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PVs

= [−s, s]
I�� v<Y$]i<Y$[ v$X h T ` b$[ _<V<q

ρ = ρs
�f T v$T _<_$] c ]>U�] Y$\�Z b$] l � � � �<h Y<V<` V$T b<j _$]�E[ X b<V s _$[ e$¥ h k_$]<�<VaV$\	[ [ h>i$] Yqv$] W
2
�$[ X b<V

s
e$¥ h _$] I$o ] � h ] \�ZDV<f � ® � \�t�i$] b<Ze$T [ \

deg ρs(SL2) =
3!

2| ker ρs|

∫ s

−s
x2dx =

{
2s3

[ X b<V
s
_$[ e$¥ h _$]

,

s3
[ X b<V

s
e$¥ h _$] I �  �

�ER 0ER�� � � � � �<���r�D� � �<��� � � � ��� � �$� �� �o ZX h j
L p W<] _$[ e<_$] \	[ Y<_$] [�`[ W<h ] Y<_$] [�i<Y$] X h Y$T _$X h ` ]�_$T v k

IAo ZX h j
H pT b<c [ d Y$T V<e$[ X WT q c Y<Zi<i$T<�Fv$[ l$X h ` Zz�{>T q � T b<c [ d Y$T V<e$[ X W<V � _$T|i<Y$] [ W<h V<` _$] \i<Y$] X h Y$T _$X h `[

P(L)
] v<_$] \	[ Y<_<t�msb<V<_$[ l<_<tKmri$] v<i<Y$] X h Y$T _$X h `s`

L
I�2 [>\	[ _<qq

H
k ] Y$d V<hn`

P(L)
��\	] ~F_$]nf T \	[ _<V<h jrc Y<Zi<i<Z

H
_$Tn[ ¥>U�T W<h] YBi$]aqv<Y<Zs_$[ � U�kU�[ W<h V<` _$] X h VBv$[ l$X h ` V<qBV�X e<V<h T h j

H
i$] v<c Y<Zi<i$] lB`

Aut(P(L))
I	o Z X h j

H̃ pi<Y$] ] d Y$T f
H
] h _$] X V<h[ b<j _$]�[ X h [ X h ` [ _<_$] c ]Kc ] \	] \	] Y$UAV<f \	T

GL(L)→Aut(P(L))� ] h\	[ h V$\���e<h ]rY$[ v<ZW<h V<` _$] X h j H � W<` V<`T b$[ _<h _$TsY$[ v<ZW<h V<` _$] X h V H̃ � I	o ZX h j
π : L \ {0} → P(L) p [ X h[ X h `[ _<_$T qDi<Y$] [ W<«<V<q I ¨ntg_$T f tK` T [ \si$] v$\�_$] ~F[ X h ` ]F`
L
� � �<��� � � � � � [ X b<VD] _$]AV<_<` T Y<V$T _<h _$]F] h _$] X V<h[ b<j _$]�Z<\�_$] ~F[ _<V<q>_$TAW<T ~>v<t�l_$[ _<Z b$[ ` ] l � b$[ \	[ _<h>V<f k I

�rM �A��� �ER =�R�� � � �F� U 	 �$� #<� � �F� �s� �F� �$�	�F� � H � �$� � � �$�$� �<�F�$� � #<� � ���<� ���� � � � � � P(L)
�
p, q ∈ U 	 � � �n� " �s�F� �� �  �� � � � �	� � � � � �<� � �$�$� �s�F� �� �

p̃ ∈ π−1(p)
�
q̃ ∈ π−1(q)  �
 � " � � � �$� � � � �F�<� � � � � � � � ��
 � � � � � �$� �$�F�<��

� ± � � �$� �<�F� H · p
�$� ���$� � � � �A�	� � �$�<�r� �$� �$�F� H · q � P(L) �� ± ± � � �$� �<�F� H · p
�$� ���$� � � � �A�	� � �$�<�r� �$� �$�F� H · q � U �� ± ± ± � � �$� �<�F� H̃ · p̃
�$� ���$� � � � �A�	� � �$�<�r� �$� �$�F� H̃ · q̃ � L  

$ �$� �$�F�
H̃ · p̃

�
H̃ · q̃

� � ������� � �s� � �<��� � � � ���  
� � � � � � �F� �$� � � � �  o ] X W<] b<j W<Z H̃ X ] v$[ Y~FV<ha` X [AZ<\�_$] ~F[ _<V<qni<Y$] X h Y$T _$X h `T

L_$TD_$[ _<Z b$[ ` t�[>X WT b<qY<t��
H̃ · p̃ = π−1(H · p)

V
H̃ · q̃ = π−1(H · q)

I�� V<h T h[ b<jb$[ c W<]Fi<Y$] ` [ Y<V<h �<e<h]FZh `[ Y ~>v$[ _<V$[A` tKh [ W<T [ ha] h X zKv$TFVaV<f�] i<Y$[ v$[ b$[ _<V<l I
�

2 T \gi$] _$T v$] d V<h X qBX b$[ v<Zz�{F[ [�i<Y<V$\	[ _$[ _<V$[Fb$[ \	\�t ¯<I � IEw T X X \	] h Y<V$\}`aWT ke$[ X h ` [
L
W<] ] Y v<V<_$T h _$] [>i<Y$] X h Y$T _$X h ` ]

kn+1 ��TD`aWT e$[ X h ` [ H p c Y<Zi<i<Z G V<f
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i I�H I H �v$[ l$X h ` Zz�{FZz|_$T
P(L)

i$]Fi<Y$T ` V<b<Z � X \ I � � � �
g · (α0 : α1 : . . . : αn) :=

(
α0 :

n∑

i=1

ρ1,i(g)αi : . . . :

n∑

i=1

ρn,i(g)αi

)
.

y h T _<v$T Y<h _$] [Ac b$T ` _$] [�] h W<Y<tKh ] [Ai$] v$\�_$] ~F[ X h `]
{(α0 : α1 : . . . : αn) | α0 6= 0}`

P(L̃)
q<` b<q$[ h X q

G
k V<_<` T Y<V$T _<h _<tK\rV � W<` V<` T Y<V$T _<h _$]KV<f ] \	] Y$UA_<tK\ G k \	] v<Z b<z

V
I�o ] � h ] \�Z ��` ` V<v<Z�b$[ \	\�t ¯I ���] h `[ hs_$Ts`] i<Y$] X (∗) � W<` V<`T b$[ _<h[ _�] h ` [ h Z_$Tr` ] i<Y$] Xa]rh ] \���b$[ ~>V<hrb<Vg] Y$d V<h T

G̃ · ã
`rf T \�tKWT _<V<V}] Y$d V<h t

G̃ · b̃
I�� h ]] f _$T e$T [ h �e<h]�f T \	[ _<qqDc Y<Zi<i<Z

G
_$T

G̃
� i<Y$] X h Y$T _$X h ` ]

V
_$T

L
�T�h ] e<W<V

a
V
b_$T<�<X ] ] h `[ h X h ` [ _<_$]<�

ã
V
b̃
�<\�t�X `] v<V$\BY$[ #F[ _<V$[�`] i<Y$] X T

(∗)
WnX b<Ze$T zF�W<] c v$T] d [�] Y$d V<h t

G ·a
V
G · b

q<` b<q<z�h X q>_$[ _<Z b$[ ` tK\�VDVDW] _<V<e$[ X W<V$\�V I �` V<v<Z � h ] c ]�i<Y<Vai$] V$X W[�] h ` [ h T>_$TF` ] i<Y$] X
(∗)
�$\	] ~>_$]>X e<V<h T h j

,e<h ]
G · a

V
G · b p _$[ _<Z b$[ ` tK[AW] _<V<e$[ X W<V$[�] Y$d V<h t . � H ' �

¤ h\	[ h V$\}[ {>[ �$e<h ]<�$` ` V<v<Zab$[ \	\�t ¯<I �<�$`] i<Y$] X �ET _$T b$] c V<e<_<tKlr`] i<Y$] X Z
(∗)
�_$]�v<b<qFv$[ l$X h ` V<qFc Y<Zi<i<t�_$T�i<Y$] [ W<h V<` _$] \ri<Y$] X h Y$T _$X h `[ �X ` ] v<V<hX q>WF`] i<Y$] X Z

(∗)
v<b<qav$[ l$X h ` V<qa_$TFb<V<_$[ l<_$] \�i<Y$] X h Y$T _$X h ` [ I

�ER ��R � �<� � �$�	��� � �<�$�	�A� �" � �$�<�A���¨nt�d Z v$[ \gX e<V<h T h j>V<f `[ X h _<t�\�VrX b$[ v<Zz�{�V$[�v$T _<_<tK[ �
p y h [ i$[ _<ja\�_$] c ] ] d Y$T f V<q

ρ(G)
�

d := deg ρ(G). � H H �
p � Z_<W<«<V<V

ι∗(ρp,q)∈k[A
r,s]=k[x1, . . . , xr+s, x

−1
1 , . . . , x−1

r ], 1 6 p, q 6 n.

�n��P���M� �ER Q���R w T X X \	] h Y<V$\}h Zn~F[>X V<h ZT «<V<zF�Ee<h]DVr`ai<Y<V$\	[ Y$[ ¯I ¡ I�� V$X b$]
� H H � v$T [ h X qsU�] Y$\�Z b$] l �  � I	9 f � � � X b$[ v<Z[ h ��e<h ]nU�Z_<W<«<V<V ρp,q

` � � � ] i<Y$[ v$[ kb<q<z�h X qaY$T `[ _$X h `] \
(αz1 +γz2)

s−j(βz1 + δz2)
j =

s∑

i=0

ρi+1,j+1(g)z
s−i
1 zi

2,
c v$[

g=

[
α β
γ δ

]
∈G. � H ¯ �

�] f j \	¥ \�`FW<T e$[ X h `[
ι
\	] Y$U�V<f \

ι : A
1,2 ↪→ SL2(k),

(ε1, ε2, ε3) 7→

[
1 ε2
0 1

] [
ε1 0

0 ε−1
1

] [
1 0
ε3 1

]
=

[
ε−1
1 ε2ε3 + ε1 ε−1

1 ε2
ε−1
1 ε3 ε−1

1

]
. � H � �

¬ ] c v$T�V<f � ¢ � � � H ¯ � � � H � � X b$[ v<Z[ h �<e<h ]FUAZ_<W<«<V<q ι∗(ρi+1,j+1)
Y$T ` _$T�W] � UAUAV<«<V<k[ _<h ZDi<Y<V

zs−i
1 zi

2

`>Y$T f b$] ~F[ _<V<Vsd V<_$T Y<_$] lrUA] Y$\�t
(
(x1 + x−1

1 x2x3)z1 + (x−1
1 x3)z2

)s−j(
(x−1

1 x2)z1 + (x−1
1 )z2

)j

] h
z1, z2

XAW] � UAUAV<«<V$[ _<h T \�Vr`>i$] b$[ k(x1, x2, x3)
`aX Z<\	\�Za\	] _$] \	] `a] h

z1, z2
I

2 T i<Y<V$\	[ Y��$[ X b<V
d = 2

�h]
ι∗(ρ2,2) = 1 + 2x−2

1 x2x3
I



� ��� ��� ���	���	�
�ER Q$Q$R�� �" � �$�<�A�o [ Y$[ l<v$¥ \sh [ i$[ Y<j�WDUA] Y$\�Z b<V<Y$] ` W<[�V>v$] W<T f T h [ b<jX h ` ZD] X _$] ` _$] c ]AY$[ f Z b<j h T kh T I ¨ntuV$X i$] b<j f Z [ \�` `[ v$¥ _<_<tK[>` t<#F[>] d ] f _$T e$[ _<V<qsVsX ] c b$T #F[ _<V<qsVsV$X W<b<z�ke$T [ \Bh Y<V<` V$T b<j _<tKlrX b<Ze$T l

G · b = V
�<h I [ I X e<V<h T [ \��<e<h]

dim G · b < dim V � H ( �
� i$] X W<] b<j W<ZFe<V$X b$] dim G·b

Y$T ` _$]�Y$T _<c ZFX V$X h [ \�t�`[ W<h ] Y$] `
{dρ(Yi)·b}i∈I

� c v$[
{Yi}i∈I p d T f V$X�` [ W<h] Y<_$] c ]Di<Y$] X h Y$T _$X h ` T Lie(G)

�$ZX b$] ` V$[ � H ( � \	] ~F[ hnd tKh ji<Y$] ` [ Y$[ _$]>W] _$X h Y<ZW<h V<` _$]<�E[ X b<VnX e<V<h T h jDV<f ` [ X h _<tK\�Vr] i$[ Y$T h] Y<t
dρ(Yi) � Iy b$[ v<Zz�{FT q>i$] X b$[ v$] ` T h [ b<j _$] X h j$#>T c ] `�` \	[ X h[�X�h[ ] Y$[ \	] l ¯<I H ¯ v$T [ hFW] _<kX h Y<ZW<h V<` _<t�lrX i$] X ] dFi$] b<Ze<V<h ja] h ` [ h>_$TF` ] i<Y$] X

(∗)
�

� H � 2 T l<v$¥ \BW<] ] Y v<V<_$T h t|`[ W<h ] Y$] ` a V b `>d T f V$X [ e1, . . . , en
�

a = α1e1 + . . . + αnen, b = β1e1 + . . . + βnen,V��<i$] \	[ _<q`$�$[ X b<Va_<Z~>_$]�$d T f V$X
e1, . . . , en

�<v$] d j ¥ \	X qah] c ]<�<e<h ] d t|d t�b$]` t�i$] b<_$[ _$]FZX b$] ` V$[
β1 · · · βn 6= 0. � H ¢ �

� � � w T X X \	] h Y<V$\ n
 ] d {�V<m�"Di$] b<V<_$] \	] `

F1, . . . , Fn
X h [ i$[ _<V

2d − 2 � c v$[ d] i<Y$[ v$[ b$[ _$]>U�] Y$\�Z b$] l � H H � � ] h>i$[ Y$[ \	[ _<_<t�m y1, . . . , yn
�

Fp :=
∑

q1,...,qn∈N

q1+···+qn62d−2

cp,q1,...,qn
yq1

1 · · · yqn
n , p = 1, . . . , n, � H ¡ �

h I [ I h T W<V<mE�Ee<h]�Ei$] \�V$\	]
y1, . . . , yn

�E` X [
cp,q1,...,qn

h T W<~F[Fq<` b<q<z�h X qri$[ kY$[ \	[ _<_<t�\�Vn_$T v
k
�<Vai$] b$] ~>V$\

H(y1, . . . , yn) := (y1 − α1)F1 + . . .+ (yn − αn)Fn − 1. � H ® �
� ( � S�T \	[ _<V<`B` H(y1, . . . , yn)

WT ~Fv<Zz i$[ Y$[ \	[ _<_<Zz
yi
_$T ∑n

j=1 βjι
∗(ρi,j)

�i$] b<Ze<V$\ab<V<_$[ l<_<Zz�W<] \	d V<_$T «<V<z}\	] _$] \	] `�` V<v$T � ¡ � X	W] � UAUAV<«<V$[ _<h T \�V`nW<] b<j «$[
k[. . . , cp,q1,...,qn

, . . .]
i$] b<V<_$] \	] `r] hni$[ Y$[ \	[ _<_<tKm

cp,q1,...,qn

_$T vi$] b$[ \
k
�

H

( n∑

j=1

βjι
∗(ρ1,j), . . . ,

n∑

j=1

βjι
∗(ρn,j)

)

=
∑

(i1,...,ir+s)∈M

`i1,...,ir+s
xi1

1 · · · x
ir+s

r+s , � H � �
c v$[

`i1,...,ir+s
∈ k[. . . , cp,q1,...,qn

, . . .]
�<T

M p _$[ W] h ] Y$] [�W<] _$[ e<_$] [�i$] v$\�_$] k~F[ X h ` ]>`
Z

r × N
s I �` V<v<Z � H ¡ � V � H ® � �$WT ~Fv<tKlnW<] � U�U�V<«<V$[ _<h `i1,...,ir+s` � H � � q` b<q<[ hX q �$�<�$� �<�$� � UAZ_<W<«<V$[ ln] h>i$[ Y$[ \	[ _<_<t�m cp,q1,...,qn

X�W<] � UAkUAV<«<V$[ _<h T \�Vn`>i$] b$[
k
I

� ¢ � w T X X \	] h Y<V$\|X b$[ v<Zz�{FZz^W<] _$[ e<_<Zz X V$X h [ \�Z �$�<�$� �<�$��� ZY$T ` _$[ _<V<l�] hi$[ Y$[ \	[ _<_<tKm
cp,q1,...,qn

X�W<] � U�U�V<«<V$[ _<h T \�Vn`>i$] b$[ k �
`i1,...,ir+s

= 0,
c v$[

(i1, . . . , ir+s) ∈M
I � H  �

��M 
$��M��� �ER Q<�ER�� � � �F� G · b 	 �<� �$� �$� � � �|� � �<��� � � � �|� �$� �<�F� � � �  �� H ' � �  � �$� � � � �F�<� � � � � � � � ��
 � � � � � �$� �$�F�<��
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� ± � � � ���	� � �<�$��� �$� �$�F� G · b � V � � � � �<���$� � �$� �<�F� G · a �� ± ± � � � � �F� ���A�$�$�<� �$�<���n� �� � �<� �$��� � H  � �<� � � � �A� � �F�$�  
� � � � � � �F� �$� � � � �  ¨at�Y$T f ] d j¥ \g[ c ]F_$T�_$[ X W<] b<j W];#>T c ] ` IH I�o Z X h j

z1, . . . , zn p v<Z T b<j _<tKl�W e1, . . . , en
d T f V$X�i<Y$] X h Y$T _$X h ` T

V ∗
I o ZX h j

ti p ] c Y$T _<V<e$[ _<V$[�_$T G · b
U�Z_<W<«<V<V

zi
Io ] X W<] b<j W<ZD\�_$] ~F[ X h ` ]

G · b
f T \�W<_<Zh ]`

V
�<T

k[V ] = k[z1, . . . , zn]
�$\�t�V$\	[ [ \
k[G · b] = k[t1, . . . , tn]. � ¯ ' �¤ h\	[ h V$\���e<h ]aUAZ_<W<«<V<q
ti p _$[FW] _$X h T _<h T I |X T \	] \}v$[ b$[ �Ei$] X W] b<j W<Zs] Y<kd V<h T

G · b
q` b<q<[ hX qsW] _<V<e$[ X W] l��

0 ∈ G · b
I	9 fD] i<Y$[ v$[ b$[ _<V<q

ti
X b$[ v<Z [ h ��e<h ]

ti(0) = 0
V
ti(b) = βi

I�2 ]
βi 6= 0

` ` V<v<Z � H ¢ � Iw T X X \	] h Y<V$\g] Y$d V<h _<t�lr\	] Y$U�V<f \
ϕ : G→ G · b, ϕ(g) = g · b. � ¯H �o ] X W] b<j W<Zn\	] Y$U�V<f \

ι
v$] \�V<_$T _<h [ _��E] d Y$T f�\	] Y$U�V<f \	T

ψ := ϕ ◦ ι : A
r,s → G · b � ¯ ¯ �i<b$] h [ _>`

G · b
� T�i$] h] \�Z>X ] ] h `[ h X h ` Zz�{FV<l>W] \	] Y$UAV<f \rq` b<q<[ hX qF` b$] ~F[ _<V$[ \T b<c [ d YnY$[ c Z b<q<Y<_<t�mnU�Z_<W<«<V<l��

ψ∗ : k[G · b] ↪→ k[Ar,s]. � ¯ � �
9 f � ¯ ' � X b$[ v<Z[ h �$e<h ]

ψ∗(k[G · b]) = k[ψ∗(t1), . . . , ψ
∗(tn)], � ¯ ( �TFV<f � ¯H � � � ¯ ¯ � � � ( � Vn] i<Y$[ v$[ b$[ _<V<q ti �<e<h ]

ψ∗(ti) =

n∑

j=1

βjι
∗(ρi,j). � ¯ ¢ �

� Z_<W<«<V<V
z1−α1, . . . , zn−αn

V$\	[ z�hK_$T
V
h] b<j W]�] v<V<_>] d {�V<l�_<Z b<j p h ] e<W<Z

a
I � e<V<h tK` T q

G
k V<_<`T Y<V$T _<h _$] X h j>\�_$] ~F[ X h ` T

G · b
�\�t�i$] b<Ze$T [ \B] hX z�v$T<� e<h ]X b$[ v<Zz�{FV$[AX `] l$X h ` T � W<` V<` T b$[ _<h _<t��

(c1)
] Y$d V<h T

G · a
_$[�b$[ ~>V<h>`Ff T \�t�W<T _<V<Vs] Y$d V<h t

G · b;
(c2)

h ] e<WT
a
_$[�b$[ ~>V<h>`Ff T \�t�W<T _<V<Vs] Y$d V<h t

G · b;

(c3)
U�Z_<W<«<V<V

t1−α1, . . . , tn−αn
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