this section is to confirm
this conjecture by exploring properties of the function @ Hg(p) and its relation to
the y-function.

First of all we will obtain the explicit representation for ¢o Hg. Consider the
function

He(p) = inf Hg(p)m(dp) = 400,
T€Pp} JS(H)

where Py, is the set of all probability measures with the barycenter p. It is clear that
Hg (p) < coHg(p) < Ho(p) for all states p in G(H). By considering properties of the
function Ehp we will establish that ITLb =0 Hg (proposition 7).

In the previous section it is mentioned that in the definition of the y-function the
supremum over all measures coincides with the supremum over all measures with finite
support (conventional ensembles). In contrast to this in the case of the H-function we
have the following observation.

LEMMA 2. Equality He(p) = inf® ., _, > miHa(pi) = co Ha(p) holds if and
only if either He(p) < +oo or Hy(p) = +00.

Proof. If Hg(p) < +00 then xo(p) = Ha(p) —co He(p). By [10, proposition 1 and
corollary 1] we have x¢(p) = Ho(p) — ﬁq>(p) and hence Hg(p) = coHg(p).
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If Hy(p) = 400 then co He(p) = +oo since the set of states with finite output
entropy is convex [34]. Lemma 2 is proved.

Lemma 2 implies that Hg(p) < co He(p) for any state p such that Hg(p) = +0o
and ﬁ@ (p) < +o0. Note that the set of such states is nonempty. For example, in the
case of the noiseless channel @ it is easy to see that pr(p) = 0 for any state p, but
the set of all states p such that Hg(p) < 400 is a subset of the first category in the
set of all states G(H) [34].

Show first that the infimum in the definition of the function H. »(p) can be taken
only over measures supported by pure states. Consider the following partial order on
the set P. Let S be the set of all convex continuous bounded functions on the set
S(H). We say that p > v if and only if

/ f(p) u(dp) 2 / fp)v(dp) forall fin S.
&(H)

S(H)

This partial order on the sets of probability measures on convex sets, often called the
Choquet ordering, is studied in details (see., for example, [14]).

PROPOSITION 6. For any state pg there exists a measure wy supported by the set
of pure states with the barycenter pg such that

~

Hg(po) = 00 Hg(p) mo(dp).

The measure Ty can be chosen to be a measure with support consisting of n? atoms
(ensemble of n® pure states) if and only if the state po has finite rank n
Proof. In the proof of the theorem in [10] it is shown that the functional

(18) e /@, sl ()

is well defined and lower semicontinuous on the set P (endowed with the topology of
weak convergence). By proposition 2 in [10] the set Pipoy is compact in this topology.
Hence this functional achieves its minimum on the set 77{ po} @bt some measures T, €
Pipoys b

~

(19) He(po) = He(p) m.(dp).
S(H)

To show that among all such measures 7, there exists a measure my supported by
pure states we will use the following two simple properties of the above partial order.

1. Let {ptn} and {v,} be two sequences in P, weakly converging to measures . and
v correspondingly, such that p, > v, for all n. Then u = v.

2. If p > v then

/ a(p) pldp) = / 9(p) v(dp)
S(H)

S(H)

for any function g, which can be represented as a pointwise limit of monotonous
sequence of functions in S.

By lemma 1 in [10] there exists the sequence {7, } of measures in Py, with finite
supports, weakly converging to m,. Decomposing each atom of the measure 7, into
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convex combination of pure states we obtain the measure 7,, with the same barycenter
supported by the set of pure states. It is easy to see that 7, > m,. By compactness of
the set Py} there exists subsequence {7, } converging to some measure 7o supported
by the set of pure states due to theorem 6.1 in [28]. Since #,, > 7,,, the above
property 1 of the partial order > implies mg > 7.

By lemma 4 in [22] the convex function g(p) = —He(p) = —H(P(p)) is a pointwise
limit of the monotonous sequence of bounded continuous functions

gn(p) = —(Tr P,®(p)) H((Tr an)(p))ilpnq)(p)Pn)a

where {P,, } is an arbitrary sequence of finite dimensional projectors strongly increasing]
to the unit operator I. It is easy to see that the functions g, are convex and hence lie
in S for all n. By the above property 2 of the partial order > (with g(p) = —Ha(p))
and (19) we have

~

He(po) = He(p) mu(dp) 2 Hg(p) mo(dp).
S(H) &(H)

The definition of the function H. ¢ implies equality in the above inequality.

Let us prove the last statement of the proposition. If the state py has infinite rank
then the set Pj,,} contains no measures finitely supported by pure states.

Let the state pg has finite rank n, Hy = supp pg be the n-dimensional subspace
and ®( be the subchannel of the channel ®, corresponding to the subspace Hy (the
subchannel @y of the channel ®, corresponding to the subspace Hy, is the restriction
of the channel ® to the set of states supported by the subspace Hy [31]).

If Hp,(po) = Ha(po) < 400 then the function Hg, is continuous on the compact
set 6(Hy) by the below lemma 3. Hence we can apply lemma A-2 in [35] to prove
existence of ensemble consisting of (dimH)? states with the average pg, at which
the infimum in the definition of the function co Hg,, coinciding with the restriction
of the function co Hp to the subset &(Hy) of &(H), is achieved. By lemma 2 the
restriction of the function co Hg to the set &(Hj) coincides with the restriction of the
function ﬁ¢ to this set. R

If Hp,(po) = Ho(po) = 400 then Hg(pg) = +00 and hence any ensemble with the
average state pg is optimal. To prove this note that Hg(pg) = +oo implies Hg (o) =
400 for any state o such that supp o = supp pg = Hp. Indeed, for this state o there
exists a positive number A, such that \,o > po. Nonnegativity of the relative entropy
implies

As Tr &(o)(—log ®(0)) 2 Tr ®(po)(—log ®(0)) 2 Tr &(po)(—log P(po)) = +oc.

Suppose that He(po) < +0o. Then there exists measure 7 with the barycenter po such
that the function Hyg is finite m-almost everywhere. Let F be subset of &(H,) such that
the function Hg is finite on the set F and 7(F) = 1. The equality py = [ pm(dp)
implies that the linear hull of subspaces {supp p},cr coincides with H, and hence
there exists finite set {p;}7_, of states in F such that supp(n=' >"""_, p;) = Ho. Since
the state n™* Y"1 | p; is a finite convex combination of the states p;, ¢ = 1,...,n such
that He(p;) < +oo for alli = 1,...,n we conclude that He(n™* Y| p;) < +oo [34].
But this contradicts to the previous observation. Proposition 6 is proved.

LEMMA 3. Let ®: S(H) — &(H') be such channel that dimH < +oo. If there
exists a full rank state po such that He(po) < +0o then the function He is continuous
on the set G(H).
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Proof. Let Iy be the unit operator in the space H. Finite dimensionality of the
space H implies that Al £ po for some positive A, and hence Hg(I3y) < +oo. The
assertion of the lemma follows from Simon’s dominated convergence theorem [33]
(with using ®(I) in the role of the operator B).

__ DEFINITION 4. A measure 7o with the properties stated in proposition 6 is called
Hg-optimal measure for the state po.

It is easy to see that the set of Hg-optimal measures coincides with the set of
Xe-optimal measures for any state py with finite output entropy He(po).

The other important properties of the function ﬁ¢(p) are established in the
following lemma. R

LEMMA 4. The function Hg(p) is convexr and lower semicontinuous on the
set 6(H).

Proof. To prove convexity of the function pr it is sufficient to note that

APy T (=N Pipy € Plapi+(1-2)p2}

for arbitrary states p1, p2 and A € [0,1].
Suppose that the function Hg is not lower semicontinuous. This implies existence
of a sequence {p,,} converging to some state py such that

(20) dm Hy(pn) < Ho(po)-
By proposition 6 for each n = 1,2, ... there exists measure 7, in Py, 1 such that

a(pn) = /6 RCLA!

The set A = {p,},' is a compact subset of G(H). By proposition 2 in [10] the
set P4 is compact. Since {m,} C P4, there exists subsequence {m,, } converging to
some measure mo. Continuity of the map 7 +— p(7) implies my € Py,,y. By lower
semicontinuity of the functional (18) we obtain

~

Ho(po) = Ho(p) mo(dp) < liminf He(p) 7, (dp)
= kl{r—&r-loo Hy (pnk)a

which contradicts to (20). Lemma 4 is proved.
PROPOSITION 7. The function Hg coincides with the convez closure ® €0 Hp of
the output entropy He and if co He(p) < +oo then

{co Ho(p) = co Ho(p)} <= {Ho(p) < +o0}.

Proof. Lemma 4 and the definition of the convex closure imply
(21) Hq(p) £ Ha(p) < coHa(p) £ Help)  Vp € S(H).

By lemma 2 ﬁ@(po) coincides with co Hg(pg) for any state py with finite output
entropy He(po). Thus (21) means that He(pg) = €0 He(po) for all such states.

5see. appendix A.
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Let pp be an arbitrary state such that ﬁq;.(po) < +o00. By the below lemma 5 there
exists sequence {p,} of states with finite output entropy, converging to the state po,
such that lim, 1 ﬁ¢(pn) = fIq,(po). By the above observation PAI@ (pn) =0 Ho(pn)
for all n. Since the function €6 Hg is lower semicontinuous (by definition), we obtain

0 He(po) < liminfeo He (pn) = lim Hq(pn) = Ha(po).

This inequality and (21) imply that He(po) = @ Ho(po) for arbitrary state po.
Proposition 7 is proved.

The following observation plays essential role in study of the properties of the
function He . R

LEMMA 5. For arbitrary state py such that He(pg) < oo there exists sequence
{pn} of finite rank states, converging to the state py, such that

~

Ho(ppn) < +00 forallm and  lim Hé(pn) = Hg(po).

n—-+oo

Proof. Let mg be a H o-optimal measure for the state pg, which exists by propositionl
6. Since any probability measure on complete separable metric space &(H) is tight [1], 28]
for any n € N there exists compact subset /C,, of the set Extr(&(H)) such that
oK) > 1— 1/n Compactness of the set IC,, implies decomposition K, = Um(n) AL,
where {A”}m is a finite collection of disjoint measurable subsets with diameter less
than 1/n. Without loss of generality we may assume that mo(.A?) > 0 for all ¢ and n.
By construction compact set AP lies within some closed ball B} of diameter 1/n for
all 4 and n.

By assumption H<1> (po) fe p)mo(dp) < +oo, and hence the function

Hg is finite mg-almost everywhere. Slnce the function He is lower semicontinuous it
achieves its finite minimum on the compact set A} of positive measure at some pure
state pI' € A”. Consider the state p, = (mo(K,)) ! Zznl mo(AM)plr. We want to
show that

3

(22) lon — poll1 = o

The state p;' = (mo(A})) ™" [4. pmo(dp) lies in the set B} by convexity of By
Hence ||p? — p7|ly < 1/n. By noting that mo(K,) = 3270 70 (A7), we have

m(n)

(mo(Kn) ™" Y mo(A}) 7

i=1

m(n)
- Z / po(dp) —/ Pﬂo(dp)
i=1 YA} S(H)\Kn

m(n

< 3 A o)1 — 70l + H / ot

i=1

llon — poll =

1
m(n)

< (L=mo(Ka)) + D mo(AD 7 = 57 1+ mo(S(H)\Kn) <

i=1

ti. (22).
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By the choice of the states p! for each i and n we have Hg(p') < Hg(p) for all
p in A7. Hence,
m(n)
(mo(Ka)) ™! Y mo(A}) Ha(p})

i=1

~

H@(pn)

[IA

(n)
S (mo(Ku)™ 3 [ Halp)wo(dp)

< (mo(Kn)) ™! oo Ha(p) mo(dp) = (m0(Kn)) " Ha (p0)-

Thus limsup,, ., , I;T@(pn) < ﬁq,(po). But lim, 100 pn = po due to (22) and by
applying lemma 4 we obtain liminf, pr (pn) 2 ﬁ@ (po). Hence there exists
hmn—>+oo H@(pn) = H@(Po)

By construction the state p,, for each n is a finite convex combination of pure states
pr i =1,...,m(n), with finite output entropy He(p}"). It follows that He(p,) < 400
for all n [34]. Lemma 5 is proved.

The real Banach space By, (H) of all hermitian operators is a dual space for the
space %3, (H) of all hermitian trace class operators. The nonnegative lower semicontinuousf
function He on &(H) can be extended to the nonnegative lower semicontinuous
function Hg on T, (H) by ascribing the value +oc to arbitrary operator in T, (H)\&(H).Jj
The Fenchel transform of the function Hg (see appendix A) is defined on the set B, (H)f]
by the expression

(23)  Hy(A)= swp (TrAp—Haolp)) = sup (Tr Ap— Hal(p)).
pETR(H) PEG(H)

The double Fenchel transform H* is defined on the set Tj,(H) by the expression

(24) Hy(p)= sup (TrAp— Hy(A)).
AEB,(H)

Since the function Hg is nonnegative, its convex closure @ Ho coiIdees with its
double Fenchel transform Hg*. Since the restriction of the function ¢o Hg to the set
S(H) coincides with €0 Hg, proposition 7 implies the following representation for the

H-function.
COROLLARY 4. Let ®: &(H) — S(H') be a quantum channel. Then

Hy(p) = Hy'(p)= sup  inf (Hg(o)+TrA(p—0))
AeBy,(H) c€S(H)
for any state p € G(H).

Consider the set }AL;I(O) = {p € 6(H)| Ho(p) = 0}. Note that the set Hy'(0) =
{p € 6(H) | Ha(p) = 0} is a closed subset of G(H) due to lower semicontinuity of the
quantum entropy [34].

PROPOSITION 8. The set ?L;l(()) coincides with the convex closure of the set
H3'(0) N Extr &(H).

Proof. Let py € @ (Hz'(0) N Extr §(H)). Then there exists sequence of states
{pn} C co(Hz'(0) N Extr &(H)), converging to the state po. By definition Holpy) =
0. Nonnegativity and lower semicontinuity of the function He (lemma 4) implies
Hg(po) = 0.
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Let pg € H Y 1(O). By proposition 6 the state pg is the barycenter of some measure
7o supported by pure states such that Hg(p) = 0 for mp-almost all p. By using the
arguments from the proof of theorem 6.3 in [28] it is easy to see that this measure 7
can be approximated by the sequence of measures m,, finitely supported by the set of
pure states, such that Hg (p) = 0 for m,-almost all p. It follows that for each n all atoms
of the measure T, are pure states in Hy ' (0). By continuity of the map 7 — () the
state pg = p(o) is a limit of the sequence {p(m,,)} of states in co(Hy ' (0)NExtr &(H)).
Proposition 8 is proved.

6. On continuity of the functions x4 and ﬁ<p. Lemma 2 implies

(25) xa(p) = Ha(p) — Ha(p)

for all states p with finite output entropy. This expression remains valid in the case
Hg(p) = +o00 and Hg(p) < +o00. Indeed, by substituting Hg-optimal measure 7 for
the state p into expression (4) in [10] it is easy to obtain that x4 (p) = +o00. Note also
that for any state p finiteness of x4 (p) and He(p) implies finiteness of Hg (p) and hence
validity of expression (25). The last assertion can be proved by using proposition 4
and lemma 5.

By expression (25) continuity of the functions ye and Hg on some set A C S(H)
implies continuity of the output entropy Hg on this set. It is essential that the converse
assertion also holds and follows from expression (25) due to lower semicontinuity of
the function y¢ (proposition 4) and lower semicontinuity of the function pr (lemma
4).

THEOREM 1. Let ®: S(H) — &(H') be a quantum channel. If the restriction of
the output entropy He to some set A C G(H) is continuous then the restrictions of
the functions x¢ and ﬁ¢. to the set A are also continuous.

Remark 3. The statement of theorem 1 seems surprising by the following reason.
The value of the output entropy Hg at a particular state p is completely defined by
the output state ®(p) and it does not depend on the action of the channel ® on other
input states. Thus continuity of the function Hg on some set A means continuity of
the entropy on the set ®(A), which depends only on the set ®(A). In contrast to
this the values of the functions xs and Hg at some state po depend (due to their
definitions) on the action of the channel ® to all states contained in the union of
supports of all measures with the barycenter pg. Thus behavior of these functions on
some set A depends on action of the channel ® to all states contained in the union
of supports of all measures with the barycenter in A. Nevertheless, by theorem 1
continuity of the entropy on the set ®(.A) guarantees continuity of the functions xe¢
and H. o on the set A independently of the action of the channel ® to all states, which
are not contained in A.

Note also that continuity of one of the functions y¢ and Hg on some set A does
not imply continuity of the output entropy on this set. For example, in the case of
the noiseless channel ® the function Hg is equal to zero on G(H), but the function
Hg (the entropy of a state) is discontinuous on &(H).

Proposition 3 in [10] implies the following observation.

COROLLARY 5. Let H' be positive unbounded operator in the space H' such that
Trexp(—BH') < +oo for all 3 > 0.5 Then the restrictions of the functions xa and

6In [10] such operator is called $-operator.
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ﬁq:. to the subset
A ={p € &(H)| Tr B(p) H' < '}

are continuous for each h' 2 0.

In [10] it is mentioned that the condition of corollary 5 is fulfilled for quantum
Gaussian channels with the energy constraint Tr pH < h, where H = RTeR is the
Hamiltonian of a system of oscillators with nongenerate energy matrix € and R are
the canonical variables of the system.

PROPOSITION 9. Let {p,} be a sequence of states converging to the state pg such
that lim, 1 o fI@(pn) = fl@(poy and 7, be a ﬁq)—optz'mal measure for the state p,

or each n=1,2.... The set of partial limits of the sequence {m,} > is nonempt
> p q n=1 744

and consists of Hg-optimal measures for the state pg.

Proof. Let {p,} and {m,} be the above sequences. Since the set {p,}29 is a
compact subset of G(H), the set 73{ (on} 1) is a compact subset of P by proposition 2
in [10]. Hence the sequence {m,} C P({pny+= has partial limits. Let o be a limit of

some subsequence {7y, } of the sequence {7, }. By lower semicontinuity of functional (18)J]
we have

Ha(po) = lim Ho(pn,) = lim 00 Hg(p) 7, (dp)
Z Hg(p) mo(dp),
S(H)

which means that 7 is a ﬁ¢—optimal measure for the state pg. Proposition 9 is proved.

Theorem 1 and proposition 9 make possible to represent ﬁ]cp—optimal (x@-optimal)
measure for any state with finite output entropy as a limit point of the sequence of
measures with finite support (conventional ensembles). Recall that by proposition 6
for any state of finite rank n there exists ﬁq>—optimal measure with finite support
consisting of n? atoms (pure states).

COROLLARY 6. Let pg be such state that Hg(pg) < +oo, P, be the spectral
projector of py corresponding to its n mazimal eigenvalues and m, be a ]?Lp—optimal
(x®-optimal) measure with finite support (ensemble of n? pure states) for the finite
rank state p, = (Tr P,po) ' P.po for each n € N. Then any partial limit of the
sequence {ﬂ‘n} s a ﬁqyoptimal measure for the state pg.

Proof. By using Simon’s dominated convergence theorem [33] it is easy to show
that

Jm  He(pn) = He(po)-

Hence the conditions of theorem 1 are valid for the set A = {p,}>). Thus
lim,,— 400 Ho(pn) = Hao(po), and proposition 9 implies the assertion of the corollary.

"For example, the sequence of finite rank states provided by lemma 5.
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7. The additivity problem. Let ®: S(H) — &(H') and ¥: §(K) — S(K')
be channels with the constraints defined by the sets .4 and B correspondingly. Consider
the channel P ¥: G(H®K) — &(H' ®K'). For this channel it is natural to consider
constraint defined by the set

AB={wecBHaK)|u" c A " cB},

where the following notations w’* = Trx w and w® = Try w are used.
Additivity of the Holevo capacity for the .A-constrained channel ® and the B-
constrained channel ¥ means equality

(26) C(®eU, Az B)=0(®,A) +C(V,B).

Remark 4. Let Q(®,.A) and Q(¥, B) be the output optimal average states for the
A-constrained channel ® and the B-constrained channel ¥ correspondingly. Additivity
of the Holevo capacity (26) implies that the state Q(®,.4) ® Q(¥, B) is the output
optimal average for the A ® B-constrained channel ® ® W. Indeed, let {{n¥, p¥}}; and
{{ul, o} }x be approximating sequences of ensembles for the A-constrained channel ®
and the B-constrained channel . By proposition 1 the sequences {®(75,)}r and
{U(Tk)}r converge to the states Q(P,.A) and Q(¥,B) correspondingly. It follows
from (26) that the sequence of ensembles {{rfu¥, p¥ ® o¥}}, is approximating for
the A ® B-constrained channel ® ® ¥. By proposition 1 the limit Q(®,.4) @ Q(T, B)
of the sequence {®(p;,) ® V(d%)}x is the output optimal average state for the A ® B-
constrained channel ® ® .

Additivity of the Holevo capacity (26) for arbitrary sets .4 and B is equivalent to
validity of the following inequality:

") )

(27) Xoew(w) < xo (') + xw(w

for any state w € G(H®K) (subadditivity of the x-function). Indeed, let w be arbitrary
state in 6(H ®K). Let A = {w"} and B = {w*}. Then (26) and the definition of the
x-function imply

X (W) + xw (W) = C(@,{w"}) + C(¥, {w*})
=C (2@ ¥, {u"} @ {W"}) 2 xeeu(w).

Conversely, it follows from (27) that
C(@V,AxB) < C(®,A) + C(¥;B).

Since the converse inequality is obvious we obtain (26). In [31] it is shown that
subadditivity of the y-function holds for nontrivial class of infinite dimensional channels.|j

In [13] the approach to the additivity problem in the finite dimensional case based
on the convex analysis is proposed. The results of the previous sections make possible
to generalize this approach to the case of infinite dimensional channels.

For channel ®: &(H) — S(H') and operator A € B (H) consider the following
characteristic [30]:
(28) v (®,A) = inf (Hge(p)+ TrAp).

PEG(H)

Note that this characteristic is a generalization of the minimal output entropy of

the channel ®, defined by the expression

29 Huin(®) = inf Hg(p) = vir(®,0).
(29) (@) janf a(p) = vu(®,0)
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Concavity of the quantum entropy implies that the infimum in (28) and (29) can be
taken over the set of all pure states p in &(H).
Additivity of the minimal output entropy for the channels ® and ¥ means equality

(30) Hmin(q) ® \Ij) - Hmin(q)) + Hmin(\:[j)v

which is a partial case of additivity of the above characteristic with respect to the
Kronecker sum:

(31) v (P@ U, AR +1®B)=vg(®,A) +vy(¥,B).

If ® and ¥ are finite dimensional channels then in [21] it is shown that validity
of inequality (27) for all states w is equivalent to validity of the following inequality

(32) Hogu(w) 2 Hy (™) + Hy (W)

for all states w € S(H ® K) (superadditivity of the H-function). In the infinite
dimensional case the relations between these properties of sub-(super-)additivity are
presented in the following theorem.

Let Gog = {w € G(H®K)|Hg(wh) < +00, Hy(wr) < +oo} be a convex
subset of G(H @ K).

THEOREM 2. Let ®: 6(H) — S(H') and ¥: &(K) — &(K') be arbitrary
channels.

1) Validity of inequality (32) for all states w € G(H ® K) is equivalent to validity
of equality (31) for all positive operators A € B (H) and B € B (K), which implies
additivity of the minimal output entropy (30).

2) Validity of inequality (32) for all states w € Gg .y is equivalent to validity
of inequality (27) for all states w € So,w, which means additivity of the Holevo
capacity (26) for all sets A and B such that

Hg(p) < +o0 Vpe A and Hy(o) <400 VoeB.

Proof. 1) By considering product states it is easy to obtain the following subadditivityl|
property:

(33) vg(PQU,ARI+1®B) Svy(®,A)+vy(¥,B).

By proposition 7 the function ﬁ@ is the convex closure of the function Hg. The
Fenchel transform H of the function Hg is defined on the set B;,(H) of all hermitian
operators by expression (23). By lemma 1 in [13] (formally the considered functions
do not satisfy the conditions of this lemma, but it is easy to see that all arguments in
its proof remain valid in this case), superadditivity of the H-function is equivalent to
subadditivity of the Fenchel transform with respect to the Kronecker sum:

Hygu(A® Ix + I ® B) = Hy(A) + Hy(B)
VAeBr(H), VDBeB,(K).
By definition the last inequality means the following one:

sup  (Tr Aw’™ + Tr B —H(®® U(w)))
weES(HRK)
< sup (Trdp— H(®(p)) + sup (Tx Bo — H(¥(0))
PEG(H) e6(K)
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for all A € B, (H) and B € B, (K).

By using invariance of the last inequality with respect to substitution for A and
B by A+ ||A||Ix and B+ ||B|| Ik correspondingly and using (33), we obtain assertion
1) of the theorem.

2) By representation (25) and subadditivity of the quantum entropy, inequality (32)]
for arbitrary state w € Gg ¢ implies inequality (27) for this state.

Suppose that inequality (27) holds for any state w € G4 y. By the observation
after remark 4 this means additivity of the Holevo capacity (26) for all A and B
such that Hg(p) < 400 for all p € A and Hy (o) < +oo for all o € B. In particular,
C@ @ U, ) & {W5}) = (@, (1)) + O, ).

By remark 4 the state ®(w’) ® ¥(wr) is the output optimal average for the
{wM} ® {w }-constrained channel ® ® ¥. By noting that w € {w"} ® {w*} and using
proposition 3 we obtain

Xa (W) + xu (W) = C(@, {w}) + O(¥, {*})
=C(2®V, (W' ® {w’c})
(34) > Xaow(w) + H(® @ U)(w) [|2(W") @ ¥ ("))

Since

H((® @ V)W) || 2w™) @ ¥(w"))
= H(®(w")) + H(¥(W")) — H(® @ ¥)(w)),

inequality (34) coming with (25) leads to (32). Theorem 2 is proved.

In contrast to the finite dimensional case theorem 2 does not allow to show that
subadditivity of the y-function (validity of inequality (27) for all states w) implies
superadditivity of the H-function (validity of inequality (32) for all states w) for
given two channels and vice versa. But for the nontrivial class of channels with finite
output entropy (see the examples in [3]) theorem 2 guarantees equivalence of these
properties.

COROLLARY 7. For arbitrary two channels ® and ¥ with finite output entropy
subadditivity of the x-function is equivalent to superadditivity of the H -function.

The main difficulty preventing to prove the analogous assertion for arbitrary
channels is related with existence of “superentangled” pure states w, having partial
states with infinite entropy (see remark 4 in [31]).

8. On definition of the Entanglement of Formation. Entanglement is a
specific feature of composed quantum systems. One of the measures of entanglement
of a state of a bipartite system is the Entanglement of Formation (EoF) [17]. In the
finite dimensional case it is defined as follows:

EF(p) = pP min Zﬂ'yH(I)(pl)a
P

i Tipi=

where ® is the partial trace considered as a channel from the state space of composed
system into the state space of its subsystem. In terms of convex analysis this definition
means that the EoF coincides with the convex hull of the output entropy of the partial
trace channel. Continuity of the EoF established in [26] implies that it coincides with
the convex closure of the output entropy of the partial trace channel in this case.
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The following generalization of the EoF to the infinite dimensional case is considered

in [19]:
EIQ( = p inf Z’IQH@ (pi),

i TiPi=
where the infimum is over all countable decomp051t10ns of the state p into pure states
and @ is the partial trace channel.

The alternative approach to the definition of the EoF is considered in [24] in the
case of tensor product of two systems with one of them finite dimensional. By using
the results of the previous section we can generalize this approach and define the EoF
in the general case by

Ef(p) = Ho(p) = inf Hg(p) 7(dp),
T€PLy JS(H)
where @ is the partial trace.
Proposition 7 shows that Eg is a convex lower semicontinuous function, coinciding
with the convex closure of the output entropy of the partial trace channel. Proposition
6 implies that the infimum in the above expression is achieved at some measure

supported by pure states. Proposition 8 guarantees the following natural property
of ES:

{E€(p) = 0} <= {state p is separable},

where the set of separable (nonentangled) states is defined as the convex closure of
pure product states [3]. Indeed, if ® is the partial trace channel then the set Hg'(0)N
Extr 6(H) coincides with the set of pure product states. Theorem 1 guarantees
continuity of Eg on subsets of states, on which the output entropy of one of the
partial traces is continuous. By proposition 3 in [19] this implies continuity of Eg on
the subsets of states with constrained mean energy. Note also that theorem 1 implies
continuity of F¢ = EZL on the whole state space of composed system, which contains
at least one finite dimensional subsystem. (Proof of continuity of the EoF is nontrivial
even in the finite dimensional case [26].)

The interesting question is the relations between EE and Eg Proposition 6
implies

EF (p) Z EF ()

for all states p. Since an arbitrary state can be represented as a countable convex

combination of pure states it follows from lemma 2 and concavity of the output entropy
that

c
(35) EF(p) = Ef (p)
for all states p having at least one partial trace with finite entropy. It is easy to see
that (35) holds for all nonentangled and all pure states (for which Hg coincides with
Hg). Note that lemma 5 implies
ES(p) = lim inf miHo(
F(p) cto P mipi €U (p)z 1P pz
where U, (p) is e-vicinity of the state p and the infimum is over all (finite) ensembles
of pure states. But validity of equality (35) for mixed states having partial traces with
infinite entropy remains an open problem. In the appendix B it is shown that validity
of this equality can not be proved by using only general functional properties of the
output entropy.
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9. Appendixes.

A. Convex hull and convex closure. Here the notions from the convex
analysis used in the main text are presented, following [4]. Let f be an arbitrary
real valued function defined on closed convex subset X of some locally convex linear
topological space. Consider the subset epi(f) = {(z,\) € X xR|A 2 f(z)} C X xR.

Note that a function f is uniquely determined by the corresponding set epi(f).
Function f is called conver if the set epi(f) is a convex subset of X x R. Function f is
called closed if the set epi(f) is a closed subset of X x R. Function f is called proper
if it does not take the value —oo. For proper function f convexity means

f(/\l‘l—‘r(l—/\)l‘g) é/\f(l‘l)—‘r(l—/\)f(.%‘g) Vry,x0 € X, VAE [0, 1].

Each closed function f is lower semicontinuous in the sense that the set defined by
the inequality f(x) < X is a closed subset of X for arbitrary A € R and, conversely,
each lower semicontinuous function f is closed. It is possible to show that lower
semicontinuity of a function f means that

lim inf f(z,) 2 f(xo)

n—-+oo

for any sequence {z,} C X converging to x.
Let f be an arbitrary function on X. The convex hull co f of the function f is
defined by the expression

co inf

fle) = (x, /\)ECO(epl(f))

in which symbol co in the right side denotes the convex hull of a set. This is equivalent
to the following representation:

co f(z) = p inf z:ﬂ'zfxZ m; > 0, Zﬁi:L

; TiTi=T
It follows that co f is the greatest convex function majorized by f. The convex closure
¢0 f of the function f is defined by the relation epi(co f) = @0 (epi(f)), in which symbol

¢o in the right side denotes the convex closure of a set. Hence o f is the greatest
convex closed function majorized by f. This implies:

@ f(x) Scof(z) < flz) VaeX.

If f is a continuous function on compact convex set X then o f = co f [12].

For arbitrary real valued function f on locally convex real linear topological space
X the Fenchel transform f* is the function on the dual space X* defined by the
expression

() =sup((y,z) - f(z)) Vye X"
rzeX

The double Fenchel transform f** is the function on the space X defined by the
expression

(@) = sup ({y,2) = f*(y)) VzelX
yeX*
By Fenchel’s theorem f**(x) = @06 f for arbitrary proper function f. This implies that
for any proper function f its convex closure c¢of coincides with the upper bound of
the set of all affine continuous functions majorized by f.
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B. On coincidence of two definitions of the EoF. Many questions related
with the quantum entropy H(p) can be solved by using the following properties of
this characteristic:

— nonnegativity;
— concavity;
— lower semicontinuity.

These properties follows from the substantially stronger property of the quantum
entropy: the function H(p) is a pointwise limit of the increasing sequence of the
nonnegative concave continuous and bounded ® functions H (P, pP,,)+Tr pP, log Tr pP,, i
where P, is arbitrary increasing sequence of finite rank projectors, converging to the
unit operator in the strong operator topology [22].

The output entropy He(p) of any quantum channel ® (in particular the partial
trace channel) has all the above properties, which are used in proving many results
of this paper. For example, the representation of the function Hg(p) as a limit
of increasing sequence of nonnegative concave continuous and bounded functions
provides the proof of existence of Hg-optimal measure supported by pure states
(proposition 6).

The aim of this section is to show that the above properties of the output entropy
Hg(p) are not sufficient for proof of validity of equality (35) for all states.

Let € be the class of all functions on &(H), represented as a pointwise limit
of increasing sequence of nonnegative concave continuous and bounded functions
on 6(H).

This definition implies that all functions of the class £ are concave lower semicontinuousjj
functions on &(H) with the range in [0, +o00].

PROPOSITION. In & there exists bounded function F such that

P inf ZmF(pi) =1 and inf / F(p)m(dp) =0
S(H)

§ MiPi=po TE€P(po}

for some state py in S(H), where the infimum in the first expression is taken over all
countable decompositions of the state pg.

In the proof of this proposition the essential role is played by the following lemma,
in which the indicator function of an arbitrary set of pure states is introduced.

LEMMA. Let A be an arbitrary set of pure states in S(H). The function fa(p) =
infoe 4(1—Tr po) is a continuous and concave function on &(H) such that 0 < f(p) <
1 and f~1(0) = A.

Proof. Tt is sufficient to prove convexity and continuity of the function 1 — f(p) =
g(p) = sup,c4 Trpo, since the other properties are easily verified. Convexity and
lower semicontinuity of the function g(p) follows from its representation as an upper
bound of the family {Tr po},c4 of continuous affine functions on &(H).

Suppose the function g(p) is not upper semicontinuous. This means existence of
such sequence of states {p,}, converging to some state pg, that

(36) lim g(pn) > g(po)-

n—-+oo

Let 2 = {|¢) € H||)(p| € A} be the set of unit vectors in H and A be the closure

8Since the set G(H) is noncompact continuity does not imply boundedness.
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of this set the weak topology in Hilbert space H. By lemma 2 in [5, p. 284]° we have

(37) 9(po) = sup Tr pgo = sup(p|pole) = sup(p|po| ¥).
gEA peA peA

For any € > 0 and n there exists vector ¢5, in 2 such that (g |pn|@s) > g(pn) —€.
Since the unit ball in the space H is compact in the weak topology, there exists
subsequence {5, }r of the sequence {7, },, weakly converging to some vector ¢ €
2. By lemma 2 in [5] mentioned above the sequence {(¢% |po|¢5, )} converges to
(¥6lpoleg) as k — 4oo. Thus by using the estimation (7, [pn, — poleh, )| = llpn, —
poll1 we obtain

Jm g(pn,) S Tm (er [ | 9n,) =€ = (@blpol #5) — € = glpo) — &,

where the last inequality follows from (37). Since ¢ is arbitrary this inequality contradictsf]
to (36). Lemma is proved.

Proof of Proposition. Let A, be the set of all pure product states in the tensor
product of two separable Hilbert spaces and pgy be the separable state, constructed
in [3], such that any measure with the barycenter py has no atoms in A. Let F' be
the characteristic function of the complement of the set As. For each n = 1,2, ...
the function Fy,(p) = ¥/ fa.(p), where f4_(p) is the function from the above lemma,
is continuous and concave. Hence, the pointwise limit F' of the sequence {F,} is a
function of the class £. By lemma 1 in [3] there exists (purely nonatomic) measure g
supported by the set A, and having barycenter pg. Thus infrep,, , fG(H) F(p)n(dp) =
0. Since support of any atomic measure with the barycenter py does not intersect
with A, it easy to see that infpimpro Yo miF(pi) =1

The author is grateful to A.S.Holevo for permanent help in preparing of this
paper. The author is also grateful to M.Wolf for the useful remarks.
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