SEMIORTHOGONAL DECOMPOSITIONS FOR ALGEBRAIC VARIETIES

A. Bondal D. Orlov

Abstract

A criterion for a functor between derived categories of coherent sheaves to be full and faithful is given. A semiorthogonal decomposition for the derived category of coherent sheaves on the intersection of two even dimensional quadrics is obtained. The behaviour of derived categories with respect to birational transformations is investigated.

Contents

0 Introduction. 1

1 Full and faithful functors. 4

2 Intersection of two even dimensional quadrics. 20

3 Birational transformations. 31

0 Introduction.

This paper is devoted to study of the derived categories of coherent sheaves on smooth algebraic varieties. Of special interest for us is the case when there exists a functor D^b_{coh}(M) −→ D^b_{coh}(X) which is full and faithful.

It appears that some geometrically important constructions for moduli spaces of (semistable) coherent sheaves on varieties can be interpreted as instances of this situation. Conversely, we are convinced that any example of such a functor is geometrically meaningful.

If a functor Φ : D^b_{coh}(M) −→ D^b_{coh}(X) is full and faithful, then it induces a semiorthogonal decomposition (see definition in ch.2) of D^b_{coh}(X) with the 2–step chain � D^b_{coh}(M)^⊥ , D^b_{coh}(M) � , where D^b_{coh}(M)^⊥ is the right orthogonal to D^b_{coh}(M) in D^b_{coh}(X) .

Decomposing summands of this chain, one can, in principal, obtain a semiorthogonal decomposition with a greater number of steps. Full exceptional sequences existing on some Fano varieties (see [Bo], [Ka]) provide with examples of such decompositions. For this case, every step of the chain is equivalent to the derived category of vector spaces or, in other words, sheaves over a point.

This leads to the idea that the derived category of coherent sheaves might be reasonable to consider as an incarnation of the motive of a variety, while semiorthogonal decompositions are a tool for simplification of a motive similar to spliting by projectors in the Grothendieck motivic theory.

Main result of ch.1 is a criterion for fully faithfulness. Roughly speaking, it claims that for a functor D^b_{coh}(M) −→ D^b_{coh}(X) to be full and faithful it is sufficient to satisfy this property on the full subcategory of the one dimensional skyscraper sheaves and its translations. In fact, Theorem 1.1 uses more mild assumptions, which are convinient for some applications.

Let us mention that D^b_{coh}(M)^⊥ might be zero. In this case we obtain an equivalence of derived categories D^b_{coh}(M)^∼−→ D^b_{coh}(X) . Examples of such equivalences have been considered by Mukai in [Mu1], [Mu2] (see ch.1). In ch.3 we prove such equivalences for some flop birational transformations.

Ch.2 is devoted to description of a semiorthogonal decomposition for D^b_{coh}(X) , when X is a smooth intersection of two even dimensional quadrics. It appears that if we consider the hyperelliptic curve C which is a double covering of the projective line parametrizing the pencil of quadrics, with ramification in the points corresponding to degenerate quadrics, then D^b_{coh}(C) is embedded in D^b_{coh}(X) as a full subcategory.

The orthogonal to D^b_{coh}(C) in D^b_{coh}(X) is decomposed in an exceptional sequence (of line bundles ). This allows to identify moduli spaces of semistable bundles (of arbitrary rank) on the curve with moduli spaces of complexes of coherent sheaves on an intersection of quadrics. For rank 2 bundles such identification is well known (see [DR]) and was used for computation of cohomologies of moduli spaces [Bar] and for verification of the Verlinde formula.

A generalization of this construction for complete intersections of arbitrary number of quadrics will be presented in a forthcoming publication.

In ch.3 we investigate the behaviour of D^b_{coh}(X) under birational transformations. The simplest case of birational transformation is a blow up of a variety along a smooth centre. A description of the derived category of the blow up in terms of the categories of the variety and of the centre is done in [O] (see Theorem 3.5 ). We give here a refined treatment with stress in proofs on the criterion for fully faithfulness from ch.1.

Then we consider a birational transformation of smooth algebraic varieties X �X^+ , which is a flip with centre Y ⊂ X being a smooth subvariety, such that Y ∼= P^k and N_{X/Y} ∼= O(−1)^{⊕(l+1)} with l ≤ k . We prove in this situation that the category D^b_{coh}(X^+) has a natural full and faithful embedding in D^b_{coh}(X) (Theorem 3.6 ). This suggests the idea that the minimal model program of the birational geometry can be regarded as a ‘minimization’ for the derived category of coherent sheaves in a given birational class.

We also explore some cases of flops. First, we remark that in the particular case of the above mentioned flip, when l = k , we have an equivalence D^b_{coh}(X^+) ≃ D^b_{coh}(X) .

Similarly, for a smooth algebraic threefold X with a smooth curve C ∼= P^1 having the normal bundle N_{X/C} isomorphic to O ⊕ O(−2) we prove that D^b_{coh}(X) is equivalent to D^b_{coh}(X^+) , where X �X^+ is the flop with centre in C . Considered examples allow us to state a conjecture that the derived categories of coherent sheaves on varieties related by a flop are equivalent.

We are grateful to Max–Planck–Institute for hospitality and stimulating atmosphere. Our special thanks go to S.Kuleshov for help during preparation of this paper. The work was partially supported by International Science Foundation Grant M3E000 and Russian Fundamental Research Grant.

1 Full and faithful functors.

For a smooth algebraic variety X over an algebraically closed field k of characteristic 0 by D^b_{coh}(X) (resp., D^b_{Qcoh}(X) ) we denote the bounded derived category of coherent (resp., quasicoherent) sheaves over X .

Notations like f^∗, f_∗, ⊗, Hom, Hom etc. are reserved for derived functors between derived categories, whereas R^if_∗, Hom^i , etc. (resp., L^if^∗ ) denote i–th (resp., (-i)– th) cohomology of a complex obtained by applying f_∗, Hom etc. (resp., f^∗ ); [n] denotes the translation by n functor in a triangulated category.

Let X and M be smooth algebraic varieties of dimension n and m respectively, and E an object of D^b_{coh}(X × M) . With E one can associate a couple of functors Φ_E : D^b_{coh}(M) −→ D^b_{coh}(X), Ψ_E : D^b_{coh}(X) −→ D^b_{coh}(M).

Denote by p and π the projections of M × X to M and X respectively.

M × X^π−→ X p ↓ M Then Φ_E and Ψ_E are defined by the formulas:

Φ_E(·) := π_∗(E ⊗ p^∗(·)),

Ψ_E(·) := p_∗(E ⊗ π^∗(·)).

The main goal of this chapter is the proof of the following

Theorem 1.1 Let M and X be smooth algebraic varieties and E ∈ D^b_{coh}(M × X) . Then Φ_E is full and faithful functor, if and only if the following orthogonality conditions are verified:

i) Hom^i_X (Φ_E(O_{t1} ) , Φ_E(O_{t2} )) = 0 for every i and t_1 ≠ t_2.

ii) Hom^0_X (Φ_E(O_t) , Φ_E(O_t)) = k,

Hom^i_X (Φ_E(O_t) , Φ_E(O_t)) = 0, for i /∈ [0, dimM].

Here t , t_1 , t_2 are points of M , O_{ti} corresponding skyscraper sheaves.

Note that the class of skyscraper sheaves does not generate D^b_{coh}(M) as a triangulated category if dimM > 0 . At the level of the Grothendieck group K_0(M) they generate only the lowest term of the topological filtration.

The proof of the theorem is preceded by a series of assertions concerning functors between and objects from the derived categories of complexes of coherent sheaves on smooth varieties.

For any object E from D^b_{coh}(X) we denote by E^∨ the dual object:

E^∨ := Hom(E, O_X ).

Lemma 1.2 The left adjoint functor to Φ_E is

Ψ_E∨_{⊗π}∗_{ωX} [n] := p_∗(E^∨ ⊗ π^∗ω_X ⊗ π^∗(·))[n].

Proof is given by a series of natural isomorphisms, which come from the adjoint property of functors and Serre duality:

Hom(A , π_∗(E ⊗ p^∗B)) ∼= Hom(π^∗A , E ⊗ p^∗B) ∼= Hom(p^∗B , π^∗A ⊗ E^∨ ⊗ ω_{X×M} [n + m])^∗ ∼= Hom(B , p_∗(π^∗(A ⊗ ω_X [n]) ⊗ E^∨) ⊗ ω_M [m])^∗ ∼= Hom(p_∗(π^∗(A ⊗ ω_X [n]) ⊗ E^∨) , B).

The next lemma differs from analogous in [H] in what concerns base change (we consider arbitrary g instead of flat one in [H]) and morphism f (we consider only smooth morphism instead of arbitrary one in [H]).

Lemma 1.3 Let f : X → Y be a smooth morphism of relative dimension r of smooth projective varieties and g : Y^′ → Y a base change, with Y^′ being a smooth variety. Define X^′ as the cartesian product X^′ = X ×_Y Y^′ . X^′ = X ×_Y Y^{′ g′}−→ X

f^′ ↓ ↓ f

Y^{′ g}−→ Y Then there is a natural isomorphism of functors: g^∗f_∗(·) ≃ f^′_∗g^{′∗}(·).

Proof. First, note that the right adjoint functors to g^∗f_∗ and f^′_∗g^{′∗} are, respectively, f^!g_∗ and g^′_∗f^{′!} , where f^! denote the right adjoint functor to f_∗ . We are going to prove that f^!g_∗ and g^′_∗f^{′!} are isomorphic.

Serre duality gives a natural isomorphism f^!(·) ≃ f^∗(·) ⊗ ω_{X/Y} [r]. (1) Hence, f^!g_∗(·) ≃ f^∗g_∗(·) ⊗ ω_{X/Y} [r]. (2) Analogously, g^′_∗f^{′!}(·) ≃ g^′_∗(f^{′∗}(·) ⊗ ω_X′_{/Y} ′ [r]) ≃ g^′_∗(f^{′∗}(·) ⊗ g^{′∗}ω_{X/Y} [r]).

The latter isomorphism goes from the fact that for a smooth f differentials are compatible with base change (see [H],III,§1,p.141). Then, by the projection formula one has g^′_∗f^{′!}(·) ≃ g^′_∗f^{′∗}(·) ⊗ ω_{X/Y} [r]. (3) By the theorem on a flat base change (see [H],II,§5,prop.5.12) one has g^′_∗f^{′∗} ≃ f^∗g_∗.

Formulas (2) and (3) imply a functorial isomorphism of g^′_∗f^{′!}(·) and f^!g_∗(·) . Therefore, g^∗f_∗(·) is isomorphic to f^′_∗g^{′∗}(·) .

Let X, Y, Z be smooth projective varieties and I, J, K objects of D^b_{coh}(X × Y ) , D^b_{coh}(Y × Z) and D^b_{coh}(X × Z), respectively. Consider the following diagram of projections

�

� �

� � � � � � p_{12} p_{13} p_{23}

� � � � � � � � � � � � Y

XY Z

XZ

X Z

XY Y Z

π^1_2 π^212 π^13 π^313 π^23 π^3_{23}

and the triple of functors

ϕ_I : D^b_{coh}(X) −→ D^b_{coh}(Y ),

ψ_J : D^b_{coh}(Y ) −→ D^b_{coh}(Z), χ_K : D^b_{coh}(X) −→ D^b_{coh}(Z), defined by the formulas ϕ_I = π^2_{12∗}(I ⊗ π^1_2^∗(·)), ψ_J = π^3_{23∗}(J ⊗ π^2_3^∗(·)), χ_K = π^3_{13∗}(K ⊗ π^1_3^∗(·)).

The next proposition from [Mu1] is an analog for derived categories of the composition law for correspondences (see [Ma]).

Proposition 1.4 The composition functor for ϕ_I and ψ_J is isomorphic to χ_K with K = p_{13∗}(p_{23}^∗J ⊗ p_{12}^∗I).

Proof. It goes from the following sequence of natural isomorphisms, which uses the projection formula and a base change theorem from [H]:

ψ_J ∘ ϕ_I (·) ∼= π^3_{23∗}(J ⊗ π^2_3^∗(π^2_{12∗}(I ⊗ π^1_2^∗(·)))) ∼= π^3_{23∗}(J ⊗ p_{23∗}(p_{12}^∗(I ⊗ π^1_2^∗(·)))) ∼= π^3_{23∗}p_{23∗}(p_{23}^∗J ⊗ p_{12}^∗(I ⊗ π^1_2^∗(·))) ∼= π^3_{13∗}p_{13∗}(p_{23}^∗J ⊗ p_{12}^∗I ⊗ p_{12}^∗π^1_2^∗(·)) ∼= π^3_{13∗}p_{13∗}(p_{23}^∗J ⊗ p_{12}^∗I ⊗ p_{13}^∗π^1_3^∗(·)) ∼= π^3_{13∗}(p_{13∗}(p_{23}^∗J ⊗ p_{12}^∗I) ⊗ π^1_3^∗(·)).

Proposition 1.5 Let j : Y → X be a smooth irreducible subvariety of codimension d of a smooth algebraic variety X , and K a non-zero object of D^b_{coh}(X) satisfying following conditions:

a) i^∗_xK = 0 , for any closed point x^{ix}→ X \ Y , b) L^ii^∗_xK = 0 , when i /∈ [0, d] , for any closed point x^{ix}→ Y . Then i) K is a pure sheaf (i.e. quasiisomorphic to its zero cohomology sheaf), ii) the support of K is Y .

Proof. Let H^q be the q–th cohomology sheaf of K . Then, for any point x^{ix}→ X there is spectral sequence with the E_2 –term consisting of L^pi^∗_x(H^q) and converging to cohomology sheaves of i_∗(K) :

E^{p,q}_2 = L^{−p}i^∗_x(H^q) ⇒ L^{−p−q}i^∗_x(K)

Recall that L^if^∗ denotes the (–i)–th cohomology of f^∗ in accordance with notations of the analogous left derived functors between abelian categories.

If H^{qmax} is a non–zero sheaf with maximal q , then L^0i^∗_xH^{qmax} is intact by differentials while going to E_∞ . By assumptions of the proposition L^qi^∗_xK = 0 , for q > 0 and for any point x ∈ X . This implies q_{max} ≤ 0 .

Considering the sheaf H^q with maximal q among those having the support outside Y , one obtains by the same reasoning that all H^q actually have their support in Y .

Let H^{qmin} be the non–zero sheaf with minimal q . Consider any component C ⊂ Y of the support of H^{qmin} . If c is the codimension of C in X , then L^ci^∗_{x0} (H^{qmin} ) ≠ 0 for a general closed point x_0 ∈ C . It could have been killed in the spectral sequence only by L^pi^∗_x(H^q) with p ≥ c + 2 . But for any sheaf F the closed subscheme S_m(F ) of points of cohomological dimension ≥ m (see [G])

S_m(F ) = � x ∈ X � � L^pi^∗_x(F ) ≠ 0, for some p ≥ m �

has codimension ≥ m . Therefore, S_m(H) with m ≥ c + 2 cannot cover C , i.e. there exists a point x_0 ∈ C , such that L^ci^∗_{x0} (H^{qmin} ) survives at E_∞ in the spectral sequence, hence L^{c−qmin} i^∗_{x0} (K) ≠ 0 .

Then, by assumption b) of the proposition it follows that c − q_{min} ≤ d . Since C belongs to Y , c ≥ d , hence q_{min} ≥ 0 . In other words, q_{min} = q_{max} and K has the only non–trivial cohomology sheaf H^0 . This proves i).

Now consider L^i = L^ij^∗K . There is a spectral sequence for composition of i^∗_x and j^∗ : E^{−p,−q}

2 = L^pi^∗_x(L^q) ⇒ L^{p+q}i^∗_x(K).

Let L^{q0} be a non–zero sheaf with maximal q . Since the support of K belongs to Y , q_0 ≥ d . Again consider a component of the support for L^{q0} . The same reasoning as above shows that if this component is of codimension b , then for some point x_0 in it, L^bi^∗_{x0} (L^{q0} ) survives in E_∞ of the latter spectral sequence. By the assumptions of the proposition we have q_0 + b ≤ d . This implies q_0 = d and b = 0 . This means that the support of L^d is the whole Y . It follows that the support of K coincides with Y . The proposition is proved.

Proof of the Theorem 1.1 . First, let us mention that if Φ_E is full and faithful functor, then conditions i) and ii) are verified for obvious reasons. Indeed, it is well known fact that extension groups between skyscraper sheaves in D^b_{coh}(M) have the following form:

i) Hom^i_X (O_{t1} , O_{t2} ) = 0 for every i and t_1 ≠ t_2; ii) Hom^i_X (O_t , O_t) = Λ^iT_{M,t}, for i ∈ [0, dimM], Hom^i_X (O_t , O_t) = 0, for i /∈ [0, dimM].

Here t, t_1, t_2 are points of M , T_{M,t} the tangent vector space to M at t , and Λ^i the i –th exterior power.

Fully faithfulness of Φ_E implies that the same relations are valid for images Φ_E(O_t) in D^b_{coh}(X) .

In what follows we prove the inverse statement.

Consider composition of Φ_E with its left adjoint functor Φ^∗_E . We are going to prove that the canonical natural transformation α : Φ^∗_E ∘ Φ_E → id is an isomorphism of functors. This is equivalent to fully faithfulness of Φ_E . Indeed, for any pair of objects A, B ∈ D^b_{coh}(M) the natural homomorphism

Hom(A , B) −→ Hom(Φ_EA , Φ_EB) ∼= Hom(Φ^∗_EΦ_EA , B),

is induced by α .

By lemma 1.2 we have Φ^∗_E ∼= Ψ_E∨_{⊗π}∗_{ωX} [n].

From proposition 1.4 the object K of D^b_{coh}(M × M) , which determines Φ^∗_E ∘Φ_E , is K = q_{13∗}(q_{23}^∗(E^∨ ⊗ π^∗ω_X ) ⊗ q_{12}^∗E)[n], (4) where the morphisms q_{13}, q_{23}, q_{12} and π are taken from the following diagram

�

� �

� � � � � � q_{12} q_{13} q_{23}

� � � � � � � � � � � � X

MXM

MM

M M

MX XM π

We need to prove that K is quasiisomorphic to O_Δ = Δ_∗O_M , where Δ : M −→ M × M is the diagonal embedding, because O_Δ gives the identity functor on D^b_{coh}(M) .

Let us consider a commutative diagram

X^{jt1t2}−→ M × X × M f ↓ ↓ q13 Speck^{it1t2}−→ M × M Here i_{t1t2} is the embedding of a geometric point (t_1t_2) in M × M , and f : X → Speck the corresponding fibre of q_{13} over this point.

This diagram is useful for computing the fibres of K over points of M × M . Indeed, by lemma 1.3

i^∗_{t1t2} K = i^∗_{t1t2} q_{13∗}(q_{23}^∗(E^∨ ⊗ π^∗ω_X ) ⊗ q_{12}^∗E)[n] =

= f_∗j^∗_{t1t2} (q_{23}^∗(E^∨ ⊗ π^∗ω_X ) ⊗ q_{12}^∗E)[n] = f_∗(j^∗_{t1t2} q_{23}^∗(E^∨ ⊗ π^∗ω_X ) ⊗ j^∗_{t1t2} q_{12}^∗E)[n]. (5)

From the commutative diagram

�

� j_{t1t2}

q_{12} � � M × X

M × X × M X j_{t1}

where j_{t1} is the embedding x → (t_1, x) , and from the definition of Φ_E one obtains:

j^∗_{t1t2} q_{12}^∗E = j^∗_{t1} E = Φ_E(O_{t1} ). (6) Analogously, j^∗_{t1t2} q_{12}^∗(E^∨ ⊗ π^∗ω_X ) = Φ_E(O_{t2} )^∨ ⊗ ω_X . (7) Formulas (5), (6), (7) imply isomorphisms:

i^∗_{t1t2} K = f_∗(Φ_E(O_{t1} ) ⊗ Φ_E(O_{t2} )^∨ ⊗ ω_X )[n] =

= f_∗(Hom(Φ_E(O_{t2} ) , Φ_E(O_{t1} )) ⊗ ω_X )[n] = Hom(Φ_E(O_{t1} ) , Φ_E(O_{t2} ))^∗. (8)

The last equality comes from Serre duality on X .

Apply proposition 1.5 to the diagonal embedding of M in M × M . By formula (8) and assumptions of the theorem, the object K satisfies the hypothesis of the proposition. Therefore, K is a pure sheaf with the support at the diagonal ΔM .

The natural transformation α gives rise to a sheaf homomorphism K → O_Δ . It is an epimorphism, because otherwise its image would not generate the stalk of O_Δ at some point (t, t) at the diagonal. But this would imply that Φ_E(O_Δ) has no endomorphisms ( that is, the trivial object) in contradiction with assumptions of the theorem.

In fact α induces an isomorphism

L^0α : L^0Δ^∗K^∼−→ O_M (9)

Indeed, formula (8) shows that

L^0i^∗_{(t,t)}α : L^0i^∗_{(t,t)}K^∼−→ O_{(t,t)}

is an isomorphism for any closed point i : t → M . As i^∗_{(t,t)} = i^∗_t ∘ Δ^∗ , this means that L^0α is an isomorphism at every closed point, hence a global isomorphism.

Unfortunately, it is not sufficient to know that the restriction of K to the diagonal is O_Δ , because K might not be the push forward along Δ of a sheaf on M (being, ‘situated’ on some infinitesimal neighborhood of Δ(M) ).

Let F be the kernel of this morphism, i.e. there is an exact sequence of coherent sheaves on M × M :

0 −→ F −→ K −→ O_Δ −→ 0 (10) We have to prove that F is trivial. Considering the pull back of the short exact sequence to any point from M ×M we obtain a long exact sequence showing that the sheaf F (if it is nontrivial) satisfies hypothesis of proposition 1.5 . It follows from the proposition that the support of F coincides with the diagonal ΔM . It is sufficient to prove that the restriction of F to the diagonal is zero. Let us consider for this the commutative diagram: M × X −→ M × X × M p ↓ ↓ M^Δ−→ M × M where vertical morphisms are natural projections. Applying lemma 1.3 to the object (q_{23}^∗(E^∨ ⊗ π^∗ω_X ) ⊗ q_{12}^∗E)[n] from D^b_{coh}(M × X × M) and formula (4) we obtain a formula for the derived functors of the restriction–to–diagonal functor for K : L^iΔ^∗(K) = R^{n−i}p_∗(E ⊗ E^∨ ⊗ π^∗ω_X ).

The relative version of Serre duality gives an isomorphism (Δ^∗(K))^∨ = p_∗(E ⊗ E^∨).

It induces a spectral sequence E^{ij}_1 = Ext^i(L^jΔ^∗K, O_M ) =⇒ R^{i+j}p_∗(E ⊗ E^∨).

Since L^0Δ^∗K is locally free (see (9)) it follows that (L^1Δ^∗(K))^∗ = R^1p_∗(E ⊗ E^∨), where (L^1Δ^∗(K))^∗ stands for the dual sheaf to L^1Δ^∗(K) .

Furthermore, L^1Δ^∗(O_Δ) = Ω^1_M , this means that the long exact sequence, obtained from (10) by tensoring with O_Δ looks as follows: · · · −→ L^1Δ^∗(K)^β−→ Ω^1_M −→ L^0Δ^∗F −→ O_Δ^∼−→ O_Δ −→ 0.

Since the support of F coincides with Δ(M) , so does the support of L^0Δ^∗F , i.e. L^0Δ^∗F is not a torsion sheaf.

Therefore, if L^0Δ^∗F is not zero, then this exact sequence shows that β^∗ : T_M −→ R^1p_∗(E ⊗ E^∨) has a non-trivial kernel.

Remark. If one consider Φ_E(O_t) as a system of objects from D^b_{coh}(X) parametrized by M , then the restriction of β^∗ to any point t from M is , actually, the homomorphism from the deformation theory T_{M,t} −→ Hom^1_X (Φ_E(O_t) , Φ_E(O_t)).

Therefore, a vector field from the kernel of β^∗ gives a direction, which the objects do not change along with. This is in contradiction with the orthogonality assumptions of the theorem. Unfortunately, integrating such an algebraic vector field one might obtain non-algebraic curves.

For this reason our further strategy is going to find only a formal one–parameter deformation at one point t_0 in M , along which E has a formal connexion (analog of trivialization), and then to bring this in contradiction with the property of Φ_E(O_{t0} ) to having the support in point t_0 , which is a consequence of the orthogonality condition.

Consider a point t_0 in M , U an open neighborhood of t_0 and a non-zero at t_0 local section ξ ∈ H^0(U, T_M � �_U ) , which belongs to the kernel of β^∗ . This vector field ξ defines a formal 1–dimensional subscheme Γ of the formal neighborhood Û of t_0 in M . The defining ideal of the subscheme consists of the function on Û having trivial all iterated derivatives along ξ at point t_0 ( the zero derivative being the value of a function at t_0 ) : I = � f ∈ H^0(Û, O) � � ξ^k(f)|t_o = 0, for any k ≥ 0 � . It follows that the restriction of β^∗ to the tangent bundle T_{Γ,t�} of Γ at t_0 is trivial.

Denote E_Γ the restriction of E to Γ × X . One has

Hom^1_{Γ ×X} (p^∗T_Γ , E^∨_Γ ⊗ E_Γ ) ∼= Hom^1_Γ (T_Γ , p_∗(E^∨_Γ ⊗ E_Γ )) ∼= Hom^0_Γ (T_Γ , R^1p_∗(E^∨_Γ ⊗ E_Γ )), (11)

since T_Γ is free ( of rank 1 ) on Γ .

Let us consider the first infinitesimal neighborhood Δ^1_Γ of the diagonal Δ_Γ : Γ × X −→ Γ × Γ × X . Pulling E_Γ back to Γ × Γ × X along the first coordinate, then restricting to Δ^1_Γ and then pushing forward along the second coordinate, one obtains the object J^1(E_Γ ) ∈ D^b_{coh}(Γ × X) of ‘first jets’ of E_Γ . It is included in an exact triangle :

E_Γ ⊗ p^∗Ω^1_Γ −→ J^1(E_Γ ) −→ E_Γ^{atE}−→ E_Γ ⊗ p^∗Ω^1_Γ [1]. (12)

Here at_E is the so called Atiyah class of E . It can be considered as an element of Hom^1_{Γ ×X} (p^∗T_Γ , E^∨_Γ ⊗ E_Γ ) . Under identification from (11) at_E comes into the restriction of β^∗ to Γ , which is the trivial element of Hom^0_Γ (T_Γ , R^1p_∗(E^∨_Γ ⊗ E_Γ )) by the choice of Γ .

We consider E_Γ as an element of the derived category of quasicoherent sheaves on X. It is naturally endowed with an additional homomorphism A → End_X E_Γ , where A is an algebra of functions on Γ ( isomorphic to k[[t]] ). Such a homomorphism we call by A–module structure on E_Γ . An A–module structure on E_Γ induces A– module structures on E_Γ ⊗ p^∗Ω^1_Γ and J^1(E_Γ ) , so that morphisms from (12) are compatible with them.

Like for usual vector bundles there exists a natural homomorphism in D^b_{Qcoh}(X) :

E_Γ^μ−→ J^1(E_Γ ),

which is a differential operator of the first order with respect to the A–module structures. Triviality of at_E implies existence of a morphism

J^1(E_Γ )^ν−→ E_Γ ⊗ p^∗Ω^1_Γ ,

which is a section of the first morphism from (12). The composition ∇ = ν ∘μ defines a morphism of quasicoherent sheaves on Γ × X

∇ : E_Γ −→ E_Γ ⊗ p^∗Ω^1_Γ ,

which is a connexion on E_Γ along the fibres of the projection p_Γ : Γ × X −→ Γ in the sense that if t ∈ A is a function on our formal scheme Γ , then the following equality for morphisms from E_Γ to E_Γ ⊗ p^∗Ω^1_Γ is valid:

∇∘t − t∘∇ = dt, (13)

here t is identified with the corresponding morphism from E_Γ to E_Γ and dt denotes the operator of tensor multiplication by dt .

Since Γ is a one-dimensional subscheme, Ω^1_Γ is a one-dimensional free A–module. Hence, for the reason of simplicity we can identify E_Γ with E_Γ ⊗ p^∗Ω^1_Γ by means of tensoring with dt , where t ∈ A is a formal parameter on the scheme Γ . Then, formula (13) gives the coordinate-impulse relation between ∇ and t :

[∇, t] = 1. (14)

Lemma 1.6 Under the above identification of E_Γ with E_Γ ⊗ p^∗Ω^1_Γ the morphism ∇∘t is invertible in End_X E_Γ Proof. From (14) one has : [∇, t^k] = kt^{k−1}.

This gives a formula for the inverse to ∇ ∘ t :

(∇∘t)^{−1} = ∞� k=0 (−1)^kt^k∘∇^k (k + 1)!

This formal series correctly defines an endomorphism of E_Γ , because by definition E_Γ is the limit of a system of objects E_{Γn} from Γ_n × X , where Γ_n is the n– th infinitesimal neighborhood of t_0 in Γ . For every n the formula gives a finite expansion for an endomorphism of E_{Γn} , thus , in the limit, it does an endomorphism of E_Γ . This proves the lemma.

Let E_0 be the first member of the exact triangle :

E_0^ρ−→ E_Γ^∇−→ E_Γ .

It is an object of the derived category of quasicoherent O_X –modules (‘horisontal sections of E ’).

Proposition 1.7 i) The composite λ of ρ × id_A with the multiplication morphism E_Γ × A −→ E_Γ :

λ : E_0 × A^{ρ×idA}−→ E_Γ × A −→ E_Γ is an isomorphism, in other words it yields a trivialization of E_Γ .

ii) E_0 is quasiisomorphic to a complex of coherent sheaves on X . Proof. Let us consider the cone C of λ :

E_0 × A^λ−→ E_Γ −→ C.

Restricting this exact triangle to the fibre X_0 of p_Γ over the closed point of Γ (which is, of course, naturally identified with X ), one obtains an exact triangle :

E_0^{λ0}−→ E_Γ � �_{X0} −→ C � �_{X0} .

Vanishing of C � �_{X0} implies vanishing of C , hence, for proving i) we need to show that the left morphism λ_0 of this triangle is isomorphism.

Multiplication by t gives an exact triangle of sheaves on Γ × X :

0 −→ O_{Γ ×X}^t−→ O_{Γ ×X} −→ O_{X0} −→ 0

It lifts to an exact triangle:

E_Γ^t−→ E_Γ −→ E_Γ � �_{X0} −→ EΓ [1].

Consider an octahedral diagram of exact triangles [BBD]:

� � �

� � � �

� �

� � �

�

λ_0

∇ t

G

E_Γ E_Γ

E_Γ

E_Γ � �_{X0}

E_0

∇ ∘ t

By lemma 1.6 ∇∘t is an isomorphism. Hence, G is zero object and λ_0 is an isomorphism. Since E � �_{X0} is the restriction of a complex of coherent sheaves to X0 , E_0 is coherent over X_0 . Since C � �_{X0} = G[1] is zero, so is C . Therefore, λ is an isomorphism.

In order to finish the proof of theorem 1.1 let us look at the image L = Φ^∗_E ∘Φ_E(O_{t0} ) of O_{t0} under the functor

Φ^∗_E ∘ Φ_E : D^b_{coh}(M) −→ D^b_{coh}(M).

Recall that by lemma 1.2 Φ^∗_E = Ψ_E∨_{⊗π}∗_{ωX} [n].

The trivialization of E along Γ from proposition 1.7 gives us a similar trivialization of E^∨ ⊗ π^∗ω_X . By the definition of Ψ this implies trivialization along Γ of any object from the image of Φ^∗_E . Since we know that Φ^∗_E ∘ Φ_E is determined by sheaf K , having the diagonal Δ(M) as its support, the image L of a skyscraper sheaf O_{t0} is a non–zero object from D^b_{coh}(M) having t_0 as the support.

This means that L annihilates by some power I^k of the maximal ideal I ⊂ A . Such an object has a trivialization only if it is zero. This finishes the proof of theorem 1.1 .

The simplest example of a full and faithful functor D^b_{coh}(M) −→ D^b_{coh}(X) rises in the case when M is a point. In this situation we have the only object E ∈ D^b_{coh}(X) , which is an exceptional one:

Hom^0_X (E , E) = k, Hom^i_X (E , E) = 0, for i ≠ 0

It gives a functor from the derived category of vector spaces over k to D^b_{coh}(X) . Mukai in [Mu1] and [Mu2] considered two important examples of fully faithful functors between geometric categories.

First one is the so called Fourier–Mukai transform. It gives an equivalence

D^b_{coh}(A) −→ D^b_{coh}(Â)

for any abelian variety A and its dual Â .

We briefly recall his construction.

Let A be an abelian variety of dimension g , Â its dual abelian variety and P the normalized Poincare bundle on A × Â . As Â is a moduli space of invertible sheaves on A , P is a linear vector bundle, and normalization means that both P � �_{A×^0} and P � �_{0×Â} are trivial.

Theorem 1.8 ([Mu1]). The functors Φ_P : D^b_{coh}(A) → D^b_{coh}(Â) and Ψ_P : D^b_{coh}(Â) → D^b_{coh}(A) are equivalences of triangulated categories and

Ψ_P ∘ Φ_P ∼= (−1_A)^∗[g],

Φ_P ∘ Ψ_P ∼= (−1^_A)^∗[−g], here (−1_A)^∗ is the auto-equivalence of D^b_{coh}(A) induced by the automorphism of multiplication by −1 on A . Proof. (see [Mu1]).

In the case of a principally polarized abelian variety (A, L) , where L is a polarization, the dual Â is identified with A . Then Φ_P can be regarded as an autoequivalence of D^b_{coh}(A) . Φ_P in couple with the functor of tensoring by L generates the action of the Artin braid group B_3 on three strands.

The other example of Mukai is a K3–surface S , while M is a moduli space of stable vector bundles.

Specifically, for a smooth K3–surface S one consider the Mukai lattice M(S) , which is the image of the Chern homomorphism K_0(S) −→ H^∗(S, C) from the Grothendieck group K_0(S) to the full cohomology group H^∗(S, C) . There is the Euler bilinear form on M(S) , which for vectors v and v^′ presented by some sheaves F and F^′ is defined by the formula:

χ(v, v^′) = � (−1)^idimExt^i(F, F^′).

Since the canonical class is trivial, by Serre duality this form is symmetric.

Let v be an isotropic indivisible by integer vector with respect to χ . The coarse moduli space of stable bundles on S , corresponding to v , is again a smooth K3– surface S^′ . There is a rational correspondence between S and S^′ . If S^′ is a fine moduli space, then we have the universal vector bundle E on S × S^′ .

Theorem 1.9 [Mu2]. Functor Φ_E : D^b_{coh}(S) −→ D^b_{coh}(S^′) is an equivalence of triangulated categories.

In the both examples of equivalences the canonical class of varieties (either of abelian one or of a K3–surface) is trivial. In chapter 3 we construct another example of equivalence between geometric categories using flops. The centre of such transformation is in a sense trivial with respect to the canonical class. An explanation for this phenomenon is given in chapter 4.

2 Intersection of two even dimensional quadrics.

In this chapter we show how theorem 1.1 helps to construct a semiorthogonal decomposition of the derived category of coherent sheaves on the intersection of two even dimensional quadrics, with one summand being the derived category on a hyperelliptic curve and with the others being generated by single exceptional objects.

This result can be considered as a categorical explanation and generalization for the description, due to Desale and Ramanan, of moduli spaces of rank 2 vector bundles on a hyperelliptic curve as a base of a family of projective subspaces belonging to the intersection of two even dimensional quadrics [DR]. Our construction gives analogous description for any moduli spaces of bundles on the curve by means of families of complexes of coherent sheaves on the intersection locus.

We first recall some definitions and facts concerning exceptional sequences, admissible subcategories, Serre functors and semiorthogonal decompositions [Bo], [BK].

Let B be a full subcategory of an additive category. The right orthogonal to B is the full subcategory B^⊥ ⊂ A consisting of the objects C such that Hom(B , C) = 0 for all B ∈ B . The left orthogonal^⊥B is defined analogously. If B is a triangulated subcategory of a triangulated category A , then^⊥B and B^⊥ are also triangulated subcategories.

Definition 2.1 Let B be a strictly full triangulated subcategory of a triangulated category A . We say that B is right admissible (resp., left admissible) if for each X ∈ A there is an exact triangle B → X → C , where B ∈ B and C ∈ B^⊥ (resp., D → X → B , where D ∈^⊥B and B ∈ B ). A subcategory is called admissible if it is left and right admissible.

Definition 2.2 An exceptional object in a derived category A is an object E satisfying the conditions Hom^i(E , E) = 0 when i ≠ 0 and Hom(E , E) = k .

Definition 2.3 A full exceptional sequence in A is a sequence of exceptional objects (E_0, ..., E_n) , satisfying the semiorthogonal condition Hom^.(E_i , E_j) = 0 when i > j , and generating the category A .

The concept of an exceptional sequence is a special case of the concept of a semiorthogonal sequence of subcategories:

Definition 2.4 A sequence of admissible subcategories (B_0, ..., B_n) in a derived category A is said to be semiorthogonal if the condition B_j ⊂ B^⊥_i holds when j < i for any 0 ≤ i ≤ n . In addition, a semiorthogonal sequence is said to be full if it generates the category A . In this case we call such a sequence semiorthogonal decomposition of the category A and denote this as follows: A = � B_0, ...., B_n � .

Definition 2.5 Let A be a triangulated k –linear category with finite–dimensional Hom^′s . A covariant additive functor F : A → A that commutes with translations is called a Serre functor if it is a category equivalence and there are given bi–functorial isomorphisms φ_{E,G} : Hom_A(E , G)^∼−→ Hom_A(G , F (E))^∗ for E, G ∈ A , with the following property: the composite

(φ^{−1}_{F (E),F (G)})^∗∘φ_{E,G} : Hom_A(E , G) −→ Hom_A(G , F (E))^∗ −→ Hom_A(F (E) , F (G))

coincides with the isomorphism induced by F .

Theorem 2.6 [BK] i) Any Serre functor is exact,

ii) Any two Serre functors are connected by a canonical functorial isomorphism. Let X be a smooth algebraic variety, n = dimX , A = D^b_{coh}(X) the derived category of coherent sheaves on X , and ω_X the canonical sheaf. Then the functor (·) ⊗ ω_X [n] is a Serre functor on A , in view of the Serre–Grothendieck duality:

Ext^i(F , G) = Ext^{n−i}(G , F ⊗ ω_X )^∗

Let us fix notations. For vector spaces U and V of dimension 2 and n = 2k , respectively, we consider a linear embedding:

U^φ−→ S^2V^∗.

By projectivization φ defines a pencil of projective quadrics in P^{n−1} = P(V ) , parametrized by P^1 = P(U) .

Denote by X the intersection locus of these quadrics. Let {q_i}_{i=1,...,n} ⊂ P^1 are the points, corresponding to the degenerate quadrics. We assume that all q_i are mutually distinct. This implies that X is a smooth variety and quadrics corresponding to q_i have simple degeneration. Consider a double covering C^p−→ P^1 with ramification in all points {q_i} . Then C is a hyperelliptic curve.

In order to construct a fully faithful functor D^b_{coh}(C) −→ D^b_{coh}(X) we find a vector bundle S on C × X and then use theorem 1.1 for the functor Φ_S (see ch.1). To outline the idea of constructing the bundle S , let us recall that for non-degenerate even dimensional quadric there exist two spinor bundles (c.g. [Ka]). Restricting these two bundles to X and varying our quadric in the pencil we obtain that C is a fine moduli space of spinor bundles. Unfortunately, a fine moduli space exists only for a pencil of even dimensional quadrics. For the case of more than two quadrics of arbitrary dimension there appear some global obstructions for gluing together spinor bundles and local problems for extending to points, corresponding to degenerate quadrics.

A generalization to the case of more then two quadrics of arbitrary dimension will be given in a forthcoming paper.

Let Y (relative grassmanian of maximal isotropic subspaces) be a subvariety in P(U) × G(k, V ) consisting of the pairs (q, L) such that L is isotropic with respect to the quadric corresponding to q (which we denote by the same letter q ):

Y := � (q, L) ∈ P^1 × G(k, V )| q(L) = 0 � . The image of Y under the natural map into Albanese variety is isomorphic to C . Thus, we have a natural projection φ : Y −→ C , which is a smooth projective morphism. Its fibre over a point c ∈ C is one of two connected components of the maximal isotropic grassmanian, corresponding to the quadric p(c) . Of course, the composition p∘φ coincides with the natural projection to P^1 , in other words p and φ give the Stein factorization of the projection.

Now consider linear subspaces of dimension k − 1 , which belongs to X . It is well known that the variety of all such subspaces is isomorphic to Jacobian J(C) of the curve C [R1]. We choose one of them M . It gives a section of φ . Indeed, if one consider a subvariety C_M ⊂ Y of pairs (q, L) ∈ Y such that L contains M :

C_M := � (q, L) ∈ Y | L ⊃ M � , then φ biregulary projects C_M to C , because for any non-degenerate (resp., degenerate) quadric from our pencil there exist two (resp., one) containing M maximal isotropic subspaces, which lie in the different components of the grassmanian, corresponding to this quadric.

Now consider the subvariety D ⊂ Y of pairs (q, L) such that L has a non-trivial intersection with M : D := � (q, L) ∈ Y | L ∩ M ≠ 0 � . Then D is a divisor in Y . Denote by L = O(D) the corresponding linear bundle on Y .

Now consider the variety F (of partial isotropic flags) consisting of triples (q, l, L) ∈ P^1 × P(V ) × G(k, V ) such that l ⊂ L and q(L) = 0 :

F := � (q, l, L) ∈ P^1 × P(V ) × G(k, V )| l ⊂ L, q(L) = 0 � . Since l ⊂ L , l is a point of the quadric q . In other words, the projections of F to the components P^1 × P(V ) and P^1 × G(k, V ) of the product give the couple of maps: μ : F −→ Y, λ : F −→ Q, where Q is the relative quadric, i.e., the variety of pairs (q, l) ∈ P^1 × P(V ) , such that q(l) = 0 :

Q := � (q, l) ∈ P^1 × P(V )| q(l) = 0 � . The projection to the first component gives a map: Q −→ P^1 .

Let Q_C = Q ×_P1 C be the product of Q over P^1 . Since φ∘μ : F −→ C and λ : F −→ Q are maps to the component of the product, by the universal property we have a map ν : F −→ Q_C .

Since X belongs to all quadrics of the pencil we have the natural embedding X × P^1 → Q , which lifts up to an embedding ε : X × C → Q_C . All these varieties and maps are depicted in the following diagram:

� � �

� � �

� � �

� � �

� � �

� � �

� � � � � �

�

�

ϵ ν

p

X × C

X × P^1

P^1

Q C

Q_C

F

Y μ

ϕ

Now define S = ε^∗ν_∗μ^∗L. Actually, S is a vector bundle on X × C .

Let us fixed a point c ∈ C . If q = p(c) is a smooth quadric, then the fibre of S

over X × c ≃ X is one of two spinor bundles on q , restricted to X . If q = p(c) is

degenerate, then it is a cone over a quadric of the same dimension as X . Then the

fibre of S over X × c ≃ X is the restriction to X of the pull back of the spinor

bundle on this even dimensional quadric to the cone. Since X does not meet the

singular point of the cone, this restriction is also a vector bundle on X .

Let us recall the structure of the derived category for a smooth projective quadric

due to M. Kapranov.

There exist two for an even dimensional (resp., one for an odd dimensional ) quadric

q spinor bundles S_q and ~S_q (resp., S_q ). The exceptional sequence � O(−d + 1), O(−d + 2), . . . , O, ~S_q, S_q � for d even, (15) � O(−d + 1), O(−d + 2), . . . , O, S_q � for d odd (16)

is a full strong exceptional sequence on q , here d = dim q (see [Ka]). For d even,

S_q and ~S_q are mutually homologically orthogonal.

Theorem 2.7 The functor Φ_S : D^b_{coh}(C) −→ D^b_{coh}(X) is full and faithful.

Proof. We shall use facts about spinor bundles on smooth quadrics.

We have to verify conditions of theorem 1.1 for fibres of S over X × c . First, let us check the orthogonality conditions. Suppose that c_1 and c_2 are points of C , such that p(c_1) ≠ p(c_2) , and let S_1 and S_2 are spinor bundles over corresponding quadrics. There are short exact sequences of sheaves on the projective space P(V ) :

0 −→ V ⊗ O(−2) −→ V ⊗ O(−1) −→ S^∨_1 −→ 0, 0 −→ W ⊗ O(−1) −→ W ⊗ O −→ S_2 −→ 0.

Here we identify bundles on quadrics with corresponding coherent sheaves on P(V ) . If any of these quadrics is degenerate, then the same sequences holds beyond singular points of the quadric, being sufficient for what follows. Consider these sequences as resolutions for S^∨_1 , and S_2 and use them for computation S^∨_1 ⊗ S_2 . Since the quadrics intersect transversally, there are no torsion groups:

Tor^i_{P(V )}(S^∨_1 , S_2) = 0, for i > 0.

Therefore, we obtain a resolution for S^∨_1 ⊗ S_2 of the following kind:

0 −→ C ⊗ O(−3) −→ B ⊗ O(−2) −→ A ⊗ O(−1) −→ S^∨_1 ⊗ S_2 −→ 0.

Computing cohomologies of S^∨_1 ⊗ S_2 by means of this resolution we obtain the orthogonality conditions for the case p(c_1) ≠ p(c_2) :

Ext^i_X (S_1, S_2) = H^i(P(V ), S^∨_1 ⊗ S_2) = 0.

Now suppose that p(c_1) = p(c_2) . Then we have to verify orthogonality, while restricted to X , between two spinor bundles S_q and ~S_q on a single non-degenerate quadric q .

Consider the tensor product S^∨_q ⊗ ~S_q over q . Since X , as a divisor in q , is equivalent to double hyperplane section, we have an exact sequence of sheaves on q :

0 −→ S^∨_q ⊗ ~S_q(−2) −→ S^∨_q ⊗ ~S_q −→ S^∨_q ⊗ ~S_q |_X −→ 0.

Computing cohomology we easily find that

Ext^i_X (S_q, ~S_q) = H^i(q, S^∨_q ⊗ ~S_q |_X ) = 0, for any i.

Indeed, H^i(S^∨_q ⊗ ~S_q) = Ext^i_X (S_q, ~S_q) = 0, for any i.

Then, mutating ~S_q two times to the left in sequence (15) one can obtain a new exceptional sequence: � O(−d + 1), . . . , O(−2), ~S_q(−2), O(−1), O, S_q � . It yields:

H^i(S^∨_q ⊗ ~S_q(−2)) = Ext^i(S_q, ~S_q(−2)) = 0.

Now let us verify condition ii) of theorem 1.1. Suppose q = p(c) is a nondegenerate quadric and Φ_S(O_C ) = ~S_q . We can calculate Ext^i_X (Φ_S(O_C ), Φ_S(O_C )) using the following exact sequence on the quadric:

0 −→ ~S^∨_q ⊗ ~S_q(−2) −→ ~S^∨_q ⊗ ~S_q −→ ~S^∨_q ⊗ ~S_q |_X −→ 0.

Since ~S_q is an exceptional object in D^b_{coh}(q) and ~S_q(−2) is a double left mutation in the collection (15), we have

H^0_q( ~S^∨_q ⊗ ~S_q) = k, H^i_q( ~S^∨_q ⊗ ~S_q) = 0 i ≠ 0; H^2_q( ~S^∨_q ⊗ ~S_q(−2)) = k, H^i_q( ~S^∨_q ⊗ ~S_q(−2)) = 0 i ≠ 2.

Then the short sequence gives:

Hom_X ( ~S_q, ~S_q) = k, Ext^1_X ( ~S_q, ~S_q) = k, Ext^i_X ( ~S_q, ~S_q) = 0, i > 1.

Similarly for Φ_S(O_C ) = S_q .

Now suppose that q = p(c) is a degenerate quadric. Then the projection from the centre of the cone gives a double covering π : X −→ q^′ from X to a quadric of dimension d − 1 . Since Φ_S(O_C ) = π^∗S_q′ is the pull back of the spinor bundle S_q′ on this quadric along π ,

Ext^1(Φ_S(O_C ), Φ_S(O_C )) = H^i(X, π^∗(S^∨_q′ ⊗ S_q′ )) = H^i(q^′, π_∗π^∗(S^∨_q′ ⊗ S_q′ )). (17)

By projection formula we have:

π_∗π^∗(S^∨_q′ ⊗ S_q′ ) = π_∗O_X ⊗ S^∨_q′ ⊗ S_q′ = � O_q′ ⊕ O_q′ (−1) � ⊗ S^∨_q′ ⊗ S_q′ =

= S^∨_q′ ⊗ S_q′ ⊕ S^∨_q′ ⊗ S_q′ (−1). (18) Since S_q′ is exceptional on q^′ and S_q′ (−1) is the left mutation of S_q′ in sequence (16), it follows that

H^0(S^∨_q′ ⊗ S_q′ ) = k, H^i(S^∨_q′ ⊗ S_q′ ) = 0 for i ≠ 0;

H^1(S^∨_q′ ⊗ S_q′ (−1)) = k, H^i(S^∨_q′ ⊗ S_q′ ) = 0 for i ≠ 1. Combining this with (17) and (18), we obtain: Hom � Φ_S(O_C ), Φ_S(O_C ) � = k, Ext^1 � Φ_S(O_C ), Φ_S(O_C ) � = k,

Ext^i � Φ_S(O_C ), Φ_S(O_C ) � = 0, for i > 1.

This concludes the proof of the theorem.

Let us recall that we consider the intersection X of two quadrics of dimension d = n − 2.

Proposition 2.8 The image of Φ_s : D^b_{coh}(C) −→ D^b_{coh}(X) is left orthogonal to the exceptional sequence σ = � O_X (−d + 3), . . . , O_X � on X .

Proof. First, the sequence � O_X (−d + 3), . . . , O_X � is exceptional on X . Indeed, from the short exact sequence on a non-degenerate quadric q :

0 −→ O_q(i − 2) −→ O_q(i) −→ O_X (i) −→ 0,

and from exceptionality of (15) one can easily find: H^j � X, O(k) � = 0 , for any j and −d + 3 < k < 0 .

Similarly to the proof of lemma 1.2 one can show the existence of the right adjoint functor Ψ : D^b_{coh}(X) −→ D^b_{coh}(C) to Φ_S . Then for any object A ∈ D^b_{coh}(C) one has Hom_X � Φ_SA, O(i) � = Hom � A, Ψ(O(i)) � . We have to show that Ψ(O(i)) = 0 , for O(i) ∈ σ.

Since there are no non-zero objects in D^b_{coh}(C) which are orthogonal to all skyscraper sheaves O_c, c ∈ C , it is sufficient to prove that all Φ_S(O_c) are orthogonal to σ . But every Φ_S(O_c) is a spinor bundle S_q restricted to X either from a smooth or from a degenerate quadric. In the former case we have an exact sequence 0 −→ S^∨_q (−2) −→ S^∨_q −→ S^∨_q |_X −→ 0.

Using this sequence and exceptionality of (15) we easily find that S_q is right orthogonal to σ .

If the quadric is degenerate, then we have a projection π : X −→ q^′ to a quadric of dimension d − 1 , and Φ(O_c) = π^∗(S_q′ ). Therefore:

Ext^j_X � Φ(O_c), O(i) � = Ext^j_X � π^∗(S_q′ ), O(i) � = = Ext^j_q′ � S_q′ , π_∗O(i) � = Ext^j_q′ � S_q′ , O(i) ⊕ O(i − 1) � . Because of exceptionality of (16) we are done.

Now we regard D^b_{coh}(C) as a subcategory in D^b_{coh}(X) . As has been shown σ = � O_X (−d + 3), . . . , O_X � lies in the right orthogonal to D^b_{coh}(X) .

Theorem 2.9 The category D^b_{coh}(X) on the intersection of two quadrics of dimension d is generated as a triangulated category by σ and D^b_{coh}(C) , in other words there is a semiorthogonal decomposition

D^b_{coh}(X) = � O_X (−d + 3), . . . , O_X , D^b_{coh}(C) �

Proof. Consider the subcategory D ⊂ D^b_{coh}(X) , generated by σ and D^b_{coh}(C) . First, let us mention that the composition of the natural embedding K_0(D) ⊗ k → K_0(X) ⊗ k with the Chern character

ch : K_0(X) ⊗ k → H^{even}(X, k) = ⊕H^{i,i}(X, k)

is a surjective homomorphism from the Grothendieck group of D , tensored by k , to the sum of the diagonal cohomologies of X with coefficients in k . Indeed, the Chern character is a surjective morphism with the kernel, consisting, by Riemann- Roch-Hirzebruch formula, of those v ∈ K_0(X) ⊗ k , which are in the (say, right) kernel of the Euler characteristic bilinear form χ (see ch.1). From the orthogonal decomposition for D one easily finds that the restriction of χ on D has rank d , which coincides with the dimension of H^∗(X, k) . The surjectivity follows.

Since D has a semiorthogonal decomposition by admissible subcategories, it is in turn admissible [BK]. Then, as usually, we suppose that D^⊥ is not trivial and consider an object Z ∈ D^⊥ . It follows from above that ch(Z) = 0 .

Consider a singular quadric containing X . Let π : X → q be a projection from the singular point of this quadric to a non-singular quadric q of dimension d − 1 . There is a semiorthogonal decomposition

D^b_{coh}(q) = � O_q(−d + 2), . . . , O_q, S_q � (19)

For any A ⊂ D^b_{coh}(q) we have an isomorphism:

Hom_X (π^∗A, Z) = Hom_q(A, π_∗Z)

Since all but the first element of (19) after lifting to X belong to the subcategory D , it follows that π_∗Z belongs to � O_q(−d + 3), . . . , O_q, S_q

�_⊥ = � O_q(−d + 2) � . We aim to prove that Z as an object in D^b_{coh}(X) is quasi-isomorphic to the direct sum of its cohomology sheaves.

Lemma 2.10 For any couple of coherent sheaves A, B on X , such that π_∗A and π_∗B are direct sums of copies of a single linear bundle on q , one has

Ext^i_X (A, B) = 0, for i > 1.

Proof. Let s be the π -fibrewise involution on X . The fibred square X^′ = X ×_q X of X over q is a union of two copies of X , which normally intersects in the (smooth) ramification divisor H of π in X . These are the diagonal

ΔX = {(x, x)|x ∈ X}

and the s -diagonal Δ_sX = {(x, sx)|x ∈ X}.

This description implies a short exact sequence of coherent sheaves on X^′ :

0 → O_{ΔsX} (−H) → O_X′ → O_{ΔX} → 0. (20)

Denote by p_1, p_2 the projections of X^′ to X . Take any coherent sheaf C on X . Tensoring (20) with p^∗_1C one obtains: 0 → p^∗_1C ⊗ O_{ΔsX} (−H) → p^∗_1C → p^∗_1C ⊗ O_{ΔX} → 0 Then, applying p_{2∗} to this sequence, one has: 0 → s_∗C(−1) → p_{2∗}p^∗_1C → C → 0.

Using the flat base change theorem (see [H],II,§5,prop.5.12) where the morphism and the base change both are π , we obtain: π^∗π_∗ = p_{2∗}p^∗_1 Therefore one has an exact sequence for any sheaf on X : 0 → s_∗C(−1) → π^∗π_∗C → C → 0. (21) Let now A and B be such that π_∗A and π_∗B are sums of copies of a linear bundle on q . Without loss of generality we can assume that this linear bundle is trivial. Since π_∗s_∗ ≃ π_∗ , putting C = B and C = s_∗B(−1) in (21), we obtain exact sequences:

0 → s_∗B(−1) → ⊕O → B → 0 0 → B(−2) → ⊕O(−1) → s_∗B(−1) → 0.

Juxtaposing these two sequences and then repeating the procedure in the same way one obtains a resolution for B :

. . . → ⊕O(−2) → ⊕O(−1) → ⊕O → B → 0.

Using this resolution and the fact that π_∗A is a trivial bundle, one obtains a spectral sequence converging to Ext^·(B, A(−d + 2)) : E^{p,q}_1 = Ext^q(O(−p) , O(−d + 2)) =⇒ Ext^{p+q}(B , A(−d + 2)) which shows that Ext^{<d−2}(B, A(−d + 2)) = 0.

By the adjunction formula one easily calculates the canonical class of X :

ω_X = O_X (−d + 2).

Thus, by Serre duality the equality holds:

Ext^i(A , B) = Ext^{d−1−i}(B , A(−d + 2))^∗.

It follows that Ext^{>1}(A , B) = 0 .

Since O_q(−d + 2) is an exceptional sheaf, any object from � O_q(−d + 2) � is isomorphic to the direct sum of its cohomology sheaves, which in turn are direct sums of copies of O_q(−d + 2) .

Let H^i be the cohomology sheaves of Z . Since R^0π_∗ is an exact functor, R^0π_∗H^i are direct sums of copies of O_q(−d + 2) . It follows from the lemma that

Ext^k(H^i , H^j) = 0, for k > 1.

It is well known that this implies a decomposition of Z into a direct sum of its cohomology sheaves.

Since Z ∈ D^⊥ , it follows that H^i ∈ D^⊥ . Then we have from above that ch(H^i) = 0 . But a sheaf (not a complex of sheaves) with trivial Chern character is zero. As all cohomologies of Z are zero, then Z is quasi-isomorphic to zero itself. This finishes the proof of the theorem.

3 Birational transformations.

The aim of this chapter is to trace behaviour of the derived category of coherent sheaves with respect to birational transformations. It turns out that blowing up and flip transformations have a categorical incarnation as adding or removing of semiorthogonal summands of quite simple nature.

For a flop there are no such summands, thus it produces an equivalence of triangulated categories.

The simplest instance of a birational transformation is a blow up of a variety along a smooth centre. A discription of the derived category of the blow-up in terms of the categories of the variety and of the centre is done in [O] (see Theorem 3.5 ) . We give here a treatment with refinement and with a stress in proofs on theorem 1.1 . The main new ingredient is the proof of Lemma 3.3 .

Let Y be a smooth subvariety of codimension r in a smooth algebraic variety X . Denote ~X the smooth algebraic variety obtained by the blowing up of X along the centre Y . There exists a fibred square:

~Y^j−→ ~X p ↓ π ↓ Y^i−→ X

where i and j are embeddings of smooth varieties, and p : ~Y → Y is the projective fibration of the exceptional divisor ~Y in ~X over the centre Y . Recall that ~Y = P(N_{X/Y} ) is the projectivization of the normal bundle to Y in X .

Proposition 3.1 (see [O]) The pull back functors

π^∗ : D^b_{coh}(X) −→ D^b_{coh}( ~X)

p^∗ : D^b_{coh}(Y ) −→ D^b_{coh}(~Y ) are full and faithful.

Proof. The projection formula gives:

Ext^i(p^∗F , p^∗G) = Ext^i(F , p_∗p^∗G) = Ext^i(F , p_∗O_{~Y} ⊗ G).

Analogously for π^∗ . Combining with the facts that π_∗O_{~X} = O_X and p_∗O_{~Y} = O_Y this gives the proof.

Proposition 3.2 For any invertible sheaf L over ~Y , the functor

Φj_∗(L ⊗ p^∗(·)) : D^b_{coh}(Y ) −→ D^b_{coh}( ~X)

is full and faithful. Proof.

Let us verify the hypothesis i) and ii) of the theorem 1.1 . For a point y ∈ Y the image Φ(O_y) is the structure sheaf of the corresponding p -fibre (regarded as a sheaf on ~X ). Since p -fibres over distinct points are disjoint the orthogonality condition i) of the theorem 1.1 follows.

Now let us consider the structure sheaf O_F of a single p -fibre F ⊂ ~X . One has the spectral sequence:

E^{i,j}_2 = H^i(F, Λ^j N_{~X/F} ) = H^i( ~X, Ext^j_{~X} (O_F , O_F )) =⇒ Ext^{i+j}_{~X} (O_F , O_F ).

For the normal bundle N_{~X/F} one has the exact sequence:

0 → N_{~Y /F} → N_{~X/F} → N_{~X/ ~Y} |_F → 0.

Obviously, the normal bundle N_{~Y /F} is trivial, while

N_{~X/ ~Y} |_F = O(Y )|_F = O(−1).

Since F is a projective space and since there are no extension groups between O(−1) and O on a projective space, it follows that the above short exact sequence splits. Then the spectral sequence gives conditions ii) of the theorem 1.1 . This proves the proposition.

Lemma 3.3 Let j : D → Z be the embedding of a smooth divisor in a smooth algebraic variety Z of dimension n . Consider for an object A ∈ D^b_{coh}(D) an exact triangle with the canonical second morphism:

A → j^∗j_∗A → A

Then A ≃ A ⊗ O_D(−D)[1] .

Proof. The functor j_∗ coincides with Φ_E (in notation of ch.1), where E = O_G is the structure sheaf of the graph subvariety G for j in D × Z . The adjoint functor j^∗ is isomorphic to Ψ_E′ , where E^′ = O_G .

By proposition 1.4 in order to calculate j^∗j_∗ one has to find p_{13∗}(p_{23}^∗O_G ⊗ p_{12}^∗O_G) , where p_{ij} are the projections from the product D × Z × D along the k -th component, where {ijk} = {123} .

Note that p_{12}^∗O_G = O_{G×D}; p_{23}^∗O_G = O_{D×G}, where G × D and D × G are regarded as subvarieties in D×Z ×D of codimension n . These varieties intersect along the subvariety, which is the image of the morphism (id, j, id) : D → D × Z × D . It is of codimension 2n − 1 , hence a non-transversal intersection.

Fortunately, both G × D and D × G lie in the image of Δ_3 : D^3 → D × Z × D , where they meet transversally.

This helps to compute H^i(O_{G×D} ⊗ O_{D×G}) . Indeed, one can consider the tensor product O_{G×D} ⊗ O_{D×G} as the restriction of O_{D×G} to G × D . Restricting first to the divisor D^3 , we obtain:

L^0Δ^∗_3O_{D×G} = O_{D×G}, L^1Δ^∗_3O_{D×G} = O_{D×G}(−D^3), L^iΔ^∗_3O_{D×G} = 0, for i > 1.

Then restriction to G × D ⊂ D × Z × D and projection along Z give that the complex K = p_{13∗}(p_{23}^∗O_G ⊗ p_{12}^∗O_G) ∈ D^b_{coh}(D × Z) has only two cohomology sheaves. Namely, H^0(K) = O_Δ, H^{−1}(K) = O_Δ ⊗ π^∗O(−D).

Therefore one has the exact triangle

O_Δ ⊗ π^∗O(−D)[1] → K → O_Δ.

Applying functors, corresponding to objects from this triangle to arbitrary A ∈ D^b_{coh}(D) one gets the proof.

Denote by D(X) the full subcategory of D^b_{coh}( ~X) which is the image of D^b_{coh}(X) with respect to the functor π^∗ and by D(Y )_k the full subcategories of D^b_{coh}( ~X) which are the images of D^b_{coh}(Y ) with respect to the functors j_∗(O_{~Y} (k) ⊗ p^∗(·)) .

Proposition 3.4 The sequence � D(Y )_{−r+1}, ..., D(Y )_{−1}, D(X) � is a semiorthogonal sequence of admissible subcategories in D^b_{coh}( ~X) . Proof. 1). Let j_∗A ∈ D(Y )_k and j_∗B ∈ D(Y )_m with r − 2 ≥ k − m > 0 .

That means A = p^∗A^′ ⊗ O_{~Y} (k), B = p^∗B^′ ⊗ O_{~Y} (m), (22) for some A^′, B^′ ∈ D^b_{coh}(Y ) .

We have an exact triangle:

Ā −→ j^∗j_∗A −→ A, (23) and by lemma 3.3 an isomorphism Ā ∼= A ⊗ O_{~Y} (1)[1].

Furthermore,

Hom(A , B) ∼= Hom(p^∗A^′ ⊗ O_{~Y} (k) , p^∗B^′ ⊗ O_{~Y} (m)) ∼= Hom(p^∗A^′ , p^∗B^′ ⊗ O_{~Y} (m − k)) ∼= Hom(A^′ , p_∗(p^∗B^′ ⊗ O_{~Y} (m − k))) ∼= Hom(A^′ , B^′ ⊗ p_∗O_{~Y} (m − k)).

From vanishing of p_∗O_{~Y} (−n) = 0 , with r − 1 ≥ n > 0 we obtain: Hom(A , B) = 0.

Analogously Hom(Ā , B) = 0.

Then, triangle (23) gives Hom(j_∗A , j_∗B) = 0.

This proves semiorthogonality for the sequence of the subcategories � D(Y )_{−r+1}, ..., D(Y )_{−1} � . 2). If π^∗A ∈ D(X) and j_∗B ∈ D(Y )_m for −r + 1 ≤ m ≤ −1 with B being of the form (22), then Hom(π^∗A , j_∗B) ∼= Hom(A , π_∗j_∗B) ∼= Hom(A , i_∗p_∗B) = 0.

This is equal to zero, because p_∗B = p_∗(p^∗B^′ ⊗ O_{~Y} (m)) = B^′ ⊗ p_∗O_{~Y} (m) = 0 .

Theorem 3.5 In the above notations, the semiorthogonal sequence of admissible subcategories � D(Y )_{−r+1}, ..., D(Y )_{−1}, D(X) �

generates the category D^b_{coh}( ~X) . Proof. See [O].

This theorem gives a semiorthogonal decomposition of the derived category D^b_{coh}( ~X) on a blow-up ~X . It was used in [O] for constructing a full exceptional sequence in D^b_{coh}( ~X) , starting from such sequences on X and Y .

Now we explore the behaviour of the derived categories of coherent sheaves with respect to simplest flip and flop transformations.

Let Y be a smooth subvariety of a smooth algebraic variety X such that Y ∼= P^k and N_{X/Y} ∼= O_Y (−1)^{⊕(l+1)} with l ≤ k .

If now ~X is a blow-up of X along Y , then exceptional divisor ~Y ∼= P^k × P^l is isomorphic to the product of projective spaces. This allows us to blow down ~X in such a way that ~Y projects to the second component P^l of the product. As a result we obtain a smooth variety X^+ , which for simplicity reason we assume to be algebraic, with subvariety Y^+ ∼= P^l . This situation is depicted in the following diagram:

�

� �

� � � � � � p j p^+

� � � � � �

~Y

~X

X X^+

Y Y^+ i π π^+ i^+ � fl The birational map X −→ X^+ is a simple example of flip, for l < k , and flop, for l = k , transformations.

One can easily calculate that for the restriction O_{~X} (~Y ) � �_{~Y} there exists an isomorphism O_{~X} (~Y ) � �_{~Y} ∼= O(−1) ⊠ O(−1), where O(−1) ⊠ O(−1) := p^∗O_Y (−1) ⊗ p^{+∗}O_Y + (−1) . For subsequent calculations we need the formula for the canonical sheaf ω_{~X} of the blow-up. ω_{~X} ∼= π^∗ω_X ⊗ O_{~X} (l ~Y ).

Further, by the adjunction formula we know that ω_X � �_Y ∼= ωY ⊗ Λ^{l+1}N^∗_{X/Y} ∼= OY (l − k).

Combining these facts we conclude that

ω_{~X} � �_{~Y} ∼= (π^∗ωX ⊗ O ~_X (l ~Y )) � �_{~Y} ∼= p^∗(ωX � �_Y ) ⊗ O ~_X (l ~Y ) � �_{~Y} ∼= O(−k) ⊠ O(−l).

Next is the main theorem of this section.

Theorem 3.6 In the above notations, the functor π_∗π^{+∗} : D^b_{coh}(X^+) −→ D^b_{coh}(X) is full and faithful.

Proof. We have to show that for any pair of objects A, B ⊂ D^b_{coh}(X^+) there is an isomorphism Hom(π_∗π^{+∗}A , π_∗π^{+∗}B) ∼= Hom(A , B).

For the left hand side we have a canonical isomorphism Hom(π_∗π^{+∗}A , π_∗π^{+∗}B) ∼= Hom(π^∗π_∗π^{+∗}A , π^{+∗}B). (24) Consider an exact triangle:

π^∗π_∗π^{+∗}A −→ π^{+∗}A −→ Ā. (25) Applying to it the functor Hom(· , π^{+∗}B) we find that if Hom(Ā , π^{+∗}B) = 0, (26) then the right hand side of (24) is isomorphic to Hom(π^{+∗}A , π^{+∗}B) . Since π^+ is an instance of a blow up morphism, by proposition 3.1 we have an isomorphism:

Hom(π^{+∗}A , π^{+∗}B) ∼= Hom(A , B).

Hence we need to check (26).

Again by proposition 3.1 π^∗ is full and faithful, or, in other words, π_∗π^∗ is isomorphic to the identity functor. Applying this isomorphism to the object π_∗π^{+∗}A , we get the first morphism from the exact triangle, obtained by application of functor π_∗ to triangle (25):

π_∗π^∗π_∗π^{+∗}A^∼−→ π_∗π^{+∗}A −→ π_∗Ā.

Therefore, π_∗Ā = 0 . Consequently, for any object C ∈ D^b_{coh}(X^+) Hom(π^∗C , Ā) = 0 , i.e. Ā ∈ D(X)^⊥ .

Recall that by theorem 3.5

D(X)^⊥ = � D(Y )_{−l}, ..., D(Y )_{−1} �

is a semiorthogonal decomposition of the category D(X)^⊥ . The notations D(Y )_{−k} are fixed before proposition 3.4 .

If we choose full exceptional sequences in each D(Y )_{−i} , then gathering them together we obtain a full sequence in D(X)^⊥ . The following one will be convinient for us:

D(X)^⊥ = � j_∗(O(−k) ⊠ O(−l)), ... .... j_∗(O ⊠ O(−l)), j_∗(O(−k + 1) ⊠ O(−l + 1)), ... .... j_∗(O(1) ⊠ O(−l + 1)), ................ ... ... .............. j_∗(O(−k + l − 1) ⊠ O(−1)), ... ... j_∗(O(−l − 1) ⊠ O(−1)) �

Let us divide this sequence in two parts A and B , such that

D(X)^⊥ = � B, A �

be a semiorthogonal decomposition for D(X)^⊥ with A and B being the subcategories generated by j_∗(O(i)⊠O(s)) with i ≥ 0 and i < 0 respectively. If 1 ≤ i ≤ k and 1 ≤ s ≤ l then the object j_∗(O(−i)⊠O(−s)) belongs to simultaneously D(X)^⊥ and D(X^+)^⊥ . Therefore, applying the functor Hom with the target in this object to exact triangle (25) we obtain:

Hom(Ā , j_∗(O(−i) ⊠ O(−s))) = 0, for 1 ≤ i ≤ k and 1 ≤ j ≤ l.

Since Ā ∈ D(X)^⊥ , it immediately follows that Ā ∈ A . Further, we notice that A ⊗ ω_{~X} ∈ D(X^+)^⊥ , because ω_{~X} � �_{~Y} ∼= O(−k) ⊠ O(−l) and l ≤ k . Therefore, for B ∈ D^b_{coh}(X^+) Hom(π^{+∗}B , Ā ⊗ ω_{~X} ) = 0.

Hence by Serre duality (26) follows. This proves the theorem.

Remark. For the case of flop ( l = k ) the functor π_∗π^{+∗} is an equivalence of triangulated categories.

Now we investigate more carefully 3-dimensional flops.

Let f : X −→ Y be a proper birational morphism between compact threefolds, which blow down only an indecomposable curve C . Assume that X is smooth and C · K_X = 0 . Then C ∼= CP^1 and N_{X/C} is equal to either O(−1) ⊕ O(−1) or O ⊕ O(−2) , or O(1) ⊕ O(−3) (see, e.g. [CKM]). There exists in this situation a smooth compact threefold X^+ (which again for simplicity reason suppose to be algebraic) with a curve C^+ ⊂ X^+ and with a morphism f^+ : X^+ −→ Y , which blows down only the curve C^+ , and with birational, but not biregular, map g : X �X^+ , which is embedded in the commutative triangle

� � � � � � Y

X X^+

f^+ f � g

Such X^+ is unique (see [Ko]). Birational map g is called flop; g induces isomorphism X \ C^∼→ X^+ \ C^+ . Let us remark that the curve C^+ also has trivial intersection with K_X+ and its normal bundle is of the same kind as the one on C .

If the curve C has the normal bundle either of the first or of the second kind, i.e., isomorphic to O(−1) ⊕ O(−1) or O ⊕ O(−2) , then, following M. Reid [R], we call it (−2) -curve.

We are going to prove that if X and X^+ are related by flop with (−2) -curve, then D^b_{coh}(X) is equivalent to D^b_{coh}(X^+) .

This supplies the following Conjecture. If two smooth varieties are related by flop, then the derived categories of coherent sheaves on them are equivalent as triangulated categories.

Comment. By [Ko] any birational transformation between two 3-dimensional Calabi–Yau varieties can be decomposed in a sequence of flops. Therefore the conjecture would imply equivalence of the derived categories of any two birationally isomorphic 3-dimensional Calabi–Yau’s.

Let us remark that there exist examples of flops on threefolds with the normal bundle N_{X/C} = O(1) ⊕ O(−3) .

Consider a smooth compact threefold X with a curve C ∼= CP^1 , which is a (−2) -curve. Then there exist a flop X �X^+ . It is known an explicit decomposition for it in the so called ‘pagoda’ of M. Reid:

� � � � �

�

�

�

�

� �

�

�

� � � � � π^+_1

π^+_0 π_n π^+_n

E → ~X

E_n → X_n

E_1 → X_1

X = X_0

X^+_n ← E^+_n

X^+_1 ← E^+_1

X^+_0 = X^+

π_0 π_1

Here X_1 is a blow-up of X in a curve C , E_1 the exceptional divisor of this transformation, which is isomorphic to F_2 . The exceptional section S_1 → E_1 also is a (−2) -curve on X_1 , so X_2 is the blow-up of X_1 in S_1 and so on. Finally we obtain a threefold X_n with a divisor E_n ≃ F_2 and with the section S_n , such that N_{Xn/Sn} = O(−1) ⊕ O(−1) . The blow-up of X_n in S_n is a threefold ~X with the exceptional divisor E ≃ P^1 × P^1 . Contracting it in the other direction we obtain X^+_n . Further, contracting one-by-one the proper transforms of divisors E_n, . . . , E_1 we break our way through to a threefold X^+ . See detals in the original paper [R].

All maps X_i �X^+_i are flops too. We are going to proceed by induction on the length of the ‘pagoda’.

Denote by π_i the birational morphisms X_{i+1} −→ X_i and by Π_i the morphisms ~X −→ X_i obtained by composition. Similarly (by π^+_i and Π^+_i ) for the right side of the ‘pagoda’. By proposition 3.1 the pull back functor for a blowing up is full and faithful, therefore the derived categories D^b_{coh}(X_i) and D^b_{coh}(X^+_i ) can be identified with the full admissible subcategories in D^b_{coh}( ~X) . Denote them D(X_i) and D(X^+_i ) respectively. We have two filtrations on D^b_{coh}( ~X) :

D(X_0) ⊂ D(X_1) ⊂ . . . ⊂ D(X_n) ⊂ D^b_{coh}( ~X),

D(X^+_0 ) ⊂ D(X^+_1 ) ⊂ . . . ⊂ D(X^+_n ) ⊂ D^b_{coh}( ~X).

Denote A_i (resp., A^+_i ) the right orthogonal to D(X_i) (resp., D(X^+_i ) ), i.e. A_i = D(X_i)^⊥, A^+_i = D(X^+_i )^⊥. Denote B_i the common part of A_i and A^+_i , i.e. the full subcategory, consisting of the objects, which are right orthogonal to D(X_i) and to D(X^+_i ) .

Proposition 3.7 In the above notations one has

i) B_i are admissible subcategories ii) there exists a semiorthogonal decomposition of the categories A_i and A^+_i in pairs of admissible subcategories

A_i = � B_i, C_i � A^+_i = � D_i, B_i � , such that D_i = C_i ⊗ ω_{~X} (i.e. subcategory D_i consists of those objects, which are twists by the canonical sheaf ω_{~X} of the objects from C_i ).

Proof. We use induction by the length of the ‘pagoda’. The base of the induction is a flop in a curve with normal bundle O(−1) ⊕ O(−1) .

In our notations we have the subcategories D(X_n) and D(X^+_n ) . Moreover, we can choose the following decompositions for A_n and A^+_n (theorem 3.5 )

A_n = � O_E(−l^′ − l^{′′}), O_E(−l^{′′}) � , A^+_n = � O_E(−l^′ − 2l^{′′}), O_E(−l^′ − l^{′′}) � , where l^′ and l^{′′} are fibres of the projections of E to S_n and S^+_n respectively. It follows that B_n is a subcategory generated by one exceptional object O_E(−l^′ − l^{′′}) , hence admissible, and C_n and D_n are also generated by one object O_E(−l^{′′}) and O_E(−l^′2 − l^{′′}) respectively.

We have the formula for the restriction of ω_{~X} to E :

ω_{~X} |_E = O(−l^′ − l^{′′}).

It follows that D_n = C_n ⊗ ω_{~X} .

Now suppose that for i > 0 we have already proved that B_i are admissible, and that A_i and A^+_i have semiorthogonal decompositions

A_i = � B_i, C_i � and A^+_i = � D_i, B_i �

with D_i = C_i ⊗ ω~_X . Let us prove it for i = 0 .

Again by theorem 3.5 we have the decomposition

D(X_1) = � Π^∗_1O_{E1} (−s_1 − 2l_1), Π^∗_1O_{E1} (−s_1 − l_1), D(X_0) � , where s_1 is the class of the exceptional section of E_1 ≃ F_2 and l_1 is a fibre. The decomposition for A_0 follows:

A_0 = � A_1, Π^∗_1O_{E1} (−s_1 − 2l_1), Π^∗_1O_{E1} (−s_1 − l_1) � . Now we shall show that

Π^∗_1O_{E1} (−s_1 − 2l_1) = Π^{+∗}_1 O_E+_1 (−s^+_1 − 2l^+_1 ).

There exists an exact sequence on X_1 :

0 −→ O_{E1} (−s_1 − 2l_1) −→ O_{E1} −→ O_Γ −→ 0,

where Γ is a curve from the linear system |s_1 + 2l_1| on E_1 . The main point here is that Γ ∩ S_1 = ∅ , i.e. Γ does not intersect with the locus for the blowing up of X_1 . Therefore Π^∗_1O_Γ ∼= Π^{+∗}_1 O_Γ (we identify the curve Γ with its proper transform on X^+_1 ).

Moreover, Π^∗_1O_{E1} = O_Z , where Z =

�_n i=1 E_i � E , i.e. O_Z = Π^{+∗}_1 O_E+_1 . Again using the fact that the pull back functor for a blowing up is full and faithful, we immediately obtain

Π^∗_1O_{E1} (−s_1 − 2l_1) = Π^{+∗}_1 O_E+_1 (−s^+_1 − 2l^+_1 ). (27)

Consider again the decomposition for A_0 :

A_0 = � A_1, Π^∗_1O_{E1} (−s_1 − 2l_1), Π^∗_1O_{E1} (−s_1 − l_1) � = = � B_1, C_1, Π^∗_1O_{E1} (−s_1 − 2l_1), Π^∗_1O_{E1} (−s_1 − l_1) � . For any object C ⊂ C_1 one has:

Hom(C , Π^∗_1O_{E1} (−s_1 − 2l_1)) ∼= Hom(Π^∗_1O_{E1} (−s_1 − 2l_1) , C ⊗ ω~_X [3])^∗ ∼=

∼= Hom(Π^{+∗}_1 O_{E+1} (−s^+_1 − 2l^+_1 ) , C ⊗ ω_{X̃} [3])^∗ = 0.

The last equation is due to the fact that C ⊗ ω~_X ∈ D_1 , i.e. it belongs to D(X^+_1 )^⊥ .

Therefore, the subcategory C_1 and the object Π^∗_1O_{E1} (−s_1 − 2l_1) are both sides mutually orthogonal. This means that we can exchange their positions in the semiorthogonal decomposition

A_0 = � B_1, Π^∗_1O_{E1} (−s_1 − 2l_1), C_1, Π^∗_1O_{E1} (−s_1 − l_1) � . It follows from (27) that the object Π^∗_1O_{E1} (−s_1 − 2l_1) is orthogonal from the right to both D(X_0) and D(X^+_0 ) .

Therefore, we have the semiorthogonal decomposition for B_0 :

B_0 = � B_1, Π^∗_1O_{E1} (−s_1 − 2l_1) � , hence B_0 is admissible.

For C_0 we have the decomposition:

C_0 = � C_1, Π^∗_1O_{E1} (−s_1 − l_1) � . Now let us consider a subcategory A^+_0 . We can choose the following decomposition for it A^+_0 = � A^+_1 , Π^{+∗}_1 O_E+_1 (−s^+_1 − 3l^+_1 ), Π^{+∗}_1 O_E+_1 (−s^+_1 − 2l^+_1 ) � = = � D_1, B_1, Π^{+∗}_1 O_E+_1 (−s^+_1 − 3l^+_1 ), Π^{+∗}_1 O_E+_1 (−s^+_1 − 2l^+_1 ) � . Now we shall show that

Π^{+∗}_1 O_E+_1 (−s^+_1 − 3l^+_1 ) ∼= Π^∗_1O_{E1} (−s_1 − l_1) ⊗ ω~_X . (28)

It follows from here that:

first, the objects B_1 and Π^{+∗}_1 O_E+_1 (−s^+_1 −3l^+_1 ) are both sides mutually orthogonal. Therefore, one can exchange their positions in the decomposition for A^+_0 , because for any object B ∈ B_1

Hom(B , Π^{+∗}_1 O_E+_1 (−s^+_1 − 3l^+_1 )) ∼= Hom(Π^∗_1O_{E1} (−s_1 − l_1)[−3] , B)^∗ = 0.

second, for D_0 one has the decomposition

D_0 = � D_1, Π^{+∗}_1 O_E+_1 (−s^+_1 − 3l^+_1 ) � . This implies that D_0 = C_0 ⊗ ω~_X , because for D_1 we have such decomposition by induction, hence (28) allows us to claim this for D_0 .

Thus, the proof of the proposition follows from the

Lemma 3.8 In the above notations one has:

Π^{+∗}_1 O_E+_1 (−s^+_1 − 3l^+_1 ) ∼= Π^∗_1O_{E1} (−s_1 − l_1) ⊗ ω~_X .

Proof. Standart calculations for blow-ups give that the restriction of ω_{X1} to E_1 is an invertible sheaf O_{E1} (−s_1 − 2l_1) . Further, Π^∗_1ω_{X1} ∼= Π^{+∗}_1 ω_X+_1 , because ω~_X ∼= Π^∗_1ω_{X1} ⊗ O~_X (2E_2 + · · · 2E_n + E) and ω~_X ∼= Π^{+∗}_1 ω_X+_1 ⊗ O~_X (2E_2 + · · · 2E_n + E) (we denote by common letter E_i the exceptional divisor on X_i as well as its proper transforms on X_{i+1}, ..., ~X ).

One has O_{E1} (−s_1 − l_1) = O_{E1} (l_1) ⊗ ω_{X1} , O_E+_1 (−s^+_1 − 3l^+_1 ) = O_E+_1 (−l^+_1 ) ⊗ ω_X+_1 .

Therefore, it is sufficient to show that Π^{+∗}_1 O_E+_1 (−l^+_1 ) ∼= Π^∗_1O_{E1} (l_1) ⊗ ω~_X .

This fact we shall prove also by induction on the length of the ‘pagoda’. The base of the induction: Consider X_n and O_{En} (l_n) . Then for Π^∗_nO_{En} (l_n) we have the exact sequence:

0 −→ O_{En} (−s_n + l_n) −→ Π^∗_nO_{En} (l_n) −→ O_E(l^′) −→ 0. Let us twist it by ω~_X . We know that ω~_X ∼= Π^∗_nω_{Xn} ⊗ O~_X (E), and ω_{Xn} � �_{En} = OE_n (−sn − 2ln), O~_X (E) � �_{En} = OE_n (sn), ω~_X = O_E(−l^′ − l^{′′}).

Therefore

0 −→ O_{En} (−s_n − l_n) −→ Π^∗_nO_{En} (l_n) ⊗ ω_{~X} −→ O_E(−l^{′′}) −→ 0. From the other hand, for Π^{+∗}_n O_E+_n (−l^+_n ) we have the short exact sequence 0 −→ O_E+_n (−s^+_n − l^+_n ) −→ Π^{+∗}_n O_E+_n (−l^+_n ) −→ O_E(−l^{′′}) −→ 0.

Keeping in mind that E^+_n = E_n on ~X and that Ext^1(O_E(−l^′) , O_E(−s_n − l_n)) is one dimensional we conclude that Π^∗_nO_{En} (l_n) ⊗ ω_{~X} ∼= Π^{+∗}_n O_E+_n (−l^+_n ).

To make one step of the induction is in this case practically the same as to check the base of the induction. Namely, for π^∗_1O_{E1} (l_1) one has the short exact sequence on X_2 :

0 −→ O_{E1} (−s_1 + l_1) −→ π^∗_1O_{E1} (l_1) −→ O_{E2} (l_2) −→ 0. Lifting it up to ~X and twisting by ω_{~X} one obtains:

0 −→ O_{E1} (−s_1 − l_1) −→ Π^∗_1O_{E1} (l_1) ⊗ ω_{~X} −→ Π^∗_2O_{E2} (l_2) ⊗ ω_{~X} −→ 0. (we use here the fact that E_1 ∩ E_2 = ∅ , for i > 2 ).

By hypothesis of the induction Π^∗_2O_{E2} (l_2) ⊗ ω_{~X} ∼= Π^{+∗}_2 O_E+_2 (−l_2), and the sheaf O_{E1} (−s_1 − l_1) coincides with O_E+_1 (−s^+_1 − l^+_1 ) . Using as above that Ext^1(Π^∗_2O_E+_2 (−l_2) , O_E+_1 (−s^+_1 − l^+_1 )) is of dimension 1, we obtain: Π^∗_1O_{E1} (l_1) ⊗ ω_{~X} ∼= Π^{+∗}_1 O_E+_1 (−l_1).

This proves the lemma and, consequently, proposition 3.7 . Theorem 3.9 The functor Π_∗Π^{+∗} : D^b_{coh}(X^+) −→ D^b_{coh}(X) is an equivalence of triangulated categories.

Proof. Let us consider two objects A, B ∈ D^b_{coh}(X^+) , then we have: Hom(Π_∗Π^{+∗}A , Π_∗Π^{+∗}B) ∼= Hom(Π^∗Π_∗Π^{+∗}A , Π^{+∗}B).

There exists an exact triangle: Π^∗Π_∗Π^{+∗}A −→ Π^{+∗}A −→ Ā.

Since by proposition 3.1 Π_∗Π^∗ is isomorphic to the identity functor on D^b_{coh}(X) , one can easily see that Ā ∈ D(X)^⊥ . Moreover the group of the homomorphisms from Ā to any object of the subcategory B_0 is trivial, for so are the groups of the homomorphisms from the other members of the exact triangle. Therefore Ā ∈ C .

It follows that

Hom(Ā , Π^{+∗}B) ∼= Hom(Π^{+∗}B , Ā ⊗ ω~_X [3])^∗ = 0,

because Ā ⊗ ω~_X ∈ D ⊂ D(X^+)^⊥ .

Therefore,

Hom(Π_∗Π^{+∗}A , Π_∗Π^{+∗}B) ∼= Hom(Π^{+∗}A , Π^{+∗}B) ∼= Hom(A , B).

The latter isomorphism is due to fully faithfulness of Π^{+∗} (by proposition 3.1 ).

This proves that Π_∗Π^{+∗} is full and faithful.

Now suppose that Π_∗Π^{+∗} is not an equivalence. Then Π_∗Π^{+∗}D^b_{coh}(X^+) is a full subcategory in D^b_{coh}(X) . It is admissible, that is, there exists a non–zero left orthogonal to it.

Let Z ∈^⊥Π_∗Π^{+∗}D^b_{coh}(X^+) be a non–zero object. Then

Hom(Z , Π_∗Π^{+∗}A) = 0 for any A ∈ D^b_{coh}(X^+).

It follows that

Hom(Π^{+∗}A , Π^∗Z ⊗ ω~_X [3])^∗ ∼= Hom(Π^∗Z , Π^{+∗}A) ∼= Hom(Z , Π_∗Π^{+∗}A) = 0,

i.e. Π^∗Z ⊗ ω~_X ∈ A^+_0 = ⟨D_0, B_0⟩ . Let K ∈ D_0 , then K = K^′ ⊗ ω~_X with K^′ ∈ C_0 . Further, Hom(Π^∗Z ⊗ ω~_X , K) ∼= Hom(Π^∗Z , K^′) = 0, as K^′ ∈ C_0 ⊂ D(X)^⊥ .

It follows that Π^∗Z ⊗ω~_X ∈ B_0 ⊂ D(X)^⊥ , in other words, for every M ∈ D^b_{coh}(X)

Hom(Π^∗M , Π^∗Z ⊗ ω~_X ) = 0.

From the other hand, by Serre duality one has:

Hom(Π^∗Z[−3] , Π^∗Z ⊗ ω~_X ) ∼= Hom(Π^∗Z , Π^∗Z)^∗ ≠ 0.

This proves that^⊥Π_∗Π^{+∗}D^b_{coh}(X^+) is zero. Therefore Π_∗Π^{+∗} is an equivalence of categories.

Remark. The theorem on existence of flip is valid only in the category of Moishezon varieties. Though we have considered here only algebraic varieties, all the same works with minor changes in the Moishezon case.

References

[Bar] V. Baranovskii, Cohomology ring of moduli space of stable bundles with odd determinant, Izv. RAN, Ser. Mat., v.58 (1994), no.4, 204-210 (in Russian).

[BBD] A. A. Beilinson, J. Bernstein, P. Deligne, Faisceaux pervers, Astérisque 100(1982).

[Bo] A. I. Bondal, Representations of associative algebras and coherent sheaves, Izv.

Akad. Nauk SSSR Ser.Mat. 53 (1989), pp.25-44; English transl. in Math. USSR Izv. 34 (1990).

[BK] A. I. Bondal, M. M. Kapranov, Representable functors, Serre functors, and mutations, Izv. Akad. Nauk SSSR Ser.Mat. 53 (1989), pp.1183-1205; English transl. in Math. USSR Izv. 35 (1990), pp.519-541.

[CKM] H. Clemens, J. Kollár, S. Mori, Higher dimensional complex geometry, Astérisque 166 (1988).

[DR] U. V. Desale, S. Ramanan, Classification of vector bundles of rank 2 on hyperelliptic curves, Invent. Math., vol.38(1976),p.161-185.

[G] A. Grothendieck, Local cohomologies, Lecture Notes in Math., vol.41, Springer- Verlag, 1967.

[H] R. Hartshorne, Residues and duality, Lecture Notes in Math., vol.20, Springer- Verlag, 1966.

[Il] L. Illusie, Existence de Résolutions Globals. SGA6, Lecture Notes in Mathematics 225, Exposé 2.

[Ka] M. M. Kapranov, On the derived categories of coherent sheaves on some homogeneous spaces, Invent. Math. 92 (1988), pp.479-508.

[Ko] J. Kollár, Flops, Nagoya Math. J., 113 (1989), pp.14-36.

[Ma] Y. Manin, Correspondences, motives, and monoidal transformations, Mat. Sb., 77 n.4 (1968), pp.475–507 (russian).

[Mu1] S. Mukai, Duality between D(X) and D(X̂) with its application to Picard sheaves, Nagoya Math. J. 81 (1981), pp.153–175.

[Mu2] S. Mukai, On the moduli space of bundles on a K3 surface I, Vector bundles on algebraic varieties, Tata Institute of Fundamental Research, Oxford University Press, Bombay and London, 1987.

[O] D. O. Orlov, Projective bundles, monoidal transformations and derived categories of coherent sheaves, Izv. Akad. Nauk SSSR Ser.Mat. 56 (1992), pp.852-862; English transl. in Math. USSR Izv. 38 (1993), pp.133-141.

[R] M. Reid, Minimal models of canonical threefolds, Algebraic varieties and analitic varieties (S. Iitaka, ed.). Adv. Studies in Pure Math., v.1 (1983), Kinokuniya, Tokyo and North–Holland, Amsterdam, pp.131–180.

[R1] M. Reid, On the intersection of 2 or more quadrics, thesis Cambridge, 1973.