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Abstract

We discuss D-branes of the topological A-model (A-branes), which are believed to be
closely related to the Fukaya category. We give string theory arguments which show that
A-branes are not necessarily Lagrangian submanifolds in the Calabi-Yau: more general
coisotropic branes are also allowed, if the line bundle on the brane is not flat. We show
that a coisotropic A-brane has a natural structure of a foliated manifold with a transverse
holomorphic structure. We argue that the Fukaya category must be enlarged with such

objects for the Homological Mirror Symmetry conjecture to be true.
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1 Introduction

Let X be a weak Calabi-Yau manifold, i.e. a complex manifold with ¢;(X) = 0 which
admits a Ké&hler metric. Given a Ricci-flat Kéhler metric G on X, and a B-field (a
class in H?(X,R)) , one can canonically construct an N = 2 supersymmetric sigma-model
with “target” X. On physical grounds, the quantized version of this model has N = 2
superconformal symmetry and describes propagation of closed strings on X. In this note
we set B = 0 for simplicity. According to Calabi’s conjecture proved by Yau, we can
parametrize G by the cohomology class of its Kahler form w. A weak Calabi-Yau manifold
equipped with a Kéhler form w will be called a physicist’s Calabi-Yau.

It sometimes happens that two different physicist’s Calabi-Yau manifolds (X,w) and
(X',w') give rise to a pair of N = 2 superconformal field theories (SCFTs) related by
a marror morphism [1, 2]. A mirror morphism of N = 2 SCFTs is an isomorphism of
the underlying N = 1 SCFTs which acts on the N = 2 super-Virasoro algebra as a
mirror involution [3, 4]. In this case one says that (X,w) and (X’,w’) are mirror to each
other. (For a concise explanation of the notions involved and further references see [5]. An
algebraically-minded reader may find it useful to consult Ref. [6] for a careful definition of
N =2 SCFTs and their morphisms.)

A long-standing problem is to understand the mirror relation from a mathematical view-
point, i.e. without a recourse to the ill-defined procedure of quantizing a sigma-model. A
fascinating conjecture has been put forward by M. Kontsevich [7]. He observed that to any
physicist’s Calabi-Yau (X,w) one can associate two triangulated categories: the well-known
bounded derived category of coherent sheaves DY(X) and the still mysterious Fukaya cate-
gory DJF(X). Objects of the category DY(X) are bounded complexes of coherent sheaves.
Objects of the Fukaya category are (roughly speaking) vector bundles on Lagrangian sub-
manifolds of X equipped with unitary flat connections. The Homological Mirror Symmetry
Conjecture (HMSC) asserts [7] that if two algebraic physicist’s Calabi-Yau manifolds (X,w)
and (X’,w’) are mirror to each other, then D’(X) isequivalent to DF(X’), and DF(X)
is equivalent to DP(X’). So far this conjecture has been proved only for elliptic curves [8].

From a physical viewpoint, complexes of coherent sheaves are D-branes of the topolog-
ical B-model (B-branes). We remind that the B-model of a physicist’s Calabi-Yau (X,w)
is a topological “twist” of the corresponding N = 2 SCFT [9]. The twisted theory is
a two-dimensional topological field theory whose correlators do not depend on w. Mor-
phisms between the objects of D?(X) are identified with the states of the topological string
stretched between pairs of B-branes, and the compositions of morphisms are computed by

the correlators of the B-model. This correspondence has been intensively discussed in the



physics literature (see for example Refs. [10, 11, 12, 13] and references therein), and will be
taken as a starting point here.

An N =2 SCFT has another twist, called the A-twist [9]. The corresponding topological
field theory (the A-model) is insensitive to the complex structure of X, but depends non-
trivially on the symplectic form w. D-branes of the A-model are called A-branes. Mirror
morphisms exchange A- and B-twists and A- and B-branes. Thus from a physical viewpoint
the mirror of D®(X) is the category of A-branes on X'.

It can be shown that any object of the Fukaya category gives rise to an A-brane. Moreover,
the recipe for computing morphisms between such A-branes can be derived heuristically in
the path integral formalism, and it reproduces the definition of morphisms in the Fukaya
category [14]. Therefore the majority of researchers in the field assumed that the mirror
relation between the categories of A- and B-branes is essentially a restatement of the HMSC
in physical terms.!

In this note we will argue that this is not the case, because A-branes are not necessarily
Lagrangian submanifolds in X. This was mentioned already in one of the first papers on
the subject [15], but the general conditions for a D-brane to be an A-brane have not been
determined there. In Section 3 we will show that a coisotropic submanifold of X with a
unitary line bundle on it is an A-brane if the curvature of the connection satisfies a certain
algebraic condition. We remind that a submanifold Y of a symplectic manifold (X,w) is
called coisotropic if the skew-complement of TY C T'X|y with respect to w is contained
in TY. In the physical language, a coisotropic submanifold is a submanifold locally defined
by first-class constraints. One can easily see that the dimension of a coisotropic submanifold
is at least half the dimension of X, and that a middle-dimensional coisotropic submanifold
is the same thing as a Lagrangian submanifold. Thus we show that the category of A-branes
contains, besides Lagrangian A-branes, A-branes of larger dimension.

In Section 4 we explore the geometric interpretation of the algebraic condition on the
curvature of the line bundle. We will see that an A-brane is naturally a foliated manifold
with a transverse holomorphic structure. The notion of transverse holomorphic structure is
a generalization of the notion of complex structure to foliated manifolds. If the space of
leaves of a foliated manifold Y is a smooth manifold, a transverse holomorphic structure on
Y is simply a complex structure on the space of leaves. The general definition is given in
Section 4. In addition to being transversely holomorphic, a coisotropic A-brane also carries
a transverse holomorphic symplectic form.

In the case of a Lagrangian A-brane, the foliation has codimension zero, there are no

n fact, the calculation of morphisms between Lagrangian A-branes in Ref. [14] preceded the formulation

of the HMSC and served as an important motivation for it.



transverse directions, and the transverse holomorphic structure is not visible. In general,
the foliation is determined by the restriction of w to Y , while the transverse holomorphic
structure comes from the curvature of the line bundle on the brane.

Interestingly, to prove that an A-brane has a natural transverse holomorphic structure,
one needs to use some facts from bihamiltonian geometry. The subject matter of bihamil-
tonian geometry is manifolds equipped with two compatible (in a sense explained below)
Poisson structures. In our case, the underlying manifold is foliated, and one is dealing with
transverse Poisson structures. (If the space of leaves is a manifold, specifying a transverse
Poisson structure is the same as specifying an ordinary Poisson structure on the space of
leaves.) One of the transverse Poisson structures arises from the symplectic form w in the
ambient space X, and the other one from the curvature of the line bundle on Y.

Our understanding of the category of A-branes is far from complete. Nevertheless, it is
clear that generally it includes objects other than Lagrangian submanifolds with flat vector
bundles. (There are certain special, but important, cases where there seem to be no non-
Lagrangian A-branes, like the case of an elliptic curve, or a simply-connected Calabi-Yau
3-fold.) Therefore the Fukaya category must be enlarged with coisotropic A-branes for the
HMSC to be true. (This is somewhat reminiscent of the remark made in Ref. [7] that
Lagrangian foliations may need to be included in the Fukaya category.) This is discussed in
more detail in Section 5.

Since our arguments are ultimately based on non-rigorous physical reasoning, a skeptic
might not be convinced that the HMSC needs serious modification. To dispel such doubts,
we discuss in Section 2 mirror symmetry for tori and show that under mild assumptions the
usual Fukaya category cannot capture the subtle behavior of D®(X) under the variation of

complex structure. Inclusion of coisotropic A-branes seems to resolve the problem.

2 Why Lagrangian submanifolds are not enough

In this section we give some examples which show that the Fukaya category must be enlarged
with non-Lagrangian objects for the HMSC to be true. We will exhibit a mirror pair of tori
such that mirror symmetry takes a holomorphic line bundle (a B-brane) on the first torus
to a complex line bundle on the second torus. This means that the latter line bundle is an
A-brane.

It is well known that the derived category of coherent sheaves behaves in a very non-
trivial manner under a variation of complex structure, and at special loci in the moduli

space of complex structures it can become “larger.” This is easy to see on the level of the



Grothendieck group of DP’(X), which we denote by Ko(D%(X)). There is a map
ch: Ko(D(X)) ® Q — H*(X,Q)

called the Chern character. The image of this map is contained in the intersection of
H*(X,Q) with @,HPP(X) in the complex cohomology group H*(X,C) and, by the
Hodge Conjecture, should coincide with this intersection.

Let us denote by NS(X) the Neron-Severi group of X which, by definition, is the image
of a natural map from the Picard group Pic(X) to H?(X,Z). Then we have NS(X)®Q =
Im(ch)(H?*(X,Q), and therefore Im(ch) contains a subring generated by the Neron-
Severi group.

One can see from examples that the image of the map ch can change under a variation
of complex structure; in particular, the dimension of Im(ch) can jump if, for example, the
dimension of the Neron-Severi group jumps.

The “jumping” phenomenon can be easily observed in the case of abelian varieties. Let
E. be an elliptic curve with a Teichmiiller parameter 7. It has a structure of an algebraic
group. Let e be the identity point of this group. It can be checked that any endomorphism
of FE,. that sends the point e to itself is an endomorphism of the algebraic group. Such
endomorphisms form a ring which contains 7Z as a subring and for a “generic” elliptic
curve coincides with it. However the ring of e—preserving endomorphisms of FE, can
be bigger than Z. In this case one says that the elliptic curve FE; possesses a complex
multiplication. It can be shown that FE,. has a complex multiplication iff 7 1is a root of a
quadratic polynomial with integral coefficients. For example, the elliptic curve with 7 =1
is an example of a curve with a complex multiplication.

Let E. be an elliptic curve with a complex multiplication. Consider an n -dimensional
abelian variety A = E™ with n > 2. In this case the derived category D%(A) isin a certain
sense much bigger than the derived category of a “generic” abelian variety. For a “generic”
abelian variety the Neron-Severi group is Z and, moreover, NS(A) ® Q generates the
whole I'm(ch). Thus the dimension of Im(ch) is equal to n + 1. For an abelian variety
E?, where E. is a “generic” elliptic curve, the dimension of the Neron-Severi group is
n(n + 1)/2. If the elliptic curve posesses a complex multiplication, then dim NS(A) = n?

and, moreover, we have an equality

Im(ch) @ C = @Hp’p.
P

Thus in this case dimg Im(ch) = (2")

n

For example, for n =2, if 7 is generic, the Neron-Severi group has dimension 3 and

is generated by the divisors {pt} x E;, E; x {pt}, A, where A is the diagonal of E, x E.



In contrast, when FE; posesses complex multiplication, NS(A) has dimension 4, which
coincides with the dimension of HUY1(A). It is generated by the divisors {pt} x E., E, x
{pt}, A, T';, where I' C E; x E; is the graph of an additional endomorphism of F.

Now let us look at the Fukaya category of a mirror torus. The mirror relation for abelian
varieties is well-understood [16, 6] (see also [17]). In particular, it is known that for any
abelian variety A one can find a symplectic form w such that for the pair (A,w) there
exists a mirror-symmetric abelian variety B with a symplectic form wp ([16], Prop. 9.6.1).
Let DF(B,wp) be the Fukaya category of the symplectic manifold (B,wp). This category
essentially depends only on the symplectic form wp and does not depend on the complex
structure of the variety B. This is mirror to the obvious fact that the derived category
of coherent sheaves does not depend on the symplectic form. By the HMSC the category
DF(B,wp) should be equivalent to the derived category D?(A).

Furthermore, the mirror correspondence induces an isomorphism of the cohomology vector

spaces
B:H*(A,Q) = H*(B,Q).

For abelian varieties the isomorphism [ is described in Ref. [16]. It is natural to assume
that (3 is compatible with the conjectured equivalence between the derived category DP(A)
and the Fukaya category DJF(B,wp). This means that there should exist a map ¢ from
the Grothendieck group Ko(DF(B,wp)) ® Q to the cohomology group H*(B,Q) which

closes the commutative diagram

Ko(D"(A)) ® Q —— Ko(DF(B,wp)) ® Q

l s

H*(A,Q) 2 H*(B,Q)

Under the map ¢ a flat vector bundle on a Lagrangian submanifold goes to the correspond-
ing cycle in the middle-dimensional cohomology group H"(B,Q) with a multiplicity equal
to the rank of the bundle.

Now note that classes of Lagrangian submanifolds in the middle-dimensional cohomology

group belong to the kernel of a surjective map
H"(B,C) ¥2 gnr2(B, ).

The dimension of the kernel is equal to (27?) - (n2f2), which is less than the dimension
of Im(ch). Therefore when A = EI, where E; is an elliptic curve with a complex
multiplication, Lagrangian submanifolds in B with flat vector bundles can not generate the

mirror of D?(A), in contradiction with the HMSC.



To obtain some information on the mysterious mirror of DP(A), let us describe the
mirror symmetry correspondence for A = EI more explicitly. In this case mirror symmetry
is a T-duality. For simplicity we let 7 = ¢, so that E, is a “square torus.” Consider a
decomposition of the lattice H'(A,Z) = I' ® ¥ with bases I' = (x1,...,2,) and X =
(Y1, ...y yn) such that the complex structure I, takes z; to y; and y; to —z;. Let
(l1,...,1p) be the dual basis in the dual lattice I'™™. A mirror manifold for the abelian variety
A can be constructed by T-dualizing the directions x1,...,x,. This means that the mirror

manifold B isatorus (I & X)®@R/(I™ & Y) equipped with a constant symplectic form

n
wg =Y liAyi
i=1

(For simplicity we do not introduce a symplectic form on A and a complex structure on
B.)

In this case the map [ is defined in the following way. Let T be areal 3n -dimensional
torus II @ R/II, where I =1 @& X @& I'*. The torus T has natural projections p and

q tothetori A and B :
T —- B

g
A
Let P be a complex line bundle on T defined by its first Chern class:

c1(P) = zn:xz ;.
=1

The Chern character ch(P) € H*(T,Q) is equal to exp(ci(P)). According to [16], the
map [ from H*(A,Q) to H*(B,Q) is given by the formula

B(a) := g.(ch(P) - p*(a)).

(To define the map ¢, we chose fundamental classes of T and B and used the Poincare
duality between cohomology and homology groups). Using this formula, one can explicitly
calculate the subspace [B(Im(ch)).

To demonstrate the existence of objects in the mirror of D?(A) which are not Lagrangian
submanifolds, we let n = 2 for simplicity and consider a holomorphic line bundle L on A

whose first Chern class is equal to
C] =21 -T2+ Y1 Y2

Such a holomorphic line bundle exists because ¢; € H%'(A). The moduli space of such

holomorphic line bundles is a homogeneous space over Pic’(A4), the kernel of the natural



map from Pic(A) to NS(A). More explicitly, L is of the foorm O(—D)® N, where
N € Pic’(4), D=T—{pt} x E—E x {pt}, and T is the graph of the automorphism of
E given by multiplication by 7. A direct calculation shows that

Bch(L)) = (1; y1-y2 —l1-l2; —y1-y2-11-l2) € H*"(B,Q).

We see that ((ch(L)) coincides with the Chern character ch(M) of a complex line bundle
M on B with the first Chern class equal to

ca(M)=y1-y2—1l1-1lo.

Therefore it is natural to expect that the complex line bundle M (with an unitary connec-
tion) is an object of the mirror of DY(A), and that the invertible coherent sheaf L goes to
the line bundle M under the mirror symmetry correspondence described above. In physical
terms, this shows that the mirror of a D4-brane of type B with a flux wrapped on a 4-torus
can be a D4-brane of type A with a flux wrapped on the mirror torus.

One can check that in this case the subspace (B(Im(ch)) consists of the elements

(r;c;s) € HV™"(B,Q) such that

1
c-wp =0, s = §rw32. (1)

Similarly, for any n > 2 we can find elements of [F(Im(ch)) which do not belong to
the middle cohomology group of B and therefore correspond to non-Lagrangian objects of
the mirror of DY(A).

One may ask how general this phenomenon is. It does not occur for odd-dimensional
Calabi-Yau manifolds which are complete intersections in projective spaces. But it seems
that for even-dimensional Calabi-Yaus (for example, for K3 surfaces) or for more general
odd-dimensional Calabi-Yaus the situation is similar to that for abelian varieties, i.e. non-

Lagrangian A-branes appear at special points in the moduli space of symplectic structures.

3 World-sheet approach to A-branes

This section assumes some familiarity with supersymmetric sigma-models (on the classical
level) and superconformal symmetries. Let X be a Kéhler manifold with metric G and
Kéhler form w. The complex structure on X is given by I = G~'w. The supersymmetric
sigma-model with target X classically has (2,2) superconformal symmetry. Quantum
anomaly destroys this symmetry unless ¢ (X) = 0.

Let j:Y — X beasubmanifoldin X, and E be a line bundle on Y with a unitary

connection. Our goal is to derive the necessary and sufficient conditions for a pair (Y, E)



to be a D-brane of type A. We will find that these conditions depend on w, but are not
sensitive to the complex structure on X, as expected on general grounds.

Let W be an open string world-sheet, i.e. a Riemann surface with a boundary. The
fields of the sigma-model consist of a smooth map ® : W — X, and sections 1,7 of
O (TX )®HSi. Here S* are semi-spinor line bundles on W, and II is the parity-reversal
functor. In the physical language, ® is a bosonic field, while 1 and v are fermionic fields.
The precise form of the action is unimportant for our purposes; what is important is that
the action has (2,2) superconformal symmetry. In particular, the supercurrents Q*, Q%

are given by

ot = 43§G<w,a¢)i1w<w,a¢>>,

4v2
i

- 550) (s
QT = 4\/§G(¢,8<I>)j:4\/§w(w,8<b),

and the U(1l) R-currents are given by

J = —cw (¢aw)a

- 7 [

Supercurrents and R-currents are sections of powers of the semi-spinor bundles.

Consider open strings ending on Y, i.e. maps @ such that some or all of the components
of OW are mapped to Y. For example, we may consider the situation where W is an
upper half-plane, and W is the real axis. Then the map @ and the sections ,v must

satisfy on the boundary z =z the following conditions:

9% = R(99), (2)
v = R(¥). (3)

Here R is an endomorphism of the restriction of TX to Y. Furthermore, R can be
expressed in terms of G and the curvature of the line bundle FE. To write it down, we will
use the metric G to decompose TX|y as NY @ TY. R preserves this decomposition
and has the form

R = (~idny) ® (9~ F)"'(g + F). (4)

Here g is the restriction of G to Y, and F' is the curvature 2-form of the line bundle
E. (We use the physical convention in which F' is real.)

The physical meaning of this formula is very simple. Recall that the boundary of the
string world-sheet W is the trajectory of a string end-point, and that the string end-point
is charged with respect to the gauge field on the brane [18]. Thus for non-zero F' there is a



Lorenz force acting on the end-point. Eqgs. (2) and (4) say that the velocity of the end-point
is tangent to Y, and that the Lorenz force acting on it is balanced by the string tension.
Eq. (3) arises from the requirement of N =1 world-sheet supersymmetry.

It is easy to check that R satisfies
R'GR =G,

ie. R is an orthogonal transformation of T X|y. This implies that on the boundary the

left-moving and right-moving N =1 supercurrents are equal:
Q" +Q =Q"+Q".

Thus such a boundary condition automatically preserves N =1 superconformal symmetry
and therefore corresponds to a D-brane [18].

Boundary conditions for a topologically twisted sigma-model must in addition preserve
N =2 superconformal symmetry [14]. This can be achieved in two inequivalent ways: either
we must have

QF=0Q*, J=1,

or

Qi = Q¥> J = _J7

on the boundary. In the first case we say that we have a B-type boundary condition, while in
the second case we have an A-type boundary condition. One can show that a B-type boundary
condition corresponds to a B-brane, while an A-type boundary condition corresponds to an
A-brane [14].

It is easy to see that R corresponds to a B-type boundary condition if and only if
R'wR = w. Since R is orthogonal, this is equivalent to saying that R commutes with
the complex structure I = G 'w. The latter condition obviously implies that Y is a
complex submanifold in X, and, less obviously, that F is of type (1,1). Thus a B-brane
is a complex submanifold in X with a holomorphic line bundle. This is the standard
result [14, 15].

On the other hand, R corresponds to an A-type boundary condition if and only if

R'WR = —w. (5)

To analyze this equation, let us choose a basis in TX|y in which the first dimg X —

dimr Y vectors span NY and the remaining dimgY vectors span TY. Let w™! have

. A B
w = ,
-Bt C

the following form in this basis



where A = —A!',C = —C'. Then the condition Eq. (5) is equivalent to the following
conditions on A, B,C :

A = 0, (6)
BF = 0, (7)
gCg = FCF. (8)

The first condition means that Y is a coisotropic submanifold of X. This implies that
w|y has a constant rank, and the dimension of the bundle LY = ker (w|y) is equal to the
codimension of Y.

The second condition is equivalent to the statement that if we regard the 2-form F as a
bundle morphism TY — TY™ then its restriction to LY vanishes. In other words, if we
denote by FY the quotient bundle TY/LY, then F descends to a section of A2FY™*.
We will denote this section f. The form w gives rise to another section of A2FY*, which
we will call o. Obviously, ¢ is non-degenerate and makes FY into a symplectic bundle
(i.e. a vector bundle with a smoothly varying symplectic structure on the fibers).

Now let us analyze the third condition. The metric ¢ provides a canonical splitting
TY = LY @ FY, and it is easy to see that C is simply 0@ o~!. The Kihler property of
the metric then implies

gCg =0 (o),

and therefore the third condition is equivalent to

fo lf = —0.

In other words, if we denote the endomorphism o~ 'f : FY — FY by J, then J?= —1.
Thus FY has a natural complex structure.?

An obvious consequence of the first condition is that dimgY — %dimRX is a non-
negative integer. The other two conditions imply that this integer is even. Indeed, the
complex structure J leads to the Dolbeault decomposition of A2FY™*, and it is easy to see
that both ¢ and f are forms of type (0,2)+(2,0). Since both forms are non-degenerate,
it follows that the complex dimension of FY must be even. This in turn implies that
dimrY — %dimR X is even.

For example, when X is a 4-dimensional manifold ( 7% or a K3 surface), an A-brane
can be either 2-dimensional or 4-dimensional. When X is 6-dimensional, an A-brane can

be either 3-dimensional or 5-dimensional. Note that a Calabi-Yau 3-fold which is a complete

2Note that FY is both a complex bundle and a symplectic bundle, but it is not a unitary bundle. The
symplectic form o on the fibers has type (0,2) + (2,0) in the complex structure J. Thus oJ = f isa

skew-symmetric pairing, rather than a Kahler metric.
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intersection in a projective space has H5(X,Z) = 0, and therefore any 5-dimensional A-
brane must be homologically trivial. This seems to suggest that all A-branes are middle-
dimensional in this case.

Let us consider two extreme cases. If dimgY = %dimR X, then the first condition on
Y saysthat Y is Lagrangian. Since £Y =TY in this case, the second condition says that
F' is zero, i.e. the line bundle FE is flat. The third condition is vacuous in this case. Thus
a middle-dimensional A-brane is a Lagrangian submanifold with a flat unitary line bundle.
This is the standard result [14, 15]

Another extreme case is Y = X. In this case LY is the zero vector bundle, and the
first two conditions are trivially satisfied. The bundle FY coincides with 7'X, and thus

the third condition says that J =w™'F is an almost complex structure on X :
-1 2 .
(w™'F)" = —id. (9)

We will see in the next section that J isintegrable, and thus X is a complex manifold. Note
that X has a complex structure I to begin with, but the topological A-model is insensitive
to it. Given an A-brane wrapping the whole X, one can construct a new complex structure
J out of w and F. It is necessarily different from I, because w has type (1,1) with
respect to I and type (2,0)+ (0,2) with respect to J.

If X 1is compact, the 2-form F must have integer periods, and it is clear that the
equation (w™'F)? = —id can be satisfied only for very special w. For example, if X isa
4-torus and w is generic, no line bundle on X can be an A-brane. Presumably, this implies
that generically all A-branes are Lagrangian submanifolds in X. But for some special w
there appear additional A-branes with dimgY = 4.

Let us show that this “jumping” phenomenon is mirror to the one described in Section 2.
Recall that in Section 2 we considered a complex torus A of a very special kind ( n-th
power of an elliptic curve with a complex multiplication, n > 1) . The Grothendieck group
of DP(A) and its image in H*(A,Q) are unusually large. We also described a map ( from
the rational cohomology of A to the rational cohomology of its mirror B, and showed that
in general the image of 3 does not lie in the middle-dimensional cohomology of the mirror
torus. For example, for n = 2 the image of [ lies in the even cohomology, and it can
happen that [ maps the Chern character of a coherent sheaf on A to an element which
looks like the Chern character of a complex vector bundle on B. We interpreted this as
saying that the mirror of a coherent sheaf on A can be a complex vector bundle on B. The
Chern classes of such a vector bundle are not arbitrary, but must satisfy certain constraints;
for n = 2 these constraints are given by Eq. (1). When the rank of the bundle is 1, we

can compare these constraints with the algebraic constraint on the curvature Eq. (9). The
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condition (9) means that the rank of the matrix F +iw is half the dimension of X. If we
set dimg X = 2n, then this implies that n is even, and that the n/2+ 1-st exterior power

of F +iw vanishes. For n =2 the latter condition is equivalent to
FAw=0, FAF=wAw.

On the level of cohomology, these conditions are the same as Eq. (1) in the special case

r=1. A similar argument can be made for n > 2.

4 The geometry of A-branes

In this section we discuss the geometry of a general coisotropic A-brane. We will see that it
has some beautiful connections with bihamiltonian geometry and foliation theory.

A coisotropic submanifold Y of a symplectic manifold X has several equivalent defi-
nitions. The usual definition is that at any point p € Y the skew-orthogonal complement
of TY, is contained in TY),. Another popular definition is that Y is locally defined by
first-class constraints. In other words, locally Y can be represented as the zero-level of a
finite set of smooth functions on X all of whose Poisson brackets vanish on Y.

For our purposes, yet another definition will be useful. A submanifold Y is coisotropic
if and only if the restriction of w to Y has a constant rank, and its kernel LY C TY is
an integrable distribution. This means that the commutator of any two vector fields in LY
also belongs to LY.

By the Frobenius theorem, this induces a foliation of Y such that the vector fields
tangent to the leaves of the foliation are precisely the vector fields in LY. The dimension
of the leaves is equal to the codimension of Y. We may call LY the tangent bundle of the
foliation. The quotient bundle FY =TY/LY is called the normal bundle of the foliation.
(Elementary notions from foliation theory that we will need can be found in Chapter 1 of
Ref. [19].)

If we interpret Y as a first-class constraint surface in a phase space of a mechanical
system, then the meaning of the above foliation can be understood as follows. First-class
constraints lead to gauge symmetries. A leaf in Y is precisely an orbit of a point under all
gauge transformations. Formally, the reduced phase space Y,.; describing gauge-invariant
degrees of freedom is the quotient of Y by gauge transformations. In other words, Y4
is the space of leaves of the foliation. However, this space in general does not have good
properties, e.g. it need not be a manifold, or even a Hausdorff topological space. Generally,
it is unclear how to define dynamics on Y, .q.

Instead, Dirac instructed us to work with gauge-invariant observables on Y, i.e. with

smooth functions on Y which are locally constant along the leaves of the foliation. Such
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functions form a sheaf Ox(Y'), which we can regard as the structure sheaf of the foliated
manifold Y. It plays the role of the (generally non-existent) sheaf of smooth functions on
the space Y,eq. Similarly, the sheaf of sections of FY locally constant along the leaves of
the foliation replaces the tangent sheaf of Y,.y. We will denote this sheaf 7x(Y).

An A-brane is a coisotropic submanifold Y with an additional structure: a unitary line
bundle E on Y whose curvature F satisfies certain constraints. As explained in the
previous section, this additional structure makes FY into a complex vector bundle with
complex structure J. It is easy to see that both F' and w are constant along the leaves,
ie.

L,F=Lw=0, Yuel(LY).

Thus J =o0"!'f is also constant along the leaves. This means that J defines a transverse
almost complex (TAC) structure on Y. TAC structure is an analogue of almost complex
structure for foliated manifolds. In the case when Y,.q; is a manifold, giving a TAC structure
on Y is the same as giving an almost complex structure on Yj.q.

The “foliated” analogue of a complex manifold is a manifold with a transverse holo-
morphic structure (see e.g. [20] for a definition and discussion). If Y,.; is a manifold, a
transverse holomorphic structure on Y is simply a complex structure on Y,.4. In general,
the definition goes as follows. A codimension 2q foliation on Y is specified locally by a
submersion f : U — R ~ C%, where U is a coordinate chart.®> On the overlap of two
charts U and V the two respective submersions f and g are related by a transition
diffeomorphism 7: f(UNV) — g(UNV). A transverse holomorphic structure on Y is
specified by a collection of charts covering Y such that all transition diffeomorphisms are
bi-holomorphic.

The “foliated” analogue of the sheaf of holomorphic functions is the sheaf of functions
which are locally constant along the leaves and holomorphic in the transverse directions. A
remarkable feature of this sheaf is that for a compact Y all its cohomologies are finite-
dimensional [21, 20]. Similarly, one can define transversely holomorphic bundles on Y,
and again for compact Y their sheaf cohomologies are finite-dimensional [20]. In general,
properties of compact transversely holomorphic manifolds are very similar to those of compact
complex manifolds.

It is easy to see that every transverse holomorphic structure gives rise to a TAC structure.
A TAC structure which arises in this way is called integrable. The integrability condition for
a TAC structure is the vanishing of the corresponding Nijenhuis torsion defined as follows.
Let w and v be local sections of 7x(Y). It is easy to see that the Lie bracket on TY

descends to a Lie bracket on 7x(Y'), therefore the commutator [u,v] is well defined. The

3A submersion is a smooth map whose derivative is surjective.
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Nijenhuis torsion 7'(J) is a section of FY ® A2FY* whose value on u,v is defined to be
T(J)(u, ) = [Ju, Jv] — J[Ju,v] — J[u, Jv] + J?[u, v)].

In the case of a trivial foliation, this reduces to the standard definition of the Nijenhuis
torsion of an almost complex structure.

Obviously, an integrable TAC structure has a vanishing Nijenhuis torsion, because in
suitable coordinates J is constant. Conversely, by analogy with the classical case, one
expects that any TAC structure with a vanishing Nijenhuis torsion is integrable. Indeed, as
noted in Ref. [21], this is a special case of a theorem proved by Nirenberg [22]. Thus there is a
one-to-one correspondence between transverse holomorphic structures on a foliated manifold
Y and TAC structures on Y with a vanishing Nijenhuis torsion.

A remarkable and non-obvious fact is that the TAC structure J on an A-brane Y is
automatically integrable. Let us give a proof of this fact for the extreme case when Y = X
and the foliation is trivial (i.e. each leaf is a point). It is easy to extend the proof to general
coisotropic A-branes.

First note that both w and F are symplectic structures on X. Furthermore, since
w™'F has eigenvalues 4i, w; =w+tF is non-degenerate for any real t, and therefore is
a symplectic structure as well. Hence its inverse is a Poisson structure for any real ¢. Now

note that by virtue of (w™!F)? = —id the inverse has a very simple form
Wit = (148 (W tFTY)

1 and F~! isa Poisson structure on X. In the language

Thus any linear combination of w™
of bihamiltonian geometry [23, 24], w™! and F~! are compatible Poisson structures on
X. Now we can use the fundamental theorem of bihamiltonian geometry [23, 24] which says
that if two Poisson structures a and b are compatible, and a is non-degenerate, then the
endomorphism @~ 'b: TX — TX has a vanishing Nijenhuis torsion. This theorem implies
that the Nijenhuis torsion of J vanishes, and therefore .J is integrable.

For a general coisotropic A-brane one can use the same argument, but all objects are re-
placed by their foliated analogues: T X is replaced by FY, functions on X are replaced
by functions locally constant along the leaves, Poisson structures are replaced by transverse
Poisson structures, etc. One can check that the fundamental theorem of bihamiltonian geom-
etry remains valid in the foliated case. In fact, the version of this theorem proved in Ref. [23]
(Theorem 3.12) is valid in a very general setting, where the exterior differential complex of a
smooth manifold is replaced by an arbitrary complex over a Lie algebra. The statement we
need is a special case of this theorem.

We have shown that if there exists an A-brane with Y = X, then J=w 'F is a com-

plex structure on X. Furthermore, one can easily see that F +iw is a closed 2-form on X
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of type (2,0) and maximal rank, i.e. a holomorphic symplectic form. Thus in the complex
structure J the manifold X is a compact holomorphic symplectic manifold. If in addition
X admits a Kéhler metric compatible with J; then X is necessarily hyperkahler [25]. In
general, X need not be hyperkahler for an A-brane with Y = X to exist.

5 A-branes and Homological Mirror Symmetry

We have shown that an A-brane is a coisotropic submanifold in X, and that it is naturally
a foliated manifold with a transverse holomorphic structure. Now let us see how this fits in
with the Homological Mirror Symmetry Conjecture.

As explained in Section 1, the mirror of the derived category is the category of A-branes.
We have seen that in general the set of A-branes includes non-Lagrangian coisotropic branes,
and therefore the Fukaya category must be enlarged with such A-branes for the Homological
Mirror Symmetry Conjecture to be true. Of course, in some special cases there may be no
non-Lagrangian A-branes, and the generalization we are proposing is vacuous. For example,
there are no non-Lagrangian A-branes on an elliptic curve for dimensional reasons. It also
seems likely that there are no non-Lagrangian A-branes on odd-dimensional Calabi-Yaus
which are complete intersections in projective spaces, because any non-Lagrangian A-brane
would be homologically trivial. Nevertheless, we believe that a uniform formulation of the
Homological Mirror Symmetry Conjecture for all weak Calabi-Yau manifolds would be very
illuminating. Let us see how one far one can go in this direction.

One immediately sees the following major difficulty. A Lagrangian A-brane can carry
a flat vector bundle of rank » higher than one. From a physical viewpoint, such an A-
brane should be thought of as r coincident A-branes of rank one. The same reasoning
suggests that there exist coisotropic A-branes with higher rank bundles. However, it is not
clear to us what the constraints on the connection are in this case, and whether a transverse
holomorphic structure arises again. Thus we do not really understand all the objects in the
enlarged Fukaya category.

We will ignore this difficulty and try instead to say something about morphisms between
the objects we already know. Unfortunately, understanding morphisms between different
A-branes is not much easier than understanding A-branes with higher rank bundles: the
former question is just an “infinitesimal” form of the latter. Therefore we will focus on the
endomorphisms of coisotropic A-branes.

To guess the right definition, let us look at the two extremes: Lagrangian A-branes and A-
branes wrapping the whole X (i.e. Y = X) . The space of endomorphisms of a Lagrangian

A-brane Y is its Floer homology HF,.(Y,C). This is hard to compute, but in many cases
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it coincides with the de Rham cohomology H*(Y,C). From a physical viewpoint, the de
Rham cohomology is a classical approximation to the Floer homology; the two coincide when
there are no world-sheet instanton contributions to the path integral computing the Floer
differential [14].

Now suppose we have an A-brane Y = X. This means that there exists a unitary line

bundle on X with a connection 1-form A whose curvature F = dA satisfies
(w™F)? = —id. (10)

As explained in the previous section, this implies that J = w™'F is a complex structure on
X. On general grounds, endomorphisms of an A-brane must have the structure of a graded
vector space (in physical terms, the grading is given by the ghost charge). A natural guess
is the Dolbeault cohomology H"*(X) with respect to .J.

As a simple check, note that degree one elements in the space of endomorphisms must
parametrize infinitesimal deformations of the A-brane. In the present case, a deformation is
a real 1-form a such that the curvature of the connection 1-form A+ a satisfies Eq. (10)

up to terms quadratic in a. This is equivalent to the condition
(da)J + J*(da) = 0,

i.e. da must be a form of type (1,1). If we denote by a” the (0,1) part of a, then the
latter condition is equivalent to da” = 0. Thus a” represents a class in H%!(X). Since
a is real, the (1,0) part of a is determined by a” (is complex conjugate to it). Thus
there is a natural map from the space of deformations of an A-brane to H%!(X).

We want to show that this map becomes one-to-one, if we quotient the space of deforma-
tions by deformations which are isomorphisms in the category of A-branes. Obviously, the
usual infinitesimal gauge transformations a = df, where f isa real function on X, induce
isomorphisms. However, this is not all. In the case of Lagrangian A-branes it is known that a
flow along a Hamiltonian vector field on X induces an isomorphism in the Fukaya category,
and it is natural to assume that the same is true for more general coisotropic A-branes. If h
is a smooth real function on X, and Vj, = w™'dh is the corresponding Hamiltonian vector

field, then the induced deformation of the connection 1-form A on X is
a= ﬁth = thF + d(thA) ,

where Ly is the Lie derivative along V. Thus the most general deformation o which is

an isomorphism in the category of A-branes has the form

a = iy, F' + df,
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where h and f are arbitrary smooth real functions on X. Taking into account the relation

J =w~'F, this can be rewritten as
a=—J'dh+df = 9(f —ih) + O(f +ih).

Let us denote by Ext! the space of deformations of the A-brane modulo isomorphisms.
(We remind that we work in the “classical” appoximation which neglects possible world-
sheet instanton effects.) From the above formulas it easily follows that the map from the
space of deformations to H%!(X) descends to a well-defined map from Ext! to H®'(X),
and that the latter map is an isomorphism of real vector spaces, as claimed.

With these two examples in mind, it is not hard to guess the right graded vector space
for a general coisotropic A-brane. If Y is a foliated manifold with a transverse holomorphic
structure, recall that we denoted by Ox(Y) the sheaf of complex functions on Y which are
locally constant along the leaves of the foliation and holomorphic in the transverse directions.
We propose that the space of endomorphisms of a coisotropic A-brane Y is the cohomology
of the sheaf Oz(Y).

It is trivial to see that our proposal is consistent with the two extreme cases considered
above. For a Lagrangian A-brane, Ox(Y) is simply the sheaf of locally constant complex
functions on Y, and its cohomology coincides with the de Rham cohomology of Y. For
Y =X Og(Y) is the sheaf of holomorphic functions on X (with respect to the complex
structure J) , and we again get agreement.

It would be very interesting to understand how to go beyond the “classical” approxima-
tion, as well as how to define morphisms between different coisotropic A-branes. At first
sight, no suitable complex whose cohomology one could compute presents itself. Perhaps
this is simply a lack of imagination on our part.

In general, it appears that a geometric definition of the category of A-branes is very
cumbersome. Finding such a definition is akin to trying to define the category of holomorphic
vector bundles on a complex manifold using the zeros of their holomorphic sections. A more
promising approach is to look for an algebraic definition of A-branes, for example as modules
over some non-commutative algebra associated to a symplectic manifold X. It seems likely
that this non-commutative algebra is related to the deformation quantization of X. Similar
ideas have been discussed in Refs. [26, 27].
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