Proceedings of the Steklov Institute of Mathematics, Vol. 227, 1999, pp. 1{32. Translated from Trudy Matematicheskogo Instituta imeni V.A. Steklova, Vol. 227, 1999, pp. . Original Russian Text Copyright cfl 1999 by Mitidieri, Pohozaev. Copyright cfl by maik \nAUKA/Interperiodica" (Russia).

Nonexistence of Positive Solutions for Quasilinear Elliptic Problems on RN

E. Mitidieri^1 and S.I. Pohozaev^2

1. INTRODUCTION

The purpose of this paper is to prove some new nonexistence theorems for quasilinear elliptic equations and systems of quasilinear elliptic equations and inequalities on R^N , N ≥ 1. These theorems are proved by the method of integral relations; the comparison method and the maximum principle are not used.

The importance of nonexistence results in the theory of partial differential equations is well known and has its roots on the fundamental Liouville theorem for harmonic functions.

In the last twenty years a big deal has been devoted to prove the so-called “nonlinear Liouville theorems” for positive solutions of elliptic equations and systems (see, among other papers, [20, 21]). An important motivation to extend the “linear” Liouville theorems to nonlinear problems is that this kind of results can be used to prove existence results for the associated Dirichlet problem in bounded domain.^3 This is particularly useful if the problem under consideration is nonvariational (see, for example, [2, 3, 8, 11, 15]).

When dealing with superlinear or superhomogeneous problems in bounded domains, a method that can be used to prove the a priori bounds for positive solutions is the so called “blow-up method” (see [8, 15, 16]). This method relies on the application of the celebrated result due to Gidas and Spruck [17] concerning the absence of positive solutions for semilinear elliptic equations

on R^N .

In one of its simplest form this result can be stated as follows: Let N ≥ 3. If 1 < q <^{N+2}_{N−2} , then the problem

−Δu = u^q in R^N , u > 0 on R^N , u ∈ C^2(R^N )

(1.1)

has no solutions.

One of the interesting features of this important theorem is that no a priori information on the behavior of the possible solutions at infinity is needed.

1Dipartimento di Scienze Matematiche, Università degli Studi di Trieste, Piazzale Europa 1, 34100, Trieste, Italia. 2Steklov Institute of Mathematics, Moscow, Russia.

3Another reason for studying nonexistence results relies on the fact that they may be used for proving “blow-up” estimates for parabolic problems (see [9, 18, 19] and the references therein). 1

2 MITIDIERI, POHOZAEV

Indeed, it is not difficult to show that the result holds even for wider class of equations under suitable decay conditions on the possible solutions to (1.1) at infinity.^4

Another interesting fact is that the Gidas–Spruck result is sharp. This means that the statement does not hold for any q ≥^{N+2}_{N−2} . It easily follows from an ODE argument (see, for example, [12] and [28]) applied to radial solutions to (1.1) with q ≥^{N+2}_{N−2} . Indeed, if q =^{N+2}_{N−2} , the Sobolev minimizer

u(x) := k (1 + |x|^2)^N

�2_2 , x ∈ R^N ,

with a suitable normalization constant k > 0 is the unique solution to (1.1) with u(0) = k, while for q >^{N+2}_{N−2} problem (1.1) possesses a unique solution for every fixed u(0) > 0.

A natural question that we address in this paper is the following: Is it possible to prove quasilinear versions of the Gidas–Spruck theorem? The first result in this direction has been proved by M.F. Bidaut-Veron [4], for the problem with the p-Laplacian of the form (2.1) in an exterior domain. The technique used by Bidaut-Veron is very interesting and it consists in a reduction procedure within the class of radial solutions. To the authors knowledge, all other available results (see [10, 14, 23, 27–29]) deal with radial solutions.

Let us state more precisely the kind of problems that we will study in this paper.

Let A be a second-order differential operator in the divergence form and let f : R_+ → R_+ be a

given function. Find sufficient conditions on the pair (A , f) implying the nonexistence of positive solutions to

A (u) = f(u) in R^N , (1.2)

where u ∈ S. Here S is a suitable functional class that depends on the pair (A , f). Let us consider an important example (see [33]).

Let N ≥ 3, 1 < q <^{N+2}_{N−2} ,

− div ( Du √ 1 + |Du|^2 ) = u^q in R^N ,

u > 0 on R^N , u ∈ C^2(R^N ).

(1.3)

It is known [13] that, if we restrict our attention to radial solutions such that

0 < u(0) ≤ (q + 1)^{1q+1} ( N + 2 − q(N − 2) N + q + 1

)^1_{1+q} , (1.4)

then (1.3) has no solutions. It is still an open question to prove that (1.3) has no solutions without assuming (1.4).

4A simple assumption that readily gives the result via a variational identity [31] is u(x) ≤ C|x| �2_q�_1 ∀x ≠ 0.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 3

Now, if instead of (1.3) we consider the corresponding differential inequality

− div ( Du √ 1 + |Du|^2 ) ≥ u^q in R^N ,

u > 0 on R^N , u ∈ C^2(R^N ),

(1.5)

then, as a consequence of the method developed in this paper, the following result holds.

Theorem 1.1. Let one of the following assumptions be satisfied:

(i) q ≥ 0, N = 1, 2;

(ii) 1 < q ≤ N N − 2 , N ≥ 3. Then (1.5) has no solutions.^5

Moreover, if q >^N_{N−2} and ε > 0 is small, then u(x) = ε (1 + |x|^2)^{1q}�^1

, x ∈ R^N , (1.6)

is a solution to (1.5).

The main goal of this paper is to show that, under reasonable assumptions on the pair (A , f), sharp nonexistence theorems hold for the problem

A (u) ≥ f(u) in R^N ,

u ≥ 0, u ≢ 0 on R^N , u ∈ S. (1.7)

Let us say now about functional spaces of solutions. For differential inequalities, in contrast to the case of equations, there is no theory of regular solutions. This is a principal difference, and that is why the definition of the class of solutions plays an essensial role. It is easy to construct examples of differential inequalities where solutions exist in one functional class and do not in another.

In this paper, we systematically use the local Sobolev spaces with nonlinear nonnegative (or positive) weights of the kind u^α or (for systems) u^αv^β defined by parameter α ∈ R or α, β ∈

R, respectively. In noncoercive problems these parameters are nonpositive, in coercive ones—

nonnegative.

It is clear that the use of nonlinear weights is substantiated only if the corresponding integrals exist on bounded sets in R^N . In every particular case (theorem), these integrals are given explicitly, in the proofs. So, in nonexistence theorems we always assume that possible solutions lie in the local function space for which the corresponding integrals are defined. This is the meaning of the statement that a problem has no solutions in the corresponding class of locally bounded integrals.

This paper is organized as follows. In Section 2 we first study a model problem associated with the p-Laplacian operator and then discuss some generalizations. Section 3 deals with nonexistence results for a class of quasilinear inequalities involving (possibly) degenerate operators. In Section 4 we study a class of coercive inequalities and see how a simple modification of the method used in the

5If u ≥ 0, it is understood that u^0 ≡ 1.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

4 MITIDIERI, POHOZAEV

preceding sections can be used to prove nonexistence results in this case as well. Section 5 contains some extensions of the results of Section 2 to systems of quasilinear elliptic inequalities. We will study first a natural vector-valued version of Theorem 2.1 (see Section 2) to a (p, q)-Laplacian system and then present some generalizations to nonhomogeneous problems. Section 6 deals with quasilinear elliptic inequalities containing nonlinearities that strongly depend on the gradient of the solutions. We will first prove a nonexistence result for a model problem (see (6.3) below) and then indicate some extensions to more general elliptic inequalities.

Finally, in Sections 7 and 8 we analyze some systems of quasilinear inequalities with “weak” and “strong” coupling respectively.

Throughout this paper, all indefinite integrals are understood as taken on the support of a standard cut-off function φ that will be specified during the course; in addition, if u ≥ 0 we will understand that u^0 ≡ 1.

2. A MODEL PROBLEM AND SOME GENERALIZATIONS

The aim of this section is to illustrate the applications of our method by means of a simple example. Then, we will present some generalizations. Let us begin with specifying the functional class of solutions that we will consider throughout.

Let α < 0 be sufficiently small, p > 1 and q ≥ 0. We define S (see the Introduction) by

S := W^{1,p}_{α,loc}(R^N ) = { u: R^N → R_+ , u^{q+α}, |Du|^pu^{α−1} ∈ L^1_{loc}(R^N )^} ,

where D_iu, i = 1, . . . , N, are understood in the sense of distributions.

Our first result is the following Theorem 2.1. If either

(i) 0 < p − 1 < q ≤ N(p − 1) N − p and N > p, or

(ii) 0 ≤ q ≤ p − 1, p > 1 and N ≥ 1,

then the problem { − div(|Du|^{p−2}Du) ≥ u^q in R^N , u ≥ 0, u ≢ 0 on R^N (2.1)

has no solutions of class W^{1,p}_{α,loc}(R^N ).

Proof. We shall organize the proof in case when (i) holds in two steps. The first one deals with the case p − 1 < q <^{N(p−1)}_{N−p} , while in the second one we consider the critical case q =^{N(p−1)}_{N−p} .

First step. Let φ ∈ C^∞_0 (R^N ) be a standard cut-off function that we will specify later. Let α < 0 be a parameter (α will also be chosen later). Without loss of generality we may suppose that u > 0

on R^N (otherwise, we consider u_ε := u + ε and let ε ↓ 0 in the course). Multiplying (2.1) by u^αφ

and integrating by parts, we obtain ∫ u^{q+α}φ dx ≤ α ∫ |Du|^pu^{α−1}φ dx + ∫ |Du|^{p−2}(Du, Dφ)u^α dx ≤ α ∫ |Du|^pu^{α−1}φ dx + ∫ |Du|^{p−1}|Dφ|u^α dx PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 5

and, by the Young inequality with parameter ε > 0, ∫ u^{q+α}φ dx + |α| ∫ |Du|^pu^{α−1}φ dx ≤ ε^p(p − 1) p ∫ |Du|^pu^{α−1} dx + 1 pε^p ∫ u^{α+p−1} |Dφ|^p φ^{p−1} dx . (2.2)

By putting θ_ε = |α| −^{εp(p−1)}_p > 0 and θ^′_ε =^1_{εpp} , inequality (2.2) becomes ∫ u^{q+α}φ dx + θ_ε ∫ |Du|^pu^{α−1}φ dx ≤ θ^′_ε ∫ u^{α+p−1} |Dφ|^p φ^{p−1} dx . (2.3) Now, by choosing – > 1 such that^1– +^1–0 = 1 and applying again the Young inequality, we obtain c_ε ∫ u^{q+α}φ dx + θ_ε ∫ |Du|^pu^{α−1}φ dx ≤ θ^{′′}_ε ∫ u^{(α+p−1)}–φ dx + ~θ_ε ∫ |Dφ|p–0 φ^p–0^{−1} dx . (2.4) Choosing – =^{α+q}_{α+p−1} (note that it is possible by (i) and small α < 0) we get

θ_ε ∫ u^{q+α}φ dx + θ_ε ∫ |Du|^pu^{α−1} dx ≤ ~θ_ε ∫ |Dφ|p–0 φ^p–0^{−1} dx . (2.5) Next we estimate the term ∫ u^qφ dx. By multiplying (2.1) by φ and integrating by parts we find ∫ u^qφ dx ≤ ∫ |Du|^{p−2}(Du, Dφ) dx ≤ ∫ |Du|^{p−1}|Dφ| dx ≤ ∫ |Du|^{p−1}u^{(α} �1)(p�1)_p

φ^{1p} u^{(1}

�α)(p�1)_p φ^{− 1p} |Dφ| dx ≤ (∫ |Du|^pu^{α−1}φ dx )^p�^1_p (∫ u^{(1−α)(p−1)} |Dφ|^p φ^{p−1} dx )^1_p . (2.6)

By Hölder inequality with parameter a > 1 (^1_a +^1_a0 = 1), the last term can be estimated as ∫ u^qφ dx ≤ (∫ |Du|^pu^{α−1} dx )^p�^1_p (∫ u^{a(1−α)(p−1)}φ dx )^1_{ap} (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx )^1_a0_p . (2.7)

By choosing a such that a(1 − α)(p − 1) = q + α (note that this choice is also possible by (i) for q > p − 1) and combining (2.7) with (2.5), we obtain ∫ u^qφ dx ≤ ( ~ θ_ε θ_ε )^p�^1_p (∫ |Dφ|^p–0 φ^p–0^{−1} dx )^p�^1_p ( ~ θ_ε c_ε )^1_{ap} (∫ |Dφ|^p–0 φ^p–0^{−1} dx )^1_{ap} (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx )^1_a0_p

= C_ε (∫ |Dφ|^p–0 φ^p–0^{−1} dx )^p�^1_{p +}^1_{ap} (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx )^1_a0_p

, (2.8)

where C_ε = ( ~θ_ε cε ) 1_{ap} ( ~θ_ε θε ) p�1_p . Next we choose the function φ. Let ξ ∈ C^∞_0 (R) and

ξ(x) = ξ_0 ( |x| R ) , R > 0 , 0 ≤ ξ_0 ≤ 1 , (2.9)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

6 MITIDIERI, POHOZAEV

with ξ_0 ∈ C^∞(R_+ ) and

ξ_0(t) = { 1, 0 ≤ t ≤ 1, 0, 2 ≥ t. We define φ by φ := ξ^λ with λ chosen sufficiently large. With this choice of φ, by a standard change of variables, it follows from (2.8) that ∫ B_R u^q(x) dx ≤ ~CR^σ , (2.10)

where σ = (N − p–^′)(^{p−1}_p +^1_{ap} ) + (^{N−pa} 0_{pa} 0 ). Taking into account our choice of –^′ and a, we find σ = q(N − p) − N(p − 1) q − p + 1 . (2.11)

Since σ < 0, inequality (2.10) implies ∫ R^N u^q(x) dx = 0 .

This contradicts our assumption that u > 0 thereby concluding the proof in the case σ < 0.

Second step. We pass to the case q =^{N(p−1)}_{N−p} , i.e., σ = 0. By our choice of φ we have ∫ B_R φu^q(x) dx ≤ ∫ S(Dφ) |Du|^{p−1}|Dφ| dx

≤ ∫ S(Dφ) |Du|^pu^{(α−1)}φ dx p�1_p ∫ S(Dφ) u^{(1−α)(p−1)} |Dφ|^p φ^{p−1} dx 1 p

≤ ∫ S(Dφ) |Du|^pu^{(α−1)}φ dx p�1_p ∫ S(Dφ) u^{m(1−α)(p−1)}φ dx 1 pm ∫ S(Dφ) |Dφ|^{pm}0 φ^{pm}0^{−1} dx 1 pm0 ,

where^1_m +^1_m0 = 1 and S(Dφ) = supp(Dφ). By choosing m =^q_{(1−α)(p−1)} ≥ 1 (note that this is possible), using (2.5) and the definition of φ, we finally obtain ∫ B_R u^q dx ≤ C ∫ S(Dφ) |Dφ|^p–0 φ^p–0^{−1} dx p�1_p ∫ S(Dφ) |Dφ|^{pm}0 φ^{pm}0^{−1} dx ∫ R≤|x|<2R u^q dx dx 1 pm . (2.12)

Thus by the usual change of variable we get ∫ B_R u^q dx ≤ C_0R^τ ∫ R<|x|<2R u^q dx 1 pm , (2.13)

where, by taking into account that q =^{N(p−1)}_{p−1} , we have

τ = (N − p–^′) p − 1 p + N − pm^′ pm^′ = 0 .

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 7

By (2.10) we know that ∫

R^N u^q dx < ∞ . Inequality (2.13) implies that there exists a sequence {R_k} such that R_k → ∞ and lim_{k→∞} ∫ B_{Rk} u^q dx = 0 .

This completes the proof of the theorem in the case when (i) holds.

Next we consider case (ii). Let us first suppose that 0 ≤ q < p − 1. From (2.3) we know that ∫ u^{q+α}φ dx ≤ C (∫ u^{(α+p−1)}–φ dx ) 1– (∫ |Dφ|^p–0 φ^p–0^{−1} dx ) 1 –0 , (2.14)

where^1– +^1–0 = 1. Choosing α = q(N − p) − N(p − 1) < 0 (note that in this case α < 1 − p < −q due to the choice of α) and

– =^{q + α} α + p − 1 (> 1), we obtain ∫ u^{q+α}φ dx ≤ C ∫ |Dφ|p–0 φ^p–0^{−1} dx . (2.15) Now, proceeding as in the proof of the first step of case (i), we arrive at ∫ B_R u^{q+α} dx ≤ CR^{N−p}– 0

with N − p–^′ = N(q − p + 1) − pq − pα q − p + 1 < 0 . This completes the proof of case (ii) if the strict inequality in (ii) holds.

Suppose now that q = p − 1. By choosing α = 1 − p in (2.14) we get ∫ φ dx ≤ ~C ∫ |Dφ|p–0 φ^p–0^{−1} dx . Hence, R^N ≤ CR^{N−p} , which easily leads to a contradiction. �

As remarked in the Introduction, for some problems we are able to prove sharp results. This is the case for problem (2.1). Indeed, suppose that the second inequality in (i) of Theorem 2.1 does not hold, i.e., q > N(p − 1) N − p , N > p . It is very easy to verify that the function u defined by

u(x) := ε (1 + |x|^{pp}�^1 )^p

�1_q�_{p+1} , x ∈ R^N ,

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

8 MITIDIERI, POHOZAEV

is a positive solution of (2.1) provided that we choose ε such that 0 < ε < ( p q − p + 1 ) p�1_q�_{p+1} ( q(N − p) − N(p − 1) q − p + 1 )^1_q�_{p+1} . Let us now consider some generalizations of Theorem 2.1.

Let A: R_+ → R_+ be a given function and suppose that there exist c_1, c_2 > 0 and p > 1 such that we have c_1t^{p−1} ≤ A(t)t ≤ c_2t^{p−1} (2.16) for any t ≥ 0. The following result can be obtained by slightly adapting the proof of Theorem 2.1.

Theorem 2.2. Suppose that p > 1 and A satisfies (2.16). If either (i) p − 1 < q ≤ N(p − 1) N − p and N > p, or

(ii) 0 ≤ q ≤ p − 1 and N ≥ 1, then the problem − div(A(|Du|)Du) ≥ u^q in R^N , u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,p}_{α,loc}(R^N )

(2.17)

has no solutions.

Remark 2.1. It is not difficult to realize that, if the function A is a Caratheodory function such that for any (x, s, t) ∈ R^N × R_+ × R_+ we have c_1t^{p−1} ≤ A(x, s, t)t ≤ c_2t^{p−1} , (2.18) where c_1, c_2 > 0 and p > 1, the corresponding problem − div(A(x, u, Du)Du) ≥ u^q on R^N (2.19) has no solutions u ≥ 0, u ≢ 0 on R^N which belong to W^{1,p}_{α,loc}(R^N ) provided that (i) or (ii) of Theorem 2.2 are satisfied.

Another important class of operators that can be studied are the so-called “mean curvature type” operators.

Definition 2.1. Let A: R_+ → R_+ be a measurable function. Suppose that there exists C > 0 such that for any t ≥ 0 we have 0 < A(t) ≤ C . (2.20) Then the operator T defined by T u = div(A(|Du|)Du) , u ∈ W^{1,2}_{α,loc} , (2.21) is called a mean curvature type operator associated with the function A.

Some important examples are [28, 29] A(t) = 1 √ 1 + t^2

(mean curvature operator ), (2.22) A(t) = 1 (1 + |t|^k)^s

, k, s > 0 (generalized mean curvature operator ). (2.23)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 9

A slight modification of the proof of Theorem 2.1 gives the following result.

Theorem 2.3. Let A be a function satisfying (2.20). If either

(i) 1 < q ≤ N N − 2 , N > 2, or (ii) 0 ≤ q ≤ 1, N ≥ 1, then the problem − div(A(|Du|)Du) ≥ u^q in R^N , u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,2}_{α,loc}(R^N )

(2.24)

has no solutions.

Moreover, if A(t) =^{1√}_{1+t2} , N > 2, and q >^N_{N−2} , then the function u defined by

u(x) := ε (1 + |x|^2)^{1p}�^1 is a solution to (2.24) of class C^2(R^N ) provided that ε > 0 is chosen sufficiently small.

There are some other possible ways to generalize Theorem 2.1. A typical situation is when we replace the right-hand side of the inequality appearing in (2.19) with f(x, u) = a(x)u^q , x ∈ R^N , where a ≥ 0 is a function such that a(x) ≥ C_0|x|^γ ∀x: |x| ≥ R_0 ≥ 0 , γ ∈ R . (2.25) The following result can be proved by repeating the proof of Theorem (2.1).

Theorem 2.4. Let N > p > 1. Suppose that A and a satisfy, respectively, (2.18) and (2.25). If p − 1 < q ≤ (N + γ)(p − 1) N − p , (2.26)

then the problem − div(A(x, u, Du)Du) ≥ a(x)u^q in R^N , u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,p}_{α,loc}(R^N )

(2.27)

has no solutions.

Remark 2.2. The interested reader may formulate results similar to those of Theorem 2.4 when A generates an operator of mean curvature type, i.e., A satisfies (2.20) (see [26, 27]). Other possible generalizations can be obtained by considering the generating function A to be strongly dependent on its arguments. A simple example in this direction is given by A(x, u, Du) := |x|^{α1} |u|^{q1} |Du|^{p−2} . (2.28) PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

10 MITIDIERI, POHOZAEV

In this case the nonexistence theorem for the inequality { − div(A(x, u, Du)Du) ≥ a(x)u^q in R^N , u ≥ 0, u ≢ 0 (2.29)

will be formulated in terms of an algebraic condition involving N, α_1, q_1, p, γ, and q. We omit the details.

3. A GENERAL CLASS OF QUASILINEAR INEQUALITIES In this section we will consider the nonexistence problem for a general class of quasilinear inequalities (see [32] for a related study).

First we state some assumptions. By R_+ we denote the set of nonnegative real numbers. (i) Let N > 1 and A_i : R^N × R_+ × R^N → R_+ , i = 1, . . . , N, be Caratheodory functions. (ii) Let f : R^N × R_+ × R^N → R_+ be a Caratheodory function.

(iii) Let γ > 2 with γ ≥ N be given and suppose that there exists α < 0 (small) and C_α > 0 such that for any (x, u, ξ) ∈ R^N × R_+ × R^N we have C_αu^{2( γ}

�1+α_γ�_{2 )} A γ γ�2_0 (x, u, ξ) ≤ A(x, u, ξ) + uf(x, u, ξ) , (3.1) where A_0 and A are defined by A_0(x, u, ξ) := N∑ i=1 A_i(x, u, ξ) , (3.2)

A(x, u, ξ) := N∑ i=1 A_i(x, u, ξ)ξ^2_i . (3.3)

Before stating our main result, let us specify the functional class that we will consider throughout this section. This functional class is related to the parameter α (see (iii)) and A. X^A_α = { u: R^N → R, A(x, u, Du)u^{α−1} ∈ L^1_{loc}(R^N )^} ,

where D_iu are understood as distributions; X^f_α = { u ∈ X^A_α : f(x, u, Du)u^α ∈ L^1_{loc}(R^N ) } . Theorem 3.1. Suppose that the assumptions (i)–(iii) are satisfied. In addition suppose that for any (x, u, ξ) ∈ R^N × R_+ × R^N we have A(x, u, ξ) + uf(x, u, ξ) = 0 ⇒ u ≡ 0 . (3.4) Then the problem − N∑ i=1 D_iA_i(x, u, Du) D_iu ≥ f(x, u, Du) in R^N , u ≥ 0, u ≢ 0 on R^N (3.5)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 11

has no solutions that belong to X^f_α.

Proof. As in the preceding section, we will suppose that the possible solutions to (3.5) are positive on R^N . By choosing φ ∈ C^∞_0 (R^N ) as before and multiplying (3.5) by u^αφ with α < 0 (small), we obtain ∫ f(x, u, Du)u^αφ dx + |α| ∫ N∑ i=1 A_i(x, u, Du)|D_iu|^2u^{α−1} dx ≤ ∫ N∑ i=1 A_i(x, u, Du)(D_iu, D_iφ)u^α dx and then ∫ f(x, u, Du)u^αφ dx + |α| 2 ∫ A_0(x, u, Du)u^{α−1}φ dx ≤ 1 2|α| ∫ A_0(x, u, Du) |Dφ|^2 φ u^{α+1} dx . (3.6)

Using the Young inequality we can bound the integral that appears on the right-hand side of (3.6) as follows: ∫ A_0(x, u, Du)u^{α+1} |Dφ|^2 φ dx ≤ ( γ − 2 γ ) C_1 ∫ A_0(x, u, Du)^{γγ}�^2 u^{(α+1) γγ}�^2 φ dx + 2 γ C 2�γ_γ 1 ∫ |Dφ|γ φ^{γ−1} dx , (3.7)

where C_1 > 0 is an arbitrary constant.

Now, from our assumption (3.1) it follows that ( A_0(x, u, Du)u^{α+1} ) γ_γ�_2 u^{1−α} ≤ 1 C_α ( A(x, u, Du) + uf(x, u, Du) ) , (3.8)

hence ( A_0(x, u, Du)u^{α+1} ) γ_γ�_2 ≤ 1 C_α ( A(x, u, Du)u^{α−1} + f(x, u, Du)u^α ) , and thus from (3.7) we have ∫ A_0(x, u, Du)u^{α+1} |Dφ|^2 φ dx C γ�2_γ 1 C_α ∫ ( A(x, u, Du)u^{α−1} + uf(x, u, Du)u^α ) φ dx + 2C^2

�γ_2 1 γ ∫ |Dφ|γ φ^{γ−1} dx . (3.9)

Now we choose C_1 > 0, i.e., C_1 = γ 4(γ − 2) C_α|α|^2 . With this choice of C_1, from (3.6) it follows that |α| 4 ∫ ( A(x, u, Du) + uf(x, u, Du) ) u^{α−1}φ dx ≤ 2 γ C^2

�γ_2 1 ∫ |Dφ|γ φ^{γ−1} dx , (3.10) and, by the same reasoning as in the preceding section, from (3.10) ∫ B_R ( A(x, u, Du) + uf(x, u, Du) ) u^{α−1} ≤ C_γR^{N−γ} , (3.11)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

12 MITIDIERI, POHOZAEV

where C_γ > 0 is independent of R. Now, if N < γ, the last inequality implies ∫ R^N ( A(x, u, Du) + uf(x, u, Du) ) u^{α−1} dx = 0 ,

and then from (3.4) we conclude that u ≡ 0 on R^N . This completes the proof in the case N < γ.

If N = γ, then (3.11) implies ∫ B_R ( A(x, u, Du) + uf(x, u, Du) ) u^{α−1} dx ≤ C_1 , (3.12)

and by (3.9) ∫ B_R A_0(x, u, Du)u^{α+1} |Dφ|^2 φ dx ≤ C_1 (3.13)

uniformly for every R > 0. From (3.13) we deduce that lim_{S→∞} ∫ S≤|x| A_0(x, u, Du)u^{α+1} |Dφ|^2 φ dx = 0

and, consequently, lim_{R→∞} ∫ R 2 ≤|x| A_0(x, u, Du)u^{α+1} |Dφ|^2 φ dx = 0 .

Finally, by our choice of the test function φ we find ∫ B_R A_0(x, u, Du)u^{α+1} |Dφ|^2 φ dx = ∫ R 2 <|x|<R A_0(x, u, Du)u^{α+1} |Dφ|^2 φ dx −→ 0

as R → ∞. By using (3.6) this implies that lim_{R→∞} ∫ B_R ( A(x, u, Du)u^{α−1} + f(x, u, Du)u^α ) dx = 0 .

Thus from (3.4) we conclude that u ≡ 0 on R^N . This completes the proof of the theorem. �

4. COERCIVE PROBLEMS

In this section we will consider some applications of the technique developed in Sections 2 and 3 to a class of coercive problems. A simple example of coercive problem that has been studied in the literature is the following: Δu = a(x)u^q in R^N , u ≥ 0, u ≢ 0 on R^N , u ∈ C^2(R^N ),

(4.1)

where q > 1, N ≥ 3 and a: R → R_+ is a nonnegative function satisfying a(x) ≥ c_0|x|^{−γ} ∀x: |x| ≥ R_0 > 0 , c_0 > 0 , γ ∈ R . (4.2) PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 13

It is known (see, for example, [1, 37] and the references therein for some generalizations of this result weakening (4.2)) that (4.1) has no solutions if γ ≤ 2. An important tool used in the proof of results of this nature is the invariance of the operator Δ with respect to the “spherical mean operator” [1, 37]. It seems that this kind of invariance cannot be used in dealing with quasilinear versions of (4.1).

Other techniques are available for the study of nonexistence theorems for coercive quasilinear problems, but to the author’s knowledge all these methods are based on the maximum principle (see [22, 37]) reducing in this way the possibility to obtain nonexistence results for problems in which is possibly absent a maximum or a comparison principle.

In this section we prove some nonexistence results for quasilinear inequalities of the form (4.1). Let α > 0 be sufficiently large, p > 1, q > 0, and a: R^N → R_+ . We define S (see the Introduction) by

S := W^{1,p}_{α,loc}(R^N ) = { u: R^N → R, a(x)u^{q+α}, |Du|^pu^{α−1} ∈ L^1_{loc}(R^N )^} ,

where D_iu, i = 1, . . . , N, are understood in the sense of distributions.

Our main result is the following.

Theorem 4.1. Let N > p > 1 and q > p − 1. Suppose that A: R^N × R_+ × R^N → R_+ is a Caratheodory function satisfying condition (2.18). Let a: R^N → R_+ be such that a(x) ≥ c_0|x|^{−γ} ∀x ∈ R^N \ {0}, (4.3) where c_0 > 0 and γ < p.

Then the problem div (A(x, u, Du)Du) ≥ a(x)u^q in R^N , u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,p}_{α,loc}(R^N )

(4.4)

has no solutions.

Remark 4.1. It is not difficult to verify (see the proof of Theorem 4.1 below) that the same conclusion of Theorem 4.1 holds if instead of (4.3) we assume that “There exists R_0 > 0 such that for any |x| ≥ R_0 we have a(x) ≥ c_0|x|^{−γ} , (4.5) where c_0 > 0 and γ < p.

Proof of Theorem 4.1. We will strictly follow the idea of the proof of Theorem 2.1. Let α > 0, and suppose that u is a positive solution to (4.4). Let φ be a standard cut-off function (see Section 2). Multiplying (4.4) by u^αφ and integrating by parts, we obtain ∫ a(x)u^{α+q}φ dx ≤ −α ∫ A(x, u, Du)|Du|^2φ dx − ∫ A(x, u, Du)u^α(Du, Dφ) dx . Using (2.18) we find ∫ a(x)u^{q+α}φ dx + αc_1 ∫ |Du|^pu^{α−1} dx ≤ c_2 ∫ |Du|^{p−1}u^α|Dφ| dx . (4.6) PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

14 MITIDIERI, POHOZAEV

Applying the Young inequality with suitable ε > 0 to the right-hand side of (4.6), we deduce that (for some C_ε > 0) ∫ a(x)u^{q+α}φ dx ≤ C_ε ∫ u^{α+p−1} |Dφ|^p φ^{p−1} dx , and then ∫ a(x)u^{q+α}φ dx ≤ C_ε ∫ u^{α+p−1}a(x)^{1y} |Dφ|^p φ^{p−1} a(x)^{− 1y} dx , (4.7) where y > 1 has to be chosen.

Next from (4.7) it follows that ∫ a(x)u^{q+α}φ dx ≤ C_ε (∫ u^{(α+p−1)y}φa(x) dx ) 1_y (∫ |Dφ|^{py}0^{−1} φ^{py}0^{−1} a(x)^{− yy}0 ) 1_y0

(4.8)

with^1_y +^1_y0 = 1. We choose now y such that

q + α = (α + p − 1)y ,

i.e., y =^{q+α}_{α+p−1} . We observe that y > 1 since by assumption q > p − 1. Using (4.3), from (4.8) we get ∫ a(x)u^{q+α} dx ≤ ~C_ε ∫ |Dφ|py0 φ^{py}0^{−1} |x|^{γy} 0_y dx . (4.9) By standard arguments, we finally obtain ∫ B_R a(x)u^{q+α} dx ≤ kR^σ , (4.10)

where σ = N −^{p(q+α)}_{q−p+1} + γ ( α+p−1 q−p+1 ) . Choosing α sufficiently large and using the assumption γ < p it follows that σ < 0 and, thus, from (4.10), ∫ R^N a(x)u^{q+α}(x) dx = 0 .

This is a contradiction with our assumptions on u and a. This completes the proof. � Remark 4.2. We conjecture that the conclusion of Theorem 4.1 holds even if γ = p. As a simple application of Theorem 4.1 we have the following Corollary 4.1. Let N > p > 1 and q > p − 1. Consider div(|Du|^{p−2}Du) ≥ |x|^γ u^α in R^N u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,p}_{α,loc}(R^N )

(4.11)

If γ < p then (4.11) has no solutions.

It is of course possible to generalize Theorem 4.1 in several directions. Here, for the sake of brevity, we just consider the following result whose proof can be obtained by repeating the proof of Theorem 4.1 and leave to the interested reader the investigation of more general problems.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 15

This result (concerning mean curvature type operators) can be obtained by repeating the proof of Theorem 4.1.

Theorem 4.2. Let N ≥ 3 and let A be a function satisfying (2.20). Let a: R^N → R_+ be such that there exist γ < 2 and R_0 > 0 such that a(x) ≥ c_0|x|^{−γ} ∀x : |x| ≥ R_0 . Then the problem div(A(|Du|)Du) ≥ a(x)u^q in R^N , u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,2}_{α,loc}(R^N )

(4.12)

has no solutions.

Remark 4.3. It would be interesting to know whether Theorem 4.2 holds in the case γ = 2.

5. NONEXISTENCE THEOREMS FOR SYSTEMS OF QUASILINEAR ELLIPTIC DIFFERENTIAL EQUATIONS In this section we will study some nonexistence theorems for systems of quasilinear differential equations. Some results concerning the nonexistence of positive radial solutions of such systems have been obtained recently in [24–27] (see also [30] for some results related to semilinear potential systems and [15, 23] for Hamiltonian elliptic systems).

The goal of this section is to prove quasilinear nonradial versions of those results. In what follows, we will consider the same functional class of solutions defined in Section 2.

We first consider a canonical problem (see [11, 34, 35]). Theorem 5.1. Let N > p, q > 1 and suppose that (i) q − 1 < q_1 and p − 1 < p_1. If max { qq_1 + p(q − 1) p_1q_1 − (p − 1)(q − 1) − N − p p − 1 , pp_1 + q(p − 1) p_1q_1 − (p − 1)(q − 1) − N − q q − 1 } ≥ 0 , (5.1)

then the problem − div(|Du|^{p−2}Du) ≥ v^{q1} in R^N , − div(|Du|^{q−2}Du) ≥ u^{p1} in R^N , u ≥ 0, u ≢ 0 on R^N , v ≥ 0, v ≢ 0 on R^N ,

(5.2)

has no solutions (u, v) ∈ W^{1,p}_{α,loc}(R^N ) × W^{1,q}_{α,loc}(R^N ).

Proof. Let (u, v) ∈ W^{1,p}_{loc} (R^N ) × W^{1,q}_{loc} (R^N ) be a solution to (5.2). Without loss of generality, we may suppose that u > 0 and v > 0 on R^N . Let φ ∈ C^∞_0 (R^N ) be a standard cut-off function and let α < 0 be sufficiently small to be chosen later. By multiplying the first and the second equations of (5.2) by u^αφ and, respectively, by v^αφ and integrating by parts, we find ∫ u^{p1} v^αφ dx + c^{′′}_ε ∫ |Dv|^qv^{α−1}φ dx ≤ c^′_ε ∫ |Dφ|q φ^{q−1} v^{α+q−1} dx , (5.3) ∫ v^{q1} u^αφ dx + d^{′′}_ε ∫ |Du|^pu^{α−1}φ dx ≤ d^′_ε ∫ |Dφ|p φ^{p−1} v^{α+p−1} dx , (5.4) PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

16 MITIDIERI, POHOZAEV

where the constants c^′_ε, c^{′′}_ε , d^′_ε, d^{′′}_ε > 0 depend only on α, p, q and ε > 0. Next, we multiply (5.2) by φ and obtain ∫ v^{q1} φ dx ≤ (∫ |Du|^pu^{(α−1)}φ dx ) p�1_p (∫ |Dφ|^p φ^{p−1} u^{(1−α)(p−1)} dx )^1_p

, (5.5) ∫ u^{p1} φ dx ≤ (∫ |Dv|^qv^{(α−1)}φ dx ) q�1_q (∫ |Dφ|^q φ^{q−1} v^{(1−α)(p−1)} dx )^1_q

. (5.6)

By using (5.3) and (5.4), the last estimate implies that ∫ v^{q1} φ dx ≤ D_ε (∫ |Dφ| φ^p u^{α+p−1} dx )^p�^1_p (∫ |Dφ|^pu^{(1−α)(p−1)} φ^{p−1} dx ) 1_p , (5.7) ∫ u^{p1} φ dx ≤ E_ε (∫ |Dφ| φ^q v^{α+q−1} dx )^q�^1_q (∫ |Dφ|^qv^{(1−α)(p−1)} φ^{q−1} dx ) 1_q , (5.8)

where E_ε, D_ε > 0 depend only on p, q, α, and ε > 0.

Now we apply the Hölder inequality with parameters a, a^′ to the first integral on the right-hand side of (5.7) and we get [∫ |Dφ|^p φ^{p−1} u^{α+p−1} dx ]^p�^1_p ≤ (∫ u^{(α+p−1)a}φ dx ) p�1_{pa} (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx )^{(p}�^{1)}_{pa}0 (5.9)

with^1_a +^1_a0 = 1. By choosing a so that

(α + p − 1)a = p_1 ,

from (5.7) we have ∫ v^{q1} φ dx ≤ D_ε (∫ u^{p1} φ dx ) p�1_{pa} (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx ) p�1_{pa}0 (∫ |Dφ|^p φ^{p−1} u^{(1−α)(p−1)} dx )^1_p

. (5.10)

By repeating this procedure with parameters y, y^′ > 1 for the third integral in (5.10), we get ∫ |Dφ|p φ^{p−1} u^{(1−α)(p−1)} dx ≤ (∫ u^{y(1−α)(p−1)}φ dx ) 1_y (∫ |Dφ|^{py}0 φ^{py}0^{−1} dx ) 1_y0

, (5.11)

where^1_y +^1_y0 = 1.

By choosing (1 − α)(p − 1)y = p_1 in (5.11) and taking into account (5.10), we deduce that ∫ v^{q1} φ dx ≤ D_ε (∫ u^{p1} φ dx ) p�1_{pa} (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx ) p�1_{pa}0 (∫ u^{p1} φ dx ) 1_{py} (∫ |Dφ|^{py}0 φ^{py}0^{−1} dx ) 1_{py}0 , (5.12)

that is, ∫ v^{q1} φ dx ≤ D_ε (∫ u^{p1} φ dx )( p�1_{pa +} 1_{py} ) (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx ) p�1_{pa}0 (∫ |Dφ|^{py}0 φ^{py}0^{−1} dx ) 1_{py}0 , (5.13)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 17

where we have choosen the parameters a and y such that 1 y + 1 y^′ = 1, (1 − α)(p − 1)y = p_1, 1 a + 1 a^′ = 1, (α + p − 1)a = p_1.

(5.14)

We observe that this choice of a and y is admissible by our assumption (i) provided that α < 0 is chosen sufficiently small.

Introducing new parameters b and – such that 1 –^+ 1 –^{′ = 1, (1 − α)(q − 1)}–^{= q1,} 1 b + 1 b^′ = 1, (α + q − 1)b = q_1,

(5.15)

and estimating now the left-hand side of (5.8) (using the same method as above), we obtain ∫ u^{p1} φ dx ≤ E_ε (∫ v^{q1} φ dx )( q�1_{qb +} 1_q– ) (∫ |Dφ|^{qb}0 φ^{qb}0 dx ) 1_{qb}0 (∫ |Dφ|^q–0 φ^q–0^{−1} dx ) 1_q –0 . (5.16)

Combining (5.13) and (5.16) we finally get (∫ v^{q1} φ dx )_1−mn ≤ D_εE^n_ε (∫ |Dφ|^{qb}0 φ^{qb}0^{−1} dx ) n_{qb}0 (∫ |Dφ|^q–0 φ^q–0^{−1} dx ) n_q –0

× (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx ) pa�1_{pa}0 ∫ S(φ) |Dφ|^{py}0 φ^{py}0^{−1} dx 1 py0 (5.17)

and (∫ u^{p1} φ dx )_1−mn ≤ E_εD^m_ε (∫ |Dφ|^{pa}0 φ^{pa}0^{−1} dx ) m_{pa}0 (∫ |Dφ|^{py}0 φ^{py}0^{−1} dx ) m_{py}0

× (∫ |Dφ|^{qb}0 φ^{qb}0^{−1} dx ) q�1_{qb}0 (∫ |Dφ|^q–0 φ^q–0^{−1} dx ) 1_q –0 , (5.18)

where n := p − 1 pa + 1 py , m := q − 1 qb + 1 q–^{. (5.19)}

An easy computation taking into account (5.14) and (5.15) gives the explicit values of m and n, that is m = q − 1 q_1 , n = p − 1 p_1

. (5.20)

Consequently, by our assumption it follows that the exponent appearing on the left-hand side of (5.17), (5.18) is 1 − mn = p_1q_1 − (p − 1)(q − 1)

p_1q_1 > 0 . PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

18 MITIDIERI, POHOZAEV

Next, by the usual change of variable and choosing φ appropriately (for details see Section 2) it follows that ∫ B_R v^{q1} dx ≤ F_εR^{σ1} , (5.21) ∫ B_R u^{p1} dx ≤ G_εR^{σ1} , (5.22)

where F_ε and G_ε are positive and independent of R and

σ_1 = n { N − qb^′ qb^′ + N − q–^′ q–^′ } + (N − pa^′) pa^′ (p − 1) + N − py^′ py^′ , σ_2 = m { N − pa^′ pa^′ + N − py^′ py^′ } + (N − qb^′) qb^′ (p − 1) + N − q–^′ q–^{′ .} By (5.14), (5.15) the explicit values of σ_1 and σ_2 are given by

σ_1 = σ_v := N − p − (p − 1) { p(q − 1) + qq_1 p_1q_1 − (p − 1)(q − 1) } , σ_2 = σ_u := N − q − (q − 1) { q(p − 1) + pp_1 p_1q_1 − (p − 1)(q − 1) } . (5.23)

Suppose now that max { p(q − 1) + qq_1 p_1q_1 − (p − 1)(q − 1) − N − p p − 1 , q(p − 1) + pp_1 p_1q_1 − (p − 1)(q − 1) − N − q q − 1 }

= p(q − 1) + qq_1 p_1q_1 − (p − 1)(q − 1) − N − p p − 1 > 0 , (5.24)

thus from (2.22) it follows that ∫

R^N v^{q1} dx = 0 (5.25)

and then v ≡ 0. This contradicts our assumption that v > 0 on R^N . This concludes the proof of the theorem if (5.24) holds. The case when the maximum appearing in (5.24) equals^{q(p−1)+pp1}_{p1q1−(p−1)(q−1)} − N−q q−1 > 0 is similar to the preceding one so that we will omit its proof.

Next we consider the critical case

p(q − 1) + qq_1 p_1q_1 − (p − 1)(q − 1) − N − p p − 1 = 0

(the case^{q(p−1)+pp1} p1q1−(p−1)(q−1) − N−q q−1 = 0 being similar).

By our choice of the function φ ∈ C^∞_0 (R^N ) we have ∫ B_R v^{q1} dx ≤ ∫ B2_R v^{q1} φ dx ≤ ∫ R<|x|<2R |Du|^pu^{α−1}φ dx p�1_p ∫ R<|x|<2R u^{(1−α)(p−1)} |Dφ|^p φ^{p−1} dx 1 p , (5.26)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 19

and proceeding as in the first part of this proof, we deduce that ∫ B_R v^{q1} dx ≤ ~C ∫ R<|x|<2R v^{q1} dx mn R^{σv} . (5.27)

Since σ_v = σ_1 = 0, from (5.21) it follows that ∫ R^N v^{q1} dx < ∞ . This implies that the right-hand side of (5.27) goes to zero as R → ∞ and then ∫ R^N v^{q1} dx = 0 .

This contradiction concludes the proof. �

Remark 5.1. Theorem 2.1 is sharp. Indeed, if we assume that max { qq_1 + p(q − 1) p_1q_1 − (p − 1)(q − 1) − N − p p − 1 , pp_1 + q(p − 1) p_1q_1 − (p − 1)(q − 1) − N − q q − 1 } < 0 , then (5.2) has a positive solution. Consider the case p = q. For ε > 0 and x ∈ R^N we define u and v by u(x) := ε ( 1 + |x|^{pp}�^1

)_{(1}−p_)

(_{q1+p}�_1

p1q1�(p�1)2 ) , v(x) := ε ( 1 + |x|^{pp}�^1

)_{(1}−p_)

(_{p1+p}�_1

p1q1�(p�1)2 ) . It is easy to see that if

ε < min { p^p �1_{q1}�_{p+1}

(q_1 + p − 1)^p

�1_{q1}�_{p+1}

(p − 1)^{pq}1�^{p+1} σ 1 q1�p+1 v ,

p^p �1 p1�p+1 (p_1 + p − 1)^p�^1p_1�p+1 (p − 1)^pp_1�p+1 σ^{1p}1�^{p+1}_u } , then (u, v) is a positive solution to (5.2) satisfying u, v ∈ C^2(R^N − {0}) ∩ C^1(R^N ). We leave to the interested reader to check that a slight modification of the definition of (u, v) above is still possible if p ≠ q. This provides an explicit solution to (5.2) proving the sharpness of Theorem 5.1 in this case as well.

The next result can be easily proved by combining Theorem 2.1 and Theorem 5.1. Theorem 5.2. Let p, q > 1 and p_1, p_2, q_1, q_2 > 0. Let one of the following conditions be satisfied: (i) p − 1 < q_2, p_1, q − 1 < p_2, q_1, N > max{p, q}, max { p q_2 − p + 1 − N − p p − 1 , qq_1 + p(q − 1) p_1q_1 − (p − 1)(q − 1) − N − p p − 1 , q p_2 − q + 1 − N − q q − 1 , pp_1 + q(p − 1) p_1q_1 − (p − 1)(q − 1) − N − q q − 1 } ≥ 0 ,

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

20 MITIDIERI, POHOZAEV

(ii) 0 < q_2 ≤ p − 1, 0 < p_2 ≤ q − 1, N ≥ 1.

Then the problem − div(|Du|^{p−2}Du) ≥ u^{q2} + v^{q1} in R^N , − div(|Dv|^{q−2}Dv) ≥ u^p_1 + v^{p2} in R^N , u ≥ 0, u ≢ 0 on R^N , v ≥ 0, v ≢ 0 on R^N (5.28)

has no solutions (u, v) ∈ W^{1,p}_{α,loc}(R^N ) × W^{1,q}_{α,loc}(R^N ).

Remark 5.2. It is possible to prove nonexistence results similar to that of Theorem 5.2 by considering, instead of the (p, q) Laplacian operators, differential operators that satisfy condition (2.18).

We can also consider the right-hand side of (5.28) of the form f(x, u, v) = |x|^{σ2} u^{q2} + |x|^{σ1} v^{q1} , g(x, u, v) = |x|^{α1} u^{p1} + |x|^{α2} v^{p2} , where σ_1, σ_2, α_1, α_2 ∈ R and q_1, q_2, p_1, p_2 satisfy a suitable algebraic condition. This kind of results has been proved in the radial case in [24, 27].

In addition, by using the same technique that we have applied in the proof of Theorem 5.1, we can handle also system of quasilinear elliptic inequalities with more than two unknowns and involving differential operators satisfying (2.18) or (2.20). Clearly, in this case the algebraic condition on the parameters N and the growth of the nonlinearities that implies the nonexistence of positive solutions becomes extremely complicated.

The following is a simple example in this direction.

Theorem 5.3. Let N > max{p, 2} with p > 1. Let A and B be operators of p-Laplacian type (see (2.18)) and of “mean curvature type” (see (2.20)), respectively. If

(i) p − 1 < q_2, p_1, 1 < p_2, q_1 and

max { p q_2 − p + 1 − N − p p − 1 , 2q_1 + p p_1q_1 − p + 1 − N − p p − 1 , 2 p_2 − 1 − N − 2 , pp_1 + p − 1 p_1q_1 − p + 1 − N − 2 } ≥ 0 , then the problem − div(A(x, u, Du)Du) ≥ u^{q2} + v^{q1} in R^N , − div(B(|Dv|)Dv) ≥ u^{p1} + v^{p2} in R^N , u ≥ 0, u ≢ 0 on R^N , v ≥ 0, v ≢ 0 on R^N (5.29)

has no solutions (u, v) ∈ W^{1,p}_{α,loc}(R^N ) × W^{1,2}_{α,loc}(R^N ).

6. PROBLEMS WITH THE RIGHT-HAND SIDE THAT DEPENDS ON THE GRADIENT OF THE SOLUTION

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 21

In this section we would like to show, by means of a simple model problem, how our technique can be applied to problems with the “gradient dependence” on the right-hand side. Similar problems have been considered for instance in [10]. Let α < 0 be sufficiently small, p > 1, q_1 > 0, and q_2 ≥ 0. We define S (see the Introduction) by

S := W^{1,p}_{α,loc}(R^N ) = { u : R^N → R, u^{q1+α}, |Du|^pu^{α−1} ∈ L^1_{loc}(R^N )^} ,

where D_iu, i = 1, . . . , N, are understood in the sense of distributions.

Our main result is the following Theorem 6.1. Let N > p > 1, and let f : R_+ × R^N → R_+ be a Caratheodory function satisfying f(t, s) ≥ K_0t^{q1} |s|^{q2} (6.1) for any (t, s) ∈ R_+ × R^N , where q_1 > 0, q_2 ≥ 0, q_1 + q_2 > p − 1, and K_0 > 0. If

q_1 + N − 1 N − p q_2 ≤ N(p − 1) N − p , (6.2)

then the problem − div(|Du|^{p−2}Du) ≥ f(u, Du) in R^N , u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,p}_{α,loc}(R^N )

(6.3)

has only locally constant solutions.

The proof of the above theorem is a modification of the proof of Theorem 2.1. As we will see (see the proof below) the same results hold if we replace in (6.3) the p-Laplacian operator with the more general one div(A(x, u, Du)Du), where A satisfies (2.18).

Proof of Theorem 6.1. Let φ ∈ C^∞_0 (R^N ) be a standard nonnegative cut-off function and let α < 0 be sufficiently small. Multiplying (6.3) by u^αφ (here, without loss of generality, we suppose that u > 0 is a solution which is not locally constant) and integrating the resulting inequality on the support of φ we obtain ∫ f(u, Du)u^αφ dx + |α| ∫ |Du|^pu^{α−1}φ dx ≤ ∫ |Du|^pu^α|Dφ| dx . (6.4) Using our assumption (6.1) in (6.4) we find

K_0 ∫ u^{q1+α}|Du|^{q2} dx + |α| ∫ |Du|^pu^{α−1}φ dx ≤ ∫ |Du|^{p−1}u^α|Dφ| dx . (6.5) Let – :=^{pq1+α(p−q2)+q2}

q1(p−1)+α(p−1−q2) . It is easy to see that, if we choose α > 1 − p, then { pq_1 + α(p − q_2) + q_2 > 0, q_1(p − 1) + α(p − 1 − q_2) > 0

and – >^p_{p−1} > 1.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

22 MITIDIERI, POHOZAEV

Next we rewrite (6.5) as follows:

K_0 ∫ u^{q1+α}|Du|^{q2} φ dx + |α| ∫ |Du|^pu^{α−1}φ dx ≤ ∫ |Du|^{p−1}u^α �1– u^{α+ 1} �α– |Dφ||Du|^p– |Du|^{− p}– dx ≤ ∫ |Du|^p– u^α �1– φ^1– |Du| –(p�1)�p

– u^α

–+(1�α) – |Dφ| φ^1– dx . (6.6)

Applying the Young inequality with exponents –, –^′ > 1 and parameter ε > 0 to the right-hand side of (6.6) we get K_0u^{q1+α}|Du|^{q2} φ dx + C_ε ∫ |Du|^pu^{α−1}φ dx ≤ D_ε ∫ u^α –�1+α – |Du| [ –_{(p}�_{1)}�_p – ] –0 |Dφ|– 0 φ–0^{−1} dx . (6.7) Now for –^′ =^{pq1+α(p−q2)+q2}

q1+q2+α it follows that 1 – +^1–0 = 1, hence the preceding application of the Young inequality is justified.

Next we apply the Hölder inequality to the left-hand side of (6.7) and obtain ∫ u^{q1+α}|Du|^{q2} φ dx ≤ (∫ u^{[α} –+(1�α)] – –0y|Du|^[ –(p�1)�p] – yφ dx ) 1_y (∫ Dφ|^y0–0 φ^y0–0^{−1} dx ) 1_y0 (6.8)

with^1_y +^1_y0 = 1. Choosing y such that

q_2 = – ′ – [ –(p − 1) − p^]y, q_1 + α = – ′ –^{[α}–^{+ (1 − α)] y,}

(6.9)

it follows that y > 1 and (6.9) are compatible. As a consequence from (6.8) we get ∫ u^{q1+α}|Du|^{q2} φ dx ≤ C ∫ |Dφ|–0y0 φ–0^y0^{−1} dx and by the usual scaling argument ∫ B_R u^{q1+α}|Du|^{q2} dx ≤ CR^σ , (6.10)

where σ = N − –^′y^′.

Using the explicit values of – and y and^1– +^1–0 = 1,^1_y +^1_y0 = 1 we easily deduce that

σ < 0 ⇔ q_1 + N − 1 N − p q_2 < N(p − 1) N − p and α < 0 is sufficiently small.

Thus, if the strict inequality holds in (6.2), (6.10) implies that ∫ R^N u^{q1+α}|Du|^{q2} dx = 0 ,

which is a contradiction. In the case q + N − 1 N − p q_2 = N(p − 1) N − p , PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 23

we proceed exactly as in the final part of the proof of Theorem 2.1.

This completes the proof. � Combining the preceding theorem with Theorem 2.1 we obtain the following Theorem 6.2. Let N > p > 1. If p − 1 < p_1, q_1 and

p_1 ≤ N(p − 1) N − p or q_1 ≤ N(p − 1) N − 1 , then the problem − div ( |Du|^{p−2}Du ) ≥ u^{p1} + |Du|^{q1} in R^N ,

u ≥ 0, u ≢ 0 on R^N , u ∈ W^{1,p}_{α,loc}(R^N )

(6.11)

has (respectively) no solutions (only locally constant solutions).

The above result can be generalized in several directions following the ideas developed in the preceding sections. In particular, it is possible to obtain a vector-valued version of Theorems 6.1 and 6.2 for systems involving different kind of differential operators and containing more than two unknowns. This result will be published elsewhere.

7. NONEXISTENCE OF POSITIVE SOLUTIONS FOR A CLASS OF WEAKLY COUPLED SYSTEMS

Our main result in this section is a vector-valued version of Theorem 3.1 (see Section 3). We first introduce some assumptions that explains the meaning of “weak coupling.” As usual we denote

by R_+ the set of nonnegative real numbers.

(i) Let N > 1, A_i, B_i : R^N × R^2_+ × (R^N )^2 → R^+ , i = 1, . . . , N, be Caratheodory functions.

(ii) Let f, g : R^N × R^2_+ × (R^N )^2 → R_+ be Caratheodory functions.

(iii) Let γ > 2 with γ ≥ N be given and suppose that there exists α, β < 0 (small) and C_{α,β} > 0 such that for any (x, u, ξ), (x, v, η) ∈ (R^N × R_+ × R^N )^2 we have ( u^{α+1}A_0(x, u, v, ξ, η) + v^{β+1}B_0(x, u, v, ξ, η) ) γ_γ�_2 ≤ C_{α,β} ( u^{α−1}A(x, u, v, ξ, η) + v^{β−1}B(x, u, v, ξ, η) + u^αf(x, u, v, ξ, η) + v^αg(x, u, v, ξ, η) ) , (7.1)

where A_0(x, u, v, ξ, η) := N∑ i=1 A_i(x, u, v, ξ, η) , (7.2)

A(x, u, v, ξ, η) := N∑ i=1 A_i(x, u, v, ξ, η)ξ^2_i (7.3) and B_0, B are defined similarly.

The functional class that we will consider is as follows. Of course, as in Section 3, this functional class depends on the parameters α and β: X^{A,B}_{α,β} = { (u, v): R^N × R^N → R_+ , A(x, u, v, Du, Dv)u^{α−1} ∈ L^1_{loc} ( R^N ), B(x, u, v, Du, Dv)v^{β−1} ∈ L^1_{loc} ( R^N )^} ,

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

24 MITIDIERI, POHOZAEV

where D_iu and D_iv, i = 1, . . . , N, exist in the sense of distributions; X^{f,g}_{α,β} = { (u, v) ∈ X^{A,B}_{α,β} : f(x, u, v, Du, Dv)u^α + g(x, u, v, Du, Dv)v^β ∈ L^1_{loc}(R^N ) } . Theorem 7.1. Suppose that the assumptions (i)–(iii) are satisfied. In addition, suppose that for any (x, u, v, ξ, η) ∈ R^N × R_+ × R_+ × R^N × R^N we have u^{α−1}A(x, u, v, ξ, η) + v^{β−1}B(x, u, v, ξ, η) + u^αf(x, u, ξ, η) + v^βg(x, u, v, ξ, η) = 0 ⇒ u ≡ v ≡ 0. (7.4) Then the problem − N∑ i=1 D_i(A_iD_iu) ≥ f(x, u, v, Du, Dv) in R^N ,

− N∑ i=1 D_i(B_iD_iv) ≥ g(x, u, v, Du, Dv) in R^N , (u, v) ∈ R^2_+ , u ≢ 0, v ≢ 0

(7.5)

has no solutions of class X^{f,g}_{α,β}.

Proof. As usual we will suppose that (u, v) is a solution of (7.5) and derive a contradiction. Moreover, without loss of generality, we may suppose that (u, v) is a positive solution. Proceeding as in the proof of Theorem 3.1 we obtain ∫ ( fu^α + gv^β ) φ dx + |α| ∫ Au^{α−1}φ dx + |β| ∫ Bv^{β−1}φ dx ≤ N∑ i=1 ∫ A_i ( D_iu_iDφ ) u^α dx + N∑ i=1 ∫ B_i ( D_iv_iDφ ) v^β dx . (7.6)

Now we estimate the right-hand side of (7.6) as follows: N∑ i=1 ∫ A_i ( D_iu_iDφ ) u^α dx + N∑ i=1 ∫ B_i ( D_iv_iDφ ) v^β dx ≤ |α| 2 N∑ i=1 ∫ A_i|D_iu|^2u^{α−1}φ dx

+ 1 2|α| N∑ i=1 ∫ A_iu^{α+1} |Dφ|^2 φ dx + |β| 2 N∑ i=1 ∫ B_i|D_iv|^2v^{β−1}φ dx + 1 2|β| N∑ i=1 ∫ B_iv^{β+1} |Dφ|^2 φ dx . (7.7)

Further we have ( A_0u^{α+1} + B_0v^{β+1} ) |Dφ|^2 φ ≤ γ − 2 γ ( A_0u^{α+1} + B_0v^{β+1}

)^γ_γ�_2 φ + 2 γ C^2

�γ_2 1 |Dγφ|^γ φ^{γ−1} , (7.8)

where C_1 > 0 is an arbitrary constant.

Let δ̃ := min { |α|, |β|, 2 } . Choosing in a suitable way C_1 > 0, from (7.1) and (7.7), (7.8) we get δ̃ 4 ∫ ( Au^{α−1} + Bv^{β−1} + u^αf + v^βg ) φ dx ≤ 2 γ C^2

�γ_2 1 ∫ |Dφ|γ φ^{γ−1} dx . (7.9) Now repeating the steps of the proof of Theorem 3.1 and using our assumption (7.4) we conclude the proof. �

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 25

7.1. Some examples. In this subsection we will consider some examples which illustrate Theorem 7.1.

Example 7.1. Consider the following noncooperative system: −Δu ≥ u^q − auv^{q−1} = f(x, u, v) in R, −Δv ≥ v^q − au^{q−1}v = g(x, u, v) in R, u, v ≥ 0, u, v ≢ 0, (7.10)

where q > 0, a > 0, and N ≥ 1. With the notation introduced above we have

A_0 = N , A = |ξ|^2 , B_0 = N , B = |η|^2 . (7.11)

Now in order to apply Theorem 7.1 we need to check that inequality (7.1) holds. That is, we need to show that there exists C_{α,β} > 0 such that for all α, β < 0 sufficiently small we have ( u^{α+1}A_0 + v^{β+1}B

)^γ_γ�_2 ≤ C_{α,β} { u^{α−1}A + v^{β−1}B + u^αf(x, u, v) + v^βg(x, u, v) } , (7.12)

where γ > 2 and γ ≤ N. Now by (7.10) and α = β < 0 inequality (7.12) becomes

N^{γγ}�^2 ( u^{α+1} + v^{β+1}

)^γ_γ�_2 ≤ C_{α,β} ( u^{α−1}|ξ|^2 + v^{α−1}|η|^2 + u^{q+α} + v^{q+α} − au^{α+1}v^{q−1} − av^{α+1}u^{q−1} ) . (7.13) By the Young inequality we have au^{α+1}v^{q−1} ≤ 1 2 u^{q+α} + k_av^{q+α} , (7.14) av^{α+1}u^{q−1} ≤ 1 2 v^{q+α} + k_au^{q+αq}�^1 , (7.15)

where

k_a = q − 1 q + α ( 2 α + 1 q + α ) α+1_q�_1 a^{q+αq}�^1 (7.16)

and α ∈ (−1, 0).

Let γ = N > 2. Consider the following inequality: ( u^{α+1} + v^{α+1}

) N_N�_2 ≤ C { 1 2 u^{q+α} + 1 2 v^{q+α} − k_au^{q+α} − k_av^{q+α} } = C (1 2 − k_a ){ u^{q+α} + v^{q+α} } , (7.17)

where k_a <^1_2 .

Suppose for a moment that this inequality holds or, equivalently, that ( u^{α+1} + v^{α+1}

) N_N�_2 ≤ C { u^{q+α} + v^{q+α} } . (7.18)

For u, v > 0 we have ( u^{α+1} + v^{α+1}

) N_N�_2 ≤ C { u^{(α+1) NN}�^2 + v^{(α+1) NN}�^2 } . (7.19)

Consequently, if there exists α ∈ (−1, 0) such that

q + α = (α + 1) N N − 2 , (7.20)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

26 MITIDIERI, POHOZAEV

then (7.18) holds.

Clearly (7.20) is equivalent to q = N N − 2 + α 2 N − 2 . (7.21)

This implies that for any q ∈ ( 1,^N_{N−2} ) there exists α ∈ (−1, 0) such that (7.18) holds. Now as a last step let us analyze the inequality k_a <^1_2 used in obtaining (7.17). This inequality is equivalent to q − 1 q − α ( 2 α + 1 q + α ) α+1_q�_1

a^{q+αq}�^1 < 1 2 , (7.22)

where a > 0 and by (7.21) −1 < α = (N − 2)q − N 2 < 0. Substituting this value of α in (7.22) we finally get 2 N ( 2 N − 2 N ) N�2_2

a^{N2} < 1 2 ⇔ a < 1 2 ( N − 2 N ) 2_N N N − 2 . We have then proved the following

Theorem 7.2. Let 1 < q <^N_{N−2} and

0 < a < 1 2 ( N − 2 2 ) 2_N N N − 2 . (7.23)

Then (7.10) has no solutions of class X^{f,g}_{α,α}.

Example 7.2. Consider −Δu ≥ u^q − avu^{q−1} = f(x, u, v) in R^N , −Δv ≥ v^q − auv^{q−1} = g(x, u, v) in R^N , u, v > 0. (7.24)

Here, as above we assume that N > 2, q > 1, and a > 0. Using the same notations as before we have A_0 = N , A = |ξ|^2 , B_0 = N , B = |η|^2 .

As in the preceding example, in order to apply Theorem 7.1 we need to verify (7.12). This condition, with the above choice of A_0, A, B_0, and B, becomes (α = β < 0)

N^{γγ}�^2 ( u^{α+1} + v^{α+1}

) γ_γ�_2 ≤ C_{α,β} ( u^{α−1}|ξ|^2 +v^{α−1}|η|^2 +u^{q+α}+v^{q+α}−avu^{q+α−1} −auv^{q+α−1} ) , (7.25)

where γ > 2 and C_{α,β} > 0.

Now by the Young inequality we have avu^{q+α−1} ≤ 1 2 v^{q+α} + m_au^{q+α}, auv^{q+α−1} ≤ 1 2 u^{q+α} + m_av^{q+α}, (7.26)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 27

where m_a := q + α − 1 q + α ( 2 q + α ) 1_{q+α}�_1 a^{q+αq+α}�^1

and α ∈ (−1, 0), q + α > 1.

By the same reasoning as was used in the study of Example 7.1, we can easily see that the following result holds.

Theorem 7.3. Let N > 2 and 1 +^2_N < q <^N_{N−2} . If

0 < a < ( N(q − 1) 4 )^2_{N(q}�_{1)} ( 1 2 q − 1 q − 1 −^2_N

)^q�^1�^2N_q�_1 (7.27)

holds, then (7.24) has no solutions of class X^{f,g}_{α,α}.

8. STRONGLY COUPLED SYSTEMS

In this section we will prove a nonexistence result for systems which are “strongly coupled.” The precise meaning of the strong coupling is clear from the assumptions below.

(i) Let N > 1 and A: R^N × R^2_+ × (R^2 )^2 → R_+ be a Caratheodory function.

(ii) Let f, g : R^N_+ × (R^N )^2 → R_+ be Caratheodory functions.

(iii) Suppose that there exists γ > 2 with γ ≥ N. Let α, β < 0 and λ, μ > 0 be such that

λ(β + 1) + μ(α + 1) = 0 (8.1) and λvf + μug ≥ 0 (8.2) for any u, v > 0.

(iv) There exists c_0 > 0 such that for any (x, ξ, η) ∈ ( R^{N )3} and u, v > 0 we have ( u^{α+1}v^{β+1}A

)^γ_γ�_2 ≤ c_0 ( λv^2|ξ|^2 + μu^2|η|^2 ) u^{α−1}v^{β−1}A + (λvf + μug)u^αv^α . (8.3) (v) If u, v ≥ 0, ξ, η ∈ R^N and ( λv^2|ξ|^2 + μu^2|η|^2 ) u^{α−1}v^{β−1}A + (λvf + μug)u^αv^β = 0 , then u ≡ v ≡ 0.

Theorem 8.1. Suppose that the assumptions (i)–(v) are satisfied. Then the problem − div(A(x, u, v, Du, Dv)Du) ≥ f(x, u, v, Du, Dv) in R^N , − div(A(x, u, v, Du, Dv)Dv) ≥ g(x, u, v, Du, Dv) in R^N , u, v ≥ 0, u, v ≢ 0 (8.4)

has no solutions in the corresponding class of locally bounded integrals.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

28 MITIDIERI, POHOZAEV

In the proof of Theorem 8.1 we use the same idea developed throughout this paper. The only difference is the introduction of “mixed multipliers,” that is, functions of the form u^av^bφ , where a, b ∈ R and φ is a standard cut-off function.

Proof of Theorem 8.1. As usual we shall proceed by supposing that (u, v) is a positive solution of the problem under consideration and derive a contradiction.

Let (u, v) be a positive solution of (8.1) and introduce

u^αv^{β+1}φ (8.5) and u^{α+1}v^βφ , (8.6)

where φ is a standard cut-off function.

By multiplying the first equation of (8.4) [respectively, the second equation of (8.4)] by (8.5) [by (8.6)] and integrating by parts we obtain ∫ fu^αv^{β+1}φ dx ≤ α ∫ u^{α−1}v^{β+1}A|Du|^2φ dx + (β + 1) ∫ u^αv^βA(Du, Dv)φ dx + ∫ u^αv^{β+1}A(Du, Dφ) dx , (8.7) ∫ gv^β u^{α+1}φ dx ≤ β ∫ v^{β−1}u^{α+1}A|Dv|^2φ dx + (α + 1) ∫ u^αv^βA(Du, Dv)φ dx + ∫ v^βu^{α+1}A(Du, Dφ) dx . (8.8) Next, by multiplying (8.7) [(and, respectively, (8.8)] by λ [by μ] and summing up, we get αλ ∫ u^{α−1}v^{β+1}A|Du|^2φ dx + βμ ∫ v^{β−1}u^{α+1}A|Dv|^2φ dx + ∫ ( λ(β + 1)A + μ(α + 1)A ) u^αv^β(Du, Dv)φ dx + ∫ λu^αv^{β+1}A(Du, Dφ) dx + ∫ μv^βu^{α+1}A(Dv, Dφ) dx ≥ ∫ ( λu^αv^{β+1}f + μv^βu^{α+1}g ) φ dx . (8.9) Now by (iii), the last inequality becomes − ∫ ( αλv^2|Du|^2 + βμu^2|Dv|^2 ) u^{α−1}v^{β−1}Aφ dx + ∫ (λvf + μug)u^αv^βφ dx ≤ ∫ [ λv(Du, Dφ) + μu(Dv, Dφ) ] u^αv^βA dx . (8.10)

By using the Young inequality we obtain v(Du, Dφ)u^αv^β ≤ v|Du|u^αv^β|Dφ| ≤ |α| 2 u^{α−1}v^{β+1}|Du|^2φ + 1 2|α| u^{α+1}v^{β+1} |Dφ|^2 φ and u(Dv, Dφ)u^αv^β ≤ u|Dv|u^αv^β|Dφ| + |β| 2 u^{α+1}v^{β−1}|Dv|^2φ + 1 2|β| u^{α+1}v^{β+1} |Dφ|^2 φ . PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 29

Thus, (8.10) becomes ∫ ( |α| 2 λv^2|Du|^2 + |β| 2 μu^2|Dv|^2 ) u^{α−1}v^{β−1}Aφ dx + ∫ (λvf + μug)u^αv^βφ dx ≤ 1 2 ( μ |β| + λ |α| ) ∫ u^{α+1}v^{β+1}A |Dφ|^2 φ dx . (8.11)

Applying again the Young inequality to the right-hand side of (8.11) we arrive at 1 2 ∫ ( |α|λv^2 + |Du|^2 + |β|μu^2|Dv|^2 ) u^{α−1}v^{β−1}Aφ dx + ∫ ( λvf + μug ) u^αv^βφ dx ≤ 1 2 ( λ |α| + μ |β| ) C_1 ∫ ( u^{α+1}v^{β+1}A

)^γ_γ�_2 φ dx + 1 2 ( λ |α| + μ |β| ) C^2

�γ_2 1 ∫ |Dφ|γ φ^{γ+1} dx , (8.12)

where C_1 > 0 is an arbitrary constant. Let δ̃ = min {|α|, |β|, 1} . By choosing C_1 > 0 (appearing in (8.12)) such that

C_1 = 1 2 δ̃^2 1

(λ + μ)C_0 , we see that (8.12) implies ∫ [( λv^2|Du|^2 + μu^2|Dv|^2 ) u^{α−1}v^{β−1}A dx + ∫ (λvf + μug)u^αv^β ] φ dx ≤ C ∫ |Dφ|γ φ^{γ−1} dx . (8.13) where C > 0.

In order to complete the proof, we just need now to follow the same procedure used in the proof of Theorem 2.1. We omit the details. �

8.1. Examples.

Example 8.1. Consider −Δu ≥ u^p v^{q+1} in R^N , −Δv ≥ u^{p−1} v^q in R^N , u, v ≥ 0, u, v ≢ 0, (8.14)

where 1 < p, 0 < q, and N > 2.

It is not difficult to verify that the assumptions of Theorem 8.1 are fulfilled with γ = N > 2, thus we have

Theorem 8.2. If 1 < p <^N_{N−2} and q > 0, then (8.14) has no solutions such that (a) ∫ Ω u^{− (N+2)}

�(N�2)p 2 v^{− (N} �2)(q+1)_2 |Du|^2 dx < ∞, (b) ∫ Ω u^{(N} �2)(p�1)_2

v^{− (N+2)+(N}

�2)q 2 |Dv|^2 dx < ∞, PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

30 MITIDIERI, POHOZAEV (c) ∫ Ω u^pv^{−q} dx < ∞ for any bounded domain Ω ⊂ R^N .

Example 8.2. Consider − N∑ i=1 ∂ ∂x_i ( u ∂u ∂x_i ) ≥ u^pv^{q−1} in R^N ,

− N∑ i=1 ∂ ∂x_i ( u ∂v ∂x_i ) ≥ u^{p−1}v^q in R^N , u, v ≥ 0, u, v ≢ 0

(8.15)

where

(i) 1 < q <^N_{N−2} , N > 2;

(ii) 1 < p <^{2(N−1)}_{N−2} , N > 2.

Applying Theorem 8.1 we obtain

Theorem 8.3. Suppose that (i) and (ii) hold. Then (8.15) has no solutions such that (a) ∫ Ω u^{p(N} �2)�2N_2 v^{(q} �1)(N�2)_2 |Du|^2 dx < ∞, (b) ∫ Ω u^{(p} �2)(N�2)_2 v^{q(N} �2)�(N+2) 2 |Dv|^2 dx < ∞, (c) ∫ Ω u^{(p} �2)N_2 v^{(q} �1)N_2 dx < ∞ for any bounded domain Ω ⊂ R^N .

ACKNOWLEDGMENTS

The first author was supported by MURST (40% and 60%), the second author was supported by the Russian Foundation for Basic Research (project no. 96-01-00097) and INTAS (grant no. 96- 1060).

REFERENCES

1. Benguria, R., Lorca, S., and Yarur, C. Non existence of positive solutions of semilinear elliptic equations.

Duke Math. J., 74 (1994).

2. Berestycki, H., Capuzzo Dolcetta, I., and L.Nirenberg. Problèmes elliptiques indéfinis et théorèmes de Liouville non-linéares. C. R. Acad. Sci. Paris Série I, 317 (1993), 945–950.

3. Berestycki, H., Capuzzo Dolcetta, I., and Nirenberg, L. Superlinear indefinite elliptic problems and nonlinear Liouville theorems. Top. Meth. in Nonlinear Analysis, 4.1 (1995), 59–78.

4. Bidaut-Veron, M. F. Local and global behavior of solutions of quasilinear equations of Emden-Fowler type.

Arch. Rational Mech. Anal., 2 (1989), 293–294.

5. Bidaut-Veron, M. F., and Grillot, P. Singularities in elliptic systems with absorption terms. Preprint (1998).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

NONEXISTENCE OF POSITIVE SOLUTIONS 31

6. Bidaut-Veron, M. F., and Raux, T. Asymptotics of solutions of some nonlinear elliptic systems. Comm. in Part . Diff. Equations, 21 (1996).

7. Bidaut-Veron, M. F., and Veron, L. Nonlinear elliptic equations on compact riemannian manifolds and asymptotics of Emden equations. Invent. Math., 106 (1991).

8. Birindelli, I., and Mitidieri, E. Liouville theorems for elliptic inequalities and applications. Proceedings of the Royal Soc. Edinburgh, 128A (1998).

9. Caristi, G., and Mitidieri, E. Blow-up estimates of positive solutions of a semilinear parabolic systems. J.

of Diff. Equations, 113 (1994), 265–271.

10. Caristi, G., and Mitidieri, E. Nonexistence of positive solutions of quasilinear equations. Adv. in Diff.

Equations, 2 (1997), 319–359.

11. Clément, P., Manásevich, R., and Mitidieri, E. Positive solutions for a quasilinear system via blow-up.

Comm. in Part . Diff. Equations, 18 (1993), 2071–2106.

12. Clément, P., de Figuereido, D., and Mitidieri, E. Quasilinear elliptic equations with critical exponents.

Top. Meth. in Nonlinear Analysis, 7 (1996), 133–170.

13. Clément, P., Manásevich, R., and Mitidieri, E. On a modified Capillary Equation. J. of Diff. Equations, 124, 2 (1996), 343–358.

14. Clément, P., Manásevich, R., and Mitidieri, E. Some existence and non-existence results for a homogeneous quasilinear problems. Asymptotic Analysis, 17 (1998), 13–29.

15. de Figueiredo, D. Semilinear elliptic systems. Non Linear Functional Analysis and Applications to Differential Equations (1998), 122–152. ICTP Trieste Italy, 21 April - 9 May 1997 World Scientific.

16. Gidas, B., and Spruck, J. A priori bounds bounds for positive solutions of nonlinear elliptic equations. Comm.

in Partial. Diff. Equations 6, 8 (1981), 883–901.

17. Gidas, B., and Spruck, J. Global and local behavior of positive solutions of nonlinear elliptic equations.

Comm. Pure and Appl. Math, 35 (1981), 525–598.

18. Giga, Y. A Bound for Global Solutions of Semilinear Heat Equations. Comm. Math. Phys., 103 (1986), 414–421. 19. Giga, Y., and Kohn, R. Characterizing Blowup Using Similarity Variables. Indiana Univ. Math. J., 36 (1987), 1–40.

20. Kondrat’ev, A. V., and Eidelman, S. On positive solutions of second order quasilinear elliptic equations.

Russian Acad. Sci. Dokl. Math. (1994), 124–126.

21. Kondrat’ev, A. V., and Eidelman, S. On positive solutions of some quasilinear equations. Russian Acad.

Sci. Dokl. Math. 1, 48 (1994), 80–84.

22. Kon’kov, A. A. On estimates for solutions of semilinear elliptic inequalities. Uspekhi Mat. Nauk, 50 (1995). 23. Mitidieri, E. A Rellich type identity and applications. Comm. in Part . Diff. Equations, 18 (1993), 125–151. 24. Mitidieri, E. Nonexistence of positive solutions of semilinear elliptic systems in R^N . Diff. and Int. Equations, 9 (1996), 465–479.

25. Mitidieri, E., and Pohozaev, S. I. Nonexistence of positive solutions for a system of quasilinear elliptic equations and inequalities in R^N . To appear in Russian Acad. Sci. Dokl. Math.

26. Mitidieri, E., and Pohozaev, S. I. The absence of global positive solutions to quasilinear elliptic inequalities.

Russian Acad. Sci. Dokl. Math., 57 (1998), 250–253.

27. Mitidieri, E., Sweers, G., and van der Vorst R. Nonexistence theorems for systems of quasilinear partial differential equations. Diff. and Int. Equations, 8 (1995), 1331–1354.

28. Ni, M. W., and Serrin, J. Existence and nonexistence theorems for ground states of quasilinear partial differential equations. The anomalous case. Accad. Naz. dei Lincei, 77 (1986), 231–257.

29. Ni, M. W., and Serrin, J. Nonexistence theorems for quasilinear partial differential equations. Rend. Circ.

Mat. di Palermo, Suppl. 5 (1986), 171–185.

30. Noussair, E. Z., and Swanson, C. Properties of potential systems in R^N . J. of Diff. Equations, 95 (1992). 31. Pohozaev, S. I. On eigenfunctions of quasilinear elliptic problems. Math. Sbornik 82, 2 (1970), 171–188. 32. Pohozaev, S. I. The essentially nonlinear capacities induced by nonlinear differential operators. Russian Acad.

Sci. Dokl. Math. 3, 56 (1997).

33. Serrin, J. Positive solutions of prescribed mean curvature problem. Lect. Notes in Math, 1340 (1998). Springer Verlag.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999

32 MITIDIERI, POHOZAEV

34. Serrin, J., and Zou, H. Nonexistence of positive solutions of Lane-Emden system. Diff. and Int. Equations, 9 (1996), 635–653.

35. Serrin, J., and Zou, H. Existence of positive solutions of the Lane-Emden system. Atti Sem. Mat. Fis. Univ.

Modena, Suppl. Vol. XLVI (1998), 369–380.

36. Soranzo, R. Isolated singularities of positive solutions of a superlinear biharmonic equations. J. Potential Analysis, 6 (1997), 57–85.

37. Yarur, C. Nonexistence of positive singular solutions for a class of semilinear elliptic systems. Electronic Journal of Diff. Equations, 8 (1996), 1–22.

Translated by the authors

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 227 1999