QUASI-COHERENT SHEAVES IN COMMUTATIVE AND
NONCOMMUTATIVE GEOMETRY.

DMITRI ORLOV

On occasion 80-th birthday of Igor Rostislavovich Shafarevich

ABSTRACT. In this paper we give a definition of quasi-coherent modules on any presheaves of
sets on the categories of affine commutative and noncommutative schemes. This definition
generalizes the usual definition of quasi-coherent sheaves on schemes. The property of a
quasi-coherent module to be a sheaf in various topologies is investigated. Using presheaves

of groupoids, an embedding of commutative geometry to noncomutative one is constructed.

INTRODUCTION

In this paper we show how quasi-coherent sheaves appear in commutative and noncom-
mutative geometry in a natural way. Considering presheaves of sets on the categories of
affine commutative and noncommutative schemes as very wide generalization of the notion
of scheme (or algebraic space), we show that quasi-coherent sheaves (modules) can be de-
fined on such objects as well. Further, we study basic properties of quasi-coherent modules
on presheaves of sets and, more generally, on presheaves of groupoids.

The notion of a scheme in commutative algebraic geometry is introduced in two steps. The
first step is defining of affine schemes; the second is to prescribe how to glue a scheme from
affine pieces. In this way we make use of topological properties of commutative schemes. In
particular, the functor Spec from the category of commutative algebras to the category of
topological spaces is used. On the other hand, any scheme can be considered as a presheaf
of sets on the category of affine schemes. We will exploit just this simple fact to introduce
and treat noncommutative geometry.

As in commutative algebraic geometry, the category of affine noncommutative schemes is
the category which is opposite to the category of algebras (we work over a basic ring k). Any
object which can be regarded as a noncommutative scheme has to give rise to a presheaf of
sets on the category of affine noncommutative schemes.

In this paper we consider all presheaves of sets on the category of affine schemes, both
in the commutative and in the noncommutative cases. With any presheaf of sets X we

associate a category of (right) quasi-coherent modules Qcoh,(X) on it (Definition 2.2).
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This definition does not depend on topology. Further, we prove that any quasi-coherent
module is a sheaf in the canonical topology on X (Corollary 3.2 and Theorem 4.3). In the
commutative case we define a new topology on the category of affine schemes that is directly
related to quasi-coherent modules and will be called effective descent topology (3.7). There
is an equivalence between the category of quasi-coherent modules on a presheaf and the
category of quasi-coherent module on its accosiated sheaf with respect to the given topology
(Theorem 3.6).

Furthermore, we describe ”"good” embedding of the commutative geometry into the non-
commutative one. To do it we need to enlarge our class of objects and to consider not only
presheaves of sets but presheaves of groupoids on the category of noncommutative affine
schemes (4.4). This embedding satisfies the property that the category of quasi-coherent
modules on any object X does not depend on whether it is considered as living in the
commutative or noncommutative world (Theorem 4.2).

I would like to thank Alexei Bondal and Alexander Rosenberg for useful discussions. My
special thank is to Andrei Suslin who answered to many my questions.

The main part of this work was done while the author was visiting the Max-Plank-Institute

fir Mathematik in Bonn.

1. SOME CATEGORICAL PRELIMINARIES. SITES.

1.1. In this section we collect some known facts related to categories and sites which will
be needed in the sequel. All they can be found in [1] (see also [5]). Let C be a category.
Denote by C~ the category of contravariant functors from C to the category of sets. An
object of C™ is called a presheaf of sets on C . There is a natural functor h:C — C~ that
sends an object R € C to the functor hr(—):= Hom(—, R) . The presheaf hp is called
representable. Henceforth, we will write R instead hgr . By loneda Lemma the functor
h is a full embedding, moreover, for any presheaf X € C™ there is a natural isomorphism
Hom (R, X) = X(R) .

For any object X € C” denote by C/X the category of pairs (R,¢) , where R € C
and ¢ € X(R) . Morphisms from (S,¢) to (R,¢) are morphisms f:S — R such that
X(f)(@) =1 . There is a canonical functor jx : C/X — C that takes a pair (R,¢) to
the object R . Note that any presheaf X € C™ is a colimit in C™ of representable objects
by the system C/X .

1.2. Let u:C— C' be a functor. Denote by @* the functor from C~ to C~ that takes
a presheaf Y € C'” to the composition Yu .

Since the category of sets has all small limits and colimits the functor @* admits left and
right adjoint functors 4 and . respectively (see [1], I, 5.1.). The functor @* preserves
all small limits and colimits. The functor . preserves all small limits. The functor

preserves all small colimits and the restriction of it on the subcategory C C C~ coincides



with u . Moreover, for any presheaf X € C~ we have
wX(S) = hgl Hom(S, uR).
REC/X
It can be shown that the functor 4y is fully faithful if and only if the functor « is fully
faithful (see [1], 1.5.6). (We recall that a functor F : C — C' is called fully faithful if
it induces an isomorphism Home¢ (Y, X) = Home/ (FY, FX) for any pair Y, X of objects
from C .)

1.3. A sieve in the category C is a full subcategory D C C that satisfies the following
condition: any object of C for which there exists a morphism from it to an object of D
contains in D . Let R be an object of C , a sieve in the category C/R will be called a
sieve on R .

It is easy to see that a sieve on R is nothing more than a subpresheaves of R in the
category C~. By this reason, we will consider sieve on R as a presheaf. The notion of sieve

is the main tool for the introduction of a topology on a category.

Definition 1.1. A Grothendieck topology 7 on a category C 1is defined by giving for each
object R € C a set J(R) of sieves on R which is called covering sieves. They have to
satisfy the following conditions:

T 1) For any R the mazimal sieve C/R isin J(R) .

T2)If TeJR) and f:S — R is a morphism of C , then the sieve f*(T):=

{ULS\faeT} isin J(S) .
T 3) If T € J(R) is a covering sieve and U is a sieve on R such that f*(U) €
J(S) foreach S5 R in T, then Ue J(R) .

Definition 1.2. A category C endowed with a Grothendieck topology T is called by site
and will be denotes as ® = (C,T) .

Let ® =(C,7) be asite,and R be an object of C . A family of morphisms F = (f, :
R, — R), a € I is called covering if the sieve Tr < R generated by the family F is a

covering sieve on R .

Definition 1.3. Let C be a category with fiber products. A pretopology on C is defined
by specifying for each object R of C a set Cov(R) of families of morphisms to R such
that the following conditions hold:
P1) If (Ro = R)a €l isin Cov(R) and S — R is a morphism of C , then the
family (Rqy xS — S), ael isin Cov(S) .
P2) If (Ry — R) a el isin Cov(R) and (R, — Ra) Ba € Jo isin Cov(Ry,)
for each o € I, then the family (R, — R)~ € [[,e;Ja is in Cov(R) .
P3) The family R “r R s in Cov(R) .

Any pretopology P on C generates a topology 7 for which covering sieves are seaves

contained some P -covering family.
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1.4. A presheaf X € C™ is called sheaf (resp. separate presheaf) if for any object R € C

and for any covering sieve S € J(R) the canonical morphism
Hom (R, X) — Homg~(S, X)

is a bijection (resp. an injection).

Denote by Shv(C,7T) the category of all sheaves on the site ® = (C,7) . The category
Shv(C,T) is a full subcategory of C™.

The inclusion functor i : Shv(C,7) — C™ has a left adjoint functor a : C~— Shv(C,T)
which is known as the associated sheaf functor, or the sheafification functor. The functor a
preserves all finite limits and colimits. For any presheaf X we can define a presheaf LX

by the rule

(1) LX(R)= lim Hom(T,X)
TeJ(R)
This correspondence gives a functor from C~ to itself which is denoted by L . The com-

position of the functor L with itself is isomorphic to the functor ia , i.e. there is an
isomorphism aX = LLX (see [1], III).

1.5. Let ®=(C,7) and @' = (C',7') be two sites.

A functor w:C — C' is called continue if for any sheaf Y € Shv(C’',7’) the presheaf
@*(Y) is a sheaf on site ® . In this case 4* induces a functor from Shv(C’,7') to
Shv(C,T) , which will be denoted by wu*. The functor u* has a left adjoint functor
u = a’'t .

A functor uw : C — C' is called cocontinue if for any object R € C and for any
covering sieve S — u(R) the sieve on R , generated by all morphisms Z — R such
that u(Z) — wu(R) factorized through S, is a covering sieve on R . Note that wu is
cocontinue iff the functor s : C~—— C~ takes sheaves on ® to sheaves on @ . Denote
as us the functor from Shv(C,7) to Shv(C',7') which is the restriction of 4, on the
categories of sheaves. It has a left adjoint functor w* = at*i’ (see [1], III).

Consider a functor u:C' — C and a topology 7 on C . The induced topology on C’

is the largest topology such that the functor wu is continue.

1.6. Fix an object X € C~ and consider the category C/X with the canonical functor
jx :C/X — C . If T is a topology on C , then it induces a topology 7x on C/X .
Denote by ®x the coming site (C/X,7x) . It is proved in [1], IIL.5. that a sieve S on an
object (Z —> X) is covering in the category C/X if and only if the sieve jx(S) < Z is
covering in C . Therefore, the functor jx : C/X — C is continue and cocontinue together.

This gives us three adjoint functors:
Jjx«: Shw(C/X,Tx) — Shv(C,T)

(2) Jix: Shv(C,T) — Shv(C/X,Tx)
Jjxi: Shw(C/X,Tx) — Shv(C,T)
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The functor jx, is called the direct image functor. The functor j% is called the inverse
image functor or restriction functor to C/X . The functor jxi is called extension by zero
onto C .

Let m:Y — X be a morphism in C~. It induces a functor j,, :C/Y — C/X . By

the same reason as above, there are three functors
Jo 2 Shu(C/ X, Tx) — Shv(C/Y, Ty ), Jmsy, Jmt : Shv(C/Y, Ty) — Shv(C/ X, Tx),
where jn,« and jp, are right and left adjoint to j», respectively.

Proposition 1.4. [1] The functor jx: Shv(C/X,Tx) — Shv(C,T) can be represented

as a composition
Shu(C/ X, Tx) =5 Sho(C,T)/aX — Shv(C,T),

and the functor ex is an equivalence.
Moreover, the canonical map m : X — aX induces the equivalences j, and jmx = Jm)
between the categories Shv(C/X,Tx) and Shv(C/aX,T,x) for any presheaf X € C™.

1.7. A topology, for which every representable presheaf is a sheaf, is called subcanonical; the
largest such topology is called canonical. The canonical topology will be denoted as can .

Let us describe covering families for the canonical topology.

We will need the definition of equalizer. If f;: X — Y,i=1,2 are two morphisms of a
category C , then an equalizer is a morphism k: K — X which is final in a full subcategory
of C/X consisting of morphisms k' : K’ — X with fik' = fok/ . If an equalizer of two
morphisms exists, then it is unique up to isomorphism.

Suppose that all fiber products exist in the category C . A family of maps (Xo — X)aer
in the category C is called a universal effectively epimorphic family if for any map Z — X

and for every object Y € C the following diagram of sets

Hom(Z,Y) —— [[Hom(Z xx X0, V) —— [] Hom(Z xx (Xa xx X3),Y)
acl a,Bel
is an equalizer.
It is clear that a family is covering for the canonical topology if and only if it is a universal
effectively epimorphic family. Let X be an object of C . A family (W, — W)aer is
covering for the object (W — X) € C/X in the canonical topology on C/X if and only if

it is a universal effectively epimorphic family in C .

Proposition 1.5. Let X be a presheaf on the category C . Then the topology on C/X ,
induced by the canonical topology on C with respect to the functor jx : C/X — C,

coincides with the canonical topology on C/X .

It follows from Corollary 3.3. of [1] and from the description of covering families for the

canonical topologies on C and on C/X .



2. RINGED SITES AND QUASI-COHERENT SHEAVES

2.1. A category C endowed with a presheaf of rings A is called a ringed category. A site
® = (C,7) endowed with a sheaf of rings A is called a ringed site.

Let ® = (C,7) be a ringed site with a sheaf of rings A . A presheaf of (right) .A-
modules is a presheaf M with a (right) module structure over ring object A .

If M is a sheaf it will be called a sheaf of (right) .4-modules.

Denote by Mod, (A, 7) the category of sheaves of (right) .A-modules on the site @ .
The category Mod,(A,7) is an abelian category satisfying the conditions AB5 and AB3*

and has a set of generators (see [1], II).

2.2. Let X be an object of C”. The category C/X with the topology 7x , induced by
the functor jx : C/X — C , forms the site ®x = (C/X,7x) . This site is ringed by the
sheaf of rings Ax := jy.A . We will denote the category of sheaves of (right) .Ax -modules
as Mod,(Ax,7x) (or as Mod,(X,7x) when the sheaf of rings is fixed).

Let M be a sheaf of (right) A-modules. The sheaf ji M has the structure of (right)
Ax -module. If N is a sheaf of (right) Ax-modules then jx.N is a sheaf of (right)
jxsAx -modules. Using the canonical morphism A — jx..A , we obtain that jx.N has
the structure of (right) .4-module. Thus, there is a couple of adjoint functors:

-k

Ix
Mod,(Ax,7Tx) ——= Mod,(A,7)

JX *
(for functors between categories of sheaves of modules we use the same notation as in 1.6 for
functors between categories of sheaves of sets.)

The functor j% : Mod,(A,7) — Mod,(Ax,Tx) has a left adjoint functor jx; that is
called the extension by zero. Note that, unlike the functors j% and jx. , the composition
of the functor jxi for sheaves of modules with the forgetful functor to the category of
sheaves of sets does not coincide with the functor jx; for sheaves of sets defined in 1.6 (see
[1], IV.11.).

Let m:Y — X be a morphism in C~. As above, the functor j,, : C/Y — C/X

induces three functors
]:;1 : MOdr(AX’ TX) — MOdr(-AYa TY)’ jm*vjm! : MOdr(AY7 TY) B MOdr(AX7 TX)

such that jn,. and j,, are right and left adjoint to j), respectively. Moreover, the
functors j;, and jp« commute with the same functors between the categories of sheaves
of sets defined in 1.6 with respect to forgetful functors.

For each sheaf of Ax -modules F on X and for any morphism m:Y — X one can

defined a space of section of the sheaf F on Y by the formula
(Y, F) := Hom(Ay, j;, F).

Proposition 2.1. Let ® = (C,7) be a site ringed by a sheaf of rings A . Consider the

canonical map m : X — aX of associated sheaf for a presheaf X € C~. Then the



7

functors j%, and jm. between the categories Mod,(Ax,Tx) and Mod,(A.x,Tax) are

quasi-inverse equivalences.

It follows from Proposition 1.4.

2.3.  Assume that a presheaf X is representable, ie. X € C. Let M be aright A(X)-
module. Let us attach to it a presheaf of (right) .Ax -modules M on the category C/X
defined by the rule

M(S) == M ®4(x) A(S)
for an object S — X from C/X .
Now consider an arbitrary object X € C™ and the corresponding category C/X .

Definition 2.2. A presheaf F of (right) Ax -modules on the category C/X will be called
a (right) quasi-coherent module on X if for any m € X(R) the presheaf ]Am*(}“) on C/R
with the canonical structure of (right) Ag -module has a form M , where M is a (right)
A(R) -module. A quasi-coherent sheaf is called locally free if the module M is projective for

any m € X(R) .

Morphisms between quasi-coherent modules are, by definition, morphisms between them
considered as presheaves of (right) Ax -modules. Denoted by Qcoh,(X) the category
of (right) quasi-coherent modules on X , which is a full subcategory of the category of
presheaves of (right) .Ax -modules.

Note that the definition of a quasi-coherent module on X € C~ does not depend on a

topology.

2.4. It immediately follows from Definition 2.2 that each quasi-coherent module on a rep-
resentable object R € C is isomorphic to M for some A(R)-module M , i.e in this case
the category Qcoh,(R) is equivalent to the category of (right) .A(R)-modules. Hence, a
presheaf F of (right) Ax -modules is a quasi-coherent module on X € C~ if and only if
for each (R — X) € C/X the presheaf j, F on R is quasi-coherent.

2.5. For every X € C~ the category Qcoh,(X) has all cokernels and all direct sums.
Hence, it has all small colimits (see [4] L.5).

Let m:Y — X be a morphism in C~. The functor j,, : (C/X)"— (C/Y)” induces
the inverse image functor from Qcoh,(X) to Qcoh,(Y) which will be denoted as m* .
The functor m* is right exact, this means that it preserves cokernels. For a quasi-coherent
module F on X and for any morphism mY —— X one can define a space of section of
F on Y by the formula

I'(Y,F) := Hom(Ay,m*F).
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2.6. Assume that the topology 7 on C satisfies the following condition: every quasi-
coherent module on an object X € C” is a sheaf for the topology 7x on C/X . In this
case the category Qcoh(X) is a full subcategory of Mod(Ax,7x) . Denote by ¢x the
inclusion functor Qcoh(X) — Mod(Ax,7x) .

Proposition 2.3. Let ® = (C,7) be a site ringed by a sheaf of rings A . Suppose all
quasi-coherent modules on any object X are sheaves for the topology Tx on C/X . Let
m: X — aX be the canonical map of associated sheaf for a presheaf X € C~. Then the
inverse image functor m* : Qcoh(aX) — Qcoh(X) is fully faithful.

Proof. There is the commutative diagram of functors

Qcoh(X) X Mod(Ox, canx)

PeX

Qcoh(cX) —— Mod(O.x,can.x)

where the horizontal arrows are full embeddings. By Proposition 2.1, the functor 7, is an

equivalence. Hence, the functor m™* is fully faithful. O

2.7. Suppose that the inclusion functor ¢x : Qcoh,(X) — Mod,(Ax,7x) has a right
adjoint functor @x . The functor @x is called by the coherator. Since ¢x is fully
faithful, the composition @Qx@x is isomorphic to the identity functor on Qcoh,(X) . If
FLgisa morphism in Qcoh, (X) then it has a kernel Ker(f) which can be defined
as QxKer(px(f)) -
It is easy to check that if the coherator exists then the category Qcoh,(X) is abelian.
For a representable object X € C the coherator @Qx exists and it is the functor taking

a sheaf of Ay -modules F to the quasi-coherent module F(X) .

Let m:Y — X be a morphism in C~. If there is a coherator @Qx then the functor
m”* has a right adjoint functor m, which is defined as the composition @Qxjm«py -

With any presheaf X € C~ we associated the category of (right) quasi-coherent modules

Qcoh,(X) . This construction can be extended on a larger class of object by two ways.

2.8. First, let us consider an immersion ¢ : Y < X . One can define a category of pair
Qcoh,(X,Y) as a full subcategory of Qcoh,(X) consisting of such modules F for which
i*(F)=0.
Any immersion i :Y < X induces the factor object X/Y . It is a pointed object and
it is defined as the coproduct
<X

Y
L b
x — X/Y.

We can compare the categories Qcoh, (X/Y,*) and Qcoh,(X,Y) .

Proposition 2.4. The natural functor p* : Qcoh(X/Y,x) — Qcoh(X,Y) is an equiva-

lence.



9

Proof. Let us construct a quasiinverse functor p, : Qcoh,(X,Y) — Qcoh,(X/Y,x*) . For
any R € C there is an isomorphism of the sets X/Y(R) = X(R)/Y(R) . Let s € X/Y(R)
be a section. Either there is a unique pull back of s to the section s’ € X(R) or it goes
through * — X/Y . If now F is a quasi-coherent module on X such that *(F) =0,

then we put p.(F)(s) = F(s') or put it by zero if it is pointed section. It is easy to see that

this gives us a functor that is quasi-inverse to p* . O

2.9. Second, we can consider not only presheaves of sets but presheaves of groupoids (or even
presheaves of categories). By groupoid we mean a small category in which every morphism
is invertible. All small groupoids form a 2-category. If we identify all functors between
groupoids which are equivalent then we obtain the 1-category. Denote this 1-category of
all small groupoids by Grd . Any set can be considered as a groupoid, objects of which
are elements of this set and morphisms are only identities. To each groupoid G we can
attach two sets: the first Ob(G) 1is the set of all objects of G , the second mo(G) is the
set of connected components of G . There are two natural morphisms of the groupoids
Ob(G) — G and 7 : G — mo(G) .

Denote as Cg, the category of presheaves of groupoids on C , i.e the category of all
contravariant functors from C to the category of small groupoids Grd . It contains the
category €™ as a full subcategory. Any presheaf X € C_, defines two presheaves of sets
Ob(X) and m(X) given as

Ob(X)(R) = Ob(X(R)), m(X)(R) =mo(X(R)), ReC.

There are natural morphisms obx : Ob(X) — X and mox : X — 7mo(X) between the
presheaves of groupoids. These correspondences give two functors Ob and m from Cg,
to C.

The morphism mox : X — mo(X) splits for any X € Cp, .(Actually, choosing for each
connected component some representative, we obtain a splitting). The functor g : Copr —
C™ is simultaneously right and left adjoint to the canonical immersion C™— C, .

To any site ® = (C,7) one can attach the category of sheaves of groupoids Shvy,(C,7T)
on it. The presheaf X € C, is called a sheaf of groupoids if for any groupoid G € Grd the
presheaf of sets:

R — Homga (G, X (R))

is a sheaf.

2.10. Consider a site ® = (C,7) ringed by a sheaf A . For any presheaf of categories X
(in particular a presheaf of groupoids) define a category C/X . The set of objects of C/X
is the set of all s € Ob(X(S)), S € C . Morphisms from s € Ob(X(S)) to r € Ob(X(R))
are pairs («, f) , where f:S — R in C and « is an isomorphism from s to X(f)(r)
in X(S). There is a canonical functor jx : C/X — C . Inducing the topology, we
obtain the site ®x = (C/X,7x) ringed by the sheaf Ax = j%.A . One can define the
category of sheaves of Ax -modules Mod,(Ax,7x) . Furthermore, repeating Definition
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2.2, we obtain the category Qcoh,(X) of quasi-coherent modules on X . The morphisms
obx and mox induce the inverse image functors ob% : Qcoh(X) — Qcoh(Ob(X)) and
75y Qeoh(m (X)) — Qcoh(X) respectively.

3. SHEAVES IN COMMUTATIVE GEOMETRY.

3.1. Fix a commutative ring k . Denote as Comalg/k the category of commutative
algebras over k and as Aff/k denote the category of affine schemes that is opposite to
Comalg/k . Note that the category of affine schemes has all fiber products, which correspond
to the tensor products in the category Comalg/k . The canonical embedding of the category
affine schemes to the category of all schemes Sch/k preserves all fiber products and finite
disjoint unions. But it does not preserve coproducts in general. For example, the infinite

disjoint union of {Spec(Ra)}acr in Sch/k does not coincide with Spec([[ Ra) -
acl

3.2. In this section we mean by C the category of all affine schemes Af f/k . The canonical
contravariant functor Aff/k — Comalg/k gives the presheaf of rings O on Aff/k with

O(Spec(R)) =R

for any k-algebra R . This presheaf is represented by the ring scheme Spec k[t] . Therefore,
it is a sheaf for any subcannonical topology on C .
Thus, for any object X € C™ the category C/X is ringed by the presheaf Ox which is

a sheaf for any subcanonical topology.

3.3. Denote as can the canonical topology on C = Aff/k and as ¢:C~— Shv(C, can)
denote the associated sheaf functor defined in 1.4, which is a left adjoint to the inclusion
functor ¢ : Shv(C,can) — C~. The covering families for the canonical topology are the
universal effectively epimorphic families defined in 1.7. In the case of the category of affine
schemes there is a simple but useful description of the universal effectively epimorphic families

in terms of modules.

Proposition 3.1. A family (fs : Spec(Ra) — Spec(R))acr  is universal effectively epimor-
phic in Aff/k if and only if for any R -module M the following diagram
(3) M—— [[MerRe —— ][ M &g (Ra® Rs)

ael a,Bel
is an equalizer.
Proof. = Take an R-module M and consider S = R® M as R-algebra with
multiplication low given by the rule (ri,mq)(re,ma) = (rir2,r1ma + mary) . Denote as
S, the algebra S ®pr R, . Consider the family (g : Spec(Sa) — Spec(S))acr , where
Jo = 1lg ® fo . This family is effectively epimorphic. Therefore, calculating morphisms to
the scheme Spec(k[t]) , we obtain that

(4) S—— J[S®rRa —= ][] S®r(Ra® Rp)
acl a,BeTl
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is an equalizer. And hence, this is fulfilled for module M as for a direct summand as well.
< Let (fa : Spec(Ry) — Spec(R))aer be a family. We know that for any morphism
Spec(S) — Spec(R) the sequence (4) is exact. Hence, for any algebra A the sequence of
Hom’s from A to the sequence (4) in the category of commutative algebras is exact too.
Thus, (fa)aer is an universal effectively epimorphic family. 0

As above, for any presheaf X € C~ we denote by Qcoh(X) the category of quasi-coherent
modules on X and denote by Mod (X, cany) the category of sheaves of Ox -modules for
the canonical topology on C/X .

Corollary 3.2. Let X be a presheaf on the category C = Aff/k . Any quasi-coherent
module on X is a sheaf in the canonical topology on the category C/X . Therefore, the
category Qcoh(X) s a full subcategory of Mod(X,canx) .

This corollary follows from the previous proposition and Proposition 1.5.
Denote by ¢x the inclusion Qcoh(X) < Mod (X, canx) .

3.4. The category of all schemes Sch/k is embedded as a full subcategory into C~ =
(Aff/k)” and for any scheme X € Sch/k quasi-coherent modules in our definition one-
to-one correspond to the quasi-coherent sheaves in the usual definition. Actually, to any
quasi-cohernet sheaf F on the scheme X one can construct a quasi-coherent module F
on C/X by the rule

F(Spec(R)) = I'(Spec(R), m*F)

for each m : Spec(R) — X . This gives an equivalence, a quasi-inverse for which one can
define in the following way. For a quasi-coherent module F' on C/X one determines a

quasi-coherent sheaf F on the scheme X by the formula
FU)=T(U,m"F) =Hom(Oy,m"F)

for any inclusion m : U — X of Zariski open set U . Some consideration, which we leave,
are required to show that F is a sheaf in Zariski topology.

If the scheme X is quasi-compact and quasi-separated then there is a coherator Qx :
Mod(X, canyx) — Qcoh(X) . For the category of sheaves of Ox-modules on the small
Zariski site it was proved in [2], IL.3. In our case it is also fulfilled by the same reasons.
Actually, under given condition on a scheme the category Qcoh(X) has a set of generators
an all colimits. Since the inclusin functor px preserves colimits, the adjoint functor theorem

ensures the existence of the right adjoint functor Qx .

Proposition 3.3. Let X be a presheaf on the category C = Aff/k and m: X — cX
be a morphism of associated sheaf in the canonical topology. Then the inverse image functor

m* : Qcoh(cX) — Qcoh(X) s fully faithful.

It immediately follows from Propositions 2.3 and Corollary 3.2.
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Proposition 3.4. Let T SR Spec(R) be a sieve on an object Spec(R) € C . The sieve T is
covering in the canonical topology if and only if the functor i* : Qcoh(Spec(R)) — Qcoh(T)
is fully faithful.
Proof. We can assume that the sieve T is generated by a family (f, : Spec(Ran) —
Spec(R))acr - It was explained in 2.7 that the functor ¢* has a right adjoint functor i,
that takes a quasi-coherent module F on T to M on Spec(R) , where the module M
is an equalizer of

Hf(Spec(Ra)) N H F(Spec(Ra @ Rg)).

acl a,Bel
Assume that i* is fully faithful. Then i,i*(M) = M for any R-module M . Hence the
sequence (3) is exact, and the sieve T is covering in the canonical topology.

Inverse statement direct follows from Proposition 3.3. O

3.5. On the category Aff/k there is a very important subcanonical topology. It is a
well-known flat topology. It is generated by universal effectively epimorphic families (f, :
Spec(Ry) — Spec(R))aer for which all morphisms f, are flat, i.e. R, areflat R-algebras
for all « . The flat topology on the category Aff/k will be denoted as ft .

3.6. Now we introduce another subcanonical topology which will be called the effective
descent topology ( edt ).

Recall briefly the descent theory for modules over commutative rings. Let f: R — S be
a homomorphism of commutative rings. Let M be an S -module. Consider two S ®pg S -
modules M ®r S and S®r M . Any S ®g S-homomorphism ¢ : M QrS — S®r M
defines three S ®p S ®pr S -homomorphisms

P1: SORM®RrS — SQRrRS®rM
Ps: MRRS®RS — SRRSrM
¢p3: M@rS®rS — S®rM®RrS
by tensoring ¢ with 1g in the first, second and third positions respectively. Moreover, un-

der the composition with the multiplication p: S®@rM — M , ¢ induces a homomorphism
¢: M — M of S-modules:

b:M—MopS -2 Sop M- M

By a descent datum on an S-module M we mean an S ®p S-homomorphism ¢ :
M®rS — S®r M suchthat ¢o = d1¢3 and ¢ is the identity on M .

If (M,$) and (M’,¢') are two descent data, then a morphism g : (M,¢) — (M',¢')
between them is an S -homomorphism g¢: M — M’ for which (1g® g)¢ = ¢'(¢ ® 1g) .

This way for any homomorphism of commutative rings f : R — S one obtains the
category of descent data. Denote it as Dd(f) . There is a functor dy : Mod(R) — Dd(f)
that takes an R-module N to the pair (N ®g S,¢n) , where ¢n defined by the rule
ON(N R S ®s2) =5 ®Nn®Sy. (An R-morphism h: N — N’ goesto h®1lg ).
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A homomorphism f: R — S of commutative rings is called an effective descent morphism
if the functor dy : Mod(R) — Dd(f) is an equivalence.

Denote by (T R Spec(R)) € C~ the sieve on Spec(R) consisting of all maps
Spec(B) — Spec(R) which go through the map f° : Spec(S) — Spec(R) . As any
sieve Ty can be considered as a subpresheaf of sets of Spec(R) . It is not hard to see that
the category Dd(f) is nothing else than the category Qcoh(T}) of quasi-coherent modules
on T and the functor dy coincides with the inverse image functor *

Now we say that F = (f, : Spec(Rq) — Spec(R))acr is an effective descent family if the
functor * : Qcoh(Spec(R)) — Qcoh(TF) is an equivalence, where T < Spec(R) € C™ is
the sieve generated by the family F' .

Proposition 3.5. Effective descent families satisfy the conditions P1)-3) of Definition 1.3,
i.e. such families form a pretopology on C = Aff/k .

Proof. By Corollary 3.4 each effective descent family is an universal effectively epi-
morphic family. Let F = (Spec(R,) — Spec(R))acr be some effective descent fam-
ily and let Spec(S) — Spec(R) be a morphism. We have to show that the family
! = (Spec(Ry @R S) — Spec(S))aer is also effective descent family. Take a quasi-coherent
module F on the sieve Tz . Define a quasi-coherent module F on Tr by the rule
F(-) := F(- Xspec(r) Spec(S)) (this is the direct image of F with respect to the canonical
map from T to T ). Since F is an effective descent family there is an R-module M

such that F = Z}M and the module M is an equalizer of the pair

[ 7(Spec(S ®r Ra)) ——= ] F(Spec(S @r Ra @r Rg)).
acl a,Bel

This implies that the R-module M has a structure of S-module and F = Z%M . There-
fore, F' is an effective descent family.

Let F = (Spec(R,) — Spec(R))acr be an effective descent family. Futhermore, fix
effective descent families G, = (Spec(Rg,) — Spec(Ra))g.et, for each a € I. Let G

be some family (Spec(R,) — Spec(R))ye  j, - Consider the covering sieves ip : Tp —

aecl
Spec(R) , iq, :Tq, — Spec(R,) and the sieve ig :Tg — Spec(R) with a map p:Tg —
TF .

Denote by fo : Spec(Ry) — T and ¢, : T, — T¢ the canonical morphisms in the

o

category C~. Consider the following diagram of functors

Mod TG can) o Mod(Tg, can)

Sk

Mod(Spec(Ra),can) (e Mod(TF, can).

The both vertical arrows are equivalence because all effective descent families are covering in

the canonical topology.
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Let F be a quasi-coherent module on T¢ . By Corollary 3.2 it is a sheaf of O7,, -modules
in the canonical topology. Consider the sheaves of modules F, := j;éa Jp«(F) . Since there
is an isomorphism j; (Fa) = j,, (F) for each a and G, is effective descent family,
we get that the sheaves of modules F, := jj’ia Jp«(F) are quasi-coherent. In respect that
the sieve Tp is generated by the family (fo)aer we conclude that the sheaf of modules
Jp«(F) 1is also quasi-coherent. This implies that any quasi-coherent module F on Tg is
the pull back of the quasi-coherent module j,.(F) . Hence, the functor p*: Qcoh(Tr) —
Qcoh(T) is not only fully faithful but is an equivalence as well. Therefore, the functor
it, + Qcoh(Spec(R)) — Qcoh(Tz) is also an equivalence and the family G is an effective

descent family. a

3.7. The effective descent topology on the category C = Aff/k (edt) is a topology for
which covering sieves are all sieves generated by the effective descent families. It follows
from Proposition 3.4 that edt is subcanonical. Moreover it can be shown that the effective
descent topology is finer than the flat topology, i.e. any covering in the flat topology is a
covering in the effective descent topology. It is proved in many papers that a faithfully flat
homomorphism f: R — S of commutative ring is an effective descent morphism (see [3],
[6], [7]). These proofs can be extended onto flat families as well.

Denote by e : C~— Shv(C,edt) the associated sheaf functor for the effective descent
topology.

Theorem 3.6. Let X € C™ be a presheaf and m : X — eX be the associated sheaf mor-
phism in the effective descent topology. Then the inverse image functor m* : Qcoh(eX) —

Qcoh(X) is an equivalence.

Proof. The functor ie is isomorphic to the composition L o L , where the functor L is

defined by formula (1) in 1.4, i.e. the morphism m is the composition
X X px X ex

Hence it is sufficient to prove that the functor % : Qcoh(LX) — Qcoh(X) isan equivalence
forall X € C™.

By Corollary 3.2, the category Qcoh(X) is a full subcategory of Mod(X,canx) . The
functor [% is induced by the functor j;, : Mod(LX,canrx) — Mod(X,canx) which
is an equivalence. Hence, to prove the theorem we must show that for any quasi-coherent
module F on X the sheaf of Opx-modules F' = j;,,F is quasi-coherent. By 2.4 we
need to check that for any morphism s : Spec(R) — LX the sheaf jiF' is quasi-coherent.
By definition of the functor L we have

LX(R)= lim HomT,X).
TeJ(R)
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Therefore, there is a covering sieve i : T < Spec(R) such that the following diagram

commutes

T X

i| =

Spec(R) —— LX.
Since ji and jj . are quasi-inverse, by Proposition 2.1 there is an isomorphism j; jiF =
JuJF of quasi-coherent moduleson T'. As T is a covering sieve the functor j; induces an
equivalence i* : Qcoh(Spec(R)) — Qcoh(T) . Therefore, the sheaf j*F' is quasi-coherent
on Spec(R) for all s: Spec(R) — LX . Thus, F' = j;,.F 1is a quasi-coherent module
on LX . O

4. SHEAVES IN NONCOMMUTATIVE GEOMETRY.

4.1. Fix a base commutative ring k . Denote as Alg/k the category of algebras over base
ring k. If f: R— S5;, i =1,2 be two homomorphisms of algebras then the coproduct
S1][S2 always exists. This is the free product of R-algebras which will be denotes as
R

As NAff/k denote the category that is opposite to Alg/k . We will call it by the
category of noncommutative affine schemes. The object of NAff/k , which corresponds to
an algebra R , will be denoted as Sp(R) . The category of noncommutative affine schemes

has all fiber products and the product Sp(S1) X gp(ry Sp(S2) is isomorphic to Sp(S1%r S2).

42. Let N:Aff/k— NAff/k be the natural inclusion functor that takes Spec(R) to
Sp(R) . The functor N is fully faithful and has a right adjoint functor Com : NAff/k —
Aff/k . The functor Com sendsan object Sp(R) to Spec(R.) . Here R, isthe maximal
commutative factor-algebra of R ,ie. R.= R/I , where I is the ideal generated by all
relations of the form < ab— ba > .

There is a functor Ny : (Aff/k)"— N(Aff/k)" that is an extension of N onto the
category of presheaves (see 1.2). By 1.2 the functor ]\Af! has the following description

N(X)(Sp(S)) = lim  Hom(Sp(S), Sp(A)).
Spec(A)— X

The functor ]\7! is also fully faithful by 1.2 and it has a right adjoint functor N* , restriction
of which on NAff/k coincides with the functor Com .

We mean the functor Ng as a "course” embedding of the commutative geometry into the
noncommutative geometry. To get a ”"fine” embedding we need to consider presheaves of

groupoids.

4.3. For each object Sp(S) € NAff/k we define a category Ig . The objects of Ig are
couples (Spec(A),m) with Spec(A) € Aff/k and m : Sp(S) — Sp(A) . Morphisms
from (Spec(A),m) to (Spec(A’),m’) are morphisms ¢ : Spec(A) — Spec(A’) such that

m' =&m .



16

Any morphism f : Sp(S’) — Sp(S) defines a functor Iy :Ig — Ig/ . Moreover, there
is a functor prg: Is — Aff/k that takes an object (Spec(A),m) to Spec(A) . It is note
hard to check that the functor ﬁ! can be given by the following formula

(5) N(X)(Sp(S)) = lim X (prs(-)).
Is

4.4. Consider the category Ig/X of objects over X . Its objects are all triples of form
(Spec(A),m,a) with m : Sp(S) — Sp(A) and a : Spec(A) — X . Its morphisms are
all morphisms in Ig , which are compatible with maps to X . Denote by Gr(Is/X)
the groupoid associated to the category Ig (i.e. we invert all arrows). Every morphism
g :Sp(S") — Sp(S) gives a functor Gr(Ig/X) — Gr(Is//X) . On the other hand, each
f:X'— X in (Aff/k)” induces a functor Gr(ls/X') — Gr(Is/X) .

For an object X € (Aff/k)” let us define a presheaf of groupoids NX € N(Aff/ k)gr
by the rule

(6) NX(Sp(S)) := Gr(Is/X).

This correspondence gives a functor N from (Aff/k)” to the category of presheaves of
groupoids N (Aff/k),, . It immediately follows from formula (5) that mo(NX) is isomor-

phic to NX . Hence, there is the commutative diagram of functors

(AFF/kY— (NAFF/R);,

T I

(NAff/k)™

Proposition 4.1. The functor N : (Aff/k)"— N(Aff/k)g has the following properties:

1) The presheaf of groupoids N(Spec(A)) is isomorphic to the sheaf of sets
N(Spec(A)) = Sp(A) , i.e. the restriction of the functor N to the category Aff/k
s isomorphic to N ;

2) For any object Spec(A) € Aff/k the groupoid NX(Sp(A)) is equivalent to the
set X (Spec(A)) ;

3) The functor N is fully faithful.

Proof. The groupoid associated to a category with final or initial object is equiva-
lent to the one-point set. This implies that Gr(Is/Spec(A)) is equivalent to the set
Hompn a7¢(Sp(S), Sp(A)) for any algebra S and commutative algebra A . Consequently,
N (Spec(A)) =2 Sp(A) and property 1) holds. By the same reason, the groupoid Gr(I4/X)
is equivalent to the set X (Spec(A) for any commutative algebra A . This proves the
property 2).

3) Since the functor ]\7! = 7N is fully faithful by 1.2 the functor N is faithful too. We

~

know that the composition N*moN s isomorphic to the identity functor on (Aff/k)
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To prove the fullness one has to check that any morphism f : NY — NX belongs
to the image of the functor N . The morphism f is defined by given the morphisms
fs : Gr(Is)Y) — Gr(Ig/X) for all S € Alg/k that are compatible together. Let
t = (Spec(A),m,a) be an element of Gr(Ig/Y) , where m : Sp(S) — Sp(A) and a €
Y (Spec(A)) . The morphism fg takes this element to ¢ = (Spec(A),m,a’) € Gr(Is/X) ,
where o € X(Spec(A) . Since fg and fa are compatible one obtains that o = fa(a) .
Hence, knowing the morphism f4 we can find the element «’ . Thus, any morphism fg
is uniquely defined by the set of morphisms f4 with commutative A . This implies that
the morphism f coincides with the morphism NN *mo(f) and, consequently, it belongs to
the image of N . Hence the functor N is fully faithful. O

4.5. Let X be an object of (Aff/k)”. One can attach to it two categories Aff/X
and NAff/NX ( the latter is defined in 2.10). There is a functor from Aff/X to
NAff/NX that sends an element a € X(Spec(A)) to the element (Spec(A),id,a) €
Gr(Igpec(ay/X) (see 4.4). Denote this functor as mx . It induces the inverse image functor
n% : Qeoh, (NX) — Qcoh(X) .

The correspondence to a presheaf of sets X € (Aff/k)” the presheaf of groupoids NX €
N(Aff/ k)g. is considered by us as a “fine” embedding of the commutative geometry into

the noncommutative one, because the following condition holds.

Theorem 4.2. Let X be an object from (Aff/k)™. The functor m% : Qcoh,(NX) —
Qcoh(X), induced by the natural functor ny : Aff/X — NAff/NX , is an equivalence.

Proof. We construct a quasi-inverse functor for my . For any object X € Aff/k define
a presheaf of categories CX on NAff/k (i.e. contravariant functor from NAff/k to

the category of all small categories) by the rule:
CX(Sp(S)) = Is/X

Consider the category NAff/CX defined in 2.10. Besides canonical functor from Aff/X
to NAff/CX thereisafunctor kx from NAff/CX to Aff/X thatsends an element
t = (Spec(A),m,a) € Is/X to the element a € X(Spec(A)) , where m : Sp(S) —
Spec(A) .

Let F be a quasi-coherent module on X . We can define a presheaf G on the category
NAff/CX by the rule

G(t) = F(a) @ (A,m) S

More formally the functor kx induces the functor &% : (Aff/X)"— (NAff/CX)" (see
1.2). Then the presheaf G can be defined as #%(F) ®z1 (0y) Ocx -

Further, a morphism «:t —t in Ig/X is, by definition, a morphism « : Spec(A) —
Spec(A’') such that am =m’ and ¢'a = a . Any such morphism gives an isomorphism
between G(t) and G(¢') . Indeed

g(t) = .7-"(&) ®(A,m) S = ]:(a’) ®(A’,oc) A ®(A7m) S = ]:(a') ®(A’,m’) S - Q'(t')
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Therefore, this presheaf G is induced by some presheaf H on NX with respect to the
canonical morphism NAff/CX — NAff/NX . Moreover, it is clear that H is a quasi-
coherent module. Analogously one defines this map on morphisms between quasi-coherent
modules. Finally, we get a functor T.x from Qcoh(X) to Qcoh,(NX) which is quasi-

inverse of mY . O

4.6. Further, we will write C instead of NAff/k . Denote as ® = (C,can) the site
ringed by the sheaf O . Let X be an object of C~ and jx :C/X — C is the canonical
functor. As above, denote by canx the canonical topology on C/X . It is induced by
the canonical topology on C by 1.5. Consider the ringed site ®x = (C/X,canyx) with
the ring sheaf Ox . In the commutative case we know that any quasi-coherent module on
X is a sheaf for the canonical topology on C/X (see 3.2). The same statement in the

noncommutative case is also true, but the proof is not so direct.

Theorem 4.3. Let X be a presheaf of sets on the category C = NAff/k . Then each
quasi-coherent module M on X is a sheaf for the canonical topology on NAff/X .

Proof. Let A be a k -algebra and let (f,: A — B,), a € I be a family of morphisms
of algebras such that the opposite family of maps fa’ in opposite category NAff/k is
covering in the canonical topology. To prove the proposition we have to show that for any

(right) A -module M a homomorphism €y in the diagram

M —o [[M®iBe ——= [] M ®a(Ba*aBp)
acl a,Bel
is an equalizer.

Denote as N an A-bimodule A ®z M . Define a ring S as the space A @ N with
multiplication low (a1, n1)(az,n2) = (a1az,a1n2 +niaz) . By Lemma 4.4 the canonical map
¢: M — N is an embedding. Denote by ¢ the embedding N to S and by v, the
canonical maps M ®4 B, — S x4 B, for any a € I . Let 1 be the product of 1, by
all ael.

Consider the following commutative diagram

M M, [[M®iB, — [I M ®a (Baxa Bg)
acl a,Bel

m ls |

S 2 JIS*aBa /= I (S*aBa)*s(S*aBps)
ael a,Bel

Since the family (fs") is covering, the map eg is an equalizer. Moreover, the maps ¢
and eg are embeddings, hence the map €); is an embedding too. This implies that any
quasi-coherent module is a separated presheaf.

Assume now that the following conditions hold

1). the maps 1, are embeddings for any «
2). intersection of eg(S) and (][, M ®a Ba) coincides with egig(M) .



19

In this case we immediately get that ep; is an equalizer.

Thus, to finish the proof we must to check that the properties 1) and 2) are fulfilled.
1) Denote an A -bimodule B,/A as B, . For any a € I consider a graded ring R,
defined as

Ry = Bo @ (Ba @4 N ®4 Ba) ® (Ba ®4 N ®4 Boa ®4 N ®4 Bo) & - -
with composition low

(bo®@n1 ®b1 ® - ®bi—1 @n; ®@b;)(b ®Ni1 @ bip1 @+ @ bigj—1 @ niyj ® big ;) =
(bo@n1 @b ® - b1 @n; @b} @ Niy1 @big1 ®@ -+ @ bigj1 ®Niyj @ bigy).

There are the ring homomorphisms B, — R, and S — R, . Therefore, there is the
canonical ring homomorphism S x4 B, — R, . By Lemma 4.4 the map M ®4 B, —
Ba®AN®s By = B,®z M ®4 B, is an embedding. Hence, the map M ®4 B, — Ry is
an embedding too. It is the composition of 1, with the canonical map S x4 B, — R, .
Thus, we obtain that ), is an embedding for any o € I .

2) The map i is the embedding of N into S . To check the second condition it is sufficient
to show that intersection of egi(N) and ¢([],c; M ®a Ba) coincides with egigp(M) .
Note that the maps egi and 1 go through the canonical map Hael B,®a4N®y B, —
[Iocr S *4 Ba On the other hand, there is a composition map

[[5*4Bs — [ Ra — ][] Ba®a N ®4 Ba
acl acl acl

which splits previous one. Hence, [],c;Ba®aN®a B, is a direct summand of [],c;S*4
B, .

Denote by p and 6 the maps N — [[,c;Ba®a N ®4 By and [[,c; M ®4 By —
I ac1 Ba ®a N ®a B, respectively. There is the commutative diagram

0 0
| |
0 — M AN I M ®4 B,

acl

5| K
0 — N=Ao;M 2 ] Ba®zM®4 B,
a€el

By Lemma 4.4 the embeddings ¢ and 6 are split as maps of abelian groups. Moreover,
it is easy to see that these splits are commute. Therefore, the intersection of p(N) and
O(Iloer M ®4 By) coincides with pp(M) . This proves property 2) and the proposition as
well. a

Lemma 4.4. Let R be a ring and M be a right R -module. Then the canonical map
M — R®z M is an embedding of right R -modules and it is split as a morphism of abelian

groups.



20

Proof. It is clear that the composition of maps of abelian groups
M-—R®; M- M®zsR— M

is the identity. (Here the last map is the action of the ring R on the right module M .)
Hence, M — R ®z M is an embedding of abelian groups and, consequently, it is an

embedding of right R -modules. a

Corollary 4.5. Let X be a presheaf of sets on the category C = NAff/k . Then the cat-
egory of quasi-coherent modules Qcoh,.(X) s a full subcategory of the category of sheaves
for the canonical topology Mod, (X, canx) . If m : X — ¢X is the morphism of asso-
ciated sheaf in the canonical topology, then the inverse image functor m* : Qcoh,(cX) —
Qcoh,.(X) s fully faithful.

This corollary follows from Theorem 4.3 and Proposition 2.1.
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