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Derived categories of coherent sheaves
and equivalences between them

D. O. Orlov

Abstract. This paper studies the derived categories of coherent sheaves on smooth
complete algebraic varieties and equivalences between them. We prove that every
equivalence of categories is represented by an object on the product of the varieties.
This result is applied to describe the Abelian varieties and K3 surfaces that have
equivalent derived categories of coherent sheaves.
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Introduction

The main objects of study in algebraic geometry are algebraic varieties (or
schemes) and morphisms between them. Every algebraic variety X is a ringed
topological space and thus has a topology (usually the Zariski topology) and a
sheaf of rings of regular functions Ox.

To a large extent, the study of an algebraic variety is the study of sheaves on
it. Since the space is ringed, the natural sheaves are sheaves of O x-modules on it,
among which the quasi-coherent and coherent sheaves are distinguished by their
algebraic nature. Recall that a sheaf of O x-modules is quasi-coherent if it is locally
representable as the cokernel of a homomorphism of free sheaves, and coherent if
these free sheaves are of finite rank. (Locally free sheaves on a variety correspond
one-to-one with vector bundles, and we therefore use these terms interchangeably
in what follows.)

Thus, corresponding to every algebraic variety X we have the Abelian categories
coh(X) of coherent sheaves and Qcoh(X) of quasi-coherent sheaves. Morphisms
between varieties induce inverse image and direct image functors between these
Abelian categories. However, these functors are not exact, that is, do not take
exact sequences to exact sequences. This causes significant complications when
working with Abelian categories and non-exact functors between them. To preserve
functoriality, Cartan and Eilenberg [11] introduced the notion of derived functors
which give necessary corrections to non-exact functors. This technique was devel-
oped by Grothendieck in [15], which subsequently led to the introduction of the
new concepts: derived category and derived functors between them.

Derived categories, in contrast to Abelian categories, do not have short exact
sequences, and the kernels and cokernels of morphisms are not defined. However,
derived categories admit a certain internal structure, formalized by Verdier as the
notion of triangulated category [44].

Passing from Abelian categories to their derived categories allows us to solve
many problems related to difficulties arising in the study of natural functors.
Among the first examples, we mention the creation of the global intersection
theory and the proof of the Riemann—Roch theorem. These results, achieved by
Grothendieck and his co-authors [41], were made possible by the introduction of
the triangulated category of perfect complexes.

Another example relates to the introduction of perverse sheaves and to the estab-
lishment of the Riemann—Hilbert correspondence between holonomic modules with
regular singularities and constructible sheaves (see [3], [23]); this correspondence
only became possible on applying the notions and techniques of triangulated cate-
gories.

Many problems relating to the study of varieties require the study and descrip-
tion of the derived categories of coherent sheaves on them. In the simplest cases,
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when the variety is a point or a smooth curve, every object in the derived category of
coherent sheaves is isomorphic to a direct sum of some family of coherent sheaves
with suitable shifts; that is, every A € D’(coh X) is isomorphic to @le Filni,
where JF; are coherent sheaves. These examples reflect the fact that in these cases
the Abelian category has homological dimension < 1. However, for higher dimen-
sional varieties there are complexes that are not isomorphic in the derived category
to the sum of their cohomology. Thus, describing the derived category for varieties
of dimension greater than 1 is a difficult and interesting problem. The first steps
in this direction were made in [4] and [2], which described the derived category of
coherent sheaves on projective spaces, and subsequently allowed the technique to be
applied to the study the moduli space of vector bundles on P? and P3. In particular,
these papers showed that the derived category of coherent sheaves D®(coh P") on
projective space is equivalent to the derived category of finite-dimensional modules
over the finite-dimensional algebra A = End (;—; O()). This approach has been
perfected since then, and descriptions of the derived categories of coherent sheaves
on quadrics and on flag varieties have also been obtained ([20]-[22]).

Introducing the notions of exceptional family and semi-orthogonal decomposition
enabled one to formulate new principles for describing the derived categories of
coherent sheaves [5], [6]. It turned out that the existence of a complete exceptional
family always realizes an equivalence of the derived category of coherent sheaves
with the derived category of finite-dimensional modules over the finite-dimensional
algebra of endomorphisms of the given exceptional family [5]. The notion of semi-
orthogonal decomposition allowed us to describe the derived category of a blowup
in terms of the derived category of the variety that is blown up and that of the
subvariety along which the blowup occurs [34].

However, for many types of varieties, no description of the derived category is
possible. Nevertheless, the natural question can be posed roughly as follows: how
much information is preserved on passing from a variety to its derived category of
coherent sheaves? In fact it turns out that ‘almost all’ information is preserved
under this correspondence. In many cases one can even recover the variety itself
from its derived category of coherent sheaves, for example if the canonical (or
anticanonical) sheaf is ample [8].

For certain types of varieties one nevertheless finds examples in which two dis-
tinct varieties have equivalent derived categories of coherent sheaves. The first
example of two different varieties having equivalent derived categories of coherent
sheaves was found by Mukai [29]. He showed that this happens for every Abelian
variety and its dual variety. We generalized this construction in [38]: for any
Abelian variety, we introduced an entire class of Abelian varieties, all of which
have the same derived category of coherent sheaves. On the one hand, these exam-
ples show that there are varieties having equivalent derived category of coherent
sheaves; on the other hand, every class of varieties with equivalent derived cate-
gories of coherent sheaves is ‘small’ (it is finite in all the examples).

To obtain a complete classification of varieties with equivalent derived categories
of coherent sheaves, we need a description of the functors and equivalences between
them. It turns out that equivalences are always geometric in nature, that is, they
are represented by certain complexes of sheaves on the product of the varieties.
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We explain what we mean. In what follows we write D®(X) to denote the
bounded derived category of coherent sheaves on X. Any morphism f: X — Y
between smooth complete algebraic varieties induces two exact functors between
their bounded derived categories of coherent sheaves: the direct image functor
Rf.: D?(X) — D}() and the inverse image functor Lf*: D*(Y) — D%(X),
which is left adjoint to Rf.. Moreover, every object & € D¥(X) defines an exact
tensor product functor @ &: D?(X) — D’ X). We can use these standard
derived functors, to introduce a new large class of exact functors between the derived
categories D®(X) and Db(Y).

Let X and Y be two smooth complete varieties over a field k. Consider the
Cartesian product X x Y, and write

XExxy Ly

for the projections of X x Y to X and Y respectively. Every object & € D*(X x Y)
defines an exact functor ®¢ from the derived category D?(X) to the derived cate-
gory D?(Y), given by

() = Rg.(€ @"p"()). (1)

Every functor of this type has left and right adjoint functors.

Thus, to every smooth complete algebraic variety one can assign its derived
category of coherent sheaves, and to every object & € D®(X x Y') on the product
of two such varieties one can assign an exact functor ®¢ from the triangulated
category D?(X) to the triangulated category D®(Y). This paper is devoted to the
study of this correspondence.

One of the first questions that arises in the study of derived categories of coherent
sheaves is the following: can every functor between these categories be represented
by an object on the product? that is, is it of the form (1)? In Chapter 3 we give
an affirmative answer to this question if the functor is an equivalence.

Two other central questions here are as follows:

1) When are the derived categories of coherent sheaves on two different smooth
complete varieties equivalent as triangulated categories?

2) What is the group of exact auto-equivalences of the derived category of
coherent sheaves on a given variety X7

Some results in this direction were already known. Exhaustive answers to the
above questions are known when the variety has ample canonical or anticanonical
sheaf: in [8] we proved that a smooth projective variety X with ample canonical (or
anticanonical) sheaf can be recovered from its derived category of coherent sheaves
D®(X); moreover, [8] also gives an explicit construction for recovering X. For
varieties of this type, the group of exact auto-equivalences can also be described.

We now describe the contents and structure of this paper. Most of the results
collected here can be found in some form in the papers [7], [8], [34], [35], and [37].
Chapter 1 collects material of a preliminary nature. We first give the definition of
triangulated category and recall the notions of an exact functor between triangu-
lated categories, the localization of a triangulated category with respect to a full
subcategory, and the general definition of derived functor for localized triangulated
categories. After this we define the homotopy category and the derived category
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of an Abelian category, and we also discuss the properties of derived categories of
coherent and quasi-coherent sheaves on schemes and the functors between these
categories.

In Chapter 2 we introduce the class of functors between the bounded derived
categories of coherent sheaves on smooth complete algebraic varieties that are
representable by objects on products, and describe their main properties. Using
results from Chapter 3, we prove that, if two smooth projective varieties X and Y
have equivalent derived categories, then there exists an isomorphism between the
bigraded algebras HA(X) and HA(Y") defined by the following formula:

q
@HAM =P P wx, \Tx 0k),

i,k ptg=t

where Tx is the tangent bundle and wx the canonical bundle of X (Theorem 2.1.8
and Corollary 2.1.10).

In the second section of Chapter 2 we present a whole class of pairs of vari-
eties having equivalent derived categories of coherent sheaves. These examples are
interesting in that the varieties that arise are birationally isomorphic (but not iso-
morphic in general) and are related by a birational transformation called a flop. In
particular, these examples show that we cannot weaken the condition of ampleness
of the canonical (or anticanonical) class in the theorem on recovering X from D(X).

Let Y be a smoothly embedded closed subvariety in a smooth complete algebraic
variety X such that Y 22 P¥ with normal bundle Ny ,y 2 Oy (—1)®(+1). We assume
that | < k and write X to denote the blowup of X with centre along Y. In this case
the exceptional divisor Yi _is isomorphic to the product of projective spaces Pk x P!,
There is a blowdown of X such that ¥ projects to the second factor P*. Consider
the diagram of projections

T & owt
XX s Xt
The birational map fl: X --» X7 is the simplest example of a flip or flop; it is a
flip for | < k and a flop for [ = k.

The main theorem of this section relates the derived categories of coherent
sheaves on the varieties X and X+. It asserts that for any line bundle £ on X , the
functor

R, (L™ () @ L): DY(X 1) — DY(X)
is fully faithful, and for k£ = [ this functor is an equivalence.

Chapter 3 is central. It is concerned with proving that every equivalence between
derived categories of coherent sheaves on smooth projective varieties is represented
by an object on the product. This assertion allows us to describe equivalences
between derived categories of coherent sheaves and to answer the question of when
two different varieties have equivalent derived categories of coherent sheaves.

In fact, in this chapter we prove a more general assertion: namely, that any func-
tor between bounded derived categories of coherent sheaves on smooth projective
varieties that is fully faithful and has an adjoint functor can be represented by an
object € on the product of these varieties; that is, it is isomorphic to the func-
tor ®¢ defined by the rule (1). Moreover, the object € representing it is uniquely
determined up to isomorphism (Theorem 3.2.1).
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In Chapter 4 we study the derived categories of coherent sheaves on K3 surfaces.
For any K3 surface S, the cohomology lattice H*(S,Z) has a symmetric bilinear
form defined by the rule

(u,u/)=r-8 +s-17"—a-o €cHYS,Z) =7

for any pair u = (r,a, ), v’ = (1',a/,s") € H*(S,Z) ® H*(S,Z) ® H*(S,Z). The
cohomology lattice H*(S, Z) with the bilinear form (-, -) is called the Mukai lattice
and denoted by H(S, Z).

The lattice fl(S’, Z) admits a natural Hodge structure. In the present case, by
Hodge structure, we mean that we fix a distinguished one-dimensional subspace
H*°(S) in the space H(S,C). We say that the Mukai lattices of two K3 surfaces
S1 and Sy are Hodge isometric if there is an isometry between them taking the
one-dimensional subspace H>%(S;) to H*?(S,).

The main theorem of this chapter (Theorem 4.2.1) asserts that the derived cat-
egories D¥(S;) and D®(Sy) of coherent sheaves on two K3 surfaces over the field
C are equivalent as triangulated categories if and only if there is a Hodge isometry
f:H(S1,Z) =5 H(S2,Z) between their Mukai lattices. This theorem has another
version in terms of lattices of transcendental cycles (Theorem 4.2.4).

In view of the Torelli theorem for K3 surfaces [39], [27], which says that a K3
surface can be recovered from the Hodge structure on its second cohomology, we
obtain an answer in terms of Hodge structures to the question of when the derived
categories of coherent sheaves on two K3 surfaces are equivalent.

In Chapter 5 we study the derived categories of coherent sheaves on Abelian
\@rieties and their groups of auto-equivalences. Let A be an Abelian variety and
A the dual Abelian variety. As proved in [29], the derived categories of coherent
sheaves D®(A) and Db(;l\) are equivalent, and the equivalence, called the Fourier—
Mukai transform, can be given by means of the Poincaré line bundle P4 on the
product A x A by the rule (1): F — R'pa.(Pa @ pi(F)).

This construction of Mukai was generalized in [38] as follows. Consider two
Abelian varieties A and B and an isomorphism f between the Abelian varieties
A x A and B x B. Write f in the matrix form

_ (T Y
f - (Z ’LU) )
where x stands for a homomorphism from A to B, y from Ato B , and so on. We
say that the isomorphism f is isometric if its inverse has the form

(W -y
f —<—2 53)

We define U(A x A, B x B) to be the set of isometric isomorphisms f. If B = A,
then we denote this set by U(A x A); note that it is a subgroup of Aut(A x A).
We proved in [38] that if there is an isometric isomorphism between A x A

and B x B for two Abelian varieties A and B over an algebraically closed field,
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then the derived categories of coherent sheaves D?(A) and D®(B) are equivalent.
In Chapter 5 we prove that these conditions are equivalent over an algebraically
closed field of characteristic zero; that is, the derived categories D®(A) and D®(B)
are equivalent if and only if there is an isometric isomorphism from A x Ato Bx B.
In fact, the “only if” part holds over an arbitrary field (Theorem 5.1.16). As a
corollary, we see that there are only finitely many non-isomorphic Abelian varieties
whose derived categories are equivalent to DY(A) for a given Abelian variety A
(Corollary 5.1.17).

Representing equivalences by objects on the product, we construct a map from
the set of all exact equivalences between D?(A) and D?(B) to the set of isometric
isomorphisms from A x A to B x B. We then prove that this map is functorial
(Proposition 5.1.12). In particular, we obtain a homomorphism from the group of
exact auto-equivalences of D?(A) to the group U(Ax A) of isometric automorphisms
of A x A.

In §5.2 we describe the kernel of this homomorphism, which turns out to be
isomorphic to the direct sum of Z and the group of k-valued points of A x A
(Proposition 5.2.3). Technically, this description is based on the fact that the
object on the product of Abelian varieties that defines the equivalence is in fact a
sheaf, up to a shift in the derived category (Proposition 5.2.2).

In the final §5.3, under the assumption that the ground field is algebraically
closed and char(k) = 0, we give another proof of the assertion in [38]; this proof
uses results in [30] describing semi-homogeneous bundles on Abelian varieties. In
particular, we obtain a description of the group of auto-equivalences as an exact
sequence

0— Z & (Ax A), — AuteqD?(A) — U(A x A) — 1.

CHAPTER 1

Preliminaries

1.1. Triangulated categories and exact functors. A detailed treatment of
the facts collected in this chapter may be found in [14], [24], [25], and [44]. The
notion of triangulated category was first introduced by Verdier in [44]. Let D be
some additive category. We define a structure of triangulated category on D by
giving the following data:

a) an additive shift functor [1]: D — D which is an auto-equivalence;
b) a class of distinguished (or exact) triangles

X5y -5z X[1]

that must satisfy the following set of axioms T1-T4.

T1. a) For any object X the triangle X X 0 — X|[1] is distinguished.
b) If a triangle is distinguished, then any isomorphic triangle is also distin-
guished.
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¢) Any morphism X —5Y in D can be completed to a distinguished triangle
X -5y -5z X1

T2. A triangle X % Y -5 Z - X[1] is distinguished if and only if the
triangle

Y %z 2 x(1) Wy

is distinguished.

T3. Given two distinguished triangles and two morphisms between their first
and second terms that form a commutative square, this diagram can be
completed to a morphism of triangles:

N — =g = X[1]
X

T4. For any pair of morphisms X — Y — Z there is a commutative diagram

i
L 0 f ria
. ¥ [} . r
— ¥ r—= X1

r

P g— Y * 7z —— X[

Il [ H

X z —Ys vy 2 X[
l lt uf1]
X = X' — Y[
P
v = 2z

in which the top two rows and the two central columns are distinguished
triangles.
Let D be a triangulated category. We say that a full additive subcategory N C D
is a triangulated subcategory if it is closed under the shift functor and under taking
the mapping cone of morphisms; that is, if two objects of some triangle

X —Y —Z— X[1]

belong to N, then so does the third object. We now describe the type of functors
between triangulated categories that it makes sense to consider.

Definition 1.1.1. We say that an additive functor F: D — D’ between two
triangulated categories D and D’ is exact if
a) F commutes with the shift functor, that is, there is a given isomorphism of
functors
tp: Fo[l] =5 [1]oF,
b) F takes each distinguished triangle in D to a distinguished triangle in D’
(where we use the isomorphism tr to replace F(X[1]) by F(X)[1]).
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It follows at once from the definition that the composite of two exact functors is
again exact. Another property we need concerns adjoint functors.

Lemma 1.1.2 ([6], [8]). If a functor G: D' — D is left (or right) adjoint to an
exact functor F': D — D', then G is also exact.

We define and describe the main properties of a Serre functor, the abstract
definition of which was given in [6] (see also [8]).

Definition 1.1.3. Let D be a k-linear category with finite-dimensional Hom-spaces
between objects. A covariant functor S: D — D is a Serre functor if it is an
equivalence of categories, and there exists a bifunctorial isomorphism

¢a,p: Homp (A4, B) — Homp (B, SA)* for any objects A, B € D.

Lemma 1.1.4 [8]. Any equivalence of categories ®: D — D’ commutes with Serre
functors; that is, there exists a natural isomorphism of functors ® oS = S o ®,
where S and 8" are Serre functors for the categories D and D' respectively.

If we have two Serre functors for the same category, then they are isomorphic,
and this isomorphism commutes with the bifunctorial isomorphisms ¢4 p in the
definition of Serre functor. Indeed, let S and S’ be two Serre functors for
the category D. Then for any object A in D there is a natural isomorphism

Hom(A4, A) = Hom(A4, SA)* = Hom(SA, S"A).

Considering the image of the identity morphism id4 under this identification, we
obtain a morphism SA — S’'A, which gives an isomorphism S = §'.

Thus, a Serre functor for a category D (if it exists) is uniquely determined
(up to isomorphism). In what follows, we will be interested in Serre functors for
triangulated categories.

Lemma 1.1.5 [6]. A Serre functor for a triangulated category is exact.

We recall the definition of localization of a category and, in particular, the local-
ization of a triangulated category with respect to a full triangulated subcategory
(see [13]). Let € be a category and ¥ a class of morphisms in €; the localization of
C with respect to X has a good description if ¥ admits a calculus of left fractions;
that is, if the following properties hold:

L1. All the identity morphisms of the category belong to 3.

L2. The composite of any two morphisms in 3 again belongs to X.

L3. Each diagram of the form X’ <>~ X - Y with s € ¥ can be completed to

a commutative square

¥

=

1 a K
-

with t € X.
L4. If f and g are two morphisms, and there exists a morphism s € X satisfying
fs = gs, then there also exists ¢t € ¥ such that tf = tg.
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If ¥ admits a calculus of left fractions, then the category C[X~!] can be described
as follows. The objects of C[¥7!] are just those of €. The morphisms from X to Y’
are equivalence classes of diagrams (s, f) in C of the form

X Ly & v withsey,

where two diagrams (f, s) and (g,t) are equivalent if they fit into a commutative
diagram

with r € X.
The composite of two morphisms (f, s) and (g, t) is the morphism (¢’ f, s't) con-
structed using the square of axiom L3:

One sees readily that G[X~!] constructed in this way is indeed a category (with
morphisms between objects forming a set), and that the canonical functor

Q:C—C[x Y defined by X — X, [~ (f,1)

inverts all morphisms in ¥, and is universal in this sense (see [13]).

Consider a full subcategory B C € and write X N B for the class of morphisms
in B also belonging to . We say that B is right cofinal in C with respect to ¥ if
for any s: X — X’ in ¥ with X € B there is a morphism f: X’ — Y such that
fs e XNB.

Lemma 1.1.6 ([17], [25]). The class ¥ N'B also admits a calculus of left fractions
and, if B is right cofinal in C with respect to X, the canonical functor

B(ZNB)~ ! — exY

is fully faithful.
We recall the definition of fully faithful functor.
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Definition 1.3. We say that a functor F': € — D is fully faithful if the natural
map
Hom(X,Y) — Hom(FX, FY)

is a bijection for any two objects X,Y € C.

Now let D be a triangulated category and N a full triangulated subcategory. We
write X for the class of morphisms s in D that fit in an exact triangle

N — X % X' — N1,

with N € N, and call ¥ the multiplicative system associated with the subcategory
N. It follows from the general theory of localization that there exists an additive
category D[X~!] and an additive localization functor Q: D — D[L7!]. We can
give the category D[X~!] the shift functor induced by [1]: D — D. Moreover,
we define distinguished triangles in D[X7!] to be the triangles isomorphic to the
images of distinguished triangles in D under the localization. We set

D/N == D[]

Proposition 1.1.8. Giving D/N the structure described above makes it into a
triangulated category, and makes Q: D — D/N into an exact functor.

Note that in our situation the system ¥ admits a calculus of left (and right)
fractions, so that the category D/N admits a good description as given above.
Following Deligne [12] (see also [25]), we now describe the general construction of
derived functors for the localizations of triangulated categories. Let C and D be
triangulated categories and F': € — D an exact functor. Let M C C and N C D
be full triangulated categories. Since we do not assume that FM C N, the functor
F does not induce any functor from €/M to D/N. However, there may exist a
certain canonical approximation to an induced functor, namely, an exact functor
RF: C/M — D/N, and a morphism of exact functors can: QF — (RF)Q. The
construction proceeds as follows. Write X for the multiplicative system associated
with the subcategory M. Let Y be an object of €/M. We define a contravariant
functor rFY from D/N to the category of Abelian groups by the following rule:
the value of rF'Y(X) at an object X € D/N is the equivalence classes of pairs (s, f)

vy 5y, xRy,

with s € ¥ and f a morphism in D/N. Two such pairs (s, f) and (¢, g) are equivalent
if there exist commutative diagrams in € and D/N of the form
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with r € 3. If the functor rF'Y is representable, we define RF'Y as the object that
represents it, and say that the right derived functor RF is defined on Y. In this
case we have an isomorphism

Hom(X,RFY) 2 rFY(X).

One sees readily that a morphism of functors rFa: rFY — rFZ is defined for
any morphism a:Y — Z in €/M. Now if the derived functor RF' is defined
on both Y and Z, the morphism RF« is also defined. This makes RF' a functor
W — D/N on some full subcategory W C €/M, consisting of the objects on which
RF is defined.

Proposition 1.1.9 [12]. Suppose that
X —Y —Z— X[1]

is a distinguished triangle in /M and RF is defined on X and Z. Then it is also
defined on' Y, and takes the given triangle into a distinguished triangle of D/N.
Thus, W is a triangulated subcategory in C/M and RF: W — D/N is an ezact
functor.

It follows at once from the construction of the derived functor that there is a
canonical morphism can: QFY — (RF)QY for any object Y € C (provided, of
course, that RF is defined on QY € C/M). All these morphisms define a natural
transformation of triangulated functors can: QF|vw — (RF)Qw.

The left derived functor LF is defined in the dual way: for Y € C/M, we define
a covariant functor 1F'Y whose value at X € D/N is the equivalence classes of pairs

(s, f),

v Sy, Fx Ly,
with s € ¥ and f a morphism in D/N. Then LFY (if it exists) is the object rep-
resenting the functor 1F'Y; that is, Hom(LFY, X) 2 1FY (X). There is a canonical
morphism can: LFQY — QFY.

Suppose that the functor F': € — D takes the subcategory M into N. In this
case the derived functors RF and LF' are both isomorphic to the canonical functor
C/M — D/N induced by F.

Let j: V — C be the inclusion of a full triangulated subcategory which is right
cofinal with respect to 3. By Lemma 1.1.6 the induced functor V/(VNM) — C¢/M
is fully faithful. We denote it by Rj.

Lemma 1.1.10. For any object V €V the functor RF is defined on V if and only
if R(Fj) is defined on V, and there is an isomorphism of functors R(Fj)V —
RFR;V.

We now describe conditions under which the right derived functor is defined on
the entire category C.

Definition 1.1.11. An object Y € C is said to be (right) F-split with respect to
M and N if RF is defined on Y and the canonical morphism QFY — (RF)QY

is an isomorphism.

The following lemma gives a characterization of F-split objects.
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Lemma 1.1.12. An object Y € C is F-split if and only if for any morphism
s:Y — Y’ in X the morphism QFs admits a retraction, that is, there ewists a
p: QFY' — QFY such that po QFs = id.

We say that C admits enough F-split objects (with respect to M and N) if for

any Y € C there exists a morphism s: Y — Yj in X such that Y is F-split. In
this case RF is defined on the entire category C/M, and there are isomorphisms

RFY 5 RFY, < FY,.

To conclude this section we say a few words on adjoint functors. Suppose that a
functor F has a left adjoint G: D — C and assume that the derived functors RF
and LG exist (that is, that they are everywhere defined). Then LG is again a left
adjoint to RF', and hence there are functorial isomorphisms

Hom(LGX,Y) 2 Hom(X,RFY) for X € D/N andY € C/M. (2)

1.2. Derived categories and derived functors. Let A be an additive category.
We write C(A) to denote the category of differential complexes. Its objects are the
complexes

M':(---—>Mpd—p>Mp+1—>---) with MP € A for p € Z, and d? = 0,

and the morphisms f: M — N are families of morphisms fP: MP — NP in A
that commute with the differentials; that is,

dnfP — fPPdy =0 for any p.

We write C*(A), C~(A) and Cb(A) for the full subcategories of C(A) formed
by complexes M* for which MP = 0 for all p < 0, respectively for all p > 0,
respectively for all p > 0 and all p < 0.

We say that a morphism of complexes f: M — N is null-homotopic if fP =
dnh? 4+ hPtldy, for all p € Z for some family of morphisms h?: MPT1 — NP. We
define the homotopy category H(A) to be the category having the same objects as
C(A) and the morphisms in H(A) are classes f of morphisms f between complexes
modulo null-homotopic morphisms.

We define the shift functor [1]: H(A) — H(A) by the rule

(MA)P = MP*, dyypy = —du-
We define a standard triangle in H(A) to be a sequence
LM Zop oo,

where f: L — M is some morphism of complexes, Cf = M @ L[1] is a graded
object of C(A), with the differential

dog= (0 7
Cf 0 _dL ’
g is the canonical embedding M — Cf, and —h the canonical projection. As
usual, C'f is called the mapping cone of f.
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Lemma 1.2.1. The category H(A) with [1] as shift functor and the class of tri-
angles isomorphic to standard triangles as distinguished triangles is a triangulated
category.

We write H' (A), H™(A) and H*(A) for the images in H(A) of the categories
C*(A), C(A) and CP(A) respectively. These categories are also triangulated.
Suppose now that A is an Abelian category. To define the derived category of
an Abelian category, we must recall the notions of acyclic complex and of quasi-
isomorphism. For any complex N and each p € Z, the cohomology HP(N*) € A
is defined as Ker d?/ImdP~!. Thus, for any integer p we have an additive functor
H?: C(A) — A taking a complex N* to its pth cohomology H?(N") € A.

We say that a complex N* € C(A) is acyclic at the nth term if H"(N") = 0, and
simply acyclic if all its cohomology vanishes, H"(N") = 0 for n € Z. We denote by
N the full subcategory of H(A) consisting of all acyclic complexes. The following
lemma is practically obvious.

Lemma 1.2.2. The subcategory N is a full triangulated subcategory of H(A).

We say that a morphism f: X — Y in H(A) is a quasi-isomorphism if its
mapping cone is an acyclic complex. In other words, f is a quasi-isomorphism if
the map it induces on cohomology is an isomorphism. Let Quis be the multiplicative
system associated with N, that is, the system consisting of all quasi-isomorphisms.

Definition 1.2.3. The derived category D(A) of an Abelian category A is defined
as the localization of the homotopy category H(A) with respect to the subcategory
of all acyclic complexes, that is,

D(A) := H(A)/N = H(A)[Quis].

For x € {+, —, b}, we define the corresponding derived category D*(A) in the same
way as the localization H*(A)/(H*(A) NN).

Lemma 1.2.4. For x € {+, —, b}, the canonical functors
D*(A) — D(A)

define equivalences with the full subcategories of D(A) formed by complexes that are
acyclic respectively for n < 0, forn > 0, and for n < 0 and n > 0. The subcate-
gory HT (A) is right cofinal in H(A) with respect to the class of quasi-isomorphisms,
and H™(A) is left cofinal.

Suppose that the Abelian category A has enough injective objects; that is, every
object embeds in an injective. We denote by J the full subcategory of A consisting
of the injective objects. In this case, one can prove that the composite functor

H*(J) — H(4) -2 DH(A)

is an equivalence of categories (see [17]). Similarly, if an Abelian category A has
enough projectives, then the composite functor

H (P) — H (A) % D (A)

is an equivalence, where P in A is the full subcategory of projectives.
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Let F': A — B be an additive functor (not necessarily exact) between Abelian
categories. Then F induces in an obvious way an exact functor H(A) — H(B),
which we denote by the same symbol F. The general construction of (right) derived
functor described in the previous section gives a functor RF', defined on a certain
full triangulated subcategory of D(A), and taking values in D(B). The same applies
to the left derived functor. We define the nth right (respectively left) derived functor
of F' as the cohomology

R"FX = H"(RFX) (respectively L,FX =H "(LFX)) forné€Z.

In applications, the right adjoint functor usually turns out to be well defined on the
subcategory DT (A). Using Lemmas 1.1.10 and 1.2.4, we can say that the restric-
tion of the functor RF to DT (A) coincides with the derived functor of the
restriction of F to HT(A) C H(A).

We now describe the conditions under which the right derived functor RF is
defined on the entire category DT (A). We say that a full additive subcategory
R C A is right adapted to a functor F if

a) F takes acyclic complexes in CT(R) to acyclic ones;
b) every object of A embeds in some object of R.

We say that the objects of R are right F-acyclic. If there exists a subcategory R
right adapted to F, one often says that A has enough (right) F-acyclic objects.

Suppose that F: A — B is a functor for which a right adapted subcategory
R C A exists. Applying Lemma 1.1.12, one checks readily that every right bounded
complex of objects in R is right F-split. From condition b) one deduces that for
each object X € HT(A) there is a quasi-isomorphism X — X’ with X’ € H*(R).
As a corollary, we see that the canonical functor

H (R)[Quis '] — DT(A)

is an equivalence of triangulated categories.

Lemma 1.2.5. Suppose that F' is a functor for which a right adapted subcategory
R C A exists. Then the functor RF is defined on DY (A), and for any left bounded
complex X there is an isomorphism RFX — X', where X — X' is a quasi-
isomorphism with X' € H* (A).

If A has enough injectives, then the full subcategory J C A consisting of all
injectives is right adapted to every additive functor. In this case we can compute
the right derived functor RF X by applying F' to an injective resolution X’ of the
complex X.

Dually, one can introduce the notion of subcategory left adapted to a functor F'.
If such a subcategory exists, the left derived functor LF: D~ (A) — D(B) is
defined.

1.3. Derived categories of sheaves on schemes. Several Abelian categories
of sheaves can be assigned to any scheme. Let X be a scheme over a field k, with
structure sheaf Ox. We denote by Ox-Mod the Abelian category of all sheaves
of Ox-modules in the Zariski topology. The category Ox-Mod has all limits and
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colimits, and has a set of generators. Direct colimits are exact. For this reason,
the category Ox-Mod is a Grothendieck Abelian category, and has enough injectives
(see [15], [42], Exp. IV).

From now on, we consider only Noetherian schemes (although many of the facts
treated below also hold in the more general situation). We denote by Qcoh(X)
the full Abelian subcategory of Ox-Mod consisting of quasi-coherent sheaves. On
a Noetherian scheme X every quasi-coherent sheaf is the direct colimit of its sub-
sheaves of finite type (see [16], EGAL, 9.4). In this case the category Qcoh(X) has
a set of generators and is a Grothendieck Abelian category, and thus has enough
injectives.

The third category that we can assign to a scheme X is the category of coher-
ent sheaves coh(X); it is a full Abelian subcategory of Qcoh(X). Although the
definition of (quasi-)coherent sheaves is local, in fact they do not depend on
the topology. We could, for example, consider not just the Zariski topology but
also, say, the etale or flat topology. In this case, although the notion of sheaf of
O x-modules depends on the choice of topology, (quasi-)coherent sheaves do not (see
[36]). In particular, for an affine scheme X, the category Qcoh(X) is equivalent to
the category of modules over the algebra corresponding to X.

In what follows we will focus on the category of coherent sheaves, and, more
precisely, on the derived category of coherent sheaves. However, since coh(X) does
not have enough injectives, in constructing derived functors we make use of the
categories Qcoh(X) and Ox-Mod.

For a Noetherian scheme X, the full embedding of Abelian categories Qcoh(X) —
Ox-Mod takes injectives to injectives. From this, we can deduce by a simple
procedure (see [17], 1.4.6, [43], Appendix B) that the triangulated subcategory
H*(Qcoh) is right cofinal in the triangulated category H' (O x-Mod). Thus, apply-
ing Lemma 1.1.6, we obtain the following assertion.

Proposition 1.3.1 ([17], [41], Exp. IT). If X is a Noetherian scheme, the canonical
functor
D" (Qcoh(X)) — DT (Ox-Mod)

is fully faithful and defines an equivalence with the full subcategory
D+(Ox-MOd)QCOh C D+(Ox-MOd)
consisting of complezes with quasi-coherent cohomology.

Under additional conditions on the scheme we can also prove the analogous
assertion for unbounded derived categories.

Proposition 1.3.2 ([41], Exp. IT). If X is a finite-dimensional Noetherian scheme,
then the canonical functor

D(Qcoh(X)) — D(0x-Mod)
is fully faithful and defines an equivalence with the full subcategory
D(Ox-MOd)QCOh C D(Ox-MOd),

which consists of complezes with quasi-coherent cohomology.
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The proof makes use of the fact that the embedding functor has a right adjoint
Q: Ox-Mod — Qcoh(X), and for finite-dimensional schemes this functor has
finite cohomological dimension (see [41], I1.3.7).

We now consider the embedding of Abelian categories coh(X) C Qcoh(X).
Assertions similar to those just described are also known for the canonical functor
between derived categories; however, these assertions relate only to right bounded
derived categories.

Proposition 1.3.3 ([41], Exp. II). For a Noetherian scheme X, the canonical
functor
D~ (coh(X)) — D™ (Qcoh(X))

is fully faithful and gives an equivalence with the full subcategory D~ (Qcoh(X))coh.

Combining this proposition with Propositions 1.3.1 and 1.3.2, we obtain the
following corollary.

Corollary 1.3.4 ([41], Exp. II). Let X be a Noetherian scheme (respectively, a
finite-dimensional Noetherian scheme). Then the canonical functor

D’(coh(X)) — D*(Ox-Mod) (respectively D~ (coh(X)) — D~ (0x-Mod))
is fully faithful and defines an equivalence with the full subcategory
D’ (Ox-Mod)con  (respectively D™ (O x-Mod)con ).

We now describe the main derived functors between the derived categories of
sheaves on schemes. Let f: X — Y be a morphism of Noetherian schemes. There
exists an inverse image functor

f5: Oy-Mod — Ox-Mod,

which is right exact. Since Oy-Mod has enough flat Oy-modules and they are
f*-acyclic, it follows that the left derived functor

Lf*: D™ (0Oy-Mod) — D™ (Ox-Mod)

is defined. One proves readily that L f* takes the categories D~ (Oy-Mod)gcon and
D~ (Oy-Mod)con to D~ (0 x-Mod)qeon and D~ (0 x-Mod)con respectively. Thus, for
finite-dimensional Noetherian schemes we obtain a derived inverse image functor
Lf* on right bounded derived categories of quasi-coherent and coherent sheaves.

If f* has finite cohomological dimension (in which case we say that f has finite
Tor-dimension), we can extend the derived functor Lf* to the unbounded derived
categories. Moreover, if f has finite Tor-dimension, the derived inverse image func-
tor takes the bounded derived category to the bounded derived category. In par-
ticular, we have the functor

Lf*: D’(Oy-Mod)con — D°(Ox-Mod)eon.
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Let €,F € C(Ox-Mod) be two complexes of Ox-modules. We define the tensor
product € ® F as the complex associated to the double complex EP ® F9, that is,

@)= > e,
pt+q=n
with the differential d = de¢ 4+ (—1)"dy. A homotopy between morphisms of com-
plexes extends to the tensor product, and we obtain a functor

€ ® : H(Ox-Mod) — H(0Ox-Mod).

Suppose now that &€ € C~(0Ox-Mod). The category H (Ox-Mod) has enough
objects that are left split with respect to the functor € ® ; indeed, right bounded
complexes of flat Ox-modules have this property. Therefore, there exists a left
derived functor

€ ®Y: D7 (0x-Mod) — D~ (Ox-Mod).
If & and &, are quasi-isomorphic, then &; @ and &, ® are isomorphic. In fact,
we obtain a functor in two variables

@l D~ (0x-Mod) x D™ (0x-Mod) — D~ (0x-Mod),

which is exact with respect to both arguments. The derived functor of the tensor
product is obviously associative and symmetric.

Suppose that an object € has finite Tor-dimension, that is, € is quasi-isomorphic
to a bounded complex of flat O x-modules. Then, on the one hand, & @ extends to
the unbounded derived category, and on the other, by restriction we obtain a functor
from the bounded derived category to itself. We obtain the functors

€ @Y : D(0x-Mod) — D(Ox-Mod), & ®%: D’(0x-Mod) — D®(Ox-Mod).

Note that if € is in D~ (0 x-Mod)con (respectively D~ (O x-Mod)qcon), then € @
takes objects with (quasi-)coherent cohomology to objects with (quasi-)coherent
cohomology.

Let f: X — Y be a morphism of Noetherian schemes. The direct image functor

f«: Ox-Mod — Oy-Mod

is left exact. Since the category of Ox-modules has enough injectives, it follows
that the right derived functor

Rf.: D*(0x-Mod) — DT (Ox-Mod)

exists. Moreover, in this case, Rf, takes the subcategory D* (0 x-Mod)qcon to the
subcategory D' (Oy-Mod)qcoh-

If in addition, f, has finite cohomological dimension, then R f, can be extended
to the category of unbounded complexes. This holds, for example, if X is a finite-
dimensional Noetherian scheme. On the other hand, in this case (that is, when f,
has finite cohomological dimension), the right derived functor between the bounded
derived categories

Rf.: D’(Ox-Mod) — DO x-Mod)
exists.

For the right derived functor to be defined between derived categories of coherent
sheaves, we need additional conditions on the morphism.
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Proposition 1.3.5 ([16], III, 3.2.1, [17]). Suppose that f: X — Y is a proper
morphism of Noetherian schemes. Then the functor Rf, takes the subcategory
D" (Ox-Mod)con to the subcategory DT (Oy-Mod)con. If in addition, X is finite-
dimensional, then the analogous assertion holds for the bounded and unbounded
derived categories.

Let €,F € C(Ox-Mod) be two complexes of Ox-modules. We define a complex
Hom (€, F) by the rule

Hom" (&, F) = | [ Hom(eP, 57+
P

with the differential d = de + (—1)"T'dy. A homotopy between morphisms of
complexes extends to the local Hom, and we obtain a bifunctor

Hom: H(Ox-Mod)°P? x H(Ox-Mod) — H(Ox-Mod).

Since every left bounded complex has an injective resolution, we obtain a derived
bifunctor

R3Hom: D(Ox-Mod)°? x DT (Ox-Mod) — D(0x-Mod).
In this situation we define the local hyper-Ext
&xt'(&,9) := H' (RHom(E, F)).

For a Noetherian scheme X, if € and F are (quasi-)coherent O x-modules, then the
sheaves &xt'(€,F) are also (quasi-)coherent for any i > 0.

Now if &€ € D™ (Ox-Mod)con and F € DF(Ox-Mod)con, then RHom(E,F)
belongs to D(0x-Mod)con.

We describe the main properties and relations between the derived functors
introduced in this section. Consider two morphisms f: X — Y and g: Y — Z.
In this situation we have two functors L(gf)* and Lf*Lg* from D~ (0z-Mod) to
D~ (0Ox-Mod). Then the natural transformation

L(gf)" — Lf"Lg"

is an isomorphism. The proof of this assertion follows from the fact that the functor
g* takes flat Oz-modules to flat Oy-modules (see, for example, [17]).
In the same way, we have an isomorphism

R(g9f)« — Rag.Rf.

of functors from D*(Ox-Mod) to D*(0z-Mod). This assertion follows from the
fact that f. takes injective sheaves to flabby sheaves on Y, which in turn are g,-
acyclic (see [17]).

The other relations that we use fairly frequently are called the projection formula
and flat base change.
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Proposition 1.3.6 ([17], I11.5.6). Let f: X — Y be a morphism between finite-
dimensional Noetherian schemes. Then for any objects € € D~ (0z-Mod) and
F € D~ (0x-Mod)qeon there is a natural isomorphism of functors

Rf.E VF =5 Rf.(E QUL T). (3)

Proposition 1.3.7 ([17], 11.5.12). Let f: X — Y be a morphism of finite type
between finite-dimensional Noetherian schemes and g: Y' — Y a flat morphism.
We consider the Cartesian square

XxyY —2 X

f'l lf )

Yy —-vY
In this situation there is a natural isomorphism of functors
Lg*Rf.& = Rf.Lg™*E for any & € D(Ox-Mod)qeon- (4)

We state another relation that we need.

Proposition 1.3.8 ([17],11.5.16). Let € be a bounded complex of locally free sheaves of
finite rank on a Noetherian scheme X. Then the following natural isomorphisms
of functors

RIom(F, §) @& = RHom(F, 5 oV &) =5 RHom(F @€Y, G) (5)
hold for any F € D~ (Ox-Mod), § € DT (Ox-Mod), where &Y := RHom(&, Ox).
CHAPTER 2

Categories of coherent sheaves and functors between them

2.1. Basic properties of categories of coherent sheaves. From now on,
we consider only bounded derived categories of coherent sheaves on smooth com-
plete algebraic varieties. For brevity, we always write simply D?(X) instead of
D®(coh(X)). Moreover, we omit the symbol of derived functor if the functor is
exact, for example, for inverse image under a flat morphism or for tensor product
by a locally free sheaf.

For a smooth complete variety X of dimension n the bounded derived category of
coherent sheaves admits a Serre functor (see Definition 1.1.3), given by (- )®@wx [n],
where wx is the canonical sheaf (see [6]). Thus, we have an isomorphism

Hom(€,F) = Hom(F, € @ wx[n])* (6)

for any pair of objects £, F € D®(X).
As shown in the previous section, every morphism f: X — Y between smooth
complete algebraic varieties induces two exact functors, the direct image functor
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Rf.: D’(X) — D®(Y) and inverse image functor Lf*: D*(Y) — D?(X), and
these functors are mutually adjoint. Moreover, each object & € D®(X) defines the
exact tensor product functor @ €: D(X) — D?(X).

We can use these standard derived functors to introduce a large new class of
exact functors between the derived categories D?(X) and D*(Y).

Let X and Y be two smooth complete varieties over a field &, of dimension n
and m respectively. Consider the Cartesian product X x Y and write p and ¢ for
the projections of X X Y to X and Y respectively:

X< xxy Ly

Every object & € D*(X x Y) determines an exact functor ®¢ from the derived
category D®(X) to the derived category D®(Y"), defined by the formula

() = Rg.(€ @"p" (). (7)

Moreover, to the same object &€ € D?(X x Y) one can assign another functor ¥e
from the derived category D®(Y') to the derived category D®(X), defined by a rule
similar to (7):
Te(-)=Rp.(E"q"(+)).
One checks readily that the functor ®¢ has both left and right adjoint functors.
Lemma 2.1.1. The functor ®¢ has left and right adjoint functors ®% and (I)!s
respectively, defined by the formulae
Oz = Vevggrwy[m] and (I)!S = Vevgprwx[n)- (8)

Here wx and wy are the canonical sheaves on X and Y respectively, and €V is a
convenient notation for RHom (&, Ox xvy ).
Proof. We give the proof for the left adjoint functor. It comes from the following
sequence of isomorphisms:

Hom(A, Rq.(€ @Y p*B)) = Hom

= Hom

(¢*A, € @"p*B)

(»*B,&¥ ®@lq A@way[ner])

(B, Rp. (" @"¢" (A @ wy[m])) ® wx [n])*
=~ Hom(Rp.(€¥ @"¢* (A ® wy[m])), B).

=~ Hom

Here we have used the adjunction between direct and inverse image functors, Serre
duality (6) (twice), and also formula (5).

We note that, of course, any diagram of the form
xX&z Ly

and any object & € D¥(Z) can be assigned a functor from the derived category of
coherent sheaves on X to the derived category of coherent sheaves on Y, given by a
formula similar to (7). However, any functor of this kind is isomorphic to a functor
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of the form (7), with the object R(p, q).€ on X x Y, where (p, q) is the canonical
morphism from Z to the direct product X x Y.

Now let X, Y and Z be three smooth complete varieties and €, F and G objects
of the derived categories D?(X x Y), D*(Y x Z) and D*(X x Z) respectively.
Consider the following diagram of projections:

LY Y o= &
I = i
¥ ] X x Z ¥xZ .
x ey Tz

The objects €, F and G define three functors,
de: DY(X) — DO(Y), ®5: DY) — D(Z), ®g:D(X)— Db(Z),
given by formula (7), that is,
®¢ := R, (E @ niy (), ®y := Rads, (F @735 ()
and &g :=Rai;, (G @5 (+)).

We consider the object pi,€ @ p5;F € D(X x Y x Z), which we always denote
by € @ F in what follows. The following assertion gives the composition rule for the

exact functors between derived categories represented by objects on the product.

Proposition 2.1.2. The composite of functors ®5o®P¢ is isomorphic to the functor
®g represented by

G = Rps. (£XF). (9)

The proof is a direct verification.

Thus, to each smooth complete algebraic variety we assign its derived category
of coherent sheaves, and to every object & € D*(X x Y) on the product of two
varieties we assign an exact functor ®¢ from the triangulated category D?(X) to
the triangulated category D?(Y'), with the composition law give just described.

The following problems are fundamental to understanding this correspondence:

1) When are the derived categories of coherent sheaves on two different smooth
complete algebraic varieties equivalent as triangulated categories?

2) What is the group of exact auto-equivalences of the derived category of
coherent sheaves for a given variety X7 (By this we mean the group
of isomorphism classes of exact auto-equivalences.)

3) Is every exact functor between derived categories of coherent sheaves rep-
resented by an object on the product, that is, of the form (7)?

Some results in this direction are already known. For example, one can give
definitive answers to the first two questions when the variety has ample canonical
or anticanonical sheaf.
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Theorem 2.1.3 [8]. Let X be a smooth projective variety whose canonical (or
anticanonical) sheaf is ample. Suppose that the category Db(X) is equivalent as
a triangulated category to the derived category D®(X') for some smooth algebraic
variety X'. Then X' is isomorphic to X.

The proof of this theorem given in [8] is constructive, and gives a method
for recovering a variety from its derived category of coherent sheaves. Moreover,
in the assumptions of the theorem one can assume that the derived categories
are equivalent only as graded categories rather than as triangulated categories
(see [8]).

In this situation one can also describe the group of exact auto-equivalences.

Theorem 2.1.4 [8]. Let X be a smooth projective variety whose canonical (or
anticanonical) sheaf is ample. Then the group of isomorphism classes of exact auto-
equivalences of the category D?(X) is generated by automorphisms of the variety,
twists by line bundles, and shifts in the derived category.

For any variety X the group AuteqD?(X) of exact auto-equivalences always
contains the subgroup G(X) which is the semidirect product of the normal subgroup
G1 = Pic(X) @Z and the subgroup G2 = Aut X acting naturally on G;. Under this
inclusion G(X) C Auteq D?(X), the generator of Z goes to the shift functor [1], a
line bundle £ € Pic(X) goes to the functor ® L, and an automorphism f: X — X
induces the auto-equivalence Rf,. We proved in [8] that, under the assumption
of Theorem 2.1.4, the group Auteq D?(X) of exact auto-equivalences equals G(X);
that is, in this case

Auteq D?(X) = Aut X x (Pic(X) @ Z).

To study the problem of when two varieties have equivalent derived categories of
coherent sheaves and to describe their groups of auto-equivalences, it is desirable
to have explicit formulae for all exact functors. There is a conjecture that they
are always representable by objects on the product, that is, are of the form (7).
In the next chapter we give the proof of this conjecture for fully faithful functors
and, in particular, for equivalences. The whole of the next chapter is taken up with
the proof of this result. This will thus allow us to consider only functors of the
form (7) in studying equivalences between derived categories of coherent sheaves
on smooth projective varieties. Another problem that arises in connection with the
solution of these questions is the need for a criterion to determine whether a given
functor is an equivalence. To prove that a functor F' is an equivalence, it is enough
to show that both F and its right (or left) adjoint are fully faithful functors (see
Definition 1.1.7).

There is a method to decide whether a functor ®¢: D?(X) — Db(Y) is fully
faithful.

Theorem 2.1.5 [7]. Let M and X be smooth projective varieties over an alge-
braically closed field of characteristic 0 and & € D*(M x X). In this case the
functor ®¢ is fully faithful if and only if the following orthogonality conditions
hold:

1) Hom% (®¢(0;,), @e(Oy,)) = 0 for all i and all t; # ty;
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2) Hom% (®¢(0;), ®e(0;)) = k and Hom’ (P (0;), @e(0;)) = 0 for any i ¢
{0, dim M }.
Here t, t1 and ty are points of M, and O, the corresponding skyscraper sheaves.

The assumptions of this theorem are in general rather difficult to verify; however,
the criterion works rather well when the object € on the product is a vector bundle.
Consider four smooth complete algebraic varieties X7, X2, Y7 and Y>. We take
two objects €1 and €, belonging to the categories D®(X; x Y;) and D?(X; x Y3)
respectively, and consider the object

€1 M & € DP((X; x Xo) x (Y1 x Y3)),

which is pi;(€1) ® p3,(E2) by definition. As above (see (7)), the objects €1, €2,
and &; X &, define functors

de,: DY(X;) — DP(V),  ®g,: DP(Xy) — Db(Ya),
and ®¢ ge,: D'(X; x Xp) — Db(Y; x Ya).

We consider an object § € Db(Xl x X5) and write H to denote the object
e me,(G) € DY(Y: x Yz). To each of these two objects one can assign functors by
the rule (7):

®g: D(X;) — D¥(Xy) and ®g¢: D°(Y;) — Db(Y2).
Proposition 2.1.6. In the above notation there is an isomorphism of functors
(I)g-f = (1952 0(1)9 e} \I/gl.

The proof follows at once from Proposition 2.1.2.

Now if Z; and Z; are two other smooth complete varieties and F; and F5 objects
of D¥(Y; x Z;) and D®(Ya x Z3) respectively, then there are also functors ®g,,
®5,, and Py ,ry,. By the rule (9) we can find objects 1 and G belonging to
D(X; x Z1) and D®(X5 x Z») such that

(1)91 = (D:fl 9] (I)gl and (1)92 = (1)32 o (1)52.
A direct check shows that there is a natural relation
P35 r7, 0 Pe re, = Pg g, - (10)

Using this, one readily proves the following assertion.

Proposition 2.1.7. Under the above conditions, assume that ®¢, and ®g, are
fully faithful (respectively, are equivalences). Then the functor

e me,: DY(X) x Xo) — Db(Y] x Ya)

is also fully faithful (respectively, an equivalence of categories).
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Proof. If F has a left adjoint F* (say), then it is fully faithful if and only if the
composite F*F' is isomorphic to the identity functor. The functors ®¢, have left
adjoints @3 defined by (8). Since they are fully faithful, it follows that the com-
posites ®% o ®¢, are isomorphic to the identity functors, which are representable
by the structure sheaves of the diagonals A; € X; x X;. One sees readily that the
sheaf Oa, X O, is isomorphic to the structure sheaf of the diagonal Oa, where
A is the diagonal in (X7 x X3) x (X7 x X3). Using formula (10), we see that the
composite ®F g o Pe me, is represented by the structure sheaf of the diagonal A,
and is thus isomorphic to the identity functor. Thus, ®¢,xe, is fully faithful. The
assertion concerning equivalences can be proved in a similar way.

Now assume that the functor ®¢: D*(X) — D?(Y) is an equivalence and that
F € DY(X x Y) is an object such that U5 = ®,'. By (8), we have isomorphisms

F=eY @piwxn] =&Y @ ¢ wy[m],

which imply at once that the dimensions n and m of the varieties X and Y are
equal.
Consider the functor

Pgre: DY(X x X) — D(Y x Y) (11)

and denote it by Ads. By Proposition 2.1.7 it is also an equivalence. Moreover,
by Proposition 2.1.6, for any object G € D?(X x X) there is an isomorphism of
functors

Ppge(5) 2 PeoPgod; (12)

Consider the special case when G is the structure sheaf of the diagonal Oa,,
representing the identity functor. Thus, applying (12), we see that the functor Adg
takes the structure sheaf of the diagonal Oa , to the structure sheaf of the diagonal
Oay -

Consider the more general situation. We denote by ix and iy the embeddings
of the diagonalsin X x X and Y x Y respectively. We apply the functor Ade to the
object z'X*w’}(, where wy is the canonical sheaf of X (as above). The object iX*w’)“(
represents the functor S*[—nk|, where S is the Serre functor of D?(X). Since every
equivalence commutes with Serre functors by Lemma 1.1.4, we see that

Adg (ix.w%) = iy b (13)
Now for every variety X we define the bigraded algebra
HA(X) = P HA; 1(X) := P Bxty, x (O, ixawk).
ik ik

The algebra structure is defined here by composition of Ext’s, bearing in mind the
canonical identification

; . k ; . . k
Ext x (Oay,ixswy) = Ex‘chXx(zX*u)m,zX*u)}’(Hr ).

To prove the next theorem, we need to apply the main result of Chapter 3, which
states that every equivalence is represented by an object on the product.
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Theorem 2.1.8. Let X and Y be smooth projective varieties whose derived cat-
egories of coherent sheaves are equivalent as triangulated categories. Then the
bigraded algebras HA(X) and HA(Y) are isomorphic.

Proof. By Theorem 3.2.2, every equivalence F': D?(X) — D®(Y) is represented by
some object on the product, and is thus isomorphic to a functor of the form ®¢
for some & € DY(X x Y'). Each equivalence of this kind defines an equivalence

Ade: DY(X x X) — DY x Y),
taking 4 X*w’)“( to iy*wé. The equivalence Adg¢ induces isomorphisms
Eth(xX (OAX ’ iX*wI;() = EXt%/xY(OAY ’ iy*wéﬁ/),

and hence an isomorphism of the bigraded algebras HA(X) and HA(Y).

We note that one can obtain both the canonical and anticanonical algebras of
X from the bigraded algebra HA(X). Indeed,

PH (X, k) = P HAK(X) and PHOX, W)= HALX).

k>0 k>0 k<0 k<0
Thus, Theorem 2.1.8 implies the following corollary.

Corollary 2.1.9. If the derived categories of coherent sheaves on two smooth pro-
jective varieties X and Y are equivalent, then the canonical (and anticanonical)
algebras of X and Y are isomorphic.

The statement of this corollary is very close to Theorem 2.1.3. However, we
should note that the proof of Theorem 2.1.3 given in [8] does not depend on the
main result of the next chapter and, moreover, is constructive. Also note that in
Theorem 2.1.3, we do not assume that the canonical (or anticanonical) sheaf of the
second variety X’ is ample; this follows from the proof of the theorem.

We can also describe all the other spaces HA,; (X). In [40] it is proved that the
spectral sequence that computes

HA; 1(X) = Ext'(0ay, ix«wx)

in terms of the cohomology of Oa, restricted to the diagonal degenerates at the
term Fs. In particular, there are isomorphisms

q
HA; 1 (X) 2 P H(X, \Tx @ k), (14)
pHq=i

where Tx is the tangent bundle to X. Moreover, this isomorphism turns into an
algebra isomorphism, that is,

q
HA(X) =P P B (X, \Tx @wk)
i,k p+q=i

as bigraded algebras. This relation and Theorem 2.1.8 imply the following corollary.
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Corollary 2.1.10. If the derived categories of coherent sheaves on two smooth
projective varieties X andY are equivalent, then there are vector space isomorphisms

P Hp(X,/q\TX ew) = P Hp(Y,/q\Ty ® wh). (15)

p+q=i p+q=i
In particular, we obtain isomorphisms between the verticals of the Hodge diamond:

P wr(x,0%) = @ H(Y,0%). (16)

P—q=i P—q=i
Proof. The isomorphisms (15) follow at once from Theorem 2.1.8 and the equality
(14). The isomorphisms (16) are the special case k =1 of (15).

The isomorphisms between the verticals of the Hodge diamond can also be
obtained in another way. Suppose that the ground field & is C.
For any element £ € H*(X x Y, Q) we can define linear maps

ve: H(X,Q) — H*(Y,Q) and we: H(Y,Q) — H*(X, Q)
by the formulae
ve(=) = ¢(§-p"(=)) and we(=) =pu(§-q7(-)) (17)

For these maps one can write out a composition formula similar to formula (9) for
the composition of functors. Let X, Y, and Z be three smooth complete varieties
and ¢ and 7 elements of H*(X x Y, Q) and H*(Y x Z,Q) respectively. Then the
composite vy, o ve coincides with the map v¢, where ¢ € H*(X x Z,Q) is given by
the formula

¢ = pxz«(py2(n) Upxy (€))-
To any functor of the form ®¢: D¥(X) — D®(Y) we can assign a linear map
ve: H(X,Q) — H*(Y, Q). For this, define an element ¢ € H(X x Y, Q) by the rule
e =p"v/tdx - ch(€) - ¢"/tdy, (18)

where tdx and tdy are the Todd classes of X and Y respectively, and ch(&) is the
Chern character of &. We define the maps
pe(=) = ve(=) = gle - P (),
Ye(=) = we(=) = pule - 4" (5))-

The next proposition follows immediately from the Grothendieck form of the
Riemann—Roch theorem.

(19)

Proposition 2.1.11. Suppose that ®¢ : DY(X) — D¥(Z) is a composite $go 5
for some

d5: D’(X) — DY),  &5: DY) — D°2).
Then pe = pg o pg.

This implies at once the following corollary.
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Corollary 2.1.12. If the functor ®¢: D¥(X) — DY(Z) is an equivalence, then
the map ve: H(X,Q) — H*(Y,Q) is an isomorphism, and its complezification
induces the isomorphisms (16) between the verticals of the Hodge diamond.

Proof. Tt follows from Proposition 2.1.11 that the quasi-inverse functor to ®g
induces the inverse map of pg. Moreover, since the element ¢ € H*(X x Y,Q)
corresponds to an algebraic cycle by (18), one checks readily that the complexifi-
cation of ¢ preserves the verticals of the Hodge diamond.

In conclusion we observe also that every functor ®¢: D?(X) — D(Y') induces
amap ®¢: K(X) — K(Y) between the Grothendieck groups K (X) and K(Y) of
the categories D?(X) and D®(Y'). Consider the map

chv/tdx : K(X) — H*(X,Q)

that takes an element of K (X) to its Chern character times the square root of the
Todd class. Using the Riemann—Roch theorem, one can show that the diagram

KX) —25 K(®Y)
chvml lch.m
H*(X,Q) —— H*(Y,Q)

is commutative.

2.2. Examples of equivalences: flopping birational transformations. In
this section we present an entire class of examples of pairs of smooth varieties for
which the derived categories of coherent sheaves are equivalent. Examples of such
varieties were of course already known (the first example is an Abelian variety and
its dual, considered by Mukai [29]). The principal difference with the examples
treated in this section is that here we obtain pairs of (in general non-isomorphic)
varieties related by a birational transformation which is a flop. It also follows from
our examples that the conditions on the (anti-)canonical sheaf in Theorem 2.1.3
cannot be weakened.

To start this section we recall the definitions of admissible subcategories and
semi-orthogonal decompositions (see [5], [6]).

Definition 2.2.1. Let B be a full additive subcategory of an additive category .A.
By the right orthogonal to B in A we mean the full subcategory B+ C A consisting
of all objects C such that Hom(B, C) = 0 for any B € B. The left orthogonal +B
is defined dually.

Note that, if B is a triangulated subcategory in a triangulated category A, then
LB and B+ are also triangulated subcategories.

Definition 2.2.2. Let I: N — D be an embedding of a full triangulated sub-
category in a triangulated category D. We say that N is right admissible (or left
admissible) if the embedding functor I has a right adjoint P: D — N (respectively
left adjoint).
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For a subcategory N, the property of being right admissible (or left admissible) is
equivalent to the following property, stated in terms of orthogonals: for any object
X € D, there is a distinguished triangle N — X — M with N € N and M € N+
(respectively, M — X — N with M € *N and N € N). We say simply that a
subcategory is admissible if it is both right and left admissible.

If N C D is an admissible subcategory, we say that D admits a semi-orthogonal
decomposition of the form (N+, N) or (N, -N). This process of decomposition can
sometimes be extended further, decomposing the subcategory N or its orthogonals.
We give the general definition of semi-orthogonal decomposition.

Definition 2.2.3. A sequence (Ng,...,N,) of admissible subcategories of a trian-
gulated category D is said to be semi-orthogonal if N; C N forall0 <j <i<n.
We say that a semi-orthogonal sequence is complete if it generates the category D,
that is, the minimal triangulated subcategory in D containing all the N; coincides
with D. In this case this sequence is called a semi-orthogonal decomposition of the
category D and is represented as follows:

D= No,...,No).

The simplest example of a semi-orthogonal decomposition is when D has a com-
plete exceptional family.

Definition 2.2.4. We say that an object F in a triangulated category D is excep-
tional if Hom*(E,E) = 0 for i # 0 and Hom(E,E) = k. An ordered family
(Eo, ..., E,) of exceptional objects is called a complete exceptional family if it gen-
erates D and Hom'(E;, E;) = 0 for ¢ > j.

The best-known example of a complete exceptional family is provided by pro-
jective space.

Example 2.2.5 [2]. On projective space PV, given any i € Z, the family
(©(0), ..., O + )

is exceptional and complete. In particular, we obtain that the derived category of
coherent sheaves D?(PY) is equivalent to the derived category of finite-dimensional
modules over the finite-dimensional algebra End(@j-vzo O(j)) of endomorphisms of
the exceptional family.

Similar decompositions exist for some other varieties, for example, for quadrics
and flag varieties [20]-[22].

We now present some facts we need on blowups and the behaviour of the derived
categories of coherent sheaves under blowups. All these results are contained in
the paper [34] (see also [7]). Let X be a smooth complete algebraic variety and
Y C X a smoothly embedded closed subvariety of codimension r. We denote by X
the blowup of X with centre along Y. The variety X is also smooth, and there is
a commutative diagram:
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with ¢ and j closed embeddings and p: Y — Y the projective bundle of the excep-
tional divisor of Y over the centre Y of the blowup; in particular, p is a flat mor-
phism. We recall that Y = P(Nx,y ), where Nx/y is the normal bundle to ¥ in X.

We denote by O (1) the canonical relatively ample line bundle on Y = P(Nx/y).
It is well known that this bundle is isomorphic to the restriction of the line bundle
O(-Y)toY.
Proposition 2.2.6 [34]. The derived inverse image functors

Lr*: D’(X) — D*(X) and p*: D'(Y) — DY)
are fully faithful.

Proof. The projection formula (3) gives an isomorphism
Hom(L7"F, L7*G) = Hom(F, Rm,L7*G) = Hom(F, R7, 0 ot @)

for F,G € D(X). Similarly for p*. Combining these with Rm.05 = Ox and
Rp.0gy = Oy gives the proof.

Proposition 2.2.7 ([34], [7]). For any invertible sheaf L on'Y , the functor
Rj.(L @p"(-)): D'(Y) — D*(X)

is fully faithful.

Proof. To prove that the functor is fully faithful, it is enough to show that conditions

1)-2) of Theorem 2.1.5 hold. For any closed point y € Y the image ®(0,) is the

structure sheaf of the corresponding fibre of the map p, viewed as a sheaf on X.

Since the fibres over distinct points are disjoint, the orthogonality condition 1) of

Theorem 2.1.5 is satisfied. _
Consider the structure sheaf O of some p-fibre F' C Y. We have an isomorphism

Hom'(j.0F, j.0r) = Hom"(Lj*j.0r, OF).
In the derived category Db(f/) we have a distinguished triangle
Or ® O?(l)[l] — Lj"j.Op — Op,

where O (1) is the relatively ample line bundle on Y, isomorphic to O(—}N/)ly. The
fibre of F' is a projective space, and the restriction of Oy (1) to F' is isomorphic to
O(1). Thus,
Homi(OF ® O?(l), OF) =0
for all 7. Hence,
Hom'(j.0r, j.0r) = Hom"(OF, OF).

Therefore, condition 2) of Theorem 2.1.5 also holds.

We write D(X) for the full triangulated subcategory of D®(X) which is the image
of D¥(X) under L7*, and D(Y);, for the full subcategory in Db()?) which is the
image of D®(Y) under Rj.(Oy (k) ® p*(+)), where Oz (k) = O (1)®* and Oy (1)
is the canonical relatively ample line bundle on Yy = P(Nx/y). It follows from
Propositions 2.2.6 and 2.2.7 that D(X) = D%(X) and D(Y); = D*(Y).
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Theorem 2.2.8 [34]. The sequence of admissible subcategories
(D(Y)—rs1,...,D(Y)_1,D(X))

is semi-orthogonal, and it gives a semi-orthogonal decomposition of the category
D(X).

This theorem provides a description of the derived category of the blowup X
in terms of the blown up variety X and the centre of the blowup Y. Using this
description of the derived category of a blowup, we now study the behaviour of the
derived category under the simplest flipping and flopping transformations. Consider
the following example.

Let Y be a smoothly embedded closed subvariety in a smooth complete algebraic
variety X such that ¥ = PF with the normal bundle Ny,y = Oy (—1)®(+1). We
suppose that [ < k.

Write X for the blowup of X along the centre Y. In this case the exceptional
divisor Y is isomorphic to the product of projective spaces P* x P'. Moreover, in
this situation we have the following description of the normal sheaf to Y in X:

Ng,5 = 05(Y)y = 0(-1;-1),
where O(—1; —1) := p;Opr(—1) Q@ p5Opi(—1). These facts allow us to assert that
there is a blowdown of X under which Y projects to the second factor P!. This
blowdown exists in the analytic category, and its result is a smooth variety X T

which in general may not be algebraic. We assume that X is algebraic. All the
geometry described above is contained in the following diagram:

.
.\"'\. r
F ' y,
¥ X ¥
| (20)
L m l\I\I\I\."'\. -:..

The birational map fl: X — X is the simplest example of a flip or flop. It is
a flip for | < k and a flop for [ = k. In what follows, we need a formula for the
restriction of the canonical sheaf wg to the divisor Y. For the blowup of a smooth
subvariety we obtain

wg Emiwx @0 ~(1Y).
The adjunction formula gives
I+1
wxly Swy ® /\ N)*(/Y = Oy(l - k)
Combining these facts together, we obtain the isomorphism
wgig = (Twx @ O)Z'(lf/))ﬁ/ =p(wxpy) ® O (lY)|Y = O(=k; =) (21)

The main theorem of this section relates the derived categories of coherent
sheaves on X and XT.
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Theorem 2.2.9. Let L be a line bundle on X. In the above notation, the functor
R (Lt (-)®L): D*(XT) — D*(X)

is fully faithful.

Proof. We first consider the restriction of L to Y. Since Y = P* x P!, it follows

~

that L5 = O(a; b) for some integers a and b.
We must show that for any pair A, B C D*(X*) the composite map

Hom(A, B) — Hom(Lr"* A, Lv"*B)
— Hom(R7, (LA ® L), Rr.(Lr™*B ® L)) (22)

is an isomorphism. Using adjunction of the functors, we obtain an isomorphism

Hom (R, (L™ A ® L), R (LrT* B ® L))
=~ Hom(L7* R, (LA L), Lr ™ B ® L).

Consider the distinguished triangle
LR (Lt A® L) — Lt A L — A (23)

Thus, to prove that the composite (22) is an isomorphism, it is necessary and
sufficient to show that
Hom(A,Lt™*B® L) = 0. (24)

Since by Proposition 2.2.6 the composite R, L7* is isomorphic to the identity
functor, by applying the functor R, to the distinguished triangle (23) we see that
Rm.A = 0. Thus, Hom(L7*C, A) = 0 for any object C € D*(X*). Hence, A
belongs to the subcategory D(X)*.

Theorem 2.2.8 implies the semi-orthogonal decomposition

Since Y is a projective space, it follows from Example 2.2.5 that each D(Y)_;
admits a complete exceptional family. Collecting these families, we obtain a com-
plete exceptional family in D(X)*. The following family will be convenient for our
purposes:

zmml:<3hma—m—m o RGLO(a; D),
Rj.O(a—k+1;—-1+1), ... ... RuO(a+1;-1+1),

Rj.O(a—k+1-1;-1), ... ... R%O@+l—h—n>
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We can now regroup this exceptional sequence to obtain a semi-orthogonal
decomposition of D(X)* of the form

D(X)* = (B, A),

where A and B are the subcategories generated by Rj.O(i;s) with ¢ > a and
with ¢ < a respectively. For 1 < ¢ < k and 1 < s <[, the objects Rj,.0(a — i; —s)
belong simultaneously to the subcategories D(X)+ and D(X*)* ®L. In particular,
B C D(X)* n(D(X*")* ®L). Applying Hom to the distinguished triangle (23),
we obtain

Hom(A,Rj.O0(a—i;—s)) =0 forl1<i<kand1<s<lI.

Since A € D(X)+ and A is orthogonal to the subcategory B, it follows at once
that A € A. Now note that if the object Rj.O(a + 1i; s) belongs to the subcategory
A, then ¢ satisfies the inequalities 0 < ¢ < [. Taking account of the formula (21)
for the canonical class wg 3 = O(—k; —1) and of the condition I < k, we see that

A®@wg C D(X1)+ ® L. Hence, for any object B € D’(X™) we have
Hom(L#t*B ®L,Z®w§) =0.

Applying Serre duality (6) gives the desired equality Hom(A,Lrt*B® L) = 0
immediately.

Theorem 2.2.10. In the above notation, if | = k (and thus fl is a flop), the functor
R (L™ () ® L) is an equivalence of triangulated categories.

Proof. By the previous theorem, the functor in question is fully faithful. Its left
adjoint is of the form R} (L7*(-) ® L), where L' = L7 @ wg @ 77w} . Thus,
it is also fully faithful by the previous theorem. This proves that both functors are
equivalences.

We note that the proof of the above assertions remains valid if a flop is carried out
simultaneously in some finite set Y7, ..., Y, of disjoint subvarieties, each satisfying
the condition of the theorems. This simple remark is essential in connection with
our assumption that the variety X+ we obtain is algebraic. The point is that there
are many examples in which birational transformations of the above kind carried
out in just one of the subvarieties Y; lead to non-algebraic varieties, whereas a
flip (or flop) carried out simultaneously in the whole set gives a variety which is
algebraic.

A second remark is that the flopped varieties X and X+ of Theorem 2.2.10
are of course not isomorphic in general; flops often occur in birational geometry,
for example, in the construction used to describe Fano threefolds by the method
known as double projection from a line (see [19], §8). Suppose that we have a
Fano threefold V of index 1 with PicV = Z embedded in projective space by its
anticanonical system. Then the blowup of this variety in a line gives a variety
X whose anticanonical class is ‘almost’ ample; that is, the map defined by its
anticanonical system contracts a certain set of curves on this variety, namely the
proper transforms of the lines on V' meeting the blown up line. In many examples
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these curves have the normal sheaf O(—1)@®O(—1), which puts us in the situation of
our theorem. Making simultaneous flops in these curves gives a variety Xt that is
not isomorphic to X; however, by Theorem 2.2.10, it has the same derived category
of coherent sheaves. In particular, this example shows that the ampleness condition
on the anticanonical class in Theorem 2.1.3 on recovering X from D®(X) cannot
be weakened. There are similar examples for varieties of general type arising in the
minimal model programme.

These results have another natural generalization. Suppose that a smooth sub-
variety Y in a smooth complete algebraic variety X is the projectivization of a
vector bundle E of rank k41 over a smooth variety Z, that is, Y 2 P(E) — Z. We
also assume that the normal bundle Nx,y when restricted to the fibre of the map
Y — Z is isomorphic to Opx (—1)®U+1) | We again assume that [ < k. Denoting by
X the blowup of X with centre along Y, we again obtain a diagram of the form
(20), where Y is the projectivization of a bundle of rank [ + 1 over Z. In this
situation we can assert that the analogues of Theorems 2.2.9 and 2.2.10 remain
valid.

Other similar examples arise when X is a threefold and Y is a rational curve
satisfying Y - Kx = 0. In this case the normal bundle on Y can be of the form
O(-1)® O(—1), 0 ® O(—2) or O(1) & O(—3). In each of these cases there exists a
flopping birational transformation, fl: X --» X*. Moreover, in each of these cases
the derived categories of coherent sheaves of X and X+ are equivalent. The first
case is a special case of Theorem 2.2.10. The second case was treated in [7]. More
recently, the equivalence of categories was proved in all these cases together in [10].

CHAPTER 3

Fully faithful functors between derived categories

3.1. Postnikov diagrams and their convolutions. In this section we con-
sider Postnikov diagrams in triangulated categories and find conditions under which
a Postnikov diagram admits a convolution and this convolution is uniquely deter-
mined.

Let X = {X° & xert I, X9} with ¢ < 0 be a bounded complex of
objects in a triangulated category D. This means that all the composites d**! o d?
vanish.

By definition, a left Postnikov system associated with X' is a diagram of the
form

x o+ x?
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in which the triangles marked with * are all distinguished, and those marked with
O are all commutative (that is, ji o i, = d¥). An object E € ObD is called a left
convolution of the complex X" if there is a left Postnikov system associated with
X" such that E = Y°. We denote by Tot(X") the class of all convolutions of the
complex X . Postnikov systems and their convolutions are obviously stable under
exact functors between triangulated categories.

Note that the class Tot(X") may contain many non-isomorphic objects, or may
also be empty. In what follows we shall describe a sufficient condition for the class
Tot(X") to consist of a single object up to isomorphism. The following lemma was
proved in [3].

Lemma 3.1.1. Let g be a morphism between objects Y and Y' that are in turn
included into distinguished triangles:

If v'gu = 0, then there exist morphisms f: X — X' and h: Z — Z' such that the
triple (f, g, h) is a morphism of triangles.

Suppose in addition that Hom(X|[1],Z') = 0. Then the morphisms f and h
(respectively making the first and second squares of the diagram commute) are
uniquely determined by these conditions.

We now prove two lemmas that generalize the previous lemma to Postnikov
diagrams.
c c+1
Lemma 3.1.2. Let X' = {X°© Ly xert 5, X%} be a bounded complex
of objects in a triangulated category D. Suppose that it satisfies

Hom'(X?, X%) =0 fori <0 and for all a < b. (25)

Then a convolution of X' exists, and all convolutions are (non-canonically) iso-
morphic.
Suppose in addition that

Hom‘(X*,Y%) =0 fori <0 and for all a (26)

holds for some convolution Y° (and therefore for any convolution). Then all con-
volutions of X are canonically isomorphic.

Lemma 3.1.3. Let X; and X, be bounded complexes satisfying condition (25) and
(fes---, fo) a morphism between these complezes:

dC
Xp —f X s X

lfc lfcﬂ lfo -

dC
x5 B xgo be
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Suppose that .
Hom' (X% X8) =0 fori <0 and for a <b. (27)

Then for each convolution Y? of X; and for each convolution Yy of X, there is
a morphism f: Y — Y that commutes with the morphism fo. If in addition we
have

Hom'(X{,Yy) =0 fori <0 and for any a, (28)

then this morphism is uniquely determined.

Proof. We prove both lemmas at the same time by induction based on Lemma 3.1.1.
Let Yt be the mapping cone of the morphism d¢,

xe &y xetl @y yetl _ xe). (29)
By assumption, d°*! o d® = 0 and Hom(X°[1], X“*?) = 0. Thus, there is a unique
morphism d¢t!: Yt — X2 guch that d°t! o a = d°*'. Consider the composite

dc+2 o Ec-‘rl . Yc-‘rl Xc+3.

It is known that d°t2 o d°t1 o o = d°T2 0 d°t! = 0; moreover, we have the equality
Hom(X°[1], X¢*3) = 0. This immediately implies that the composite d°*? o d°+1
also vanishes.

Considering the distinguished triangle (29), we see that

Hom' (Yt X?) =0

for i < 0 and b > ¢+ 1. Thus, the complex Y — X2 — ... — X0 also
satisfies (25). This complex has a convolution by induction. Thus, X" also has a
convolution, and hence the class Tot(X") is not empty.

We now show that, under condition (27), every morphism of complexes extends
to a morphism of Postnikov systems. Consider the mapping cones Y, and Y5 !
of the morphisms d§ and d$. There is a morphism g4 : Yf"‘l — YQC"'1 completing
the pair (fe, fet1) to a morphism of triangles,

Xp —2o xpt =yt x[1]
lfc lfc-%—l lgc‘*—l lf{‘[l]
X5 ds3 X§+1 B Y2c+1 X;[l]

As already shown above, there exist morphisms Ef“ : Yf“ — X f+2 fori=1,2,
which are uniquely determined. Consider the diagram

Ec+1
lec—i-l 1 X1c+2

lgﬁ—l lfc-m

Ec+1
Y'Qc—‘rl 2 X§+2
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We prove that the square is commutative. Indeed, write h = f.y2 oa‘fﬂ —Eg“ 0Get1
for the difference. We have the equality hoa = feyp0dS™ —d5t o foop = 0. And
by the assumption of the lemma, Hom(X¢[1], X57) = 0. This implies immediately
that h = 0.

Thus, we obtain a morphism of complexes

Fec+1
dl

y10+1 it BN X10+2 X9
lgc-ﬁl lfc+2 lfo .
yo+l dgtt ct+2 0
y —— X5 e X5

These complexes satisfy conditions (25) and (27). By the induction assumption, a
morphism between these complexes extends to a morphism between the Postnikov
systems. We thus obtain a morphism between the Postnikov systems associated
with X; and X5.

Moreover, one sees that, if all morphisms f; are isomorphisms, then the morphism
between the Postnikov systems is also an isomorphism. Hence, if condition (25)
holds, all objects in Tot(X") are isomorphic.

In conclusion, consider a morphism between the distinguished triangles taking
part in the Postnikov diagrams,

vt xR yp Y]
O N
vyl xS Y, 1]

If the complexes X satisfy condition (28) (that is, Hom®(X{, Yy) = 0 for i < 0 and
for all @), then Hom(Y; '[1], YY) = 0. By Lemma 3.1.1, the morphism gq is defined
uniquely. This completes the proof of the lemmas.

3.2. Fully faithful functors between derived categories of coherent
sheaves. Let X and M be two smooth complete varieties over some field k. As
before, we denote by D®(X) and D*(M) the bounded derived categories of coherent
sheaves on X and M respectively. We proved above that these categories have the
structure of triangulated categories.

Consider the product M x X and write p and 7 for the projections of M x X to
M and X respectively:

ME Mxx DX

For every object & € D*(M x X) we defined an exact functor ®¢ from D®(M) to
D*(X) by (7):
e (-) =R (€ p*(+)). (30)

The functor ®¢ has left and right adjoint functors ®; and (I)!s respectively, given
by the formulae (8),

D5 (-) = Rp. (€Y @"r* (wx[dim X] @ (-))),
B (-) = wy[dim M] @ Rp. (€Y @ (),

where wy, wys are the canonical sheaves of X and M and €Y := R'Hom (&, Oprx x ).
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To study the problem of when two varieties have equivalent derived categories of
coherent sheaves, and to describe their groups of auto-equivalence, it is desirable to
have explicit formulae for all exact functors. There is a conjecture that they can all
be represented by objects on the product, that is, are of the form (30). However,
at present it is not known whether or not this assertion is true. Nevertheless, it
turns out that a special case of this conjecture is valid. Namely, if a functor is
fully faithful and has an adjoint functor, it can be represented by an object on the
product. The present chapter is devoted to the proof of this fact. More exactly,
the main theorem of this chapter is as follows.

Theorem 3.2.1. Let F be an exact functor from the category D(M) to the cat-
egory D?(X), where M and X are smooth projective varieties. Suppose that F
is fully faithful and has a right (or left) adjoint functor. Then there is an object
& € D*(M x X) such that F is isomorphic to the functor ®¢ defined by (30), and
the object € is determined uniquely up to isomorphism.

It follows at once that every equivalence is representable by an object on the
product, because every equivalence has an adjoint, which coincides with a quasi-
inverse functor.

Theorem 3.2.2. Let M and X be two smooth projective varieties. Suppose that
an exact functor F': DY(M) — D®(X) is an equivalence of triangulated categories.
Then there exists an object & € DY(M x X), unique up to isomorphism, such that
F' is isomorphic to the functor ®¢

These results allow us to describe all equivalences between derived categories
of coherent sheaves, and answer the question of when two distinct varieties have
equivalent derived categories of coherent sheaves.

Before starting on the proof of these theorems, we make a remark. Let F' be
an exact functor from D?(M) to D*(X). We write F* and F' respectively for the
left and right adjoint functors of F', assuming that they exist. If a left adjoint F™*
exists, the right adjoint F' also exists, and is defined by the formula

F!:S’MOF*OS;(I,

where Sx and Sjs are Serre functors of the categories D?(X) and D®(M). These
functors exist and are equal to (-) @ wx[dim X] and (-) ® wps[dim M] respectively
(see (6)).

Let F be an exact functor from a derived category D?(A) to a derived category
D®(B). We say that F is bounded if there exist z € Z and n € N such that the
cohomology H*(F(A)) vanishes for i ¢ [z, z 4+ n| and for any object A € A.

Lemma 3.2.3. Let M and X be projective varieties and M a smooth variety. If
an ezact functor F: D*(M) — D®(X) has a left adjoint, then F is bounded.

Proof. We denote by G: D*(X) — DY(M) the left adjoint of F and choose a
very ample line bundle £ on X. It defines an embedding i: X < PV. For any
k < 0, the sheaf O(k) on PV has a right resolution in terms of the sheaves O(j) for
7=0,1,..., N, of the form

Ok) = {Vh®0 —=V®0Q1) — - — Vy®O(N) — 0},
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where all the V; are vector spaces [2]. Restricting this resolution to X gives a
resolution of the sheaf L in terms of the sheaves L7 for j = 0,1,..., N. Since
for any j = 0,1,..., N the non-zero cohomology of the objects G(L7) belong to
some interval, one can find an integer 2’ and a positive integer n’ such that the
cohomology H'(G(L*)) vanishes for all k < 0 and for [ ¢ [2', 2/ +n’]. This follows
at once from the existence of a spectral sequence

EPY =V, ® HY(G(LP)) = HPM(G(LY).

Let A€ Db(M ) be some object. Since L is ample, it follows that, if for a chosen
j we have Hom’ (L%, F(A)) = 0 for any i < 0, then the cohomology H’(F(A))
vanishes. By assumption, G is left adjoint to F. Hence,

Hom’ (L%, F(A)) = Hom’ (G(L?), A).

Now consider a sheaf F on M. Since for all ¢ < 0 the cohomology of the objects
G(L?) is concentrated in the interval [2/, 2’ +n’], it follows that Hom? (G(£?),F) =0
for any ¢ < 0 and j ¢ [—2' —n',—2 + dim M]. (Here we use the fact that the
homological dimension of the category coh(M) is equal to dim M.) Hence, for
the same values of j we have H’ (F(JF)) = 0 for any sheaf F. Therefore, the functor
F' is bounded.

Remark 3.2.4. After shifting F in the derived category if necessary, we assume from
now on and throughout this chapter that for any sheaf ¥ on M the cohomology
Hi(F(F)) is non-zero only for i € [—a, 0], where a is a fixed positive integer.

3.3. Construction of the object representing a fully faithful functor. In
this section, starting from an exact fully faithful functor F', we construct a certain
object & € D(M x X); in the next section, we prove that the functors F and ®¢ are
isomorphic. The construction of € proceeds in a number of steps. We first consider
a closed embedding j: M < PY and construct a certain object & € D®(PV x X).
We then prove that &' in fact comes from the subvariety M x X, that is, there
exists an object & € D*(M x X) such that & = RJ,.&, where J = (j x id) is the
closed embedding M x X in PN x X.

We choose a very ample line bundle £ on M such that H*(LF) = 0 for all k > 0
and all i # 0, and write j for the closed embedding of M in PV defined by L.

The product PV x PV has a so-called resolution of the diagonal (see [2]). This
is a complex of sheaves of the form:

d_nN

0— O(-N)ROQN(N) —5 O(-N + 1) R QNN - 1)

L O RO IS 0RO, (31)

This complex is a resolution of the structure sheaf Oa, where A is the diagonal of
the product PV x PV,

Write F’ for the functor from D®(PV) to D®(X) obtained as the composite
F o Lj*, and consider the diagram of projections

PN x X —© ., X

‘|

IPN
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Write

d_; € Hompn  x (O(—i) R F(Q(i)), O(—i +1) B F'(Q (i — 1)))
for the image of the morphism d_; under the following composite map:

Hom (0(—i) K Q(¢), O(—i 4+ 1) ® Q" '(i — 1))
%Hom(ogm(') O(1) XQ(i—1))

5 Hom ((1), H(O(1)) ® Q' ~1(i — 1))
— Hom (F'(€(i)), H°( (1) ® F'(Q (i - 1))
% Hom (0 ® F/(Q1(7)), O(1) B F/(Q (i — 1))

— Hom(0(—i) X (Ql(z’)), O(—i+1) B F' (i — 1))).

One sees readily that the composite d’_;  ; o d’_; vanishes. Hence, we can consider
the following bounded complex of objects of the derived category D®(PY x X):

d N

¢ i={o(-N) B F@¥ () =5 -

L) RF(QY(1) S 0K Fo)}. (32
For | < 0 we have
Hom' (0(—i) ® F'(Q' (1)), O(—k) K F'(Q*(k)))
=~ Hom' (0 ® F'(Q(4)), H°(0(i — k)) ® F'(¥(k)))
=~ Hom' (j*(Q'(3)), H*(0(i — k)) ® j* (Q*(k))) = 0.
Thus, by Lemma 3.1.2, C" has a convolution, and all convolutions are isomorphic.
Write € for a convolution of C* and 7o for the morphism O X F/(9) 2% &’. (In

fact, we see below that all convolutions of C" are canonically isomorphic.) Now let
®¢/ be the functor from D?(PV) to D?(X) defined by (7).

Lemma 3.3.1. For all k € 7Z there are canonical isomorphisms

fr: F'(O(k)) — @er(O(k)),
and these isomorphisms are functorial; that is, for any a: O(k) — O(1) the diagram

FIOKk) % Frow)

fkl le
e (O(k)) 22 @p(0(1))

18 commutative.

Proof. Assume first that £ > 0 and consider the resolution (31) of the diagonal
A C PN x PN, Tensor it by O(k) ® O, then take its direct image under the
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projection to the second factor. As a result we obtain the following resolution of
the sheaf O(k) on projective space PV:

{H(O(—N)EON (N) — - HO(O(k—1))22" (1) — B (O(k))20 } 5 0(k).

since F’ is exact by assumption, it follows that F'(O(k)) is a convolution of the
complex

H°(O(k—N))@F' (QV(N)) — - - - — HY(0(k—1))®F'(Q*(1)) — H°(O(k))® F' ()

of objects of the category D?(X). We denote this complex by D;.

Recall now that, by construction, £’ is a convolution of the complex C" (32).
Consider the complex C;, = ¢*O(k) ® C* on PV x X. Then ¢*O(k) ® & is a
convolution of C},. And there is a morphism 7 : O(k) X F'(0) — ¢*O(k) ® &
canonically obtained from 7. The complex 7/, (C},), the direct image of (C},) under
the projection to the second factor, is canonically isomorphic to D;,. Thus, we see
that the objects F'(0(k)) and ®¢/(0(k)) := R, (¢*O(k)®¢&’) are both convolutions
of the same complex D,.

By assumption, the functor F' is full and faithful. Hence, for locally free sheaves
G and H on PV we have the equality

Hom' (F’(§), F'(3)) = Hom'(j*(3), j*(3)) =0 fori < 0.

This implies in particular that the complex D satisfies conditions (25) and (26) of
Lemma 3.1.2. Hence, by the lemma, there exists a uniquely defined isomorphism
fr: F'(O(k)) — ®e/(O(k)) that makes the following diagram commutative:

HO(O(k) ® F/(0) 05 pr o)

o |

HO(O()) @ F'(0) 270 @, (0(k))

We now prove that these isomorphisms are functorial. For any a: O(k) — O(I)
there are commutative squares of the form

HO(O(k)) ® F/(0) = Fr(0(k))
HO(Oé)@idl lF’(a)
H(0() @ F'(0) =% Froq))
and
HO(0(K) ® F/(0) 7% @g(0(k))
Ho(oz)®idl l%f(a)
HO(0(0) ® F'(0) =% @ (0(1))
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These three commutative squares imply the following equalities:
fro F'(@) o F'(6k) = fio F'(&1) o (H°(a) ® id) = Rari () o (H%(a) ® id),
Der(@)o fy o F'(6x) = Per() o Rarl () = Rl (m) o (H(a) ®id).

The complexes D;, and D; satisfy the conditions of Lemma 3.1.3, and hence, there
is a unique morphism h: F'(O(k)) — ®¢/(O(1)) for which

ho F'(6x) = Rrl(y1) o (H%(a) ® id).
Thus, the morphism h coincides simultaneously with f;o0 F’(«) and with ®¢/ (a)o fi,
which implies that these two are equal.
Now consider the case k < 0. Take the right resolution

Ok) S {VFe00 — - — VERONN)}

of the sheaf O(k) on PV . Applying Lemma 3.1.3 again, we see that the morphism of
complexes

Vi ® F'(0) e VE® F'(O(N))
id ®fol2 id ®fzvl2
VE® @er(0) Vi ® ®e(O(N))

gives a uniquely defined morphism fi: F'(O(k)) — ®e/(O(k)). A direct check
(which we omit) shows that these morphisms are functorial.

Remark 3.3.2. We note that the object & € DY(PY x X) constructed from the
functor F' is uniquely determined.

We now prove the existence of an object in the category & € DY(M x X) such
that RJ,E =2 &', where, as above, J is the embedding of M x X in PV x X.

Let £ be a very ample line bundle on M and j: M < PV the embedding into
projective space it defines. We denote by A the graded algebra @i, H(M, L).

Set By = k and B; = A;. For m > 2, we define B,,, by the rule

B,, = Ker(Bm_1 @4 = By o ® AQ), (33)

where u,,_1 is the natural map defined by induction.

Definition 3.3.3. We say that an algebra A is an n- Koszul algebra if the sequence
of right A-modules

B,y A—B, 1t A— -+ — B QQA—A—k—0

is exact. An algebra is called a Koszul algebra if it is an n-Koszul algebra for any n.

Suppose that A is an n-Koszul algebra. We set Ry = Op; and for m > 1 we
write R,, for the kernel of the canonical morphism

Bm®OM —>Bm—1 ®L
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defined by the natural embedding B,, — B;,—1 ® A;. Using (33), we obtain
a canonical morphism R,;, — A; ® R,,—1 (in fact, one checks that there is an
isomorphism Hom(R,,, Rym—1) = AY).

Moreover, if A is an n-Koszul algebra, then the following complex of sheaves is
exact for m < n:

0 — Ry — Bpn®0y — B 1@ — -+ — BiL™ ™! — L™ — 0. (34)

On the projective space PV there is an exact complex of the form

m—1

0—>Q’”(m)—>7\A1®O—> N\ A1@0(1) — - — 0(m) — 0. (35)

There is a canonical map fp,: 7*Q™(m) — R,,. Indeed, since A is commutative,
there are natural embeddings A" A; C B;. Therefore, there exists a morphism from
the complex (35) restricted to M to the complex (34), and hence a canonical map
fm: J5Q™(m) — Ry,.

It is known that for any n there exists an ! such that the Veronese algebra
Al = @2, H(M, L) is n-Koszul; moreover, it was proved in [1] that the alge-
bra Al is in fact a Koszul algebra for [ >> 0.

However, in what follows, along with the n-Koszul property of the Veronese
algebra, we need some additional properties. Namely, using the technique of [18]
and replacing the sheaf L by a sufficiently high power £7, one can prove the following
assertion.

Proposition 3.3.4. For any integer n there is a very ample line bundle L such
that

1) the algebra A is an n-Koszul algebra, that is, the sequence
B, A—B, 19t A— - — B QA—A—k—0

18 exact;
2) the complex of sheaves on M given by

Ak—n®Rn —>Ak—n+1®Rn—1 I
i Ay 1 ® Ry — Ay ® Rg — LF — 0

is exact for any k > 0 (if k — i <0, then Ax_; =0 by definition);
3) the complex of sheaves on M x M of the form

LT"H®R, — - — LR R — Oy KRy — Oa
is exact, that is, it gives an n-resolution of the diagonal on M x M.

The proof of this proposition is given in §3.5.

Write T}, for the kernel of the canonical morphism A, ®R,, — Ak n+1®@R,_1.
In view of property 2) of Proposition 3.3.4 and the fact that Ext"**(LF T}) = 0
for n > 0, we see that every convolution of the complex

Ak—n®Rn — Ak—n+1 ®Rn—1 — Ak ®RO

is canonically isomorphic to Ty[n] & LF.
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The canonical morphisms Ry — A; ® Ri_1 induce morphisms
L™F X F(Ry) — L7* X F(Ry_1).
This follows from the existence of isomorphisms

Hom(LF ® F(Ry), L™ ® F(Rg_1)) = Hom(F(Ry), H°(L) ® F(Rk_1))
= Hom(Rk, A ® Rk—l)-

Moreover, we have the following complex of objects in the category D*(M x X):
LT"XF(R,) — - — L'X F(Ry) — Op B F(Ry). (36)

By Lemma 3.1.2, the complex (36) has a convolution, and all its convolutions
are isomorphic. We denote this convolution by G € D*(M x X).
For any k > 0 the object Rm.(G ® p*(L*)) is a convolution of the complex

Ap_n ® F(Rn) — A1 ® F(Rn_l) — s — A ® F(R()) (37)

On the other hand, the object F(Ty[n] & L*) is also a convolution of this complex,
obviously satisfying the condition of Lemma 3.1.2. Hence, there is an isomorphism
R, (G ®p*(L*)) = F(Ti[n] & LF).

It follows from Lemma 3.2.3 and Remark 3.2.4 that for all & > 0 the non-
trivial cohomology sheaves H(Rm.(G ®p*(LF))) = H (F(Ty)[n]) ® H (F(LF)) are
concentrated in the union [—n — a, —n] U [—a, 0] (where a is the number defined in
Remark 3.2.4). Since L is ample, it follows that the cohomology sheaves H(G)
are also concentrated in [-n — a, —n] U [—a, 0]. We can assume that n > dim M +
dim X + a. Since the category of coherent sheaves on M x X has homological
dimension dim M + dim X, we see in this case that G = C & &, where &,C are
objects of D*(M x X) for which H(€) = 0 for i ¢ [—a,0] and H(C) = 0 for
i ¢ [-n —a,—n]. Hence, in particular, R, (& ® p*(LF)) =2 F(L*). Note that since
the object G is uniquely determined as the convolution of the complex (36), the
object € is also uniquely determined up to isomorphism.

We now show that there is an isomorphism R.J,€ = &’. For this, we consider
the map of complexes over D?(PN x X),

O(—n) K F'(Q™(n)) e O X F'(0)
lcaanlF(fn) lcan‘Z'F(fO)
R;j.L~" X F(R,) e Rj.0On X F(Ry)

Applying Lemma 3.1.3, we obtain the existence of a morphism ¢: K — RJ,G
between the convolutions.
If N > n, then the object K is not isomorphic to &', but there is a distinguished
triangle
S — K —¢& — S[].
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As above, we can show that the cohomology sheaves H(S) are non-zero only for
i € [-n — a, —n]. This implies that Hom(S, RJ.€) = 0 and Hom(S[1], RJ.E) =0,
because the cohomology RJ,.€ is concentrated in the closed interval [—a, 0]. This
implies the existence of a unique morphism 1: & — R.J, € such that the following
diagram is commutative:

K —— RJ.G

! !

¢ Y , RJE

As we know,
R7, (&' ® ¢"(O(k))) = F(L") = R.(€ @ p*(LY).

Write v for the morphisms R7l(€' ® ¢*(0(k))) — Rm.(€ ® p*(L¥)) induced
by 1. The vy fit into a commutative diagram

SkA; @ F(0) —2 F(L*) —=— Ral(&' ® ¢*(0(k)))

canl lwk

A @ F(0) —2, F(LF) —~— Rm.(E®p* (L))

This implies that the morphisms v are isomorphisms for any k£ > 0. Hence, 1 is
also an isomorphism. Thus, we have proved the following assertion.

Proposition 3.3.5. There is an object € € D*(M x X) such that RJ.E = &,
where &' is the object of D*(PN x X) constructed in §3.3; and this € is unique up
to isomorphism

3.4. Proof of the main theorem. In the previous section, starting from a fully
faithful functor F' between the derived categories of coherent sheaves on varieties
M and X, we constructed an object € on the product M x X, and thus obtained
a new functor ®¢. The main objective of the present section is to show that these
two functors F and ®¢ are isomorphic. For this, we must construct a natural
transformation between these functors which is an isomorphism. By construction,
the transformation is already given on an ample sequence of line bundles on M.
Our task is to extend this transformation to the entire derived category.

We start by proving some assertions on Abelian categories that we need below.
Let A be a k-linear Abelian category (in what follows we always consider Abelian
categories that are k-linear).

Definition 3.4.1. We say that a sequence of objects {P; | i € Z<o} (with negative
indices) in an Abelian category A is ample if for every object X € A there exists
an integer N such that the following conditions hold for any index i < N:

a) the canonical morphism Hom(P;, X) ® P; — X is surjective,
b) Ext’(P;, X) =0 for all j # 0,
¢) Hom(X, P;) =0.



556 D. O. Orlov

Example 3.4.2. For £ an ample line bundle on a projective variety, the sequence
{L"]i € Zgo} is ample in the Abelian category of coherent sheaves.

Lemma 3.4.3. Let {P;} be an ample sequence in an Abelian category A. If an
object X in the category DY(A) satisfies the equality

Hom'(P;, X) =0 foralli <0,

then X is the zero object.

Proof. It follows from the definition of ampleness that
Hom(P;, H*(X)) = Hom"(P;, X) =0 for i < 0.

However, the morphism Hom(P;, H*(X)) ® P; — H*(X) must be surjective for
i < 0. Hence, H*(X) = 0 for all k. This means that X is the zero object.

Lemma 3.4.4. Let A be an Abelian category of finite homological dimension and
{P;} an ample sequence in A. If an object X € D(A) is such that Hom' (X, P;) =0
for any i < 0, then X is the zero object.

Proof. Suppose that the object X is non-trivial. After shifting X in the derived
category if necessary, we can assume that the rightmost non-zero cohomology of
X is H%(X). Consider the canonical morphism X — H%(X). For some iy, there
exists a surjective map Pf?kl — HO(X); write Y7 for its kernel. By assumption,
Hom' (X, P;,) = 0, and hence also Hom'(X,Y]) # 0. Next, take a surjective map
Pff’” — Y1, which exists for some i < 0, and write Y5 for its kernel. The con-
dition Hom'(X, P;,) = 0 again gives Hom?(X, Y2) # 0. Continuing this procedure,
we obtain a contradiction to the finite homological dimension of A.

Lemma 3.4.5. Let A and B be Abelian categories and suppose that A has finite
homological dimension. Let {P;} be an ample sequence in A. Suppose that F is an
exact functor from DY(A) to D®(B) that has right and left adjoint functors F* and
F* respectively. If the maps

Hom"(P;, P;) = Hom" (F(P;), F(P;))

are isomorphisms for j < i and for all k, then F is fully faithful.

Proof. Consider the canonical morphism f;: P; — F'F(P;) and the distinguished
triangle

P, s F'R(P) — ¢ — PJ[1].
By assumption, for j < i we have isomorphisms
Hom"(P;, P;) = Hom" (F(P;), F(P;)) = Hom"(P;, F'F(P;)).

Hence, Hom'(P;,C;) = 0 for j < 4. By Lemma 3.4.3, C; = 0. Thus, f; is an
isomorphism.
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For an arbitrary object X we now consider the canonical map gx : F*F(X) — X
and the distinguished triangle

F*F(X) 25 X — Cx — F*F(X)[1].
There is a sequence of isomorphisms
Hom" (X, P;) == Hom" (X, F'F(P;)) = Hom"(F*F(X), P)).

This implies that Hom'(Cx, P;) = 0 for all ¢. By Lemma 3.4.4 we get that Cx = 0.
Thus, gx is an isomorphism. Therefore, F' is fully faithful.

We now state and prove the main proposition of this section, which we need in
the proof of Theorem 3.2.1, the main result of this chapter. The proposition is also
of independent interest.

Let A be an Abelian category with an ample sequence {P; | i € Zgo}. Write j
for the embedding of the full subcategory € with objects ObC := {P; | i € Zgo}
into D®(A). In this situation, given a functor F: D*(A) — DY(A), one proves
that, if there exists an isomorphism of F'|e with the identity functor on C, then this
transformation extends to an isomorphism on the entire category D°(A).

Proposition 3.4.6. Let A be an Abelian category and {P; | i € Zgo} an ample
sequence in A. Write j for the embedding of the full subcategory C with objects
ObC := {P; | i € Z<o} into D°(A). Let F: D*(A) — DP(A) be some auto-
equivalence. Suppose that there exists an isomorphism of functors f:j — Fie.
Then f extends to an isomorphism id — F on the entire category D?(A).

Proof. First, since F' commutes with direct sums, the transformation f extends
componentwise to direct sums of objects in the category €. We note that an object
X € D?(A) is isomorphic to an object of A if and only if Hom’ (P;, X) = 0 for j # 0
and all ¢ < 0. It follows that in this case the object F'(X) is also isomorphic to an
object of A, because

Hom’ (P;, F(X)) = Hom’ (F(P;), F(X)) = Hom’ (P;, X) =0

for 7 # 0 and for all ¢ < 0.

Step 1. Let X be an object of the category A. We fix a surjective morphism
v: P®¥ — X. There exists an isomorphism f;: P®¥ =5 F(P®*) together with
two distinguished triangles

y —— p¥ 5 X — Y[

lfﬁ,
F(y) 29 ppory 9 pixy —— FOO)[Y

Let us prove that F(v) o f; ou = 0. For this, consider a surjective morphism
w: PjEBZ —Y’; it is enough to show that F(v)o f;ouocw=0. Let f;: PjEBZ - F(Pj@l)
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be the canonical isomorphism. Using the commutation relations for f; and f;, we
obtain the equalities

F(v)o fiouow=F(v)oF(uow)o f; =F(vouow)o f; =0.

Since Hom(Y'[1], F(X)) = 0, there is a unique morphism fx: X — F(X) com-
muting with f; by Lemma 3.1.1.
Now consider the mapping cone C'x of fx. Using the isomorphisms

Hom(P;, X) =2 Hom(F(F;), F(X)) = Hom(P;, F(X)),
we see that Hom? (P;, C'x) = 0 for all j and i < 0. Hence, Cx = 0 by Lemma 3.4.3,

and fx is an isomorphism.

Step 2. We now show that fx does not depend on the choice of the covering
v: Pka — X. Consider two such surjective morphisms v; : Pf?kl — X and
Vo Pff’” — X. We can always fix up two surjective morphisms ws : P;Bl — Pf?kl
and wy: P;Bl — Pff’” such that the following diagram is commutative:

@l w2 k2
Pj _— Pz-2

-
pPk M, X

It is obviously enough to check that the transformations fx constructed from v
and v; o wy coincide. For this, consider the commutative diagram

ppt M, pPm M, X

P
F(peYy 2, ppeky 00, pix)

Here the isomorphism fx is constructed from v;. Both squares of the diagram
commute. Since there only exists one morphism from X to F(X) that commutes
with f;, it follows that the morphism fx constructed from v; coincides with that
constructed from vy o wi.

Step 3. Now we have to check that the morphisms fx define a natural transfor-

mation of functors on A. That is, for any morphism X N Y, we must prove
that

frop="F(p)o fx.

Consider a surjective morphism PjEBZ —5 Y. We choose an index i < 0 and a

surjective morphism Pka —4 X such that the composite ¢ o u lifts to a morphism
Y: PR Pj@l. This is possible because for i < 0 the map Hom(P®*, Pj@l) —
Hom(P®* Y) is surjective. We obtain a commutative square

pok ¥ o x

7

ol

P v
J
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We write hy and hy for the composites fy o and F(¢) o fx respectively. We have
the equalities

hou=fyopou=fyovoy=F(v)ofjop=F(v)o Fy)o f

and

haou = F(p)o fxou = F(p)oF (u)of; = F(pou)of; = F(vop)of; = F(v)oF(¢)o fi.
Thus, for ¢ = 1, 2 the morphisms h; make the following diagram commute:

z — Pz'@k — X > Z[1]

FWWﬁl lm

FW) —— F(P) 22 p(y) —— F(W)[1]
Since Hom(Z[1], F(Y)) = 0, it follows from Lemma 3.1.1 that hy = he. Thus,
frope=F(p)o fx.
Step 4. We define a transformation fx,): X[n] — F(X[n]) =2 F(X)[n] for any
X € A by the formula

fxmn) = fx(n].

One proves readily that the transformations defined in this way commute with
any morphism u € Ext® (X,Y). Indeed, every element u € Ext” (X,Y) can be
represented as a composite u = uguy - - - u of certain elements u; € Extl(Zi, Zit1),
where Zp = X and Zy =Y. Thus, it is enough to verify that fx[, commutes with
elements u € Ext'(X,Y). For this, consider the diagram

Y —— Z —— X — Y[

le lfz lfY[l]

FY) —— F(2) —— F(X) 2% ro)]

By one of the axioms of triangulated category, there is a morphism h: X —
F(X) such that (fy, fz,h) is a morphism of triangles. On the other hand, since
Hom(Y[1], F(X)) = 0, it follows from Lemma 3.1.1 that the morphism A is uniquely
determined by the condition that it commutes with fz. However, fx also commutes
with fz. Hence, h = fx, and thus

Step 5. We carry out the final part of the proof by induction on the length of
the interval to which the non-trivial cohomology of the object belongs. For this,
consider the full subcategory j,: D, — DY(A) of D(A) consisting of objects with
non-trivial cohomology in some interval of length n (the interval is not fixed). We
now prove that there is a unique extension of the natural transform f to a natural
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functorial isomorphism f,: j, — F|p,. We have already proved this above for
n = 1, as the basis of the induction.

Now to prove the inductive step, suppose that the assertion is already proved
for some n = a > 1. Let X be an object of D41, and suppose for definiteness
that the cohomology H?(X) is non-trivial for p € [—a, 0]. We take P; in the ample
sequence, where i is a sufficiently negative index such that

a) Hom’(P;, H?(X)) = 0 for all p and j # 0,
b) there exists a surjective morphism u: PP* — HO(X), (38)
¢) Hom(H°(X),P,)=0.

It follows from a) and the standard spectral sequence that there is an isomorphism
Hom(P;, X) — Hom(P;, H°(X)). Thus, there is a morphism v: P®* — X whose
composite with the canonical morphism X — H?(X) coincides with u. Consider
the distinguished triangle

Y[-1] — PP % X — Y.

Since the object Y belongs to D,, it follows from the induction assumption that
the isomorphism fy already exists and commutes with f;. We have the diagram

o - X T FEE
fil1] (39)

' I i
[ .I. L

FPE) ——= FIX) F{Y) —= F{P¥¥)[1]

Next, the sequence of isomorphisms
Hom(X, F(P®")) = Hom(X, P®*) = Hom(H°(X), P®*) = 0

allows us to apply Lemma 3.1.1 with g = fy, and it follows from this that there
is a unique morphism fx: X — F(X) completing the diagram to a morphism of
triangles. It is obvious that fx is in fact an isomorphism, because f; and fy are.

Step 6. We now have to prove that the isomorphism fx does not depend on the

choice of i and u. Suppose that we are given two surjective morphisms uy: P L —

HO(X) and ug: P2** — HO(X) satisfying a), b) and c). Then we can choose a

2
sufficiently negative index j and surjective morphisms w; and ws that make the
diagram

@l w2 k2
Pj — Pz-2

lwl lug
Sk u
P — HO(X)
commute. Write vy : Pf?kl — X and vy: Pff’” — X for the morphisms cor-

responding to u; and ua. Since Hom(P;, X) — Hom(P;, H°(X)), we see that
V2Wy = V1Wq.



Derived categories of coherent sheaves 561

There is a morphism ¢: Y; — Y;, such that the triple (w1, id, ¢) is a morphism
of triangles

l 10wy Yy l
pet L x Y; PA1]

R PR

P M X By, s pER]

that is, oy = 1.
Since Y; and Y;, only have non-trivial cohomology in the interval [—a, —1], by
induction we have the following commutative square:

Y, —— ¥,

fyjl lf&ql

F(p)
F) s P,

Write fg(, f}é and f}? for the morphisms constructed by the above rule; these
can be completed to a commutative diagram (39) for v = viwy, v = v; and v = v9
respectively. We have already proved in Lemma 3.1.1 above that the morphism f3}
is uniquely determined by the condition

Fy)fy = fvi, v1-

On the other hand, we have the relations
Fy)fy = Flen)fx = F(e)F(y) %k = F(¢)Fy,y = fv., 0y = fv., 1,

which imply at once that fg( = f}é In the same way we get fg( = f}? Hence,
the morphism fx does not depend on the choices of the index 7 and the morphism
u: PP* — HO(X), and is thus absolutely uniquely defined.

Step 7. We have thus obtained an extension of f; to D,41. It remains to show that
this extension is again a natural transformation from j,11 to F|p, ,; that is, that
for any morphism ¢: X — Y with X and Y in D,y;, we obtain a commutative
diagram

X %> v

x| > (40)

F(x) 29 F(y)
We will reduce this problem to the case in which both objects X and Y belong
to D,. There are two cases.

Case 1. We consider the case when the highest non-trivial cohomology of the
object X (which we can assume to be H°(X) without loss of generality) has
index strictly greater than that for Y. As above, we take a surjective morphism
u: PP* — HO(X) satisfying a), b) and c) and construct a lift of u to a mor-

phism v: Pka — X. We have a distinguished triangle

pek N, x % 7 PER(1].

7
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If 7 is sufficiently negative, then Hom(Pka ,Y) = 0. Applying Hom(—,Y") to this
triangle, we see that there exists a morphism ¢: Z — Y for which ¢ = ¢a. It is
known that the isomorphism fx constructed above satisfies the relation

F(a)fx = fza.

If we assume that

F()fz = fri,

then we obtain

F(p)fx = FW)F(a)fx = F(¥)fza = fyya = fye.

This means that, to check that the square (40) is commutative, we can replace
X by Z. But the upper bound for the non-trivial cohomology of Z is one less than
for X. Moreover, one can see that, if X belongs to Dy with k£ > 1, then Z belongs
to Di_1, and, if X belongs to Dy, then Z also belongs to Dy, but the index for its
non-trivial cohomology is one less than for X.

Case 2. We now consider the other case: the highest non-trivial cohomology of YV
(which we can again assume to be H°(Y')) has index greater than or equal to that
of X. Take a surjective morphism u: PP* — HO(Y) satisfying conditions a), b)

7

and c¢) and construct a morphism v: Pka — Y, which is uniquely determined

by u. Consider the distinguished triangle

pek v Ly P w pok. (41)

7 7

Write 1 for the composite 3 o .
If we now assume that

F@)fx = fwv,
then, since F'(8)fy = fw /3, we obtain

FB)(fre—Fo)fx) = fwbe — f(Be)fx = fwd —F(¥)fx =0.  (42)

We again choose ¢ to be sufficiently negative, so that the vanishing condition
Hom(X, PP*) = 0 is satisfied. Since F(P*) is isomorphic to P*, we have the
equality Hom(X, F(Pka)) = 0. Now applying Hom(X, F(—)) to the triangle (41),
we see that F(3) defines an embedding of Hom(X, F(Y)) into Hom(X, F(W)). It
now follows at once from (42) that fyp = F(¢)fx.

Thus, to check that the square (40) is commutative, we can replace Y by an
object W that has upper bound of the non-trivial cohomology one less than Y. If
Y belongs to Dy, with k > 1, then W belongs to Di_1. If Y belongs to Dy, then
W also belongs to Dy, but has non-trivial cohomology of index one less than Y.

Suppose now that X and Y belong to the category D,11 with a > 1. Depending
on which of the cases 1) or 2) is applicable, we can replace either X or Y by
an object that already belongs to D,. Repeating this procedure if necessary, we
can reduce the upper bound of the cohomology of this object until the other case
becomes applicable. Then we will be able to reduce the length of the non-trivial
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cohomology of the other object, and arrive at the situation in which both objects
already belong to D,. This is our induction step.

In conclusion we note that during our construction, the isomorphisms fx were
uniquely determined at each point. Hence, the natural transformation from id to
F' that we have constructed is unique. This completes the proof of the proposition.

Proof of Theorem 3.2.1. 1) Existence. Starting from the functor F, we can use
Proposition 3.3.5 and Lemma 3.3.1 to construct an object & € D®(M x X) for which
there exists an isomorphism of functors f: F e = ®¢|e on the full subcategory
€ C D®(M) with ObC = {L! | i € Z}, where L is a very ample bundle on M for
which H*(M, L) =0 for k > 0 and i # 0.

By Lemma 3.4.5, ®¢ is fully faithful. Moreover, since there are isomorphisms

F'(f): F'o Fle 2ide = F' o ®¢e,
5 (f): @ o Fle — ®f 0 g e Hide,

it follows again from Lemma 3.4.5 that the functors F' o ®¢ and ®% o F' are also
fully faithful. Since they are adjoint to one another, it follows that they are in fact
equivalences.

Consider again the isomorphism F'(f): F' o Fle ®ide — F'o ®g e on the
subcategory €. By Proposition 3.4.6, it extends to an isomorphism on the entire
category D?(M), that is, id — F' o ®¢.

Since F' is right adjoint to F', we obtain a morphism of functors f: F — ®¢
for which fe = £. Tt remains to show that f is an isomorphism. Indeed, take the
mapping cone Cz of the canonical morphism fz: F(Z) — ®¢(Z). Since F'(fz)
is an isomorphism, we see that F'(Z) = 0. Hence, Hom(F(Y),Cz) = 0 for any
object Y. Moreover, since F(LF) = ®¢(LF) for all k, we obtain a sequence of
isomorphisms

Hom®(L*, ®%(C)) = Hom®(®¢ (LF), Cz) = Hom' (F(L*),Cz) =0

for all £ and 3.

Applying Lemma 3.6 gives at once the equality ®%(Cz) = 0. It follows that
Hom(®¢(Z),Cz) = 0. Therefore, the triangle for the morphism fz must be split,
that is, FI(Z) = Cz[-1] @ ®¢(Z). However, we have already proved above that
Hom(F(Y),Cz) = 0 for any Y, and hence also for Z[1]. However, this can only
happen if Cz =0, and fz is an isomorphism.

2) Uniqueness. The uniqueness of the object representing F' in fact follows from
our construction, because each time we construct some object it is unique. However,
let us go through this once more. Suppose that there exist two objects €1 and € in
DP(M x X) for which ®¢, = F = ®¢,. Consider the functor F’ = Lj* o F, where,
as above, j: M — PV is an embedding by a suitable very ample line bundle. The
objects RJ,E; for ¢ = 1,2 must both be convolutions of the complex (32)

C = {O(-N) B F/(QV (N)) =5 .. 5 0(—1) K F/(Q1(1) —5 0 & F/(0)}.
However, as we proved above, all convolutions of this complex are isomorphic by
Lemma 3.1.2. Thus, RJ,&; & RJ.Es. Applying Proposition 3.3.5, we now see that
the objects €; and €5 are themselves also isomorphic.
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3.5. Appendix: the n-Koszul property of a homogeneous coordinate
algebra. The facts collected in this appendix are not original, and are well known
in one form or another. However, in the absence of a good reference, we are obliged
to present our own proof of the assertion used in the main text in the form we need
it. Here we mainly use the technique of [18].

Let X be a smooth projective variety and L a very ample line bundle on X
satisfying the additional condition H*(X,L*) = 0 for all & > 0 and i # 0. We
write A for the homogeneous coordinate algebra of X with respect to L, that is,
A=@  H(X,LF).

Consider the variety X™ for some n € N. In what follows we write 7r§") for the
projection of X™ to the ith factor and 7T§;l) for its projection to the product of

the ith and jth factors. Define a subvariety Agz)7~~~7ik)(ik+17~~~7im) C X™ as follows:

Agz),...muw,...,z-m> ={(1, @) | Ty = = Tiy Tigy, == Tm )
For brevity, we write S’i(") instead of Ag:)n_l _.i)i obviously, .S’i(") =5
Now set
@ .| | A 1AM
"= A1, i) (e b1y = A1)
k=1 k=1

(By definition, Tl(") and TQ(") are the empty subset.) It is clear that Ti(") C .S’i(").

We write Jsn) for the ideal sheaf of the subscheme Y c X" and 31(-") for the
sheaf on X™ which is the kernel of the natural map Ogmy —> Oy — 0.

Let us temporarily fix m and k < m. Let s be the embeddirfg of the subvari-
ety S,gm) =~ X*k=1x X into X™, which by the definition of S,gm) is the identity on the
first £k — 1 factors and the diagonal on the final kth factor. We write p for
the projection of S,gm) to X*~1 which is the product of the first k£ — 1 factors.

Lemma 3.5.1. The sheaf ng) is isomorphic to O ; and U,gm) for k> 1is
1

isomorphic to s.p*(Jxw-1). In particular, for k > 1 there are isomorphisms
a) H/(X™ 1™ @ (LK ... K L))
=B (XF ! Jogeny @ (LR - RL)) @ Appyi for all i > 0;
b) Rir{™ (I @ (ORL K- K L))
~RIAF D (Jgon @(ORLR - RL))®Am_pis  for alli> 0;
o) RIr{™ ™ @ (OR LK - KLY

1mx*

~RirF Y (o) @ (ORLE - B L)) B L™ 5+ for qll i.

*

Proof. The assertion that J,gm) is isomorphic to s.p*(Jsrk-1)) for k > 1 follows at

once from the definition of J,gm) and of the subschemes T,gm) and S,gm). The rest
follows at once from this.

By induction on n, one sees readily that the complex

PO — Jgom — I 9 g9
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on X" is exact. For example, for n=2 this complex is the short exact sequence on
X x X,

P;: 0 — Jan — Oxxx — 0a — 0.

Lemma 3.5.2. Let X be a smooth projective variety with ample line bundle M.
Then for any positive integer k there exists an i such that the bundle L = M has
the following properties for all 1 < m < k:

a) H/(X™ Jgom @ (LR---KL)) =0 for j#0;
b) RIn{™ (Jgem @ (ORLK---KL)) =0 for j#0; (43)
o) Rix{™ (Jgom @ (ORLKE---HLKO) =0 for j#0.

Proof. For any m, the line bundles M X --- KM, OK MK --- XK M, and O K
MK ---XKMKX O on X™ are ample, 7r§m)-ample, and 7r§m)-ample, respectively.

m
Therefore, for each of them there is an integer such that properties a), b), and c)

hold for all powers of these bundles larger than this integer. Take the maximum of
these numbers over all m < k, and denote it by i. Then properties a), b), and ¢)
also hold for £ = M°.

We introduce the following notation:

B, :=H" (X", Jym @ (LK --- K L))
and Rp_1:=Rm{" (Jym @ (OR LK - K L)).

Proposition 3.5.3. Let L be a very ample bundle on a smooth projective variety
X satisfying condition (43) for all m with 1 <m < n+ dim X + 2. Then

1) A is an n-Koszul algebra, that is, the sequence
B, A—B, 19t A— - — B QA—A—k—0

18 exact,;
2) the complex of sheaves on X of the form

Ak—n & Rn — Ak—n+1 & Rn—l I

i Ay 1 ® Ry — Ay ® Rg — LF — 0

is exact for any k >0 (if k —i < 0, then Ax_; = 0 by definition);
3) the complex of sheaves

L"KR, — - — L 'XR — Oy ®Ry — Oa

on X x X is exact; that is, it gives an n-resolution of the diagonal of X x X.
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Proof. 1) First, combining Lemmas 3.5.1 and 3.5.2, for any 1 < m < n+dim X +2
we see that

1) H(X™ I e LR . KLY)
=H'(X* L Jpon @ (LR - BL)) ® Apks = Bio1 © Apoprs (44)
9) WX 1™ LR - -KL)) =0 for j#£O.

Consider the complexes P, ® (L K --- & L) for m < n+ dim X + 1. Applying H°
to them and using condition (44), we obtain the exact sequences

0—B,—Bn_ 1A — - — B QA1 — A, — 0

for any m < n+dim X + 1.
We now set m =n +dim X + 1 and write W, for the complex

g gt g gt o,
which is a right resolution of Js.(m). We take the complex
W, @ (LK KLKLY
and apply the functor H® to it. We obtain the sequence
B—1 @k A; — B2 Q Aiy1 — -+ —> B1 ®p Amti—2 — Amtic1 — 0.
It follows from (44), 2) that the cohomology of this complex equals
H (X™, Jom @ (LK - KL K LY).
And (43), b) gives us that
H/(X™, Jgm @ (LK --- KL KLY)
= WX, RO\ (Jgom ® (LH -+ K LK 0O)) ® LY.

Hence, this cohomology is trivial for j > dim X, and thus there is an exact sequence
of the form

B, ®r Am—nti—1—Bn_1Qk Am—nti — - —B1 @ Apgi—o — Apgio1—0

for i > 1. However, the exactness for i < 1 has been proved above. Thus, A is an
n-Koszul algebra.
2) The proof is similar to that of 1). We have isomorphisms

1) RMIM g ORLR. .- ®L))

~ RO (g @ (ORLE - K L)) ® A1 (45)
2) Rir™OM™ @ORLK---KL)=0 forallj#0.
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Applying the functor R07T§T) to the complexes P, ® (O W L K --- K L) for
m < n+dim X + 2, we obtain an exact complex of sheaves on X,

0— Rp-1 — A1®Ry_o — -+ — Apy_9®R1 — A 1®Ry — L™ — 0

for m <n+dimX + 2.
We consider the case m = n + dim X + 2. Applying the functor R07T§T) to

W, @ ORLK--- LKLY,
gives the complex
AiQRp—2 —> -+ — Apri—3 @Ry — Apyi—2 @ Rg — LmHi=2 (.
By property (45), its cohomology is

Rim{™ (Jgm @ (OR LK - KL K L))
~ Ripy, (RO\™) (Jgom @ (ORL K- KL K 0)) @ (0K L),

mx*

which is trivial for j > dim X. Thus, the sequence of sheaves
Ay n® Ry — A np1 @Ry — -+ — A 1 @ Rl — Ay ® Ry — LY — 0

on X is exact for all kK > 0.
3) Consider the complex W, , ® (OK LK --- KL K L") on X" 2. Applying

ROﬂ.("‘i‘Q)

1(n+2)s to it, we obtain the following complex on X x X:

LT"KR, — - — L 'R R — Oy X Ry — Oa. (46)

Recalling condition c) of Lemma 3.5.1 and condition (43), b), we see that its coho-
mology sheaves are isomorphic to

RIn{( ) (Jsein ®(ORLR - KLHO)®(ORLT),

which vanish for j > 0 by (43), ¢). That is, the complex (46) is exact.

CHAPTER 4

Derived categories of coherent sheaves on K3 surfaces

4.1. K3 surfaces and the Mukai lattice. This chapter is entirely taken up
with derived categories of coherent sheaves on K3 surfaces over the field of complex
numbers. The main question we are interested in, and answer in this chapter, is
as follows: when do two distinct K3 surfaces have equivalent categories of coherent
sheaves? As before, we view derived categories as triangulated categories, and
equivalences are understood as equivalences between triangulated categories.

We recall that for smooth projective varieties with ample canonical or anti-
canonical class there is a procedure (see Theorem 2.1.3) for recovering the variety
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from its derived category of coherent sheaves. However, for varieties of other types
this is a non-trivial question, and is especially interesting for varieties with trivial
canonical class.

We start with the main facts we need concerning K3 surfaces. Recall that a K3
surface is a smooth compact algebraic surface S with Kg = 0 and H'(S,Z) = 0.
These surfaces are actually simply connected. One can show that the second coho-
mology H?(S, Z) is torsion-free and is an even lattice of rank 22 with respect to the
intersection form. Moreover, it follows from the Noether formula that p,(S) = 1
and hH1(S) = 20.

One of the main invariants of a K3 surface is its Néron—Severi group NS(S) C
H?(S,7Z), which coincides in this case with the Picard group Pic(S). The rank of
NS(9) is < At = 20. We write T for the lattice of transcendental cycles which,
by definition, is the orthogonal complement to the Néron—Severi lattice NS(.S) in
the second cohomology H?(S, Z).

We denote by tdg the Todd class of the surface S; this class is an element of
the form 14 2w in H*(S, Q), where 1 € H’(S, Z) is the identity of the cohomology
ring H*(S,Z) and w € H*(S,Z) is the fundamental cocycle of S. We consider the
positive square root v/tds = 1 + w; for any K3 surface it belongs to the integral
cohomology ring H*(S, Z).

One introduces the Chern character for any coherent sheaf on S, and extends it
by additivity to the entire derived category of coherent sheaves. If F' is an object
of D¥(S), its Chern character

h(F) = r(F) + ea(F) + 3 (e} —2e2)
belongs to the integral cohomology H* (S, Z). For any object F we define the element

v(F) = ch(F) - /tdg € H*(S, Z)

and call it the vector associated with F' (or the Mukai vector of F).

We define a symmetric bilinear form on the cohomology lattice H*(.S, Z) by the
rule

(w,u/)=7r-8 +s-r" —a-o’ € HY(S,Z) =7

for any pair u = (r,a,s), v’ = (r',d/,s') € H*(S,Z) @ B*(S,Z) ® H*(S,Z). The
cohomology lattice H*(S,Z) together with this bilinear form (-, -) is called the
Mukai lattice and denoted by H(S,Z). Note that on H? the bilinear form (-, -)
differs from the usual intersection form by the minus sign. Thus, the Mukai lattice
ﬁ(S’, 7)) is isomorphic to the lattice U L — H?(S,Z), where U is the hyperbolic

lattice ((1) é) and | means orthogonal direct sum.

For any two objects F' and G, the pairing (v(F'), v(G)) is by definition the com-
ponent in H* of the element ch(F)Y - ch(G) - tds. Hence, by the Grothendieck
Riemann—Roch theorem we have the equality

(v(F),v(G)) = x(F,G) :== > _(~1)" dimExt’(F, G).
The lattices ﬁ(S’, Z) and Ts admit natural Hodge structures. Here by a Hodge

structure we mean that the spaces ﬁ(S ,C) and Ts ® C have a fixed one-dimensional
subspace H*?(S).
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Definition 4.1.1. Let S; and S5 be two K3 surfaces. We say that the Mukai
lattices of Sy and Sy (or their lattices of transcendental cycles) are Hodge isometric
if there is an isometry between the lattices that takes the one-dimensional subspace

HQ’O(Sl) to HQ’O(SQ).

Let € in D®(S; x S3) be an arbitrary object of the derived category of the product.
Consider the algebraic cycle

Ze :=p*\/tds, - ch(&) - 74 /tds, (47)
on the product S; x Sy, where p and 7 are the projections in the diagram

Sl X SQ —>7T SQ

/|
Si

In the case of K3 surfaces the cycle Z¢, which is a priori rational, is in fact integral:

Lemma 4.1.2 [31]. For any object & € D®(S; x Ss), both the Chern character
ch(&) and the cycle Zg are integral, that is, they belong to H*(S1 x Sa,7Z).

Thus, the cycle Zg defines a map from the integral cohomology lattice of S to
that of S5,
fZS : H*(Sl,Z) — H*(SQ,Z)
U U . (48)
a — T (Ze - p* (@)
The following proposition is analogous to Theorem 4.9 in [31].

Proposition 4.1.3. For an object €, if the functor ®¢: D?(S;) — D¥(Sy) is
fully faithful, then

1) fz. is an isometry between the lattices H(S:,Z) and H(S2,Z),
2) the inverse map of f coincides with the homomorphism

fo HY(S,Z) —  HY(S1,Z)
U U
B — pa(Z¢ - m(0))

defined by the cycle

Z¢ =p"\/tds, - ch(€Y) - 7" \/tds,,
where €Y := R"Hom (€, Og, xs,)-

Proof. The left and right adjoint functors to ®¢ are isomorphic; they are given by
the formula

* ! *

£ =P, =Rp.(&Y @7 (-))[2].

Since ®¢ is fully faithful, it follows that the composite ®% o ®¢ is isomorphic to the
identity functor idps(s,). The identity functor idps(g,) is defined by the structure
sheaf Oa of the diagonal A C S; x S;.
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By the projection formula and the Grothendieck Riemann—Roch theorem, one
finds that the composite f’o f is represented by the cycle p}+/tds, -ch(Oa)-p3+/tds,,
where p; and po are the projections of S7 x .57 to its factors. Using the Grothendieck
Riemann—Roch theorem again, we see that this cycle is equal to A. Hence, the
composite f’ o f is the identity map, and thus f is an isomorphism from H* (S, Z)
to H*(S2,7Z), because both groups are free Abelian groups of the same rank.

Write vg: S — Spec C for the structure morphism of S. Then we can express
the pairing (o, a') on H(S, Z) as v.(a" - /). It follows from the projection formula
that

~

(a, f(B)) = vsy,u(a” - mu(m*\/tds, - ch(E) - p"V/tds, - p*(0)))
=vg, « (7" (@) - p*(B) - ch(&) - V/tds, xs, )

=g, x5,«(1"(a”) - p*(B) - ch(€) - /tds, x5, )

for arbitrary a € H*(S3,Z) and 8 € H*(S1,Z). In the same way we see that

~—

(B, f'()) = V8, x5, (P (8) - 7" (a) - ch(€)" - /tds, x5, ).

Hence, (o, f(8)) = (f'(«), ). Since f’ o f is the identity map, it follows that

(f(a), f(e) = (f f(a),@) = (a; ).

Thus, f is an isometry.

4.2. The criterion for equivalence of derived categories of coherent
sheaves. In this section we give a criterion for the derived categories of coher-
ent sheaves on two K3 surfaces to be equivalent as triangulated categories. The
form of this criterion is very reminiscent of the Torelli theorem for K3 surfaces,
which says that two K3 surfaces S; and Sy are isomorphic if and only if their
lattices of second cohomology are Hodge isometric, that is, there is an isometry

H?(S,,Z) =5 H?(S,,Z)

whose extension to complex cohomology takes H*?(S1) to H*%(S5) (see [39], [27]).
The main result of this chapter is as follows.

Theorem 4.2.1. Let S and Sy be two smooth projective K3 surfaces over the field
of complex numbers C. Then the derived categories of coherent sheaves Db(Sy) and
D®(Sy) are equivalent as triangulated categories if and only if there exists a Hodge
isometry f: ﬁ(Sl,Z) = ﬁ(SQ,Z) between the Mukai lattices of S1 and Ss.

There is another version of this theorem (Theorem 4.2.4) which may also be of
interest.

We break up the proof of Theorem 4.2.1 into two propositions. The proof of the
first proposition depends essentially on the main Theorem 3.2.1 of the preceding
chapter, since it uses the fact that every equivalence of derived categories can be
represented by an object on the product.
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Proposition 4.2.2. Let Sy and Sy be two K3 surfaces whose derived categories of
coherent sheaves are equivalent. Then there is a Hodge isometry between the lattices
of transcendental cycles Ts, and Ts,.

Proof. By Theorem 3.2.2, there is an object € on the product S; x S that defines
the equivalence. It follows from Proposition 4.1.3 that fz, defines a Hodge isometry
between the Mukai lattices H(S;,7Z) and H(S,,7Z). Since the cycle Z is algebraic,
we obtain two isometries

falg: — NS(Sl)LU L) —NS(SQ)LU and f.,—: T51 l) TS2,

where NS(S7) and NS(S,) are the Néron—Severi lattices and Ts, and T, the lattices
of transcendental cycles. It is obvious that f, is a Hodge isometry.

The proof of the converse uses in an essential way the results of [31], which
studied moduli spaces of bundles on K3 surfaces, and it also uses Theorem 2.1.5,
which gave a criterion for a functor to be fully faithful (see [7]).

Proposition 4.2.3. Let S1 and Sy be two projective K3 surfaces. Suppose that
there exists a Hodge isometry

f:H(Sy,Z) =5 H(Sy,7Z).

Then the bounded derived categories of coherent sheaves D®(S;) and D?(S;) are
equivalent.

Proof. We set v = f(0,0,1) = (r,1,s) and v = f(1,0,0) = (p, k, q). Without loss
of generality we can assume that r > 1. Indeed, a Mukai lattice has two types of
Hodge isometries. The first type is multiplication by the Chern character exp(m)
of a line bundle:

om(r,l,8) = (r,l—l— rm, s+ (m,1) + ng) .
The second type is the transposition of r and s. Using these two types of permu-
tations, one can replace f in such a way that r becomes greater than 1.

The vector v € U L —NS(S;) is obviously isotropic, that is, (v,v) = 0. In
his brilliant paper [31] Mukai proved that, in this case, there is a polarization A
on the K3 surface S; such that the moduli space M4 (v) of vector bundles whose
Mukai vector coincides with v and that are stable with respect to A is a smooth
projective K3 surface. Moreover, since there is a vector u € U L —NS(S1) such
that (v,u) = 1, it follows that M4(v) is a fine moduli space. Hence, there exists a
universal bundle € on the product S; x M4(v).

The universal bundle & defines a functor ®¢ : D?(M4(v)) — D?(S;). One sees
readily that this functor satisfies the conditions of Theorem 2.1.5. Indeed, we have
De(0r) = &, where &; is a stable bundle on S; for which v(€;) = v. All the
sheaves &; are simple, and we of course have Ext*(€;,&;) = 0 for i ¢ {0,2}. This
gives condition 2) of Theorem 2.1.5.

Since the &; are stable, it follows that Hom(&;,, &;,) = 0. By Serre duality, also
Ext?(&;,,&,) = 0. Since the vector v is isotropic, we also have Ext!(&;,,&;,) = 0.
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Thus, the sheaves €;, and &;, are orthogonal for any two distinct points ¢; and 5.
Theorem 2.1.5 gives us that the functor ®¢ is fully faithful.

In fact, ®¢ is not just fully faithful, but an equivalence of categories. This can
be shown by the following argument, which is based on the proof of Theorem 3.3
of [9]. Write D for the image of D*(M4(v)) in D®(S;). Since it is an admissible
subcategory (see Definition 2.2.2), it admits right and left orthogonals; since the
canonical class of a K3 surface is trivial, it follows that these orthogonals coin-
cide. Thus, the semi-orthogonal decomposition of the form (D+, D) is completely
orthogonal. Consider a very ample line bundle £ on M4 (v). All the powers L’ are
indecomposable objects, and therefore belong to one or other of the subcategories
D or D+, and they all belong to the same one, because no pair of these objects
is completely orthogonal. However, the powers {L’} form an ample sequence (see
Definition 3.4.1). By Lemma 3.4.3, the orthogonal to a subcategory generated by
an ample sequence is 0. Thus, since D is non-trivial, it follows that D+ = 0. Hence,
®¢ is an equivalence.

Next, the cycle Z¢ defined by (47) induces a Hodge isometry

g: HM4(v), Z) — H(S,Z)
for which ¢(0,0,1) = v = (r,1,s). Hence, f~! o g is also a Hodge isometry, and
takes (0,0,1) to (0,0,1). Thus, f~! - g induces a Hodge isometry between the

second cohomology lattices of Sz and M4 (v). Therefore, by the Torelli theorem
([39], [27]), S2 and M 4(v) are isomorphic.

This proposition together with Proposition 4.1.3 prove Theorem 4.2.1. There is
another version of Theorem 4.2.1, which gives a criterion for equivalence of derived
categories in terms of the lattices of transcendental cycles.

Theorem 4.2.4. Let S1 and Sy be two smooth projective K3 surfaces over C.
Then the derived categories of coherent sheaves Db(S1) and D®(S) are equivalent as
triangulated categories if and only if there exists a Hodge isometry f,: Tg, — Tg,
between the lattices of transcendental cycles of S1 and So.

This assertion is a corollary of Theorem 4.2.1 and the following proposition.

Proposition 4.2.5 [33]. Let ¢1,p2: T — H be two primitive embeddings of the
lattice T into an even unimodular lattice H. Suppose that the orthogonal complement

N := ¢1(T)* in H contains the hyperbolic lattice U = ((1) ‘1)

p1 and o are equivalent, that is, there is an isometry v of H such that 1 = vypo.

) as a sublattice. Then

Indeed, suppose that there is a Hodge isometry
f.,—: T52 L) TS1 .

As we know, the orthogonal complement to the lattice of transcendental cycles Tg
in the Mukai lattice H(S, Z) is isomorphic to the lattice —NS(S) L U. Thus, by
the previous proposition (Proposition 4.2.5), there is an isometry

f:H(Sy,Z) =5 H(S,,7Z)

such that fjtg = fr. Thus, the isometry f is also a Hodge isometry. Therefore,
by Theorem 4.2.1, the derived categories of coherent sheaves on S; and Sy are
equivalent.
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CHAPTER 5

Abelian varieties

5.1. Equivalences between categories of coherent sheaves on Abelian
varieties. In this chapter we study derived categories of coherent sheaves on
Abelian varieties and their groups of auto-equivalences. Let A be an Abelian vari-
ety of dimension n over a field k. We write m: A x A — A for the composition
morphism, which is assumed to be defined over k, and e for the k-point which is
the identity of the group structure. For any k-point a € A there is a translation
automorphism m(-,a): A — A, which we denote by Tj,.

We write A for the dual Abelian variety, which is the moduli space of line bundles
on A belonging to Pic®(A). Moreover, A is a fine moduli space. Therefore, there
exists a universal line bundle P on the product A x ;1\, called the Poincaré bundle. It
is uniquely determined by the condition that for any k-point o € A the restriction
of P to A x {a} is isomorphic to the line bundle in Pic’(A) corresponding to a,
and, in addition, the restriction fPl (e}xA should be trivial.

Definition 5. 1. In what follows we denote the line bundle on A corresponding to
a k-point a € A by Pq. Moreover, given a number of Abelian varieties Ay, ..., A,
and a k-point (o, ..., qn) € A1 X oo X Am, we denote by P(q, ... a,) the line bundle
Poy W - K Py, on the product A1 X -+ X Ag.

For any homomorphism f: A — B of Abelian varieties one defines a dual homo-
morphism f B — A Pointwise, it acts by taking a point § € Btoae Aif and
only if the line bundle f*Pg on A coincides with the bundle P,.

The double dual or bidual Abelian variety Ais naturally identified with A using
the Poincaré bundles on A x A and on A x A. In other words, there is a unique
isomorphism k4: A = A such that the pull-back of the Poincaré bundle P 7 under

the isomorphism 1 X k4 : Ax A" Ax A coincides with the Poincaré bundle P A,
that is, (1 x ka)*Pg; = P4. Thus, " is an involution on the category of Abelian
varieties; that is, it is a contravariant functor whose square is isomorphic to the
identity functor: x: id B

The Poincaré bundle P gives an example of an exact equivalence between the
derived categories of coherent sheaves on two varieties A and A that are not in
general isomorphic. Consider the projections

AL AxA LA
and the functor ®p: D?(A) — DP(A) defined by (7):
P5(-) = Ra.(P@p*(-)).

The following proposition was proved in [29].
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Proposition 5.1.2 [29]. Let P be the Poincaré bundle on Ax A. Then the functor

®p: DY(A) — DP(A) is an exact equivalence, and there exists an isomorphism of
functors
Uy o ®p = (—14)"[n],

where (—14) is the group inverse of A.

Remark 5.1.3. In [29] this assertion was proved for Abelian varieties over an alge-
braically closed field. However, it also holds over an arbitrary field because the
dual variety and the Poincaré bundle are always defined over the same field (see,
for example, [32]). And the assertion concerning the equivalence of categories will
follow from Lemma 5.1.9. R

Consider a k-point (a,a) € A x A. To any such point one can assign a functor
from DY(A) to itself by the rule

(I)(a,a)(')::Ta*(')®?a:Tia(')®?a- (49)
The functor @, ) is represented by the sheaf
S(a,a) = Or, ® p3(Pa) (50)

on the product A x A, where I', stands for the graph of the translation auto-
morphism 7. The functor ®(q o) is obviously an auto-equivalence.

The set of all functors ®(, ) parametrized by A x A can be collected into a single
functor from D?(A x A) to DP(A x A) that takes the structure sheaf O(a,a) of &
point to S(g,o). (We note that this condition does not define the functor uniquely,
but only uniquely up to multiplication by a line bundle lifted from A x ;1\)

We define the required functor ®g, : DP(A x A) — D(A x A) as the composite
of two other functors. R

Consider the object P4 = p},0a ® pi;P € DY((A x A) x (A x A)), and write
pa: Ax A — Ax A for the morphism taking (a1, az) to (a1, m(a1, az)). We obtain
two functors,

®p,: DP(Ax A) — D’(Ax A),  Rypa.: D’(Ax A) — D(A x A).

Definition 5.1.4. The functor ®g, is the composite Rua. o Pp,.

Proposition 5.1.5. The functor ®g, is an equivalence of categories. For any
k-point (a,a) € A x A it takes

a) the structure sheaf O(q.q) of (a, ) to the sheaf S, q) defined by (50),

b) the line bundle P44y on A x A to the object Oy_qyxa ® p3Paln].

Proof. By definition, ®g, is the composite of the functors Ry 4. and ®p,, which
are equivalences; this is obvious for the first functor and for the second it follows
from Propositions 2.1.7 and 5.1.2.

The functor ®p, takes the structure sheaf 0,4 q) of a point to O gy (a) ® piPa-
Moreover, Rua« takes Ogxfq) @ piPa to Or, ® pi(Pa).
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In the same way, applying Proposition 5.1.2, we see that ®p, takes the line
bundle P4 q) to the object Of_qy1x 4 @p5Po[n], and Ryuax takes Of_qy5 4 @p5Pa(n]
to itself.

Suppose that A and B are two Abelian varieties whose derived categories of
coherent sheaves are equivalent. Let us fix some equivalence. By Theorem 3.2.2,
it can be represented by an object on the product. Thus, there is an object £ €
D’(A x B) and an equivalence ®¢ : D?(4) = D?(B).

Consider the functor

Ade: D°(A x A) = D®(B x B),
defined by (11), which is an equivalence. And consider the composite of functors
(I)E; o0 Adg 0®g, .

Definition 5.1.6. We denote by J(€) the object representing the functor

(I)E; o0 Adg 0®g, .
Thus, we have the commutative diagram

DY(A x A) 254, Db(Ax A)
‘f’a(s)l lAds : (51)
DY(B x B) 2, D¥(B x B)

The following theorem allows us to compute the object J(€); it is the main tool
for describing Abelian varieties having equivalent derived categories of coherent
sheaves.

Theorem 5.1.7. There exists a homomorphism of Abelian varieties fe: Ax A —s
B x B which is an isomorphism, and a line bundle Lg on A X A such that the object
(&) is isomorphic to i.(Le), where i is the embedding of Ax A in (Ax A)x (B x B)
as the graph of the isomorphism fe.

Before proceeding to the proof of the theorem, we state two lemmas that allow
us to assume that the field k is algebraically closed. We write k for the algebraic
closure of k, set X := X XSpec(k) Spec(E), and write JF for the inverse image of F
under the morphism X — X.

Lemma 5.1.8 [37]. Let JF be a coherent sheaf on a smooth variety X. Suppose that
there exist a closed subvariety j: Z — X and an invertible sheaf L on Z such
that F = j, L. Then there exist a closed subvariety i: Y — X and an invertible
sheaf M on Y such that F = i,M and j = C

The next lemma tells us that the property that a functor is fully faithful (or an
equivalence) is stable under field extensions.
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Lemma 5.1.9 [37]. Let X and Y be smooth projective varieties over a field k and
& an object of the derived category D*(X x Y). Consider a field extension F/k
and the varieties

X' = X Xgpee(k) Spec(F), Y' =Y Xgpec(k) Spec(F).

Let & be the lift of € to the category D®(X’ xY"). Then the functor ®¢: D*(X) —
D(Y) is fully faithful (or an equivalence) if and only if ®¢:: DY(X') — Db(Y)
is fully faithful (respectively, an equivalence).

Proof of Theorem 5.1.7. Using Lemmas 5.1.8 and 5.1.9, we can pass to the algebraic
closure of the field k.

Step 1. Writee € A x A and ¢ € B x B for the closed points which are the identity
elements of the group structures. We consider the skyscraper sheaf O, and evaluate
its image under the functor ®5(¢). By definition,

Pye) = P50 Adg o®g, .

By Proposition 5.1.5, the functor &5, takes O, to the structure sheaf Oa(4) of the
diagonal in A x A. Since the structure sheaf of the diagonal represents the identity
functor, it follows from (12) that Ade(Oa(a)) is the structure sheaf Oa(p) of the
diagonal in B x B. In turn, this sheaf goes to the structure sheaf O, under
the action of the functor <I>§;, by Proposition 5.1.5 again.

Step 2. Thus, we see that

3(&) ®™ Oy (B By = Oferxfer)-

It follows from this that there is an affine neighbourhood U = Spec(R) of e in the
Zariski topology such that the object ' :=J (8)|U><( BxB) IS a coherent sheaf whose

support intersects the fibre {¢} x (B x B) at the point {e} x {&'}. We recall that
the support of any coherent sheaf is a closed subset. R
Consider now some affine neighbourhood V' = Spec(S) of the point ¢’ in B x B.
The intersection of the support of J’ with the complement B x B \ V is a closed
subset whose projection to A x A is a closed subset not containing the point e.
Thus, reducing U if necessary, we can assume that it is still affine and the support
of J’ is contained in U x V. This means that there is a coherent sheaf onUxV
such that j.(F) = J’, where j is the embedding of U x V into U x (B x B). We
denote by M the finitely generated R®S-module corresponding to the sheaf F, that
is, ¥ = M. Moreover, we note that M is a finitely generated R-module, because
the direct image under projection of a coherent sheaf J’ = j.F is a coherent sheaf.
Let m be the maximal ideal of R corresponding to the point e. As we know,

M ®r R/m = R/m.

Hence, there exists a homomorphism of R-modules ¢: R — M which becomes
an isomorphism after tensoring with R/m. Thus, the supports of the coherent
sheaves Ker ¢ and Coker ¢ do not contain the point e. Therefore, replacing U



Derived categories of coherent sheaves 577

by a smaller affine neighbourhood of e disjoint from the supports of the sheaves
Ker ¢ and Coker ¢, we see that ¢ is an isomorphism. Hence, there is a subscheme
X(U) C U x (B x B) such that the projection X(U) — U is an isomorphism and

3= 3(8)|U><(B><§) =0x)-

Step 3. We have thus proved that for any closed point (a, @) € U,
25(¢)(O(a,0)) = O,

for some closed point (b, 3) € B x B. If we now consider an arbitrary closed point
(a,) € A x A, we can always express it as a sum (a,a') = (a1,a1) + (a2, a2),
where the points (a1, 1) and (az, az) belong to U. Write (b1, 1) and (bs, 32) for
the images of these points under the functor ®5(¢). As we know, the functor @5,
takes the structure sheaf O, o) to the sheaf S ). We denote by G the object
Ade(S(a,a)). We compute it using (12). We have an isomorphism

Pg =2 Pe o (I)(a,oz) o (I)gl.

However, the functor ®(, ), equal by definition (49) to T}; (- )®P,, can be expressed
as the composite D (4;,0,)P(az,a,)- We thus obtain a chain of isomorphisms

g2 P oy 0P 2DeoPy ap)0Pp"
= Dg 0 P(ay,00) © P = Pis,.,) © P(bai) = o)

where (b, ) = (b1, B1) + (b2, B2). Therefore, the object G is isomorphic to S g).
We finally obtain

@5(6)(0(a,a)) = O, for any closed point (a,a) € A x A

Now repeating the procedure of Step 2, for any closed point (a,a’) we can find a
neighbourhood W and a subscheme X (W) C W x (B x E) such that the projection
X(W) — W is an isomorphism, and 3|W><(B><§) = Oxw). Gluing all these
neighbourhoods together, we find a subvariety i: X < (A x A) x (B x B) such that
the projection X — A X A is an isomorphism, and the sheaf J(&) is isomorphic
to i.L, where L is a line bundle on X. The subvariety X defines a homomorphism
from A x A to B x B which induces an equivalence of derived categories. Hence,
this homomorphism is an isomorphism.

In particular, it follows at once from the theorem that,if two Abelian varieties A
and B have equi\f?,lent derived categories of coherent sheaves, then the varieties
A x A and B x B are isomorphic. We show below that this isomorphism must
satisfy a certain additional condition (see Proposition 5.1.15).
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Corollary 5.1.10. The isomorphism fe takes a k-point (a,a) € A x Atoa point
(b,B) € B x B if and only if the equivalences

Py D(A) =5 D°(4), 44 DY(B) = D’(B),
defined by the formula (49) are related as follows:
(I)(b,ﬁ) oPe X Peo (I)(%a),
or, in terms of the objects,

Ty ® Py 2T 0 @ Py = TER P

Proof. By Theorem 5.1.7, ®5(¢) takes the structure sheaf O(, o) of (a,a) to the
structure sheaf O, g) of (b, 8) = fe(a,a). It follows from Proposition 5.1.5 that
D5, takes O(q,a) t0 S(g,a)- In turn, the sheaf S, o) represents the functor

(I)(%a) = Ta*( ) R Pq.

Now using diagram (51), we see that fe takes (a,a) to (b, §) if and only if S, 5) =
Ade(S(a,a))- Applying formula (12), we see that @ g) = $e 0 P4,q) © <I)g1.

In what follows we need an explicit formula for the object J(€) in the special
case when A = B and the equivalence ®¢ is equal to ® (4 ) defined by the formula
(49).

Proposition 5.1.11. Let A = B. Consider the object S(q,) on AX A representing
the equivalence ®(q,o) given by (49). Then J(S(a,a)) is equal to AP (o, _q), where
A is the diagonal embedding of A x A into (A x ;1\) x (A x ;1\) and P(q,q) 15 the line
bundle on A x A defined in 5.1.1.

Proof. Tt follows from Proposition 5.1.5 that ®5, takes O(q/,o/) to the sheaf S(u/ o)
on A x A (50). Moreover, Ads,, , takes S(a o) to itself because, by formula (12),
the object Ads, ., (S(ar,ary) represents the functor

—1
(a,0)

Da,0) 0 Parary 0 P
which is in turn isomorphic to ®(,/ o) because all such functors commute with one
another. Thus, we see that the functor defined by J(S(a,«)) takes the structure
sheaf of every point to itself, and thus the sheaf J(S(4,q)) is some line bundle L
concentrated on the diagonal.

Now to find the line bundle L, we ask where the functor sends the bundle Py 4/)-
Applying Proposition 5.1.5 again, we see that the functor ®g, takes P, q4/) to the
object Of_q3xa ® p3(Par)[n]. Next, one sees readily that this goes to the object
Of—a'tayxa ® P5(Parta)[n] under the functor Ads, .. Hence, under the action
of the functor given by the sheaf J(S(4,q)), the bundle P,/ /) goes to the bundle
Plar+a,a—a)- That is, L is isomorphic to P4, —q)-
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For Abelian varieties A and B, write Eq(A, B) for the set of all exact equivalences
from D®(A) to Db(B) up to isomorphism. We introduce two groupoids 2 and D
(that is, categories in which all morphisms are invertible). In both, the objects are
Abelian varieties. The morphisms in 2 are isomorphisms between Abelian varieties
regarded as algebraic groups. The morphisms in ® are exact equivalences between
the derived categories of coherent sheaves on Abelian varieties; that is,

Morg(A, B) :=1Iso(4,B) and Morg(A, B) :=Eq(A4, B).

Theorem 5.1.7 provides a map from the set Eq(A, B) to the set Iso(A x A, Bx B),
taking an equivalence ®¢ to the isomorphism fe. We consider the map F from ® to
2A that assigns to an Abelian variety A the variety A x A and acts on the morphisms
as described above.

Proposition 5.1.12. The map F: ® — A is a functor.

Proof. To prove the assertion, we need only show that F' respects composition of
morphisms. Consider three Abelian varieties A, B, and C. Let £ and F be objects
of D®(A x B) and D¥(B x C) respectively, such that the functors

®g: DY(A) — D’(B) and &5: D(B) — D'(C)

are equivalences. We denote by G the object of D®(A x C) that represents the
composite of these functors.
The relation (10) gives an isomorphism Adg = Ady o Ade. Hence, we see that

(I)g(:;) O(I)g(g) = ((I)gi o Adg O(I)SA) o ((I)gi o Adeg O(I)SA) = (I)gi 0Adgodg, = (1)3(9).

By Theorem 5.1.7, all the objects J(&), J(F), and J(G) are line bundles concentrated
on the graphs of the isomorphisms fe, fg, and fg, respectively. Thus, we obtain
the relation fg = fs - fe.

Corollary 5.1.13. Let A be an Abelian variety and ®g an auto-equivalence of
the derived category DY(A). Then the correspondence ®¢ +— fe defines a group
homomorphism

va: Auteq D?(A) — Aut(A x A).

Thus, there is a functor F: ® — 2. Our next objective is to describe this
functor. For this, we must determine which elements of Iso(A x A B x E) can be
realized as fe for some &, and also answer the question of when fe¢, = fe, holds
for two equivalences €1 and Es.

Consider an arbitrary morphism f: AxA — BxB. It is convenient to represent

it as a matrix
a B
vy o)’

Where K is a morphism from A to B, § from Ato B , Y from A to B and § from
A to B Each morphism f defines two other morphisms f and f from B x B to
Ax A having the following matrix forms:

F (37 P (5 D
(3 a) =5 7))
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We define the set U(A x A, Bx B) to be the subset of Iso(A x A, B x B) consisting
of f such that f coincides with the inverse of f, that is,

UAx A BxB):={felo(Ax A BxB)|f=f'}

-~

If B = A, then we denote this set by U(A x ;1\) We note that U(A x A) is a
subgroup of Aut(A x A).

Definition 5.1.14. We say that an isomorphism f: A x A =% B x B is isometric
if it belongs to U(A x A, B x B).

Proposition 5.1.15. For any equivalence ®¢ : D*(A) — D®(B) the isomorphism
fe is isometric.

Proof. Passing to the algebraic closure if necessary, we can assume that k is alge-
braically closed. To verify the equality fg = fe 1 it is enough to establish that
these morphisms coincide at closed points. Suppose that fe takes (a,a) € A x A
to (b,8) € B x B. We must show that ﬁ(b,ﬁ) = (a, ), or, equivalently, that
fe(=b,8) = (—a,a). R R

The isomorphism fe is given by the Abelian subvariety X < A x A x B x B.
Hence, we must show that P05 ® Ox = P4, —a,0,0) ® Ox, or, equivalently,
that

3/ = fP(—oz,a,B,—b) & 3(8)

is isomorphic to the sheaf J(&).

By Proposition 5.1.11, the functor given by J’ is the composite of the functors
represented by the objects J(S(_a,—a)), d(€), and J(S(s,5)). Thus, §" coincides with
J(&"), where &' is the object of D?(A x B) representing the functor

D5 0Pe 0o Pg,—a)-

By Corollary 5.1.10, this composite is isomorphic to the functor ®¢. This means
that the object &’ is isomorphic to €, and hence §' = J(&’') = J(&).

As a corollary of Theorem 5.1.7 and Proposition 5.1.15 we get the following
result.

Theorem 5.1.16. Let A and B be two Abelian varieties over a field k. If the
derived categories of coherent sheaves D®(A) and D(B) are equivalent as triangu-
lated categories, then there is an isometric isomorphism between A X A and B X B.

The converse holds for Abelian varieties over an algebraically closed field of
characteristic 0, as proved in [38]. We give another proof of this fact in §5.3.

Corollary 5.1.17. For any Abelian variety A there are only finitely many non-
isomorphic Abelian varieties whose derived categories of coherent sheaves are equiv-
alent to D*(A) (as triangulated categories).

Proof. It was proved in [26] that, for any Abelian variety Z, there are only finitely
many Abelian varieties up to isomorphism admittillg an embedding in Z as Abelian
subvarieties. Applying this assertion to Z = A x A and using Theorem 5.1.16, we
obtain the desired result.
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5.2. Objects representing equivalences, and groups of auto-equivalences.
It follows from Propositions 5.1.12 and 5.1.15 that there exists a homomorphism
from the group AuteqD®(A) of exact auto-equivalences to the group U(A x ;1\)
of isometric automorphisms. In this section we describe the kernel of this homo-
morphism. As we know from Proposition 5.1.11, all the equivalences ®(q q)[n]
belong to the kernel. We show that the kernel consists exactly of these. To prove
this, we need an assertion which is of independent interest: we prove that for an
Abelian variety, if a functor of the form ®¢ is an equivalence, then the object € on
the product is actually a sheaf, up to a shift in the derived category. We note that
this is false, for example, for K3 surfaces.

Lemma 5.2.1. Let & be an object on Ax B defining an equivalence ®¢ : D(A) —
DY(B). Consider the projection q: (A x A) x (B x B) —s A x B and write K for
the direct image Rq.J(E), where J(E) is the object defined in 5.1.6. Then K is
isomorphic to the object € ® (8V|(070)), where 8V|(070) stands for the complex of
vector spaces which is the inverse image of the object R"Hom (&, O axp) under the
embedding of the point (0,0) into the Abelian variety A x B.

Proof. Consider the Abelian variety
Z=(AxA)x (Ax A) x (BxB) x (B x B)
and the object
H = piy3484 ® P35 [n] @ pi6€ ® PrersSp[2n].

It follows from Proposition 2.1.2 on composition of functors and from diagram (51)
that J(&) = p127s«H, and hence the object K equals pi7.H. To evaluate the latter
object, we first consider the projection of Z to

V=Ax(AxA)x(BxB)xB,

and denote it by v. Now, to evaluate v.H, we recall that the functor ®g, is the
composite of ®p, and Ry 4., where

P,y =p5,0a @ phsP € DY((A x A) x (A x A)).

One sees readily that pi34.P4 = Or,[—n], where T C A x A x A is the subvariety
isomorphic to A and consisting of the points (a, 0, a). Next, taking into account the
equality pa (a1, az) = (a1, m(a1,az)), we can see that p134.54 is also isomorphic to
Or,[—n]. We verify the equality p134+5%[2n] = O, in the same way.

Thus, we have

v H 2 plysO07, @p3sEY @ P35€ @ piseOry
on V. Consider the embedding
ji:Ax AxBx B —V givenby (a1,az,b1,b2)— (a1,0,a2,0,b1,b2).
The object v, H is isomorphic to j.M, where
M = (€Y)(0,0) ®P120a4 @ P33E€ ® P340, -
Finally, we see that K = p14.M = (€Y(0,0)) ® €.
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Proposition 5.2.2. Let A and B be Abelian varieties and € an object of DY(Ax B)
such that the functor ®¢: DY(A) — DY(B) is an ezact equivalence. Then € has

only one non-trivial cohomology sheaf, that is, it is isomorphic to an object F[n],
where F is a sheaf on A x B.

Proof. Consider the projection
q: (Ax A)x (Bx B) — Ax B

and write ¢’ for its restriction to the Abelian subvariety X which is the support of
the sheaf J(€) and the graph of the isomorphism fe¢. By Theorem 5.1.7, J(&) equals
ix(L), where L is a line bundle on X. We write K for the object R'¢.d(€) = R'¢, L.
The morphism ¢’ is a homomorphism of Abelian varieties; set d = dimKer(q').
Then dimIm(q’) = 2n — d, so that the cohomology sheaves H7(K) are trivial for
Jj¢1[0,d.

On the other hand, by Lemma 5.2.1, K is isomorphic to € ® (€ (0,0))-

After shifting € in the derived category if necessary, we can assume that the
rightmost non-zero cohomology sheaf of € is H°(€). Let H (&) for i > 0 be
the leftmost non-zero cohomology sheaf of €, and H*(€V) the highest non-zero
cohomology sheaf of €Y. Replacing & by T(*mb)c‘: if necessary, we can assume that
the point (0,0) belongs to the support of H*(€Y). Since the support of £ coincides
with the support of K, it follows that the supports of all cohomology sheaves &
belong to Im(q’). In particular, we have the inequality codim Supp H*(€) > d.
Hence, the cohomology sheaf of the object (H~%(€))Y[—i] of degree less than i + d
is trivial.

The canonical morphism H~*(&)[i] — & induces a non-trivial morphism

&V — (H™(&))V[~i].

Since the indices of the non-trivial cohomology sheaves of the second object belong
to the ray [i +d, 00), we see that k > i + d, where, as above, H*(€") is the highest
non-zero cohomology sheaf of &Y. Thus, the object

K= €v|(070) ®E (52)

has non-trivial cohomology sheaf with the same index k > i+d. On the other hand,
we already know that all the cohomology sheaves H?(K) are trivial for j ¢ [0, d].
This is only possible if ; = 0. Thus, the object € has only one non-trivial cohomology
sheaf, with index 0, and hence it is isomorphic to a sheaf.

We now consider the case B = A. Let € be a sheaf on A x A such that ®¢ is an
auto-equivalence. We want to describe all the sheaves € for which f¢ is the identity
map, that is, its graph X is the diagonal in (A x A) x (A x A). Thus, the object

K = 8\/|(070) ® &= Rq*H(S)

is of the form A, (M), where M is an object on A and A: A — A x A is the
diagonal embedding.
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We assume first that (0,0) belongs to the support of €. Hence, €V|(070) is a
non-trivial complex of vector spaces. Then the condition K = A, (M) implies the
existence of a sheaf F on A such that & =2 A,(F). Hence, ®¢(-) = E ® (). Since
®¢ is an auto-equivalence, F is a line bundle. One sees readily that the condition
fe =id can only hold if E € Pic’(A).

If (0,0) does not belong to Supp €, we replace € by the sheaf & := T(4, 4,)4€
in such a way that its support contains (0,0). It follows from Proposition 5.1.11
that fer = fe. As shown above, there is an isomorphism & = A,(E’), where
E’" € Pic’(A). Hence, € 2 T(4, _q,,0)A«(E’). We thus obtain the corollary.

Proposition 5.2.4. Let A be an Abelian variety. The kernel of the homomorphism
va: Auteq DY(A) — U(A x A)

consists of the auto-equivalences of the form @, o)[i] = Tax(-) ® Poli], and hence
is isomorphic to the group Z & (A x A\)k, where (A X A\)k is the group of k-points
of the Abelian variety A x A.

Corollary 5.2.4. Let A and B be two Abelian varieties and &; and Eo objects
on the product A x B that define equivalences between their derived categories of
coherent sheaves. In this case if fe, = fe,, then

82 = Ta*81 ® fPoz[Z]

for some k-point (a,a) € A x A.

5.3. Semi-homogeneous vector bundles. In the previous sections we showed
that an equivalence ®¢ from D®(A) to D?(B) induces an isometric isomorphism of
varieties A x A and B x B. In this section we assume that the field k is algebraically
closed and char(k) = 0. Under these assumptions, using the technique of [30] and
the results of [7], we will show that every isometric isomorphism f: Ax A— BxB
can be realized in this way. The fact that the existence of an isometric isomorphism
between the varieties A x A and B x B implies the equivalence of the derived
categories DY(A) and D®(B) was proved in [38]. Thus, we will give another proof
of this fact.

We first recall that every line bundle £ on an Abelian variety D gives a map
g from D to D that sends a point d to the point corresponding to the bundle
T;L ® L1 € Pic’(D). This correspondence defines an embedding of NS(D) into
Hom(D, ﬁ) Moreover, it is known that the map ¢: D — D belongs to the image
of NS(D) if and only if @ = ¢.

Semi-homogeneous bundles on an Abelian variety allow us to generalize the
above phenomenon as follows. To every element of NS(D) ® Q one assigns a cor-
respondence on D X l/j, and every such correspondence is obtained from a semi-
homogeneous bundle (see Proposition 5.3.6 and Lemma 5.1.10 below).

We first recall the definitions of homogeneous and semi-homogeneous bundles on
Abelian varieties and some facts concerning them.

Definition 5.3.1. A vector bundle € on an Abelian variety D is homogeneous if
T;(€) = € for every point d € D.
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Definition 5.3.2. We say that a vector bundle ¥ on an Abelian variety D is
unipotent if there is a filtration

0=FyCcF,Cc---CF, =5
such that F,;/F;_1 =2 Op foralli=1,...,n
The following proposition characterizes homogeneous vector bundles.

Proposition 5.3.3 ([28], [30]). Let £ be a vector bundle on an Abelian variety D.
Then the following conditions are equivalent:

(i) € is homogeneous,
(ii) there exist line bundles P; € Pic’(D) and unipotent bundles F; such that
&=P;(Fi @ P).

Definition 5.3.4. A vector bundle € on an Abelian variety D is said to be semi-
homogeneous if for every point d € D there exists a line bundle £ on D such that
Ti(8) =2 &® L. (We note that, in this case, the bundle £ belongs to Pic’(D).)

We recall that a vector bundle on a variety is simple if its endomorphism algebra
coincides with the field k.
The following assertion was proved in [30].

Proposition 5.3.5 ([30], Theorem 5.8). Let & be a simple vector bundle on an
Abelian variety D. Then the following conditions are equivalent:

(1) dimH/(D, &nd(€)) = (") forany j, 5 =0,...,n,
(2) € is a semi-homogeneous bundle,
(3) End(&) is a homogeneous bundle,
(4)

4) there exists an isogeny w: Y — D and a line bundle L on Y such that
>~ (L).

Let € be a vector bundle on an Abelian variety D. We write p(€) for the

equivalence class dezés)) n NS(D) ®z Q. To every element yu = [?—] € NS(D) ®z Q,

and hence to each bundle £, we can assign a correspondence ®,, C D X D given by

®, =Im [D ﬂ> D x D], where ¢ is the well-known map from D to D that
takes d to the point corresponding to the bundle TjL ® £~ € Pic’(D). If the
bundle is a line bundle £, we obtain the graph of the map p¢: D — D. We write
q1 and ¢ for the projections of ®, to D and D respectively.

The paper [30] contains a complete description of all simple semi-homogeneous
bundles.

Proposition 5.3.6 ([30], 7.10). Let u = u, where [L] is the equivalence class of

a bundle L in NS(D) and 1 a positive integer. Then
(1) there is a simple semi-homogeneous vector bundle E with slope (&) = p;
(2) every simple semi-homogeneous vector bundle & with slope u(€') = u is of
the form €@ M for some line bundle M € Pic’(D);
(3) we have the equalities r(€)? = deg(q1) and x(&)? = deg(g2)-

The following assertion enables one to characterize all semi-homogeneous vector
bundles in terms of simple bundles.
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Proposition 5.3.7 ([30], 6.15, 6.16). Every semi-homogeneous vector bundle F
with slope p has a filtration

0=FycF,Cc---CF,=5

such that & = F;/F;_1 are simple semi-homogeneous vector bundles with the same
slope p. Every simple semi-homogeneous bundle is stable.

The next two lemmas concerning semi-homogeneous bundles are direct corollaries
of the above assertions, and will be useful in what follows.

Lemma 5.3.8. Two simple semi-homogeneous bundles €1 and €y with the same
slope p are either isomorphic or orthogonal to each other; that is, either & = &,
or

Ext(€1,82) =0 and Ext'(€y,&) =0 for alli.

Proof. Tt follows from Proposition 5.3.6 that €3 = & ® M, and hence Hom (€1, €2)
is a homogeneous bundle. By Proposition 5.3.3, every homogeneous bundle can be
represented as the sum of unipotent bundles twisted by line bundles in Pic®(D).
Therefore, either all the cohomology Hom (€1, €2) vanishes, and hence the bundles
&1 and &, are orthogonal, or Hom (€1, E2) admits a non-zero section. In the last
case we obtain a non-zero homomorphism from &; to €. However, these two
bundles are stable and have the same slope. Thus, every non-zero homomorphism
is actually an isomorphism.

Lemma 5.3.9. Let € be a simple semi-homogeneous vector bundle on an Abelian
variety D. Then T;(E) = € ® Ps if and only if (d,d) € ®,,.

Proof. We first show that for any point (d,d) € ®,, there is an isomorphism 77 (€) =
E®Ps. Indeed, set | = r(€) and L = det(E). By definition of ®,,, we know that we

can express (d, §) = (lz, ¢ (x)) for some point z € D. Since € is semi-homogeneous,
there is a line bundle M € Pic’(D) such that

THE) = & M. (53)

Equating determinants, we obtain the equality T (L) = L ® M®!. By definition
of the map ¢, this means that P, () = M®!. On the other hand, iterating the
equality (53) I times, we obtain

T;,(8) = EM® =@ Py, (o).

Hence, T;(€) = € ® Ps because (d,0) = (lz, oo (x)).
Now for the converse. We introduce the subgroup ¥°(€) C D given by the
condition

208 :={6ecD|eaP;=el). (54)
Since € is semi-homogeneous, End(€) is homogeneous by Proposition 5.3.5. Thus,
End(€) can be represented as a sum @,(F; ® P;), where all the F; are unipotent.

Hence, H’(End(€) ® P) # 0 for at most 2 line bundles P € Pic’(D). That is,
the order of the group X°(&) does not exceed r2. On the other hand, it is known
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that qz2(Ker(g1)) C X°(€). Hence, we obtain the equalities ord X°(€) = r? and
q2(Ker(q1)) = X°(€).

We now assume that T);(€) = € ® Ps for some point (d,d) € D x D. Consider
a point &' € D such that (d,¢') € ®,. As already proved above, there is then an
isomorphism T} (€) = € ® Ps,. Hence, € ® P5_s) = €, and thus § — 0’ € 20(€).
However, since ¥°(€) = g2(Ker(q1)), it follows that the point (0,5 — ¢’) belongs to
®,,. Thus, the point (d,d) also belongs to ®,,.

Let f be an isometric isomorphism. We now present a construction which shows
how to construct from f an object € on the product such that £ defines an equiv-
alence of derived categories and for which fe coincides with f.

Construction 5.3.10. We fix an isometric isomorphism f: A x A—+ BxBand
write I for its graph. As above, we represent the isomorphism f in the matrix form

r=(7 1)

Suppose that y: A—s Bisan isogeny. In this case one assigns to the map f an
element g € Hom(A x B, A X B) ®z Q of the form:

-1 -1
_(Y T Y
g (_@\—1 wy‘1>

The element g defines a certain correspondence on (A x B) X (;1\ X E) One sees
readily that the condition that f is isometric implies the equality § = g. This
means that g in fact belongs to the image of NS(A x B) ®z Q under its canonical
embedding into Hom(A x B, Ax E) ®zQ (see, for example, [32]). Hence, there exists
w= L?l € NS(Ax B) such that ®, coincides with the graph of the correspondence g.
Proposition 5.3.6 tells us that for any u one constructs a simple semi-homogeneous
bundle € on A x B with slope u(€) = p.

We show presently that the functor ®¢ from D®(A) to D?(B) is an equivalence
and fe = f. However, first let us compare the graphs I' and ®,. If a point
(a, a, b, B) belongs to I', then

b=a(a) + y(a), a=—y 'z(a)+y ' (b),
and hence 1 )
B = z(a) +w(a), B =(z—wy "x)(a) +wy " (b).
Since f is isometric, we have the equality (z — wy~'x) = —y~!. Thus, a point

(a, @, b, B) belongs to the graph I if and only if (a, —a, b, 3) belongs to ®,. There-
fore,
@, = (14, —14,1p5,15)T.

In particular, since f is an isomorphism, it follows that the projections of ®, to
A x A and B x B are isomorphisms.
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Proposition 5.3.11. Let € be the semi-homogeneous bundle on A x B constructed
from an isometric isomorphism f as just described. Then the functor ®¢ : D?(A) —
D®(B) is an equivalence.

Proof. We write €, for the restriction of € to the fibre {a} x B. By Theorem 2.1.5,
to prove that the functor ®¢ is fully faithful, it is enough to show that all the
bundles &, are simple and mutually orthogonal for distinct points.

First note that by Proposition 5.3.6, the rank of € is equal to the square root of
the degree of the map ®, — A x B, that is, \/deg(0).

Since € is semi-homogeneous, we see at once that all the bundles €, are also
semi-homogeneous. Moreover, the slope u(€,) of the restriction is equal to 637! €
NS(B) ® Q C Hom(B, E) ® Q. For brevity we denote §3~! by v, considering it as
an element of NS(B)®Q. By Proposition 5.3.6, there is a simple semi-homogeneous
bundle ¥ on B with the given slope p(F) = v. Obviously, in this case the map @,

is Im [;1\ @ BXE]. Since f is an isomorphism, it follows that A (6—’62 BxDB is

an embedding. Hence, applying Proposition 5.3.6 again, we obtain the equality
r(F) = v/deg(B) =r(&,). Thus, the two bundles F and &, are semi-homogeneous
and have the same slope and the same rank. Moreover, the bundle ¥ is simple. It
follows from Propositions 5.3.7 and 5.3.6, (2) that &, is also a simple bundle.

Next, it follows from Lemma 5.3.8 that for two points a1,as € A, the bundles
€4, and &,, are either orthogonal or isomorphic. Suppose that they are isomorphic.
Since € is semi-homogeneous, it follows that

Tlaz-a1,0)€ = €@ Piayp) (55)

for some point («, 8) € AxB. Tn particular, we obtain
Cas @Pg =2 & 2 &y,

Hence, P5 € X°(&,) (see (54)).

By Lemma 5.3.9 and Proposition 5.3.6, the orders of the groups X°(€) and
$0(&,) are equal to r2. We claim that the natural map o: X°(&) — X°(&,) is
an isomorphism. Indeed, otherwise there would exist a point o € A such that
€ ® Py = E. Then (0,a',0,0) € ®, by Lemma 5.3.9. This contradicts the fact
that the projection ®, — B X Bisan isomorphism.

Now if ¢ is an isomorphism, there is a point o/ € A such that € ® Plarp) = €.
It follows from (55) that

Ta2-a1,0€ = €@ Plaar,0)-

By Lemma 5.3.9 this means that the point (a2 — a1, — o',0,0) belongs to ®,,.
Since the projection ®, — B X Bisan isomorphism, we again obtain the equality
az — a1 = 0. Thus, for two distinct points a; and as the corresponding bundles &,,
and €,, are orthogonal. Hence, the functor ®¢ : D?(A) — D?(B) is fully faithful.
For the same reason, the adjoint functor Wev is also fully faithful. Hence, ®¢ is an
equivalence.
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Proposition 5.3.12. Let € be the semi-homogeneous bundle constructed from an
isometric isomorphism f: A x A — B X B as described above. Then fe = f.

Proof. We write X for the graph of the morphism fe. It follows from Corol-
lary 5.1.10 that the point (a, a, b, 3) belongs to X if and only if

Ty @P3 =T;E® Pa,
which is equivalent to the equality
T(*%b)e 2 ERPap)-

Hence, by Lemma 5.3.9 we see that X = (14, —13,1B,15)®,, where p = p(€) is
the slope of €. On the other hand, by Construction 5.3.10, the graph I" of f is also
equal to (14,—134,1p,15)®,. Thus, the isomorphisms fe and f coincide.

When Aconstructing a bundle € from an isomorphism f, we assumed that the
map y: A — B is an isogeny. If this is not the case, then we represent f as
the composite of two maps f; € U(A x A, B x B) and f, € U(A x A) for which y,
and y, are isogenies. One sees readily that this is always possible. Now for any
map f; we find the corresponding object &;, consider the composite of the functors
®¢,, and take the object representing it. The assertions proved in this section
and in the previous ones can be collected in the form of the following theorems.

Theorem 5.3.13. Let A and B be two Abelian varieties over an algebraically closed
field of characteristic 0. Then the bounded derived categories of coherent sheaves
D(A) and D®(B) are equivalent as triangulated categories if and only if there is
an isometric isomorphism f: A X A~ BxB.

Theorem 5.3.14. Let A be an Abelian variety over an algebraically closed field of
characteristic 0. Then the group of exact auto-equivalences of the derived category
Auteq D®(A) fits in the following exact sequence of groups:

0— Z@® (A x A), — AuteqD?(A) — U(A x A) — 1.

Thus, the group Auteq D®(A) has a normal subgroup (A x A\)k which consists of
the functors of the form T, () ® Po, where (a,a) € A x A. The quotient by this
subgroup is a central extension of U(A x A) by Z.

This central extension is described by a 2-cocycle, a formula for which can be
found in [37].

Example 5.3.15. Consider an Abelian variety A for which the endomorphism ring
End(A) is isomorphic to Z. Then the Néron—Severi group NS(A) is isomorphic

-~

to Z. Write L and M for generators of NS(A) and NS(A) respectively. The compos-
ite pnropy equals N-idy for some N > 0. In this case the group U(A x ;1\) coincides
with the congruence subgroup I'g(N) C SL(2,7Z). Next, let B be another Abelian
variety such that B x Bis isomorphic to A x A. One sees readily that every iso-

morphism of this kind is isometric. The Abelian variety B can be represented as the

image of some morphism A kidmen), 4« A. We can assume that ged(k,m) = 1.
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We write ¢ for the morphism from A to B defined in this way. The kernel of v is
Ker(mepg ) N Ag. Since ged(k, m) = 1, we have in fact Ker(¢) = Ker(¢g) N Ag. On
the other hand, we have an inclusion Ker(p) C An. Thus, without loss of generality
we can assume that k is a divisor of N. Every divisor k of NV induces an Abelian
variety of the form B := A/(Ker(pg) N Ag). Obviously, two distinct divisors of N
give non-isomorphic Abelian varieties. Moreover, one sees readily that an embed-
ding of B in A x A splits if and only if ged(k, N/k) = 1. Hence, the number of
Abelian varieties B such that D?(B) ~ D%(A) equals 2°, where s is the number
of prime divisors of V.
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