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0. BBenenune

Muoroobpazusg Pano — 3T0 TPOEKTUBHBIE aJIredpanvdecKue MHOT000-
pa3us ¢ OOMJIbHBIM aHTHUKAHOHWYECKUM KJiaccoM. Kiaccudurarmsa Tta-
KUX MHOT00Opasuii Oblta Hauara B paborax Ixxwno @ano [17], [18]. Bo-
Jlee TOYHO, OH PAcCMATPHBAJ TpPeXMepHble MHOro0Opasus, BJIOXKEHHBIE
B MPOEKTHUBHOE MPOCTPAHCTBO, ¥ KOTOPBHIX KPUBbIE — CEYeHUs MOIITPO-
CTPAHCTBAMU KOPA3MEPHOCTH JIBA, ABJIAIOTCSH KAHOHHYECKUMH KPUBBIMH.
MoyxkHOo TOKa3aTh, YTO ITO ONpeJeIeHre MOUYTH SKBHBAJEHTHO COBpeE-
MEHHOMY: TaKue MHOroobpaszusi — 3TO B TOYHOCTU MHOIoobpaszus Pano
¢ 0%eHb 06UALHULM AHTUKAHOHHYECKHM KJIACCOM (CM., ynpaxnenue [2]
crp. [I89).

C mosiBIeHeM TeOPUH MUHUMAJIBHBIX MOJIE/IeH CTAJIO ICHO, YTO MHO-
rooopaszust Pano oYeHb BaXKHBI, MOCKOJIbKY OHU 0Opa3yIOT CYIIECTBEH-
HBII KJacc B OMpalnoHaIbHON KilaccupuKaluy MHOrOOOpa3uil OTpuiia-
TesIbHOM Komauposoii pazmepuoctu [51], [30], [38].

Hacrosee n3nanne mocBAMeHO KIACCUPUKATIAA TPEXMEePHBIX MHO-
roobpasmit Pano. 3annCKu HUCKOIBKO HE TPETEHIYIOT HA HOBU3HY WU
opuruHabHOCTD. [le/1bi0 aBTOpa ObLIO CHCTEeMATH3UPOBATH U U3JI0KUTh
[OCJIeI0BATEbHO K/1acCU(PUKAINIO TpexMepHbIXx MHOTroobpasuit Pauo ¢
qucaom [ukapa 1. Dra xkraccudukanusi B HACTOAIEE BPEMs PACIIBLIE-
HA 110 MHOTOYHUCJIEHHBIM UCTOYHUKAM, HEKOTOPHIE U3 KOTOPHIX COIEPIKAT
OIMOKYN ¥ HeTOUHOCTH. KOHEeYHO, aBTOD He YTBEPKIAET, YTO HACTOAIIEe
U3/jaHHe He UMeeT AHAJOTWYHBIX THorperrHocTeit. Veropuyeckuit ompIT
MOKA3bIBAET, YTO MOYTH BCE JIOCTATOYHO CJIOYKHBIE KIACCUPUKATTMOHHBIE
pe3yJIbTaThI cofepzKaT mpodesnl. To, 4To omubKu 00HAPY KEHbI, TOBOPHUT
0 BOCTPEOOBAHHOCTH PE3YJIbTaTa, a UCIPABICHHUE OMMMOOK — HEIPOCTast
HelpepbiBHAs padbora.

OcHoBHO# KIaCCH(DUKATMOHHBIA Pe3yIbTaT, KOTOPHIN MbI OyIemM 10-
Ka3bIBATH, MOXKET OBITh TOBITOXKEH B CJIEIYIONIEH Teopeme.

0.1. TEOPEMA. Ilycmv X — neocoboe mpexmeproe mHo2000pasue
Daro ¢ wucaom Iukapa p(X) = 1 nad arzebpaudecku 3aMEHYMBLM N0~
aem zapakmepucmuku 0 u nyemov 1(X) — e2o undexe Pano, m.e. mak-
CUMANABHOE HAMYPANOHOE “YUCAO, HG KOMOPOE 0eAUMCH KAHOHUYECKUT
kaace 6 epynne Pic(X) (em. onpedeserue [1.4.1). Tozda umerom mecmo
caedyroujue ymeeprHcoeHus.

o Feau 1(X) > 3, mo X usomopdro npoexmueHnomy npocmpar-
cmey P? uau nesupoorcdennoti xeadpuxe Q C P

o Feau 1(X) = 2, mo cywecmeyem poeno 5 0ehopmatuonHvis
Munos makuz mMmrozo06pasut @arno. OHU HA3BIEAIONCA MHOTO-
obpasusgMu Jesb llenno u nepeuwucienv, 6 mabauye cmp.
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o Fcau 1(X) =1, mo cywecmeyem posno 10 dedhopmayuontois
munos maxur mHoz000pasuti Parno. Onu nepevucierv, 8 Mab-

auye [, emp. [154]

Bamerum, aro B Teopun Mopu [BI], [38] caeayer paccmarpusars
TakzKe 0cobble MHOr00Opasust PaHo (¢ TepMUHAIBHBIME, KAHOHUIECKH-
MU W JIOTTePMUHAIBHBIME OcoOGeHHOCTsIMHE ). OIHAKO, 32 HEJOCTATKOM
BPEMEHH MBI MOJTHOCTHIO HTHOPUPYEM 3TOT 3alpOC: BCE€ HAIIN MHOTO-
obpasusa ®ano HeoCOOHI.

Hacrostiiuit Teket — 1moapoOHble 3a0UCKHU JIEKIUH, MPOYUTAHHBIX B
HOII MUAH ocennio 2017 r., a Takxke B [lenTpe reomerpun u pusukn
yausepcutera T. [Toxanr (FO. Kopes) ecnoit 2018 1. 91 odenn Guaro-
JTapeH CJIyImaTeIsiM MOUX JIEKIIWi 33 BHUMAaHUe, TePIeHNe, TPABILIbHbIE
CBOEBpPEMEHHBbIE BOMPOCH I KOMMEHTAPU.

OxkoHUaTenbHAS BepCHsd ITUX 3AMUCOK ObLIa MOATOTOBJIEHA B Tede-
Hie Moero mpebdbiBanus B LlenTpe reomerpun u dbusuru. ¢ xorea Ob
mo0JIaroIapuTh 9TOT UHCTATYT u auvdno J[k. [lapka 3a mpuruiamienne u
OTJIMYHBIE YCJIOBUS JJIT PAOOTHI.

4 rakke xo4ay BeIpaszuTh Mo pusHareabaocTh A. [ Ky3nerosy 3a
TIIATEIbHOE TPOYTEHUE [IPEIBAPUTE/THHON PYKOIICH U MHOTOYNC/IEHHbIE
IEHHBIE 3aAMEYaHUs] U TP TOKEHNS.

JIutepaTtypHble yKazaHusd. BOJbITyI0 9acTh W3JaraeMoro 37ech
MaTeprana aBrop HomdeprnHysn u3 kKuuru [84], opuruHasbHBIX craTeil
[80], [81], [85] u xypca Jjekrwmii, mpountannoro B. A. VckoBckux Ha
MexXaHuKo-MaTeMaTndeckoMm dakyabrere MI'Y B 1988 1. Bosee mo3aamit
MCTOYHUK, HATIMCAHHBIA COBpeMeHHBIM si3bIKoM — KHura [23]. TToapo6-
HbIE CCBIJIKH JIAI0TCS B COOTBETCTBYIOIIMX Pa3/Ie/1ax.



1. OGo3HaveHnd, BBOOHBbIE IIOHATNAA U MPOCTEIINE CBOICTBA

MHOTro0Opa3muit ®aHo

Beroy mpeamnoiaraercs, 4To OCHOBHOE II0JIe — 3TO I0JIe KOMILIEKC-
geix yncen C.

1.1. O6o3HaueHn4.

pa(X) = (=1)IX) (x(Ox) —1) — apudmernyeckuii pos
MHOTOOOpa3us X.

Pic(X) obosnagaer, kKak o6braHO, rpymimy [lukapa, T.e. rpyriy
00paTUMBIX MYYKOB HA X € TOYHOCTBHIO JI0 U30MOpdu3Ma.
Cl(X) — rpymma KiaccoB nuBu30poB Beiijig HOpMaJIbHOIO MHO-
roobpasuss X. Mbl cumTaem, YTO HMeETCsS OTOXK/IECTBJIEHUE
Pic(X) ¢ rpynmoit kiacco nuBu30poB Kaprbe M0 MO0 JTH-
HeifHol sKBuBaTeHTHOCTH. TakuM obpazom, Pic(X) C CI(X).
~ U & 0003HAYAIOT JIMHEHHYIO U TUCICHHYIO SKBUBAJICHTHOCTH,
COOTBETCTBEHHO.

~g 0bo3Havaer Q-uHeHy 0 3KBUBAJICHTHOCTD IUBH30POB UJIH
Q-auBuzopos Beitis, T.e. D~y Dy ecn cymecryer n € Z\{0}
takoe, 910 N1 n nDy — 1esabie quBU30pHI U N1 ~ nDs.
NS(X) := Pic(X)/ Pic’(X) — rpynna Hepoma-Cesepu.

p(X) :=rk NS(X) — uncio [lukapa.

#(X) — pasmepuocts Komauper muoroodbpasms X .

K x obo3zHavaeT KAHOHMYECKUH KJIacC MHOToOOpasusa X .

Tx — KacareJbHOE PacCjJoeHne K MHOrooopasuio X .

h?9(X) = dim H9(X, Q%) — uncia Xomxa.

N7z/x — HOPMAIbHOE PACCIOCHUE K IOAMHOroo0pasuio Z B X.
Px(&£) — npoexTuBH3amUs BEKTOPHOTO DACCIOCHHS & HA
MHOT000pa3un X, T.e. OTHOCUTEJTbHBIH MPOCKTUBHBIN CHEKTP
Proj.7 cuMMeTprdeckoit anre6psl . = Bgs0 S%(&) (MBI HC-
nosib3yeM omnpejienenue ['porenauka, cm. [101] v 11, § 7]).
F. = Ppi(Op1 @ Opi(—e)) — parnuonajgbHas JuHedaTas mo-
BepxHocTh [101] 1. V, § 2; wepes ¥ u T Mbl 06619HO 0603HATA-
€M ee MUHUMAJIbHOE CedYeHue U CJIoii, coorsercrBenno. Muora
> u T takke 0003HAYAIOT COOTBETCTBYIOIINE KJIACCHI B T'PYII-
e Pic(F.).

Qp : X --» PN — pammonasbHOE OTOOpAYKeHMe, 33 aHHOe
nuHelHoit cucremoii |D|, rae N = dim |D].

Tpx = (mpx/m} )" — KacareabHOEe TPOCTPAHCTBO 3apic-
ckoro K MHoroobopasmio X B Touke P. Ecam X BioKeHO B
IPOeKTUBHOe mpocTpancTso PV, To Tpx OTOXKIECTBJIACTCA C
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aPUHHBIM HOIIPOCTPAHCTBOM B COOTBETCTBYIONIEH addun-
noit kapre AN C PV u gepes m C PV obosnagaercs ero
3aMBIKAHIE.

e P(wy,...,w,) — B3BENIEHHOE TPOEKTHBHOE MTPOCTPAHCTBO C Be-
camn w; (em. [1.12).

e [a]| (coorBercrBeHHO, |(r|) 0BGO3HAUAET BEPXHIOK (COOTBET-
CTBEHHO, HUZKHIOK) MEIYI0 YaCTh JeHCTBUTEIBHOIO YHCIA (.
Hnst Q-nususopa B = > b; B; Mbl ojiaraem

[B]:=> [bB;,  |B]:=)_|biB.

Cmazuearuem HA3BIBAETCS CIOPHEKTHBHBIN MPOEKTUBHBIN MOpdu3M
HOPMAaJIbHBIX MHOTO00DAa3uil, CJION KOTOPOT'O CBS3HBI.

1.2. OUPEJAEJEHUE. Heocoboe mpoekTnBHOE MHOTOOOpaswe X Ha-
3BIBACTCA MH02000pasuem Paro, ecu ero aHTHKAHOHUYECKUH TUBH30D
— Ky obuen.

Eciu X — kpuBas poja ¢, 1o deg Kx = 29 — 2. Ilosromy X —
MHOTOOOpa3ne @ano Toraa u Tobko Toraa g = (. Vlrade roBops, eanH-
CTBEHHOE OJHOMepHOe MHOroobpasue PaHo — ITO NPOEKTUBHAS MPIMasi.
JBymepHbIe MHOTOOOpa3us PaHo TPAIUIINOHHO HABBIBAIOTCA NOGEPTHO-
cmamu deav Tleyyo. Knaccudukamust nopepxuocreii jgenab [emnmo xopo-
110 W3BECTHA M MOKeT ObITh HafijleHa BO MHOIMX y4eOHUKaX (CM., HAID.,
[89], [16], [96]). MbI cunraem, uro dnTaTesH yKE O3HAKOMUJICS C ITOM
TeopHuen.

1.2.1. ITTPUMEP. Ilycrs X — HEOCODOE TIPOEKTUBHOE MHOTOOOpa3ue ¢
qucstom [Tukapa p(X) = 1 (Hanpuvep, rUmepnoBepXHOCTb PA3MEPHOCTH
> 3 B MPOEKTUBHOM IPOCTPAHCTBE). B 9TOM ciIydae st KAHOHUIeCKOTO
KJIaCcCa UMEIOTCH TOJIBKO TPU BO3MOXKHOCTH:

(i) Kx obunen, Torga X — mHOroobpasue obuezo muna,

(ii) Kx uuciaeHHo TpuBmaseH, Torga X — MHOT00DOpasue “ucAeH-
nozo muna Kanrabu-5y (B 5TOM cirydae u3 Teopembl 06 n30bi-
TOYHOCTH CJjeiayer, 4T0 Ky — 9JIeMeHT KpPy4eHHs B IPYIIIe
Pic(X)),

(ili) —Kx obwiren, Torpa X sisiercss MEHOrooOpasuem DaHo.

B orinune or muoroodpasuit @ano, MmEOroodpasus ob1ero Tuna oopasy-
10T TOpa3/io DoJiee OOIMMUPHBIH KJIACC, OHU HE SBJISIOTCS OTPAHUYICHHBIMU
B CMbICJIE MHOI'OOOPa3uii MOy,

1.3. Ilpocreiiinne csoiicrBa. Ilpusenem mpocreiinine cpBoiicTBa
MHOTO0Opa3uit PaHo, KOTOPBIE CJIEAYIOT HEIIOCPEACTBEHHO U3 OIIpeIeie-
HUR U CTAHJIAPTHBIX TOIMOJOTHYECKHX U aJreOpO-reoMeTpruIecKux pak-
TOB.



1.3.1. TEOPEMA. Ilycmo X — wmnozoobpasue Pano. Tozada
(i) H(X,O0x(mKx)) = 0 npu m < 0, ¢ > 0 u npu m > 1,
q < dim(X);

(i) HY(X, 0x) = H(X,Q%) = 0 npu ¢ > 0, 6 wacmnocmu,
x(Ox) =1;

(iii) 7' (X) = {1};

(iv) HY(X,Z) = H\(X,Z) = 0;

(v) Pic(X) =~ H*(X,Z) — woneuno noposicdennas c6ob00nas abe-
AEGA 2PYNNG;

(vi) ecau M — wucaenno agexmusnond dususop na X, mo auned-
nas cucmema InM| ne umeem HENOOBUNCHBLL KOMNOHEHM U
ba3ucHbBLL Mouek 0aa Hekomopozo n > 0;

(vii) epynna Aut(X) asmomoppusmos mrozoobpasus X asisemcs
AUREH0T ar2ebpauveckoti epynnod.

N3Bectno tak:xke, 9To Jjitoboe MHOroooOpasue PaHo OJHOCBIAZHO, T.€.
ero TomoJornyeckas dbyHmaMeHTaabHast rpymna 7 (X ) rpusnaibha. O
HAKO, 9TO yzKe HeTpUBHAIbHBIH pesyiabrar |9, Teopema 3.5], [10].

JIOKABATEJIBLCTBO. Croiicrsa [(i)|n CJeAyIOT u3 TeopeMbl Ko-
Jaupbl 00 oOpalennn B Hy/Ib, ABoiicTBeHHOCTH Ceppa 1 Teopun XOoaKa.

Jlns moxasarenbcTBa JIOCTATOTHO TOKA3aTh, 9T0 X HE HMEeT
HETPUBHAJIBHBIX KOHEYHBIX TAIbHBIX HakpbITHil. [Ipeamomoxum, mpo-
THBHOE: CYIIECTBYeT 3TajbHoe HakpuiTue 7w : X' — X cremenu n > 1.
Torna nmusnszop — Ky = —m* Kx obunen. Cienosarensno, X' — MHOrO-
obpasue @ano. C apyroit cTOpoHH,

X(X/, ﬁ)p) = nx(X, ﬁx) =n>1.

Dro nporusopeunt [(ii)
JIjist  moKazaTeabCTBA IMYHKTA 3aMETHUM, 4YTO TOCKOJBKY

HY (X, Ox) = 0 1o u3 teopun Xomxa caeyer, uro H'(X,C) = 0. C

JIPYTO# CTOPOHBI, COTVIACHO hOPMYyJIaM yHUBEPCAIbHBIX KOI(MDUIIEHTOR

u mynkra |(iii)| rpynnsr HY(X,Z) u Hi(X,7Z) e umeior KpydeHus.
HokazkeM @ W3 3xcroHeHIIMAJIBHOR 11OC/IE10BATEILHOCTH

(1.3.2) 0 yZ —s Ok —22 s 0, 0

U CBOJCTBA nojtyqaem usomopdusm Pic(X) ~ H?(X,Z). Tak kak
X — komnakTHOe (B XaycmopdoBoii TOMOIOTHE) MHOroOGpasne, TO Mo-
CJIeHAA TPy KOHEYHO MOPOKICHA U OHA HE MMEET KPYUYeHHs COIJIac-
o

YrBep:kienue — HeIIoCPeJICTBEHHOe CJIeJICTBUE TeOPEMbl O CBO-
oone oT GasucHBIX ToueK (14.4]

Hakoner, yrepxKiacHue CJeJyeT W3 TOTO, YTO JHMHeHHas CH-
crema | — nKx|, ana mexoroporo n > 0, 3agaer Biaoxenne X — PV,
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KOTOpOe J0JizKHO ObiTh Aut(X)-skBuBapuantabiM. CjiegoBare/ibHO, Bee
aBroMopdu3Mel X HHIYIHPOBAHBI JHHEHHBIME IIpeobpazoBanmsamu PV
u osromy rpynna Aut(X) cocrour u3 smemento PGLy,1(C), mepeso-
aamux X B ce0s. O

Otmernm, ato cBoiictBa [1.3.1] coBepireHHO HE OYEBUIHBI B MOJIO-
JKUTETHHON XapakTepucTuke. OHAKO, UMEIOTCS HEKOTOPhIe YaCTHYIHBIE
pe3yabTaThl B MaJbX pasmeprnocTax (em. [35] § IIL.3], [67]).

1.3.3. CIEACTBUE. Ilycmv X — wmmuozoobpasue Pano u nycmo
X --» 7 — domunanmmnoe pauuoHaavroe omobpasicenue Ha Heocoboe
npoexmustoe muo2oobpasue Z. Toeda das ecexr q > 0 umeem

H(Z,Q%) = HY(Z, 07) = 0.
B wacmmocmu, ecau Z — kpusaa, mo Z ~ PL.

JIOKABATEJIBCTBO. /leficTBUTeIbHO, TOCKOJBKY  OTOOpazkKeHue
X --+ Z JIOMHUHAHTHO, TO OHO 33/Ia€T BJIOYKEHUE

H%(Z,Q%) C H'(X, Q%)
(em., Hanop., [103] ru. 111, § 6, Teopema 2]). O

1.3.4. CNEACTBUE. [lyecmb X — noseprrocmo deawv Ileuyo. Tozda
(i) noseprrocmo X payuonasvha,
(i)
K% + p(X) = 10.
B wacmmnocmu, 1 < K% < 9.

JIOKABATEJIBCTBO. YTBepzxenue (1) ciaenyer us Kpurepus pai-
OHAJIBHOCTH KacTesqbHyoBO U 06paIenns B HY/Ib

H' (X, Ox) = H'(X, Ox(2Kx)) = 0.
J17151 TOKa3aTeIbCTBA 3aMeTHM, UTO
Xiop(X) =2+ 1k H*(X,Z) = 2 + p(X)
COTJIACHO TeopeMe u apoiicrsennoctu I[lyankape. Te-
epb CJIeyeT U3 TeOPeMbl 1 bopmyasr Hérepa
KY + Xiop(X) = 12x(X, Ox). O
Muoroobpasus @ano pazmepuocTu 60bieii 4eM 2 MOTyT ObIThH Hepa-
rroHaTbHBIMI. OIHAKO, OHU payuonasvro ceashu, [10], [85]. Dro ropas-
710 6ostee TiryboKuit pesysbrar, deM cpoiictBa [1.3.1} Ou ocnoBan na Tex-
HUKe JedopManuii U paciielieHds panuoHaibHbiX KpuBbix (bend and

break [51], [35]). B nacrosimem Kypce 3Ta TeXHHKa He 00CYKIAETCS.
OnHako, MBI IPHBEJIEM OJTHO BayKHOE CJIEJICTBHE.
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1.3.5. TEOPEMA (|35} caencrsue VI.3.8|). ITycmo X — mnozo06pa-
sue Pano. Toeda dasn nobozo q > 0 6epHo paseHcmseo

H° (X, (Q%)%) = 0.

HABPOCOK JJOKABATEJILCTBA. BocnoJib3dyemcss  palnoHaIbHOMN
cBs3roCThI0O X . CytectByer cemeiicTBo C palMOHAJIBLHBIX KPUBBIX, Ta-
Koe, 4To I JIIObIX obmux Todek P, P, € X umeerca kpuBas C' € C,
npoxondmas depe3 P u P, Ilyers C C X — obmas pamuonaibHas
KpuBas u3 3Toro cemeiicrsa C u mycrb

v:Pl— s CcX

— HopMaJin3anus. MoKHO 1o0Ka3zarb, 4To paccjioenue v*Jyxy 0OUJBHO.
Suauunr, V*Q}( — CYMMa JINHEHHBIX PaCcC/HOeHUN OTPULATEAbHON CTeIICHH.
[ToaTomy

HO(P', v (Qx)%") =0
g moboro g > 0, T.e. moboe rmobanbHoe ceuenne paceaoenus ()
obpamaercs B Hy/1b BJoJib C. [lockosibKy Hale ceMeiicTBO JJOMUHAHTHO,
9TO cedeHue 00paIaeTcst B HYJIb BCIOLY. U

1.4. NIagekc mHoroobpasuii ®Pano.

1.4.1. ONPEAENEHUE. HanGosbimee resoe uncio ¢ = (X)) Taxoe,
91O

(1.4.2) — Kx ='H

JUI HEKOTOPOTro OOMJILHOIO auBu3opa H HaszbiBaercs undexcom Pano
muoroobpasmsi Pano X. Ilpm srom mugexe camornepecedenms H ™)
Ha3bIBaeTCsI cmenenvro MHOoroobpasusa ®Pano X. Mur 6yaem obosHauyaTh
ero gepe3 d(X).

OTmeTnM, 9TO MO Teopeme krace quenzopa H B (1.4.2) ox-

HO3HAYHO ompejiesieH. VHorga oH Ha3biBaeTcd PyHIameHmanvroim 0u-
BU3OPOM.

1.4.3. TIPUMEP (cM., Hanp., [96, npemnoxenue 6.2.1]). Tlycre X —
noBepxHOCTh neb [lemmo. Torma «(X) < 3. Ecrm o(X) = 3, to X ~ P2
Eciu o(X) =2, 1o X ~ P! x P!,

1.5. JImBu3opsl Ha MHOTOOOpa3uax PaHoO.

1.5.1. TIPEIOXKEHUE. [Tycmv X — mhuoz000pasue Paro pasmep-
nocmu n > 3 uw undexca ¢ = 1(X). 3anuwem —Kx = (H u nycmo
Y € |/mH| — neocobuid snemenm.

(i) Ecaum <, moY — mnozo06pasue Pano undexca L — m.
(ii) Ecau m =, moY — muozoobpasue Kanrabu-4y. B wacmmo-
cmu, ecau dim(X) = 3, mo Y — nosepznocmo muna K3.
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JIOKABATEJBCTBO. I[To dopmysie upucoejuHeHus: JIUBU30D
—Ky = (t—m)H|y obunen u Y — muoroobpasue Pano unaekca, J1es-
merocss Ha ¢« — m. C apyroit croponsl, mo Teopeme Jleduurena o rumep-
wrockoM cedennu Pic(X) BraagsiBaercs B Pic(Y) xax npuMuTHBHAS
nojperterka. 3uadnt, H|y — npuvmuatusneii saement B Pic(Y).

Cuoga 1o popmyse npucoeannenus Ky = 0. VI3 nociepoBare/inb-
HOCTH

0—)ﬁx(Kx)—)ﬁX \ﬁY 0
nonyaaem HY(Y, Oy) = 0 mpu 1 < ¢ < dim(Y) — 1. Buagur, ¥ —
mHoroobpasne Kanabu-4ly. Il

1.5.2. TIPEAIOYKEHUE. [lycmov X — mpexmeproe mmnoz000pasue
Dano u nyecmv S C X — uenpusodumasn xomnorwenma dususopa D €
|—Kx|. Toeda umeem mecmo 00na u3 cAedyOUUT 803MOHCHOCTEU:

(i) S — bupayuonarvHo Aunelduamas NOGEPTHOCTY,
(i) S=D u S — noseprrocms muna K3, 603mootcHo, umerouas
drosanescrue 0cobEHHOCTU.

JTOKABATEJIBCTBO. 3aluiiemM
D=mS+ R~ —Kx,

e R — sddexTuBHbIil 1uBU30D, He comep:Kaluil S B KadecTBe CBOeil
KOMIIOHEHTHI, a 1M — IeJI0e MOJ0KATebHoe dncyao. Torma

(1.5.3) — (Kx+85)=(m—-1)S+ R~y ™1(-Kx) + LR.

ITo siemme KOIanpoBa pazmMepHocThb #(.S) Henonoxurenbua. [Ipe-
noaoxkum, 4ro #(S) = 0. Torga cHoBa 10 JiemMme 0coBeHHOCTH
nopepxuocTH S He XyxKe deM moBajieBckue u Kg~g 0. 13 npasoit vactu
(1.5.3) momyuaem, aro m = 1 (nockonbky —Kx obuien) mw R = 0 (mo-

CKOJIBKY HOCHUTeTh D cBsizeH). 3uaunt, Kg ~ 0 1 Torga S — HOBEpXHOCTD
tuia K3 (em. npeioxenue [1.5.1][(i1)). O

1.5.4. JIEMMA. Ilycmo X — meocoboe npoexmusHoe mpermeproe
mHoz006pasue u nyemv S C X — nenpueodumas (603MOHCHO HEHOP-
MaAbHAA) noseprrocmy. IIpednososcum, wmo

(1.5.5) Kx + S~y —G,

2de G — apgpexmusnnti Q-dususop. Tozda kodauposa pasmeprocmo
2#(S) nenoaoorcumenvra. Boaee moezo, ecau x(S) = 0, mo ocobennocmu,
noseprrocmu S we zyoice wem dwsanesckue u Kg ~g 0.

JTOKABATEIBCTBO. Iyers f : X — X — pasayrue ¢ HeocoGbIM
nenrpom C, JrexkaiuM B 0coGoi wactu S, mycrs S C X — cobcrBen-
HBIA mpoobpas3 S u mycTb F — HCKIOYATENbHBIH 1uBA30p. MBI MOKeM
3aIIACATD )

v =f"Kx+aFE, S~ f*S—mFE,
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riae a = 2 —dim(C) < 2, a m > 2 — kparnocrs S Buosib C. Torga
Ki+ S~ f(Kx+8)4 (a—m)E~y—(m—a)E - f*G, a—m<0.

Bamernm, uro Q-amsuzop G = (m — a)E + f*G sddexrusen. Bomee
Toro, ecn SN Supp(G) = @, 1o SNSupp(G) =P na=m=2, 1. e. f
— pasjyTHe TOUYKH KpaTHOCTH 2 Ha S.

Cornacuo Teopeme XupoHaku, npumenssi K (X, .S) pa3ayTus onuca-
HOTO BBIIIE BUIA, MBI MOYKEM TIOJYUUThH BJIOKEHHOE pa3penieHne 0CobeH-
Hocrei . A

(X285 ——(XDS)
nosepxuoctu S. Ilpu srom K + S ~o —@G, G > 0. Iycrs %(S) > 0. Ilo
dopmysie Tpucoe ITHEHN

Kg~g —=Glg.
Cnenosarenbno, Kg ~q 0 u SN Supp(@) = . CornacHo Hameil no-

JyKTUBHON KoHCTpyKimu, S N Supp(G) = & u pasperieHue X = X,
SIBJISIETCSA KOMIO3UIIMeil pa3iyTHuii TOUeK KPaTHOCTU 2 Ha COOCTBEHHBIX
npoobpazax S. I1o o3naugaer, 4To Kg ~g 0, moBepxHoCTH S HOPMAJIbHA,
a ee 0CODEHHOCTH JTIOBAJIEBCKIE. O

1.6. Konyc 3¢ dpekTuBHBIX KPpUBBIX HA MHOroooOpa3susax Pa-
HO. Chemyoomunii BaKHBI (DaKT SABIAETCI HEIMOCPeICTBEHHBIM CJIe/I-
CTBHEM TeopeMbl 0 Konyce [14.3]

1.6.1. TEOPEMA ([51]). Ilycmo X — wmmnozoo6pasue @Pano. Tozda
konyc Mopu NE(X) noausdparen u noposcdaemes KOHEUHOLM HUCAOM

axempemanvrux ayuet Ry, ..., R,. Kaocdui skempemanvrod ayy R;
umeem 6ud R; = R [l;], 2de {; — payuonasvran kpusas na X maxas,
4Mo

—Kx - 4; < dim(X) + 1.

1.6.2. CAEACTBUE. Jusudop D na muozo00pazuu Pano X obusen
(coomsememeento, wucaenno sfexmusen) moada u mosvko mozoa, Ko-
2da D-R > 0 (coomsemcmeenno, D-R > 0) dasa 1106020 sxcmpemanshozo
ayqa R na X.

1.7. Teopema Pumana-Poxa Ha mHOroob6pazmax ®ano. Hawm
OHAIOOUTCS CJIeIyIoNas acCAMIITOTUYecKad gpopMa TeopeMmbl Pumana-
Poxa (cm., Hamp., [35, ria. VI, reopema 2.15.9]).

1.7.1. TEOPEMA. Ilycmov H — dueus3op na Heocobom npoexmueHom
MHo02000pasuu X pasmepnocmu n. Tozda atineposa xapaxmepucmukra
X(X, Ox(tH)) asasemes mHozousenom 6uda

1
'<_KX) X Hn—ltn—l 4.

(1.7.2) x(X, Ox(tH)) = %H”t” T om -
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Orcroa Mbl oJtydaem cjieaytonie (pakThl, KOTOPbie OyAyT MHOIO-
KpaTHO UCIIOJIb30BATbhCA HUZKE.

1.7.3. TEOPEMA. Ilycmv X — mnozo06pasue DParo pasmeprocmu n
u undexca v = o(X). Ilyemv H — dususop maxot, wmo —Kx = (H.
Toz0a umerom mecmo caedyrowjue ymeeprHcoeHus:

(i) «(X) <n-+1.

(ii) Ecau o(X)=n+1, mo H" = 1.

(iii) Eeau o(X) =n, mo H" =

(iv) IHpu 1(X) > n — 2 pasmeprocmo aunelnotl cucmemnvs |H| ewvi-
YUCAALTNCA N0 CACOYIOUUM POPMYAAM:

n+1 ecau L(X)=n+1,
2 X)=
(1.74)  dimHOX, ox(H) = 4" ecau X) =n,
n+d—1 ecaut(X)=n-—1,
n+g—1 ecau(X)=n-—2,

2de |
d:=d(X)=H", g:= §H”+1

— yeanie nososcumesvive wucaa. B wacmmnoemu, |—Kx| # @
npu 1(X) >n—2.
(v) ITyemov n =2, 1 := 1(X). Tozda

(1.7.5) dim H(X, Ox(tH)) = %dt(t +¢) + 1.
(vi) ITyem» n = 3. Tozda
(1.7.6)  dim H'(X, Ox(tH)) = é(g —Dtt+1)(2t+1) +2t +1
npu (X)=1,t>0u
(1.7.7) dim H(X, Ox(tH)) = %t(t +0)(2t+1)d + ? +1
npu v = u1(X)=2,t> —L

JTOKABATEJIBCTBO. Cornacuo (|1.7.2)),
x(t) = x(X, Ox(tH))

— MHorouwneH crernenu n. C Apyroit ¢TOpoHbI, MO TeopeMe Komaupsl 06
oOpallieHnuu B HyJib

Xx(t) = h°(X, Ox(tH)),
eciin jquBu3op — K x+tH obusien, 1. . upu t > —i. B uacrnocru, X(0) = 1
u MEOrOwIeH X(t) obpamaercs B HyJb MpH

t= 1., —(—1).
12



Tak kax x(t) umeer crenens n, 1o ¢ < n + 1. 1o gokaspisaer [(1)]]
[Ipu ¢ > n — 2 muoroueH X(t) MOXKHO BEIMHCJIUTH SBHO. DTO JOKa-

Ker , n [IpuBeseM 3Tu BHIYUCICHUS JIUIA Caydas L = n — 2.

Pazbop ocTajabHBIX CydaeB IMPOINe W OCTABJSIOTCS YATATEN0. TaK Kak

X(t) obpamaercsa B HyJb B ToUkax t = —1,..., —(n — 3), 0
d
(1.78) X(1) = St 1) (14— 3s(t),

e X3(t) — MHOrouJien crenenu 3 co crapummM ujienom 2. U3 jpoiicTeen-
noctu Ceppa cjiejlyer, 4To

W(X, Ox(tH)) = "X, Ox(Kx —tH)),  x(t) = (=1)"x(—1 — t).

OTcioma moaydaeM, 9TO MHOMKECTBO KOpHe# MHorowreHa X(f) cummer-
PUYHO OTHOCHTEIBHO TOYKH —t/2 = —(n — 2)/2. Tlosromy nocsennuii
muozxkures b B (|1.7.8]) nmeer Bu

n— n—2)2
x3(t) = (t+ 52) ((t+ n>2) +a> .
Juist Hekoroporo a € Q. Takum obpaszom,

(L79) x(t) = Hd(t+1)- (t+n—3) (t+252) ((¢t+252) +a).

n!
Tak kak X(0) = 1, To orctona moaydaem

nl=d(n—3)! 2. ((”7_2)2+a), 2n(n—1):d<(”7_2)2+a).

OKoHYATEJILHO

a=2n(n—1)— (”772)2

[oncrasum 310 B (1.7.9), noxyumm
x(t) = %(dt(t+n—2)+2n(n—1))(t+1)...(t+n_3) (t+n74).

OTKyna HETOCPEICTBEHHO BHIBOMUTCS HyKHbIe hopmyast ((1.7.4), (1.7.6)
u ([1.7.5). O

OrmernM, 9T0o B 00mieM caydae (a7 MHOroo6pasuii @ano BICIei
Pa3sMepPHOCTH U MAJIOT0 WHJIEKCA) HEIyCTOTa AaHTUKAHOHUIECKOi JTHHeil-
HOH cUCTeMbl He U3BeCTHA.

1.7.10. CAEACTBUE. ITycmov X — mnozoobpasue Paro u nycmo

— JOMUHAHMHOE PAYUOHAAbHOE 0Mobpatcerue Ha noseprrocmy Z . To-
2da Z payuoHasvHa.

*OrpaHU9eHHOCTD HHIEKCA, TaKKe CJeJlyeT U3 TeoOpeMbl
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PanuonasibHocTb Z cjejiyeT u3 paluoHaJIbHON CBSI3HOCTH MHOI000-
pasuit @ano. [leficrBuTe/ibHO, palMoHAIbHASA CBSI3HOCTH COXPAHIETCS
IpHU JIOMHHAHTHBIX OTOOPArKEHUAX, a PAIUOHAIBLHO CBA3HBIE TOBEPX-
HOCTHU pPallWOHaAJIBbHBI. HOCKOJIbe 9TO YTBEPXKIACHHUE OYEHDL BazKHO JIJId
JabHEHIIero, Mbl IIPUBEIEM 3/1eCh He3aBucuMoe (HO “KycrapHoe”) JoKa-
3aTeJIbCTBO, paboraroliee TOJIBKO B pa3MePHOCTH 3.

JIOKABATENLCTBO. Ilycrs dim(X) = 3. Be3 orpanudenus ob1rHo-
CTH MBI MOZKEM CYHTATH, YTO MOBEPXHOCTH Z HEOCOOA, MIPOCKTHBHA H HE
cogepkut (—1)-kpusbix. COIJIaCHO CJIeICTBUIO HMeeM

HY(Z, 0,) = H*(Z,Q%) =0, Vg > 0.

[IpemnonoKuM, YTO HOBEPXHOCTDL Z HepaluoHabHA. Toraa Z He MOXKET
ObITh Jmneituaroit (nockounky H'(Z, 07) = 0). Cornacuo kjiaccuduka-
nuu ajarebpanveckux nopepxxocreii, »(Z) > 0.

Paccmorpum paspenienne ToUeK HeOoNpPeIeJeHHOCTH HAIero orodpa-
JKEHUSI

X
2N
X-__t_ .y
(311€Ch 0 — KOMIO3HIHS Pa3Iy TUii ¢ VIaIKUME IleHTpaMi ). Eciu HekoTo-
PBIil 0-HCKIIOYUTEIbHBIH THBU30D E CIOPBEKTHBHO 0TOOparKaercs Ha Z,
TO »#(Z) = —00, 9TO TPOTHBOPETUT CKA3AHHOMY BBITIIE. 3HAUUT, 0TOOPA-
KeHue 1 olpe/eseHo BO/IN3M CBOEro obIIero c/iosd, T.e. Bouusu o (11 (2))
JJIa o0IIeit Toukn z € 4.

ITo reopeme nuueiinasg cucrema |—Kx| mMeeT mosIoKHATEIb-
HYIO pa3MepHOCTh. Bosbmem mw060it snement D € |—Kx|. TTockonbky
quBu3o0p D ~ —Kx obujieH, To OH UMeeT HeHyJieBoe IepecedeHue ¢ 00-
UM caoeM orobpazkenus 1. Ilosromy y auBuzopa D cylmecrByeT KOM-
MOHeHTa, CKaxkeM S, KOTopas JOMHHAHTHO OTOOpazkaercss Ha Z (BO3-
MoxkHO, S = D). Tak kak #(Z) > 0, 1o (S) > 0. Cornacuo npe/iozxe-
HUIO S — nmosepxHOCTb THHA K3, BO3MOKHO, HMEIOIIAsd TIOBAICH-
ckue ocobennocru. CiaenoBaresnbho, #(Z) = »#(S) = 0. CuoBa ucnosib-
3yd KJIacCuUKANUIO aJredpanvecKuX IMOBEPXHOCTEN, MOydaeM, 4To Z
— MOBEPXHOCTH JHPUKBECA.

Torma umeeTcst JBYJIMCTHOE HEPA3BETBIECHHOE HAKphITHE /' — 7, TJ1e
7' — nosepxuocts Tuna K3. Crenaem 3ameny 6a3sl s . Tora

X'=Xxz72 ——X

— TaKKe JIBYJIMCTHOe Hepa3BeTBJIeHHOe HakpbuiTHE. [lockobKy yH1a-
1 ..

MeHTabHas rpynmna 7t ©(X) — OupalMOHAIbHBI HHBAPHAHT B KATEIO-

PUH HEOCOOBIX MOJHBIX MHOI000pasuit, To MHOrooOpasue X OIHOCBSI3HO
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(em. [1.3.1)|(iii)). Snaunt, nakpuirne X’ — X pacunagaerca: X' = XjUX},
rie X! ~ X. Ho Toraa, kak u B foxkazatenberse caeactsus [1.3.3) nveem

H°(X,9%) = H'(X],9%,) D H'(Z,9) #0.
dro nporusopeunt reopeme [1.3.1][(iD)] O

1.8. Muoroobpa3usa ®ano 6oapimoro maaekca. Oka3blBaeTc,
9T0 MHOr006pasus Pano GOJNBIIOrO HHIEKCA YCTPOECHBI OYEHb MPOCTO:

1.8.1. TEOPEMA. Ilycmv X — mnozo06pasue Paro pasmeprocmu n
u nyemov L = 1(X) — ezo undexc Pano. Tozda umerom mecmo caedyroujue
YMmeEEPHCIeHUA.
(i) Ecau o(X) =dim(X) + 1, mo X ~P".
(ii) Eeau «(X) = dim(X), mo X usomopdmo xeadpure ¢ P

B cBs31 ¢ 3TUM HECJIOXKHBIM PE3YJIbTATOM MOYKHO COPMYJIHPOBATH
CJeYIONee ONpeesIeHAE.

1.8.2. OOPEAENEHUE. Koundexcom muoroodbpasust Pano X Hazbi-
BaeTCs (HeOTPUIATETHHOE) THCIIO

c(X) :=dim(X) + 1 — «(X).

Takum o6paszom, ¢(X) = 0 (coorBercrsenno, ¢(X) = 1) Torma u TOILKO
Torjia, koryia X ~ P" (coorercrenno, nzomopdHo Kpajpuke B P71
Muoroobpasus Pano KOMHAEKCA 2 HA3BIBAIOTCI MHO2000pa3UAMU 0eAb
Ileyyo [20], a mHOrOOGpasus KoWHIEKCA 3 — MHO2006pasusmy Mykau
[55]. st n-mepHOro Muoroo6paszust Mykan X ducJio

1

—_1
naspiBaercs ero podom (cm. (L.7.4). 3xech, kak obbruno, H = —1 Kx.

OkasbIBaeTCs, YTO CI0KHOCTH B Kaaccudukamuun Maorooopasuit da-
HO BO3PACTaeT ¢ BO3pacTaHneM KOWHEeKCa. B HacTOsee BpeMsi HMeeTcst
kiaccudukanus Maoroobpasuit Pauo ¢ ¢(X) < 3.

JIOKABATEJLCTBO TEOPEMBI [1.8.1] Cornacao teopeme  [1.7.3]
nMeem
t=n+1 = H"=1, dim|H|=n,

(1.8.3) L—=n — H"=2, dim|H|=n+1.

[lo 1emme HIZKe JiHefinaa cucteMa |H| comep:kur siement Y,
gapJjsioniuiics Heocodbim Muorooopasuem. [lo opmysie npucoennenus
—Ky = (1 — 1)Hly. Bnauaut, Y — muoroobpasue ®ano unaekca t(Y) =
1(X)—1 (upn dim(X) > 2; npu dim(X) = 2 nmeem Y ~ P'). 13 rounoii
[OCJIeIOBATETbHOCTH

(1.8.4) 0 —— Ox —— Ox(H) —— Oy(H) —— 0
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u obpamenus B Hyab H'(X, Ox) nosydaem, 4ro oTobpazkeHne orpaHu-
qeHust
H(X, Ox(H)) —— H°(Y, Oy(H))
ciopbekTHBHO. [10 mpeanoaoKeHno WHAYKINK JuHefiHas cucrema |H |y |
He uMeeT OA3UCHBIX TOYEK. SHAUUT, TO yKe camoe BepHo u i |H|. Takum
obpazoM, nuHeiinas cucrema |H| 3amaer mopdusm @ : X — P! pax,
970
deg® - deg ®(X) = H".

Tak kak ®(X) me sexkut B runepiiockocta, To deg® = 1, T. e. Mop-
dusm ¢ duparnumonasien Ha cBoii 0bpa3. Tak kak juBuzop H obujien, To
® koneden. Tak kak mMHOrOOOpasme crerneHun < 2 HOpMaJbHO, TO ¢ —
n3omopdusm. Teopema |[1.8.1] jokazana. Il

Ocraercst 10Ka3aTh CyIecTBOBaHHe Heocoboro snementa Y € |H].

1.8.5. JIEMMA. B obosnauwernuar sviwe aunetinas cucmema |H| co-
deporcum anemenm Y , AGALOWUTCA HEOCOObIM MHO2000PA3UEM.

B craenyrotmeit JieKiuu Mbl 0O6CyIMM OOIIUI MeTO J0Ka3aTeIbCTBa,
yTBepxAeHuii nogo6Horo poga (cm. ynpaxkuenue (8 crp. 41). 3xech mbl
puBeieM “KycTapHoe’ 10Ka3aTejbCTBO, KOTOPOe paboTaer B pa3MepHO-
cr < 3.

JIOKABATEJABLCTBO. Pacemorpum coayuait dim(X) = 3. Cuyuaii
dim(X) = 2 cymecTBeHHO MpPOIIE U OCTABJLCTCS YUTATEIIO JJIsI CAMO-
CTOSATE/IHHOTO pa3dopa.

[Tycts «(X) = 4. Torma cornacuo (1.8.3) nmeem dim |H| =3 u H? =
1. Mockonbky H obusen, To Ja1060# 3JeMeHT JuHeidHoN cucrembl |H|
IPUBEJIEH U HenpUBOAUM. Bo3bMeM 11Ba pa3invHbIx sjementa Hy, Hy €
|H|. Ilycts C' := Hy N Hy u niyets &2 C |H| — 1mydoK, MOPOXKIEHHBIH
H, n H,. fdcuo, uro Bs &2 C C. Ilo teopeme Bepruun o0mmii 31eMeHT
H € & ueocob sue C.

Tak xkak H - C' = 1, to C' — mpuBe/ieHHAs HEIPUBOAUMAS KPUBASI.
[To popmysie ansg pona

2p.(C) —2=(Kx+ H, + Hy) - C = —2.

Orcioga caenyer, aro C' — Heocobast palrOHAJIbHAS KPUBAsi U OITOMY
Bce nosepxuocry H € &2 neocobbl Baosb C. 3Haunt, oOmuil 3/1eMenT
H € & ueocob Bciomy.

[Tycts «(X) = 3. Toraa cormacuo (1.8.3) nveem dim |H| =4 n H3 =
2. Tlosromy sr060it snement H € |H| wiu OpuBejieH U HEIPUBOIUM,
I UMeeT JIBe HeIIPUBOINMBIe KOMIIOHEHTHI ¢ KPATHOCTBIO 1, MM HMeeT
OJIHY HEIPUBOJAMMYIO KOMIIOHEHTY ¢ KparHocThio 2. Tak kak (X)) = 3,
TO MOCJISJTHUN CIIYYaidl HEBO3MOXKEH.
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[Ipeanosozkum, qro obmuit suement H € |H| npusojum: H = F+M,
rae M, F' > 0. Mot Mmoxkem cautarh, aro dim |M| > 0. Nmeem

H®=2=H* (F+ M).
Orcrona
H*-F=H*M=1.
B wacrnocru, F' u M — menpuBoaumbie noBepxuoctu. Hocurenb 06mib-
noro jausuzopa H = F + M csasen. [lostomy F'N M — xpuBag u

H-F-M>0.

Eciau 661 mepecedenne obmux snementoB My, My € |M| 6buto mycro,
To JimHeliHas cucrema |M| He mMesna Obl GA3UCHBIX TOYEK, YTO IIPOTHU-
Bopeunt Teopeme Beprunu, npumenennoit k |H| = |M + F|. 3naunr,
nepecedenue oouux saementos My, My € |M| — kpusas u H - M? > 0.
Ho Torma
H* M=1=H -M°+H -F-M>2.

[IporuBopedne mokaspiBaeT, 4To obmuii snement H € |H| nenpupoum
U TpUBEJIEH.

Teneps MBI yTBepzKIaeM, 910 obmmuit s1ement H € |H| Takxke HOP-
MaJgieH. [Ipeamonoxxkum nporusnoe. Torna mo kputepuio Ceppa H ocob
BI0.JIb HEKOTOpOoil Kpusoil Z. Ilo Teopeme Beptunu Z comep:kurcsa B 6a-
sucHoM MHOKecTBe Bs|H|, a 3nadqur J1060i npyroii saementr Hy € |H |
Takzke 0cob Bioab Z. lloaromy Z comepKurcsd ¢ KpaTHOCTbIO > 4 B
nepecevenun H N H;. Ho Torna

47 -H<H-H, -H=2.

[IporuBopeune goKka3piBaeT, YT0 H — HOpMAaIbHAs TTOBEPXHOCT.

Mycts g : H — H — uunrnvaibaoe paspemrenue (M., Hamp., [95]).
Paccmorpum kpusyto C' := H N H; kak guBu3op Kapree Ha H u mo-
goxmMm M = p*C. Ilo dpopmyne npucoeaunenns Ky = —2C'. Ilosromy
MBI MOZKEM 3aIHCATH

rae A — sddekTuBHBI (BO3MOKHO Hys1eBoi) Q-auBu30p ¢ HOCHTEIEM

B HCKJIIOYUTETHHOM MHOKecTBe Mopdusma 4 [95]. Dro MHOKecTBO He
comepkuT (—1)-kpuBbix. [losTomy st m060it (—1)-kpusoii E 5a H MbI
uMeeM
M- E >0, A-FE>0.

Orcroma K - £ < —1, 9r0 HeBO3MOXKHO. (Csre0BaTe/IbHO, H ne conep-
Kut (—1)-kpuBbrx. 113 caenyetr, uro — K — 0ObeMHBIN 1UBH30D
(MOCKOJIbKY OH TIPEJICTABJISIETCST B BUJIE CYMMbBI 00 beMHOT0 1 3bdeKTnB-
noro jusm3opos). Cienoparensno, #(H) = —oco u mosromy H — Mu-
HUMAaJIbHAS JIMHEeHYaTast MOBePXHOCTh. Mopdusm i JT0KeH cTAruBaTh
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ojny HenpuBoAuMyIo KpuByio 2. [Iycts T — cjioit jinneituaroit nosepx-
noctu. Tak xkak quBu3op M obbemen, 7o oH He nponopruorasiex Y. Kciu
A #0, ro A2 < 0 u Torga Q-muBusop A Takke He mponopruoHaaen Y.
Tak xak K- T = -2, To u3 nosiyaaem, 9to A =0u M - T = 1.
Torna K -X=0m

2pa(X) —2=(Kz+%)- 2 =%*<0.

Buauut, p,(X) =0, X2 = —2u H — panuona/bias JuHeiiuaTas 10Bepx-
HocTh Fy. B atom cayuae H — kBaapaTwunsiii konyc Q C P? n guBusop
C ouenn obmen na H. Torma yTBepkiaeHue cjieayer m3 TOYHON MOCTe-

nosarensrnoctn (|1.8.4), kak u BeImIe. O

Jlanee mMbl mpuBeIeM HpuMepPbl MHOTooOpas3uii Pano.

1.8.7. [IPUMEPHI. (i) [IpoekTuBHBIE TIPOCTPAHCTBA P

(ii) Heocobas runepnosepxuocth Xy C P" — muoroo6pasue @ano
TOrJIa U TOJIBKO Torja, Korjaa d < n + 1.

(iii) IToanwe nepecevwernus. Heocoboe momnoe nepecevenue Xy, ..q. C
P™ runeprnioBepxnocrteit cremneneii dy,...,d, — MHOTOOOpa3me
®ano Torma W TOJBKO TOrAA, Korma » d; < n+ 1.

(iv) Ipoussedernua. X X Y — muoroobpasme PaHo TOrIa U TOJHKO
toraa, Korna X u Y — mHOrootpasus Pano.

1.9. Pazagyrtua. B srom myHkTe Mbl 00CY/JUM BOILIPOC O TOM, KOIJa
pasyTre HEKOTOPOTO MHOT000pa3ust siBiasieTcs mMHOroobpasmem Damno.
[Tycte X — meocoboe mpoeKTHBHOE MHOTOOOpa3ue, mycrh £ — JuHeii-
Hasi cucrema JauBn30poB Kaprhe Ha X 03 HENMOABUKHBIX KOMIIOHEHT W
nycers Z = Bs.% (kak cxema). Iyers f: X — X — pasaytne Z. Orme-
THM, 4YTO MHOrOOOpas3ue X MOZKeT GbITb OUeHb OCOGBIM I HMETh CJIOYKHY IO
crpykTypy. [lanee, npeanonoxum, 4ro cxema Z mpupesieHa M HEOCODA.
B stoM ciydae HeocoGo u muoroobpasue X . Ilyers £ = f1.% — cob-
cTBenHbLi 1poobpas. Torma jumneiinas cucrema £ He uMeeT GABHCHBIX
Touek. B wactHocTHu, ona uucjaenno spdexrunsia u f-odbumiabna. llpe-
MOJIOZKUM, YTO MBI MOXKEM Pa3JIOKUTh aHTHKAHOHWYECKHH Ki1ace —K ¢
KaK BBIMYKJIYIO JHHEHHYIO KOMOMHAIUIO

~Kg=aZ+8f'H,  a 3>0
rae H — obunpnblil nususop Ha X. Torma nusmsop —K g obmien mo

kputepuio obmibnoctu Kieitmana [14.1.1] T.e. X — muoroobpazue Pano.

1.9.1. TIPUMEP. B obo3uauenusx Boimie, mycth X = P u mycThb
7 =Pk C P* — jumeitnoe mogMHOroo6pasme. Torma pasayTHe X8 Z
siBjisiercst MHOroobpasuem @ano. eiictBurenbro, nycrs £ — JuHelinas
cucTeMa TUIEPILJIOCKOCTel, npoxoasaiux depe3 . Torma

—Ki~—f'Kx—(n—k—1E, f%=%+E,
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e F — uckiounresbublit auBu3op. Orcoma
—Ki~n+ D)L —(n—k—1DE~mn—-k—-12L+(k+2)[Z.
CorlacHO CKa3aHHOMY BBIIIIE, STOT JIMBU30D OOMJICH.

Huke Ham nonaobsrest HHJAEKCH llepeceveHns JIMBU30POB Ha Pa3/Ly-
THH MHOTI00Opa3usi BIAOJb HEOCOOOr0 MOAMHOr000pasusa. DTu POPMYJIbI
OyIyT MHOOKPATHO MPUMEHSITHCSA HHUZKE.

1.9.2. JIEMMA. Iycmv V' — neocoboe mpexmeproe mro2000pasue u
nyems o @V — V. — pazdymue ¢ yenmpom 6 2nadkoti kpusot 2 C 'V
poda g(Z). Ilycmv E := 07 (Z) — uckmonumenvniti dususop. Tozda

\
E~P ( o /V)
u oA mobwxr dusudopos Dy, Dy, D3 na V' umerom mecmo caedyrousue
COOMHOWEHUA!

0*Dy-0%Dy-0*D3 =Dy - Dy - Ds,
0*Dy-0*"Dy - E =0,

o*Dy-E?=—-D, -7,

E? = —deg(Ayv) =2—-2g(Z) + Ky - Z.

(1.9.3)

JIOKABATEJBLCTBO. Bce cooTHorenus cieayor u3 GopMyJibl Ipo-

eKnuu 1 Toro, 4to Op(FE) ~ ﬁp(ﬂzv/v)(—l). B nociennem coorHomennu

crenenn deg(A7/y) HAXOJANTCS U3 TOYHOMN MOCJIEI0BATETLHOCTH

0 ‘TZ ‘J'V|Z—></VZ/V—>O' ]
1.10. I'paccmManuaHbl 1 OJHOPOJHBbIE IPOCTPAHCTBA.

1.10.1. TIPEAIOKEHUE. [Tycmv G = Gr(r,n) — mmuozoobpasue
Ipacemana. Tozda Pic(G) ~ Z u —Kg ~ nH, 2de H — obunavnas 06-
pasyrwwas Pic(G). B wacmnocmu, G — mnozoobpasue Pano undekca
n.

JIOKABATEJIBCTBO. DuiemenT a € G 3amaercsa r X n-marpunei A
MaKCUMAaJbHOrO panra. [IpmueM MaTpuilbl, OTJIMYAONIAECT JIEMEHTaP-
HBIME TPeoOpPaA30BAHUAMEI CTPOK, 3aJAl0T OJHH U TOT K€ 3JEMEHT. 3a-
mmmem A = (Ap | Az), tae Ay (coors. Ap) — marpuua pasmepa 1 X 1
(coors. 1 X (n — r)). Paccmorpum orkpsiToe mogmuoxkectso U C G,
3amanHoe ycaoBueM det Ay #£ 0. Jlioboit snement a € U odnosnauho
[pe/icTaBaseTcss MaTpuIeil suga A = (E \ X). Ilycrs X = (x;;). 3mecn
x;; MOI'YT paccMaTpHBaTbcd KakK KoopamHarel Ha U. Takum oGpasow,
U~ A" Ilyers H = G\ U. SIcro, aro H — 3aMKHyTOe IOIMHOTO-
obpasue KopasMmepHocTd 1. 9T0 MHOTOOOpa3ne HEITPUBOIUMO, ITOCKOTIBKY
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OlpeJIeJIUTE]Ib, PACCMATPUBAEMbBI KaK MHOTOYJIEH OT CBOUX 3JIEMEHTOB
HernrpuBoauM. M3 TOYHO 10C/I€/10BaTEIbHOCTH BhIPE3AHUsT NMEeM

H -7 —— Pic(G) —— Pic(U) = 0.

Crenosarensuo, Pic(G) =7 - H.
Hauee, paccMorpum caydait n = 5, r = 2. O0mmii caydail oTamdaer-
¢S OT HErO TOJBKO IPOMO3IKOCTBIO. Torma

A — 10 1,3 T14 T1p5
0 1 T23 T24 T25

[lepeiigem B apyryio kapty. JLng 3Toro sjiemeHTapHbMU Tpeodpa3oBa-
HUSME CTPOK mepeitaem ot A K mMarpurie

1 0 1 T1.4 Z1,5
x1,3 1,3 x1,3

2.3 x T < T1 5T <
— =23 1 () gy, ZLAT23 _ 71,6723

xro
1,3 ’ z1,3 2,5 z1,3

HosbiMu KoopauaaTamu OyayT

e 1 - T23
3= T 23— T )
Z1,3 T1,3
14 X1,5223 .
/ o 5] / _ 5] ) —
Ty, =, By =dy— ———, j =40
x1,3 x1,3

Pacemorpum puddepernuanbuyto dpopmy w = dr) g A+ Adry 5. Toraa

u
W = le’13/\"'/\d$25,
a,; Y b
1,3
rae u — obparumbiit ssmement. llorygaem Ko = div(w) = —5H, rme
nusu3op H 3amaerca ypapHenneMm zp3 = 0. Ul

BaMeTI/IM, q4TO AUBHU30D H ABJIAEeTCdA TUIIEePIIJIOCKHM CeYeHHueM IIpu
Broxkennn [Tmokkepa. CregoBarenbHo, tuHeiiHast cucrema |mH | ouenpb
obmybHa ipu m > 0.

Nmeetcs ropasao 6osee obuuil pe3yibrat, yeM npejoxKenne [1.10.1

1.10.2. TIPEAIOZKEHUE ([35], 1. V| Teopema 1.4]). ITyemv G — au-
Helnas arzebpaudeckas 2pynna u nycmv X — 00HOPOIHOE NPOCMPaH-
CcmMB0 omHocumesvho nexomopozo deticmeus G. Eeau mnozo006paszue X
npoexmueHro, mo OHO AGAAECINCA MH02005p03U6M Dano.

Wnadge roBops, hakTop JimHEiHOM ajiredOpandecKoil IpymIsl 1o ee Ia-
pabouyeckoii MOATrPYIIIe BCETIa sBIsgeTcda MHOroobopasueM Pano.
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1.11. Muoroob6pa3us ®aHo u KoHedHbIe MOpdu3mbI. [Iycth
f X — Y — koHeuHbIil CIOpBHEKTUBHBI MOP(U3M HEOCOOBIX MHOTO-
obpasuit. Beibepem Touky P € X u JioKa/JibHbIE KOOPJAUHATHI X1, . . ., Ty
B okpectaoctn P € U C X. Tlyers Q = f(P) u mwycTh Y1, ..., Yn —
JIOKaJIbHBIE KOOPJMHATHL B OKpecTHocTH () € V' C Y. Orobpaxkenue f
sajaerca byHKuaMa y; = y; (21, ..., x,). Ilyctsb

w=¢dyy A--- ANdy,

— MepoMopduas auddepentnaibuas popma crapieit cremnenn. Tora
Kyly = div(¢) n

f*Ky|y = div (¢(y1(x1, ey Ty e Yn( Ty, ,xn)))

C npyroii croponsl, K x|y MoKeT ObITh 33/1aH THBH30POM MePOMODMDHOH
dopmbl f*w, KOTOpas paBHA

Cb(yl@la s 7xn)7 s 7yn($1) s 71:71)) det(f)yz/ax]) dxl ARERNA dxn

CpaBuuBasi 3T BbIpazKkenus, mojaydaum, aro Ky — f*Kx 3amaercsa o0-
pamenneMm B Hysb skobuana det(dy;/0x;). Ou asiserca rosoMopdHoit
dyuknueii, odpamatiieiics B HyJIb BI0JAb JUBH30pPAa — JIMUBA30Pa BETB-
senud. [lTonyaaem dpopmyny ['ypsura

(1.11.1) Kx =f"Ky + R, R >0.
[IpenmosiokKuM Temepb, 4TO f — MUKIXUECKOEe HAKPBITHE CTEIeHd M.
Bribupast KoopJiuHaThl X1, . . . , TH_1 BJAOJIb KOMIIOHEHTHI X n T, — TpaHCc-
BEPCAIBHO, MBI MOYKEM CUHTATD, YTO Y1 = L1, .., Yn—1 = Tn_1, Yn = Tp'.
Torna
m—1
(1.11.2) R=——f*B, rne B = f(R).
m
Takum obpazowm,
m—1
(1.11.3) Kx = f" (Ky + —B) )
m

flcHo, 9TO B 3TOM Ciiydae AMBU30P B J0/KeH ObITh HEOCOOBIM M €ro
kiacc B Pic(Y) momken nequthbest Ha m.

B wacTtHOCTH, ecmn MEHOroo6pasud X u Y OPOeKTHBHEHI, TO U3
nojygaeMm, 9ro X — MHOrooopasme ®ano Torga u TOJIBKO TOrIA, KOTIA
aususop —(Ky + ™= B) obuen.

1.11.4. TTPUMEP. Ilycrp B namwux obosznadenusx Y = P" u mycTb
B — rumepnoBepxXHOCTH CTemeHu md, 3ajlaHHas OJHOPOJHBIM YypaBHE-
wueM ¢(zg,...,x,) = 0. Muoroobpasue X MoxKer GBITH peaTH30Ba-
HO KaK THIIEPIOBEPXHOCTH BO B3BEIIEHHOM IIPOEKTHBHOM HPOCTPAHCTBE
P(1", d) (cM. nmzke), 3a1anHag ypapaenueMm y™ = ¢(xg, ..., x,), TIe T;
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— KBa3MOJ/IHOPO/IHbIE KOOPJAUHATHI CTelleHu 1, a Yy — KOOp/iMHaTa CcTele-
uu d. IIpu srom X — muoroobpasue Pano Torjaa u ToJIbKO TOr/Ia, KOI/a
(m—1)d <n.

1.12. Muoroob6pa3ua ®PaHo BO B3BEIIEHHBLIX IIPOEKTUBHBIX
OpocTpaHCcTBaX. boJibiinoii 3amac npumMepos MuHorooopasuii Pano Ja-
I0T IIOJIHBIE IIepeCeueHunsd BO B3BEHICHHBIX IIPOCKTUBHBIX IIPOCTPAaHCTBAX.
[TpuBesem 6e3 g0Ka3aTeIHCTB OCHOBHBIE CBOMCTBA B3BENIEHHBIX ITPOEK-
THUBHBIX [POCTPAHCTB. 3a JeTajJsiMi Mbl OTChLIaeM K pabore [15].

Pacemorpum kosbio muaorounenos R = Clzg, ..., x,] ¢ Hecranmapr-
Hoit rpajayupoBkoit degx; = w;, w; € Zsg. [IpoekTuBHBI#l CHEKTP
Proj(R) Ha3bIBAETCST 636EUEHHBIM TPOCKIMUSHBIM NPOCTPAHCINEOM PA3-
MepHOCTH 1 ¢ Becamu w;. Ono oboznavaercsa gepes P(wy, . .., w,). Uc-
TMOJTB3YeTCS TAK/Ke COKparmennas 3amuck: P(ds°, ... d*m) osmauaer, 4o
Kaxkjgoe d; nmopropsierca k; pa3. flcno, uro 6e3 orpaHudYeHuss OOIHOCTH
MOXKHO CYHUTaTh, 9TO YUCJIa W; B3aUMHO ITPOCTHI B COBOKYITHOCTH.

Muoroo6pasue P := P(wy, ..., w,) ABAIETCI TOPUIECKAM, €0 MOK-
HO pean30BaTh KakK (pakTop

Pn/l""w() >< e >< l"l”wn?

rjie p,, — UMKIM9ecKas IpyIa HOpgJIKa w;, KoTopas JeficTByeT yMHO-
JKeHIeM Ha KOpeHb CTeleHH w; U3 eIUHUILI Ha KOOPAUHATY ;. MHOro-
obpasue P MOXKHO peann3oBaTh Takke Kak dgpakrop C*/C* nmo ommo-
mepuomy topy C* ¢ geficrBuem

AeC*
(o, . . ., ) —————s (X", ..., A" x,,).

Orcroga caeayer, 9To st J000r0 1 € Z~g UMeeTcss H30MOpPQhH3M
P(rwo, ..., rwi_1, W, rwit1, ..., rwy,) ~ Plwg, ..., w,).
Takum 00pa3oM, MBI BCerjia MOZKEM CYUTATh, YTO
HOd(wo, ...y Wi—1, Wity ... wy) = 1 mias ;106010 4

T.e. JiI0OOi HAGOp n BecoB u3 {wy,...,w,} B3AUMHO MPOCT B COBOKYII-
HOCTH. DTO MPEIINOI0KEHNE BAYKHO U BCETIA CHUMAEMCA GbINOAHEHHBIM
asmomamuuecku. B aToM cirydae roBopsiT, 9To Habop {wo, . .., w,} xo-
POULO CHOPMUPOSUH.

Muoroo6pasue P = P(wy, ..., w,) nokpeiBaercs abdOUHHBIMA Kap-
TaMu

(1.12.1) Up = {1 # 0} ~C"/p,,, (wo, . .., W1, Wip1, - - -, Wy).
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riae C" /. (ay, . .., a,) o3navaer dpakrop C™ no rpyuue .., geficTByonieil
na C" nmaronaJbHOIT MarTpuiei

oxp (32)

exp (¥

B gacrTHoctu, orcioga cieayer, 9To mpocTpaHcTBo P umeer Juinb MUK IU-
yeckue (PakTOPOCOOEHHOCTH U OHU M30JIUPOBAHbI TOTJIA U TOJLKO TOI/IA,
KOI/Ia 9HCJIa w; MOMAPHO B3ANMHO MPOCTHI (IPH HAIIEM IIPEIIOTI0Ke-
Hun xoporeil copmupoanHocTn). Takzxe gcHO, 9T0 P HEe0C0060 TOrIA
" TOJBKO TOT/A, KOT/Ia OHO M30MOP(HO OOBIYHOMY MPOEKTUBHOMY TPO-

CTPAHCTBY.
Kaxkmoe noamuoroobpasue X C P kopasmepHocTu 1 3aaeTcsd KBa-
3HOJIHOPOJIHBIM MHOTOWIeHOM f(Zo, ..., %,) (OTHOCHTEIBHO BECOB wj).

Takoe MHOrOOOpa3ue Ha3bIBaeTC 2unepnoseprrocmbvio B P. Ilox cmene-
Hb10 TUIIEPHOBEPXHOCTU B IP) MbI IIOHHUMae€M B3BECHICHHYIO CTEIICHbL COOT-
BercTByomero maorowiena f. Hecrokuo nokazars (HCIOAb3YsT TOIHYIO
nocseoBaTe bHOCTh Bhipesannst [101) 1. 3, § 6]), uro runepnoBepx-
Hoctn Dy = {z; = 0} mopoxgaror rpynny KJiaccoB JUBU30pOB Befiis
Cl(P). Bosee Toro rpymuna Cl(P) aBisercs MuUKInIecKoil 1 0TOOparKeHue

deg : CI(P) — Z

SIBJISIETCS U30MOPhHU3MOM.

['pynna IMukapa Pic(X) ecrectenno Bioxkena B C1(X) u umeer tam
nngexkc HOK (wy, . .., w,). HeiictBurensuo, mycrs [ := [C1(X) : Pic(X)]
B kapre Uy = {xy # 0} u3 npeacrapienns ((1.12.1) ciemyer, aro mis jito-
ooro auBuzopa Beitng D ero kparaocTh wy D gaBiigercs auBu3opoMm Kap-
the B Uy. Caenosarensuo, I genutr HOK(wo, ..., w,). C apyroii ctopo-
ubl, nycrb Cy, C P — koopaunaTHast npsimast (zy, x;), k # 1. Ilo dbopmyte
npoekiuu B Kapre Uy Boraucasiem [ D, - Cy, = I /wy, tne Dy := {x; = 0}.
D10 unca0 10KHO ObITE TeabIM. CremoBarensuo, HOK (wy, . .., w,) xe-
gt 1.

[Tycte A — monoxurenpras obpasyomas Cl(P). Torga unmekc ca-
Morepecedenns A" KOPPEKTHO ONPEeesIeH KaK PAINOHAILHOE YHCI0 U

1

Al = ———,
Wo...Wp

Kanonnueckuit kiaace Ha P Takzke KOPPEKTHO onpejiesieH (Kak JUBH30D
Beiis). Beraucienust ¢ quddepennuaababivMu GopMaMi TOKA3bIBAOT,
ITO

—Kp = (Q_wi) 4,

rie A — nosoxuresnbias oopasyomas Cl(P). Kak u na soboM mpoek-
THBHOM CIIEKTpe, Ha MpocTpaHcTBe P ompenesieHbl KOrepeHTHbIE My IKH
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O(m) [101], ra. 3, § 5|. Bece Takue nyuku pediieKcuBHbI 1
Op(m) ~ Op(mA).

Takoil my4oK siBjiseTcs 0OpATUMBIM TOT/IA U TOJBLKO TOrjIa, Koraa m = ()
mod w; Iag Bcex 1.

[IpeamnosoKuM Ternepb, 9TO YUCIa w; MOHAPHO B3aWUMHO MPOCTHI U
nycTh d — TMOJOKUTETHHOE YUCTIO, JAEJAIIeecs Ha Wy - - - Wy,. Loraa mpo-
crpanctBo P mMeeT JIUIIL W30JUPOBAHHBIE OCOOEHHOCTH U TIO TEOpeMe
Beprunu obmas runepnopepxuoctb X = Xy C P crenenu d neocoba.
[To popmysie npucoeuuenus

Kx =(d—=> w;) Alx.
Takum obpasom, X sapiaserca MHoroobpaszumem PaHO TOrIa U TOJIBKO TO-
raa, korga d < Y w;. Eciu n > 4, To B Hallleli CUTyallnu BepHa TeopeMa
Jedrmena fst rpynn kiaaccos ausu3opos [15], T.e. oroGpazkenue orpa-
HUYEeHUA
Cl(P) —— Pic(X)

— m3oMopdu3M. Torma Mbl MOXKeM BBIYUCIUTH MHIAEKC HAIIEr0 MHOTO-
obpazuga PaHo:

uX) = —d+2wi.

AHaJIOrI9HO MOXKHO CTPOMTH MHOrooOpasust PaHo, SBISIONIHECs II0JI-
HBIMH TIepeCeUYeHuAMHI OOJIBIINX KOPA3MEPHOCTEN.

1.13. Muoroobpasua Pano u buparnoHaabHbIe MOPGU3MBI.

1.13.1. JIEMMA. Ilycmo f: X — Y — bupayuonasvroii moppusm
HEOCOOBLT MH02000pa3utl. Sanuuiem

(1.13.2) Ky =f"Ky+)»_ aFE;

ede E; — (ece) menpusodumvie uckarowumensvuvie dusuzopu. Tozda
a; > 0 dasa awbozo 1.

JIOKABATEJIBCTBO. Bribepem touky P € X u JoKaJIbHBIE KOOp-
JUHATHL T1, ..., T, B okpecruoctu P € U C X. [lycte @ = f(P) u
yCThb Y1, . . ., Yn — JIOKAJbHBIE KOOPAUHATHI B OKpecTHOCTH () € V C Y.
Orobpazkenne f 3amaerca dyaknuamu y; = y;(T1,...,2,). [ycrs w =
ody; A -+ - ANdy, — mepomopduas muddepennuaabaas popma crapiieit
crenenu. Torna Ky |y = (¢)

[*Ky|y = div (gb(yl(xl, ey )y e Yn(T, ,xn)))

C npyroii cropotsl, Ky |y MoKeT GbITh 3a/1aH TUBH30POM MePOMOPMOHOH
dopmbl f*w, KOTOpas paBHA

gb(yl(zl, e )y Yn(T, ,xn)) det(dy;/0x;) dxy A --- Ndzy,
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CpaBuuBasi 3T BbIpazkenus, mojaydum, aro Ky — f*Ky 3amaercsa o0-
pamenneMm B Hysb skobuana det(dy;/0x;). Ou asiserca rosoMopdHoit
dyuxiueit, obpamamiieiics B HYJIb BI0JAb BCEX KOMIOHEHT HCKIIOYU-
TEJILHOI'O JUBH30PA. U

1.13.3. [TPEATOXKEHUE. [Tycmo X — mnozoobpazue Paro u nycmo
f X =Y — bupayuonasvruii moppusm wa Heocoboe mHoz2000pasue
Y maxot, wmo dim f(Exc(f)) = 0. Toeda Y — maxowce muozoobpasue
Dano.

JTOKABATEJIBLCTBO. Bosbmem n > 0 Takoe, uro gusuzop | — nkK x|
ovenb obmien. [Tockoabky f.| — nKx| C | — nKy/|, 1o nusuzop —nkKy
oovemen u Bs| — nKy| C f(Exc(f)). Orciona ciaeayer, 410 TuBH30p
—nKy ancinenno sadpdexrusen. 1lo Teopeme o cBoboe oT 6A3UCHBIX TO-
9eK JuHeliHas cucreMa | — mKy| He uMeeT GA3UCHBIX TOYEK MPH
m > 0. Ilpeanonoxkum, uro Y He saBiasgerca maorooopasuem Pano. To-
12 CyIIecTByeT HempusoauMas Kpusag C' C Y Takag, uro —Ky -C = 0.
[Iycrs C" C X — coberBennsiii mpoobpas C. Torga C' ¢ Exc(f) n
noaromy Ky - C" >0 (em. ([1.13.2). [IporuBopeune. O

1.13.4. CAEACTBUE. [lyecmv X — nosepxrocmo deasv Ileyyo cmene-
nwud. Ecau X 2 PLx Pl u X 2 P2, mo X asasemes pasdymuem mouku
na noseprrocmu deav Tlevyyo cmenenu d + 1.

JOKA3ATEJIBCTBO. /eficTBUTEIBbHO, €CJIU IOBEPXHOCTL X coaep-
xkur (—1)-kpusyto, 1o X npejcraBisiercss B BUJE PA3JyTHUsl TOUKH HA
HEOC000i moBepxHOCTH Y W KOTOpasd, COracHO npesjoxkenuto |1.13.3]
SIBJISIETCS TOBEPXHOCTHIO jiehb [lero. ITpeamnonoxum, aro X He comep-

xnT (—1)-kpuepix n X % P! x P!, P2, Cornacno caencrsmo  [1.3.4)[(i)]
umeem X ~ F,, n > 2. Ho Torma

Ky S =2p,(X)-2-*=n—-2>0.

e Y — HCKJIOYUTEJIbHOE CeYeHHue. JTO IIPOTUBOPEYUT OOMJIBHOCTH
—Kyx. O
SAIAYN. 1. Haitqure Bce noBepxuoctu jenb llemio, sBiiso-
IIECS MOJHBIME MEPECeUeHUsIMU THIIEPIOBEPXHOCTEH B Ipac-
CMaHHAHAX.
2. Korpa pazmyrue m > 2 Touek na P" gapisierca MHOTOOOpa3nem
dano?

3. IIyctp X — mpoekTuBHas MOBEpPXHOCTH U myctb C' C X —
o6ubHBIH bderTuBHbI AUBI30p Takoi, 410 p,(C) < 1. [o-
KazkuTe, 4T0 X — IOBEPXHOCTHL JIeb llerro.
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10.

11.

12.

13.

[Iycte X — npoekTuBHasi panuoHaJIbHASI TOBEPXHOCTb TaKasl,
qaro —Kx - C' > 0 gias ao6oit kpupoit C. Jlokazkure, ato X —
MOBEPXHOCTH Jiesib [lerto.
[Iycts X — moBepxuocts jsiesb [lero crenenn 9. He ucnonn-
3yd KaaccuUKAIIIN HOBEpPXHOCTel, moKaxkuTe, 910 X ~ P2,
Yxasanue: Bocnosip3yiiTech gBoiicTBeHHOCTBIO llyankape u 10-
Kazkure, 410 ((X) = 3.
[Iycts X — nmoBepxHOCTD 1etb [lermo cremenn 8. He ucnonb3ys
kIaccupUKAINT TOBepXHOCTel, ToKaykuTe, 9To X ~ P! x P!
win Fi.  Vkasanue: Kak u B npeapiayiieii 3aja4de, BOCHOJIb-
3yiirech jgBoiicrBeHHoCThIO [lyankape. Eciu dopma mepecede-
nus na Pic(X) gerna, To mokaxkure, 4o ((X) = 2, a ecu oHa
HeYeTHa, TO JIOKayKuTe, 9T0 Ha X cymecTByer (—1)-KpuBasi.
[Iycts f: X — P? — pazmayTue Heocoboit kpusoit C. Haitnnre
JIOCTATOYHOE ycJIoBHE TOro, uro X — MHOroobpasue damo.
Haitinure BCce moBepxuocTu jenb llemio, apasionmecs MOJIHBI-
MH TIepecedeHUusIMUA THIIEPIOBEPXHOCTEH B IIPOU3BEACHUN MIPO-
eKTUBHBIX LpocTpaHcTs P x - .. x P,
Haitiqure Bce Tpexmepubie MHOrooOpasus Pano, dBISIONUECS
OJTHBIMY [T€PECEYEeHUSIMH THIIEPIIOBEPXHOCTEH B TIPON3BEIEHUT
MPOEKTUBHBIX TpocTpancTs P x - .. x P,
[Iyers X = X3 C P* — meocobas TOBEPXHOCTH CTENEeHN 3,
He Jiexkalliasg B TUIIepILIocKocTH. JokazxkuTe, 9T0 X — IOBEPX-
HOCTB JeJib Ileto.
[Iycth X — mHeocobasi TPOEKTUBHASI ITOBEPXHOCTL TaKas, UTO
ee aHTUKAHOHHYeCKHil nuBm3op —K y uncieHHO 3dpeKTUBeH.
Jlokazkure, 9T0 MMEeT MECTO OJHO U3 CJIE/LYIONINX:

(a) Kx & 0;

(b) X pamuonanbHa;

(c¢) X GupanmoHaJ bHO IKBHBAJEHTHA JHHEHYATON MTOBEPXHO-

CTH HaJ 3JLIUNTUYCCKON KPUBON.

[Iycts X u' Y — moBepxuOocTH senb [lemnmno. [Ipeamonoxkum, 910
cyuecTByeT KoHeunblit Mopdusm [ : X — Y crenenu 2. Kakue
3HAYEHHST MOT'YT NpUHUMATh cTenenn X u Y ? PacemoTpute Bee
CIyYaH.
[Tycts X — Tpexmepuoe muoroobpasue Pano u nycrs f: X —
Y — nnockuit mopdusm Ha (He0COOYI0) TIOBEPXHOCTH. [l0KaK -
Te, 9T0 Y — MOBepXHOCTH jienb [lemmo.  Vkaszanue: TTokazkn-
te, urto — f(K%) & 4Ky +A, e A C Y — JIMCKPUMUHAHTHBI{
JIUBU30P.
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14.

15.

16.

17.

[Iycre X — rTpexmepnoe muorooopasue ®Pano u nycrb D —
npocroit gusuzop wa X. Ilpeanonoxum, uro D He gBiser-
ca uucjenno 3¢ dekrusabiM. Jlokaxkure, uro D m3omopden
I OPOeKTUBHOH miockoctn P2, mam meocoboit nmmeitaaToit
II0BEPXHOCTH, WIH KBajpaTuiHoMy Konycy @ C P2, Vkasa-
nue: BocnosbyiiTech Kiaccudukayei SIKCTpeMaIbHBIX JIy deit
147

[Iyets X C PV — meocoboe TpexMepHOe MHOTOOOpa3ne TaKkoe,
YTO ero 00IIIee TUIEPILIOCKOe CEUeHUe SIBISETCS TTOBEPXHOCTHIO
KoJlanpoBoii pazmepuoctu 0. Hokaxkure, uro X — MHOroobpa-
3ue Pano.

[Iycts X — Heocoboe TpexmepHoe MHOroobpasue u mycTb [
— JWBU30P € MPOCTHIMA HOPMAJIBHBIME TIEPECeIeHUAMI HA, X .
[Ipeanosoxkum, aro aususop —(Kx + D) obuien. Berauciu-
te muorowten X(X, Ox(—t(Kx + D))).  Ykasanue: Boc-
nosb3yiitech TeopeMmoit Kapamarwi-@usera 06 obpallleHUH B
Hys1b [2.5.0]

Haitjiure Bce Tpexmepuble MHOrooOpasus Pano, dBjsionmecs
MOJIHBIME [EPECeYEHUsIMUA THIIEPIIOBEPXHOCTEN B rpacCMaHua-
HaX.
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2. CymecTBOBaHUE IJIaJIKOTO JUBU30pPa

Mpur1 j0KazkeM cyIiecTBoBaHue HeocoOOro AUBU30pa B aHTUKAHOHUYe-
CKOIl JINHEWHO! cucTeMe Ha TPEeXMEpPHBIX MHOroobpasusax Pano.

2.1. TEOPEMA (B. B. ITlokypos [105]). Tycmv X — mpexmepnoe
mroz2006pasue DPano undexca © = o(X) u nyemo H = —%KX. Tozda
aunetnan cucmema |H| codeporcum enadruid nenpusodumvlll dueusop.

9710 OasucHBI (pakT, HA KOTOPOM OCHOBBIBAETCS KJIACCH(DUKAIIIS
TpexMepHbIX MHOro0Opa3uit @ano. Buepssie on 0w Jokazan B. B. ITlo-
kyposbim [105]. Huzke Mbl mpuBemeM 10Ka3aTeIbCTBO, UCIOIB3YIOIIEe
OoJiee cCOBpeMeHHYIO TeXHHKY. Teopema mmeeT 00OOINEHUS KaK HA MHO-
TOMEPHBIi corydail, Tak U Ha caydail ocobbIx MHOTOOOpasuit (¢M., Hamp.,
[71], [64], [94], |2]). TIpuBenennoe 3meCh TOKAZATEIBCTBO — CHIBHO
VIPOIIeHHbIH Bapuant paborst [2].

2.1.1. OBCVYK/JIEHHNE. MbI cBOIMM BOIIPOC O CYIIECTBOBAHUU “XOPO-
mux’ JUBU30POB B JIMHEHHBIX CHCTEMaX K BOIIPOCY O HEOOpAIeHUH B
HYJIb TJIOOAJBHBIX CEYEHUN OrPAHUYEHUNH COOTBETCTBYIONINX JUHEHHBIX
paccjioenuii Ha onpejeseHnbe moaMuorooopasus. [lo reopeme beprunn
o0Iuit 3/IeMEeHT JIMHEHHOW crCTeMbl HeOCO0, eCJTu Ta JUHefiHas cucTeMa,
He MMeeT GA3UCHBIX TOYeK (M HEeMmOJBHYKHBIX KOMIOHeHT). [Tosromy a-
Jlee MBI MPeJIIoaraeM, 9To 0a3MCHOEe MHOXKECTBO U3ydaeMOoil JIMHEeHHOM!
CUCTEMBI HEIIYCTO.

PaccMorpuM MoebHBII TpUMeD.

2.1.2. ITPUMEP. Ilycth X — moBepxHOCTD jeab [lemnmo. [Io Teopeme
Pumana-Poxa dim |-Kx| > 0. [Ipeanosoxum it mpocTOTH, 9TO JIU-
Heifnas cucrema |—K x| uMeer pogHo 00Hy HENOIBUZAKHYIO KOMIIOHEHTY
F. Tak xak

h*(X, Ox(F)) =0°(X, Ox(Kx = F)) =0

(mBoiictBennocTh Ceppa), TO cHOBa 110 Teopeme Pumana-Poxa
1
h(X, Ox(F)) > 3 (F— Kx)+1.

Tak kak dim |F| =0, ro F? < 0. TTosromy F asnserca (—1)-kpusoii. B
wacraoctn, F' ~ P! u mosromy H(F, Op(—Kx)) # 0. Tlockonbky F —
HEIIO/IBIZKHAS KOMIIOHEHTA, TO

H0<X, ﬁX<_KX — F)) ~ HO(X, ﬁx(—Kx))
W3 Tounoit noc/ie10BaTe IbHOCTH OrPAHUYEHU S

0—— ﬁx(—KX —F) E— ﬁx(—Kx) E— ﬁp(—Kx) —0
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MOy 9aeM
HY (X, Ox(~Kx — F)) #0

u Torga 1o teopeme Komaupsl 06 obpaleHun B HyJIb IuBu30p —2K x —
F ue apisiercsa obuiababiM. Orcoga ciaemyer, uro jususzop —(Kx + F)
HE ABJIAETCA YNCJACHHO (DPEKTUBHBIM, T. €. CYIECTBYET HelpPUBOIUMAST
kpusag C takasi, uro —(Kx + F) - C' < 0. Ho Torga C' noskHa GbITH
HEMOBUKHO KOMIIOHEHTO! JinHelHoii cuctembl | — (K x + F')|, a 3HaunT
u guueiinoit cucremsl |—Kx|. [lo mamemy mpeamnonoxenuio C' = F. Ho
torga —(Kx + F) - C = 2. Ilporusopeune.

Pazo0paHHbIl TpUMep MOKA3BIBAET, YTO s TPUMEHeHUST HHTY KTUB-
HOTO TOJXOAAa K JOKA3aTeTbCTBY CYIIECTBOBAHUS HEOCOOBIX TUBH30POB
HEOOXO0/IMMO JIBA MHI'PEIMEHTA: BbIJEJeHHE “XOpoIieil” KOMIIOHeHTh Oa-
3UCHOT'O0 MHOZKECTBA, M OOpaIeHne B HYJIb BBICIIINX KOTOMOJIOTHI.

Jastee HaM moHaao0saTCa Oa3uCcHBbIE cBeJeHns 00 OCOOEHHOCTAX Map.
Hwuzke mpuBoggTcs OCHOBHBIE OlpejiejieHus u cBoiicTBa. bosiee moapood-
HOe u3JIoKeHue M., Hanpumep, B [38], [36], [95].

2.2. TIlycrs X — HopMmasibHOe (HeoGs3aTeIBLHO MOTHOE) MHOT000pa-
3ue u nycrb B = > b; B; — moboit Q-nueuzop va X . [peamonoxum, aro
qusn3op Ky + B aeasercs musuzopom Q-Kaprbe. Pacemorpum 1r000ii
oupanuoHaabHblit MopduzMm f : X — X, rae muOro06pasme X TakKe
nopmasibao. Aunajsioruano ((1.13.2)) moxkuo 3anucars

(2.2.1) K¢+ B=f(Kx+B)+Y ak,

re F; — MCK/IIOYATEIbHbIE JUBU30PE, B — cobcrBenubiii mpoobpas B
Ha X, a uncia q; parnuoHaibusl. OHH HASBIBAIOTCH QUCKDPENAHTHOCTIA-
Mmu. Kaxkmoe a; 3apucut or X, B U QUCKPETHOINO HOPMHUPOBAHUS IOJI
dbyuknuit C(X), 3amannoro gusuzopom F; (1 we 3asucur ot f). [Tosro-
My ucnosb3yercs obosHadenne a; = a(X, B, E;). MoxHO Takzke onpe-
JIEJTATH JUCKPEIMAHTHOCTH MPOCTHIX JUBU30POB ¢ HOCHTEJEM Ha CaMOM
MHOTOOOpa3nm X :

—bz ecn B = Bz'7

a(X,B,FE) =
0 ecin E ¢ Supp(B).

2.2.2. 3AMEYAHUE. B obo3nauennsax nycrs F'— ausmsop Q-
Kaproe. Tlonoxum B, := B + tF. Torpa u3 (2.2.1) caenyer, aro

a(X,B;, E) =a(X,B,E) —tmp,

rie mrp — KpatHocth f*F Bmoab F. Takum obpasom, GyHKIUS
a(X, By, E') nuueiina 1o t.
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2.2.3. BAMEYAHUE. OObIYHO B T€OpUH MUHUMAJILHBIX MOJe/eil pac-
cMarpuBatores napbt (X, B), cocTosiiue u3 HOpMaJIbHOIO MHOIOOOpa3ust
X u spexmusnozo Q- waun R-gusuzopa B = Y b; B;. ddbdexTuBHOCTD
B Ba)kHa BO MHOT'UX YTBEPZKJICHUSX, HO ONPeIeeHUs MOTYT ObITh cop-
MYJIUPOBAHBI B OOIIEM BH/IE.

HamomuunMm, 9To bupayuonaivhoti modesvio MHOTOOOpasus X Ha3bI-
BAETCs PYroe MHOroobpasne X Takoe, 4TO CYLIECTBYET GHpPAIMOHAIDb-
Hoe oTobpazkenue f : X --» X. ToBopar, aro npoctoii aususop F Ha X
umeem wenycmot yenmp Ha X, ecau orobOpakenue f pPerysaspHo B 00-
et Touke . B srom ciaygae yenmpom E wa X Ha3biBaeTcs 3aMbIKaHUe
obpasza f(F).

Takum 006pazoM, TUCKPEMAHTHOCTD OMPeIeIeHa, It 4100020 TUBU30-
pa F Ha HeKOTOpO# GupanuoHanbHoil Mogean X MHOrooGpasust X mpu
yeaosuu, uro E umeer (memycroit) nenrp na X.

2.2.4. OIIPEJEJIEHUE. (i) Toopsar, aro mapa (X, B) umeer
nozKanorueckue ocobennocmu, ecim a(X, B, E) > —1 mus
Jiroboro gupmi3opa F ¢ nenTpoMm Ha X.

(ii) ToBopsr, uro mapa (X, B) umeer soemepmunarvhve no Kasa-
mame ocobennocmu, ecan a(X, B, E) > —1 ans moboro nuBu-
3opa E ¢ nenrpom na X.

(iii) ToBopat, uro napa (X, B) uMmeer wucmo .A02mepmMuHaibHbLe
ocobennocmu, ecan a(X, B, E) > —1 gis m060r0 MCKIIOYN-
TeJIbHOTO JuBH30pa E ¢ nentpom na X.

ZcHO, 9TO IS YUCTO JIOrTepMUHAIbHON mapsl (X, B = Y b; B;) ume-
10T MecTo HepasencTsa b; < 1 st 06010 i. [losromy ducro siorrepmu-
HaJbHagd napa Jorkanonnydna. B ciydae B = 0 0oba nouarus JorrepMu-
HAJILHOCTH u 9KBUBAJIEHTHBI U TOTIA TOBOPSIT, 9TO OCOOEHHOCTH
X JIorTepMHUHAJIHHBI.

2.2.5. BAMEYAHUE. Hecnoxuo nokazars, uro yeaosus a(X, B, F) >
—1 (coorsercrsenno, a(X, B, E) > —1) B onpegenennn [2.2.4 nocrarou-
HO HPOBEPUTH ISt OJHOTO (PUKCUPOBAHHOTO CIOPBEKTHBHOrO OGUpanuo-
najabHoro Mopdusma f : X — X takoro, uro X mHeocobo, a o0be uHeHIe
UCKJTIOYUTEJILHOTO MHOXKECTBA H CODCTBEHHOTO mpoobpasa B sapisgercs
JINBU30POM C HPOCTHIMU HOPMaJILHBIME Tiepecedenusimu. [losromy yeo-
BHE JIOTKAHOHWUYHOCTH U JIOTTEPMUHATBLHOCTH KBUBAJIEHTHO BBITIOJIHE-
HUIO HEKOTOPOI'O KOHEeYH020 YUC/Ia HepaBeHCTB. Ecnm Bce KOMIIOHEHTHI
B; — musuzopsr Q-Kaprbe, T0 9Tn HEpaBeHCTBA SIBASIOTCA AUHETHBLMU
OTHOCHUTEJILHO KO3DDUIuenTon b;.

2.2.6. IIPUMEP. llycTs MHOTOOOpPa3ue X HeocoOO W HOCUTETh TUBU-
30pa B uMeeT mpocThie HOpMAJbHbIE Tlepecedenus. B aTom ciaydae napa
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(X, B = Y b;B;) umeer JOrkaHOHHYECKHE (COOTBETCTBEHHO, JIOITEPMHU-
HasbHbe 0 KaBamaTe) ocobeHHOCTH TOT/IAa U TOIBKO TOrIa, Korjaa b; < 1
(coorBercTBeHHO, b; < 1) mas Beex i. [lapa (X, B = Y b;B;) nveer un-
CTO JIOTTEPMUHATBHBIE OCOOEHHOCTH TOI/IA U TOJBKO TOraa, Korja b; < 1
JIUT BCEX § M KOMIOHEHTBI, /IS KOTOPBIX JOCTUIAeTCS PABEHCTBO b; = 1,
He TIePEeCeKAIOTCA.

2.2.7. OnPEAENEHUE. Ilycts (X, B) — nmapa, cocrosinas U3 HOD-
MaJibHOro MHOroobpasusa X n Q-musm3opa B Ha X, Takas, 94T0 JUBH30D
Kx + B apasercsa nusuzopom Q-Kaprbe. HempuBoaumoe moaMHOr000-
pasue W C X Ha3bIBACTCS A02KAHOHUYMECKUM UeHmpom (T YeHMPom
Aozkanorueckus ocobennocmet) napsl (X, B), ecau cymecrByer 6upa-
nmonaabubiit Mopdusm f 1 X — X u mpocroit musmsop E C X Ta-
koit, uro a(X,B,F) < —1 n f(E) = W. Hanpuwmep, ecin E = B;
— kommoneHTa B ¢ kosdduiumentom b; > 1, To EF — JjlorKaHOHHYe-
ckuii menTp. OObeIMHEHNE BCeX JOIKAHOHMIECKHX IIEHTPOB HA3BIBAET-
CST MHONACECTNBOM A02KAHOHUYeCKUT ocobennocmet. OHO 0003HAYAETCS

LCS(X, B).

2.2.8. [IPENJIOXKEHUE ([27, npenoxkenune 1.5]). ITyems (X, B) —
AO2KAHOHUYECKAA napa, 20e MmHo2000pasue X uMeem AU A02MED-
MUHaALHBLE 0cobennocmu, o B — apdexmusnvid Q-dususop. Ilycmo
Wy, Wy C X — awoekanonuneckue yenmpos das (X, B). Feau WyNWy #
I, mo u Abas Henpusodumasn Komnonernma nepecevernus WiNWsy max-
oHce ABAALMNCA N02KAGHORUYECKUM yenmpom 0z (X, B).

B HaCTHOCTHU, MHO2KECTBO JIOTKAHOHNYECKHUX IEeHTPOB COACPZKUT MU-
HUMAaJIbHBIE 3JIEMEHTHI 110 BKJIIOYeHnI0. Takue NeHTpbl HA3bIBAIOTCA MU-
numasvromu. Eean napa (X, B) 9ucTo JIOrTepMUHATIBHA, TO HO ONpe-
JIeJICHUIO JIOTKAHOHUYECKHE IIEHTPBl — 9TO B TOYHOCTH KOM-
noHeHTsl | B|. B wacTHOCTH, BCe OHM MUHUMATHHBI.

2.3. Ilpucoeaunnenne jgorauBm3opoB. Kiaccudeckass dbopmyia
IpUCOeTUHEHNS BhIPazkKaeT KAHOHUYECKHH KIace TUBH30pa depe3 KaHo-
HAYECKHH KJIacC 00beMIIoNero MHoroodpasust. OKa3bIBaeTCsl, 9TO MOXK-
HO ITHCATh aHAJOTUYHbIE (POPMYJIbI IPUCOEIUHEHHS [IJIs TIOJIMHOI000Pa-
31, ABASIONINXCS JIOTKAHOHHYECKUMHU IEeHTpaMu JIF0O0H Kopa3MepHO-
ctu. Oun 3¢ HeKTUBHO TPUMEHSIOTCS JIJIsT WHIYKTHBHBIX TPOIEIYP B
TEOPUH MHHUMAJIbHBIX MOJeJeil.

2.3.1. TEOPEMA (107, § 3], [19, rur. 16]). Tycmo X — nopmanavroe
MmHoz2000pasue. Ilycmov B — asppexmuenvti Q-dususop na X makod,
umo napa (X, B) wucmo aoemepmunanrvna. Tozda | B| — nopmanvroe
nodmnozoobpazue. Ilycmov Z — womnonenma | B| (maxum obpasom, Z
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— MUHUMAAOHYT YEHMP A02KAHOHUYECKUT 0coberHocmel KOPasmMePHO-
cmu 1 das (X, B)). Toeda cyuwecmeyem kanonusecky onpedesermvili a¢h-
pexmuenvili Q-dususop By wa Z makot, umo

(2.3.2) (Kx + B)|z ~¢ Kz + By

u napa (Z, Bz) aoemepmunarvna no Kasamame.

2.3.3. [IPUMEPHL. (i) Ecam  muoroobpasme X Heocobo, TO
Bz = (B —2)|z u (2.3.2) — obbrunas dbopmysa npucoeiu-
HCHUA.

(i) MMycrs X = X, C P? — xpajparuunblii Konyc ¢ Bepumuoii P
u nyctb 4 C X — nupamasi. Torna misgs B = Z gusuzop By
nMmeerT BUI By = %P.

B obmeMm ciiydae mMmeeTcs pelenT BbIUHCIeHUs Koxpdunuenta By
B J1I000M TpocToM juBu3ope P C Z B TepmuHax B u ocobennocreit X
BIIOJb P.

2.3.4. ITPUMEP. Ilycrb X — HOBEpPXHOCTH U IYCTh Z — KpUBasd Ha,
X rakast, uro mapa (X, B = Z) 4ucro jorrepMuHaibHa. B 9TOM caydae
BOJIM3M J11000i Touku P € Z C X, Koropaga sBjsercs ocoboit misa X,
napa (X, Z) anamurudeckn nzomopdua dakropy

(sz {1‘1 = 0}>/“'m7
rie aeiicreue p,, Ha C? muaronasbHO 1 CBOOOJIHO BHE HavaIa KOOPIANHAT.
Torna koaddunuent P B nusuzope By pasen 1 — 1/m [107), npeiozxke-
rue 3.9], [19, npemtoxenne 16.6|.

st npusiozxKeHnii BaxKHO uMeTh 06001menue hopmyssr ([2.3.2)) Ha moj-
MHOT00Gpa3usl BBICIIEH KOPA3MEPHOCTH.

2.3.5. TEOPEMA (|28]). ITycmv X — wmmnoeoobpasue ¢ noemepmu-
HaAbHuMU 0cobennocmamu. ITyecmo B — appexmuenviti Q-dususop na
X makod, wmo napa (X, B) noekanonuuna. Hycemv 7 — Munumaivrod
uewmp aoekaHonuveckur ocobennocmetd das (X, B). Ipednoaoscum,
wmo codim Z = 2. Tozda cyuwecmeyrom addexmusnvie Q-dususzopvr By
u My na Z maxue, wmo

(2.3.6) (Kx + B)|z ~¢ Kz+ Bz + My
u napa (Z, By + Mz) aoemepmunarvna no Kasamame.

Jususop Bz HazbiBaeTcs dususopuasvhot, a My — modysvroti da-
cThIO Tpucoeuuenus. OHE UMeIoT pasuyio npupouy. dusuzop By “du-
sudeckn” (HUKCHPOBAH, OH OJHO3HAYHO olpesensercs napoi (X, B), a
ero KoddduimenTsl By BBIYHCIAIOTCA JoKaabHo. C cBoio odepenb, My
olIpeieIeH ¢ TOTHOCTBIO 10 Q-mHeHOi SKBUBAIEHTHOCTH U 3aBUCUT OT
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Bapuanuu (X, B) Biosb Z. B uacrHocru, My He 3aBUCHT OT T€X KOMIIO-
HeHT B, KOTOpbie He TMPOXOIAT depe3 /.

Nmeercs obobIerne popMy bt JIJI TIOAMHOT000pa3uii Jiroboit
kopasmepHoctr [29], onHako OHO HaM He TOTpebyeTcs.

2.4. MHOXuUTEJbHBIN nMaeaa. AjredOpamdecKuM aHAJIOIOM MHO-
JKeCTBa JIOTKAHOHUYECKUX OCOOEHHOCTEH SBJISI€TCSH MHOXKHUTEILHBIH 1Jie-
as. [Ipusesem ero onpesnesenune u npocTeifime ¢BOicTBa. 3a HET0CTAT-
KOM BpPEMEeHH MBI OlycKaeM Toapobroctu, cm. [43], [44].

2.4.1. ONPEAENEHUE. [lycte B — sddexrupunii Q-auBuzop Ha
HeocoboM MHOroobpasuu X. 3aduKcupyeM Jiorpaspenienue f : X5 X
uapbl (X, B), T.e. CIOpbEKTUBHBIH COOCTBEHHbIH OUPAIMOHAJIBHBIT MOP-
busM takoit, uro X He0co60, a 06bEIMHEHEe HCK/IIOYATEILHOIO MHO-
JKecTBa M COOCTBEHHOrO nmpoobpa3a B dBjsgercsd JAUBU30POM C MPOCTHI-
MU HODMAJILHBIMU TepecedennsiMu. Torma MHoHCuUmesvHuM Udearom
(multiplier ideal) HasbBaeTcs mMydoK

(2.4.2) J(X,B) = f.05 <KX/X - Lf*BJ) .
rne K¢,y = K¢,y — ["Kx — OTHOCHTCJIbHBI KAHOHIICCKUH Klacc.

Nmerorcs Gosee obIie BApHAHTHL onpeenenns nyuka & (X, B) (na-
upumep, Auisi ocoboro muoroobpasust X ). OgHako, OHE HAM He TIOHA/0-
OsTCS.

HenocpeacrBenno mposepsiercsi, 9to ny4ok ¥ (X, B) He 3aBHCHT
OT BBIOOpa Jiorpaspertienusd. MoXHO cYATaTh, YTO HOCUTEIb JUBU30DA
K3 /x COCDeIOTOYeH B HCK/IIOMUTENIHHOM MHOKECTBE, & TaK KaK MHOIO-
obpasue X Heocobo, To oH 3ddexkTuBed. [Tosromy f*ﬁX(KX/X) = Ox
u u3 cJlejiyer, 9TO UMEeT MECTO BKJIIOUEHUE

J(X,B) = [.O0x(Kx)x) = Ox.

Buaunt, (X, B) — AeHCTBUTEIBHO MYyYOK HaeanoB B Ox. Ecan mapa
(X, B) sorkanonudna, to uiean & (X, B) 3ajaeT UPUBEJCHHYIO OJICXE-
My B X, COBIAIAIONLYIO ¢ MHOKECTBOM JIOTKAHOHUIECKUX 0COOEHHOCTE

LCS(X, B).

2.4.3. IIPUMEPHL. (i) Ecm mocurens B nmeer mpocTbie HOD-
MasbHble nepecedenust, 10 (X, B) = Ox(—|B]).
(ii) Ecin B — nenwtit qususop, 1o ¥ (X, B) = Ox(—B).

[Tepedopmynupyem ompeiesienne Sanurrem

f*B = ZmlEza m; € QZO) KX/X = ZaiEi, m; € ZZOa
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rie E; — pasiudHble mpocTbie AuBH30pbL Ha X. Toria cedeHms mydka
J (X, B) uaj otkpbiToMm MHOKeCTBOM U C X €OCTOAT M3 PeryssipHbIxX
wva U dynkunii ¢ € C(X) Taknx, 9410

ordg, (¢) > |mi] — a;.

2.5. Teopembr 00 oOpamenuun B HYJb. Havm monanodgarcs
HECKOJIbKO 000011ennit Teopembl Kogaupsl 006 obparennu B Hy/1b. [lep-

BOe M3 HHX OBLIO NpejioxeHno HesaBucuMmo Kapamaroit m Duserom
(ca. [30]).

2.5.1. TEOPEMA (reopema Kapamars-@usera o6 obpaiieHnn B
HyJab). I[Tyemv X — wneocoboe npoexmusnoe muozoobpasue u B — wuc-
aerno apdexmuenoiti obsemmnot Q-dususop na X maxotd, wmo Hocu-
meab e20 dpobHOT “acmu UMEEM AUULDL HOPMALbHBLE nepeceverud. To-
2da

HY(X, Ox(Kx +[B])) =0, Yg>0.

2.5.2. TEOPEMA (teopema Hamenst 06 obpamennn B Hyb [43]).
ITycmov X — neocoboe npoexmusnoe mmoz2006pasue u B — sddexmue-
worlh Q-dususop na X. Iyecmov M — yeawd dususdop na X maxot, wmo
pasnocmvy M — (Kx + B) — wucaenno afpexmuennds u o6semmolli du-
susop. Tozda

HY(X, J(X,B)® Ox(M)) =0, Vg > 0.

[Ipenmonokum, 910 HOCUTEIb B nMeeT IpocThie HOpMaJbHbIE IIepe-
ceuenud. Torua

S(X,B)® Ox(M) = 0x(M — |B]) = 0x(Kx + [M — Kx — B]),

e qun3op M — Kx — B uucienno 3dpdexkrupeH u oobemen. Takum
00pa3oM, B 3TOM C/Iydae TeopeMma — 3TO B TOYHOCTH TeopeMa
Kasamato-Dusera.

Caenyromnmit pakT Ype3BHIYANHO MOJIE3€H P PADOTE ¢ MHOYKECTBOM
JIOTKQHOHUYECKUX ocobennocteit. OH ObL1 BuepBble cHOPMYJIUPOBAH U
nokazan B. B. [lokyposeim [107, jsemma 5.7|. U3damiaoe gokazaresib-
CTBO, BepHOE B JII060# pasmepHocTH, 6110 gano f. Komrapom [19] Teo-
pema 17.4].

2.5.3. TEOPEMA (teopema Ilokyposa o cBasuoctn). [Iycms X —
Heocoboe npoexmuenoe mrozoobpasue u B — appermusnoni Q-dususop
na X makot, wmo Q-dususop —(Kx + B) uucaenno sfpexmusen u
obsemen. Toeda LCS(X, B) — ceastoe MHONMCECMEO.

JJOKABATENBCTBO. Ilycts Z = LCS(X, B). meem To4HYO TI0-
CJI6JI0BATEBHOCTD

O—>j(X,B) ﬁX ﬁz 0.
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[To reopeme Hayens HY(X,.# (X, B)) = 0. 3uauur, H'(X, ;) = C.
U

2.6. Temepb MBI IpUMEHNM U3JIOYKEHHBIE BBHIIIE PE3YJIHTATH K TOKa-
3aTeJIbCTBY CYIEeCTBOBAHUS XOPOIIUX IUBU30pOB. HatreM ¢ ABymMepHOTO
cJrydas.

2.6.1. TEOPEMA. Ilycmv X — nosepxrrnocmov deav lleyuo. Cyuwe-
cmeyem neocobas kpusas H € |—Kx|.

JTIOKABATEJBCTBO. [lo reopeme Pumana-Poxa
dim |-Kx| = K% > 0.

B uacrunoctu, |[—Kx| # @. Ilpeanonoxum, aro obmuii ausuzop H €
|—K x| 0cob. TTomoxkum

A= max{t € Q | mapa (X,tH) norkanonndma}.

dcno, aro 0 < A < 1 m mapa (X, A\H) He siBAsieTcsi JOrTePMUHATLHOMN
no Kasamare. B gwacrnocru, LCS(X, A\H) # @. Ilycts Z C LCS(X, \H)
— MUHUMAJIBHBIN TIEHTP JIOTKAHOHHYeCKUX ocobeHHOCTel. 1o Teopeme
Beprunu Bs |-Kx| # @ u Z C Bs|-Kx|.

[Ipennosoxkum, uro Z — xpuBag. CorjacHO CKa3aHHOMY BBIIIE,
7 SIBJSITCSL HEIOJBHZKHON KOMIIOHEHTOf jinHeiinoit cucrembl |—K x| u
A = Z+ D, tne D — spdexrusubiit Q-auBu3zop, He comep:xkamuit
cBoeit komronenToil. Tak kak H oOWIbHBIN JUBU30D, TO €0 HOCUTE/b
ceszen. Coryacuo mpeaioxkennto [2.2.8) kpuBas Z He mepecekaer JIpyTrux
JIOTKAHOHMYECKHUX 1eHTPOB. [loaromy Z — cBsi3Hast KommoHeHTa |AH | u
A < 1. Torma ausuzop —(Kyx + AH) obunen u no teopeme IIokyposa
o ceasnoctn Z = LCS(X, AH). OTMeTnM TakzKe, 4TO 110 TeopeMe
kpuBas Z neocoba n —K; = (Kx +AH)|z — D|z — o6uibHbI THBA30D.
CrenoBaTenbHo, Z paluoHaIbHA.

Teneps 3amaaum Bemomorare bHbiit Q-auBu3op B Ha X ciemyrommm
obpazom. Eciin Z = LCS(X, AH), 1o Mbl iostoxkum B := AH. Tlycrs Z &
LCS(X,\H). Torga Z — Touka. Bozbmem obiriee rumepaiockoe cedenue
F C X, npoxomsiee yepe3 Z, u giasg 0 < ¢ < A\, t > 0 paccmorpum
cnenywomunit Q-muBu3op

Bg’t = ()\ — €>H + tF.

Zeno, uro mapa (X, B.g) Jorrepmunanbia mo Kasamare mpu € > 0.
[TosTomy gmucsto

6 =6(c) :==max {t € Q| mapa (X, (A —e)H + tF) norkanonnuna}

MOJIOKUTENbHO. Bostee Toro, dbyHKIMs §(€) KYyCOTHO JHHEHHA, MOHOTOH-

Ha u HenpepsiBHa # 0(0) = 0 (cM. 3aMevanus u [2.2.5). Bosbmenm
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0 <e<x 1l Torma 0 < 6(e) < 1 u Z = LCS(X, B. s(c)). Homozum
B = Bs,&(s)-
MeeM TOYHYIO MOC/IEI0BATEILHOCTE

0— A(X,B)® Ox(—Kx) —— Ox(—Kx) —— Oz(—Kx) — 0.
Tak kax muBuzop —2K x — B “oyenb Maj10” OTJIMIAETCS OT
—2Kx — AH = (2—- \)H,
TO OH OOWJIEH U 110 TeopeMe nMeeM
H'(X,.7(X,B)® Ox(—Kx)) = 0.
[TosToMy oTOOpazKeHue OrpaHuIeHHS
H(X, Ox(~Kx)) —— H*(Z,0,(~Kx))

CIOPbeKTUBHO. HamomuuMm, 410 Z — WJIM TOYKa, WJIH Heocobas paruo-
HaJ/ibHasg KpuBad. [Toaromy

H(Z, 62(—Kx)) # 0.

Caenosarensho, Z ¢ Bs|—Kx|. Iporusopeune. O

2.7. Tlpucrtynum K I0Ka3aTeJbCTBY TEOPEMBbI Cornac-
uo ([1.7.4), nuneiinag cucrema |H| vemycra u, 6osee Toro, dim |H| > 2.

2.7.1. TIPEQJIOKEHME. [lycmv Hy, ..., H,, € |H| — pasauunvie du-
susopovl u nycmv D =Y NH;, 2de \; >0 u

(2.7.2) d i<+l

IIpednonosicum, wmo napa (X, D) aoekanonuuna. Tozda ar0boti aoeka-
nonuveckuts yenmp napv, (X, D) ne codeporcumcs 6 Bs |H|.

JTOKABATEJIBLCTBO. MbI Moxkem cunrtath, uro LCS(X, D) # &, t.e.
napa (X, D) ue sipisiercst sorrepmunanbHoii mo Kasamare. Ilycrs 2/ C
LCS(X, D) — meHTp JIOTKaHOHUIeCKUX ocobeHHOCTel. [Tpeamonoxum,
uro Z' C Bs|H|. Mbl MOXKeM CIHTATH, 9TO Z' — MUHUMATBHBIN MEHTD.
Coruacro (2.7.2)), qususop H — (Kx + D) obuen.

Tenepnb, Kak u B JAoKazareabcTBe [2.6.1] MBI “HeMHOrO moIIeBeanM”
JuBU30p D, 9T0o0bl JOKAJIM30BATH JIOTKAHOHUIECKHH IIEHT.

2.7.3. JIEMMA. B npednoaoocenuar eviue cyuecmesyem sddermue-
noli Q-dususop B wa X makot, wmo dususop H — (Kx + B) obusen,
a4 MHONHCECTNEO N02KAHORUYeCKUT ocobennocmet napw (X, B) cocmoum
PosHo u3 00H020 uewmpa Z, komoput codepacumcsa ¢ Bs|H|.
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JOKABATENBLCTBO. Ecin Z' = LCS(X, D), to mbl nojaoxum B =
DuZ =27"Tycrs Z' & LCS(X, D). Ina 0 < e < 1, t > 0 paccmorpum
cneayronmit Q-muBU30p

Dl = (1-¢)D+(F,
rae F' — obmee runepriockoe cevenne (F € [nH|, n > 0), npoxozsiiee
yepes Z'. [losioxum

6(e) == max{t € Q | mapa (X, D, ) morxkanonndna}.

Oyuknusg §(g) Kycouno nuHeina, Monoronna u uernpepbisia u §(0) = 0

(em. 3amevaHus u [2.2.5)). Bospmem 0 < ¢ < 1. Torma 0 < (e) < 1

n

Z' = LCS (X, DLg) @ LCS(X, D).

Ecnmu Z' — MuHEMAaIBHBIA JTOTKAHOHUYECKUH TIEHTD 1151 (X, D;,é(e))7 TO
MbI TIOJIOKUM B = D;,d(a) u Z = 7Z'. Eciu ke uMeercs MUHAMAILHbII
nentp 4" & Z', 7o MBI IpOJOIKEM TIpotiecce, 3amensis Z' Ha Z". Tlpomecc
000pBeTCs, TMOCKOJIbKY Pa3sMepHOCTDb IEHTPA JIOTKAHOHUIECKHX 0COOEH-
HOCTEl yMeHbIaercd. B pe3yabrare Mbl noyduM B u Z, Takue Kak u
TpebyeTcss B YTBEPKJIEHUH JIEeMMBI. U

[Ipomomkum jokazarenbecTBo mpemioxkenns: [2.7.11 Nmeem Tounyto
HOCJIeI0BATEIHLHOCTD

0 — A (X,B)® Ox(H) —— Ox(H) —— Oz(H) —— 0.

[To mamemy mnpenmonoxkenuio Z C Bs|H|. 3Bmaunr, Bce cedemus
H°(X, Ox(H)) zanynsiorcs na Z. C 1pyroii CTOPOHBI, Tak Kak JUBU30D
H — Kx — B obuJieH, TO 110 TeopeMe uMeeM

HY(X, #(X,B)® Ox(H)) = 0.
[TosToMy oTOOpazkenue orpaHuICHHS
H(X, Ox(H)) —— H°(Z,05(H))
clopbeKTUBHO. OcTaoch MOKa3aTh, YTO
H(Z,64(H)) #0.

9TO 0YEBHUJIHO, ecJIu / — TouKa. Ecau Z — kpuBas, To 1o Teopeme [2.3.5
oHa Heocoba u

28(Z) —2=degKy; < (Kx+B)-Z<H-Z.
Takum obpaszowm,
deg Oz(H) > max{l, 2g(Z) — 1}.
Torma no reopeme Puvana-Poxa HY(Z,0;(H)) # 0.
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Ocrajioch pacemorpers ciyuait dim(Z) = 2, 1. e. Korja Z — Helpu-
BosMMast KoMIonenTa | B|. B arom ciydae no Haimei KOHCTPYKIMH O~
BEDXHOCTDL Z TaK¥Ke SABISCTCS MUHUMAJILHBLIM JIOTKAHOHHYECKAM IEeH-
tpom Juist (X, D). Do o3nagaer, uro napa (X, D) 9ucTO JOrTepMHHATH-
HA BJIOJIb Z W 7 — HeNPHUBOIMMasi KOMIOHeHTa | D |, a TakzKe HeIo/ [BuK-
nast komuonenta | H|. Cornacno nauemy npenosoxenuo (2.7.2), 1usu-
30p —(Kx + D) obusen. Ilo Teopeme IIOBEPXHOCTD Z HOPMAaJIbHA
U HMeeT MeCTO PABEHCTBO

(Kx + D)|z =Kz + Dy,

e Dy > 0, napa (Z, D) norrepmuHanbia o KaBamare u JuBH30D
—(Kz + Dz) obunen. Ilo nemme HUZKe J1I060# 0OHIbHBIA 0OpaTH-
MBIl IyYOK Ha Z HMeeT HeHyJeBble IJI00ajIbHble cedenns. IIporuBopeune
JIOKA3BIBAET HPEJIJIOKEHHE. O

2.7.4. ONPEAEJEHUE. Ilycrs S — HOpMaJsibHAsi MIPOEKTUBHAS IO~
BePXHOCTH U IycTh A apdexrusnbiit Q-muBu3op Beiursg na S takoit, aTo
napa (S, A) morrepmuHasbaa mo Kapamare u gusuzop —(Kg + A) gmnc-
senHo adhdexruen n oobemen. Torga (S, A) HasbiBaeTcst 0600userHol
A02noseprrocmyio deav Ilevyuo.

2.7.5. JIEMMA. ITycmo (S, A = > 6;A;) — obobwennas ro2nosep-
nocmo deav Tleyuo u nycmov A — wucaenno sfdexmustviti 00semHvil
dususop Kapmwe na S. Toeda noseprrocmsv S payuorasvha u

H°(S, Os(A)) # 0.

JTOKABATEJIBCTBO. CHavaJa MPEeIIoIOKAM, U4TO HOBEPXHOCTH S
Heocoba. /lokaxkem pannonaabHocTh S. [Ipeanonoxkum nporusnoe. flc-
Ho, uTo |nKg| = @ mng Bcex n > 0. Ilosromy moBepxuOCTH S GHUpa-
[NOHAJIBHO JINHEHYaTast U UMeeTcs craruBanme 7 : S — ' Ha KpuUBYIO
OJIOZKUTEBHOTO Pojia, a 00IInii ¢JI0i T — Heocobas paruoHaIbHasd KPu-
Bas. Ecm g mexoropoii komnonentsl A; soimojnero A? > 0, To Mbl
moxkem 3ameruTh A Ha A’ = A — §;A; ¢ coxpaHeHUEM BCeX YCJIOBUiA.
[TosToMy MBI MOzKeM cumTaTh, 9ro A? < 0 mig Beex ¢ (wm A = 0).
Torma

Otrciona pa(4;) = 0, me. A; — raagkasg panuoHaTbHast KpubBas. Ecan
7(A;) =T, 10 g(I') < pa(4;) = 0. DT0 TPOTHBOPEUUT HAIIEMY MPE-
MOJIOYKEHNT0. SHAUHT, BCe KOMIOHEHTHI A JieykaT B cjioax 7. s moboit
Kpupoii I', exkaieit B c0gx 7, UMeeM

9pa(l) —2=(Kx +T)-T <0, pa(l)<0.
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Orciona cieyer, 9ro HOCUTEIb A HMeEeT HPOCThie HOPMAJIbHbBIE Hepe-
cegennsi. Tak kak [—A] = 0, ro mo Teopeme Kapamars-Pusera, npu-
menennoit k —(Kg + A), nonyuaem H'(S, Og) = 0 u roraa g(T') = 0.
DTO CHOBAa MPOTHBOPEUUT HAIIEMY TPEINOM0KeHn0. Takum obpaszoM,
[OBEPXHOCTD S paIOHAIbHA.

Hautee, o apoiicrBernoctu Ceppa

h%(S, Os(A)) = h'(S, Og(Kg — A)) = 0.
Tak kak guBn3opbl —(Kg+ A) n A anciaenno spdextuBhbl, T0 —(Kg+
A) - A > 0. ITo reopeme Pumana-Poxa

BO(S, Gs(A)) > %(AQ C A Kg) +x(05) > (A2 4 A-A) > 0.

1

2
[Tycts Teneps moBepxuoOCTh S 0coba. PaccMorpuMm ee MUHUMAIBHOE

paspelrerune ocobeHnocTeit f : S — S. MbI MOZKEM 3aIHCATD

K+ A= f"(Ks+A),

riae A — sbdexrupnpiii Q-nususop na S (em. [95]) u napa (S, A) sor-
TepmuHanbaa no Kasamare. Taxum obpazom, (S,A) — crosa sormo-
BepXHOCTH Jesib 1lero. COMIACHO IOKA3AHHOMY BBILIE, IOBEPXHOCTD S
palMoHaIbHA, IOSTOMY PAllMOHAJIbHA TaKzkKe H S.

Tak KaK f,Og = Os, 10 Og(A) = f.f*Os(A) (bopmyra nmpoexmumn).
OcobennocTr moBepxHocTH S panuonaitbusl [95)], 1. e. R1f, 05 = 0 upn
q > 0. Torma u3 cruekrpa/abHOil H0C/I€I0BaTe/IbHOCTY Jlepd 1nojiyyaem

HO(S, Os(A)) = H(S, [*Os(A)) # 0. 0
13 npeyiozKeHust BBIBOJIMTCSI CJIEIYIOIEe

2.7.6. CIEACTBUE. [Tycmw Hy, ..., H,, € |H| — obwue saemermo.
Ionootcum D := Y NH;, 20e 0 < \; < 1, YN < v+ 1. Toeda napa
(X, D) soekanonusma.

JTOKABATEJILCTBO. [Ipeanmonokmm, 9T0 3TO He TaK. Y MeHbIIad KO-
b duImenTs \; MOXKHO J006uThest Toro, uro napa (X, D' = > A.H;)
OyneT MAKCUMAJIbHO JIOTKaHOHHYHA U A\, < 1 miga Beex i. [To Teopeme
Beprunu Bue Bs|H| mosepxuoctn H; HEoCOObI U MEPECEKAIOT APYT APY-
ra TpancBepcajabio. Bosee Toro musuzop Y | H; uMeer TOJBKO IPOCTHIE
HOPMAaJIbHbIE TIlepeceveHnst Ha OTKPBITOM mojMHoxkecTBe X \ Bs |H|. SHa-
qut, napa (X, D’) sorrepmunanbha no Kasamare sue Bs|H|. Coracuo
PEII0KEHHIIO 060 MUHUMATHHBIH JIOTKAHOHWYECKHH HEeHT]p
(X, D) ue conep:xkurcs B Bs|H|. IIporusopedwne. O

2.7.7. CAIEACTBUE. [lycmv Hy,...H, 1 € |H| — obwue dususopw.
Tozda napa (X, Zij Hi) NOKAHOHUYHA.

39



2.7.8. CJIEACTBUE. Jlunetinas cucmema |H| ne umeem nenodeustc-
HOLT KOMNOHEHTMN.

. 1

JTOKABATEJBCTBO. [lelicTBUTeIbHO, HHAYE JUBA30D Z;; H; nme-
€T KOMIIOHEHTY KPATHOCTH > 2, 9TO IPOTHBOPEYUT JIOIKAHOHUIHOCTH
mapsl (X, > H;) u3 cJeICTBUS BHIIIe. O

2.7.9. CIEACTBUE. [lycmo P € Bs|H| — nexomopas mouwka. Tozda
obuwuti dususop H € |H| neoco6 6 P.

JIOKABATEJBLCTBO. Ecnu Bce asiementsl H ocobel B P, 1O, pa3iy-
Bag P, Mbl IOy YUM UCKJIIOYUTETbHBIH TUBU30P £ ¢ TUCKPENAHTHOCTHIO

t+1 +1

a(E,ZHi,X> =2 multp(H,) <2 -2(i+1) = ~2i < 2.
=1 =1

DTO MPOTUBOPEUNT CJIEJICTBHIO [2.7.7] U

2.7.10. CIEACTBUE. Ecau 1(X) > 3, mo Bs|H| = &. Ecau o(X) =
2, mo dimBs |H| < 0 u obwut dususop H € |H| neocob.

[LOKABATEJIBCTBO. AHAJIOrHYIHO JOKa3aTeJbCTBY CJIeICTBUA BbI-
Te. ]

Tenepb MBI TOTOBBI 3aKOHIHUTD JTOKA3ATEIHCTBO TEOPEMBI

JIOKABATE/IBLCTBO TEOPEMBI [2.1] Ilpeamonoxkum, dto obmmii
mueu3op H ocob. Torma no teopeme Bepruuu Bs |H| # & u Sing(H) C
Bs|H|. Corracuo ckazannomy Boimre (caegcrsue [2.7.10)), Mbl MoxkeM
cautarb, 4to ((X) = 1. Boaee Toro, napa (X, H + H') sorkanounyna
Jutst obiux ausuzopos H, H' € |H| (cnencrsue . Tak Kak noBepx-
nHocth H Heocoba Bue HNH', To mapa (X, H) ancro norrepmuHasbha. [1o
Teopeme HOBEPXHOCTH H HOpMa/ibHA (B YACTHOCTH HEIPHBOMMA,
MOCKOJIbKY OHA CBSI3HA) W MMEET JINIIh JIOITePMUHAIbHBIE OCOOEHHOCTH.
C spyroit croponsl, 1o ¢gopmyne npucoegunenusa Ky = 0. B gactHO-
ctu, Ky — mususop Kaprbe. Jlorrepmunaibable 0cOOEHHOCTH OBEPX-
HOCTEi, Y KOTOPbIX KAHOHUYIECKUI KJAcC aBIgeTcs auBu3opoM Kaprbe
— 3T0, TaK Ha3blBaeMble, dwearesckue ocobennocmu [95] § 9). Kak u B
JIOKA3aTeIbCTBE 1IPe/JIOZKEeHNUST umeem H'(H, Og) = 0. Takum
obpasom, H — ocobas nosepxuocrs tuna K3 (cum. [16.6).

Hamee mot umeem dim Bs|H| < 1. Tlycrs C' — menpusoanmast KOM-
nonenTa MHOXKecTBa Bs |H |, na koropoit obmuit sxement H € |H| numeer
ocobennocTu. CorIacHo CJ1eJICTBUAIO o01mii JuBKU30p Heocob B 00-
meit Touke C. 3uaunt, C' — KpuBasd u obmmit snement H € |H| umeer
JIUIIH U30JIMPOBAHHBIE OCOOCHHOCTH (T. €. 3JIeMeHThl H HMEIOT nepemet-
noe ocobpre Toukn Ha C'). Tak kak H'(X, Ox) = 0, To oToGpaxkenne
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Or'paHUYeHUs]

H(X, Ox(H')) —— H°(H, Oy (H"))

ciopbekTuBHO. [losToMy nosmas muneiinas cucrema |H | nmeeT KpuByio

C cBoeit

HEeHmOABIKHON KommoneHToi. Ho cornacmo caencrsuio [16.6.1

noBepxHOCTh H momkHa ObiTh Heocoba Baosb C. IlporuBopedune 3aBep-
IIaeT J0Ka3aTeIbCTBO TeopeMsr [2.1] O

SAJIAYMN. 1. Ilycrs C7 u Cy — HEocoOble KpHUBBIE HA ILTOCKO-

2.

et

10.

cru C?, 3agannnie ypapnenuavu y = 0 u y = 2. [Ipu xaxux
3HaYeHHAX oy 1 o mapa (C?) a;C) + apCy) morkanonnana?
I[Iycrs C — Heocobast Kpubad Ha mtockocT C2, 3a1anHas ypas-
nennem y°> = z3. Ilpm xakmx sHavenmax o mapa (C% aC)
JIOTKQHOHUYIHA,?

Jlokaxkure yTBepx)KJIeHus u3 npumepa [2.4.3|

[Tycts X — moBepxHOCTb nesb Ilemno u myctb A — OOMIBLHBIIH
muBusop Ha X. Tlokaxknre, uro JuHeiiHas cucrema |A| comep-
KT HEoCOOYI0 KPUBYIO.

[Tycts X — moBepxuocTh Tuna K3 u nycrb A — oOuabHbII
muBu3op Ha X . ITokaxkure, 9To mis obmiero aususopa D € |A|
mapa (X, D) JOrkaHOHHYHA.

[Iycte X — Heocoboe TpexmepHoe MHOroobOpasue u Iycrb D
— JIMBHU30P € NPOCTBIME HOPMAJILHBIME HepecedeHusiMu Ha, X .
[Mpeanonoxkum, aro ausuzop —(Kyx + D) obuien. Tokaxku-
Te, 4To JnHeiinas cucrema | — (Kx + D)| cogep:kut neocoOblit
JINBH30D.

O600muUTE TeOpeMY O CYIIECTBOBAHUU HEOCOOON KPUBOI B JIH-
HeitHol cucreme |—K x| muist corydast 0606usentoti TOBEPXHOCTH
nenb [emno X (T.e. HOBEPXHOCTH ¢ YUCTEHHO 3(PhDEeKTHBHBIM
1 OObEMHBIM AHTHKAHOHUIECKAM KJIACCOM ).

[Iycts X — mepuoe muoroodpasue @ano pasMepHOCTH N ¥ UH-
nekca o(X) > n. Tlokaxkure, uto auneiinas cucrema | — LK x|
COJIEPZKUT HEOCOOBIN TUBHU30D.

Ncnoan3yst Teopemy [2.1] onennte cBepxy uncmao ITukapa Tpex-
MepHbIX MHOroobpasuit Pano (mosyveHHasi oneHka He OyaeT
OLTHMAJILHOI, cp. ¢ Teopemoit [13.1.1)).

[Iycts S — HOpMaIbHAS TPOEKTHBHAS TOBEPXHOCTD U MYCTh A
sbdekTusnbtit Q-auBuzop Beitng na S Takoit, aro mapa (S, A)
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quCTO JIorrepmuHaibia 1 jquBu3op —(Kg + A) obuien. [Jo-
Ka’KUTe, 9TO MOBEPXHOCTH S paruoHasbHa (0000IIeHe J1eM-
bl [2.7.5). Mo2KHO J11 0CTAGUTD yCJIOBHSL 9TOTO Y TBEPZK ICHHS,
3aMEHUB YUCTYIO JIOTTEPMUHAIHHOCTD HA JIOTKAHOHUYHOCTD?
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3. MHuoroobpa3ua ®ano mHaeKca 2

Ha srom pazaesie Mbl 00Cy UM KJIaCCU(PUKAIUIO TPEXMEPHBIX MHOTO-
obpaszuit Pano ungekca 2. HamoMmuum, 9410 Takue MHOTOOOpa3us TaKZKe
HA3BIBAIOTCST (TPEXMEPHBIMI) MH02000pasuamu deav ITeyyo (cM. onpe-
aesenue [1.8.2)). OcuoBuol Ki1accudUKANLHOLIDIA PE3yJILTAT LOABITOKEN

B Tabmune [I} crp. [66]

3.1. HamomHuM, 9TO CTEIEeHBIO TPEXMEPHOI'0 MHOrooOpas3us IeJib
[Temmo Ha3BIBAETCS YHUCIO

d(X) := é(—KX)g.

3.1.1. BAMEYAHUE. CoriacHO Teopeme HAa MHOT0OOpa3uu Jejb
[ero X o6inuii saement H € |— %KX| Heoco0. 1o Teopeme Jledmena o
IUIepIIOCKoM cedennn orpanudenne Pic(X) — Pic(H) ssiagercsa Biio-
JKeHneM 1 ero obpa3 — npumuTHBHas mozapernierka B Pic(H ). C mpyroii
croponbl, mo dopmyne npucoennuennst Ky = —H|y. Tlostomy —Kpy
— OPUMHTHUBHBIN OOMIbHBIH 31eMeHT permerku Pic(H u mostomy H —
noBepxHOCTH JeJib [lenno crenenn d(X) ¢ «(H) = 1. Takum obpasom,

1<d(X) <8

no ¢opmyae Hérepa (cm. cmencrsue [1.3.4) uw H % P! x P! B ciyqae
d(X) =8.

Jlaaee Mbl cucTeMaTnyeckn OyeM HCIOJIb30BaTh WHAYKIIMIO IO pa3-
MepHocTH. it 3TOTO 0YeHb MMoJie3Ha CJIeIyIOoIast JJeMMa.

3.1.2. JIEMMA. [lycmo V' — anzebpauveckoe mHo2000pa3ue maroe,
wmo HY(V, Oy) = 0. ITycmv D CV — (npusedennoe) nodmmozoobpasue
kopaameprocmu 1, asaaoweecs dususzopom Kapmoe. Tozda

Bs|6n(D)| = Bs |6y (D)|.

B wacmuocmu, ecau aunetinas cucmema |Op(D)| wa D ne umeem 6a-
BUCHBLT MOYeEK, Mo U Aunelnas cucmema |D| na V' ne umeem basuchois
mouer. B amom cayuae |D| zadaem moppusm @p; : V — PAm Dl a6,
4mo Jua2pamma

]
%4 D] Pdim|D|
v[ P
D 1op (D) Pdim\D\—l
Kommymamuena, 20e P g, (p) — Mmopdusm, sadarnnvil aunetinot cucme-

moti |Op(D)|. Hpu smom @ p|(D) — eunepnaockoe ceuenue muoz006pa-

sua ®p|(V).
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JJOKABATENBLCTBO. fcno, yro Bs|D| C Supp(D) u Bs|D| =
Bs|D|p, rue |D|p — orpanndenue suneiinoil cucrembl |D| Ha mMOaMHO-
roobpasue D. Ilyuok mgeasioB nogcxemblr D B X obparum u coBIaaeT
¢ Oy(—D). Tlosromy nmeercst Tounast mocaeaoBaTe bHoCTh (eMm. [107]

ra. 11, §§ 3, 6])
0 —— Oy(—D) > Oy Op 0.

[Iyaok Oy (D) Takke 06paTuM, MOITOMY TEH30PHOE YMHOMKEHIE HA HETO
He MeHdeT TOYHOCTD:

0 ﬁv > ﬁv(D) E— ﬁD(D) — 0.
[To namewmy yciosuio H'(V, Oy) = 0 orobpakenue orpanudeHus
H°(V, Oy (D)) —— H°(D, Op(D))

CIOpbeKTHBHO. 3Ha4nT, |D|p = |Op(D)]. O

3.2. Ilpumenum pe3yabTaT O CYIIECTBOBAHUHU TIJIAJKOTO JTUBH30-
pa [2.I]x onmcannio MpOEeKTUBHBIX BIOXKEHUIT TOBEPXHOCTEN W TpexMep-
HBIX MHOroobpasuit genb Ilemmo. Hamomuaum, 9ro crenens d = K)z( I10-
BepxHocTH Jiedib Tlero X moxker npuauMath 3Hadenns 1 < d < 9 (cm.
cJIeICTBHUE . IToBepxnocTu ek Ilenno crenenn 8 1 9 OMUCHIBAIOTCS

3ajavamu [b|u [6] ma crp. 26

3.2.1. [IPEAJIOKEHUE. [Tyemb X — noseprrocms deav Ileyyo cme-
nernu d. Toeda umerom mecmo caedyrousue Ymeeptcoerun.

(i) Hpu d =1 aunetnaa cucmema |—Kx| — nyuox ¢ eduncmsen-
noti 6asuchotl moukol, a sunednan cucmema |—2K x| 3adaem
MOPPUIM

D ogy: X —— P3,

ABASOWUTCA 08YAUCTIHOIM HAKPOIMUEM c80e20 00pada () C
P3, smom obpas — weadpamuunviti Konyc, a Jucu30p eemeae-
HUS HEOCOD U ebicexaemca Kyoukot, He nporodauiet uepes eep-
wuny. Obpammo, ecau Heocobas noseprrocms X npedcmasis-
emca 6 sude J8YAUCTIHO20 HAKPLIMUA KEAOPAMUYHOZ0 KOHYCA
Q C P? ¢ semesaenuem 6 xpueoti B = Bg C Q, ewicexaemoti
kyoukot, mo X — noseprnocmd deav Ileuuo cmenenu 1.

(i) IIpu d = 2 aunetnas cucmema |—Kx| sadaem moppusm
q)l—le X —— ]P)Q,

ABASOWUTGCA  OBYNUCTHBIM  HOKPOIMUEM € BEMBAECHUEM 8
neocoboti kpusoti By C P? emenenu 4. Obpamno, ecau neocobas
noseprrocmsv X npedcmasaaemcs 6 sude 08YAUCNHO20 HAKDDL-
musa P? pazsemeaennozo 6 xpusoti B = By C P? cmenenu 4,
mo X — noseprnocmo deav Ileyuyo cmenenu 2.
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(iii) ITpu d = 3 aunetinas cucmema |—Kx| 3adaem mophusm
(I)|—KX| X —— Pg,

Asaaouutica eaoscenuem, u e2o 0bpad X3 C PP — wybunecrkaa
noseprrocmv. Qbpammo, s0bas Heocobas KYOUUECKAA NOBEPT-
nocmo X C P? asasemea noseprrocmoio deav Ileyyo cmene-
HU 3.

(iv) Ilpu d = 4 aunetinas cucmema |—Kx| saadaem mopgusm

Dy X —— P,

aesaowutica eroocenuem, u e2o obpas X, C P* — nepece-
wenue deyx keadpuk. Obpamno, arboe Heocoboe nepeceuerue
deyx weadpurx X, C P* asasemea noseprrocmvio deav Ileyuyo
cmenenu 4.

3.2.2. BAMEYAHUE. B cayuae [(i)|kpusas B = Bg C () — 310 dusu-
30puarvHas wacms BerBiaenusd. [Ipu srom kpuBag B neocoba. Mopduszm
pa3BeTBJIEH TAKKe HAJ| BEPIINHO KOHYyCa 0 € (). T.e. Ipoodpa3 0 — ojHa
(neocobas) Touka na X. Keaaparuunsiii konyc B P2 usomopden p3pe-
IeHHOH IIpoekTHBHOI miockoctu P(12)2).

TaxzKe ciiejlyeT OTMETUTD, YTO B STOM C/Iydae orobpaxkenne $|_ g | :
X --» P! packnaapiBaeTca B KOMIO3HIIHIO

|2k y|

Pl_ky : X
rae @ --» P! — npoexiua u3 BepIInHLI KOHYCA.

JIOKABATEJBCTBO. Mbl yTBepxKIaeM, 4To npu d > 2 JuHeiiHas
cucrema |—Kx| He nmeer 6a3ucHBIX TOYEK W 3a7aeT MOpdHU3M

Dp_fey: X —— P

JeiicTBuTebHO, 910 BhITeKaeT n3 jgeMmbl [3.1.2] npumenenHoil K Heoco-
Gomy snementy D € |—Kx|, u coorBercTBymonero dgakra 06 31 IUMTH-
YeCKUX KPUBDIX: HA JJIUINTUYECKON KPUBOH JIMHEHAd CUCTeMa CTEIIeHU
> 2 ne umeer Gaszucupix Touek (cum. [101] ro. IV, crencrsue 3.2|). Ana-
goruduo, npu d = 1 obmuit snement D € |—2K x| — neocobas Kpubast
poma 2 u —2Kx|p = 2Kp no dbopmyre npucoeaunenus. CHOBA MO JieM-
me [3.1.2mneiinas cucrema |—2K x| He nmeer Ga3uCHBIX TOUEK U 3312€T
Mopdu3M
D _opy : X — P2

Takxke npu d = 1 nuueitnas cucrema |—Kx| — 910 sanmunrudeckuii my-
YOK € €JIMHCTBeHHOI GasucHoit Toukoit. [locseanee caexyer u3 Toro, 4ro
Ha 3JUIMNTAYECKON KpUBOW JIMHeHHas cucTeMa cTelleHW 1 HYJIbMEPHA,
T. €. COCTOUT U3 €JMHCTBEHHOTO J1eMEHTA.
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g nokaszaresscersa |(iv)f| obosnauum wepes Y C P* o6pas mopdus-
Ma D|_ | ¥ 3aMeTHM, YTO

(degY) - (deg ®|_ky)) = (—Kx)* = 4.

Tak kak Y He JeXuT B rumnepruiockoctw, To degY > 2. EamHcTBeHHAS
BO3MOZKHOCTB!
dng:4, deg®|_KX| =1.

Takum obpazom, @|_g, | — OupanuonaabHblii MOpdU3M Ha cBol 0Opas.
Tak kak guBuszop — Ky obujeH, 70 370T MOP(PU3M TaKKe KOHETeH. DTO
03HAYaeT, YTO OTOOPaKeHHe

CI):(I)|_KX|2X—>Y

— win u3oMopdu3M, WIN COBHAJaeT ¢ HopMasm3amueil Y. [Ias obreit
kpuBoit D € |—Kx| orpanuuenne ®p : D — P3 apnserca uzomopdus-
MoM Ha ¢Boil o6pa3 (em. [101) ror. IV, caencrsue 3.2]). ITo semme [3.1.2]
obpaz ®(D) — runepiiockoe cedenne Y. 3Hadut, o6Iiee TUIEPILIOCKOE
cedenne Y neocobo u mosromy dim Sing(Y') < 0.

[lycts _#y — ny4ok ugeanos Y B P Imeem TowHYyIO MOC/TE10BA-
TEJIbHOCTD

0 —— #v(2) —— Opa(2) —— Oy (2) —— 0.
Tak kax h'(P*, Opa(2)) = 15 1
ho(Y, 0y (2)) < h°(X,®*0y(2)) = h(X, Ox(—2Kx)) = 13

(em. (1.7.5)), To orcroma moxyuaem ouenky h'(Y, #y(2)) > 2. Ipa jn-
HelHO He3aBHCHMBIX IVIOOAIbHBIX cedeHHd Iyuka _Zy(2) 3a7ai0T JBe
pasinmanble KBaJIpuku @1, Qo C P*, mpoxomamme depes Y. Takum 00-
pazoM, Y C Q1 N Q.. dcHo, uTo KBajgpuku (); HenpuBoauMbl. [losTomy
dim(Q1 N Q2) = 2 u u3 coBuajeHus creinexeit nojgydaem ¥ = Q1 N Qs.
Temeps MBI 3HaeM, uTo Y C P* — monmoe mepeceuenne. Tak Kax oco-
Gernoctn Y wmsosmposanubl, To no kpurepuio Ceppa (cm. [88, ru. 111,
upemt. 2|, [72], § 11.2]) muoroo6paszue Y Hopmaiabho. Suaunt, ¢ : X — Y
SIBJISIETCS M30MOP(hU3MOM.
JlokazareabcTBO AHAJIOTUYIHO U OCTABJISETCA UUTATEJTIO.

B caygae MoppU3M
b = (I)|—KX| X — ]P)Q
KOHedeH U uMeeT crenenb 2. [lycts B C P? — KpuBad BeTBICHHS, IyCTh
| — xmacc upsamoit ma P? u nycrs n := deg B. Ilo dopmyne 'ypsu-
ma (1.11.3) nmeem

Kx = & (Kp + 1B) = &* (%550).

*TlozaHee 6yaeT JaHO roe, bojiee KOHIENTYaJLHOE JOKA3aTeJIbCTBO 3TOr0 (pakTa.
)
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C apyroii croponbl, Mopdusm P 3aaercs juneiinoi cucremoit |—Kx|.
Bnaunt, —Ky = ®*l. Tak kak Pic(P?) = Z - [I] u ®*] ne ssasercs
ssementoM Kpydenust B Pic(X) (mockoiabKy 510 OOMJILHBIH AUBH30D),
TO OTCIO/Ia MBI HeMeaaeHHo nosaydaeM n = 4. O6parnoe yTBeprK/eHue

takxke caemyer u3 ((1.11.3)).
B caygae MMeeM KOHEYHBIH Ha cBOil 06pa3 Mopdu3M

=B _gpy: X — Q C P,

e
(deg Q) - (deg (I)|—KX|) = <_2KX)2 =4
Orpannuenne ¢ na 06uLy0 jumnTHYeckyo kpusyio D € |—Kx| aBy-
JINLCTHO Ha ¢Boit 00pa3. [Toaromy deg () = 2 u deg @ = 2. Takum oOpaszom,
QQ C P? — (menpusomumas) KBajpuka, a obpas D — npsavas na Q. Bo-
nee Toro, Tak kak D? = (—Kx)? = 1, T0 Bce 3/IMNTHYCCKUE KPUBbHIE
D € |—Kx| npoxoaar depe3 e MHCTBEHHYIO GasucHyo To4Ky D N Do,
riae Dy, Dy € |—Kx|, D1 # Ds. Tlostomy Ha () UMeeTcsl Iy 90K MPSIMbIX
®(D), mpoxoasdimux depe3 OJHY TOUKY. DTO O3HAYAET, ITO () — KOHYC.
I[Iycts | — knace mpsamoii va Q. Torga Cl(Q) = Z-1l u Pic(Q) = Z-(21)
(em. [101), rn. 11, § 6]) uw — K = 4l. IIycts B C () — KpHuBast BeTBICHHUSI.
Torma B ~ nl nns nekoroporo n. I[lo dopmyse I'ypsuiia

(3.2.3) Kx =& (Kq+iB) = & (258).

Kak u B ciaydae noxydaem, 4ro n = 6, T.e. B ~ 6l. 13 Tounoii
TIOC/IeI0BATETLHOCTH

0 —— Ops(1) —— Ops(3) —— Op(6]) —— 0

u obpamenns B Hy1b H'(P3, Ops(1)) nomydaem, aro B BhICeKaeTcs Ky-
OUKOil. g

3.2.4. IIPELJIOZKEHUE. [lycmv X — mpexmeproe mroz006pasue
deav Ileyuyo cmenenu d = d(X) u nyemv —Kx = 2H. Tozda npu d = 1,
Aunetnas cucmema |H| umeem edurncmsennyio 6a3uchyio mowky, a npu
d > 2 aunetnas cucmema |H| ne umeem 6basucnwuix mouex u 3adaem
moppusm P 2 X — P, Boaee mozo, umerom mecmo caedyiousue
YmeeprHcoeHUuA.

(i) Hpu d = 1 aunetnas cucmema |—Kx| ne umeem 6a3uchuix
mouex u 3adaem mophusm

CI)|_KX| X —— Pﬁ,

KOMOPLItl ABAAEMCA 0BYAUCTIHBM HAKPLIMUEM CE0€20 00pa3a
Y C PS u amom obpas — wonyc wad noseprrocmuio Bepo-
neze Sy C PP, a dususop semenerus neocob U 6viceKaemes
Kyoukot. Obpammo, ecau Heocoboe mpermeproe mHo2000pasue
X npedcmasasemcea 6 sude 08YAUCTIHOZ0 HAKPBIMUA KOHYCG
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Y =Y, C P naod noseprrocmuio Beponese Sy C P° ¢ dususo-
pom eemeaenua 6 noseprrocmu B CY, kxomopas evicexaemcs
kybukot, mo X — mmozoobpasue deav Ileyuyo cmenenu 1.

(ii) Ipu d =2 omobpasicenue

(I)‘H‘ X — ]PS
ABAAEMNCA OBYNUCTIHOM HAKPOITUEM C 6EMEAEHUEM 6 HEOCO-
6o1i noseprrocmu By C P? emenenu 4. Obpammo, ecau neoco-
boe mpexmeproe mHoz2000pasue X npedcmaessemca 6 eude
deyaucmnozo nakpuimus P2 pazeemesennozo 6 noseprHocmu
B = B, C P? emenenu 4, mo X — wmmnoeoobpaszue deawv Ieyuo
cmenenu 2.

(ili) ITpu d = 3 omobpasicerue @y — uzomoppusm na ceotl 06pas
u 06paz X5 C P* — wybuueckaa 2unepnoseprrocmsv. Obpam-
no, mobas neocobas kybuueckas 2unepnoseprrocms Xz C P4
ABAAEMCA MH02000pasuem deav Tleyuo cmenenu 3.

(iv) Ipu d = 4 omobpasicenue Py — usomoppusm 1a ceol obpas
u 06pasz X, C P° — nepeceuenue deyx xeadpur. Obpammo, so-
6oe neocoboe nepecevenue deyr keadpur X4 C P° asasemea
MH02000pasuem deav Tleuyo cmeneru 4.

3.2.5. BAMEYAHUE. B ciayvae d = 1 moBepxaOCTh BeTBIeHus B C Y
He TPOXO/INT Yepe3 BepiuHy Kouyca o € Y. OqHako, HaKpbITHE

P gy : X — Y CPS

pasBerBieHo B 0. Ocobast Touka 0 € Y JOKAJIbHO aHAIUTHYECKH H30-
mopdua daxropy C3/p(1,1,1). [Tosromy nakpeitue X — Y cobnajaer
¢ YHUBEPCAJbHBIM HAKPHITHEM B MAJION IPOKOJOTOH OKPECTHOCTH TOY-
ku o. Ce0BaTeIbHO, <I>|__1KX|(0) — Heocolag TOYKa MHOrooopasus X.

Orobpaxxenne ®g): X --» P? packiaapIBaeTCs B KOMIO3ZUIIAIO

Pk y|
rae Y --» P? — npoexuus u3 BepIIMHBI KOHyCa, Y.

OrmernM Takzke, 9T0 KOHYC HaJ MOBEPXHOCTHIO Beponese — Topuue-
ckoe MHOTOOOpasne. OHO M30MOP(MhHO B3IBEIIEHHOMY MTPOEKTUBHOMY TTPO-
crpancty P(13,2) [15].

JIOKABATEJBCTBO. /lokazareabcTBa OOJBIIMHCTBA YTBEPZAKICHUI
MOJTHOCTHIO AHAJOTHIHBI JTOKA3ATETbCTBAM COOTBETCTBYIOIINUX YTBEP-
JKIEHUuN i moBepxHOcTell flenb [lenmmo m ocTaBagioTCsS YUTATENIO.
HesnaunTebuble H3MEHeHUst Ly KHbL TOIbKO B ciaydae [(1)]

[Iycrs d(X) = 1. Torma dim |H| = 2 n dim|—Kx| = 6 comracuo
(1.7.7). Paccmorpum Mopdusm

_ ) 6
CD—Q)|—KX\ X — P
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O6oznaunm uepes Y C PP ero obpas. Ilycrs H € |H| — obuiuii 3/1ement
(meocobast moBepxHOCTH Jeb [lenmo crenenn 1). Tak kax

On(—Kx) = Oy(2H) = Oy(—2Ky)

HY(X, Ox(—Kx — H)) = H'(X, Ox(H)) =0,
TO U3 TOYHOI IIOCJICA0OBATEJIbHOCTH
0 —— Ox(—-Kx —H) —— Ox(—Kx) —— Oy(—Kx) —— 0
moJiydaemM, 9To oTobpakeHme
HY(X, Ox(—Kx)) —— H°(H, Oy(—2Kpg))

CIOPBEKTHBHO. 3Ha4YnT, Mopdusm-orpanndenne Py : H — O(H) 3amaer-
csL OJIHOI JnHeiinoil cucremoii |—2K | 1 m09TOMY OH KOHEYEH CTeneHn
2 (cM. mpensiozKeHue . B wacrunocru, mopdpuszm ¢ : X — Y ne
aBJIIeTCsS OuparuonaibHbiM 1 deg ¢ = 2.

Bosee toro, Bce nosepxuoctu P(H) mpoxoiar depe3 OJHY TOY-
Ky — 0obpa3 eIuHCTBeHHOI Ga3ucHON TOYKM JuHeHHO# cucrembl |H| u
obmasi Takasi TOBEPXHOCTh — KBAaJAPATHYHBIH KOHYC ¢ BEPIIMHOH B O

(em. (). Bmaunt, Y — Tax:ke KOHYC HaJ HEKOTOPOil IOBEPXHO-
croio S C P5. Jlasee

(deg V) - (deg @) = (~Kx)* = 8.

Orciona degY = 4 m degS = 4. Tak kak S — o0iiee THUIEpPILIOC-
Koe ceueHue MHOroobpasust Y, a ®(H) — kBajparudublii KOHYC, TO
SN®H) =P°NP®(H) — nnockag Kounka. 3uauur, S = Sy C PP —
HOBepPXHOCTH Beponese (cM. mpeioxKeHe , T. e. 06pa3 P? npu 0T0o0-
paYKeHWH MOJHOM JInHelHo cucTeMoit KonukK. /g 1uBu30pa BEeTBICHUS
B C Y no dbopmyne I'ypsuna umeem B ~ 35 (cp. (3.2.3) u (1.11.3)).
Torma, corsiacHo IpeaI0KeHIIO IOBEPXHOCTb B BhIceKaeTcs Ha Y
KyOHUKOM. O

3.3. Jlamee MBI paccCMOTPHM MPOEKTUBHBIE BJIOXKEHHSI MHOT00Opa-
3uit geab [lemmo 6omee meranbao. /1 3TOr0 oveHb yaoOHO paccMaTpH-
BaTb JUBHU30pHAJIbHbLIC aJIFe6pr.

[Iycts V' — npoekTuBHOE ajaredpaudeckoe MHOrooOpasue u mycTb )
quBu3op Ha V. PaccMorpum rpajgaynpoBaHHYIO aarebpy

R(V, D) := @ H'(V, Oy(dD)).
HanmomunmMm, ato _
H(V, Oy(dD)) = {o € C(V) | div(p) + D > 0} U {0}
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— unoupocrpancrso B C(V). Tlosromy R(V, D) ymobuo paccmarpu-
BaTh Kak nogairebpy asnrebper C(V)[t], mme kaxmoe mpocTpaHcTBO
HO(V, Oy (dD)) Bnoxeno B kommonenty C(V)te.

Jlns nr060it TpaynpoBaHHO agredph

R=EDRy

d>0

epes R el o6o3nauny nogaare6py Bepomese (MM TpOpeKeHHYI0

noganrebpy )
R = P Ry

k>0

Taxum obpasom, R(V, D) = R(V,nD).

3.3.1. IIPEAIOKEHUE. Ilycmo A — obuavruii dususop wa V. Ilped-
noaootcum, wmo anzebpa R(V, A) noposcdaemes ceoetll xKomnonenmot
cmenenu 1. Tozda dususzop A ouenv obuseH.

JTOKABATEJIBLCTBO. fcro, uro my4dok Oy (A) mopoxkgaercs CBOMMH
rJ100aJIBHBIME CeYeHUAMU. /{0CTaTOYHO JI0Ka3aTh, YTO TJI00AIbHBIE ceve-
g HO(V, Oy (A)) pasneasior TouKu U KacaTe bHble BeKTOPHI. I1ycTh
P, P, € V — pazmuunble Touku. [Iycre W C HO(V, Oy (A)) nomupo-
CTPAHCTBO KOPA3MEPHOCTH 1, COCTOSINEE U3 CedeHni, 00palarommXcs B
HyJb B Touke P;. Boeibepem Gazuc si,...,S,, € W u gomogHuM ero o
bazuca

S0,S1y+--+5Sm < HO(VV, ﬁv(A))

[TpeammonoKuM, 9To Bee djIeMeHThl W o0palnaiorcsa B HyJlb Tak:Ke U B
P, JTns wekoroporo d > 0 auBuzop dA odeHb OOMJIEH, HOITOMY 3Jie-
mentbl HY(V, Oy (dA)) pasgesnsior Touku, T. €. CYHIECTBYET 3/IeMEeHT
f € H(V, Oy(dA)) raxoit, uto f(P;) =0 n f(P,) # 0. ITo ycaouio f

NIPeACTaBJISIeTCs] B BU/Ie JIMHEHHONH KOMOWHAIINK CedeHui

do v d _
50087 sy, g d; =d.

Tak kak f(P) =0, so(P1) # 0w s;(P) =0mupu i =1,...m, T0o B 9T0i
suHeitHoil Kombunamun orcyrersyer wien si. Tak kak f(P) # 0, To
3i(Py) # 0 mnst wexkoroporo 1 < ¢ < m. DTO 03HAYAET, UTO S; PA3IEIIET
touku Py u Py. Anajoruuno jpokassisaercs, aro cedenus HO(V, Oy (A))
Pa3Ie/ 0T KacaTe/IbHble BEKTOPHI. U

3.3.2. ITPEAJTOKEHUE. ITycmsv A — obuavtuiii dususop wa V. Toeda
anzebpa R(V, A) woneuno nopoosicdena v V'~ ProjR(V, A).

JTOKABATEJILCTBO. Ilpeamonoxkum cHava a, 9T0 JUBA30P A oveHb
obmen. Ilycrs V. C PN — cooTBeTcTBylOmee BIOXKeHHe H IIYCTh Jy C
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Opn — Ty4O0K ujieasoB. VI3 TOYHON 10C/I€10BATEIbHOCTH
0 —— Jv(d) —— Opn(d) —— Oy (dA) —— 0

u reopembl Ceppa 06 obparmennn B Hysib [101L rur. III, reopema 5.2
HOJYYAEM CIOPEKTUBHOCTL OTOOparKeHM i

H'(Opx(d)) = STH"(Opx (1)) = S"H"(0y (A)) —— H'(Oy(dA))

upu d > dy nast zekoroporo di. Dro ozHadaet, 4to R(V, A) nopoxnaercs
KOMIIOHeHTaMu crenenn < dj.

JIas mpou3BOABHOrO OOMIALHOrO muBm30opa A Bo3bMeMm dy Tak, 9TO
doA ouenb obuien u paccmorpuMm nogaarebpy Beponese R(V, dpA).
Hecnoxuo nokasarb, uto anrebpa R(V, A) KoHeYHO TOPOKIEHA TOrIA
U TOJBKO Torya, Korja TakoBoil seasiercss R(V) dgA) (em., Hanp., [75]
r. 111, § 1, . 3]). Do mokaspiBaeT KoHEUHYIO TOpoKAeHHOCTL R(V, A).
CuesroBaresibio, ProjR(V, A) — cxema KOHEYHOIO THIIA U €CTECTBEHHOE
orobpazkenne X — ProjR(V, A) aBisercs uzomopduzmom. O

Paccmorpum nipocreiiiuii npuMep, KOTOPbI OyaeT HeoOX0AuM HUZKe:

3.3.3. IIPEAJIOKEHUE. Ilycmv C — aarunmuueckas Kpueas u
nyecmsv A — dususop wa C ecmenenu d > 0.

(i) Ecau d =1, mo epadyuposarnasn asecopa R(C, A) umeem eud
(3.3.4) R(C, A) = Cl,y, 2]/(/),

ede degz =1, degy = 2, degz =3, a f € Clzx,y, 2] — xsasu-
00H0POONBIT MHO20UAEH 636ewWeHH0T cmenent 6.

(i) Ecau d = 2, mo epadyuposarnas anzebpa R(C, A) noposcda-
emeca ceoumu xKomnonenmamu cmenenu 1 u 2. Boaee moezo, 6
IMOM CAYMGE

R(C, A) = Clxy, x2,y1]/(h),

ede degz; =1, degy; = 2, a h € Clxy, z2,y1] — K603U0IHOPOO-
WOl MHO204AEH 636eWEHHOT cmenenu 4.

(iii) Feau d > 3, mo epadyuposannasn areebpa R(C, A) nopoocda-
emca ceoell Komnonenmot cmeneru 1.

(iv) Ecau d > 4, mo udear coomuowenuis ¢ R(C, A) mesncdy sae-
MEHMAMU CeNneny 1 noposiciaemes coomHoweHUAMY, cmene-
HU 2.

Brauaste mokazkem JeMmy.

3.3.5. JIEMMA. B 0603Haveruar npedioscenus cyulecmeyem,
mouka P € C maxas, wmo A ~ dP.
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JIOKABATEJILCTBO. Paccmorpum orobpazkenue
¢ : C —— Pic’(0), P+—— [dP — A].

Orobparkenne He SBISIETCA MOCTOAHHBIM. SHAYHUT, OHO CIOPHEKTHBHO W

noaromy ¢(P) = 0 st Hekoropoii Toukn P € C. 9710 u 03HAYaeT, 9To
A~ dP. O

JIOKABATEJ/IbCTBO IPEIJIOKEHUA [3.3.3] ITo Teopeme
Pumvana-Poxa umeem h°(C, Oc(nA)) = n npu n > 0. Ilycrs =z
— gmo6oit  menyreoit sement HY(C, Oc(A)). BeibepeM 3iemenT
y € H°C, Oc(2A)), xoTopblil He NPONOPIMOHANEH T2, W 3JEMEHT
z € H°(C, Oc(34)), koropslil ne sapjisgercs juneiinoil komGunanuei °
u xy. [lycte P € C' — Touka, 3anannas cedenneM x. s m > 1 umeem
TOYHYIO T10C/IEI0BATETHLHOCTD

0= HYC, Oc((m—1)A)) —2— H(C, Oc(mA)) —— H(P, Op) — 0.

13 mee, B 4acTHOCTH, CJEIyeT, 9TO Yy U 2z He He 00palnaioTcd B HyJb
B P. Taxxe, xaxkiaoe npocrpanctso H(C, Oc(mA)) nopoxnaercs
THY(C, Oc((m — 1)A)) u OIHEM JONOJTHUTETHHBIM 3JEMEHTOM, KOTO-
phIii He oOpalaeTcs: B HyJIb B P. 9TOT 3J1eMeHT MOXKHO BBIOpAThH B BUIE
yk2!, tae 2k + 31 = m. OTcioma moaydaeM, 9ToO T, %, 2z TOPOKIAIOT -
re6py R(C, A). Takxe orcioja ciaemyer, uro snaementol vl 22y, y?, xz
obpasytor Gazuc npocrpanctea H°(C, Og(4A)), snemento

5 3 2 2
r, Y, Ty, T2 Yz

obpasytor 6asuc H°(C, Oc(5A)), a Mexay smemenraMu

6 4 2,2 3 2 3
r, Ty ryYy, Tz TYz, 2, Y

B anrebpe R(C, A) nmeercs oano coorromenue f(x,y,z) = 0 crenenn
6. MO}KHO CHYNTaTh, 4TO 3TO COOTHOIIEHNE NMEET BUJL

(3.3.6) f(z,y,2) = 224y + xg(x,y,z)=0.
fapo romomopduzma
C[l’7y, Z] — R<07 A)

ABJISIETCST OJITHOPOJIHBIM TPOCTHIM ujea oM I Boicorst 1. Tak kak Clz, y, 2]
— KOJIBIIO € OJTHO3HAYHBIM PA3/I07KeHHEeM Ha MHOYKHUTE/IN, TO TAKOH H1ea
JTOMKeH OBITH TIaBHBIM. Takmm obpasom, I = (f).

Paccmorpum teneps cayuait d = 2. Tlo jlemme nMeeM
A ~ 2P pya mwekoropoit touku P € C. CienoBarebHO, HMEETCS BJIO-
xenne R(C, A) C R(C, P) tak, uro R(C, A) coBnagaer ¢ nogaaredpoit
Beponese:

R(C, A) = R(C, PP = (Clz,y,2]/(/))?.
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[Monoxkum 1 = a2, 9 = ¥y, y1 = xz. Vcnoabsys onucanue ajarebpbl
R(C, P) npuseznennoe B [(1)] MOKHO OKA3aTh, YTO SMEMEHTHL L1, T2, Y1
nopoxkaaiT R(C, A) u MeXKIy HIMH UMEeTCsi COOTHOIIEHHE CTereHn 4.

Kak u BbIlte 1o Jjremme nMeeM A ~ dP s HEKOTOPOii
troukn P € C. Crenosarennno, umeerca siaoxenue R(C, A) C R(C, P)
tak, uro R(C, A) coBnamaer ¢ nomaarebpoit Beponese:

R(C, A) = R(C, P)¥ = (Cla.y. 2]/(/))"

(em. (3.3.4). YuurbiBas coornomenue (3.3.6), nosydaem, 9ro 0JHOPOI-
nas komnouenta R(C, A), = (Clx,y, z|/(f))an mopoxgaeTcss MoHOMAME
BUIA

(3.3.7) zhylzm, k+2l+3m=dn, mec{0,1}.

[TokazkeM, 9TO TH 3JEMEHTBI MOYKHO BBIPA3HUTH U€pe3 3JeMEHTHI KOM-
nouentsl R(C, A); = (Clx,y, 2|/(f))a. [peanonoxum, uporusuoe, T.e.
nexkoropuiit Monom M € R(C, A), suna HE BBIPAXKAETCH vepes3
monomsl u3 komnonentst R(C, A)y = (Clx,y, 2]/(f))as- Beibepem n mu-
HUMAJIBHBIM € 5THM ycJoBHeM. PaccMoTpuM caydail derHoro d (Heder-
HBIl corydail aHaJoOrudYeH W ocrapigercd durarenio). Eciu k > d, To
M = 2?M’, tne M’ cHOBa UMeeT BHT, ¢ d = d—1. Dro npoTuBoOpe-
IUT Harremy npeanosoxkennio. Ciaenoparensho, k < d—1. Ecau [ > d/2,
T0 anagoruuno M = y¥2M', M’ € R(C, A),_,. 3naunr, | < d/2 — 1.
Otrcrona k + 21 < 2d — 3. YVunrsisas (3.3.7)), monyuaem

k+20=2d—3, n=2 k=d—1, l=d/2—1>1.
B 9TOM c1ydae MbI MOJKEM 3aIHUCATD
M =22y M', M’ € R(C, A);.

CHoBa nporuBopedne. ITo JI0KA3bIBACT YTBEPK/ICHHE.
JI0Ka3aTebCTBO MIyHKTA OCTABJISAETCS THTATEJTIO. O

3.3.8. CJIEACTBUE. (i) Jhobas sarunmuseckas Kpueas mo-
orcem 6oumo eaooicena 6 P(1,2,3) u 3adana mam ypasnenuem
cmenenu 6.

(i) JTobas sarunmuveckas Kpusas Moccem Ovimb 6A0HCEHA 6
P(12,2) u sadana mam ypasnenuem cmenenu 4.

(iii) Jhobas sarunmuneckas kpucas moscem Gumo 6aodicena 6 P
u 3adaMa MAM YPasHeruem cmeneny 3.

(iv) JIobaa sarunmuueckaa xpusas moocem Gumy eaodcena 6 P
u 3adana mam J6YyMa YpasHEeNUAMY ceneny 2.
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3.3.9. TEOPEMA (upuHIun runepiyiockux cedenui, cp. [50, reope-
ma 3.6]). ITyemv X — wenpueodumoe npoexmueHoe mHo2000pasue pas-
meprocmu > 2, L — obpamumnils nywok na X u'Y € |L| — sfdex-
mushwlli dususop. Horoocum Ly = L @ Oy . Ilpednososcum, 4mo

(3.3.10) HY (X, £°™) =0, Vm > 0.

ITyemov 19 € HY(X, L) — ceuenue, onpedeasrowsee dususzop Y. Tozda
BHNONHEHYL CACOYIOULUE YMBEPHCIEHUA.

(i) Hmeem mecmo mounaa nocaedosamesvHocms
0 —— R(X, .¥) —2 > R(X, ¥) <= R(Y, L) ——0,

2de p — omobpasicenue 02PaHUMEHUA.

(ii) ITycmo @1, ...,T — 00HOPOOHBIE HAEMERMBL, NOPOHCIGIOULUE
R(Y, %), u nyemo xq, ..., 2, € R(X, Z) — odnopodrvie sne-
menmol maxue, wmo T; = p(x;). Toeda R(X, £) noposcdaem-
CA INEMEHNAMU X, L1, . . ., T}.

(ili) Ecau epadyuposanmnoe koavuyo R(Y, Zy) noposcdaemes wom-
nowenmamu cmenenu < T, Mo U 2padyYUPOSAHHOE KOALUO
R(X, .Z) nopostcdaemes komnonenmamu cmeneny < 1.

(iv) B npednoaosicernuax nycmo fi, ..., fn — 00HOpOOHBIE NO-

poosrcdarowsue udeanra coommowenuts mexcdy Ty, ..., T. Tozda
cyutecmsyom o00HOPOOHBIE coomHouwenus fi, ..., fn Mmeocdy
Lo; L1y---3&n 6 R(XV’g) makue, 4mo fl = @(fl) u f17 s 7fn
NOPOHCOWHM, BCE COOMHOWEHUS MEHCOY Lo, L1, ..., Tp.

JIOKABATE/JIBCTBO. YTBepzKJIeHud u JIOKa3bIBAIOTCS UH-
aykiueit mo m. Cormacuo (3.3.10), umeeT MecTo cieayonas ToIHas mo-
CJ1eI0BATEIBHOCTD IIYYKOB

(3.3.11) 0 — HO(X, 2®0mb) 2o,
— HY(X, L) — H(Y, L3™) — 0.

OTcroma mosrydaercs [ycrs s € HO(X, #®™) — npousBosIbHBL
snement u 5 € HO(Y, A7™) — ero obpas. Torga mo yciosuio 5 =
p(&1,...,Ty), TJAe p — HEKOTOPHIH KBA3UOJIHOPOAHBIN MHOTOUJIEH CTe-
neaun m. Ceuenue s — p(xy,...,x;) oopamaerca B 0 Ha Y u 103r0MYy
WMeeT BUJ Tov g HeKoToporo v € HO(X, Z®Mm=1) Tlo mpexmomnozke-
HUIO HHJYKIUA U = ¢(Xg, . . ., Tk), DO ¢ — KBA3HOJIHOPOIHBIH MHOIOWJIEH
crerienn m — 1. CiegoBaTebHO,

s =p(x1,...,2x) + zoq(zo, ..., TL),

T.€. Tg,T1, ..., T TOPOKIAOT BicyR(X, L), D10 mOKasbiBaeT

w [(iii)] [ysxr JIOKA3BIBAETCA AHAJOTHIHO C UCMOJIB30BAHH-
eM mocaeaoBateapHocTH (3.3.11)). U
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Tenepn u3 npejiokenus [3.3.3] Teopembl u Teopembl [3.3.9] o
WHIYKIUH MBI TIOJYyYaeM CACAYIOIIUe IBa yTBePZK ICHUSL.

3.3.12. IIPELJIOZKEHUE. [lycmo Y — noseprrocmo deav [leyuyo
cmeneny d.

(i)

Ecau d =1, mo
R(Y, —Ky) = Clzo, z1,y, 2]/ (f),

2de degx; = 1, degy = 2, degz = 3, a f — xea3uodHopoo-
HoLll MHo20uAeH 836euwentoti cmenenyu 6. B wacmuocmu, Y
uzomopra eunepnoseprrocmu cmenenu 6 6 P(12,2,3).

Ecau d =2, mo

R(Y, —Ky) = C[I’Q,l’l,x%y]/(h),

2dedegr; =1, degy = 2, a h — K6a3u00HOPOIHBIT MHO20UACH
e3gewernnotll cmenenu 4. B wacmmnocmu, usomoppra 2unepno-
seprrocmu cmenenu 4 ¢ P(13,2).

Ecau d > 3, mo epadyuposannasn areebpa R(Y, —Ky ) nopooic-
daemes ceoeli Komnowenmot cmenenu 1. B wacmuocmu, dusu-
30p —Ky ouenv obusen u 3adaem enoscenue Y =Yy C P9,
Ecau d > 4, mo anmusanonuveckud obpas Y =Y, C P asaa-
EMCA NEPECEdeHUEM KEAOPUK.

3.3.13. IIPEAJIOKEHUE. [lyecmv X — mpexmeproe mroz006pasue
deaw Ieuuo cmenenu d u nycmov —Kx = 2H.

(i)

(iii)

(iv)

FEeau d=1, mo
R,(X, H) - C[x())'rlalévy?z}/(f)?

ede degz; =1, degy = 2, degz = 3, a f — k6a3u00HOPOIHBLT
MHo20uNeH 836eweHHol cmeneny 6. B wacmwocmu, X uso-
mopdro zunepnoseprrocmu cmenenu 6 6 P(13,2,3).

Ecau d =2, mo

R(X, H) = Clag, x1, 72, 23,y]/ (),

ede degx; = 1, degy = 2, a h — x8a3u00HOPOIHBIT MHO20-
unen easewennolt cmenenu 4. B wacmnocmu, X uszomopgrio
eunepnoseprrocmu cmenenu 4 ¢ P(142).

FEeau d > 3, mo epadyuposannas anrzebpa R(X, H) noposcda-
emcesa ceoetl komnonenmot cmenenwu 1. B wacmuocmu, dususop
H ouenv obusen u 3adaem eaoscenue X = Xy C P41

Ecau d > 4, mo noay-anmuxanonuvecrkuti obpas X = Xyg C
Pt geaaemea nepecenenuem K6a0pusk.
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3.3.14. BAMEYAHUE. B ciyuae HpOGKL[I/IH X — P(13,2) — pery-
asipubiit Mopduam (em. (3.3.6)). On sBsiercst ABYJIHCTHBIM HAKDBITHEM,
ONMHMCAHHBIM B TIPEJJIOKEHIN Anajorndso, B caydae IPOEK-
s X — P(11) = P? — peryagpubiii AByncTHBIE MOPDU3M, OIUCAHHbI

B IPEIIOKEHIH

Creytornee yTBepzKIeHIe — CIeaCTBIE Teopembl Jledurera o rumep-
wrockux cedennsx (cm. [15] Teopema 3.2.4(i)]).

3.3.15. CIEACTBUE. I[lycmo X — mpexmeproe mHo2oobpasue denv
ITeyyo emenenu d(X) < 4. Toeda Pic(X) ~ Z.

Jlajee Mbl HOKaxKeM, 9TO JIjIsi TPEXMEPHOro MHOrooOpa3usi jieJib [er-
10 yeiaosue Pic(X) ~ Z sksusanentno ycaosuwo d(X) < 5.

3.4. Temepb MBI u3yunm mMHOrOO6pasus geib [lemmo ¢ p(X) > 1.
B 9TOM ciydae MBI MOKeM NPUMEHHTH TeXHUKY IKCTPeMAaJbHBIX JIydeil
(em. pazgen [14). Cuagasa Ml mpuBeseM aBa obmux daxra.

3.4.1. JIEMMA. Ilycmv X — mpexmeproe muoz2000pasue Paro,
nycmov Ry, ..., R, — sce akempemanrvroe aywu nwa X u nycmo f1,..., [,
— COOMBEMCMBYIOWUE IKCPEMANLHBLE cazusanus. [Ipednonroocum,
wmo ece cmazusanua f; na X Ouparyuonasonos 4 nycmo By, ... B, —
uxT uckaowumenvrvie ususopu, (603moocro, wmo E; = E; npu i # j).
Tozda E; N E; # @ das nexomopux ¢ v j maxuz, wmo E; # E;. B
wacmuocmu, 06pas fi(F;) ne asaaemesa mowkotl daa no Kpatinel mepe
001020 1.

JIOKABATEJIBCTBO. s soboro ¢ mycts C; — j0basi KpuBas, 1M0-
poxpatomas ay4d R,. Tormna E; - C; < 0. Hanee, mycts Z — Kpubad,
BhICeKaeMas Ha X JABYyMs OOIIUMH THIEPILIOCKUMH CeYeHuAMU. loraa
E;-Z >0 ana moboro j u 1o TeopemMe 0 KOHyce

Z ~ ZO@C@ a5 2 0.
IIpennonoxuM, uto E; N Ej; = & Kak Tonbko E; # E;. Torna

=0 ecmm EZ 7é Ej,

E; G,
<0 ecmm E; = Ej.

Orciona caeayer, uro F; - Z < 0. IIporuBopeune.

[locnennee yrBepKaeHue cjaeyeT u3 TOro, 4TO CJIOU Pa3HbIX SKCTpe-
MaJIbHBIX CTATUBAHUIE HE MOIYT IEpPeCceKaThCs M0 MHOXKECTBY IOJIOKH-
TeJIbHOU Pa3MepPHOCTH. U

3.4.2. JIEMMA. Ilyemv X — mpexmepnoe mnozo0bpazue DPano.
Lpednonoocum, wmo na X umeemcs sKcmpemasvbHoe CmazusaHue muna
D. Tozda smopoe sxcmpemanrvhoe cmazusarue umeem mun C usu By,
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JIOKABATEJBCTBO. Takzke ciejyer u3 Toro, 4ro CJiou 3KCTpeMaJib-
HBIX CTATrIBaHUiT HE MOT'YT nnepecekKaTbCd 110 MHOXKECTBY HOJIOZKHUTEJIbHOM
Pa3MepHOCTH. U

3 kraccudukanum SKCTPEMAJIbHBIX Jydell Ha TPeXMEPHBIX MHOIO-
obpasusx HOJIy4aeM CJieIyIonee.

3.4.3. CHIEACTBUE. IIycmo X — wmnozo006pasue deav Ileuuo c
p(X) > 1 unyemo f: X — Y — skempemarvnoe cmazusanue Mo-
pu. Toeda [ mooscem umemsv mosvko 00uUH U3 CACIYOUUT MUNOE:

Bo: moppusm f — pasdymue mouru, Y — mnozoobpasue denv Iley-
uo uau'Y ~ P u npu omom (—Ky)? = (—Kx)3 + 8;

Co: moppusm f aeasemesn PL-paccioenuem uv'Y — noseprrocmo
deav Ileyyo emenenu 10 — p(Y) = 11 — p(X);

Dy: mopdusm f — paccaoenue na weadpuxu u Y ~ PL.

JTOKABATEJILCTBO. [IocKONBKY /yTMHA COOTBETCTBYIONIETO SKCTPE-
MAaJIbHOTO JIy4a B HAIIeH CuTyaluu JejnTcs Ha 2, TOo u3 Teopembr [14.7]
Oy 9aeM, UTO CTATHBAHUE MOYKET OBITh TOJIBKO THIOB Ba, Co man Ds.
B cayuae B, kanounuecknii gusuzop Ky = f,Kx mennrca Ha 2 u Y
— muoroobpasue Pano werHoro muaekca no nperoxenuio [[L13.3] B
ciydae Cy st obmiero (meocoboro) mususopa H € |— Ky | orpanudenue
Mopdusma fgy : H — Y oupanuonanbno. CiegoBarebHo, Y — MOBEPX-
HOCTL JieJib llenmo caoBa mo npeoxenuio (1.13.3] O

3.4.4. TIPEATOXKEHUE. [Tycmv X — mpexmeproe mHo2006pasue
deav Tleyuo ¢ p(X) > 1. Tozda umeem mecmo 00HO U3 cAeIYOUUT
ymeepoHcoeHu:

(i) dX)=T7u X = X; CP® — pasdymue mouxu na P?;
(i) d(X) =6 u X ~ P! x P! x P!;
(iii) d(X) =6 u X — dususop 6ucmenenu (1,1) ¢ P? x P2

JTOKABATEJIBCTBO. IlycThb, Kak obbrano, H := —%KX, d = d(X).

Cragana paccemorpum caydait p(X) = 2. Ilyere f @ X — Y u
f": X — Y’ — pasnnunble 3kcTpeMaibable craruanus. CoriacHo cie/l-
creuo [3.4.3] ¢ TOYHOCTBIO 10 HEPecTaHOBKH JIJIs THIOB CTATMBAHUH f
1 [’ UMeTCcd TOJNBKO CJIeAYIONNe BO3MOKHOCTH:

Ca-Dg, Ca-Cy, Co-By, Da-Da, Ba-Bp, Bs-Do.
[To siemmam u ciaygan Dg-Do, Bo-Bsy, Bo-Dy HEBO3MOKHDL.
Takum 06pa3oM, MBI MOXKeM cIUTATh, 9To f uMmeer Tt Cy, T.e. dim(Y) =
2 u f apnsgerca Pl-paccnoenumem. Tak xak p(Y) =1, To YV ~ P2,
[Tycrs | C P?2 — upamas u nycrs M = f~1(1). 3 Tounoii noc.eo-
BarebaocTn (|14.7.3) momygaem, 9To

Pic(X)=Z-H&Z- M.
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dleno, uto M3 =0 n
Kx-M?=Kx-fpt) = —2.

Orciona H - M? = 1. IlopepxnocTb M pal@ioHadbHa U TeOMeTPHUECKH
mnefiqarag. [Tostomy K3, = 8. ITo dopmyne npucoeuHenns

8=Ky=(Kx+M)?* M=(M-2H)> M =—4+4H*- M.

Otrciona H? - M = 3.

[peanonoxum, uro dim(Y’) = 1. Torma Y/ ~ Pl u f/ : X — P!
— paccjioeHne Ha JByMepHble KBaapuku. Ilycts F' — obrmii caoit f.
CuoBa u3 TouHoOii mocaeaoBarenbuocru (14.7.3) caemyer, uaro

Pic(X)=Z - HOZ-F=7-H®L- M.

SuaguT, Mbl MOzKeM 3amucatsh F' ~ aH + M, rne a € Z~. Tak xkak F' ne
apasgeTcsa oomIbHbIM, T0 F ~ aH — M. dcno, aro F? 2 0. IToatomy

0=F?-M=(aH — M)*- M = 3a® — 2a.

[Mocienee ypaBHeHue He UMeET MEJOYUCICHHBIX MOJOKUTEIbHBIX Pe-
menuii. [TporuBopeune.

[peanonoxum, uro dim(Y’) = 2. Torna YV ~P?u f/: X — P? —
takxke Pl-paccaoenme. Iycrs I C Y/ = P? — npamaa u nycrs M/ =
F7Y1"). Kax u Bbinie umeem

Pic(X)=Z-H®Z-M', M ~aH— M,

3=M-H?=(aH —M)-H*=ad— 3.

[TocKOJIbKY MBI y2Ke 3HaeM, 910 d > 5 (eM. corepctsue (3.3.15), To eaun-
CTBEHHAsT BO3MOYKHOCTD:

d=6, a=1,  H~ M+ M.
Hanee, mopdusm
f=fxf: X —sYxY =P>xP?

KoHeueH Ha cBoil 06paz V := f(X) C P? x P?. M3 namux cooTHOMeHHi]
nosydaeM Takxke, 910 M? - M' = M - M'"? = 1. DTo NOKa3LIBaeT, 9TO
MophusMm f Takyke OupalmoHasen Ha cBoil obpa3 m V' — guBu3op Ou-
creneru (1,1). Takoe MuOroOGpaszne V' J012KHO OBITH HOPMATBHBIM (CM.
3314y . CrenoBaresbHO, f : X — V — uzomopdusm. [losyuaem
caydan

[Ipeanonoxkum, uro dim(Y’) = 3. Torna f' : X — Y’ — pasayrue
toukd u Y’ — muoroobpasue @ano ungekca 2 wiw 4 ¢ p(Y’) = 1. Ilycrs
E C X — uckmountenpupiit qmusuzop. Ecm o(Y') =4, 10 Y/ ~ P? u Mb
noyaaem ciaydait ()] Hyers «(Y') = 2. B srom cayuae qususop fLH
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nopoxgaer rpyuiy Pic(Y'). Kak u Bbiiie mbl MOxkeM 3anucarb [~
aH — M,

1=H? E=H?* (aH— M) =ad— 3.

Otciona d < 4. 9To TPOTUBOPEUHUT CAEACTBUIO [3.3.15

Hasee mbr pacemorpum ciyuait p(X) > 3. Torma X He umeer sKc-
TpemMasibHbIX craruBanuii Tuna Do. TTo semme [3.4. 1| umeerca craruBanue
f: X — Y tunma Cy, T.e. X umeer cTpykrypy Pl-paccioenns mam mo-
BepxHOCTHIO Y. Ecim cymnecTByer Takyke OMpaIMOHAIBHOE CTATHUBAHME
f': X =Y’ To ero HCKIIOUATEIbHBIH AuBH30p n3oMopden P? u gomu-
HAHTHO (M KOHEIHO) oTobpazkaercs Ha Y. Orciona ciemyer, uto Y ~ P2,
DTO TPOTHUBOPEUHUT HaleMy mpefmnosoxkennio P(X) > 3. 3uauut, Bce
3KCTpeMasIbHble cTATHBanus Ha X apiasdiorca Pl-paccioeHnsMu.

[Ipeamomoxkum, 9ro moBepxHOCTh Y comepxkur (—1)-kpusyo C.
[ycrs F := f~Y(C) u nycrs ¥ — MuUHUMAaIbHOE CeYeHUe JuHeiiuaroil
noeepxaoctu F' ~ [F,,. meem

(Kp+X%)-L=-2=Kx-S+F -2+ (D)2
IIo dpopmyne mpoexiu F - Y = f*C' - ¥ = C? = —1. Orciona
(D2 =—1+2H -S> 1,

[IporuBopeune. CiaenoBaTesbHO, MBI MOXKEM CUUTATh, 9TO Y — IOBEpX-

HOCTB, He cogepxkamas (—1)-kpuBbix. IocKoabKy Y — HOBEPXHOCTD
aeb Temo, 1o Y ~ P! x P! u nosromy p(X) = 3.
[IycTn

b X LY =P xP — 5P =T}

— KoMmo3unus Mopdusma f ¢ npoeximeii Ha mepBblil MHOKHUTEIb. SICHO,
4ro 310 iaJkuit Mopdusm. [lo popmyse npucoeannenns J06oi cJioit
F} s1oro mopdusma siBiisiercsi ToBepxHOCTHIO Aeib [lemmo ¢ o(F)) = 2.
[Mostomy, Fy ~ P! x P!, te. ¢, — paccroenne na Kpaapukn. [lanee,
o(X/Ty) = 2. Crenosarenbro, oTHOCHTENbHBI Komye Mopu NE(X/T})
HMEET JIBa SKCTPEMAJIbHBIX JIyda U [HO3TOMY, KpoMe f, CYIIECTBYeT JIpy-
roe skcTpeMaiabioe crarupanue f/: X — Y/ =Pl x P! gan T1:

Lot

P! x P! P! x P!

\Pl/

SuaguT, umeerca MOpduzm
¢: X — Y xp Y =P x P! x PL.
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[Iycts ¢; : X — P i = 1,2, 3 — xomnosunuu MopdusMa ¢ ¢ mpo-
eKIusaMu Ha MHOXKuTeu. st kazxmoil napsr waaexcoB 1 < ¢ # j < 3
MopGU3M
¢i x ¢j: X —— P x P!

ABJISIETCsT YKCTPEMaJbHbIM cTsiruBanueM Mopu (mockobky —Kx o6u-
e u p(X/P x P) = 1. Ilyers Fi, Fo u Fy — ciom ¢y, ¢ 1 @3,
coorBeTcTBenHO Kak u BbIIe, HECA0XKHO BUAeThb, urto F; ~ P! x P! n
Op,(H) ~ Opi,p1(1,1). Tax kak h®(X, Ox(H)) = d(X) +2 > 7, 10 u3
CTaHAAPTHONW TOYHON MOCJIEI0BATEIbHOCTH

nosy4aem, 910 |H — F}| # @. Tak xkak na muoroo6pasun X mer Guparu-
OHAJILHBIX CTATUBAHUI, TO HA HEM KazKJIblil 3(ODEKTUBHBIN TUBU30D YHC-
snenno sddexrusen (e caeacrsue [1.6.2). Crenosarensuo, H-C' > F;-C
Jtst Jiioboit kpusoit C.

[To bopmyste ['ypBuia

—2H - KX = ¢*KIP1><IP1><IP’1 —+ G == —2F1 - 2F2 - 2F3 + G,

rae G — nuBu30p BeTBaeHus. OTCIO/Ia CJIEJYeT, 4To CymiecTByer (1eblii)
muBusop D Takoit, uro Torma

2D~ G, Fi+F+F~H+D.

st ciiost £ crsiruBanust ¢ X ¢o umeem £ & Fy - Fy, Fy -0 =Fy -1 =0,
F3- (<H-{=1m

Cnenosarenbuo, D - { = 0. Anaysioruaao nosy4daem, 910 [ TPUBHATLHO
IepeceKaeTes O CJAOSME BCeX CTATHBAHUI ¢; X ¢, 1 # j. OTciona ciemy-
er,uro D & 0 u G & 0. Ho 310 03Ha4aer, uro G = 0 (IIOCKOIBKY JUBH30D
G sdderrusen). Takum o6paszom, MopdusMm ¢ stajner. [I0CKOIbKY MHO-
roobpasue P! x P! x P! 0qHOCBA3HO, OH J0IKEH OBITH M30MOPMIIMOM.
[oxygaem caydait Ipemnoxenne [3.4.4) nokasamuo. O

3.5. Temepb Mbl MOKEM 3aBEpIIUTH KJAacCHU(PUKAIUIO MHOI0OOpa-
suit nestb [lemmo. Ocranock pacemorpers ciaydan p(X) = 1. Corracuo
PEIOKEHHIO MBI MOZKEM OrpaHudnThest caydasvu d(X) > 5.
OcuoBHoit pesyabrar — Teopema [3.0, Ho cHavasa MBI IpUBEIEM HEOOXO-
JIIMBIE CBEJICHHA O CeMeiCcTBaX NpsAMBIX Ha MHOroo0Opa3ugx jeb Ilemno.

3.5.1. TIPEAIOXKEHUE. Tycmos X = X; C P — mnozo06pasue
deav Ieyyo cmenenu d = d(X) >4 ¢ p(X) = 1. Hmerom mecmo caedy-
HOUUE YMBEPHCOCHU.

(i) Ha X cywecmsyem npamas.
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(ii) Tycmo 1l C X — npamas. Yepes | moorcio nposecmu nweocoboe
2UNEPNAOCKOE CEYEHUE.

(iii) J%/X ~ Op1 B Opr usru ﬁpl(—l) ) ﬁ}pl(l).

(iv) Iyemw» F1(X) — cxema Tuavbepma, napamempusyowas nps-
mote na X. Toeda Fi(X) npusedena, neocoba u aobas ee xom-
nowenma 08YMepHa.

(v) Yepes wascdyo moury P € X npoxodum wkoneunoe (nenyae-
60€) HUCAO NPAMBLL.

(vi) Ipamasl C X, coomsememeyowad docmamouho obused moyu-
ke 6 xomnonenme F1(X), umeem nopmaavuuil nywox euda
Op1 @ Opr.

(vii) Kaotcdyro npamyro nepecexaem no kpatineds mepe odua opyeas
NPAMGA.

JTOKABATEJILCTBO. [IpsiMasi cymmecTByeT Ha HeocobOM THIep-
miockom cevenmn H C X nockoabky K3 < 8 m H 2 P! x P! (ewm.
sameuanne [3.1.1)).

Cuer mapaMeTpoB: I'HIIEPILIOCKHE CeYCeHHUs, POXOIdINue depes
| obpazyioT noampocTpancTBo Kopasmeproctd 2 B (P4T1)*. Ocobule B
HEKOTOPO# TOYKe | THIEePILIOCKHE CedeHrs 00pa3yioT IMOIMHOI00bpa3ue
KOpPa3MepHOCTH > 3.

Umeem pasnoxenne A x = Opi(a) + Opi(b). danee
0 —— My —— Myx —— Nuyx|i —— 0

e Nyg = Opi(—=1) u /x| = Opr(1). Orcriona a + b = 0. Tax kak
ho(%/x) S hU(JVH/Xh) = 2, TO a, b S 1.

Caenyer u3 reopun gedopmanuii (cum. |35, reopemsr 2.8 u 2.15]).
Tak kax H'(X, A]/x) = 0, o cxema Fy(X) neocoba B rouxe [I]. Tax kax

dim Ty p, x) = h°(L, Ax) = 2,

TO OHA JBYMEpHA.

Ecymm gepe3 Touky P € X HpoxomuT OJHOMEPHOE CeMeiCcTBO
IPAMBIX, TO 9TH HpPIMble 3aMeTaloT noepxHoctb F C X, Koropas co-
JIEPZKUTCA B IepecedeHnu X ﬂm, rie P? = m C P! — proxkenHoe
MPOEKTUBHOE KacaTeJabHOe MmpocTpancTBo. Ho Torma rumepriockoe ce-
gerne H C X, mpoxoasmee gepes Tpy TPHBOINMO. TO MPOTHBOPETHT
yestosuio Pic(X) =7Z - H.
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Takum obpazom, vepe3 Kaxk/Jyio Touky P € X npoxoaur He 0oJjiee
KOHEYHOr'0 YUCJIA MPAMBIX. PaccMOTpUM yHUBEPCAJIBLHOE CeMEHCTBO 1Ipsi-
MBIX U JHArPAMMY

SU(X)
(3.5.2) / X
F1(X) X

Tak kak dim (X)) = 3 = dim(X), To ¢ — KoneunsbIit MOpdu3M. 3HAUHUT,
yepes Kaxkayio TouKy P € X mpoxoauT mo KpaiiHeil Mepe omHa IpsaMas.

CuoBa paccmorpum  amarpammy  (3.5.2). Tak  kak

Hom(Op1, Op1(1)) = 0, To nuddepernuan
dg : Nyyx) = Opr @ Opp —— Njyx

BBIPOXK/ICH BJOJbL | TOrja M TOMBKO TOrja, Korjga A x =~ Opi(1) &
Op1(—1). Vnage rosops, Aj/x ~ Opi1(1) @ Opi1(—1) TOrIa n TOJIBKO TO-
ria, Korga npsamas [ C X couep:KuTcs B IUBA30pE BETBIEHU MOP(hU3IMA
q.

Hakowner, jgokaxxem [lycts | — mpousBosbHas mpsivas Ha X.
Bosbmewm kpusyio I' C Fy (X)), He npoxogsiyo gepes touky [I] € Fy(X).
Torna q(p~'(T')) — noBepxHOCTH, 3aMeTaeMast OJHOMEPHBIM CeMeHCcTBEOM
npsMbIX, He cojiepxkaiiem [. Tak kak Pic(X) ~ Z, o q(p~(T)) — obus-
bt tuBuzop u nosromy [Ng(p~1(T)) # @. CienoBarenbho, | epecekaeT
0 KpaiiHeil Mepe OJIHY pAMYI0 u3 ceMmeiicTBa [ Il

3.6. TEOPEMA. ITycmov X — mpexmeproe mro2o0bpasue deawv Ileyyo
cd(X) >5up(X)=1. Toeda d(X) = 5, mnoz006pasue X = X5 C P°
eduncmeenno ¢ mounocmoto do uzomopdusma u X = Gr(2,5) NP C P?
(enoorcenue Iarokkepa).

JIOKA3ATEJIBCTBO. Kak o6brano, 3anumem —Kx = 2H. Ilycrs [ C
X — mpamag u nycth ¥ 1 X --» Y C P! — npoeknna us [, rae Y =
(X) — obpas . Orobpazxenue ¥ 3ajaercs Juneinoit cucremoit |H — |
IHIEPILIOCKOCTEl, Tpoxoasiux depe3 [. B srom cayuae [ coBnamaer (kak
cxeMa) ¢ GazucHbIM MHOXKeCTBOM Bs|H — [| 9r0it nnneiinoil cucreMsr.
Iycrs 0 : X — X — pasuyrue [, nycrs H* := o*H u nycrs E —
UCKJIIOUMTEIbHBIA juBu30p. Torga coberBenusiit upoodbpas |H — | na X
ABJISIETCsI TOJTHOM JmHeHO# cuctemoit |H* — E| pasmepHocTu

(3.6.1) dim|H* — E| =d — 1.

CoriacHO KOHCTPYKITUH, 9Ta JUHEHHAS CHCTeMa He uMeeT Oa3HCHBIX TO-
yek. MBI MOKEM 3aIUCATD

~K¢=0"(-Ky)— E=H"+H"—E,
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e aususzopbl H* u H* — E gucjenno 3pdekTuBHbl 1 HE HPOLHOPIUO-
HaJbHBI. TaK Kak p(X' ) = 2, TO UX cyMMa — OOWJIBHBIH JTUBH30D, T.€. X
— mHOroobpasue PaHo.

Iockousky deg .4 = 0 (cm. npemnoxenne [3.5.1] [(iil)), To u3 snem-

mbl [1.9.2] mosrygaem

(3.6.2) H*®=d, H® -E=0, H*-E*’=-1, E*=0.

N3 (3.6.1) u Tounoil MOCAEA0BATEIBHOCTH

0 —— O3(H"—2E) —— Oy (H*"— F) —— Og(H* — E) —— 0
HOJTy 4aeM

(3.6.3) dim |H* — 2E| > d — 5.

B wactnocru, |H* — 2F| # @. Hanomuum, ato p(X) = 2. CrenoBaresnh-
1o, KoHyc NE(X) HMeeT pOBHO [IBa SKCTPEMATBHBIX Iyda (W OHH 002
orpunaTebub orHocHTe bH0 K ). Ilyers R, C NE(X) — skcrpemas-
HBIH JIYY OTJUIHBIA OT JIyda, MOPOXKIEHHOTO MCKIIOYATETbHBIMH KPHU-
BBIMH JIJII 0, U TTYCTh (© : X — Y — crarusanue R,. Torma Pic(Y) ~ Z.
[Iycts M — obuwibnasa obpazyiomas sroit rpynnsl. [lycts J — sobas
npsaMas Ha X, nepecekaiomasi [ 1 MycTh J — ee coBCTBEHHDLH IPOOGPas.
Torma (H* — E) - J = 0. Tlockombky ausuzop H* — E aucienno sdbdex-
THBEH, TO OH SABJISETCS OMOPHBIM JUBU30POM /i siyua R, = R, [J], re.
pasencrso (H* — E) - C' = 0 BeImosiHeno jist Hekoropoit kpusoit C' ra X
Torna u ToabKo Toraa, koraa [C] € Ry,. Taxum obpasom, H* —E = ¢*M.
Orcrofia cieyer TakyKe, 94To CJ0SIMU @ OyayT cOOCTBEHHbIE TIPOOOPA3HI
IPSIMBIX, MEPECEKAIOIIHX [.
BaMeTuM, 4TO JI00O0H JIeMEHT JIUHEHHONR CHCTEeMBI

o.(|H* — 2E|) C |H]

mernpuBoauM. OaHako, uHeiinas cucrema |H* —2FE| MoxkeT UMeTh TUBH-
30p E cBoeil HemoaBuxKHON KoMIoHeHTOH. Bo3bMeM m MaKCHMaJIbLHBIM
takum, 910 |H* — mE| # @ u uycre D € |H* — mE| — nupou3Bo/ibHbIi
muBu3op. (Ha camom meste, n3 HAIMX BBIYUCIEHUN HUZKE Oy 9UTCST, 9TO
m = 2.) Torga D — menpusoaumbiii qusn3op. CormacHo , nMeeM
m > 2. Ilostomy D - J < 0. D10 03HAYAET, 9TO ¢ — GUPAIHOHATIBHOE
CTAruBanue U D — ero UCKJIIOUYUTEIbHBIH JTUBUA30P.
Ho Torna

dim |[H* —mE| =dim |[H* — 2E| = 0.
Caenosarenvuo, d = 5 (em. (3.6.3))). Yaursiast (3.6.2)), Mbr Mmozkem 3a-

IIcCaThb
0= (¢*M)* D= (H"—E)*-D=(H"—E)* (H" —mE) =4 - 2m.
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Orcrioma m =2, re. D ~ H* — 2F. Jlanee
©*'M-D*=(H*—FE)-D*=(H*—E)-(H* —2E)* = -3,

CnenosarenbHO, ¢ cTaruBaer D Ha KpuBYyIO 4. Bojee Toro, ¢ — craru-
Banue Tuna Bi. 9To o3navaer, yro Y — Heocoboe MHOroOOpasue, 2 —
Heocobast KpuBas U ¢ — pasayTtue Y BHoab Z. Bomee Toro,

M-Z=—p*M-D*=3.
Tak Kak
—Ky = p.(—Kx) = ¢.(2H" — E) = ¢.(3¢"M — D) = 3M,

To Y — mmoroobpasue ®ano ungexca 3, T.e. Y = Q C P* — neocobas
kBapuka. [Ipu stom Z C (Q C P* — kpusas crenenn 3. Takas Kpupas
HE MOYKET TAKZKe JIeZKATh B I1ocKocTu. Cire10BaTeIbHO, / — CKPYIeHHAS
panuonabHas Kyouka B P3.

Hecyioxkno Takzke noayuuth, uro (H* — E)? - E = 2, 1. e. o(E) —
runepisiockoe cedenue. Bemn A x ~ Opr @ Opr, T0o B ~ P! x P! u
©(F) — neocoboe runepiiockoe cedenue, uzomopduoe P! x PL. B arom
caywae Z — mususop oucrenenn (1,2) ma o(F) ~ P! x P! Ecm xe
NM;x = Op(—=1) ® Opi(1), 7o E ~ Fy u mopdusm ¢ crarusaer ot-
puIaTebHOe cedeHue 3TOi JuHeldaToi nmopepxuoctu. CienoBaTesbHO,
©(F) — KBaJpaTUUYHBIl KOHYC B 9TOM caydae. B ofoux ciydasix JIuBHU-
30p ¢(F) omHO3HAYHO OmpemessieTcss KPUBOH Z: OH BbICeKaeTcs Ha ()
MuHeHoN obostoukoi (Z) = P3.

Takum oOpaszoM, Mbl HOJyHYaeM JIHarPAMMY

(3.6.4) / w\<

e o — pazayrue npamoi | C X, ¢ — pasjayTue pamuoHaIbHOR CKpPY-
YeHHoi KybudecKkoit KpuBoil Z Ha HeocoOOU KBaJpuke (), a ¢ — IPOEK-
st w3 [ Koncrpykuus (3.6.4)) monnoctsio onpenessercst napoit (X, 1).
C apyroii ¢cTOpoHbI, HaunHas ¢ (Heoco6oit) kBagpuku QQ C P* u ckpyden-
HOit KyOuku Z C (), Mbl MOYKE€M OJTHO3HAYHO BOCCTAHOBUTH JIMATPAMMY,
a suaunt u (X, 1).

Mbr MOzkeM cunTaTh, 9T0 Ajx ~ Op1 @ Opr (CM. IIpeJIOXKEHHe
B.5.1][(vi)). Tpynna Aut(Q) asromopdusmos kBagpuku () TPAaH3HTHBHO
JIeCTBYeT HAa MHOYXKECTBE HEOCOOBIX I'MIEPILIOCKUX CeYCHUi, a cTabuIu-
3aTOP JIIOOOT0 HEOCOHOTO THIEPILIOCKOIO CeYeHUs] TPAH3UTHBHO JIeHCTBY-
eT Ha MHOZKECTBE HeocoObIX nuBn30poB Oucrernenu (1,2). Dto o3nauaer,
YTO Hallle MHOrooOpa3ue X eTHHCTBEHHO ¢ TOYHOCTBIO 10 u3oMopdusma.
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C apyroii croponsi, cedenune Gr(2,5) NPS C PY apagercs muoroobpasu-
em @ano unjexca 2 crenenn 5. Suauut, X ~ Gr(2,5) NPS. Teopema
JIOKa3aHa. 0

3.6.5. CIEJICTBUE. Muozoobpasue deav Ieyuo X5 C PC emenenu 5
PAYUOHAADHO.

DTOT pesynbTaT 0000MmaeTcsa Ha ¢popMbl MEOro0Opasud Xs C PS nax
He3aMKHYThIME TT0J1siMu [40].

3.6.6. BAMEYAHUE. KoncTpykius, aHajorndnas UCIOIb3yeMOi B
JIOKa3aTeJIbCTBE TeOPEeMbl, MOYKeT OBITh NpUMeHeHa K MHOT00ODPA3WIO
nenb [Menmo X; C P° — mosHOMY HepecedeHmio JBYX KBaJPHK (CM.

yupaxuenue [1] crp. 09).

3.6.7. BAMEYAHUE (cm. [59], [42]). Muoroo6pasne X5 C P® as-
JIFETCS KBA3WOJHOPOJHBIM OTHOCHTENBHO JelicTBusi rpymmbl PSLy(C).
Y100bI MOSICHUTHL 3TO 0003HaA4YUM 4epe3 My TpocTpaHCTBO OMHAPHBIX
¢dOpM CTeleHH OT MepeMEeHHBIX X1, To. JJeMeHTH My ABASIOTCS OTHO-
POIHBIMI MHOTOWICHAMHE CTENeHH d OT X1, To. ['pynna SLy(C) meiicTByer
€CTEeCTBEHHBIM 00pa30M Ha HpocTpaHcTBe My W WHIYIUpPYeT HeiicTBre
PSL,(C) na npoekruHom npocrpancrse P(My).

Paccmorpum MHOTOUYIEH

f([El, J]Q) = l’llL'Q(l’éll — Ig) € M6

u nycrb [f] € P(Mg) — coorsercrByiomas Touka. Muorowren f siB-
JISIeTCs TOJyHHBApUAHTOM OmHapHOH rpymmbl okTasapa Oct C SLy(C)
99 r. 4]. YrBepxkaaercsa, uro sambikamme PSLy(C)-[f] C P(Ms)
opburbr PSLy(C) - [f] ~ SL2(C)/Oct sBasiercst muoroobpasuem Pano
X5 C PO (em. [59]). HdeiicteuTennro, nveer Mecto passioxenue SLy(C)-
peCTABACHUINA:
AN My = Mg & Mo.

[Tpu sToM 3eMenT f TpejcTaBiasgercd B Buje f = hy Ahy € Mg C A2 My,
rae hy, ho € My — aBa pas3MdHbIX IOJYUHBAPUAHTA TETPadIpPaJIbHOM
noarpymmbl Tet C Oct. Ipynna PSLy(C) ecrecrBenno neiictByer Ha

Gr(2,5) = Gr(2, My) C P(A*My)

opu sroMm MHOroobpasue Gr(2, M,) N P(Mg) uuBapuaHTHO U COJEP-
KAT TOUKY [f] = [h1 A he]. CiemoBaresbHO, OHO CONEPXKHUT U OPOUTY
PSLy(C) - [f], koTopas moixKHa GBITH IIOTHBIM OTKPBITBIM MOJIMHOZKeE-
crBoM. Moo noKazarhb, 110 Gr(2, M) NIP(Mg) Heocobo, cregoBaTe b
HO, 9T0 MHOrOOGpasue feis Ilenuo cremenn 5 (eM. 3axady [8).

Takum 06pa3oM, TpexMepHble MEOr00Opasus PaHo HHIEKCA 2 OIUCHI-
BaroTca caeayiomeii rabauneit (1) (mamomunm, aro h?(X) = dim H?(X)
— cpejHee Ynucyo Xojzka MHOorootpasus X ).
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TapaunA 1. Tpexmepuble MmHOrooOpasust jaeib llerro.

d(X) | p(X) | h*2(X) X

1.1° 1 1 21 TATIEPIIOBEPXHOCTh  cTemleHm 6 B
P(1%,2,3)

1.2° 2 1 10 runeprosepxHocTh crenenn 4 B P(14,2)

1.3¢° 3 1 ) X3 C P!, rumepnoBepxXHOCTD CTENeHu 3

1.4°| 4 1 2 X, C P, mepecedenne IByX KBaJIpPUK

1.5°| 5 1 0 Xs; C PS ceuyenme rpaccMaHmaHa
Gr(2,5), Baoxkennoro 1o ILmoKkkepy B
P(A2C5) = P°, noanpocTpancTBoM Ko-
pa3sMepHOCTH 3

1.6° 6 3 0 X CP", X ~ P! x P! x P!

L.7°| 6 2 0 X¢ C P7, nususop Gucrenenn (1,1) Ha
P? x P?

1.8°| 7 2 0 X, C P®, pazayTue Toukn na P3

Muoroobpasus mesb Ilenio mponsBobHONR pasmepHocTH (T.€. N~
MepHble MHOT0OOpasust Pano wagekca n — 1) KaaccudumpoBaHbl B pa-
oorax T. @yxurbl. OHI UMEIOT TAKOE YK€ OMUCAHNE, 9TO M TPEXMEPHBIE

(cM. 3a1aum u HHUZKe).

SAIAYN. 1. /lokaxkuTe, 4TO MPH COOTBETCTBYIOIIEM BBHIOODE

o0pas3yomux z,y, z aaredbpsl cootnomenue f B (3.3.4) moxer
OBITH 3amucano B Buge f = 22 + y° + ayz* + ba®, a, b € C.
Kakne ycmoBus HAKIAIBIBAIOTCS TPH 3TOM Ha KOXDOUTIHEHTHI
a, b? BeiBeure oTCIO/1a IBHBIN B COOTHOIIECHUS [ B
« B313[)

2. Berancaure kanonndeckyto anrebpy R(C, K¢) anst kpusoii C

pozsa 2. Beisegure orcioga, uro C' BKIAIBIBAETCS BO B3BEIEH-
HYIO NPOCKTHBHYIO II0CKOCTh P(12) 3).

3. Boruuciure uncsna Xomgzka hb?(X) m1dg MHOroo6pasuii Jesb

[lenmo cremenu d < 4.
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4.

10.

[Tycrs V' — runepiiockoe cevenue P? x P2 C P® (Bioxkenue
[Lnokkepa). JlokazkuTe, 9TO CyIMECTBYeT POBHO TPHU KJacca (¢
TOYHOCTBIO 10 M30MOPQU3Ma) TaKuX MHOrooGpasuii V': Heoco-
6oe, umeroree 0Hy OOBIKHOBEHHYIO JIBOWHYIO TOYKY, U TTPUBO-
JIIMO€, UMEIOTIee /iBe KOMIIOHEHTHI. B 4acTHOCTH, MHOTOOOpA-
3ue V' HOpMaJIbHO, €CJIM OHO HEIPUBOIUMO.

[Iycte Y — TpexmepHoe Heocoboe MHOrooOpasue u MycThb f :
X — Y — pasnyrue neocoboit kpupoit C' C Y. IIpeamnonaoxum,
aro X — muoroobpasue ®ano, a Y takoBbIM He saBiseTcs. [lo-
KazkuTe, 9T0 KpuBas C' Heocoba W palMOHAJbHA, & JIUBU30P
— Ky uncaenno apdexkrusen.  Vrazanue: [Ipumenure Teope-
My O Konyce Ha X W HalijuTe KPUBYIO, OTPUIATE]BHO MEpece-
KAIOMLYIOCs ¢ UCKJIIOUATEbHBIM auBn3opom B = f~1(().
Kakue yTBep:KjeHnus mpejioxKeHus HAPYIIAIOTC I/
MHOroobpazuii genpb Ilenno crenenn < 37

JlokakuTe, 9TO UMEIOTCS CJIEIYIONIHE JIBA AHAJIOTA KOHCTPYK-
nuy 13 3aMevannust [3.6.7] (amasor it TPYIIBL HKOCASAPA CM.
B npumepe [13.5.1).

(a) Bunapnas rpynma rerpasapa Tet C SLy(C) umeer nBa mo-
nyunBapuanta h; = x4 232223 + i € M,. Bampikanue
opburbl PSLy(C) - [h;] sBasiercst Heocoboit KBapUKOii.

(b) Bunapuas rpynmna mamsapa D3 C SLy(C) nmeer asa mo-
JyuHBapuanta h; = r3 + x5 € M. 3ambikanue opoUTHI
PSLy(C) - [hy] cosnamaer ¢ P(Mz) = P5.

B ob6onx caywagx omumure PSLy(C)-opburhl pasmepHOCTH
< 2.

Hoxkazxknte, uro muoroobpasue Gr(2, My) N P(Ms) B 3ameqa-
HIN He0co00 (1 MMeeT MPaBUILHYIO pa3MepHOCTS). Onu-
mute PSLy(C)-opbuter pazmeproctr < 2 Ha 3TOM MHOT000ODA-
3HH.

[Iycts X = X5 C PS — muoroo6pasne mens [lenmo cremenn 5.
Hokazkure, aro cxema ['miasbepra Fi(X) npaverx va X Henpn-
BoJMMa " u3oMopdHa mpoeKkTHBHOI TI0CKOCTH. JloKaxkuTe,
4TO Yepe3 obmiyo ToYKy X MpOXOJdT TPU HpsAMble.  Ykasa-
nue: Bocrionb3yiitecs koncrpyknueit (3.6.4) u mokaxkure, 910
npsMbie Ha X, Tepecekalonue JaHHyIo, MapaMeTpu3yIoTcs pa-
IMHOHAJILHO KPUBOI U 00IIHe TaKWe KPUBBIE MEPEeCeKAIOTCS 110
OJHOHN TOUKE.

Onumure cxemy ['npbepra F(X) npsimbix #Ha MEOroo6pasusix
neqn Temnmo crenenu > 6.
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11. Jloxkaxkure, 4TO MHOIOMEPHBbIE MHOI0OOpa3us JeJib [lerio cre-
nern d < 4 (1.e. MHOrooOpasusi Pano pasMepHOCTH 1 UHIEKCA
n — 1) UMerT TO Ke Onucanne, Kak TabJIHITBI .

12. Jlokaxkute, yro MHorooopasue ®ano pasmepunoctu n > 4 uH-
nekca n — 1 u crenenn d > 6 mzomopduo P? x P2,

13. llpeanonoxum, 9ro TpexMmepHoe MHOrooOpasne Pano X gapis-
eTcs ABYJIMCTHBIM HaKpPBITHEM APYyTroro Muorooopasud Pamo Y.
Onwuinure Bce BOZMOXKHOCTH JIJIST TAKUX HAKPBITHM.
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4. Ba3ucHble TOYKN B aHTUKAHOHNYECKOII cucTeMe

B 3Toit siekiun MbI 33748 TMMCsI BOIIPOCOM O TOM, KOTJIa aHTHUKAHO-
HUYecKas JuHeifnas cucrema |—K x| na maoroobpasun @ano nmeer 6a-
3ucHble TOYKN. [IOCKONBbKY HAC MHTEPECYIOT MHOTOOOpAsusi ¢ IHCIOM
[Inkapa 1, TO OCHOBHBIM DPE3YJIBTATOM SABJISETCS CJIeYIOMasl.

4.1. TEOPEMA. ITycmv X — mpexmeprnoe muoz00b6pasue Pano c
p(X) = 1. Toeda aunetinas cucmema |—Kx| ne umeem basuchoxr mo-
Yer.

Onnrako, TpexMepHbie MHOTOOOpasusa PaHo ¢ OA3ZHCHBIMH TOYKAMHE
B JIHHEHON cucreme |—K x| cylmecTByOT, 9TO TOKA3bIBAET CJIe/TYOTTHii
npuMep.

4.2. TTPuUMEP. Ilycte Y — muOroobpasmue jenb [lemmo crenenn 1 u
nyctb M := —%Ky. Paccmorpum panuonasibnoe orobpazkenune 7 @ Y --»
P2, zaiannoe jiuneiinoii cucremoit | M|. O6muit ¢/ioii 3roro orodpazkenust
— Heocobast KpuBas poja 1. [Tycte B C Y — t0060it HeocoOblit cjioit n
nycth ¢ : X — Y — pasaytue ¢ nearpom B. O6oznauum M = ©*M n
nycts D = ¢~ 1(B) — uckmounTe bubiil qusuzop. slcuo, uto kpusas B
ABJIETCA TEOPETUKO-CXeMHBIM TlepecedeHneM JIBYX djeMeHToB My, My €
| M|. TTosTomy muneitnas cuctema |M — D| — my4uok 6e3 6a3HCHBIX TOUYEK.
Unveem Ky = —2M + D. Ilo kpurtepuio obuabioct Kiefivana
JIUBU30D

~Kx~(M—-D)+ M
obmten, T.e. X — muoroodpasue @ano. cnoab3ysd cooTHOITEHIS ,
OJIy 9aeM
(-Kx)*=(02M - D) =8 —-6+2=4.
Buaunr, X — muoroo6pasue ®ano ungekca 1 poga 3 ¢ p(X) = 2]

Ha X wumMmeercd poBHO ABa IKCTPEMATBHBIX CTATWBAHWS: OWpAINO-
HaabHBI MopdusMm ¢ : X — Y m mopdusm ¢ : X — Pl zanan-
Hblil smHefinof cucremoit |M — D|. Jlerko sugers, uto ¢ @ X — P!
SIBJISIETCS paccjoeHneM Ha noBepxHocTH Jiestb llemmo cremnenn 1. [lycts
Q) € |M — D| — obmuii croii sToro paccmoenns. Tak xkak —Ky —Q ~ M,
To 110 Teopeme Kasamarwi-Dusera o6 obpallieHuu B HYJIb UMeeM

HY (X, Ox(—Kx —Q)) =0.
Suaqnt, mo jgemme [3.1.2

QN Bs|—-Kx| =Bs|-Kql.

*HamoMHIM, 9TO POJOM TPEXMEPHOro MHOroobpasusa ®ano X Ha3BIBAETCH LEJIOE TO-
noxurenbroe ancno g(X) = 5(—Kx)* + 1 (em. [1.8.2)
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Tak kak Ha ) simneiinas cucrema |—Kgq| uMeer e IMHCTBEHHY IO OA3HCHYTO
touky P = Bs|—Kgql, To muoxkectso Bs|—Kx| — kpusasa Z = ¢~ 1(P),
ABISAIONAACH CeuenneM paccaoenns ¢ : X — PL

OxkasbiBaercs, uro MHOro0Opasuit Pano ¢ Bs|—Kx| # @ u npous-
BOJIBHBIM 4HCI0M Ilnkapa memuoro. MoxkHO KiraccupunupoBaTh TaKue
MHOT000pa3us MOJTHOCTIO:

4.3. TEOPEMA. [Iycmv X — mpexmeproe mroz2006pasue Paro ma-
Koe, wmo Aunelnan cucmema |—Kx| umeem 6asuchue mouku. Toeda
X uau uzomopdro npoussedenuro F x P, 20e ' — noseprrocmsv deaw
Heuuyo cmenenu 1, uau asasemea muoz000pasuem us npumepa 4.2,

JI0Ka3aTeIbCTBY TeOpeM u MOCBSATIEHA Best JieKns. [lepBorii
ar B JOKA3aTEIbCTBE 3TUX TEOPEM — HEIIOCPEACTBEHHOE CICJCTBIE CO-
oTBeTCTBYIOMUX GaKTOB 0 MoBepxHOCTAX THIa K3 (eM. pasmen [16]).

4.4. TIPEAIOKEHUE. [lycmos X — mpexmeproe muozo006pasue Da-
no poda g = g(X) u nyemo S € |—Kx| — neocobwti dususop. Ilpeo-
noaoscum, 4mo aunetnaa cucmema |—Kx| umeem bazuchvie mouxu.
Tozda

(441) ﬁg(—Kx) = ﬁs(z + gC), g Z 3,

2de Z — 2aadkan payuonasvhaa (—2)-kpusaa nwa S, a C' — caoti sanun-
muuecko20 nyuka bes basuchvlr movex wa S u Z-C = 1. B wacmuocmu,

(4.4.2) —Kx-C=1, (X)=1 u —Kx-Z=g-—2.

Boaee mozo, Bs|—Kx| = Z (kax cxema). Obpazom omobpasrcenus
Q_gy + X --» PIT! asanemea noseprrocms munumanvnol cmeneny

(em. pasden
W =W, c P,

JIOKABATEJBCTBO. Hamomuaum, aro S — mnoBepxHocTh THHa K3
(em. npepyoxenne [1.5.1). Ilycrs A := —Kx|g. Torna ny4uok Og(A) =
Os(—Kx) obunen na S u A? = 2g — 2. Tak xak H'(X, Ox) = 0, To 110
JeMMe [3.1.2

Bs|A| = SN Bs|—-Kx| = Bs|-Kx|.
3HavuT, M0 TEOpEME umeeM |A| = Z + m|C|, tne Z u C' — rtaxue
kak B (4.4.1), a m > 3 mockoabKy
24m=(Z+mC) Z=A-Z=—Kx-Z>0.

Crnenosarensho, |—Kx| nMeer eInHCTBEHHYIO GA3UCHYIO KPUBYIO Z U
HEe uMeeT ApyIrux 6&3HCHBIX TO4Y€K, IIOCKOJIbKY HUX HE€ uMeeT JinHeliHaA
cucrema |mC| va S. Hanee,

29— 2= (—Kx)’=A?=(Z+mC)* = -2+ 2m.
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Orcrona g = m. Orpannuenne g orodpaxkenuss ¢ wa 1mOBEpXHOCTH S
aBJisieTcsi MOPMU3MOM, 3aJaHHBIM JuHeiiHOH cucremoit |gC|. Dra sn-
HeifHAsi CHCTeMa CoCTaB/IeHa U3 s/umnTudeckoro nydka |C/|, mosromy Pg
PACKJIAIbIBACTCA B KOMIIO3HUIINIO

(0]
Qe p! 16p1(9)]

Q)S:S

ACPI,

rie A C P9 — panmonanbuast HOpMaJibHasi KpuBasi crerenn ¢g. Ho sra
kpuBas A = Pg(Z) ecrn me uro mnoe, kak cedenne W = &(5) ru-
nepILIockocThio B PITL ) coorrercrrytomeit qusuzopy S. CiieoBaTesbHO,
dim(W) = 2 u degW = g. lIpemnoxkenue 1oKa3ano. O

[Iycrs 0 : X — X — pasayrue kpusoil Z, nycrs E = o N Z) —
ACKJIIOYATEJIbHBIA TUBA30D W MYCTh S ¢ X — coberBennsiii npoobpas
nosepxuocTu S. Torma F ¢ npoekmueil Ha Z — palMoOHAIbHAS JTHHEH-
JaTad HoBepxHocTh u3oMmopduas F, 11g nHekoroporo e > 0. Obo3nadmm
yepe3 Y UCKJIIOYUTENbHYI0 KpuByio — cedenune F ~ [F, u gepes T —
ce cioit. Tonownm H* := o*(—Kyx). meem —Kg ~ H* — E ~ S.
N3 (1.9.3) mosyuaem

(44.3) H®=29—-2, H® - E=0, H"-E*=2-g, E'=4-g.

Paccmorpum oTobparkenue

Omno 3agaercs JTuHEHHON cucTeMoil
S| =[-Kg|=|H" - E|,

KOTOpas He uMeeT OAa3MCHBIX TOYEK, MOCKOJbKY KpPHUBAsg / SABJILETCS
CXEeMHBIM 0a3MCHBIM MHOYKECTBOM JIMHEHHOW CHCTEMBI ]—KX\. Cnenosa-
TesIbHO, MuBU30p —K ¢ = H* — E gucnenHo >hdeKkTuBeH u 0 — MOp-
duzMm. Ero obmiuii ciioif gBigeTcs reOMeTPUIeCKH HEIPUBOIUMON I1al-
KOI SJLIANTHYECKOH KpuBoii. [leiicTBUTEIBHO, Cpean cJI0eB MOpdu3Ma 0
COJIepP:KATCST COOCTBEHHBIE TPOOOPA3bl KPUBBIX U3 ILIUNTHICCKOTO Iy Y-
ka |C| na S. Takum 00pazom, uMeeM KOMMYTATUBHYIO JHarPaAMMY

X
RN
X----"sW=W,cPpst
4.4.4. JIEMMA. Bunoaxeno pasencmeo
(4.4.5) - X\E~Z+g;reT, g>e
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B wacmnocmu, g = e mod 2. Janee, oepanuvenue 6 wa E sasasem-
cA OUPGUUOHANLHOLM MODPHUIMOM, NEPEBOAULUM CAOU AUHETUAMOT NO-
seprnocmu E 6 npamwe na W = W, C P9t Cuedosamenvno, W =
W, C P9 — aubo neocobas aunedwaman noseprrocmo (6 cayuae, Ko-
2da g > e), aubo Konyc Ha0 PAUUOHAALHOT HOPMAALHOT Kpusol (ecau
g=e).

JIOKABATEJBLCTBO. Tak Kak £ — MCKAIOYUTETbHBIN ANBU30D pas3-
JIYTHS, TO

E:PZ( Z\;X)ﬂ ﬁE(E)EﬁIP@(JVV )(—1)

Otcrona
Juist HeKOoToporo a. Vicnosb3ys (4.4.3)), Beranciasem:
—e+2a= (X +aY)’=(H"—E)? - E=y.

Orciona moayaaem (4.4.5), a rakxke degd = 1 nockoanky degW = g.
Tak kak (H*—FE)|g ~ X4a7, To ciou nuueitaaroit mosepxuoctun F = F,
ePEXO/IsT B IPSMbBIE IIPU OTOOpaKeHUK, 38 laHHOM JIMHEHTHO cucTeMoi
|H* — E|. TTosromy W — nim neocobasi inHeidaTas IOBEPXHOCTh, UJIH
KOHYC Ha/J{ PAIMOHAJIBHON HOPMAJIbHOW KPUBOIL. U

JIOKABATEJIBLCTBO TEOPEMBEI [£.1] Bsrom cayqae p(X) = 2. Cie-
nosarenpro, p(W) = 1 u nostomy W = W, C P9 — komyc Han
paIoHaJIbHOM HOpMaJbHOMW KpuBoil crenenu g > 3. Ilycrs [ C W —
npsMasi-oopa3yolnas KoHyca u myctb wy € W — ero Beprmmaa. Torma
gl — runepruiockoe cedenne nosepxuoctu W n nosromy — K ~ 0*(gl).

Tak kak Pic(X) = Z-(—K ) ®Z- E B namewm ciaydae, T0 JI000H TUBA30D
D na X, He mepecekaromnuii oommuii coit MopdusMa 0, IpoIopIroHaIeH
—K ¢, T.e. aBdeTcd MOJHBIM IIpoodpa3oM ausu3opa Ha W. B gactnocty,
obpaz D me Moxker GuITh Toukoi. Caenosarensuo, dim ! (wg) = 1. TTo

Teopeme Beprunu st obmiero BeiGopa | sambikamme F = 6-1(1\ {wo})
ABJISIETCS HEIPUBOANMOIl TOBEPXHOCTHIO. Ha OTKPBITOM MOIMHOKECTBE
U = X\ 0" (wy) nmeer mecTo uneiinas skpuBazenTHOCTH 0*(gl) ~ gF.
MBI MOZKeM HTPOJO/IKATH ee Ha BCe MHOrooGpasme X :

—Kg ~0%(gl) ~ gF.

Ho rorma —Kyxy = —o0,. K aemurca na g. Smaqnr, ((X) > g > 1. D10
nporuBopeunt (4.4.2)), ciaemoBaresbHO, U JOKA3BIBAET TEOPEMY O

Tenepb Mbl IPUCTYIIUM K JOKA3ATENbCTBY Teopembl [4.3]

4.4.6. JIEMMA. /lususop E omuocumenrvro obunen nad W.
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JTOKABATEJBCTBO. I[Ipeanonoxum nporusuoe. Torja 1o ornocu-
TesibHOI Bepcuu Kpurepus oduwabHoctu Kieiimana F -z < 0 119 HEKO-
TOpOro HemyseBoro yaementa z € NE(X /W). Suaunt

oc"(—Kx) - z=(EFE—-Kg)-z=F-2z2<0.

Tak Kak 0 — 9KcTpeMasbHoe crarusanue, 10 0 (—Ky)-z = 0u z & of Y],
rne T — ciooit £ ~F,, a o > 0. Ho tak kak —K ¢ - T > 0, TO s;1ement

z He Moxer jexaTs B NE(X /W). IIpotusopeune. O

4.4.7. JIEMMA. JIobot caol mopdusma 6 Hnad mourold w € W\
Sing(W) sasasemes npusedennots nenpusodumoli kpueot apudmemue-
ckoz20 poda 1.

JTOKABATEJIBLCTBO. Iycrs X, — cxemublii cioit Mopdusma § HaL
toukoit w € W\ Sing(W).

Ecim N C f(w — JByMepHad KOMIIOHEHTa, TO mepecedenne F N N
HerycTo 1o JiemMMe [4.4.6|1 370 MHOZKEeCTBO JOTZKHO OBITH CTATHBAEMOiT HA
E kpuBoii, KoTopast, B CBOIO O4Ye€pe/ib, JIOJZKHA ObITh UCKJIIOUUTE/TbHBIM
ceyeHneM X JinHegaroit mopepxuoctu F = F, — Z. Caenosarenbuo, W
— KOHYC C BEPIIUHO B W. DTO MPOTUBOPEUNUT HAIIEMY HPEINOJIOKEHIIO
w € W\ Sing(W).

3nauut, BCe CJIOM HaJ| TJIaJKUMH TouKamu w € W omHoMepHbI.
Torma ca0it X, SBILETCH JOKAJIBHO LOIHDBIM lIePECeYCHneM B X. B
qaCTHOCTH, X,, He MMeeT BJIOKEHHBIX KoMIoneHT. Ecin X, C S, 1o
E-X, = (Z 0(Xy)s = 1. Tak kak muOroo6pasme X HeocoGo, TO
Mopch3M 0 smBasiercst wockuMm Hag W\ Sing(W) (em., nanp., [45l Teo-
pema 23.1]). Cienosaresho, pasencrso E - X, = 1 nmeer mMecTo s
aroboit Toukn w € W\ Sing(W). Tak kak aueuzop E OTHOCHTEIHHO
obWIeH, TO CJION Xw HelIpUBOAMM U npuseleH. Tak kak Ky - Xw =0, To

pa(j(w) =1. O
4.5. JIEMMA. Hmeem mecmo pasroscerue
(4.5.1) - ~D+g; ;o g>e g>3

2de D — npocmoti dusuzop ¢ nocumenem 6 6 (3(X)), a F — caoti nad
npamoti 6(T), m.e.

F:=5616(0)\o(2)),

npuvem dim |F| > 0 u ' — nenpusodumasn nogeprnocmo.

JTOKABATENBLCTBO. [onoxum [ := §(T) u paccmorpum ciemyro-
it guBu3op Ha W

0(X) ecmu 6 : E — W — usomopdusm,
0 ectn W — komyc.

O =
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[To xoncrpyknuu aususop —K g gBisgeTcsd MOJHBIM IPOOOPA3OM KJIac-
ca THIEPILIOCKOro cedennst L mosepxuoctn W = W, C P9™! npuuem
L~0+ g—;el. Ha orkperrom moamuozxkectse U == X \ D umeer Mecto
JIMHeHHAs SKBUBAJIEHTHOCTDL 0L ~ QT“F. MpbI MOXKEM IIPONOJIKHTL ee
HA BCe MHOTOOGpasme X:

g+€F~17

~Kg~0"L=D+

rae D — sadbdexrupnbiii guBuzop ¢ mocurerem B 6 (6(X)). Orpanu-
IuM 3TO paBeHCTBO Ha F. Tak Kak nupm3op FE gaBasgercs §-0OMIbHBIM,
TO Jr00ast KOMIIOHEeHTa 1paBoii yactu nepecekaer E. Ilo koncrpyknuu
Supp(DN E) =¥ u Supp(F N E) = Y. Cpasausas ¢ ([£.4.5), noxyamm
DNE=%uFNE =7 (nepecedenns B cxeMHoM cMpIice). [losronmy
AUBU30D jj HEIIpUBOAUM I/INBBICQKaeT Ha E NCKJ/JIIOYUTEJIbHOE CeYeHue E

Ilo mocTpoenuio nusu3op F' Bappupyerca B cemeiictse. Ciie0BaTeIbHO,
dim |F| > 0. O

4.5.2. CIEACTBUE. Fcau W asasemes KoHycom, mo caoti 0 Had
sepwunoti wy € W deymepen.

4.5.3. CIEACTBUE. Umeem mecmo coommousenue

(4.5.4) —KX:D+QT+e ! g>e g>3,

ede F:=o(F), dim|F| >0, a D := o(D) — npocmotl dususop marot,
umo D NS = Z. Boaee moeo, dan obwezo anemenma S € |—Kx| ne-

pecevernue NS = C — anemenm sasunmuveckozo nyuka u noamomy
F-C=0.

4.6. JIEMMA. Eecau dusuzop D asasemca wucaenno sddexmueroim,
mo X ~Y x P!, 20e Y — nosepxrnocmo deawv Heyuo cmenenu 1.

JIOKABATEJBLCTBO. [lo Teopeme 0 KOHYyCe CYIIECTBYET SKCTPEMaIb-
it 1y4d R Ttakoit, uto F' - R > 0. [lycts ¢ : X — Y — ero crarusanue.
s cooTBeTCTBYIONEH MUHUMAIBHONU SKCTpeMaJibHOf KpuBoit ¢ nMeeM

(em. Teopemy [14.7))

3> Ky {=uR)=D- 0+ gre

g+eF-£szz.

riae W(R) — mimna skerpemanbhoro ayda R. Tak kak g >3 u D - £ > 0,
0o F-{=1ug+e<6.

Ecmg+e>4,10g+e=06u D-{=0. Bosee Toro, B 310M ciiy4ae
n(R) = 3. Comacuo kinaccudukanuu sxcrpeMaibublx Jtydeil [14.7) ayuq
R umeer tunm D3 u quBusop D gaBisgercs cjaoeM cTATuBaHuA . B gact-
woctu, dim |D| > 0 u Bs |D| = @. Ho torga kpusast Z = DN S gomkna
OBITH MOoABHKHOM Ha S. IIpoTuBopedne.
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Buauut, g + e = 4 u jgya R moxer umers tun Dy, D3, Cy nin By
(110 Teopeme tak kak W(R) > 2). BoibGepem jBa obmux sjiementa
Fy, F5 € |F|. Torna nepecedennst F;N.S — pasaundHbie 3JI€MEHTHI SJUTHII-
tideckoro mydka |C| u mosromy Fy N Fy NS = &. Tak kak S € |—Kx]|
— o0MIbHBII 1uBU30p, TO0 | N Fy = &. Ecyiu (p umeer JIBYMEpHBI CJI0M
N, 10 F1 N F, NN # & (0cKoabKY quBu30pbl F; u Fy OOUJIBHBL OT-
HOCUTEIBHO ). [IpoTuBopeune nmokaswiBaer, uro R umeer tun Co, T.e.
o apisgerca Pl-paccioenuem Haj Heocoboil moepxHocTbio Y. Ilpu aTom
F\ u F, — menepecexatomuecs cedennsa. Torma X ~ Y x P'. dcno, uro
Y — nosepxuocts geib [eno u K2 = 1 nockonbky Bs|—Ky| # @. O

[amee MBI mpegmoJsiaraeM, 4TO AUBH30P [ He dBJIAETCS YUCTECHHO
adpdexkrusubiM. Torja cymnecTByer 3KcTpeMasbublil jiyd R Takoit, 4ro
D-R<O0. Ilycts ¢ : X — Y — ero craruBanue. Torga ¢ duparnmo-
HAJbHO M €r0 UCKJIIOYUTE/IbHBIN quBu30p coBuaaer ¢ D. [lo kpurepuio
obmbHocTH Kiteitmana (cMm. 3amady JIUBA30D

g+e
2

obusen. CjrenoBaresibHo, 10 Teopeme Kogaupsr 00 obpaienun B HyJIb

HY(X,O0x(~Kx — D)) = 0.

F

—2Kx —D=—-Kx+

Tora no semme nosiHas oOnIbHAsT JinHeliHas cucrema |Op(— Ky )|
Ha D mMmeeT KpUBYIO Z CBOefl HEIIOJBUKHON KOMIIOHEHTOIA.

CHoBa, cornacHo KJaaccuHKaUU SKCTPEMATbHBIX Jydeil (Teope-
Ma , noepxHocTh D m3omopdHa P? miam KBaJpaTHYHOMY KOHY-
Cy, WIH sSBJIsIeTCS HeOCODOH MUHUMAJIBHON JUHEeRYaTON MOBEPXHOCTHIO.
OOunbHag JIUHeHHAd CUCTeMa Ha TaKOi MOBEPXHOCTU MOXKET UMeTh Da-
3UCHBIE TOYKH TOJILKO B MOCJIEIHEM CJIy9ae W €CJAU IPU ITOM MOBEPX-
HOCTh HeparoHasibHa [101) rn. V| Teopema 2.17|. Takum obpazom, D
— JIMHeiYaTas MOBEPXHOCTH HAJI HepalMOHAJILHON KpuBoil. B wacTho-
ctu, R umeer tun By, T.e. Y Heocobo u ¢ gBsgercs pa3ayTueM HeocobOi
HepanuoHaabHoit kpusoit B C Y. Torma Y — muoroo6pasue @ano (cM.
sagady [B] crp. [67).

Hng caos ¢ munefaaroit mosepxuoctu D/ B umeem —Kx - ¢ = 1 u
D-¢=—1. U3 (4.5.4) monyaaem F'- ¢ =1u g+ e = 4. Orciona g < 4.
Tak Kak g > 3, 10 ¢ > e u nosromy E ~ W (cm. semmy . Torja
§(D) = 6(X) — xpusasi u D — §(D) — sanmmrmeckoe paccaoenme (CM.
nemmy [4.4.7). Cnemosarensro, B := ¢(D) Heocobast s/umMITHIECKAST
kpuBag. Mbl Takxke umeeM —Ky - Z = g — 2. Tak kak Z — Heocobasd
panuoHaJIbHAd KpHUBad, JezKaliad Ha [, To OHa dBJISeTCs CJI0eM JInHe-
qatoit moBepxHoctu D. llostomy D - Z = —1u —Kx-Z =1=¢g—2
(em. (4.4.2)), re. g = 3w e = 1. YunursiBag coorromienus ((1.9.3]), mbr
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MOZKEM 3alluCaTb
4=29-2=(—Kx)* = (—Ky)*+2g(B)—2+2Ky-B = (— Ky )*+2KyB.

3 (4.5.4) crenyer, uto —Ky = ¢ (—Kx) = 2M, tae M := ¢, F. Takum
obpazom, unjekc (YY) maorooopasus Pauno Y ueren u

OM* =1+ M - B.

Orciona caeayer, uro M we neqaurcs va 2 u nosromy (YY) = 2.

PaccmorpuM iBa obmmux ssnementa Fy, Fy € |F| unyers M; = p(F).
Torma B C My N Ms. C apyroit croponst, M; N My — KpuBasi apud-
Merudeckoro pora 1. Orcioma caeayer, uro B = M; N My u Torma
M - B = M3 = 1. [loaygaem cayuail U3 mpuMmepa Teopema
[OJIHOCTHIO JIOKA3AHA.

OrmernM, 910 TpexmepHbie ocobbie MuOroobpasus Pano (¢ kKano-
HUYECKUME TOPEHITTeRHOBBIME OCOOEHHOCTSIMI) KJIACCH(DUITHPOBAHBI B
pabore [24].

SAJIAYN. 1. Ilycts X =Y x P!, rne Y — nosepxHocThb z1e/ib
[Temmo crenenn 1. Jlokaxkure, uro JunefiHas cucrema |—Kx|
nMeeT Oa3MCHBIE TOYKH.

2. ITycre X — Tpexmeproe MHOTOOOpasue Pano n mycrs | F| — u-
HeliHag cucTeMa Ha X IMOJOXKUTEJIbHON pa3sMepHOCTH, He HMe-
I0Iast HEMOJABUXKHBIX KOMIIOHEHT. Jlokaxkurte, 4ro jauBusop F
qucJieHHo apdekTusen.  Yxasanue: Bocrnoab3yiTech Kiaaccu-
dukanuei SKCTpeMaIbHbIX Jydei [14.7]

3. Ilycts X — TpexmepHOe HE0CODOE TPOEKTHBHOE MHOT00Dpa3ue
Takoe, YTO aHTUKaHOHWYeCKni Kjacc — K x udnciaeHno sdpdex-
tuBeH u o0bemeH (0000menuoe MHOTOOOpasue Pano). Ilycrh
(—Kx)? = 2 u npeanmonozknm, uto JuHeiiHas cucreMa |—K x|
COMIePZKHUT HeocoOyto moBepxHOCTh. Jlokaxkure, uro |—Kx| 3a-
naer Mopdu3M

. 3
(I)|7KX| X —— P
KOTOPHIN SIBJASIETCA KOHEYHBIM B 0OIIEiH TOYKE W WMeeT CTe-
IIeHn 2.
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5. 'unepannauntTuyeckne MmHOrooopaszusa PanHo

5.1. OOPEAEJEHUE. Tpexmeprnoe muoroobpaszne Pano X HaswiBa-
eTCsT 2UNEPIAAUNMULECKUM, €CIU JTHHelHas cucrema |—K x| He mveer
6a3uCHBIX TOYEK (M 33/1aeT MOPhU3M), HO He SIBISETCS OYeHb OOMIBHOI.

HampuMep, cOracHO HpeIOozKeHUIO MHOr0OOpasue Ieib
[lenno cremenu 1 sBiIgeTcd TMIep/UIHNTHYCCKHM. TepMHH “THIEpP3J-

smntrdeckoe Pano” nogcHgeT CJIeAYIOMHMA JeMMa HIKE.

Brauasie HamoMHIM, 9TO IO TeOpeMe 1 IPeII0KEHIIO Ha,
Jo60oM TpexmepHoM MHOrooOpazun @ano X poxa g obImit s1eMeHT S €
| — K x| siBasiercst Heocoboit nosepxuocthio tuna K3. Ecin ke nuneiinas
cucrema |—K x| He mmeer 6a3ucHbIX TOYEK, TO nepecedenue C' = 51 M Sy
obmmux smemenToB S1, So € |— K x| aBasgercs Heocoboit KpuBOil poja g u
o dopmyse npucoeannenns Ko = —Kx|c.

5.2. JJEMMA. Ilycmv X — mpexmepnoe muozooopasue Parno X ma-
Koe, umo aunetinas cucmema |—Kx| ne umeem basucroiz movex. Tozda
CAEOYOULUE YCAOBUA IKGUBANECHITIHDL:

(i) X asasemesa 2unepassunmuieckum,

(ii) cywecmeyem anemenm S € |—K x|, asasmouutica neocobot 2u-
nepaasunmuieckol noseprrocmyio muna K3 (ommocumenvo
noaspusayuu Os(—Kx), cm. meopemy [16.8)),

(iii) cywecmeyrom, sanemenmu Hy, Hy € |—K x| nepeceuenue xomo-
POIT ABAAEMCA HEOCODOT 2UNEPINAUNMUNECKOT KPUBOT.

Boaee mozo, axeusarenmuocms corpanumes, ecau 6 (i) u |(iii)| “cywe-
cmeyem” zamenums Ha 10601 neocobwiti”.

JHOKA3ATEJIBCTBO. VMILIuKaIuu = = OYeBU]I-

HBIM 0OPa30M CJAeIYIOT W3 ONpeeJeHdH M CIOPbeKTHBHOCTH COOTBET-
CTBYIOIINX OTOOpazKeHUit orpanmdeHusd. Jlokazkem — [(i)] Ecan
MOBepXHOCTD S THIA K3 He aBageTcs TUIep3IIHITHYCKO, TO COTJIACHO
TeopeMe rpajyupoBannas ajarebpa R(S, —Kx|s) nopoxmaercs

CBO€EI KOMIIOHEHTON cTerneHn 1. TaK KaK
HY (X, Ox(—mKx)) =0 Ym > 0,

TO 110 TEOPEMe TO XKe camoe BepHO u jyis anreOopsr R(X, —Ky).
Bnauut, qusn3op —Kx odennb obuiieH. JoKazaTeanLCTBO —
aHAJIOTMYHO ¥ ucnoyb3yer Teopemy M. Hérepa o xanonmdeckux Kpu-

BoIx [16.1] O

5.3. CIEACTBUE. [lycmv X — mpermepnoe 2unepitiunmuveckoe
mro2006pasue Pano X poda g. Toeda aunetinas cucmema |—Kx| sadaem
Konewnoill deysucmmot moppusm ® = O _g | X =Y C PI™ na ceot
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06pas Y = ®(X). IIpu amom 06pas Y ssasemes mruo2006pasuesm MuHu-
manvroti cmenenu (cm. pasdea [L5). Ecau o(X) =1, mo mnozoobpasue
Y neocobo.

JIOKABATEJIBCTBO. OTobpazkeHne orpaHuvueHust
HX, Ox(—Kx)) — H'(S, Os(—Kx))
ciopbekTuBHo. Torja corsiacHo teopeme |16.8| u jiemme MOpdu3M
P_py: X ——= Y C P!
He gBIgeTcs ODMpalnoOHaJILHBIM Ha CBO# oOpas. Meem
29— 2= (—Kx)’ = (deg ®) - (deg ),

e deg® > 2w degy > g+ 1 — 3+ 1 cortacHo npeaoxkenuio (15.1}
Orcroa deg® =2 u degy =g — 1.

Hokaxem neocoboctsb Y. Ilpennosioxkum nporusnoe. Ilycts muoro-
obpaszue Y ocobo. B uacrtnocrn, X # P3 u nostomy g = g(X) > 3.
HamomHuuM, 970 MHOrOOOpa3ne MUHUMAJIBHON CTEIeHN HOPMAJILHO (CM.
npetoxkenne [15.4)).

PaccmorpuM corydait dim Sing(Y') = 1. Torma Sing(Y) = L — npsivast
n Y — KOHYC ¢ BepHIUHO# [ Haj palroHAJIbHOW HOPpMAJIbHOM KPUBOM
C =C,1 CPI! (cm. npeioxkenne |15.4). HecsioKHO BBIYUCAUTD, UTO
B 9ToM caydae rpynma Cl(Y') nopoxkmaercs knaccom miockoctu [ C Y
(eM. yupazkHeHue , CTp. . Tak kak ® — JIOMMHAHTHBLIA KOHEYHBIN
MOPMU3M, TO UMEETCA KOPPEKTHO ONPEICJCHHOE 0TOOparKeHne

" : 7 ~ Cl(Y) —— CI(X) = Pic(X),

KOTOPOE SIBJISIETCSI BJIOYKEHUEM, MOCKOJIbKY €ro 00pa3 He MOXKET ObITb
rpynnoit kpydenus. [Ipu srom —Kx = ®*Hy, tne Hy — kiacc ru-
nepmiockoro cedenusi Y. IMoacuer cremeneii naer vam Hy ~ (g — 1)IL
Buaunt, —Kx ~ (g — 1)®*II, e. t(X) > g — 1 > 2. D10 mporuBopednT
HAIEMY IPE/IIT0JT0KEHHIO.

I[Ipeanonozxum, aro dim Sing(Y') = 0. Torga Sing(Y') = {0} — Touka
n Y — KOHYyC ¢ BepIIHHON 0 HaJ Heoco0O0# paluoHAJILHON JuHeildaToi
nosepxHocTbio S = S, C P9 mam nax mosepxuocTbio Beponesze S =
S, C P5 (cmoBa MO MPEIOKEHUIO . Bo BTOpoM ciydae, Kak u
Boimre, noayvaem ((X) > 1. Pacemorpum coyuait, korna S = S,y C P9
— HeocoDasd paruoHaabHasd JuHeiiyaTas moBepXHocTh. B arom ciayvae YV
COJIEPZKUT CEeMeHCTBO IJIOCKOCTEH’, MepeceKarolnuxXca TOJbKO B BepIIUHE
0. VIx npoobpassl na X mepecekalorcs 110 Koneunomy MuoxkectBy ®~1(0).
Ho s10 HEeBo3MOXKHO Ha HEOCOOOM MHOTOOOpPA3UH. Il

5.4. TEOPEMA. Ilycmv X — mpexmepHoe 2unepasiunmu1eckoe
mro2006pasue Pano ¢ p(X) = 1. Toeda X — 0dno uz caedyrouwus:

(i) mmozoo6pasue deav Ileyyo cmenenu 1;
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(i) «(X) =1, g(X) =2, X = Xg C P(1*,3) — eunepnoseprnocmo
cmeneny 6;

(iii) ¢«(X) =1, g(X) =3, X = Xp4 C P(1°,2) — nepecenenue xeao-
PAMUYHO20 KOHYCA U 2unepnoseprrocmu cmenenu 4. B amom
cayuae X mooieno sadamo ¢ P(15,2) caedyrowumu ypasrenu-
AMU:

¢2($07 s 7'7:4) = ¢4(.f170, S ,334,?/) = Oa degxl = 17 degy = 2.

JTOKABATEJILCTBO. CoracHo IpelIozKeHno npu +(X) > 1
Mbl nosydaeM ciaydait [(1)] ITosromy gamee mpl Gyaem CUATATL, €TO
((X) = 1. Ilyers Y C P9™! — amrukanonmueckuit obpas X, rae g :=
g(X). Cortacuo caencTBuio Y =Y, 1 C P9 — neocoboe MuOroo6-
pasue MuHEMAIbHOM crenenn. Ecaum p(Y) > 1, 10 u3 npeanoxenns [15.4]
cleayeT, 9T0 MHOToOOpasue Y mmeer cTpyKTypy P2-paccaoenus mam Pl
[TosTomy B 3TOM ciydae X uMeeT CIOPbeKTUBHBIN MOP(U3M HA KPUBYIO.
DT0 MPOTUBOPEYUT HaleMy mpesanosoxkenuio p(X) = 1.

Cnenosaressio, p(Y) = 1. CHOBa U3 NIpeIIoKeHHs cJIeTyerT,
4T0 MHOrooOpasue Y u30MOP(MHO WX HIPOCKTUBHOMY HpOCTpaHCTBY P
WK Heocoboil KBaapuke Yy, C P4

B caywae Y ~ P? mo dpopmyre Typeuna (1.11.3) nususop BeTBaenns
B C P? — nosepxuocth crenenu 6, a B ciayuae Y = Y, C P* nusuzop
BeTBaeHUS B BBICeKaerca Ha Yo C P! rmmepmnosepxmnocThio cremenn 4.
Jlanee, kax u B cjiydae MHOroobpasuii fesb [lenio crpontcs: BiaoXKeHue
X BO B3BEIIEHHOE MPOEKTUBHOE TIPOCTPAHCTBO. O

B cayuae p(X) > 1 runepsmnnrudeckune MEOroodbpasus Pano Tax-
7K€ MOI'YT ObITh KJACCU(PUIMPOBAHBI ¢ UCIOJb30BAHUEM CJIEJICTBUS
U TIPEeJJIOKEeHUS MbI Bocpou3sBesieM 9Ty KAacCu(pUKAIMIO HUZKE.
Ham moaxos HemHOTO ornndaercs or [82 rr. 2, reopema 2.2| u ocHOBaH
Ha METO/Ie 9KCTPeMasbHBIX jydeit [52].

5.5. TEOPEMA (|82 ru1. 2, reopema 2.2|). ITycmv X — mpexmepnoe
eunepassunmueckoe mrozoobpasue Pano poda g := g(X) ¢ p(X) > 1.
Tozda X npedcmasasemces 6 eude 08YAUCMHO20 HAKPHIMUA HEOCO0020
PAYUOHANLHO-AURETMaMOo20 MH02000pasua Y = Ppi (&), 2de

(5.5.1) & = Opi(d)) ® Opi (do) ® Opr(ds), d; > 0
C 8AODKCEHUEM
0y 1) Y > P,
3a0aHHBM MABMOoN02UNeCKOT Aurelinot cucmemotl | M| = |Ops)(1)|, 2de
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Jususop eemesenus B C Y naxpowmus © © X — Y npunadaescum
AuHetHoT cucmeme

(5.5.3) [AM +2(2 — dy — dy — ds)F|,

2de F' — caoti npoexuyuu 7w : Y = Ppi (&) — PL.
Hmerom mecmo moavko cayuau 6 mabauue 2 Bee amu caywau pe-
AAUSYIOMCA.

TAaBIUIA 2. TunepaumnTUYecKre TpeXMepHbIE MHOTO-
obpasust Pamno ¢ p(X) > 1.

gl d |pl Y B X

41 (1,1,1) | 2 | P! x P? ¢ Biiozke- | muBu3op GHCTe- | ¢M. 3a1a9y H
anem Cerpe B P° | menu (2,4)

51(2,1,1) | 2 | pazayrue P3 | coberBennblit pas3jyTue  MHO-
BJOJIb  LPsSMO# | Ipoobpa3 Heoco- | roodbpas3ust JieJib
[ CP3 6oit  xBaptuku | [Termo V' cre-
B C P?, rpanc- |memm 2 B0
BEepPCaJbLHO NIAJKON KpUBOMH
IepeceKaronein — IepecedYeHnd
IpsIMYTO [ JIBYX — JUBH30-
po Hi,Hy, €

| — 5KV
71(2,2,2) | 9| P! x P2, Bnoxe- | quBuzop Oucre- | F' x P!, F' — mo-
e B P® 3aga- | nenu (0,4) BEPXHOCTH JIEJIh
eTcs JIUBU30POM [Tenmo cremnenn

oucrenenu (2, 1) 2

HABPOCOK JJOKABATEJBCTBA. 3amerum, uro ((X) = 1 coriacuo
IPeJTIOZKEHIIO IIycTn
: X —— V=Y, , CPt

— aHTHKaHoHm4veckoe orobpaxkenue, rae Y = ®(X). Ilo namemy mpe-
MIOJIO?KEHUIO U CJIEJICTBUIO Mopdusm D gpiisiercs JBYJIUCTHBIM Ha-
kpeiteM, a Y =Y, | C P9"! — neocoboe muOroobpasne MHHIMAILHOI
crermenu. [Iycts B C Y — nuBuzop Bernjenus Mopduszma P.
Ouesnano, uto npu g < 3 muHOroobpasme Y mzomopduo PP wmm
kBajpuke B P*. B arnx caydagx MHOrooOpasme X SABAACTCA MOJTHBIM
mepecevdeHreM BO B3BEIIEHHOM IIPOEKTUBHOM IIPOCTPAHCTBE (KAK B CJIy-

qasx u [(iit)}). Ho Torga p(X) = 1. 9T0 NpOTUBOPEUUT HALIKM

IpeIIooKeHuAM. 3Ha4uuT, g > 4. Torna corsacno npejnoxennto |(15.4
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muoroobpasue umeer Buj Ppi (&), e & = w0y (1). Ilpu s1om kKiacce
THIEPIUIOCKOTO CEeYEHHsI — 3TO KJACC TABTOJOTHYECKOTO DPACCIOEHUS
Op()(1). Paznoxum paccioenne & B cymmy juHeiinbix: & = ©0p1(d;).
Tak kax paccaoenne & oouabHO, T0 d; > 0 mjs g0boro i. SanumneMm & B

suge (5.5.1)). Torga
9+2=0"Ppi (&), Op,, (5 (1)) =0°(P, &) = d;+3.

Orkyna moryaaeM ((5.5.2)). Hanee, mo dopmyre ['ypsuna

Ky =9 (Ky +1B).
[Iycte M — rapronormaeckuii jgusu3op Ha Y = Ppi(&). Tak kak M
— TaKzKe IUIEPIVIOCKOe cedeHne MHOroobpasusa Y = Y, C P9t 1o

—Kx = ®*M. ®opmyny i KAaHOHHYECKOTO JUBH30PA B
HAIeH CHUTYaIuy MOYKHO 3aIHCATh B BHIE
Ky =-3M+(-2+>_d;) F.
Takum obpazowm,
—O*M =Ky =9 (-3M + (—2+ Y. d;)) F+iB).
Otcrona
B~AMA42(2-)d;) F.

910 nokasbiBaet ((5.5.3).

Jamee, KOMIIO3UITUS

A X
ABJISIETCS CTATUBAHHEM (HeoOA3ATENBLHO SKCTpeMATbHbIM). 110 dhopmy-
Jie mpucoeaunnenusi obmmit cyioit S MopduzMa A — MOBEPXHOCTDH JIeJb
[Tenmo. OrpanmdyerHne aHTHKAHOHIUIECKOTO OoToOpazkenust ¢ na S apis-
ercst KoneanbiM Mopduzmom S — ®(S) = P? crenenn 2 na cioit Ppi (&)
naj PL. SIcuo, uto 310 MopdusM passersien naj keaprukoit ®(S) N B.
CaengoBaTebHo, S — IOBEPXHOCTH Aejb Ilemo crenenn 2.
N3 (5.5.2) u (5.5.3) mememrenno ciexyer, uro upu g = 41w g = 5
it X UMEI0T MEeCTO COOTBETCTBYIONIHE caydau B Tabaute [2] damxee Mbr

CUHUTaeM, 4To g > d.
st moboro k umeer MecTo ecTecTBeHHbIH n30MOPdU3IM

H(Y, Oy(M + kF)) ~ H(P', 7.0y (M + kF)) = H*(P', &(k)).
Tak kak degé = > d; = g — 1 > 5, To mo Teopeme Pumana-Poxa
dim H°(Y, Oy (M —2F)) > 1.
Orciona dim |[M — 2F| > 0 u mo3TOMy MMeeT MecTO Pa3jioKeHne
—Kx ~25+D,
rae D = &*(M —2F) — sdbdexrunnsiii auBu3op takoii, uro dim |D| > 0.

? ,y T, p!
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[To Teopeme 0 konyce Ha X cyliecTByeT sKCTpeMaJibHbiil jiyd R Ta-
koit, uro S-R > 0. [Iycrb ¢ — ero crarusanue, nycrs W(R) — ero gruna
n mycTh { — COOTBETCTBYIOIIAsT MUHUMAJbHAS PallMOHAIbHAS KPUBaSI
(em. (14.5.3)). Hockoabky S - R > 0, T0 HuKakas kpusas Ha X He MO-
JKeT OJTHOBPEMEHHO CTATHBATHCI MOPMUIMAME @ U A\, IOITOMY HUKAKOII
caoit p He MoxkeT ObITh AByMepHBIM. CienoBarenbro R mmeer tunm C
i By.

[IpeanosoxkuMm, aro R wmeer tun By (T.e. ¢ sBasiercs pasiyTuem
rAaJIKol KpUBOii Ha mIajJkoM MHOrooOpasun). [Iycth E — cOOTBETCTBY-
IOIMUH UCKJIIOIUTeTbHBIN AuBn30p. Tak kak F -0 = —1 u

l=—Kyx-=2S-(+D-{>2+D-

0 D¢ <0 u E — HenojBuKHas KOMIOHEHTa JUHeiHO cucremst | D],
T.e. MBI MOKEM 3aIUCATH

D] =rE+|L],

rae v > 0, a |L| — suneiinas cucrema, y Koropoit E He siBJIsieTCsl HElo-
JIBUZKHON KOMIOHeHTOH. Torna, Kak u Bbllle, UMeeM

l=—Kx - 4=—r+25-0+L- /.

Ecau |L| coctaBiaena u3 cioeB A\, 1o L-¢ > 0 u r > 1. B srom cay-
qae —Kg = —Kx|s = rE|s nemurcst wa r > 1 B rpynme Pic(S). Dto
HEBO3MOXKHO Ha moBepxHocTH jesb llermo cremenn 2. Takum obpasom,
muBu30p L mepecekaer obmuit ciaoit S. Tak kax |L| — mompukuas Ju-
Heitnas cucrema, ENS # @ u (rE+ L)|s = —Kg, 10

2=K:=r(—Kg) - (ENS)+ (—Kgs)-(LNS)>r+1>3.
[IporuBopeune nmokaswiBaeT, uro R mmeer tun C. Torma
wR)=—-Kx-0>25-(>2.

Bnaunt, R nveer tun Cy (T.e. o apaserca Pl-paccioennem) u S -0 = 1.
[TosTomy S u S — nenepecekarommecs cedenus. [TockoabKy oHM JTnuHEi-
HO 9KBHUBAJIEHTHBI, TO X, HA CAMOM JieJjIe, SBIIeTC IIPAMBIM IIPOU3Be/Ie-
ruem P! u mosepxnoctu genn Ilenuo crenenn 2 (cay4ait g = 7). Teopema
JTOKa3aHa. ]

[TosnHee HAM TOHAIOOUTCH CAEAYIOMMHE (DAKT OTHOCAIIUNACT K MHO-
roobpasusaM 6ojee obIuM, YeM MHOToobpasus PaHo.

5.6. IIPEAJIOKEHUE. Ilycmo X — neocoboe mpexrmeproe npoek-
MUBHOE MHO2000pA3UE MAKOE, YN0 GHMUKGHOHUYECKAA AUHETHAA CU-
cmema |—Kx| obsemna u ne umeem basucruvx movex. Iycmo

=P g X — X; CPV
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— anmuraronuveckut moppusm, 2de X1 — ez2o obpas. Toeda mno20006-
pasue X1 HOPMAALHO U UMEET MECTO 00HO U3 CAEIYOULUL:

(i) mopdusm @ : X — X Oupayuonaren u umeem ceA3HvE CAOU
u MH02006pasue X1 uUMeem He TYHCEe “eMm KAHOHUMECKUE 20-
PEHUWMETHOBL 0CODERHOCTIU;

(ii) moppusm ® : X — X xoueuen 6 obwieli mouke, umeem cme-
nenv 2 u X1 C PN — mH02006pazue Murnumasonot cmenen.

JIOKABATEJBLCTBO. Kak u B j0KazareabcTBe Teopembl (1.7.3] mc-
nob3ysd ¢opmyay Pumana-Poxa u obpamenue B Hyabp KaBamarbl-
®uBera, 3allHIIeM

N =dim|-Kx|=g+1, tme (—Kx)*=2g-2.

flcHo, arTo
(deg ®) - (deg X,) = (—Kx)* =29 — 2.

Otcrosa, cortacHo MpeozKeHII0 nmeem deg @ < 2. Ecm deg @ =
2, ro X; C P9 — muoroobpasue MuHIMaIbHOM cremenn g — 1 (B gact-
HOCTH, OHO HOpMasTbHo). IToayuaem cayvaii (il

[Ipeamnonoxkum, uro deg® = 1. Torma Mopduszm ¢ dGupannonateH
u deg X7 = 2g — 2. Paccmorpum o6uiumit ssement S € |—Kx|. Tlo reo-
peme Beprunu S — nHeocobast moBepxHOCTH. Hec10:KHO POBEPUTH, ITO
S — mosepxHocTh Tuna K3. usuzop A = —Kx|g sBasiercss ancienHo
s¢pdexTuBabIM U 00beMHBIM. [Ipu 3TOM MOBEpXHOCTHL S BMeEcCTe ¢ -
Bu3opoM — K x|g He sBasiercs runepasuinnrudeckoii. [Tosromy, coracuo
TeopeMe anrebpa R(S, —Kx|s) nopoxaaercsa cBoeit KOMIOHEH-
Toit crenenn 1. CHoBa 1o teopeMe Kapamarni-Dupera o0 obpalleHuu B
HYJIb OTOOpazKeHue OrpaHuvdeHus

H(X, Ox(—nKx)) —— H°(S, Ox(—nKx))

CIOpbeKTUBHO 1pu n > 1. 3uaumr, 1o teopeme [3.3.9] anredpnl
R(X, —Kx) Tak:Ke HOPOKIACTCS CBOEH KOMIOHEHTOlH cremenu 1.
Paccmorpum dakropusamnuio [lTeitna

d.xX 2 x, X,

Iycrs Hy — runepmiockoe cedenme X; u mnycre Hy := ] H;. Torga
H, — musuzop Kaptee u ¢YjH, = —Kx. Umeer MmecTo nzomopdusm
IrpaJyHuPOBAHHBIX aarebp

R(X, —Kx) ~ R(XQ, H())

n anarebpa R(Xy, Hy) TakzxkKe MOPOKIAETCS CBOEil KOMIOHEHTOH CTe-
neru 1. CienoBarenbHo, nusu3op Hy odenb obmieH (CM. mpeJiozKe-
HIIe 1 1)1 aprdercd nzoMopdusmMoM. Takum 06pa3oM, MHOTOOGPa-
3ue X, HOpMaabHO 1 — K x = ®*H,. lIpumerum @, K 93TOMy paBeHCTBY:
Kx, = —H,. B gacrnoctu, Kx, — aususop Kaprtee 1 Ky = ®*Kx,.
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D10 o3HaYaer, 4ro ocobeHHocTH X| — KAHOHMYECKHE I'OPEHIITeHOBBI.
Monyuaem cayuait [(i)] O

B 3ak/jouenune OTMETHUM, YTO TPEXMEPHbIE TUIEPILIUITHICCKIE
MHOT000pa3us PaHo ¢ rOPEeHIITEHHOBHIMA KAHOHUYECKUMH OCODEHHO-
crsivu KJaaccudunupoanbl B pabore [91].

SAJIAYN. 1. [Mokazkure, 4YTO THIEPIIUNTUICCKUE MHOTO00-

pa3ua TAna 1 TpexMepHbIe KpapTukn B P! mpumapie-
JKaT OJTHOMY HEnpUBOAMMOMY cemeiicTBy. bBojsiee Toro, muoro-

obpazust SABJIAIOTCA BBHIPOXKICHUAMU KBaPTHUK.

[Iycts X = X; C P™2 — rpexMepHBIil KOHYC HaJ PAIIHOHAb-
Hoii HopMaJbHOl Kpupoit Cy C P? (¢ BepIIMHON B IIPAMOIL).
Hoxkaxkure, aro rpynna kaaccos ausu3opos Beiiis Cl(X) mo-
poxkaeTcsa KiaaccoMm mtockoetn [I C X. Kak B mee BioxkeHa
rpymma [Tukapa?

[Mycrs S = Sg C P! — meocobas HOBEPXHOCTH MEHEMAJILHOIL
crenenn, usomopduag F, u mycts X = X; C P2 — komyc
Hazg S. Uem mopokaaeTcs rpyina KJIacCoB AUBH30pOB Beits
Cl(X)? Kak B mee Bnoxkena rpymmna [Iukapa?

Onwuinure Bee SKCTpeMasIbHbIE JIYIH JII MHOTO0Opa3uit u3 Taod-
qurel 2]

Hoxkazkure, 4T0 MHOrooOpasue poja 4 u3 TabJHIbI B Teope-
Me [5.5] momyckaeT B102KeHHe BO B3BeIIEHHOE IIPOEKTHBHOE IIPO-
crpanctso P(1122) u peanusyerca tam Kak nepecedeHue KOHy-
ca mag P! x P2, sroxkennoro B P smmeitnoit cucremoit 6GucTe-
nenu (1,2), n KBaAPUKH.
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6. Tpuronasbable MHOrOoOOpa3ua Pano

Hanmomuum, ato iraccuueckas teopema Hérepa-Dupukseca-Ilerpu
YTBEPKIACT, 9TO IIajKad Kanoamdeckas xpusasg C' C PI~! poma g > 4
BBICEKAETCST KBAIPUKAMHE 32 UCK/II0IeHNEM cIy4daen, Korga C' — uian Tpu-
rOHaJTbHAst KpHBas (T.e. 00JIaaeT OTHOMEPHBIM DSIOM g3) WM KpHBAS
pona 6, usomopduas mwiockoil kpuntuke (cM. Teopemy [16.2). Kak u
TUIEPUIHITAIHOCTh, TPUTOHAJTBHHOCTh KAHOHWYIECKNX KPHUBBIX HMeeT
aHaJor Jyist noepxHocreii Tuna K3 (Teopema 1 71 MHOTOOOpas3uii
Dano:

6.1. ONPEJAEJIEHUE. Tpexmeproe muoroodopaszue @ano X HasbBa-
eTCs MPU2OHAALHULM, €CJH JnHeiiHas cucrema |—K x| saBiasgercs oueHb
0OMIIBHOM, HO AHTUKAHOHHYECKOH 06pa3 X = Xo, o C P9H! ne apiserca
mepecedeHneM KBaJIpHK.

6.2. JIEMMA. ITycmv X — mpexmeproe muozoobpazue Paro X ma-
koe, wmo dueudop —Kx ouenv obunen. Tozda caedyroujue ycaosus k-
BUBANEHITIHDL!

(i) X asasemea mpueonasvHvLM,

(ii) cywecmeyem anemenm S € |—Kx|, Komopwt asasemes mpu-
20nanvHotl noseprnocmsvio muna K3 (omuocumenvro noaapu-
sauuu Os(—Ky)),

(ili) cywecmeyrom anemenmo, Hy, Hy € |—Kx|, nepeceuenue xo-
MOPYIT ABAAETNCA HEOCOBOT MPULOHAALHOT KAHOHUYECKOT KPU-
601.

Boaee mozo 9K6UBGAEHIMHOCTND COTPAHUMCA, ECAU 6 u “cywge-
cmeyem” aamenums Ha “A106010 Heocobwitl”.

HOKA3ATEJIBCTBO. MMILIUKaIum — — OYeBU]I-
HBIM 00pa30M CJIe/lyIoT U3 ollpejlesennii. Jokazkem — (1)} Ecom

nosepxnocTs S THna K3 He gBisgeTcs TPUTOHAJIBHOM, TO COIVIACHO Teo-
peme omuopomawlit unean Iy C R(S, —Kx|s)) nopoxkmaerca se-
menramu crenenn 2. [To reopeme [3.3.9 10 xe camoe BepHO u Jyis ujeana
Iy C R(X, —Kx). Jokasareascrso [(ii)| = AHAJIOIMYHO U UCTIOJIb-

3yer TeopeMy DHpukBeca-Ilerpn o KaHoHHYecKux Kpusbix [16.2] d
6.3. CAEACTBUE. IIyemv X = X5, o C P91 — mpexmeproe

mpuz2onasvhoe muozoobpasue DPano X poda g. Tozda ece xkeadpuru 6
P9+ npozodawjue uepes X, 6biceraiom wemvipermeproe mmo2000pasue
W = W,_o C P munumasvnoti cmenenu (cm. pasdea . Eeau
g > 5, mo amo mMHo2006pa3ue Heocobo.

JTOKABATEJIBLCTBO. 3adurcupyem touky P € W u paccMoTrpum
TOCTATOYHO OOIIee JUHeiHoe JHHeiHoe MOAIpocTpancTso B P9 C PIF!
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takoe, 4to S := X NP9 — neocobas nosepxuoctsb (Tuna K3). Tlo reo-
peme mobast kBagpuka () C P9, npoxonsrmias qepe3 S, mpo-
nomKaerca 10 Kpaapukn Q' C P9t mpoxomamieit uepes X. 3maumr,
V .= W NPY Beicekaercs kpaapukamu B P9, conepxxamumn S, U B CHILY
TeOpPeMBI MHOroo6pasue V HeIpPUBOIUMO H ABIAETCS MHOIO-
obpasueM MHHUMaJbHON cTerenn V = V,_o C PY9. Cruenosarensno, W
TakzKe HEeIPUBOIUMO M SIBJISETCS MHONOOOpasneM MUHHMAJILHON cTere-
un W = W,_o C P91, Ecin g > 5, 10 cormacno reopeme [16.9][(iii)]
MHOTrooOpasue V' Heocobo B Touke P, um 310 ke Bepuo miasa W. Cremo-
BaTEeJbHO, B 9TOM caydae W Heocobo BCIOLY U yTBEpK/I€HUE MOJTHOCTHIO
JIOKa3aHO. [l

6.4. TEOPEMA. [Tycmv X = X5, o C P91 — mpexmeproe mnoeo-
obpasue Pano ¢ 1(X) =1, p(X) = 1 makoe, umo aunedinaa cucmema
|— K x| ouenv obuavha. Ipednoarosrcum, wmo X mpueonasvro. Toeda X
— 0010 U3 caedyrowur:

(i) g(X) =3, X = X, C P* — keapmura;
(ii) g(X) =4, X = Xo3 CP° — nepeceuenue xeadpuru u xyouxu.

JIOKABATEJLCTBO. Ilycts W C P9t — mepeceuenne Bcex Kpaj-
puK, mpoxogamux depes X. Cormacno caegctsmio [6.3, W = Wy, C
P9+ — MuOrooGpazue MuHUMAabLHOI cTenend, rie g = g(X ). Bosee To-
ro, upu g > 5 ouo meocobo. 113 mpeanoxkenus [15.4] caemyer, uro npu
g > 5 muoroobpasue W umeer cTpykTypy P3-pacciaoenns man P! 3na-
9UT, B 9TOM Caydae X CIOPBHEKTUBHO OTOOParKaeTcd Ha KPHUBYIO. DTO
MPOTUBOPEUUT HaIeMy mpeanotoxkenno p(X) = 1.

Caenosarenbio, ¢ = 3 wan 4. B caygae g = 3 muoroobpasue X =
X, C P* — runepnosepxuocTh. B caydae g = 4 Muoroo6pasme X = Xg C
P5 — mMeer crenens 6 m comepxutcs B kBaapuke W = W, C P Tlo
Teopeme depes X TakyKe TPOXOIUT HEMPHUBOANMAd Kyouka. [

B cayuae p(X) > 1 tpuronasnbusie Mmuoroobpasus ®amno (Kak u ru-
MEPILIUITHIECKHE) TAKZKe MOTYT OBITh KIaCCH(UIAPOBAHBI ¢ HCIOb-
3oBanmeM caenctsus [6.3|u mperoxenns [15.3] Mbl Bocipoussegem Ty
Kiaccudbukanuo Huzke. J1oKasarebCrBo aHAJIOIMYHO JOKA3ATE/IbCTBY
TEOPEMBI U OCHOBAHO Ha METOJIe SKCTPeMasIbHbIX Jydeil [52].

6.5. TEOPEMA (82, rut. 2, reopema 3.4]). ITycmv X = Xy, o C P9H
— mpexmeproe mnoz00bpasue Paro poda g = g(X) ¢ p(X) > 1 maxoe,
umo auknetnas cucmema |—Kx| owenv obuavna. Ipednoaosicum, wmo
X mpuzonaavro. IIyemv W C P9t — nepeceuenue ecex weadpux, npo-
zodawuz wepes X. Toeda W = W,_o C P9t — neocoboe payuonanvho-
aunetuwamoe mnozoobpasue W = Ppi (&), 2de

(651) E = 0Opm (dl) @D Op (d4), d; > 0,
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C BAOHCEHUEM

® = Digy 1)) W —— P,

3adarnvm maemonozuveckoll sunelinoti cucmemots |M| = |Ops)(1)|, a
(6.5.2) g=>di+2.

Ipu omom X C W asasaemes dususopom, npunadiesrcauyum Aunetnot
cucmeme

(6.5.3)

‘3M® (Q—Zdi)F

Y

2de F' — caoti npoexyuu w: W = Ppi (&) — PL.

aaAu3YyromcaA.

Hmerom mecmo moavko caywau 6 mabauye [3 Bee amu cayuau pe-

Tasauiia 3. Tpuronasibubie TpeXMepHBbIE MHOT0O0Opa3us
®ano ¢ p(X) > 1.

g d; w X

6 |(1,1,1,1) P! x P3 C P7, BIOMKeHHe | IUBH30D oucremnenn
Cerpe (1,3)

71(2,1,1,1) pasayrue P*  Bpoan | pasmyrue Vi C P sronn
MJIOCKOCTH IJIOCKON KyOukm

8 1(2,2,1,1) MaJioe pasperenue | cObCTBEHHBIN TTpooOpas
kpajpukn (Q C PS5 | qususopa tuna (3,4)
KopaHra 2 (pazmyTue
P C Q)

101 (2,2,2,2) P! xP? C P!, pnoxenme | X ~ F x P!, F — mo-
3a/1aeTCs IUBA30POM OH- | BEPXHOCTL Jesb lerio
crenenn (2,1) CTelleH: 3

6.5.4. 3AMEYAHUE. Muoroobpasue poma 8 u3 TabJIUIIbI OBLIO
uponyieno ckobckux [82] u Buepsbie nosiBasiercs y Mopu n Mykas
|52, Table 3, Ne 2|, na sro asropy ykaszam 1. Heabnos (cm. [91) Teope-
ma 1.6, Tq4], [102] nemma 8.2]).

HABPOCOK JJOKABATEJ/IBCTBA. IlycTh
X = Xy, o C PIH
— TpuronanabHoe MHOT0OOpasue Pano pona g ¢ p(X) > 1 u mycrhb
W =W,_, C Pot!
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— YeThIpeXMepHOe MHOrooOpasue, HepecedeHne KBaJAPUK, MPOXOIAIIX
aepes Xog_o (M. caeacrsue [6.3).

Ecim g < 4, To W mzomopdno P* win ksagpuke B P°. Ho torma X
SIBJISIETCS TIOJIHBIM IlepecedenneM, Kak B Teopeme [6.4] u, cirenoBaresbHo,
p(X) = 1. 910 NPOTUBOPETUT HANIUM HPEMOTOKEHUIM. SHATUT, MbI
MOXKEM CUYHTaTh, 9T0 ¢ > 5. Torma cHOBa IO CJIEICTBUIO MHOT'000-
pasue W,_o Heoco60o u umeer Bux W = Ppi(£).

[Iycts M — taBrosorudeckuii qusu3op Ha W = Ppi(&) n mycts F
— croit poekiun Ppi (&) — P HanmoMHAM, 9TO CONIACHO TPEII0Ke-
HUTO Mbl MOZKEM cUYuTaTh, uro M — runepiuiockoe cedenne W, r.e.
—Kx = M]|x. Tak kax paccioenune & obuiabHO, TO d; > 1 ajst BCex 1.
Kpome toro, degW = > d; = g — 2. Orkyzna noxyaaerca (6.5.2). @op-
MYJTy JIJIst KAHOHUYECKOrO JTUBU30PA B HAIEl CHTyaIlun MOYKHO
3alliCaTh B BHJIE

Kw = —4M + (=24 Y.d,) F.
[Io bopmyse npucoeuHeHusT
—M|x=Kx=Kw+X)|x=(—4AM + (-24+ X d;) F + X)|x.

OTcro/1a nMeeT MecTo CJIejIyIoNas JUHeitHas SKBUBAJEHTHOCTD JINBU30-
pos Ha W

X ~3M+(2->d;) F.
910 nokasbizaet ((6.5.3).

Hastee, 3amumem & B sume (6.5.1). Torga
g+2=0"(Par(&), Op,,(5(1)) =0°(P", &) =D di+4.

Orcroga HeMemIeHHO CaeayeT, 9To Ipu ¢ = 6 u g = 7 gasa X uMeT
MEeCTO COOTBeTCTBYIomme caydan B Tabumine (3l dagee Mbr canTaem, 910
g>T.

[Ipoexuua 7 : W = Ppi (&) — P! unaynupyer crarupanme A : X —
P, IIpu sTom obmuit caoit S MopdusMa A — IOBEPXHOCTD Jejb Ller-
110, AHTUKAHOHMYECKH BJIOKeHHadA B caoii Ppi (&) max P 3naumt, S —
KybnuecKas MOBepxXHOCTDL B IP3.

st moboro k umeer MecTo ecTecTBEHHbIH n30MOpdU3IM

(6.5.5) HY(W, Ow (M + kF)) ~ H(P', &(k)).
Tak kak deg& = > d; = g — 2 > 6, To 0 Teopeme Pumana-Poxa
dim H°(Y, Oy (M — 2F)) > 1.
Orcioma dim | — Kx — 25| > 0, T.e. ©MeeT MeCTO Pa3JIOKeHHe
—Kx ~ 25+ D,
riae D — sdbdekTuBHbIi 1UBH30p Takoii, uro dim |D| > 0.
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[To Teopeme 0 Konyce Ha MHOroOOpa3uu X CyHIECTBYET IKCTPEMaJib-
ueiii siya R takoit, ato S - R > 0. [lyctb ¢ — ero craruBanme, mycTb
w(R) — ero gymaa u mycTh ¢ — COOTBETCTBYIONIAS MUHUMATbHAST Dalli-
onasbaas kpusas (cm. (14.5.3)). Hukakas kpusas na X me MOkeT 01-
HOBPEMEHHO CTATMBATBHCH MOP(MHU3MAMHU © U A, MOITOMY HUKAKOI CJIOMH
© He Mo¥kKeT ObITh AByMepHBIM. CiienoBaresbHo R nmeer Tun C unn By.
Ecim R umeer tun C, To

WR) = —Kx-(>25-0>2.

Bnauwt, R mmeer tun Cy (T.e. ¢ aBagerca Pl-paccioennenm). Tak kak S u
S’ — HemepeceKawIuecs: cevIeHns, KOTOPhle JTUHEHHO SKBUBAJIEHTHBI, TO
X, Ha caMoM JieJie, siB/IdeTcs IIpsAMbIM npousseienuem P! u nosepxuocru
nesb [emnmno crenenn 3 (coyuaii g = 10 B Tabiune |3)).

asee mbl cauraem, uro R umeer tun By (1.e. ¢ sBagercsa pa3ayruem
DIaJIKOf KpUBOii Ha rragkoM MHOrooopasun). [lycrs E — cooTBeTcTBY-
FOIUIT MCKJTIOIUTETbHBIN quBn30p. Tak kak F - = —1 n

l=-Kx-{=2S-(+D-{>2+D-{,

t0 D¢ <0 u E — HenoABuKHas KOMIOHEHTa JUHeiHoi cucremst | D],
T.e. MBI MOKEM 3aIUCATH

D] = rE +[L],

rae r > 0, a |L| — nuHeiiHas cucrema, y KOTOpoi F He SIBJISETCs HEIO-
JBHKHOM KoMmIToHeHTo#. Torna, Kaxk U BBIIIE, IMeeM

(6.5.6) l=-—Kx-l=—r+25-0+L-L

Ecau |L| cocraBiena u3 cioeB A\, 10 L - ¢ > 0 u r > 1. B stom cayuae
—Kg = —Kx|s = rFE|s peaurcs nar > 1 8 Pic(.S), a 910 HeBO3MOXKHO Ha
KyOndeckoil moBepxXHOCTU. SHAYWUT, AUBU30p L mepecekaer oOImwmii CJIoii
S. Tak kak |L| — noxemkHas auneiiHas cucrema, £NS # & u quBu3op

(TE—FL)‘S = —KS

— THIEPIIOCKOe cedeHme Kybmdeckoit mosepxuoctn S = S5 C P3, To
orpanudenue |L| ‘S JIOJIZKHO OBITH MyIKOM KOHUK, r = 1l u ¢ :== E NS —

npsamast Ha S. U3 (6.5.6) caexyer, aro
S-l=1, L-¢=0.
Tak kak F - ¢/ = (') = —1, 70 £/ — TaKXKe 3KCTpeMaibHasg KpUBas U
E jionyckaer craruBaHue B JIPYrOM HampasieHuu. B gactaocru, E ~
P! xP'u p(X) > 2. Tak kak (L—S)-£ <0, 10 H*(X, Ox(L—S)) = 0.
Torga U3 TOYHOM 1OC/IE0BATEILHOCTH
0 —— Ox(L—95) —— Ox(L) —— Og(L) —— 0
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nosydaem, dro dim|D| = dim |L| = 1. Cunenosaresbno, g = 8. Torua
HMEIOTCS JIUIIh Be BO3MOXKHOCTH:

(dy,...,dy)=(3,1,1,1) mmm (2,2,1,1).

B nepsom ciayuae u3 HOJIydYaeM, 4To JimHefinas cucrema |M —
3F| menycra, a ymneitnas cucrema |M — F'| He umeer 6a3uCHbIX TOUYEK.
Bosbmewm mobete snementst G € |[M — F| u G’ € |[M — 3F|. Tak kak X
He MoKeT ObITh KomnonenToit G', To X - G- G? > 0. C npyToii cTOpOHH!,
MOZKHO HENOCPEJICTBEHHO BBIUHC/IUTD:

X -G'G?*=(3M—4F)- (M —3F)- (M — F)* =3M*—19M* . F = —1.

[TporuBopeune mokaswsiBaet, 9to (dy, ..., dy) # (3,1,1,1). MsI noaygaem
cayvait g = 8 B rabsmurne [3} Teopema mokasamna. U

HO,HJ)ITO)KHM Pe3yJIbTaThl, IIOJYY€HHbIEC B TPEX IIPEAbIAYIITHUX JICKIIU-
AX.

6.6. TEOPEMA (B. A. Vckosckux [82]). Hycmov X — mpexmeproe
mrozo06pasue DPano poda g ¢ 1(X) =1, p(X) = 1. Tozda

(i) aunetnas cucmema |—Kx| ne umeem basuchux movex;

(ii) aunetnan cucmema |—Kx| ne asasemcea ouenv obusvroll
MOABKO 6 CACOYIOULUT CAYUAAL:

a) g =2 u P _g, : X = P* — dsotinoe naxpwmue ¢ seme-
AEHUEM 6 NOBEPTHOCMU cmeneny 6.

b) g =3 ud kg, : X =QC P* — Odsoftinoe narpuimue
KGUOPUKU ¢ BEMBACHUEM 6 NOGEPTHOCTIU CMENEHY 8.

(iii) Hyemo aunedinas cucmema |—Kx| sadaem enoocenue Ok | :
X — P9t Tozda g > 3 u obpas X = P_g(X) umeem
cmenensv 2g — 2. Boaee mozo,

a) npu g = 3 mmnozoobpasue X = X4 C P* — xeapmuxa,
b) npu g = 4 mnozoobpasue X = Xg C P* asasemca noarvim
nepeceveHuem Keadpukry u KyouKu.

(iv) Hpu g > 5 06pas Xog_o = ®|_k|(X) asasemcs nepecevenuem
keadpur (u X = Xg C P® — noanoe nepecenenue xeadpusr npu
g=>5).

Ocobbie TpexMepHble TPUTOHATbHBIE MHOTOOOpasus Pano (¢ ropeH-
MITEHHOBBIMI KAHOHUIECKUMU OCOGEHHOCTSIME) KAACCHDUIUPOBAHBI B
pabore [91].

SAJIAYMN. 1. [Iyctb X — TpexmepHOoe MHOroobpasue pojia
g(X) < 5 (meobs3areapuo p(X) = 1). llpexnosoxum, 4To
AHTHKAHOHHYEeCKuit nuBu3op —K x odenb obmied. He ucnosn-
3y TeOpeMy JIOKazKUTe, 9TO MHOroobpasue X — OJIHO U3

90



caeayomux: Kapruka B P4, nepecedenne kpajpuxku u Kyoukn
B P5 mwam nepecedenne Tpex KBagpuk B PO

He ucnonnsys TeopeMbr n nccaeyiiTe Ha TPUTOHAb-
HOCTH MHOTOOOpa3usg PaHo uHgekca > 1.

JlokazKuTe, 4T0 Heocobas JinHefiuaTas moBepxHocTs Fy C P!
SABJISIETCS IepecedeHneM %d(d—l) JINHEHHO He3aBUCUMBIX KBa/I-
PUK.

oxazknure, 4TO depe3 KaHOHMYECKYIO0 KpHBYIO Coy o C P91
IIPOXOAUT POBHO 1 (g — 2)(g — 3) JMHE{lHO HE3ABUCHMBIX KBAI-
puxk. Yxasanue: Bocuoabsyiirech Teopemoit M. Hérepa [16.1}
Jlokazkure, 4To Heocobblil qusuzop oucrenenu (1, 3) na P! x P3
(ciayuait g = 6 u3 Tabauupl |[3) aBagercsa pasgyruem P32 Brosn
HEOCODOTO TTePecedeHns ABYX KyOMIeCKUX MMOBEPXHOCTE.
Onwuinure SKCTpeMaJbHbIe JIy9d Ha MHOrooopasuax Pano us
TabJINIIBI Jokaxkurte, 9T0 IPU ¢ = 8 IKCTPEMAJIbHOE OUPa-
MOHAJILHOE CTATHMBAHUE HEe NPUBOJUT K MHOroobpasuio Pano.
JlokaxkuTe, 9T0 MHOTOOOpa3ue, OMUCAHHOE B IIYHKTE g = 8 Tab-
JUIBL U3 TeopeMbl [6.5] eficTBUTENILHO ABISAETCA TPUTOHAD-
HbIM MHOTOOOpasuem Pano.
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7. DaemeHTtapHbIe npeobpa3oBanus (auHK CapKucosa)

7.1. Ilycrb X — tpexmepuoe muoroobopasue Pano taxkoe, 4TO
p(X) = 1. Ilycts o : X — X — pasayrue ¢ HeocoGsiM nentpom O,
rae C — wWinm TOYKa WIH HEIpUBOAUMAas Heocobas KpHUBag cTeneHu d
pora g(C'). Ilpennonoxknum, aro muBu3op —K ¢ waucienno 3bdexTnsen
u obbemen. Torma 1o Teopeme 0 cBOGOAE OT DABUCHBIX TOYEK npu
HekoTopoM n > 0 smueiinas cucrema | — nk ¢| 3amaer Mmopdusm

cI)\—nK;(\ : X — X, C PN,

KOTODBIH JIOJIZKeH OBITH KOHEYHBIM B 0OIIell Touke Ha ¢BOi o6pa3 (Imo-
ckoubky —K ¢ obbemen). Pacemorpum daxropuszanuio [lreiina

[%

D_piy X — Xo —— X, C PV,

Cornacuo ciaeacreuio [14.4.1] cymecrByer obmabHbIi auBm3op Kaprbe A
Ha Xy Takoif, 4To

(7.1.1) — K¢ =0*A.

Ha nonosnmennn k muoxkectsy 0(Exc(f)) kopasmeprocTn > 2 TUBH30DHI
—Kx, u A coBnajamor. 3HaUUT, OHU COBIAIAIOT BCIOLY:

—NAx = 0*(_KX0)'
Orcrona oaygaem (cp. npenoxenue [5.6)):

7.1.2. CIEACTBUE. Mnozoobpasue Xy umeem we rysce wem KaHo-
HUYECKUE 20PEHUMETHOBYL 0CODEHHOCTNAL.

Jlasiee Mbl OyeM TIPEIIIOIAraTh, 9TO
(%) Mopduzm ®|_nk | HE CTATUBAET JUBU30POB.

Takum 06pa3oM, HCKIIUATEIbHOe MHOXKeCTBO Exc(f) Mopdusma 0 uin
IMyCTO WX SIBJISIETCS O0ObeIuHEeHHEM KOHEYHOI'0 YUMC/Ia KPHBBHIX. 1orma
CJIeJICTBUE MOZKeT OBITH YCHJICHO:

7.1.3. CIEJCTBUE. Mnozoobpasue Xy umeem we Tysce uem mep-
MUHAALHBE 20perumeltinoso, ocobernocmu. Feau Exc(0) = &, mo X
Heocob0.

7.2. Takum oOpa3zoM, HMeeT MECTO OJIUH U3 CJIeAYIONINX CJIydaes:

(a) auBuzop —K ¢ He aBisiercst OOUNBHBIM U TOrga § — Manoe K ¢-
TPUBHAJILHOE CTAIMBAHNE,

(b) muBuzop —K ¢ obmren (T.e. X — mmorooGpaszme Pano) u Toraa
0 — uzomopdusM.
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B ciyuae , coryiacHo Teopeme [14.8.6, cymiecrByer ¢Jion

e MHoroobpasne X Heocobo. Hamomuum Ttakzke, 4To MHOTOOOpasne X
umMeeT JIMIIb M30JIMPDOBaHHbIE THUIEPIIOBEPXHOCTHLIE OCO6€HHOCTI/I THUIIa

cDV u, cormacno (7.1.1)),
(7.2.1) - Ky =0"A.

Tasee, Tak xak p(X) = 2, To konyc Mopu NE(X) — yron na miocko-
CTH M OH MMeeT POBHO JBa SKCTpeMaabubix jyua (em. puc. [1). Ognn u3

Puc. 1. Konyc Mopn NE(X)

STHX Jyueil Ry HOpokK 1aeTcs KpUBBIME B Ci10s1X Mopdu3ma § 1 mosTomy
Kx-Rg = 0. dpyroii 1yq R, n1o/zken umeTh 0TpHLATeIbHOE IIepeceueHue
¢ KAHOHMYECKUM KJIacCOM (MHAUe MbI MoJIy9uM nporusopedne ¢ ((7.2.1))).
Coruacuo obreii Teopun (cM. Teopemy , CYIIeCTBYeT CTATUBaHUE
¢ : X =Y ayua Ry,. llonmygaem nuarpammy

X---X-_+X%
DN
(7.2.2) X,
) Q. L -Y

B cayqae Mol nostoxkuM X = X. Torma cmoBa komyc NE(X)
UMeeT POBHO JBa 9KCTpeMaJbHBIX Jyda R, u Ry, roe R, mopoxnen
KPHUBBIMU B 05X 0. B sTom ciydae oba gyda K ¢-OTpHIATEIBHBl H
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cywecrsyer crarusanue ¢ @ X — Y jyua R, Mbl moxem cunrars, 4ro
TOIJIA TAKXKE MMeeT MeCTO (BbIpozKaeHHas) quarpamma ((7.2.2)):

(7.2.3) / X

Mpr yrke paccMaTpuBa/Ii TaKyi0 KOHCTPYKIHIO B JJOKA3aTE/ILCTBE TEOpe-
MBI (em. (3.6.4)).

Huarpamma SBJIFETCS YacTHBIM ciydaeM aunka Caprucosa.
OHa oIHO3HAYHO BOCCTaHABIUBaeTcd MO cBoeMmy HeHTpy C.

~ 7.2.4. JIEMMA. Ilycmo Dy, Dy — ar0bvie dusu3opuL Ha X u nyemo
Dy, Dy — uz cobecmeennvie npoobpasv. na X . Tozda

(=Kg)-Dy-Dy=(-Kx) DDy, (-Kg)* D;=(-Kx)*-D;.
B uacmmnocmu, (—Ky)? = (—Kg)?.

JOKABATENBLCTBO. 13 (7.1.1), (7.2.1) n dopmysbl npoexiuu 1o-

JIydaem
(—Kg)?D; = 0"A%-D; = A%.0,D; = A*.6,D; = §* A% D; = (—Kx)*D;.
OTCIO,Z[& BbITEKa€T BTOPOE COOTHOIICHUE. HepBoe COOTHOIICHNE JOKA3bI-

BaeTCAd aHAJOIUYHO. O

7.3. OBOBHAYEHUA. /anee uepe3 E Mbl 0603HAYNM UCKJTIOUATEThH-
ublit gusuzop o }(C) pazayrus o, a yepes E — ero cobCTBeHHbIH TPO-
obpas na X.

7.3.1. BAMEYAHUE. AGejieBbl TPyl

Pic(X)=Z K¢ ®Z-E, Pic(X)=Z Kx®Z E
OTOZKJICCTBIAIOTCH OCPEJACTBOM OTOODAZKEHHS X

X+ : Pic(X) —— Pic(X), Ky =Kz, x.E=E.
Takum obpasom, HA pelleTKe

7? = Pic(X) = Pic(X)

BO3HHUKAIOT JIBe TPHIMHEHHDBIe (hOPMBI TIepecedenus (ML THPOBAHHBIE C
Pic(X) u Pic(X)). Jlemma [IOKA3bIBAET, 9TO 3HAYCHUA ITUX HOPM
COBNA/IAIOT, €CJIN OJTHH U3 MHOYKHTeNell — KaHOHnIecKuit Kiaacc. OmHaKo,

B 00111eM ciydae, 3Tu pOpMbl Pa3JUdHbI. YICHO, YTO OHM COBIAJAIOT B
Tounoctn, Korna B3 = £3. Yucno

def(¥) := E* — E3
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Mbl HazoBeM dediexmom smuka ([7.2.2]). Takum obpaszom, jedekr pase
0, ecam xy — m3omopdusm. CoraacHO TPeIOKEHUIO HUKe, BEPHO U 00-
parHoe.

7.4. TIPENJIOKEHUE. def(W) > 0. Ecau def(¥) = 0, mo x — uso-
MODPUSM.

Ha camom jesie, MokHO mokazarh, 910 Jedexrt def(V) pasen umc-
a1y JIONMOBBIX KPHBBIX, €CJIH MOCJTeIHee CUUTaTh “IpaBuibHO” (T.e. ¢
KpatHocTAMH, cM. [63] onpenenenue 5.3]).

JIOKABATEJBCTBO. [Ipeamnonoxum, 4To X HE SABISETCI NU30MOP-
duszmom. Tlockonbky E — nenysenoit apdexkTuBHbiil 1uBH30p, TO —F
He MOXKeT ObITh 4ucsjeHHo 3hdexruBubiM. Tak kak £ - R, = 0, To
E-Ry > 0, T.e. E cTporo moJioknuTeieH Ha KOMIOHEHTAaX UCKJIIOUUTETb-
moro muoxkectsa Exc(f). [lostomy mma mekoropsix a, b > 0 auBu30p
D = aF + b(—K3) ouenp obuien na X.

CorytacHO ~ CJIEJICTBUIO 14.8.7, musmsop FE crporo orpumate-

JeH Ha KOMIOHEHTaX WCK/JIIOYHTeNbHOr0 MHOkectBa Exc(f). Ilyern

['y,..., Iy C Exc(f) — ero mHenpusogumbie KoMmoHeHTHI. Torma, cormac-
HO CKa3aHHOMY BBIIIIE,
(7.4.1) Kg-Ty=0, E-T;<0, Vi

[TosTomy a1 coberBennoro mpoobpasa D C X nusnzopa D mveem D -
I['; < 0. Buibepem obmue saementst Dy, Doy € |D| u niyers Dy, Dy € |D|
— uX coOcTBeHHbIe TpooOpa3bl. Torma L := DN Dy — Heocobast KpuBasi,
He [ePeCceKaoNias UCKIIIUTe/IbHOe MHOKeCTBO Exc(f), a nepeceuenue

Di N Dy MoxKeT OLITH 3aIHCAHO B BHJE
DiNDy=1L+ Z%‘Fi,

rne L C X — cobcrpennbrit mpoobpas L u v; > 0. Tak kak Dj - <0,
to I'; C Bs|D| u nosromy +; > 0. Tak kaxk D - L =D - L = D3, o

Otrcrona o nemme |[7.2.4] umeem
a®def(V) = a*(E* — E*) = D* — D* = —aFE - Z%Fi > aZ% > aN.

9TO JI0Ka3bIBAET HAIle YTBEPIKICHHE. Ul

7.5. CraruBanue ¢ : X — Y HPUHAIEKUT OJHOMY H3 TUIOB B
rabsmie u3 teopeMbl [14.7. B Hamewm ciaydae mMmeroTcs ompeaeeHHbIe
orpaHuveHusd Ha MHOTOOOpasue Y':

e ccn o mveer Tar D, To Y ~ P! cormacno creacreuo [1.3.3}
e ccn o umeer Tun C, ro Y ~ P? cornacno caencrsuio [1.7.10
mockoTbKy p(Y) = 1;
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e cciiu ¢ umeer tuil By uiu By, 1o Y — Heocoboe muoroodpasue
®ano nockoapky p(Y) = 1u | — nKx| # @ mis HeKoTOPOro
n > 0;

e ccu ¢ umeer tun By, By win Bs, To, kak u Beitie, Y — ocoboe
MHOroobpasue PaHo.

Bo Bcex cayuaax Pic(Y) ~ Z.
7.6. JIEMMA. Mopgusm @ ne mosrcem cmazusams dususop E.

JIOKABATEJBCTBO. /JleficTBUTEHLHO, €C/IH (¢ — CTSATUBAHUE PACCTIO-
eHHOTO THIA, TO [ He MOMKeT OBITh COCTABJEH W3 CJIOEB, HOCKOILKY
dim |rE| = dim|[rE| = 0 aua moboro 7 > 0, a J11060ii 3¢dbdexTuBHbLii
ausuzop Ha Y ~ P! wim P? noapuzxken. Ilpeamono:kum, 9To CTAruBa-
HIe ¢ OMPAIMOHAJILHO W F/ — ero MCKIIOYHTeILHBIH TuBH30p. Ecan y
He sSIBJSIeTCs n30MOpP(MU3MOM, TO IUBU30P F noyKeH ObITH #-00UIBHBIM
(nrave nusuzop —F guciaeHno 3bGeKTuBeH, MOCKOIbKY OH MOJOKHATE-
JIEH Ha CJI0sIX 0). SHAYUT, [TUBH30D E asasiercs G-orpunareibHbIM (eMm.
cneacreue [14.8.7)), a m0TOMY OH MOJIOKHTEIEH HA CJIOAX (. DTO MPO-
THBOPEYUT €0 UCKII0IUTE/IbHOCTU. Kean ke xy — uzoMopdusm, To co-
IJIACHO HallleMy BLIOODY 3KCTpeMaJsIbHOTO Jjiyda R, mosepxuocts F = E
— JinHefiYaTasd U MMeeT JIBe CTPYKTYPbI CTATUBAHHA HA KPHBYIO. DTO
BO3MOZKHO TOJBKO ecun F ~ P! x P1. B stom cnywae qususop —K g + F
TPpUBUAJIEH HAa ODOWX IKCTPEMATHHBIX JydaX KOHYCA W(X ). Tak kak
p(X) =2, 10 510 MAET HaM — K + E & 0. IIporusopeune. O

Ham monamobgTcsi HEKOTOPbIe COOTHOIIEHHsI HA IlepecevdeHus TUBH-
30poB B pemerke Pic(X). Beegem gononauTenbube obo3nadennsd. [IycTh
M — obmnbHag obpasytomag rpymmsl Pic(Y) ~ Z u nyets M = ¢* M.
Ecin ¢ — GupanuonabHoe CTATHBaHHE, TO Yepe3 F' MBI 0603HAMIM ero
HCKJIIOYUTEJNbHBIH AuBu30p. Jlia eaunoobpasus, Mbl TaKzKe IOJ0XKIM
F = M, ecim craruanmne ¢ — paccaoennoro tuma (D mn C).

7.7. JIEMMA. B 3asucumocmu om muna cmazueanus ¢ @ X — Y

umeromes caredyrouwgue coomuowerus ¢ Pic(X).

Twun D.

WP = 312 (—Kg) = 0,
M- (-Kx)? = K%

Xy’

(7.7.1)

2de )_(77 — obwud caoti . (Hanommum, wmo 1 < Kf—(n < 6 6 cayuae Dy,
K)z—g7 =8 6 cayuae Dy u K)z—(n =9 6 cayuae D3).
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Tun C.
M? =0, M?. (-Kg) =2,

(7.7.2) -

M- (=Kg)? =12 —deg A,
ede A C P? — QuCKpUMUHGHMNAA KPUBAA PACCAOCHUA MG KOHUKU O
X =Y =P? (cm., nanp., 62, § 3]). B cayuae Cy Mot nosazaem deg A =
0.

Tuner Bs-Bs.
(7.7.3) F? (-Kg)=-2, F-(-Kx)*=F, F? = 4/k,
2de
4 mun By
k=12 munw Bs uBy
1 mun Bs
Tun B;.
(—Kx +F)* (=Kg) = (=Ky)?,
(7.7.4) (-Kx+F) - F-(-Kx)=—Ky - Z,
F? - (-Kx) =2g(Z) - 2,

ede Z = @o(F) — uenmp pasdymus ¢ (neocobas kpueas).

JTOKABATE/NBCTBO. Hokaxkem, nanpumep, (7.7.2). Coornoutenne
M? = 0 cremyer w3 GopMyIsl TpoeKnun. J1a J0Ka3aTeIbCTBA PABEH-
cra M? - (—Kg) = 2 cieayer 3aMeTuThb, 4ro OOIIMil reoMeTpruYecKuil
croit X, = ¢~ 1(y), y € Y — meocobas kormKa n

Ky - )_(y =degKx, = —2
o dhopmyse npucoesunenus. Hakowner, jurs obmieit npsimoit M C Y =
P? nosepxuocts M = ¢ }(M) neocoba, a mpoexmms |y : M — M
SBIAETCA PACCJIOCHUEM Ha KOHUKH, Y KOTOPOrO YHUCJIO BBIPOZKICHHBIX
cioes pasio M - A. Tlostomy mosepxnocts M pamuonanpaa u p(M) =
2+ M - A. llo dopumyne Hérepa K} = 8 — M - A, a no dopmyse
mpucoemnnenusa Ky = (Kg + M) ;. Otciona

M- (-Kg)?=M-(Kg+M)?—-2Kg-M?>=12—degA. O

7.8. JIEMMA. Konyc afipexmuenviz dueusopos Eff(X) na X nopooic-
den xaaccamu dususopos B u F.
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JIOKABATEJIBCTBO. 3aMeTuM, 4TO KJACCHI JIMBU30DOB E u F jn-
Heitno nesapncuMbl B permerke Pic(X) no semme [7.6] Myers D — mpo-
croit muBm3op Ha X orauuHbiii or K u F. Jlna wekoropwix a, b € Q
nMeem

(7.8.1) D~y aFE +bF.

HocraTouno JokasaTh, uTo a, b > 0. [IpuMensasa Y, ' K COOTHOIICHHUIO
(7.8.1) nostyunm

rie D u F coOCTBEHHBIE MPOOOPA3hI Ha X sususopos E u F, coorser-
crBenno. Orciona o,D ~ bo, [ u TOITOMY _b > 0. Eciin mopdusm ¢
oupanuonaJjet, To aHajgoruduo @, D ~ ap,E u a > 0. Ecian xke ¢ ne

sAB/IseTCs OHPAIMOHAILHBIM, TO Hepecekas obe uactu (7.8.1) ¢ kpusoii
J B cioe ¢ noayuum 0 < D - J = aFE - J. Orciona cuosa a > 0. O

7.9. JIEMMA. Iycmo o(X) = 1. Honoorcum ¢ == o(Y) u = p(Ry,)
(dauna sxempemanvrozo ayua cm. (14.5.3). Tozda das nexomopozo ye-
A020 NOAOHCUNEADHOZ0 4 UMEEM

M ~ CL(—K)}) - },LE_’.

Janee, nyecmv cmazusanue @ 6upayuonarvro. Tozda

(LCL - 1)(—-Kx) — LE ecau Ry, umeem mun By, Bs, Buy,
F~ ta—1)(-Kx) — ecau Ry, umeem mun B,
2(ta —1)(—=Kg) — 2E  ecau R, umeem mun Bs.

JTOKABATENBLCTBO. Tak kak ¢(X) =1, 1o Pic(X) =Z - Kx u
Pic(X)=Z-Ky ®Z-E.

[Tostomy mbt Mozkem 3anucars M ~ a(—Kx)—bE nis nekoTopbIx a, b €
Z. Tak kak Kg -R, <0, E-Ry, <0u M -Ry, =0, To ab > 0. Eciin 6b1
UMeJIH MecTO HepaBeHCTBa a < 0 1 b < 0, TO TUBU30D

B t(—Ky) - 1M

ObLT OB O0WJIEH, YTO HEBO3MOXKHO. 3Ha4InT, a > 0 uw b > 0.

JIns nokasaTeIbCTBa MepBOro YTBEPIKICHUS OCTAIOCH 3AMETUTh, YTO
M3 TOYHOIl IIOC/Ie/10BATEeTbHOCTH u onpesenerns juabl 1(R,,)
crenyer, uto quusopkt M u —K ¢ nopoxkaaior B Pic(X) moapemerxy
WHJIEKCA, LL.

Jlng 10Ka3aTebcTBa OCTAJbHBIX YTBEPKICHUN 3aIreM

K¢ = ¢*Ky +aF = —1M + oF,
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rJie o — JUCKpenaHTHOCTh. [ljig Hee Bbitojineno o = 1 B ciyvasnx By, B
u By, o = 2 B cayuae By m o = 1/2 B caryaae By (cm. 3ameuanue [14.7.4)).

Torna )
_ L — atr—1 L =
Froli+ “Ke~ 2" (k) - HE
o o o o

g

7.9.1. TIPuMEP. Ilycts X = X3 C P! — meocobas kyOuueckas
TUIIEPIOBEPXHOCTh W IycTh C' — Touka Ha X, 4Yepe3 KOTOPYIO IIPo-
XOAUT TOJIBKO KOHEYHOE 9HCIO0 HpAMbIX (T.e. C' — He aBisercs 0000-
menHoii Toukoit Dxkapaa [42, semma 2.2.6, 3amedanne 2.2.7|). Tlycrb
1 X -—+» P3 — mpoekmua n3 C. $IcHo, 9T0O 3T0 0TOOPasKeHHe KOHETHO
B 001Ieit Touke u umeer crenenb 2. [lycrb o : X > X — pazayrtue C.
Torta kKoMIIO3UIIKS )00 ABJIAETCSA PEryadpPHbIM MOP(MU3MOM, KOHETHBIM
B 001Ieit Touke. 3HauuT, ero (paxkropusamnusa [1lreitna mmeer BuT

¢oa:)~( H‘XO T, P2
rjie 7 — KOHeYHBbIT Mopdu3m cremenu 2, a mopdusm 0 craruBaer cob-
¢TBeHHBIE TPOo0Opassl L1, ..., Ly C X upsambx Li, ..., Ly C X, upoxo-
namux depe3 C', U gBigercs nzoMopdusMoM BHe ux. aBomtomus lamya
nakpbitus Xo/P? unpynupyer orobpazxenue x : X --» X, koropoe sB-
JIeTCs peryaspHbeiM BHe Ly, ..., Ly,. Ilonydaem auarpammy (7.2.2), rue
X~ X uY ~ X. Bamerum, 9410 0TOOpazKeHHs xuX --»Y =X ne

SBJIAIOTCS TOXKJIECTBEHHBIMU. B 9acTHOCTH, ¢ CTATUBaeT COOCTBEHHBII
mpoobpas3 KacaTeTbHOTO THIEPILIOCKOTO ceuenns K X B Touke C.

7.10. BAMEYAHUE. Curyanus ¢ CuMMEMpPuYHoLM JTHHKOM (Takast
kak B npumepe [7.9.1) Bcrpeuaercs moonbHO wacto. JleiicTBurenbHo,
MIPEIIOJI0AKUM, ITO B YCJIOBHSIX MBI mMeeM . = 1 u MHOrooOpasue
X, HOpMaTbHO. COT/IACHO TIPEITOKEHTIO Mopdusm v : Xg — X, aB-
JIdeTcd WJI U30MOpP(MU3MOM MJIM KOHEYHBIM creneHu 2. llpemooxum,
q1o v : Xog = X¢ — JABYJHCTHBINH MOPGHU3M. DTO 3aBEIOMO BBIIIOJIHEHO,
nanpumep, ecmu (—Kg)? = 2 (em. s3amaay CTp. . Torna na X,
nMmeeTcda maBOMONMUA Lanya 7 @ Xg — X, KoTopasg mpojozKaeTcs 10
OMpaIoHaIbHON! MHBOJIONUN X : X — X. Kak u B npuMepe BbIIIe MBI
TTOJTYIUM JTHATPAMMY , rme X ~ X uY ~ X. 3amernm uto Hei-

creue 7° Ha rpynne Cl(Xg) ~ Pic(X) nerpusnanbuo. CiegoBaresbHo,

rk C1(X,) = rk C1(X)™ = 1.

SATAYN. 1. Ilyers X = Xy9 C P° — meocoboe nepeceIeHne
JIBYX KBaJIpUK, mycTb | C X — mpamad u myctb 0 : X — X —
ee pazayrue. Jdokaxkure, 9ro auBu3op —K g obmJIeH U cyle-
creyer (mpocreiimmit) mmuk Capkucosa (7.2.3), roe ¢ : X —
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Y = P?® — pasayrue riaakoit kpusoit Z C P3 cremenu 5 u
pora 2. B uwactaocTu, muHoroobpasue X parnuoHajabHO. YKa-
sanue: AHAJIOIMYHO JIOKA3aTebCTBY TeopeMbl [3.6]
Bocnonb3yiiTech pe3yabTaToM MpeIblIyIeii 3a/1a9u u JOKAZKI-
Te, ITO IpAMble Ha X, IepeceKaolnne JAHHYO OOV MPIMYIO
| C X = Xy, C P° 1 osinunble oT [, HapaMeTpU3yIOTCd KPH-
Boit C; pona 2. Ilokazkure, 4To Kjacc uzomopdusma 31Toi Kpu-
BOIi He 3aBHUCHUT OT BeiOOpa [. Jokakure, aTo cxema ['unbpbepra
F1(X) npambix na X — abeseBa TMOBepXHOCTH, skobuan C.
Yrasanue: TloBepxnocrs Fi(X) GupannonanbHa 1OBEPXHOCTH
2-ceKymux KpuBoit Z C P3.

[Iycts X = X3 C P* — meocobas xybuka, mycts | C X —
npgaMasa U MycTb O : X 5 X — ee pazayTue. lokaxKuTte, 9TO
cymecTByeT JUHK CapKHCOBa C IIEHTPOM B [ U ONHIIUTE €ro

pe3yJIbTaT.
[Mycts X = Xy C P! — muoroodpasue jnein Ilenio cremnexn
d =4 uwm 5 u nycte C' C X — HEBBIPOXK/EHHAS KOHUKA.

Jokazxxure, ato cymecrByer auak Capkucosa ¢ nearpom B C
U OIMIIKUTE €TI0 Pe3yJIbTarT.

IIyers X = Xy3 C P° — neocoboe nepecedenne KBaJpUKH U
kyouku. [lycts [ C X — npamag. Ilpeanoso:xkum, 4To nps-
MyI0o | mepecekaeT He 0oJiee KOHEYHOrO YHCJIA JIPYTHX Ips-
MbIX B X (Ha caMoM Jiesie, 9TO BEpHO JJist 060l mpsamoii Ha
X = Xy3 C P?). Jlokazkure, 4To cylectsyer (CUMMeTpUYHbIi)
smak Capkucosa ¢ UEHTPOM [ u 1pu 3ToM Y — CHOBA
nmepecedeHne KBJAPUKN U KyOUKH, a ¢ — pas3ayTue mpsMoii.
[Tycts X = Xs.0.9 C P® — mepeceuenne tpex kpajapuk. [IycTh
C' C X — gocratodHo o0iiasg KOHUKA (B 4aCTHOCTH, €e Hepe-
cekaeT He Gojiee KOHEYHOTO 4ynciaa mpaMbix B X ). [Jokaxkmure,
qTo cymectyer JquHK Capkucosa (|7.2.2) ¢ nenrpom C' u npu
3TOM Y — CHOBa INepecedyeHre TPeX KBAJIPHK, a ¢ — pa3ayTue
KOHUKH.
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8. Mmuoroobpas3ua ®ano ¢ ancaom Ilukapa 1, I

B s1oit m mocsegyronmux JIeKIUIX Mbl 00CYANM KJIaCCHMDUKAITIIO
TpexMepHbIXx MHOT00Opasuit Pano wHaekca 1 ¢ guciaom [lukapa 1. Mur
OyaeM TPHUIEPAKUBATHCS CJeAyIoniero miana. Kiaccudukanus mnpes-
cTaBJieHa B pasjesax 10l OcuoBnas kaaccuduKAIMOHHAS TEOpe-
Ma, OHI/IpaeTCH Ha CYIIECTBOBAHUHU MPAMOii (TeopeMa , KOTOpOe, B
CBOIO OYepPe/Ib BHIBOJIUTCSA U3 CYIIECTBOBAHUSI KOHUKH (CJIeICTBHE ,
a 910 nokasbiBaercs B caencrsuu [10.6] Paznenst [[1u [12] mocamenst,
B OCHOBHOM, JOKAa3aTeJAbCTBY CyIIeCTBOBaHUsA MHOrooopasuit ®ano mpu
oMoty obpareHnst OUPaIMOHAJIBHBIX JTUHKOB.

8.1. TEOPEMA (B. A. Uckosckux [81], [82]). Ilycme X — mpexmep-
Hoe mHozoobpasue Pano undexca L(X) =1 poda g = g(X) ¢ Pie(X) = Z.
Tozda 2 < g < 12 u g # 11. Bce amu 603MO0AHCHOCTIU PEGAUIYIOMCA.
s waocdozo g € {2,...,10,12} sce makue mnozo06pasus Dano de-
dopmayuonmno axeusasenmmsl. Jlemanvras kaaccupurayus ceedena 6

mabauyy [, emp. 154

U yten 1oKa3aTebcTBa TEOPEMbI BOCXOIAT K paboram /Ixk. @ano [18].
[TepBoe cTporoe gokaszareabeTBo 6bL10 gano Mekosekux B [81], [82]. Bo-
Jlee COBpeMeHHoe u3Jioxkenue cM. B paborax [85], [12], [23]. Mer npuse-
JIeM TIOJIHOE 0KA3aTeabeTBO. Kak OBLIO CKa3aHo BBIIIE, OHO OMUPACTCT
Ha CyIIeCTBOBaHUE NPSIMON, T.e. HEOCODOH panunoHa/JbHON KpuBoil [ C X
Takoit, uro —Ky - [ = 1:

8.2. TEOPEMA (B. B. Hlokypos [106]). llycme X — mpexmeproe
mro2006pasue Pano ¢ p(X) =1, o(X) =1 u g(X) > 7. Toeda na X
CYWLLCTNEYEM, NPAMAA.

OrmernM, aro npu g(X) < 6 nmpsmas TOKe CYIIECTBYeT, HO 9TO HAM
He TTOHa 00U TCS.

JlokazareibcTBO 3TON TeopeMbl OyJIET MOJy4YeHO KaK CJIEJICTBHE Jie-
TAJbHOIO U3yYeHUsI HEKOTOPBIX OMPAIIMOHAIBLHBIX HEPECTPOEK U JIUHKOB
CapkucoBa B MOCTEAYIONHX JEKIHIX (CM. CJIeJICTBHE . OtmeTrnmMm,
910 TeopeMa O Konyce [I4.3] maer cymiecTBOBaHMe HENPUBOINMOIl pa-
HUOHAJILHON KpuBOil cremenn < 4, OJJHAKO YJIYyUIIUTH ITOT PE3YJILTAT,
HOJIb3YSACH TOJIBKO MeTogaMu Teopun Jgedopmaruii [51], vHe npencrasis-
eTcst BO3MOXKHBIM. OTMETHM TakyKe, s YTO B OPUTHHAJIHLHOM BapHAHTE
510ii Teopembl [106] yTBep:KAa/10CH, 9TO IPAMAast CYIIECTBYET TIPH CyIie-
CTBEHHO OoJiee c1abbIX IPeIIoa0KeHHIX: X — TpexMepHoe MHOroobOpa-
3ue PaHoO Takoe, YTO aHTHKAHOHUYECKUN JUBU30p OYeHb OOWJIEH U He
MOZKeT OBITH IpPEJICTaBJICH B BHJAE CYMMBI JIBYX OOUJIBHBIX JUBH30POB.
OnHako, /1T HAIIUX Tiesieil YTBep:KIeHHsT JIOCTATOYHO.

101



Haustmaue npsimoit 1103B0J1sieT HPUMEHUTH CJIELYIONLYI0 KOHCTPYKIIHIO.
Hycte X = Xy, o C P9*! — aHTHKAHOHMYECKH BJIOKEHHOE MHOT0OGDa-
sue @ano u nycrb | C X — npamaga. Yepes |H — 2I| mbl Gymem 060-
3HAYATh JIMHEHHYIO CHCTEMY THIEePIJIOCKUX CedeHuil 0coObhIX BHAOJb .
Panuonanbaoe orobpazkeHue, 3aJaHHOI 3TO# JHUHEHIHON cHcTeMoil Ha-
3pIBaeTCs d6otiHnot npoexyuet us npamotl.

8.3. TEOPEMA (B. A. Nckoecknx). ITyemo X = Xpy o C P9TL
g > T — GHMUKGHORUYECKY BA0IACEHHOE MPETMEPHOE MHo2000pasue Pa-
no ¢ Pic(X) = Z - H, ede H = —Kx. Ilpednonroscum, wmo na X cy-
wecmsyem npamas. Toeda dsotinas npoexuyua us | omobpasncaem X na
nodmmozoobpasue Y C PI~6:

(8.3.1) U= o : X ————- > Y C Pl

Ipu smom omobpasicenue ¥ u pazdymue o : X = X npamoti | exarona-
tomes 6 aunk Caprucosa ([7.2.2]).

Janee, nyemv E = o (1) — uckamouumervrodi dusuzop, nycmo
E C X — cobemsennud npoobpas E, nyemv M — obusvhas 0bpasy-
rowan Pic(Y) ~ Z u nyemv M = ¢o*M. Toeda M ~ —Kgx — E u daa
IKCMPEMANADHOZO CMAZUBAHUA O UMEET, MECTNO 00HG U3 CALOYIOUWUL 603~
MoorcHocmed:

i) g=T7,Y =Pl uyp: X — P' — paceavenue wa noseprrocmu
deav lleuyo cmenenu 5;
i) g=8, YV ~P? up: X — P?2 — cmandapmmoe paccaoerue na
KoHuKy ¢ Juckpumunarmuot xpucoti A C P? cmenenu 5;
(iii) g € {9, 10, 12} u 6 amom cayuae moppusm ¢ : X — Y 6upa-
YUOHGNEH, CMAUBAeM JUBU3OD

Fr~o(—Kg)— (6+1)E,

2de 6 = 3,2, 1 npug=29, 10, 12, coomsemecmeenno, u A6-
AAEMCA Padodymuem 1eocoboti nenpusodumoti kpusot 4 C Y.

Ipuuvem:

(a) ecau g =9, mo Y ~P3, Z C P — neeunepassrunmune-
ckas Kpusas poda 3 u cmenenu T, Aescaulan ma Kybue-
cxoti noseprrocmu Fy = o(E);

(b) ecau g = 10, mo Y = Q C P* — neocobas xeadpuxa,
Z CY — xpusas poda 2 u cmenenu 7, AEHCAULAA HA NO-
seprrocmu Fy = o(F) cmenenu 4;

(¢) ecau g = 12, mo Y = Ys; C P® — mmnoeoobpasue deav
IHeuuyo cmenenu 5, Z CY — HOPMAAOGHAA DAYUOHAAOHAA
KPUSAA CMENEHY 5, NeAHCAULAA HA 2UNEPTLAOCKOM CEYEHUU
F5 = o(E).
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Bupayuonasvnoe omobpasicenue W1 Y --» X, obpam-
Hoe K deolinoli npoexuyuu, 3adaemcs AUHEGHOT cucmemot
[(20 + 1)M —2Z]|.

B wacmnocmu, g(X) <12 u g(X) # 11.

8.3.2. 3AMEYAHUE. B yc/oBHAX DyHKTa TEOPEMBI mapa
(Y D Z) onnosnauno oupegessier (X D 1). B wacrnocru, maoroobpasue
X opnosznauno BoccTaHapauBaercs 10 (Y D Z). Ilpu arom pasiamdnbie
BJIOZKEeHHSI KPUBOHt Z B Y MOryT 3ajaBarTb Hen30MOpdHbIE MHOI0OOpa-
3ug @ano X, TakzKe Kak Mpu pas3udHbIX Bhibopax mpsamoii [ B X MoryT
[OJIy9aThCd IPOEKTUBHO HEdKBUBaJeHTHBIE KpuBbie Z C Y. OnHaxo,
cJe/lyeT 3aMeTUTh, UYTO KPUBas Z € TOYHOCTBHIO JI0 aOCTPAKTHOTO H30-
Mopdu3Ma OJHO3HAYHO BOCCTAHABIUBAETCA IO MHOrooOpasuio X. ITo
caenyer u3 TeopeMbl Topesutn Jjis KPUBBIX W TOTO, YTO SKOOMAH KPH-
BOIl Z, KaK TJIABHOIOJISIPHU30BAHHOE abeIeBO MHOT000pa3ne, M30MOPQeH
npomexyrodnomy sikobuany X (cm. [11]):

WZ) = NZ) @ IY) = I(X) ~ J(X) ~ J(X) @ I() =~ I(X).

8.3.3. CJIEACTBME. [lycmv X — mmnozoobpasue Pano ¢ 1(X) =1 u
p(X) = 1. Hpednoaoorcum, wmo na X cywecmsyem npamas. Toz2da das
g(X) > 8 monosozuveckas 3Uieposa TaPaKMEPUCTIUKG Xiop(X ) npunu-
MAEm CACOYIOULUE 3HAMEHUA:

8(X) H 8 \9 \ 10 \ 12
Xtop (X) H —6 ‘ —2 ‘ 0 ‘ 4

HTOKABATEJILCTBO. Pacemorpum, Hampumep, caydait g > 9. Kon-
crpykimst dbyonos (cM. J10Ka3aTe beTBO TeopeMbl (14.8.6) mokasbiBaer,
970 xtop(f( ) = Xtop(X). Iosib3ysich napamerpamu Kpusoit Z B
IOJTy 9aeM

XtOP(Y) + XtOp(Z) = Xtop(X) = Xtop(X> = Xtop(X) + Xtop(l)' O

8.3.4. CJIEACTBUE. Ilycmv X — mmozoobpasue DPano ¢ (X)) =1 u
p(X) = 1. IIpednonoscum, wmo na X cywecmsyem npamaa. Tozda npu
g(X) =7 ug(X) > 9 mnozo06pasue X paruoraivHo.

PannonabHOCTD TpexmepHbsix MHOrooOpasuit Pano poga g(X) =7
u g(X) > 9 Ha| HE3AMKHY THIMU HOJISIMU — YK€ COBCEM HETPUBUAJILHbII
Borpoc (cm.[40]).

*ITozaHee B TepeMme OyleT JOKa3aHO, UTO ImpH g = 8 MHOroobpasme X
OHpPAIMOHAILHO SKBUBAJCHTHO HEO0CO60H TpexMepHoil Kybuke B P4 u mosromy mepa-

IMAOHAJIBHO.
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JTOKABATEJBCTBO. [Ipu g =9, 10 u 12 yrBepxkjienue 04eBUIHbIM
00pa30M BHITEKAeT U3 W CJICICTBUS [Ipu g = 7 pammo-
HAIBHOCTD X CJAeyeT U3 TOrO, 4TO CJOHR )_(,7 HaJ|, o01Ieil TOYKOM 1) € P!
SIBJISIETCS HEOCODOM TOBEPXHOCTHIO J1eJih [lertno crenenn 5 HaI 1OJIeM pa-

nuonabubx gyukmuit C(P!) u rakue nosepxuocru C(P!)-panuonaabhbl
[89], [96]. O

8.3.5. CJIEACTBUE. B ycaosusx meopemol omobpadicenue X u3
duaepammos (7.2.2) we asasemes usomoppusmom, a X He A6AAEMCH
MHo02000pazuem Daro.

8.3.6. CIEACTBUE. [Tycmv X — mmnozoobpaszue Pano ¢ 1(X) = 1,
P(X)=1ug(X)>T7unyemol C X — npamas ¢ HOPMANLHOM NYYKOM

J%/X ~ ﬁpl D ﬁpl(—l)

(em. (8.5.1). Toeda na X cywecmsyem npamas, nepecexarousas l.

JlokazaTebcTBa CaeCTBHI u Oy/leT MaHO B KOHIIE pa3-
Jiesta.

Jlnd oKa3aTeIbeTBa TeOPeMbl HaM MOHA00ATCH CBEJCHHS O
cxeme ['mnpbepra npsMbIX Ha MHOroobpasusx Pano.

8.4. Cxema I'mabbepra npambix. [Ipemmonoxxmm, 910 Ha MHOTO-
obpasuun X C PV cymecrByer xoTa 661 onHa npamad. CormacHo TeopHn
cxeMm ['mipbepTa, ceMeiicTBO BCeX MpsSIMBIX Ha X MapaMeTpPH30BaHO HEKO-
Topoii mpoektuBHOit cxemoii F; = Fq(X) — 910 cxema, napamerpusyio-
mast 3AMKHYTHIe mojcxeMbl B X ¢ MHOTOUIeHOM ['minbepra X(t) = ¢+ 1.
Tak kaxk X C PN, 10 Fi(X) peammsyerca kak 3aMKHyTas HOICXEMa,
rpaccmanmana Gr(2, N + 1) npaverx 5 PV,

8.5. [IPEIVIOXKEHUE. [Tyemv X = Xo, o C P9t — anmuranonu-
wecku ea00cennoe mHozoobpasue Pano undexca t =1 cp(X)=1,9g>5
u nyemo | C X — npamaa wa X. Umerom mecmo caedyrouwue ymeep-
2HCOEHUA.

(i) Yepes | moorcro nposecmu Heocoboe 2unepniockoe ceveHue.
(ii) Jas nopmanvnozo nywka N)x UMeNOMCA MOALKO cAeyrousue
d8e 803MOHCHOCTIU:

Opr @ Op1(—1) mun (0, —1),

(8.5.1) Nyx = Op1(1) ® Op1(—2) mun (1,—2).

(iii) JTwbas xomnonenma cxemor Fq odnomepna. Ecau [l] € Fp —
mouka, coomeememeyrowas npamoti | C X, mo [l] € Fy neoco-
6a mozda u moavko mozda, xozda N;x umeem mun (0, —1).

(iv) Yepes arobyio mouky P € X npoxodum ne Goaee Korewnozo
YWUCAL NPAMBLL.

104



JIOKABATEJBCTBO. HamnoMmuum, 4To 1ipu ¢ > 5 aHTUKAHOHUYECKU it
JIMBU30D OYeHb 001jIeH, a 00pa3 COOTBETCTBYIOIIETO BJIOYKEHUS SBJISETCS

nepecedenneM Keaapuk (cm. Teopemy [6.6).
VrBepikIeHne TOKA3BIBACTCS, AHAJOTHYHO  TIpe JTOvKe-

HHIO IOJCYETOM MapaMeTPOB: THIEPIUIOCKHE CedeHHd,
npoxoidnue depes | 00pasyoT IOAIPOCTPAHCTBO KOPA3MEPHOCTH 2 B
(P9+1)*. Ocobble B HEKOTOPO# TOUKe | THIEPILIOCKHE CEYeHHs 06pa3yioT
OJIMHOT000pa3ne KOpasMepHOCTH > 3.

VTBep:KIeHne TaKzKe aHaJOTHYHO TPeII0KEeHHIO :
umeeM pasisozkenue Ay = Opi(a) + Opi(b). danee Ay npencraniis-
€TCsd B BHUJE PACIIUPEHUS

0 —— My —— Nyx —— Nu/xli —— 0,

rae /x| = Opi(1). Tax xax H — nosepxuocts tuna K3 n il C H —
Heocobast KpuBast poja Hyib, 10 Ay = Op(—2). Orcoona a +b = —1.
Tak xkak h'(A7x) <h%(Ag/x|1) =2, 10 a, b < 1.

JToKazKkeM Corsacno Teopun gedopmanuii (cm. [35, reopemsr 2.8
u 2.15|), B s06oit Touke [l € Fy umeem

dimy Fy > h%(Ayx) — bl (Ayx) = 1.

Bouee Toro, ecin A7, x umeer tum (0, —1), to h%( A x) = 1uh! (A x) =
0. B arom ciryaae cxema Fy Heocoba B coorBercrBytomeit Touke [[| 1 ume-
er pasmepnocrs 1. Ecin A]/x umeer tun (1,—2), To h%(A]/x) = 2 n
h'(A7/x) = 1. B srom ciaydae dim T p, = 2 1 IMEIOTCS JBE BO3MOKHO-
CTH:

(a) dimp(Fy) = 1, cxema Fy umeer B Touke [I] ocobennocts (min
He MPUBEJICHA);
(b) dimp(F;) = 2 u cxema F; neocoba B Touke [[].

[Iycrs F| C F; — menpmsogumvas kommonenrta. Paccmorpum ymusep-
cabHOe cemeiicTBo npambix U — F| u nmarpammy

ul
N
F X

re p — coorsercriyiomee P-paccaoenue u g, : p~ ! ([l]) — | € X — Tas-
TOJIOTHYeCKOe oToOpazkenue st joboit Toukn [[| € Fy. Tpexnomoxum,
9TO BBIIOJIHSIETCS YCIOBHE Tak kak dim(F}) = 2, o dim({') =3 u
dim ¢(') = 2 wmu 3. Ecom dim g(4') = 3, 1o q(U') = X u orobpazkenue
q : Y — X xoneuno B obmieii Touke. Ho 310 HeosmoxkHO. leiicTBu-
TEJBHO, JJIs M1000# Touky [I] € Fy Mbl mMeeM ecTecTBEHHBIH MOphU3M
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HOPpMaJIbHBIX I1Y4YKOB
dg : r/%/ﬂ/ ~ Opr ® Opr —> ,/%/X ~ ﬁ]pl(l) ) ﬁpl(—Q).

Tak kak Hom(Op1, Op1(—2)) = 0, o romomopdusm dg nveer B Kazk-
Joit Touke [l] € Sy mo KpaifHeii Mepe OJHOMEDHOE SIIPO. DTO 03HAUYALT,
qT0o O0Ias npamas [ COJEP:KUTCA B MHOYKECTBE BEeTBJIEHUS MopdusMa
q: 4 — X, 9T0 HEBO3MOKHO (37€Ch UCIOAB3YETCS MPEITON0KEHHE O
HYJIEBOH XapaKTePUCTUKE OCHOBHOTO TOJIs).

Crenoaresbio, ¢(4') — mosepxnocThb. 110 KOHCTPYKIMEA OHA COIEP-
JKUT JIByMEPHOE CeMeicTBO NpsaMbIX. Ho U3 Beex HENpPUBOJIMMBIX MTPOEK-
THBHBIX IIOBEPXHOCTEH 3TUM CBOHCTBOM 06.1a1aeT TOJLKO ILIOCKOCTh P2
(3amaua [1)). Ilo ycaosuio rpynna Pic(X) mopozaercs Kaaccom ruiep-
wIockoro ceuenus. [loaromy, B gacTHocT, X HE COJAEPKUT ILJIOCKOCTEMH
U, CJAeA0BaTeJIbHO, CJIyYail I@] B Hallleil cuTyauuu He peajiu3yercd.

Hakorer 3ametnm, 94To [(iv)| HOJHOCTBIO AHATOTHYHO JOKA3ATEIBCTBY

IIYHKTA Hpe,ZLJIO)KeHI/IH 3.5.1L U

8.6. OBOBHAYEHUS. Ilycts X = Xy, o C P9+t — aHTHKAHOHUYECKH
BjaOkeHHOe Muoroobpazue @amno ungexca 1 poga g > 5. [Homoxum H :=
— K x. Takum ob6pazom, Pic(X) = Z- H. Ilycts | C X — npsimast u mycrh
c: X — X — pasgyrue . llycrs E := ¢ '(I) — HCKIIOYHTETBHELH
nuBH30p U nycth H* := 0*H, tne H ~ —Kx — KJacc TUNEPILIOCKOTO
cederust X. Ormerum, yro E ~ Fy uwan F3 (em. (8.5.1))).

Crauajaa MBI H3yINM OTOOparkeHne, 3aIaHHOe JTHHEHHOW CUCTeMOi
_ k
|~Kg|=|H* — E|.

8.6.1. JIEMMA. B obosnauenuas umeem,

B = 1,

K3 = 20—6

(8.6.2) X 9"
(-Kg)? E = 3,
Ky B = -2

JIOKABATEJBCTBO. JlokazarejbCcrBo cjejyer u3 Toro, uro —K g =
H* — E, (H*)? = H* =29 — 2 u dopmy.r (1.9.3). O

8.7. OBO3HAYEHUS. [lycTh
w:(b\H—H X - > X, C]ngl

— mpoekiys u3 npsamoit [, tae X, = (X). Pacemorpusm waynupoBan-
ubtii Mopusm ¢ = g X — X, C P91
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8.7.1. JIEMMA. B obosnauenuax U UMENM MECTO CAedY10-
wue YymeepircoeHu.

(i)
X +2Y  ecau AN x umeem mun (0,—1),

—Kxle = X +3T  ecau N x umeem mun (1,—2),

2de X, T — KAaccol UCKAIOUUMEADHO20 CEUYEHUA U CAOA PAUUO-
HaAbHOT Auretd amot noseprHocmuy E =TF; uau IFs.
(ii) Mopgpusm ¢ : X — X, C P97! bupavyuonaren u a0boti ez2o
HEMPUBUGNOHBET CAOT ABAAETNCA UAY CODCNEEHNBIM TPOOOPQ-
som npamoti na X, nepecexarowseti | uau, 6 cayuae, xo2da N x
umeem mun (1, —2), UCKAOUUMENLHUM CEHEHUEM Y. NOGEPT-
nocmu E ~ F3. Obpaz X, Hopmasen u ABAAEMCA MHO2000p0-
suem Dano ¢ KAHOHUYECKUMY 20PEHULMETUHOBDLMU 0CODEHHO-
CMAMIU.
(ii)) W(Op(—Ky)) <5, B(Og(—Kg —E)) > g—5.
JTOKABATEJILCTBO. YTBep:KjaeHUe JIETKO BBIBOJWTCSI W3 TOTO,
9TO
(-Kg)? E=3 n —Kg)- YT=-E-T=1
Jlns nokazaresbeTBa HAIIOMHUM, 9TO X — HepecedeHne KBa/l-
puk. Ipoekmms X --» P9°! puaynuposana samHeitHOi mpoekimeit
P9+l ——s P91 m3 [, ciom kKoTOpOit — AByMepHBIE mrockoctn 11 C P9t
npoxozsmue depe3 [. Kaxkaas kpaapuka (), mpoxosinast depes [, win
conep:kut Il mmm Beicekaer Ha Il 1omo/IHUTEIBHO K | BBIYETHYIO ITPSIMYIO
lg. Taxum obpaszoM, cJioit ¢ — 3T0 nepecedenne npaMbIX g C II o Beem
kBajipukaM @ DO X, Q 2 II. CremoBarenbno, Jiob0il cjioit mpoeknun 1
— WM TOYKA WM IIpsAMad, Tpecekaiomas [. 3HaUuT, BHe F HeTpUBHAID-
Hbl€ CJIOU CTAIMBaHuA ¢ — cOOCTBEHHbIE IPOOOpPa3bl TAKUX HPAMbIX. B
cayuae, Korja A, x umeer tun (0, —1), u3 caenyer, uro E me co-
JEPKUT CJI0EB ¢, a B caydae (1, —2) eMHCTBEHHBIH CJIOM ¢, TeKaruii B
E, — 310 uckimounresbuoe cedenune Y. [locaennee yrsepxieHue B
HoJTyJaercs U3 npeoxenus [5.6]

IlepBoe HEpaBeHCTBO B caeayer u3 [(I)} Bropoe — u3 TouHOM
II0CJIeJOBATEILHOCTH

0— HY(Ox(—Kx — E)) —— H(0x(-Ky)) —— H(Op(—Kx)),
nockombky hO(X, 05 (—K3)) = g. O
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8.8. Hauwunas ¢ 3roro mecra Mol Oyjem caurarb, 910 g > 7. Tora
dim‘—KX — E| > 1.
8.8.1. BAMEYAHUE. JIt000ii 3/1eMeHT JUHEHHON CHCTEeMBI
0.(|-Kg — E|) = o.(|H* —2E|) C |H|
HenpuBoaAuM. [103TOMY HENMOABUKHOW KOMIOHEHTOH JIMHEHHOI crucTeMbl
|— K ¢ — E| MmoxkeT OBITH TONBKO HCKIIOYHTebHEL uBu30p F. Sanuiem
(8.8.2) |-K¢ —E|=(m—1)E+|-Kz —mE], m > 1,
rae |—K ¢ —mE| e IMeeT HEIOABUKHBIX KOMIOHEHT H
dim|-K4 —mE|=dim|-K3 — E| > 0.
[Ipu sTom Jr06oit anement D € |—Kg¢ — mE| nenpusogum. Ha camom
JleJie, U3 HAIMUX BBIYUCIEHUN HUZXKe OyIeT CJiejioBaTh, 4To m = 1.
8.8.3. CJIEACTBUE. Moppusm ¢ ne cmazusaem ousu3opos.
JIOKABATEJBCTBO. /leiictBurensro, ecan C' — KpuBasi B CJI0€ MOP-
dbmzma ¢, o (H*—FE)-C=K;-C =0. Tak kak H*-C' > 0,170 E-C > 0
n (—Kg —mkE)-C < 0. osromy kpusast C' coaep:KuTcst B 6a3uCHOM
MHOKeCTBe JinHelinoii cucremsl |—K ¢ —mE)|, rae m 3a1aercs ycaoBuem

(8.8.2). Taxk kak |—K 4 — mE| ne uMeer HEHOABHKHBIX KOMIIOHEHT, TO
Bs|—K; — mE| ne conepKuT AUBH30POB. O

8.8.4. CJIEACTBUE. Jhobyto npamyro | na X nepecexaem e bonee
KOHEUH020 YUCAG OPY2UT NPAMDIT.

JLOKABATEJILCTBO. lelicTBUTEILHO, COOCTBEHHBIE IIPOOOPA3BI Ta-
KHX NPSMBIX CTATHBAIOTCS MOpdu3MoM ¢. Ecau onu obpasyior cemeii-
CTBO, TO ¢ CTSATUBAET JTUBU30P. O

8.9. CoruacHo Jemme U CJIEJCTBUIO Mbl MOKEM

IPUMEHUTHh KOHCTPYKIuio Jmaka CapkucoBa u3 pasfiena c C =1
Eciu muusop —K g fBIIsteTcst OGMILHBIM, TO Ha X CYIIECTBYET BTOPOE
IKCTPeMATIbHOE CTATHBAHEE ¢ : X — Y (OTIMYHOe OT 0°) I MBI IIOJTY9HM
muarpammy  ((7.2.3)). Ecm ke aususop —K g He sBAsieTCsT OOUITBHBIM,
TO 110 Teope cymecrsyer guon x : X --» X n Mbl MOKEM
BKJIIOMHTH Halll oToOpaskenus B guarpavmy (7.2.2)).

Haitiem Bo3MoxKHOCTH a5 crarmsanusa Mopu ¢ : X — Y akcrpe-
mastbHoro syda Ry, Hanmomuuwm obosnadenns. Yepes £ vbl oGo3Hauaem
cobeTBeHHbIH mpoobpas musmsopa F ma X, M — obmwibHas obpasyio-
mast rpynnsl Pic(Y) ~ Z, a M := ¢*M. Ecim ¢ — GupamuonaibHoe
cTATHBaHUe, TO depe3 F 0603HAYACTCA ero HCKIIOUHTENbHBI JUBI30D.
s equHo00pass, MBI TAK¥Ke MOI0zKuM F = M, ecin cTarupanue o —
PACCJIOEHHOTO THIIA.

3 semMbr HOJIyIaeM CIeIyIonee
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8.9.1. CIEACTBUE. 3anuwem F ~ a(—Kx) — bE. Toeda a, b € Z
u b > ma > 0, 2de m 3adaemcs yceaosuem (8.8.2)). Boaee moeo, ecau
CMALUBAGHUE © OUPAUUOHAALHO, Mo b > ma.

JIOKABATEJILCTBO. Tak Kak auBu3op o, o X, ' (F) = a(—Kx) 3d-
dbexrupen, aro a > 0. Tax kak x; ' (F) # E (em. aevmy [7.6), To a > 0.
113 remmbI u 3amevanus [8.8.1]cieayer, uro kiacc quBusopa —K g —
mE apnsercsd BHITYKJIOH JuHeinol kombunanueit F' ~ a(—Kg) — bE u

E. Orciona b > ma. Ecm b = ma, o F ~ a(—Kx — mE). TlockonbKy
dim|-K¢ — E| > 1, 10 craruBamme ¢ He MOXKeT ObITH OHPAIHOHATL-
HBIM. U

O6oznaunm 4epes p = W(R,) amuny skcrpemanproro syda R,

(v, (1T5.3)).

8.9.2. JIEMMA. Ecaupu=1, mo M ~ —-Kg — E.

JIOKABATENBCTBO. Jluneiinas cucrema |—Kx — mE| nmeer noso-
JKUTEJbHYIO pa3sMepHOCTh u Ji0boii ausnzop D € |—K g — mE| wenpn-
BoauM (cM. 3amevanue 8.8.1). IlosTomy on HeoTpunarenen Ha suyde R,.
Honowum D = x;1(D). Torna D € |[-Kg —mE| = [H" — (m+1)E|.

Ecmu Exc(¢) =@, 10 X = X u

DR, = (H"— (m+1)E)-R, > 0.
Ecan xe Exc(¢) # &, o
D-Rj=—-D-Ryg=(m+1)E-Ry >0,

rie Ry — sKcTpeMasbHBIH JIyd, HOPOZKIEHHBIN KPUBBIMA B CJI0SX 6.
Buauur, auBu3op D uunciaenno sbdexrusen (cM. puc. crp. [93)).
g MUHUMa/IbHON palnoHasIbHON KpuBoil £ 1yda R, umeem

0<(-Kgx—mE)-{=1-—mE -/,
e E-0>0.Orcionam=E-{=1u(-Kgx—FE)-{=0,1e. —-K3x—F

— OHOPHBLIH AUBU30D JJid Jyda R, O
I/IS JEMMBbI YYUTHIBad TTOJIyYuM
—-K _:;’—( = 2g9—6,
(8.9.3) (-Kg)*-E = 3,
Ky B = -2

8.9.4. JIEMMA. Jlyu R, ne mooicem Ovims muna Ba-Bs.

JTOKABATEIBLCTBO. IIpe/mnoioxKum, 9ro ¢ crarusaer qusu3op F B

Trouky. Kak u B cieacTun samameM F ~ a(—Kg)—bE. s (7.7.3)

cJjieayer, 4To
F-(—Kg)*+3b= (29 —6)a=3b+k, k=1,2, 4.
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C apyroil cTopoHbl, Tak Kak JuHefinast cucrema |— Ky — mFE| He umeer
HEIOJBUKHBIX KOMIIOHEHT, a |—K 5| He uMeer Ga3suCHBIX TOYEK, TO

0<(-Kgx—mE)-F-(-Kxg) = (29 — 6)a — 3b — 3am — 2bm.
Orcrona
3b+4>3b+ k= (29 —6)a > 3b+ 3am + 2bm.

Tak kak a, b, m > 1 (crenctsue [8.9.1), To mocsieHee HEPABEHCTBO JaeT
HaM [POTHBOPEYHE. U

8.9.5. JIEMMA. Ecau ay+ Ry, muna D, mo umeem mecmo cayuad
meopembl u cmazueanue ¢ : X — Y = P! sadaemca aunetinot
cucmemoti |—K g — E|.

JIOKABATEJBLCTBO. Ilycth d — crenenb oOIIEro CJ0s PacC/IOeHus
Ha noBepxHocTHu Jiesb [lermo ¢ : X — Y ~ P'. Cornacuo aemme 7.9,
nmeem M ~ a(—Kg) — wE, tae a > 0. Hanmomumu (cm. Teopemy [14.7),
gro 1 < u < 3. Bosiee toro, 1 <d < T7mpupu=1,d=8npupu=2mu
d=9 upu n=3.

Coornomtenus 3aIMCHIBAIOTCS B BUJIE

(8.9.6) d = (—Kg)* M = (29 —6)a — 3y,

(8.9.7) 0 = (—Kg)-M?*= (29— 6)a* — 6ap — 21>

HanmomuuMm, uro ¢ > 7 mo HameMmy mpejnosoxKenuwoo. /3 ypaBaerus
(8.9.7) cremyer, uto pu? = 0 mod a. Eciu p = 1, To mo semme
uMeeM a = 1 u torna g =7 u d =5, Te. 510 B Tounoctu caydait [8.3(|(1)
Ecaun u = 2, to d = 8 u u3 ypasuenus (8.9.6) moayqgaem (g — 3)a = 7,
a =1, g = 10. Do uporusopeunt (8.9.7). Haxonen, ecin p = 3, 10
d = 9 u u3 ypasuenus (8.9.6) nonyuaem (¢ —3)a =9, a =1, g = 12.
D10 Takxke nporuBopednt (8.9.7)). O

8.9.8. IEMMA. Ecau ayu Ry, muna C, mo umeem mecmo cayuati

meopemol u cmazueanue ¢ : X — Y = P? zadaemcsa aunetinot
cucmemoti |—K g — EI.

JIOKABATEJBCTBO. Ilycts A — auckpuMuHAHTHAS KPUBAS PACCIO-
enns Ha KOoEUKH @ : X — Y ~ P2 u nyers d := deg A. Kak n Boimme,
COTJIACHO JIeMMe nmeeM M ~ a(—Kg) — wE. Hanommum (cM. Teo-
pemy [14.7), uro 1 < p < 2. Boaee roro, d > 3npu p=1ud =0 (re.
A = &) npu p = 2. CooTHOmEHNS 3AIUCBIBAIOTCA B BHJIE

12—d = (-Kg)*-F = (29 —6)a — 3y,
2 = (—=Kg)-F?= (29 —6)a® — 6ap — 21°.

Ecou p = 1, To mo semme [8.9.2l umeem a = 1 w Torna g = 8 u d = 5.
Ionyuaem cayuaii [8.3][(ii)] Ecom xe p = 2, ro d = 0 u nepsoe ypasHenue
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jgaer HaMm (g — 3)a = 9, a = 1, g = 12. D10 HUPOTUBOPEUUT BTOPOMY
yYPaBHEHUIO. Il

8.9.9. JIEMMA. Ecau ayw R, muna Bi, mo umeem mecmo odun u3
caywaes |(iii)(a)), |(ii1)(b), |[(iii)(c)| meopemov U BLINOAHEHB, CAEDYHO-
Wue COOMHOWEHUA

(8.9.10) M~—-Kg—E,  F~(@-1)(-Kg)—1E,

ede L =4, 3, 2 6 cayuaaz |(iii)(a)), |(ii1)(b), [(iii)(c), coomsemcemsento.

JTOKABATEILCTBO. Ipemnosoxum, uro ¢ : X — Y — Guparmo-
HaJBHOE CTATHBaHMe AuBH30pa F Ha xpusyto Z. Torma Y — (Heocoboe)
muoroobpasue @ano nngekca ¢ = ((Y). VI3 nemm u 10JTy Ia-
1orest coornonrenus (8.9.10), mpuaem ¢ > 1. /Taee, cooTHOMEHUS

B HallleM CJIy4a€ HUMeEIOT BH

(-Kx — E)?- (—Kg) =1-d(Y),

(—Kx = E)- ((t = 1)(-Kx) —E) - (-Kx) = deg Z,
=2

((t = D(~Kx) —E)* - (-Kx) = 2g(Z) — 2.
Vanrisas (8.6.9), nomym
(8.9.11) (29— 6) — 8 = - d(Y),
(8.9.12) (29 —6)(t— 1) — 8.+ 3 = deg Z,
(8.9.13) (29 —6)(t —1)* —6(t — 1)t — 2.* = 2g(Z) — 2.

Ecmn ¢ = 2, ro m3 (8.9.11) u (8.9.13) crenyer, uto g — 7 = d(Y) u
g—12 =g(Z) > 0. Orciona g = 12 u g(Z) = 0 nockospky d(Y) < 5
(reopema [3.6)). IToyuaem eqUMHCTBEHIYIO BO3MOKHOCTD

[Tycrs ¢ = 3. Torma Y — xBagpuka B P* (Teopema [1.8.1). B uwacr-
wocru, d(Y) = 2. Torna u3 Oy 9aeM €JIMHCTBEHHY IO BO3MOZK-
Hocrb g = 10, a u3 (8.9.12) u (8.9.13)) BbIumMCIIsIeM napaMerpbl KPUBOIi
Z:g(Z)=2mundegZ =7. 10 cayuait

Haxkomern, nycrs ¢ = 4. Torga Y ~ P? (teopema . B wactHocTn,
d(Y) = 1. Torga u3 (8.9.11) mosyuaem equHCTBEHHYIO BO3MOXKHOCTD
g=29,an3 (8.9.12) u (8.9.13) BoruncsemM mapaMerpsl KpuBoil Z: g(Z) =
3udegZ = 7. Jro cayuait [8.3[(ii])(a)] Ocramocs moxasars, 4To B
9TOM CJIyYae KpuBas Z He SBISETCs THMEPNLIHNTHICCKON. [IocKonbKy
JMHefiHas cucremMa

YAM — Z| = |p"(=Ky) = F| = |- Kx| = 0"|-Kx,|
He mMeeT DA3UCHBIX TOUEeK, TO KpuBad Z C P? apidercd mepecedennem

KBapTHK. B acTHOCTH, OHA He MMeeT b-cekymux. /lamee yTBepKIeHMe
cJielyeT u3 JIeMMBl HUZKE. U
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8.9.14. JIEMMA. ITyecmv Z C P? — neocobas xpusas poda 3 u cme-
nenu 7. Tozda Z umeem H-cexywyro mozda u moavko mozda, Ko2da oHa
ABAAEMNCA 2UNEPINAUNMUYECKOT.

JTOKABATEJILCTBO. Ecnm Z umeer H-cexkymiyio L, TO MPOeKIus 13
Hee 3a/laeT IMIeP3JLIMIITHYeCKUH sl gs Ha 2.

OO6paTHO, TPEANOI0KAM, ITO HA /4 UMEETCs THIeDPIJLIHITAIeCKHIT
pan gi. Tlyers D — rumeprmiockoe cedenue kpupoit Z. ITo Teopeme
Pumana-Poxa dim|D| = 4. Crenosarenbno, Z C P? gpnserca npoek-
nueit Z C P* uz rouxu O € P*\ Z. Tonoxkum D' := D — gl. Torua
deg D' = 5 u dim|D — D'| = 1. CrnenoBarenbno, auHeiinas 000J04Ka
KasKJI0r0 JUBU30pa U3 JUHEHHOH cucrembl |D'| — 5-cekyinas mIOCKOCThb
IT C P* kxpusoit Z C P*. Cnosa 1o Teopeme Pumana-Poxa dim |D'| = 2.
3HaunuT, TaKue H-ceKyIlne IIOCKOCTH 3aMeTaloT Bee IpocTpaHcTBo P* u
touka O momajaer Ha ojaHy u3 Takux miockocreit II C P*. Torna 06-
pa3 Il opu npoexkiun u3 O Oymer H-ceKyleil npsaMOil K Halmei KpPuBOit
Z C 3. O

JIOKABATEJIbCTBO TEOPEMBI [8:3] CymecrBoBanne jmHKA
JIOKa3aHO B [lo memve [8.9.4] crarnBanme ¢ He MOXKeT OBITH TH-
na Bo-Bs. Econ craruBanme ¢ umeer Tun D, o mo semme [8.9.5] mbr
nosrydaem ciaydait [8.3|[()] Ecin crarusanne ¢ umeer tun C, 10 10 J1eM-
Me Mbl nosyuaem caydail [8.3[(i)] Hakomen, ecan crsrmpanme
¢ mMmeer tun By, To mo semme MBI HOJY9aeM OJTUH U3 CJIyda-
es |(iii)(a)l [Giii)(b)l [Gii)(c)l Hycrs H — cobersennsiii npooGpas aubu-
sopa H na X. Torna —Ky = H — E u u3 (8.9.10) mecnoxno moayunts

H~ (20— DM —2F, E~(i—1)M—F.

Otciona cienyer, 4ro orobpaxkenue Y --» X 3ajaercd JUHEHHOH cH-
cremoit |(20 — 1)M — 2Z|. 910 n0Ka3BIBaeT MOCICAHHE YTBEPIKICHUS

B (i) () [()(b)f - [(iii) ()} m

JIOKABATEJBCTBO CJEACTBUM [8.3.5| 1 [8.3.6, B mpemmosoxke-
HUAX CJICICTBAA I/ICKJHO‘{I/ITGJIBHOG MHOZKecTBO Exc(¢) crarupanus
¢ COCTOUT B TOYHOCTH U3 COOCTBEHHBIX TPOOOPA3OB IMPSAMBIX, IEpe-
cekatorux [ (cMm. JiemMmy . [Tosromy st jgoKazaTe/bCTBa,
YTBEPKIEHUIl TOCTATOYHO YCTAHOBUTH HEIYCTOTY MHOXKecTBa Exc().
[IpocTeiiimue BEIYHCICHAA MOKa3bIBatoT, 9To gedext def(V) := E3 — B3
JTAHKA crporo mosoxurenen (cM. samady  [B). BmadwmT, y
He siBysieTcss u3oMopdu3MOM U MHOKecTBO Exc(¢) HemycTo (oM.

upetoxenne [7.4). O
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3AJAYN. 1. Iycrs S € PY — (neobsizarennno meocobast)

HEIPUBO/MMAsI MOBEPXHOCTD, COJEPZKAIIAsT IBYMEDHOE CeMeii-
CTBO TpaAMBIX. JloKaxkuTe, 910 S — IIOCKOCTb.

JlokaxkuTe, 4TO HA AHTHKAHOHUYECKHU BJIOYKEHHOM MHOT0OODa-
sum @ano X = Xy, o C P9'! ¢ Pic(X) ~ Z - Kx obwyro
IpSMYIO ITepecekaeT He 0oJiee KOHeIHOTO YHCJIa MPIMBIX.
[Iyets X = X590 C P% — nmepecedenne Tpex kpaiapuk. [IycThb
[ C X — npamag. IIpeamnoroxKuM, 4To IpsaMyIo | mepecekaeT He
6oJ1ee KOHETHOrO YMCIa ApYyruX OpsaMbeix B X . JlokaxknuTe, 9T0
cymectByer juak Capkucosa HEeHTPOM [ u 1pu 3TOM
Y ~ P?, a ¢ — paccioenne Ha KOHHKH. BBIYHCJIUTE CTEICHD
JUCKPUMUHAHTHON KPUBOI.

[Tycts X = X9 C P" — anTHKAHOHWYECKH BIOKEHHOE MHOTO-
obpaszne Qano ¢ 1(X) =1, p(X)=1ug(X)=06.Iycrs | C X
— npaMagd. [Ipeanonokum, 9To NpaMyIo [ mepecekaer He 0oJiee
KOHEYHOrO YHCIa APYruxX npsaMbix B X . JlokazxkuTte, 9T0 CyIie-
crByer quHK CapKucoBa HeHTpoM [ U 1pu 3ToM Y —
cuoBa muoroobpaszue @ano 1(Y)=1,p(Y)=1,g(Y)=6,a ¢
— pasayrue npamMoi.

Borauciure gedext def (V) := E3 — E3 munka B TEope-
Me U JIOKAXKUTE, ITO OH CTPOTO MOJOKUTEIEH.  YKa3aHue:
Brrunciure M3 = (—Kg — E)? asyms criocobamu.

JokaxknTe yrBep:Kaenue cienctsus [8.3.0] qia caydas poja
g(X) > 4.
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9. Muoroob6pazusa ®ano ¢ auncaom Ilukapa 1, I1

9.1. Cxema I'manGepra komuk. IIycte X = Xy, o C P9F1 —
AHTUKAHOHUYECKN BJIOXKeHHOe MHorooOpasme Pano wHiaexkca . = 1 ¢
p(X) =1,g > 5unycrs H — Kaacc TRIEPIIOCKOTO cedennst. [1pennosro-
JKHAM, 9TO Ha X CYIIECTBYeT XOTd Obl OJIHA KOHI/IKa. [Iycrs Fy = Fy(X)
— cxema ['mnnbepra KoHHK Ha X, T.e. cxeMa, IapaMeTpH3YIOIas 3a-
MKHYTBIe TIojicXeMbl B X ¢ Muorowrenom ['nianbepra x(t) = 2t + 1.

9.2. IIPEJJIOXKEHUE. [Tyems X = X, o C P9 — anmuranonu-
wecku eaoncennoe mHozoobpasue Pano undexca © = 1 ¢ p(X) = 1 u
g > 5. Ilpednoaostcum, wmo na X cyuwecmeyem nesuposrcOenHas KoHU-
ka. Umerom mecmo caedyrousue ymeeprcoenus.

(i) Yepes byt nesuposcdennyio konury C C X moscHo npo-
BECTNU HEOCOO0E 2UNEPNAOCKOE CEYEHUE.

(ii) Maa nopmanvrozo nyuka Ao/ x nesvposcdenrot konury C C
X umeromesa moavko mpu 803MOHCHOCTIU.

Opr © Op mun (0,0),
(9.2.1) Noyx = Opi(1) @ Opr(—1) mun (1,-1),
Op1(2) ® Op1(—2) mun (2,—2).

(Mw, omosicdecmensem C ¢ PL.)

(iii) ITyemw [C] € Fo(X) — mouka, coomsememeyowan He6upotc-
dennoti kornuke C C X. Ecau nopmanvroti nyworx Ao/x ume-
em mun (0,0) uau (1, —1), mo cxema Fa(X) neocoba 6 moure
[C] U dim[c] FQ(X) = 2.

(iv) Ecau neswpoorcdennan wonuka C' coomsememesyem docmamo-
no obwet, mouke wekomopot Komnonenmos Fy C Fo(X), mo
ona umeem mun (0,0).

(v) dim Fo(X) = 2 u arwbas xomnonenma cremo, Fo(X), codeporca-
WA HEBLIPOANCOEHNYIO KOHUKY, J8YMEPHA.

(vi) Hepes obwyro mouxy P € X npoxodum KoHewHOE YUCAO KOHUK
u npoxodum no kpalned mepe 00Ha HEGLPONCOEHHAA KOHUKG.

(vii) Obwyro (Heswposcdernyro) konuky C C X nepecexaem ne 60-
AeE KOHEUHO20 “WUCAL NPAMYIT.

(viii) IIpu g > 10 uepes npousBosbuyio mouky P € X npoxodum e
600€€ KOHEUHO0 HUCAA KOHUK.

(ix) IIpu g > 9 xaxnas konuka C C X nepecekaem e boaee Ko-
HEUH020 YUCAQ NPAMOBLL.

*Tlosnnee B cieaCTBAR MBI TIOKAXKEM, YTO KOHUKA 00S3aTEIHLHO CYIIeCTBYeT.
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9.2.2. SAMEYAHUE. B upeioxennn MBI He yTBEPXKJAeM, UYTO
obas KomnonernTa cxemsl Fo(X) neymepna (em. [(v)). B npunnune, mo-
I'yT CyIECTBOBATH KOMIIOHEHTHI Pa3MepHOCTH < 1, COCTOAIIME W3 IIpPU-
BOJAMMBIX WM HENPUBEICHHBIX KOHUK. Ha camom mese 3T0 HeBO3MOKHO
[42], nemma 2.3.4], Ho mas Hamumx 1eseil 310 He MOTPeGyeTCsl.

JHOKA3ATEJIBCTBO. oKaxkeMm . [Iycts o : X 5 X — pas3y-
Tie KoHUKH C' ¥ mycTh F — nckmountenbubiilt gusu3op. [lockoabky X
SABJIIeTCS TlepecevyeHneM KBaJIpHUK, TOo Konuka C' BbicekaeTcs Ha X JIH-
Heitnoii cucremoit |H — C| runepiiockux ceu4eHuit, poxo/dimuX Yepes
C. 3uaunt, guneiinas cucrema |0*H — E| ne uMeer Ga3uCHBIX TOUYEK.
TTo Teopeme Beprunn obummii snement H € |o*H — E| neoco6. Orpann-
Jyenwe JimHeitHol cucrembl |0*H — F| na E Tak:ke He nMeer GAa3HCHBIX
TOYEK M HE COCTABJEHO W3 ¢J10eB mpoekuun op : £ — C. CHoBa mno
Teopeme beprunu nepecevenne H N F gapisercss Heocoboit HENPUBOHU-
MO#l KpuBOii, ceuennem og @ E — C. 910 03HAUAET, 9TO OrpPAHUICHHE
oy - H — o(H) — msomopcdusm. Cremosarensuo, o(H) — meocobas
TUIEPIIOCKOe ceveHne, mpoxosiiee depes C.

JlokazaTebcTBO AHAJIOTUYHO JOKA3aTeTbCTBY MPEII0Ke-
HUA [(ii)] : mmeem pasnoxenne Ag/x = Opi(a) + Op (b). Tycrs H
— Heocoboe THIEPILIOCKoe cevuenue, mpoxojsdiiee depe3 C. Paccioenne
N¢/x TPeICTaBAACTCA B BUAE PACHINPEHUSA

0—— e/VC/H Em— t/VC/X —>e/VH/X|C E— Oa

rae Nu/x|c = Op1(2). Tak kak H — nosepxnocts tnna K3 u C C H —
Heocobast Kpusas poja Hyib, 10 Aoy = Opi(—2). Orcrona a + b = 0.
Tak kak h'(A0/x) <h° (AN x|c) =2, 10 a, b < 2.

JlokazkeM Corsacno Teopun gedpopmanuii (cm. [35, reopemsr 2.8
u 2.15]), B 060i#i Touke [C] € Fy umeem

dim[c] F2 2 ho(%/x) — hl(%/x) = 2.
Bonee Toro, ecmu myuok A¢ x mmeer tun (0,0) wmm (1, —1), To
h(Ae)x) = 2, h'(A¢)x) = 0.

B stom ciaygae cxema Fo neocoba B coorsercrByiomieii Touke [C] u umeer
PasMepHOCTD 2. DTO, B YACTHOCTH, JIOKA3BIBAET
Ecmu ¢ x mmeer Tun (2, —2), To

hO(JVC/X) =3, hl(Jﬁ/cf/X) = 1.
B stom ciyuae dim Tic)r, = 3 m nMerOTCA JIBE BO3MOYKHOCTH:

(9.2.3) dimFy = 2, cxema Fy ocoba B touke [C7;
(9.2.4) dimi Fo = 3, cxema Fy neocoba B Touxe [C]
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[Iycrs Fy, C Fo(X) — HeupuBoaumasi KOMIIOHEHTA, COJEpzKallasi
kinacc [C] (meBbipoxkaenHoii) kouuku C. PaccMoTpuM yHEBEDCATLHOE
cemeiicTBo kKonuk U — F) u auarpammy

u/
N
F, X

Mpbi yrBepK1aeM, 4To Mmopdusm ¢ ciopbekTusen. /leiicTBuTe/ibHO, B IPO-
TugHOM ciaydae ¢(U') — mosepxuocTh, cojepxkaias (110 kpaiineit Mepe)
JIByMEpPHOE CeMeicTBO KOHMK. V3BecTHO, 94TO Takas MOBEPXHOCTDH SABJIA-
eTcst IpoeKIneil mopepxuocT Beporese (M., Hanp., [42] temma A.1.2]).
B uacrroctu, degq(U') < 4. Ilo yenosuio rpymma Pic(X) nopoxmaer-
¢ KJIACCOM THIEPILIOCKOro cedeHus. 1losromy, B yacrHocTH, X HE CO-
JIEPKUT HOBEPXHOCTEH cTenenn Menbire deM 2g — 2. CiienoBaTesbHO,
q(U') = X, T.e. MOPDU3M ¢ CIOPBHEKTUBEH.

Hoxazxem [(iv)] BosbmeM HeBBIDOXKIeHHYI0 KOHEKY C, COOTBETCTBY-
o11yI0 Jocrarodno obmeit Touke [C] € FY (Mbl paccmaTpuBaem KOMIIO-
wenty F), ¢ mpusenennoii crpykrypoii). ITycrs

Ji/cf/xﬁ ﬁpl(@)@ﬁpl(-(l), CL:07172.

Torma muoroobpasue F), neoco6o B [C], a, ciieioBaresibHo, HEOCOOO TAKZKe
/ -

muoroobpasue ' Broab ciaos wax [C] (KOTOPBIH MBI TOXKe 00O3HATHM

gepe3 (). meem ectecTBeHHbBIT MOPGU3M HOPMATBHBIX MyIKOB

dim(F})
dq : ‘/VC/LU ~ @ ﬁpl e :/}/C'/X ~ ﬁpl(a) D ﬁ]pl(—a).
i=1
[Iycers V = '\ Sing(U'). Torna C' C V. Mopdwusm ¢y : V — X asna-

eTcs IJIAJKAM HaJ OTKPBITHIM moaMHoxkectBoM U C X uw C NU # @.
Buaunt, muddepennnan dg HeBbIpoXKIeH B 001eil Touke C'. Tak Kax

Hom(Op1, Opi(a)) =0 mpu  a <0,

10 a = 0. Dro nokasssaer [(iv)] Orcioma ciaexyer, aro umeer mecro
cayqait (9.2.3)), uro moxka3piBaeT @ Torna MopdusMm ¢ H0KeH OBITH
KOHEYHBIM B 001eit Touke. OTCi0/1a BBITEKAET YTBEPKICHUE .

YrBepxkjienne CJeJlyeT U3 TOro, 4TO depes JIoOYI0 TOYKY MHO-
roobpasus X npoxoaut He H6osiee KOHEIHOTO YUC/Ia TPAMBIX, BCE TIPAMbIE
Ha X 3aMeTaloT MOBEPXHOCTH U O0IAs KOHUKA He JIEYKUT B ITOI TOBEPX-
HOCTH (CM. IIPeJIIOZKeHHe u mynkr [(vi)).

s mokazarenbeTBa IPEJIIOJIOKHAM, YTO CYIIECTBYET OJIHO-
MepHOe ceMeficTBO KOHUK, mpoxoadamux depe3 P € X. Ilycts F' — mo-
BEPXHOCTD, 3aMeTaeMasl STUMH KOHHKAMU, u nycTs 4 = |H — 3P| —
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JIMHEHHAsl CHUCTeMa T'MIEPIJIOCKUX cedeHuit X, MMeronmux ocoOeHHOCTh
kparHoctu > 3 B Touke P. Torma

dim.#Z > dim|H|-10=¢g—9 > 0.

Kax1ast KOHHKa, IPOX0/idIias depe3 P, coIepKuTcs B JTI060M TUBH30DE
u3 A . CreioBaTesibHO, F'— HEOIBHKHASA KOMIIOHEHTA 4 . DTO IPOTH-
Bopeunt Tomy, uto Pic(X) = Z- H. Paccyxnenns B 1oka3aTeIbCTBe
anasiorndHbl. [Ipejyioxkenue JI0Ka3aHo. Ul

9.3. TEOPEMA ([69]). ITycmv X = Xy, o C P9 — anmukamno-
HUYECKU BAONCEHHOE MPETMePHoe MHo2000pasue Pano undekxca 1, poda
g>TcPic(X)=27Z-H, ede —Kx = H. Ilpednoaoscum, wmo na X
cywecmeyem neswupostcdennas xouura C. [lpu g < 8 mor donoanumens-
Ho nompebyem, wmo wonury C' nepecexaem He O0AEE KOHEUH020 YUCAG
npamux (m.e. ona docmamouno obwas, cm. NPedAoHCEHUE ).
Toz0a paszdymue o : X = X wonuru C exaronaemes 6 aunk Capruco-
6a (7.2.2)).

Janee, nyemov E = o71(C) — uckamowumenrvrwti dususop, nycmo
E C X — cobemsennuii npoobpas E, nyemv M — obusvhas obpasy-
wwaa Pic(Y) ~ Z u nyemo M = ¢*M. Tozda 0aa sKCMPEMANDHOZ0
CMAZUBGHUS 0 UMEEM, MECMO 00HA U3 CACOYWULUT B03MOHCHOCTEN:

(i)g=17Y =Q C P* — neocobas xeadpuxa, a moppusm @
cmazusaem odusuzop F ~ 5(—Kg) — 3E u asasemca pa3oy-
muem neocoboti kpusoti Z C  C P* emenenu 10 u poda 7,

M ~2(-Kg) - E;

(ii) g =8, Y =Yy, C P — maxowce mnozoobpasue Pano underca
1 u poda 8 ¢ Pic(Y) = —Ky - Z, a mopfusm p cmsazusaem
dueusop F ~ —Kx — E u seasemca pazoymuem sonuku 7 C
Y; M ~ 2(_KX) o E;

(iii) g =9, Y = P!, ¢ : X — P! — paccaoenue na noseprrocmu
deav Hevyuyo cmenenu 6 u M ~ —Kg — E;

iv) g = 10, Y = P2, a ¢ : X — P? paccaoenue ma wonuwu c
duckpumunanmnoti kpueot A C P2 cmenenu 4 u M ~ —K g —
E;

(v) g =12, Y = Q C P* — weocobus xeadpuxra, a mopdusm ¢
cmazueaem Jususop F ~ 2(—Kx) — 3E u asasemea paszoy-
muem 1eocoboli payuonarvroti kpueot Z C QQ C P* emenenu

6, M ~—Kg — E.

B wacmnocmu, g < 12 u g # 11.

Bosbiras 9actb 3Toro pasjesa OyJaeT IOCBSIIEHA JOKA3ATEJIHCTBY
TeopeMbl. OHO cjlejyeT IPUMEPHO TOH Ke cxeMe, 9TO U JO0Ka3aTesb-

ctBo B3
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9.3.1. OBO3HAYEHUSA. [lajee, Ha NPOTSIKEHUH BCETrO Pa3Jesia Mbl
HCIOJIB3YeM 0003HATCHHS TEOPEMBI [Mosoxum rakxe H* := o*H.

3 coornourennit ((1.9.3) u Toro, uro —K¢3 = H* — £ nemenjieHHo
BBITEKAET CJIe/TyIOIas.

9.3.2. JIEMMA. B obosnavenuazr meopemui umeem E* =0,

B = 0

K% = 298,
(9.3.3) X g
(K2 E = 4

Ky B2 = -2

Corsacuo (9.2.1), aias noepxuocTu E MMEIOTCH TPU BO3MOKHOCTH:
E~P! x P, F, u F,.

9.3.4. JIEMMA. B obosnaqenusx meopemv, (9.3 umeem caedyrousue
YmeepHcoeHUuA.

(i) h(X, Ox(=Kx)) =g —1.
(ii) Junetnas cucmema |—Kg| ne umeem 6asucnux movex u 3a-
daem mopdusm

=P g X —— P2
O6paz Xe = ¢(X) amozo moppusma mpexrmepen.
(i)
Y +2Y ecau E ~ P! x P,
—Kg|lp=(X+3Y ecau E ~T,,
X+47T ecou B ~TFy.

2de X, T — KAaCCH UCKAIOYUMENDHO20 CEYEHUA U CAOSL PAUUO-
HaAbHOT AuHetvamot noseprHocmu E.

(iv) h°(E, Op(—Ky)) = 6.

JTOKABATEJBLCTBO. Ilockobky namie mHOrooopasue X = Xo; o C
P9+l gpngerca mepecedeHneM KBaJIpUK U HE COIEPIKHUT ILIOCKOCTEH, TO
ero nepecedenne X N (C) copmagaer ¢ C' (kak cxema). Cie1oBaTeIHHO,
Bs|H — C| = C u nosromy cobersennsiit npootpas |[H* — E| = |—K¢|
na X JmHeiHOfl cucreMsl IMIEPIJIOCKUX CEYEHUH, NPOXOAAINX 4Yepes
C, ne nmeer basucubix Touek. [lo Teopeme Kapamarsi-Pusera o6 obpa-

mennn B 0yab H'(X, Oz (—Ky) = 0. CiieioBaTesbio, MeeTcss ToUHAS
10CJIEIOBATEILHOCTD

0~ H(O3(~Ky)) —— H(O3(H")) —— H(Op(H")) 0.

Orkyna crenyer, aro dim |—K¢| = g — 2. Tak xax _K;SZ > 0, To 00-
pa3 Mopdu3Ma, 3aJAHHOTO JUHEHHOM cucTeMoii |— K ;| Tpexmepen. Do

noxaszbisaer (1) n
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[yukr |(iii)| ciegyer u3 roro, uro (—Kg¢)? - E=4u —Kgz -1 = 1.
Pasencrso clIejlyer us O

Mpr u3yunm anTHKaHOHHIECKOE OTOOpazkenue ¢ = P|_x | MHOroo6-

pasuga X. fcHo, 9TO ¢ BKIIOYaETCd B KOMMYTATUBHYIO JTHATDAMMY

(9.3.5) / X

) QR - P2

rae Qy_cp 2 X --» P92 — npoeknus u3 nuneitnoii obonoukn (C') = P?
kouuku C.

9.3.6. JIEMMA. Hmeem
(9.3.7) h'(X, O¢(-K3 —E)) >
>g—1-0"(E,0p(—Kg)) =g—T1.
FEeau npu 23mom UMeeNn MeCimno paceHCcImeo
(X, O¢(—Kg —E))=g-T,

MO 02PAHUYERUE ]—KXHE ABAAENCA NOAROT Aunelnol cucmemotl pas-
MEPHOCTIY D.

HOKABATEJILCTBO. [lonydaerca n3 To4HOM mocae10BaTETbHOCTH
0= H'Og(~Kx — E)) —— H(Ox(~Kg)) —— H’(Op(-Ky))
u toro, uro h®(Op(—Kz)) = 6 (cm. aemmy (iv)). O

9.3.8. JIEMMA. Mopdusm ¢ ne cmazusaem 0usu3opos.

JTOKABATEJILCTBO. IIpeamonoxkum, 910 MOppHU3M ¢ CTATHBAET
npocroii musn3op D, Te. dim ¢(D) < 1. DToT AMBH30D 3aMETACTCS OIHO-
MepHBIM cemeiicTBOM KpuBbix L Taknx, ato —K¢-L = (H*—E)-L = 0w
E-L > 0. ITo koHCTpYKIUHI 06paz D 1= o (D) coepsKuTCs B Iepe-
cevennu X ¢ jmneitnoii oGosoukoii (C, ¢(D)). Tak kak Pic(X) =Z- H,

To orciofa caeayer, uro dim(C, ¢(D)) > g¢. SBuaunr, dim(¢(D)) > g — 3.
B wacrrOCTH, 9T0 03HAYaer, uTo (D) — KpuBas cremenn > 4.

Tak kak (—K ¢ — F) L < 0, 70 quBn30p D MOMIKEH GBITH HETOIBH K-
HOWl KOMIOHEHTOH JimHelHO# cucteMbl |—K ¢ — F| (ecam ona memycra).
Tak kak Pic(X) =Z-H u D # E, 1o dim|-Kz — E| < 0. Hepansen-
ctBo (9.3.7) u 1emma MOKA3BIBAIOT, UTO

dim{¢(E)) = h°(E, Op(~Kx)) ~1> g — 3.
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Takum o6pasom, jiuneiinas 060j10uka nosepxuocru ¢(F) umeer pasmep-
HOCTH He MeHblle yeMm 4. B wacraocrn, orobpaxkenue ¢p : E — ¢(F)
Oupanuonaasno (uxade ¢(E) — moBepxHOCTH cremenn < 2).

[To mamemy npeanosioxkennio kKounky C nepecekaer He H0jee 4eM KO-
HEYHOe THCJIO MPSMBIX. SHAUHT, OBEPXHOCTb D) 3aMETACTCs KPUBBIMHU
L raxumu, uto Ky - L=0wuE-L > 1. Hosromy 06pa3 NCKIIOTHTENb-
Horo nusu3opa G(E) 10/KeH OBTH 006 BIOIb KpuBOH ¢(D) cremenu
> 4. Oanaxo, 0coboe MHOZKECTBO MOBEePXHOCTH cTenenn 4 B P* me MozxkeT
coJiepKaTh KPUBYIO CTereHn > 2 (cM. 3a71a4y . IIporuBopeune. Ul

9.4. [Ilpomo/KuM J0Ka3aTeIbCTBO TEOPEMBI . Coryacuo Jiem-
MaM u [0.3.8 MBI MOXNKEM HPUMEHHTH KOHCTDYKIIMIO JIHHKA
Capxkucosa u3 paszena (7] Mbl moiyquM guarpammy (111 ee BbI-
poxaennbiii Bapuant (7.2.3)). Kak u B nokasareascrse paccMoT-
PUM BO3MOXKHOCTH JII CTATUBAHUA . IIpH 3TOM MBI MOZKEM HOJIb30-
BATHCA KIACCHMDUKATIAECH SKCTPEMATLHBIX JIydeil (TeopeMa 1 OTeH-
Kkoii (9.3.7)) na pazmeprocTb jmueiinoi cucremsl |—K ¢ — E|. Anasorudno
JIOKA3aTeIbCTBY [3.3] mo/rydnm.

9.4.1. JIEMMA. IIpu g > 9 ewnoaneno pasencmso M ~ —Kg — E.

JlaJsiee, IOMHMO DellleHuil, epedncieHHbix B Teopeme [9.3] umeror
MECTO CJIeLyIONIHe TP BO3MOKHOCTH. Bee oHM COOTBETCTBYIOT OMpariy-
OHAJTBLHBIM CTATMBAHUAM.

1# g(X) = 11, Y = P? ¢ — pazayTue paruoHaabHON KpUBOil
crenenn 6, F' ~ 3(—Kg) — 4E, B3 = —5;

2% g(X) =8, Y = Y4 C P — muoroobpasue Pano nngexca 1
pora 9, ¢ — pasayrue Toukh, F ~ —Ky — E, F? = —11;

3% g(X) =7,Y = Y3 C P* — neocobag Kybuka, ¢ — pasjiyTue
panHoHaIbHOl KpuBoil cremenu 4, F' ~ 3(—Kyg) — 2F, E3 =
—15.

Huxe mb1 IIOKa2KEM, 9TO 3THU CJIY49aHu HE DPEaJIU3yIOTCA.

9.4.2. CIEACTBUE. B ycaosusx meopemol omobpasicenue X u3
duazpammos (7.2.2) ne asanemcs usomoppusmom.

HOKABATE/IBCTBO. Kak u B 10KasaTenbeTse U3 BBIYUCICHUI
cremyer, aro gedext def(V) := E* — E3 mmnaka (7.2.2) crporo moaoxn-
Tesen (cM. 3azady [3). O

9.4.3. CJIEACTBUE. [lycmo X = Xy o C P9+t — anmuxaHoru-
YecKu 6.a02ceHHoe mpexmepHoe Mmro2006pasue Paro underca 1, poda
g > 7. Ecau na X cywecmsyem wonuka, mo na X cyuecmeyem nps-
MGA.

120



JIOKABATEJIBCTBO. flcHO, 9T0 MBI MOXKEM CUnUTaTh, 4TO KOHUKA C'
HEBBIPOZKieHa. MbI TakzKe JTONOJHUTEIHLHO MPE/IOI0KIM, YTO KOHUKA
C Bribpana obmeit, T.e. ee HOpMaJILHbII IIy90K uMeeT BUI Ao/ x ~ Oc®
Oc. Torna E ~ P! x P! u mopdusm ¢ ne MoxKeT CTAMMBaTh KPUBBIX
na F. Cornacuo 0TODpaKEHNe Y HE SIBJISIETCS W30MOPMU3IMOM 1
MHO2KeCTBO Exc(¢) memycro (em. mpeanoxenne [7.4). Tokazkem, 910 OHO
COCTOUT U3 COOCTBEHHBIX TIPOOOPA30B NPAMBIX, Tepecekaonux C.

[To jlemme uveem M ~ —Ky — E. Tlosromy dim |-Kx — E| =
g — 8 B 3Tux ciaydagax. llpu ¢ = 8 uckmounrtenpHslit quBuzop I —
eJINHCTBEHHBIH 3/IeMeHT JinHeitnol cucremsl |—K ¢ — E|. lpu g = 7 uc-
KJTIOYUTEbHBI TUBU30D F— 3/1eMeHT JuHefiHof cucTeMbl |-5K% —3FE |
wi | — 3Ky — 2F| (3aBHCUMOCTH OT TOTO peaiu3yercsl JU BO3MOK-

HOCTD WM BO3MOXKHOCTB 13 Tabuuipl B [9.4). fcro, aro Torga

|—K 5 — E| = @. CienoBaresibHO, BO BCEX CJIydasiX
dim|-Kg — E| =g 8.

[TosToMy, mo J1emme obpaz ¢(F) — (HeBBIPOMKIEHHAA) TOBEPX-
nocts S, C P°. B wactHoCcTH, OHA HEocoBa. DTO O3HAYAET, UTO JIJIsS
JI06OTO0  OJHOMEPHOTrO €101 L Mopdusma o X — X. MBl nmeem
E-L = H*-L = 1. Takum 06pa3omM, a(f/) — IpgaMasd, IepPeceKaronaa
konuky C'. U

JIOKABATEJBCTBO TEOPEMBI . Ocranoch HCKIIOYATH TOJIBKO
caydan B TIyHKTE Ho tenepns mbl 3HaeM, uto Ha X cyiie-
cTByeT npamagd. Torma mo Teopeme caydait ¢ = 11 meBo3MoxkeH. B
caydae g = 8 U3 TaOJIHIIBI MBI TTOJTy9aeM MPOTHBOpeUne, CpaBHUBAS
TOMOJIOTHYECKIE 3HIePOBBl XapakTepucTuku X u Y (¢ HCIOJIb30BAHU-
eM caeacrsus [8.3.3). B ciyuae g = 7 muorooGpasue X panMOHAIBHO
cornacuo ceactsmio [8.3.4] 3uauuT, 0HO He MOXKET OBITH OHPAITMOHATH-

HO 3KBUBAJEHTHO Heocoboil kybuke Y; C P4, koropas HepanuoHaabHA
(em. [11]). O

9.4.4. CIEACTBUE. ITyecmv X — wmmnoeoobpasue Pano ¢ o(X) = 1,
p(X) =1 ug(X) > 7. lpednorosrcum, wmo na X cywecmsyem Heevi-
posicdennan konuka. Toeda mononozuneckan sUrepoO6a TAPAKMEPUCTIUKA
Xtop(X) npurumaem caedyroujue 3HAMEHUA:

gX) |7 8 K 0 |
Xtop(X) H —10 \ —6 \ -2 \ 0 \ 4

JLOKA3ATEJILCTBO. CoOrIacHO CJIeJCTBHIO Ha X cymiecTByer

npamast. Torga mpu g(X) > 8 MBI MOXKEM BOCIOJIb30BATHCS CJI€/ICTBH-
eM Ilpu g(X) = 7, KaK U B J0Ka3aTeIbCTBe 3HAUEHUE
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Xtop(X) BBIYUCJISETCS € MCHOIB30BAHUEM IIAPAMETPOB KpuBOil Z B Ou-
panunonanbHoit mepecrpoiixe (7.2.2) (em. [9.3|[D)). O

9.5. AHAJOrHYHO 3aMEYAHUIO cJIeJlyeT OTMeTUTD, YTO B YCJIO-
BHAX TEOpPeMBbI KpHBasg pPofa 7 ¢ TOYHOCTLIO 10 abCTPaKTHO-
ro n3zomopdu3Ma OJHO3HATHO Ompejeasiercda Mmuorooopasuem X. Kax u

B iii)(a)|Ha 3Ty KPUBYIO MOXKHO HAJIOKUATH ONpPeeIeHHbIE YCTOBUI,
T.€. OHA, JOJIZKHA OBITH JIOCTATOYHO OOIIEH:

9.5.1. [IPEAIOXKEHUE. ITyemv Z C Q C P* — xpusas cmenenu 10
poda T u3 nynwkma meopemuvi. 9.3 Tozda umerom mecmo caedyrousue
YymeepocoeHuA.

(i) Z me asasemes 2unepasrunmuneckoti u eaoncenue 7 C P+ —
Mo NpoekuuAa T : Lo —-> P D Z kanonuveckoti xpueoti Zyo C
P us npamoti, nepecexaroweti Zio 6 dsyx moukax Py, Py € Z19
(803M001cHO cosnadarouus ).

(ii) Z ne asasemesa nu mpueonasvhotl, Hu MEMPA2ZOHANLHOU.

[TosiHOE OlMCaHMEe KAHOHMYECKHX MOJe/eil KPUBBIX poja 7 JaHO B
pabote [57].

JIOKA3ATEJIBCTBO. [Ipexkme Bcero 3aMeTuM, 4To Kpubasg £ C
P* He Je:KMT B IMIEPIVIOCKOCTH. JleficTBUTEbHO, 13 cJIeJIyer,
aro B+ 2F ~ 5M. Tlostomy nosepxuocts Eg 1= ¢(E) Bhicekaercs na
KBaJpuKe () rumepropepxHocThio R cremenn 5. Eciu Ob1 kxpuBass Z C
P* nekana B IMNEPIUIOCKOCTH, TO OHA OBLIA OB TOJHBIM MepecedeHneM
QNRNP3 (nockosbky deg Z = 10). Ho Torpa g(Z) = 16. [Iporusopeune.

[Iycte D — runepiutockoe cedenne Kpupoii Z. Torma dim |D| > 4.
[Io Teopeme Pumana-Poxa

dim|D| — dim |K; — D| = deg D — g(Z) + 1 = 4.

Orciona |Kz — D| # @, me. na Z cymecrBytor aBe Touku Py, P, Takue,
aro Ky = D + P, + P,. Tak kak auBu3op [ odeHb 00WIE€H, TO KpUBast
/Z HerHnep3JIIMITUYHA WU sSBJIgeTCd IpoeKInell KAHOHMYEeCKOW KPUBOI
Z1o C PY us asyx Touek Py, Py € Zys.

IIpeanonoxkuM, 94TOo Z TpuUroHaJbHA. Torna ee KaHOHHYECKAs
MoJienb Z1o C PO nMeeT ogHOMepHOE ceMeiicTBO 3-CeKyIINX, KOTOphIe 3a-
METAIOT MOBEPXHOCTh MUHUMAJIBHO cTeneHu (CM. Teopemy . ITpu
npoekiun 7 : PS C Ziy --» Z C P* MBI noyumMm ofHOMEDHOE ceMeii-
CTBO 3-CeKYIINX, KOTOPHIe JOZKHBI JeKaTh B Halreil kpajapuke () C P4
CobcTrennbIe TPoOOpassl Ha X BCEX ITHX 3-CeKYIINX CTATHBAIOTC MOP-
dbusmom P|_ . ITO IPOTUBOPEUUT TOMY, YTO STOT MOPPHU3M — MaJIblil.

[IpemmosioxKuM Tenepb, 9To Z He sBJgeTcs HU FUIePIIHITHIeCKOi,
HU TPUTOHAJIBHOW, HO UMEEeT JUHCHHBIN pA THTIA g}l. st pazbopa 3Toro
caydasi HaM TMOHAI00ATC JIBe JIEMMBI.
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9.5.2. JIEMMA. Ilyecmv Z — enadkas HE2UNEPIASUNMUYECKAA
HEMPULOHAALHAA Kpusas poda T. IIpednososcum, wmo Z umeem auret-
noul pad | L] muna g2, ede d < 6. Tozda d = 6, xpusas Z mempazorass-
na U ee Kanonuueckas modeav Zio C PO codepoicumea 6 nopmanvhot
noseprnocmu Sg C P® emenenu 6. IlIpu smom Ziy evicexaemes na Sg
Kkeadpurot. B wacmmnocmu, Zi5 codeporcumcs 6 neocoboti wacmu Sg.

JIOKABATEJBCTBO. Bbiunras 0azucHoe MHOXKECTBO, Mbl MOYKEM
caurTarh, 4To |L| He uMeer GasuCHBIX TOYEK U 33JaeT MOpdu3m 7y : Z —
P2 (upu 3rom d Toabko ymenbimures). O6oznaunm yepes Z° obpas 7.

Cragajia MbI PACCMOTPUM CJIy4ail, Korja MopgusM 7y OuparnonaaeH
Ha Z°. Tornma Z° — miockas Kpubag creneHn d apudMeTHIecKoro poaa
pa(Z°) = 1(d—1)(d—2) > g(X) = 7. Orcrona d = 6 u p,(Z°) = 10. Tax
KaK Z He SBJsSeTCs TPUTOHAJIBHOU, TO Z° He MMeeT TPOHHBIX OCOOLIX
TOYeK. 3HAYUT, OCOOEHHOCTH KPUBOU Z° pa3perralTcs pa3ayTHeM Tpex
JBOWHBIX TOUEK (BO3MOXKHO Oeckoneuno Oimskux) [101) r. 5, § 3]:

n:S —— P2
a TpoeKIus U3 0cobolt TOUKM 3aqaer Ha 7 JuHeiinbiii psaj gi. Ilycts

Z C S — cobcrBennsiit mpoodpas Z°. Mbr umeem 2Kp2 + Z° ~ 0 u 310
COOTHOIIEHUE COXPAHACTCS NP Pa3AyTUAX JTBORHBIX TOYEK:

QKS + 7 = 77*(2K]p2 —+ ZO) ~ 0.
Otciona —Kg - 7 = %(—KS)Q = 3. IlosToMy aHTUKaHOHWYECKHUil H-
Bu3op — K¢ uncnenno sdpdextusen n odbemen, T.e. S — oboOIIeHHAas
HOBEPXHOCTH Jiesb [lemmo crenenn 6. AHTUKAHOHHYECKOE OTOOPAKEHUE
D_g S — PO assercs mopdusmom u ero o6pas Sg C P — nosepx-

HOCTh Jesth [lenro ¢ moBageBcknmu ocobernocTsivu (Han riaakas) [21].
3 bopmyitel npucoeinnenus 4CHO, 4TO orpanntenue Mopduzma @) g

Ha 7 SIBIAETCS KAHOHUYECKHUM OTOOPAKEHHEM, a ero oopas <I>|_K§‘(Z)
SIBJISIETCSl KAHOHUYECKOH KpuBOii. Tak Kak KpuBas Z HETPUTOHAJIBHA, TO
Ly = (IJ‘,K§|(ZA) ecThb Iepecedenne KBaapuK. TakumM obpasom, o C PO
COIEPKUTCA B IoBepXHOCTH Aeib Ilenuo Sg C P® crenenn 6 ¢ ne xyzke
JeM JI0BAJEBCKIMH OCOOEHHOCTSIMH M BBICEKAeTCs Ha Sg KBaIPUKOM.
Tenephb MBI PacCMOTPHM Caydaii, Korjna Mopdusm v : Z — Z° C P?
He siBJisieTcs GupanuonaibubiM. fcuo, uyro (deg Z°)-(degvy) = d < 6, rue
degy > 2 u deg Z° > 2. Tak Kak KpuBas Z HETPUTOHAJbHA, TO CJIydYail
deg Z° = 2 neBozmoxken. Ocraercs eMHCTBEHHAS BO3MOKHOCTE: d = 6,
deg Z° = 3 u deg~y = 2. Tak kKaKk KpuBasg £ HETHNEPILIUNTHIHA, TO Z°
neocoda. [Ipoekmus u3 Jg1000# TOUYKY p € Z° 3a/1aeT Ha Z JIMHEHHBIN psi
g5. Ilo dopmyne Iypeuna Kz = v*R, rie R — pupusop crenenn 6 Ha
Z°. Bospmem nuBu3op R’ cremenu 3 Ha Z° takoii, uro R = 2R’. Toraa
Kz = 2r*R un |L'| := |7*R/| — smuneiinptii pag tana gz (BO3MOXKHO,
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oramunbtii ot |L]). Takum obpazom, B nostHoil juneiinoii cucreme |Kz| =
|2L'| na Z umeerca moacucrema 7*|2R’| 6e3 Ga3sUCHBIX TOYEK, KOTOpast
0TOOpaKaeT Z Ha 3/UTHNTHIeCKYIo KpuBylo Z° C P° C PY crenenn 6. ITo
KOHCTPYKIIMN 3Ta KPUBad ABJIAETCA NPOEKIuedl KAaHOHWYECKOW MOJIeIH
Z19 C P® u3 HekoTOpOil TOYKH, He JezKammeil Ha Zio. DTO 03HAUAET, ITO
Z19 nexuT Ha Konyce Sg C IPS man Z°. Ilpocreiimme BBIMHECTICHAA (oM.
cJIeICTBHUE MOKA3BIBAIOT, ITO 4depe3 Lo a P® mpoxomuT posno
10 mHe#HO He3aBUCHMBIX KBAJIPHK, B TO BpeMs KakK depe3 Sg IMPOXOIUT
Jquiib 9. 3HAUNT, Z19 BBICEKAETCS Ha Sg KBaJIPHUKOIA. O

9.5.3. CIEACTBUE. B nawux npednonosicenuax [9.5.1) xpusas Z ne
umeem aunelinozo pada ga.

JIOKABATEJILCTBO. Tak Kak nentpsl Py, P, nmpoexkmun 7 : P6 —-»
P* nexxar Ha Sg, T0o 06pa3 7(Ss) — MOBEPXHOCTD CTEIeHH 4, cojlep:Kalast
kpusyto Z. Ecin 7(S6) ne jexkur B Hameit kBagpuke (), To Kpubasg Z
SBJIsIETCS KOMITOHEHTOH mepecedenus m(S) N Q) u Torga 10 = deg Z <
deg m(Ss)NQ = 8. [IporuBopeune mokaseiBaer, ato 7(Sg) C . Ho Torma
71t cobeTBernoro mpoobpasa S C X nosepxnoctu 7(.S) nveem (—Kg)?-

S < 0. 9To nporuBopeunT uncjaeHuoil 3hdpexrunocTn — K 5. O

9.5.4. JIEMMA. Ilycmv Z — 24a0K04 HE2UNEPIAAUNTNUNECKAA MEM-
pazonarvras kKpueas poda 7. Ipednosoosrcum, wmo Z wne umeem sumed-
noeo pada gz. Toeda wamonuueckas modeav Zip C PO amoti xpusoti co-
depoicumea 6 neocobom mpexmeprom mnozoobpasuu W = Wy C PO —
PAYUOHANBHOM AUHETHAMOM MH02006pasun cmeneru 4 (em. npedaosice-

nue [15.3)).

JTIOKABATEABLCTBO. [lycts |L| — numeitnbiii pag tuna gi. Tlo reo-
MeTpHYeCKOi Bepcun Teopembl Pumana-Poxa nnneitabie 06009k (g +
-+ + qq) JMBU30DPOB q1 + - - + q4 € |L| na xpusoit Z1o C P° aBymepHsi.
DTH IJIOCKOCTH 3aMeTal0T TpexMepHoe MHoroobpasue W C PO,

Paccmorpum 310 MHOrOOOpasme Gosee mompobro. [as sToro pac-
cMOTpHUM JnHelinyio cucremy |Ky — L| crenenn 8. Ilo Teopeme Pumana-

Poxa dim|K; — L| = 3. [locKOIbKY Z He WMeeT JUHEHHOTO psaaa gz,
to dim|Kz; — L — P’ — P"| = 1 nna sobsix rouek P')P" € Z. Cue-
nosareibio, |Kz — L| — odenb obu/ibHas juHeiinas cucreMa THIA ¢

(em. [101) ror. TV, § 3]). Ona 3anaer Baoxenne Z — P2 a oGe numeii-

ueie cucremsl |L| u |Kz — L| 3apaor Baoxkenne Z — P! x P3 Tak, aro

pri Hy + pr3 Hy = Kz, tne pr; — npoekmuu, a H; C P* — runepmiockue

cedenus. [losaToMy, eciu Temepb Mbl PaCCMOTPUM KOMIIO3UIHIO
Z——P' xPP—— P’

¢ BaoxkenneM Cerpe, To KAaHOHHYECKHIi Kiace K, Oyuer BHICEKAThCS -

nepiiockocTamu B P7. Tak kax dim|Kz| = 6, To 06pa3 Z comep:Kurcs
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B rutnepiiockom cedennu (P x P3) NP, koropoe umeer crpykrypy P2-
pacciaoenns maza Pl HecaoxKHO BHAETD, 9TO CJIOH 3TOTO PACCIOCHHS —
9TO B TOYHOCTH JnHEHbIe 0001049KH (g1 +- - - +¢4) AuBu30poB u3 |L|. Ta-
kum obpazom, W = (P! x P3) NPS u deg W = 4. Tak kak MHOrooGpasue
W He sgByisieTcd KOHYCOM, TO OHO HEOC000. U

Tenepb /1 OKOHYAHUSA JTOKA3aTEIbCTBA IPE/JIOKEHHS BCIIOMHHM,
qTO KpHBad Z SBJIfeTCS HPOeKIHell KAaHOHHYeCKoH KpuBoil Zio C IS
u3 ABYX Touek Py, P, € Zi5. Obpa3 muoroobpasuss W npu 3Toit mpo-
ek Oyaer kpajgpukoit W' C P*, comepskameii cemeiicTBO TLIOCKO-
creit. Crnegosarensno, W’ oranuda or Hamreil HeocoGoit KBaapuku (.
[Tepeceuenne S := W' N Q) saBisercs mOBEpXHOCTbIO cTeneHu 4 U COo-
nepxxuT Hamy Kpusyio Z C P4 Ho Torma, Kak W B I0Ka3aTelbCTBE
CTIeICTBUSA m, Juist cobeTBenHOrO 1Mpoobpasza S C X mosepxHocTH S
nmeeM (—Kg)? - S < 0. DTo mpoTuBOpednT "ncaennoi ahbdexTurHOCTH
— K x. llpennoxenne [9.5.1] moxkazano. Il

SATTAYN. 1. Ilycrs X = Xy C P7 — anTHKaAHOHWYECKH BJIO-
xkennoe muoroobpasue Pauno ¢ ((X) =1, p(X) =1ug(X) =6.
[Iycts C' C X — mocrarouno obmast KoHuKa. /lokazkure, 910
cymectByer juHK CapKucosa nearpoM C U IpU 3TOM
Y =Yy C P” — raxke MHOroobpasue Pano muaexca 1 u poaa
6 cp(X)=1,ap — pasayrue KOHUKH.

2. Ilycts S; C P? — HempmBOIMMas TTOBEPXHOCTDH CTeIleHH d, He
JIeXKalas B MUIepPILIOCKOCTH. JokaxkuTe, 9To ee 0coboe MHO-
JKECTBO HE MOZKET COJiepKaTh KpUBOH cremenn > 1.

3. Borauciure gedext def (V) := E3 — E3 munka B TEope-
Me 1 JIOKAyKUTE, 9TO OH CTPOTO MOJOKUTENCH.  VKasanue:
Brrunciure M3 = (—Kg — E)? apyms criocobamu.

4. Ilyctp S = S, C P° — juneiiuaTas MOBepXHOCTh CTelleHU 4,
o6pas P! x P! npu oTobpazkennu moHoi JUHEHHON cHCTEMOl
oucrenenn (1,2). Onumure obpasel npoekuuit B P4 Vika-
sanue: [IpuaymaiiTe KOHCTPYKIIUIO, AHAJOTHIHYIO TI0KA3ATE b

cry siemmbt [10.4.3]

125



10. Muoroob6pa3usa ®ano ¢ auciaom Ilukapa 1, II1

Caenytommas Teopema ObLIa BIepsBble cHOPMYJIUPOBAHA U JOKA3aHA,
K. Takeyuu [69]. Orako, HeKoTOpbIe ee dacTH ObLIN M3BECTHBI DaHee
(em., Hanp., [100]).

10.1. TEOPEMA. Ilycmo X = Xy5 o C P9t — anmuraronuuecky
8A0DICEHHOE Mpermeproe mrozoobpasue Paro underca 1, poda g > 7 ¢
Pic(X) =7Z-H, —Kx = H u nyemv P € X — mouka, ne aexcauas
wa npamot. Ilpu g < 9 mur donoarumensvho nompebyem, 4mo uepes
P npoxodum ne boaee kKoneunozo wucaa Konuk (m.e. ona 0ocmamouro
obwas, cm. , a npu g = 7 Mbl eule Nnompedyem, 4mo “Yucao
HENPUBOIUMBLE PAyUOHAAbHUT Kpusvir C C X cmenenu 4, umernuus
ocoberrocmy 6 P, ne boaee wem wonewno, cm. [10.1.3] Tozda pasdymue
o: X = X mouxu P examouaemces e sunx Caprucosa (7.2.2)).

Janee, nyemv E = c7Y(P) — uckmouumenvroiti dueusop, nycmo
E Cc X — cobemsennuii npoobpas E, nyemv M — obusvhas obpasy-
was Pic(Y) ~ Z u nyemo M = p*M. Tozda das IKCMPEMAALHO20
CMARUBAHUA © UMEETT, MECTNO 00HA U3 CACOYIULUL B03MOACHOCTNEN:

(i) g=17Y =Y5 CP° — neocoboe mnozoobpasue deav Ileyuo
cmenenu 5, a mopdusm ¢ cmazusaem dusuzop F ~ 5(—Kg)—
2F u aeasemca pasdymuem meocoboti xpueoti Z C Yy C PO
poda T cmenenu 12, M ~ 3(—Kx) — E;

(ii) g =8, Y = Y3 C P* — neocobas wybura, a mopdusm © cma-
eusaem dueusop F ~ 3(—Kg) — 2E u saeasemcsa pa3oymu-

em 1eocoboli payuonarvholi kpueot Z C Ys C P* emenenu 4,

M ~ 2(_[()_() - E;

(iii) g =9, Y =Y C P — neocoboe mnozoobpasue Paro undexca
1 poda 9, a mopdusm ¢ cmazusaem dususop F ~ —Kg — E u
asasemea pazdymuem mowky, M ~ 3(-Kx) — 2F;

iv) g =10, Y =P, a ¢ : X — P! paccaoenue na nosepxrocmu
deav Ileyyo cmenenu 6;

(v) g = 12, Y = P, a mopdusm o cmacusaem dususop F ~
3(—Kx)—4E u asasemcesa pasdymuem 1eocoboti payuonaivrot
kpusoti Z C P? cmenenu 6, M ~ —K¢ — .

B wacmnocmu, g < 12 u g # 11.

10.1.1. OBO3HAYEHUA. Ha nporsizkeHun BCero pasjiesia Mbl HCIIOJIb-
3yeM 0D03HAYEHHST TEOPEMBbI [Tonoxum Takxke H* := o*H. Ilycth

Y =Pop : X ----- > X, C P93

— MIPOEeKIU U3 KacaTeJbHOTo MpocTpaHcTBa K X B Touke P, roe X, =
(X).
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dcuo, aro — K — 2F. Takyke UMeI0T MEeCTO CJje/yIolue CoOoT-

HOIIIEHHU A
B = 1,
“K% = 29— 10,
(10.1.2) X g
(_KX)2E = 47
~K¢-E? = =2

Otmernm, uto F ~ P2

10.1.3. JIEMMA. Cywecmeyem nenycmoe omrpuimoe nodMHoHCe-
cmeo U C X makoe, wmo das a0600 mouwku P € U wucao nenpusodu-
MBLT payuonasvhoir kpusvuir C' C X emenenu 4, umerouus 0cobennocmo
6 P, ne boaee uem KOHEUHO.

JIOKA3ATEJIBCTBO. Ilyctes C' C X — ocobast HEMPUBOIUMAST PAIIH-
oHaJbHad KpuBagd crenenn 4. 3amernM, p,(C) = 1 u dim(C) = 3. Bouee
Toro, C' ecTb II0JIHOe Hepecedenue AByX KBaipuk B P2 u (C)NX = C
(kak cxema).

Mpbl yTBep:KIaeM, 4To OOIlee THIEPILIOCKOe CeYeHHe, IPOXOJIee
gepe3 C' nHeocobo. [leiicteurensuo, nycte A = |H — C| C |H| — sn-
HelfHasl CUCTeMa THIEPIUIOCKUX cedeHuit, mpoxogsiux depe3 C'. Jlerko
BUAETD, 4TO 715 J000it Toukn P € X vt umeem Tpx # (C) (umaue
C C TpxNX, w0 Tpx N X — ToUKa MW TEPeCedeHne MPIMBIX, TO-
ckosibky X — Tmepecevenne KBajapuk). CienoBareabHO, 00MH TUBU30D
H € A meocob B Touke Sing(C). Tak xak BsA = C, To mo teopeme
Beprunun H ueocob Bue C. [lna nokasaresbcTBa TOro, 4ro H Heocob
Ha C'\ Sing(C') Hy>KHO PacCMOTpeTb pas3iyTue o : X — X xpusoit C.
MuorooGpasue X meocob6o sre ¢ '(Sing(C)) u mockonbky BsA = C,
TO JHHelHag cucreMa 0*A He mMmeer OGa3uCHBIX Touek. Jlaee mokasa-
TeJIbCTBO MOJHOCTHIO aHAJOIHYIHO COOTBETCTBYIOIIEMY MECTY B JOKa3a-
TeJILCTBE TIPeII0KEeHH TakuM 00pa3oM, CYIIEeCTBYeT Heocoboe
runepiiockoe cedenne H, npoxompsimee depes C.

[lycrs € — nojcxema cxembl ['uiibbepra, napamMeTpusyoiias Helpu-
BOJMMBIE TIPUBEJCHHBIE paruonabibie Kpusbie C' C X crenenn 4 apud-
MeTH4IeCKOro pojaa p,(C) = 1. PaccmorpuM MuOr000pasue HHINICHTHO-
cTH

RC|-Kx|x¢, R={(HC)|Hel|-Kx|, Ce€, HDC}
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7 IPOEKINN

| H| ¢

[Tpoekiust pry, OUEBHIHO, CIOPBEKTHBHA U €€ CJIOU — HPOEKTUBHBIE [1PO-
crpancTsa P93, Crenoparensro, dimR = dim € + g — 3.

C apyroii cTopoHbl, 00Iee THIEPILIOCKOE CEeYeHne, MPOXOJIsInee de-
pe3 C gapasieTcss HEOCODON MOBEPXHOCTHIO TUMA K3 W MO3TOMY HE MO-
JKeT coJep:KaTh ceMelCcTBa pallMOHAJIbHBIX KPHBBIX, T.e. OOIIMil CJI0i
pr; : R — pr;(R) myasmepen. [osromy dimpry(R) = dim€ + g — 3.
Coruacuo 0606mennoii Teopeme Herepa-Jledmena [49], pyist obmieit mo-
Bepxuoctn H € |—Kx| orobpazxenne orpanmdenust Pic(X) — Pic(H)
apjisiercst uzomopdusmom. CuiepoBaresbho, obmass H € |—Kx| He co-
JePKUT KPUBBIX cTenenn 4 u mosromy obpas pry(JR) He gBASETCS TIIOT-
M B |H|. Takum obpasom,

g+ 1=dim|H| > dimpr;(R) =dim €+ g — 3.
Orcioga dim € < 3. CiegoBareibHO, 0TOOparKeHHE
¢c— X, C' —— Sing(C)
WM UMeeT JBYMEPHBIH 00pa3 WM KOHeYHO B 00IIell TouKe. O

10.2. JIEMMA. Omobpasicenue ¢ : X --+ P93 undyyuposarnoe npo-
exyuet v = ®g_op; 1 X --» P93 uz xkacamervrozo npocmpancmea k X
6 mouke P, asasemcs mophusmom.

JTOKABATEJILCTBO. $lcHo, uro orobpazxenue ¢ : X --» P93 3aza-
ercs inHeliHOl cucremoii | H*—2F| u 9ra inHeliHasg cucreMa He uMeer Ga-
3UCHBIX TOYEK BHE UCKIIOIUTEIbHOrO nusu3opa E. Jlokaxkem |H* — 2F|
He mMeeT TakxKe O6Aa3uCHBIX Touek u Ha F. s atoro paccmorpuMm ad-
dbunnyo kapry ATt C P9t ¢ magasom koopauHaT B Touke P.

[Mycrs I C Clzy,...,2401] — naean, 3agaomuit addunnoe mmoro-
obpasne X N AL Tlyers I, C I — moAmpoOCTPaHCTBO, COCTOSINEe M3
Bcex 3jemMenToB crenenn < 2. Takum oOpa3oM, KazKJiblil 3J1IeMeHT s € [o
npeacTaBadeTcda B BUIAE

s="Lly(T1,. .., Tgq1) + qs(21, ..., Tygy1),

rje s u qs — ogHopomubie dopmbl cremenn 1 u 2, coorBercTBenHO. 110

Teopeme ujean I nopoxnaercs mpocrpanctBoM [o. [Ipu 3Towm,
ypasnenns (, = 0, s € I Boicekaor Tpyx B AITL

Vneercs ecrecTBeHHBIH n30MOPQU3IM
HY(X, Ox(H* —2E)) ~ H(X, O(H) @ m2).
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Henyiiesoe ceuenue HO(X, O(H)®m%) coorsercrayer jiuneiinoit yHk-
mn ¢ ma A9T! obpamalomeiica B HyJab Ha Tpx. 3uaunt, { = {5 niad
HEKOTOPOro s € Iy m mosromy ¢ = ¢, = —q, ma X. Takum oOpaszom,
orpanmdenne memyaesoro cedenus ( € HO(X, Oy (H* — 2F)) ma uc-
KJIIOYUTEIbHON quBu30p E — KBagpartnunas OYHKIUS BUIA (s|p 11s
HeKoToporo s € I,. Bepuo u obparHoe: KaxKmas KBajapaTuuHas (pyHK-
usi BUAA (s|p, § € Iy sgBAsSIeTCS OrpaHUYeHHeM [IOOAIBHOIO CeYeHust
paccaoenns O ¢(H* — 2F).

Tak xak depe3 Touky P me mpoxoxur upsambix, 10 Tpx N X = {P}
(TEOPETHKO-MHOKECTBEHHO). 3HAYNT, 00Imee MHOXKeCTBO Hyqeil B Tpx
Bcex hopM ¢, S € s COCTOUT TOJABKO U3 HYJsd. JTO O3HAYAET, UYTO 00-
mee MHoxkectBo Hyseit wa E = P(Tpx) riobaibHbiX cedeHnii cedeHuii
paccaoenust O (H* — 2F) nycro. Cienosaresnsio, |[H* — 2E| ne umeer
Oa3uCHBIX TOUeK Ha F. O

10.3. CIEACTBHUE. Jlunetinasa cucmema |—K x| ne umeem basucnoix
mouek, dim |[—K ¢| = g — 3 u o6paz X = ¢(X) moppusma

p=b g X —— P8
X
3a00HH020 3MOT NUHETHOT cucmemoti, mpermepen.
10.4. OBOBHAYEHUA. PaccmorpuMm uHIyTIMpPOBaHHBIN MOPGhU3M
¢ =P op : X —— Xo C P2

[MosepxuoCTh ¢(F) siBasiercss 06pa3oM MPOEKIHA MOBePXHOCTH BepoHese
Sy C P°.

10.4.1. JIEMMA. Bunoareno Hepagencmeo
(10.4.2) hW(X, Ox(—Kg — E)) > g8,
a aunetnaa obosoura noseprrocmu ¢(F) umeem pasmeprocmo
3 < dim(¢(E)) < g—3.

Ecau npu asmom docmueaemces pasencmeo

(X, O5(~Kx — E)) =g -8,
mo ozparuvenue |—K ¢| ‘E ABAAELMNCA NOANOT AuHeTUHoT cucmemol u 3a-
daem moppusm E na noseprrocms Beponese Sy C PO,

JTOKABATEJILCTBO. PaccMOTprM TOUHYIO TOCTAE0BATETHHOCTD
0— H'(O3(~Kg — B)) —— H(Ox(~Kg)) —— H(0p(~Ky)).
Tak kak h’(0g(—Ky)) = 6, To orcioma nosyqaerca ((10.4.2)). Ocraib-

Hble YTBEPZKICHHUS [OJYYaloTCsd U3 TOro, 4ro |—K ¢| } p — LOJCHCTEMA B
JUHeHHON cucTeMe KonuK Ha F ~ P? u ona gaBigeTcd IpoeKTUBH3aIUCH
obpasa oroOparkeHus V. Il
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10.4.3. JIEMMA. ITycmv S = S, C P5 — nosepwrocms Beponese.

(i) ITycmo S* C P* — ee npoexyua us mouxu P € P5\ S. Tozda
daa noseprrnocmu S* C P* umeemca posno dee 603ModHCHO-
cmu:

(a) ocoboe mnosicecmeo S* cocmoum us npamot, S* aca-
emea nepecevenuem 06yx keadpur Q1 u Qo u 6ce keadpu-
ku u3 nyuka (Q1, Q) 0cobwi;

(b) S# wneocoba u ne codeporcumen 6 Keadpuxe.

(ii) Hycm» S* C P3 — npoexyus noseprrocmu Sy C PP us npsa-
moti | C PP\ S. Toeda dan S* C P* makoce umeemes dee
B03MOHCHOCTNU:

(a) S#* C P® — nosepznocmy LImetinepa, m.e. noseprHocmy
cmenenu 4, ocoboe mHoICECNE0 KOMOPOT COCOUM U3
mpex (603M0HCHO COBNAOMOUUT ) NPAMBLL;

(b) S# C P* — ocobas xeadpura.

HABPOCOK JOKABATEJBCTBA. OToKIecTBUM IpocTpaHcTso PP ¢
npoekTuBm3aIueii mpoctpancTsa My KBagpaTuanbix dopm (g, 1, T2)
oT Tpex mnepemenubX. Torga mopepxuocTh Sy C P° oroxkjecTBisieT-
ca ¢ muoxkectsoMm opM panra 1, T.e. dopm Buga {(xg, T1,T2)?, e
l(zo, 1, T5) — wenyjesas juneiinas dopma. [pavag B P° = P(M,),
nepecekatonast Sy mo asym Toukam [(2] u [(”*] nmeer Bux

M2 4+ N7, (A:N) e Pl

CremoBarenbHo, 00DbeIUHEHNE BCEX 2-CEKYIIUX (M KACATENLHBIX) IIO-
BepxHocTH Sy C PP — 3T0 rUneprnoBepxHOCT

W = {la] | rkq <2} = {lg] | det(q) = 0}.

cretenn 3. FKcam Touka P He JieXKUT HA 3TO T'MIIEPIOBEPXHOCTH, TO
npoekiusg Sy — S7 u3 Hee apasgerca mzomopdusmom. Ecam e Touka P
aexxut B W\ Sy, o ona nmeer sug [(¢'], tae ¢ u ' — HEMPOMOPIHOHAIb-
uble simHeitabie dopmbl. Torma miockocers 11, mopoxaennas P = [0/'],
(2], [€"%], conepzxurca B W n mepecekaer Sy o Konuke. [Ipoexnus uz P
oTobpazkaeT S, Ha moBepxHocTh S¥ C P!, 0cobyio BIOIL IpaAMOif, 00-
pasa 3Toi KOHHKH. YTBepKIeHHe 0 KBaJPHKaX, IPOXOIAITHX depes S7,
CM. B 3ajia4e . [Iynkr JIOKa3aH.

Jlns pokasaresbersa [(1i)] 3amernm, 4o ecoun npsMast | coaepKuTes
B W, 10 oHa He comepxkutcs B miaockoctu 11 C W (mockosbKy He mepe-
cekaer Sy). 3HAYNT, OHA [lepeceKaeT OJHOMEPHOe CEMEHCTBO MI0CKOCTEH
B W u B 3TOM ciiydae npoekius u3 [ OyaeT ABYJUCTHBIM 0TOOpaXKeHHeM
Ha KBaJpuKy B P3.

Haxonen, nmycts | ¢ W. Torma [ nepecekaer W mo TpeMm TodYKaMm
(¢ yuerom kpaTHOCTEH ). Hepes 9Tu TOUKH MPOXOAAT TPH TIockocTH I1;,

130



cosepxkainuecd B W. Kak u Bbllie OHU JIAI0T TPU HPIMbIX OCOOEHHOCTEMN
na S7. O

10.4.4. JIEMMA. Mopdusm ¢ : X — X, C P93 bupayuonanren u X,
— MH02000pasue Pano ¢ KAHOHUYECKUMU 20PEHWMETHOBBLMU 0COOEHHO-
CMAMU.

JTOKABATEJBLCTBO. [Ipeamnonoxum, aro MopdusM ¢ He SBISETCS
ouparnuoHaTbHBIM. Tak Kak

(deg X,) - (deg ¢) = (—K5)* = 29 — 10,

T0, corsacHo (15.1.1), Mmopdusm ¢ moKeH mMeTh cTemeHb 2, a X, —
MHOTOOOpa3ne MUHUMAJIbHOU cTenenu deg X, = g — 5.

Ecyin ero runepiuiockoe cedenune H, JIOIyCKaeT pa3/ioKeHUE B CyM-
My MOJABHUZKHbBIX JuBuU30poB Beiig H, uw H!, 10 u anTukaHOHWYeCKHIi
musnzop —K g = ¢*(H., + H!) na X Takke J0ITycKaeT PasioiKeHue B
CYMMYy TIOABVMKHBIX AuBU30poB. Clle0BaTeIbHO, TO YK€ CaMOoe BEPHO W
JUIs aHTHKAHOHHYecKoro auBm3opa —Ky = o.(—Kg) na X. Ho sro
IPOTUBOPEYUT Haliemy npesnoaoxennto Pic(X) =7 Kx.

Torpa corsacHo cjeaCTBHIO MHOrooGpasue X, C P* — meoco-
6as kBagpuka u g = 7. B wacrnoctu, Pic(X,) mopoxmaercss kiraccom
IUIEPIJIOCKOIO CEYEHUsl U LOITOMY HOBEPXHOCTH ¢(FE) Bbicekaercs Ha
X, HEKOTODOIT runeprnoBepxuocTsio. 1o semme MBI HMEEM €/THH-
CTBEHHYIO BO3MOYKHOCTH: ¢(F) — ocobasi KBaJIpHKa, KacaTeJIbHOE T'H-
HepIIocKoe cedenne KBaapukn X, C P*. Paccmorpum dakTopnsamimo

[TITeitna
9

¢: X Xo — X, C P
Torna O(E) = v*¢(E) — nusuzop Kapree na Xy u ocobennocru Xy —
KAHOHUUYCCKUE ropenureiinossl (cM. caegcrsue [7.1.2). Tak xak rpymma
Cl(Xo) nopoxknaercs qusuzopamu 6(E) n Kx,, 10 X( J0KaIbHO HaKTO-
puanbHo. ITosTromy mMopdusm 6 He MOKET GBITH MaJIbIM (IO TeOpeMe O
YUCTOTE UCKIIOUUTENbHOTO MHOKecTBa [103 1. 2, § 4, Teopema 2|). Tak
Kak O(E) = v*¢(F) ~ —Kx,, 1o p(Xo) = 1. [Tosromy € me Moxker GbITH
m3omopduzmom. CireroBaTesbuo, f CTATHBAET HEKOTOPBIH aAuBu30p D.
I3 roro, uro O(E) ~ —Kx, nemenmenno caexnyer, aro D ~ —K; — E.
Tak kak (—Kg) - D? # 0, To ¢(D) — xpusas, gexamas na ¢(FE). Mop-
dbusm ¢p 1 E — ¢(F) koneden crenenu 2. [Tosromy jist obtiero cios C
Mopdmama ¢p 1 D — (D) nmeem E - C < 2. Iyers C = o(C). Torna
degC = H*-C =2E-C. B E-C =1, 7o C — KOHHUKA, IPOXO/Is-
mast yepe3 P. 910 mporuBopeunt Haremy Boibopy Toukn P € X (uncio
TAKUX KOHUK JIOJIZKHO OBITH KOHEYHO). 3Ha4uT, F - C =2uC — kpu-
Bag crenenu 4, uMeroinas ocobennocth B P. CHOBa, COIVIACHO HAIEMY

BeIOOPY TOoukH P € X u jgemme [10.1.3] 9T0 HEBO3MOKHO.
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Caenosaresibo, mopdusm ¢ dupanuonaser. [locaeanee yreepxie-
HUE [OJIYYAeTCA U3 MPEJIOKEHISA U CJIeJICTBUS O

10.4.5. JIEMMA. Mopgusm ¢ ne cmazusaem dusuzopos u ocoberHo-
cmu Xo MePMUHAALHDL.

JIOKABATEJBLCTBO. [Ipeanonoxum, dro MopdusM ¢ CTaruBaer
npocroft muemsop D. Tak kak ¢ = ¢poo ! @ X --» X, C P93
— npoexts w3 Tpx, To 06paz D = o(D) Beicekaercs na X uHeii-
noii obonouaxoit (Tpx, ¢(D)). Taxum o6paszom, dim(Tpx, ¢(D)) > g u
dim(¢(D)) > g — 4. B wacrrocTH, 310 03Hadaet, uto G(D) — Kpubas
crerenu > 3.

Jnsuzop D sameraercs OJIHOMEDHBIM CeMefiCTBOM KPUBBIX C ra-
kux, uro Ky - C = 0. Tak xax (—Kg — E) - C < 0, 10 D nomsxen
OBITD HEMOJABUKHOM KOMIOHEHTO! Jueitnoil cucremsl |—K ¢ — E| (ec-
o ona memycra). Tak kak Pic(X) = Z - Kx u D # E (10CKO/IbKY
(—Kg)?- E=4>0), to orcrona caeayer, uro dim |—K¢ — E| < 0. U3
uepasencts ((10.4.2) u (10.4.1) nonyuaem, uro g < 9 u juneiinass 060-
J09Ka 00pasa ¢(FE) umeer pazMepHOCTh He MeHbIe deM 3. [To Haremy
IIPE/TIOJIOKEHHIO Yepe3 TOUKY P mpoxoaut me 6oJiee 4eM KOHETHOe THC-
710 KOHIK. 3HAYHT, IOBEPXHOCTD D 3aMeTaercss KpuBbiMi C' TAKHMHE, ITO
Kg - C=0uF- -C > 1. Hoyromy 06pa3s HCKIIOUATETBHOTO IUBA30PA
$(E) momxen GBTH 0c06 BIOIb HEIPHBOIAMOH Kpupoil ¢(D) cremenu
> 3. DTO HEBO3MOZXKHO IO JIeMMe Temepsb mocneHee yTBEpKIe-
HUE 10JIy4aeTCsd U3 JIEMMbI LIOCKOJIbKY MOP(U3M ¢ HE CTATUBAET
JITBU30POB. U

10.4.6. CTEACTBUE. FEeau g =7, mo ¢(F) ne codepocumes 8 K6a0-
pure. Caedosamenvno, |-2K ¢ — E| = @.

JIOKABATEIBCTBO. [lo Jemme mopdusm ¢ 1 X — X, C P*
oupamuonages u X, — THIEPIOBEPXHOCTh cTeneHu 4. Bojee Toro, 1mo
JgemmMe (10.4.5] ciion ¢ caou ¢ CBI3HBI U UCKITIOUUTETBHOE MHOYKECTBO ¢
COCTOMT He Gosee YeM U3 KOHEUHOrO YHUCJI0 KPUBBIX. 3HAUNT, HOBEDX-
HoCcTh ¢(F) nmeer He Gojiee 4eM KOHEYHOE YHCIO 0cOOBbIX To4eK. Torma
IO JIeMMe nosepxHocTh ¢(E), Ha camMoM Jjie/ie Heocoba U He cojiep-
wutest B kpaspuke. Haxowen, ecmn D € |[—2K ¢ — E|, to ¢(D) — xsa-
puka, npoxongmas depe3 ¢(E). Takum obpazom, | -2K ¢ — E|=2. O

10.5. IIpomomkum T0Ka3aTEIbCTBO 10.1} Cormacuo Jstem-

vam  [10.4.4] u [10.4.5] cymecrByer qunk CapkucoBa ¢ IEHTPOM B
P. Tlonyuum auarpammy (7.2.2) (mam (7.2.3)). Paccmorpum Bo3MOKHO-

cru mas craruBanug ¢. Hanomanm (em. (10.4.2)), gro
dim|-Kg — E| > g —9.
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Kak B j10Ka3aT€/bCTBe TeOPEMbl BOCHOJIb3YeMCs Kiaccudukanueit
SKCTpeMaJlbHbIX Jiyueii (Teopema [14.7)). TTomumo pentenuii, nepednc.ien-
ubIX B TeopeMe [10.1] momyuaem TakzxKe ciemyoniue CIydam:

1% g(X) =13,Y = Q C P* — neocobast KBaJpuKa, @ — pasjiyTHe
pamuona bHoil Kpusoii crenenn 6, F ~ 2(—Kg) — 3E, M —
Ky — E;

2% g(X) = 11, Y = P%, ¢ — pacc/oenue Ha KOHUKH C KPHUBOIi
BBIpOKleHnsd crenenn 4, M ~ —Kg — E;

3% g(X) =9, Y =Yy, C P — muoroo6pasue @ano unjekca 1
poza 8, ¢ — pa3iyTHe KOHHKH, F ~ — Ky —E, M ~ 2(—Kg)—
E;

4% g(X) =8, Y = @ C P*— Heocobas KBaJpuKa, 0 — pa3pyTHe
kpupoit crenenn 10 popa 7, F ~ 5(=Kg)—3E, M ~ 2(—Kx)—
E;

5% g(X) = 7, Y = Yy C P” — muoroobpasume ®ano wHeKca,
1 pona 6, ¢ — pasaytue kounkm, F' ~ 2(—=Kg) — E, M ~
3(-Kx) — E;

67 g(X) = 7, Y = Y, C P® — muoroobpazme Pano wHiekca
1 poga 7, ¢ — pasayrue Touku, F ~ 2(—Kg) — E, M ~
5(—-Kx) —2E.

Huke MbI IIOKazKeM, 9TO 3THU CJIYYaH HE PEeaJIU3YIOTCA.

10.5.1. CIEACTBUE. B ycaosuazr meopemovi omobpastcenue X
u3 duazpammon (7.2.2)) ne asasemea uzomopdusmonm.

JTOKABATEJBCTBO. Kak n B 0Ka3aTenLcTBe 13 BBIYUCTIEHHIT
crenyer, uro gedekr def (V) := E? — B3 jmuka (7.2.2) crporo monoxn-
Tesen (cM. yupaxknenue [4)). O

10.6. CIEACTBHUE. [Tycmo X = Xoy_o C P9 — anmukanonusecku
8a001CeHH0e mpermepHoe mHo2000pasue Pano undexca 1, poda g > 7.
Tozda na X cywecmsyem HeBLPONHCICHHAA KOHUKA U NPAMASL.

JIOKABATEJBLCTBO. [lockosibky muOroobpasme X, HOpMAJIbHO, a
Mopdu3M ¢ OupallMOHAJIeH W He CTITHBaeT JIWBU30DPOB, TO MOBEPX-
HOCTh ¢(E) niam Heocoba mim ee 0COOEHHOCTH M30JMPOBAHBI (CM. JI€M-
My [10.4.5). Bropoe HeBO3MOXKHO II0 JIeMMe CJiejoBaTe/IbHO,
HOBEPXHOCTE ¢( ) HEocoba.

Cornacuo [10.5.1] mopdusm ¢ crarusaer nmo Kpaiimeit mMepe oy
(merrpuBommMyio) kpusyio C. Tak kak K¢ -C = 0, 1o dego(C) = 2E-C.
Tak kak mosepxHOCTh ¢(F) Heocoba, 1o E - C' = 1. 910 03HadaeT, 4TO

dego(C) = 2, r.e. 0(C') — HeBBIPOK/EHHAS KOHUKA. O
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JTOKABATEJIBCTBO TEOPEMEL [10.I} Ocrasioch HCKIIOUUTE TOJIBKO
cayvan 6% Ho reneps cormacuo ciencTsmo MbI 3HaA-
eM, 94To Ha X CyIIecTByeT npsMas. Toraa mo Teopeme cJIrydan
i (r.e. ¢ = 13 u 11) meBo3MoxHBL. B caywasx u u3 tab-
qunpl [10.5] MBI moJydaeM OpPOTHBOpedHe, CDABHUBAs TOHNOJOIHYECKIe
siinepossl xapakrepuctuku X u Y (u npumensia caegcrsue [8.3.3).

Paccmorpum ciyuan U @ Torma F + E ~ 2(—Kx). Ilpu stom
coGeTBeHHbI TpooGpas F C X nusu3opa F sBISETCS €IMHCTBEHHBIM
3JIEMEHTOM JHHeiinoi cucremst |—2K ¢ — E|. DT0 nporuBopedur ciei-

creuio [10.4.6l O
SAIAYN. 1. Ilokaxkure, uTo 00pas mopdusma P | — HOP-
MaJbHOe MHOrooOpasme.  Yxasanue: Bocnoab3yiiTech Teope-

moii [16.8

2. Ilycrs X = Xy C P! — muoroo6pasue jgennb Ilenio cremnexn
3 < d < 5. Jlokaxkute, 910 cymecTByer auHK CapKucoBa ¢
MEHTPOM B TOYKe P € X | OnuInuTe ero pe3yjibTart.

3. Ilycts X = X9 C P7 — anTHKaHOHHYECKH BJIOXKCHHOE MHOIO-
obpaszne @ano ¢ v(X) =1, p(X) =1ug(X) =6.ycrp P € X
— JlocTaTo4uHo o0Iast Touka. JlokaxKuTe, 9ToO CyIecTBYeT JTUHK
Capkucosa neatpoM P u mpu stom Y = Yo C P7 —
Takzke MHOT0OOpasne Pano uugekca 1 u pona 6 ¢ p(X) =1, a
¢ — pa3jyTue TOYKH.

4. Brraucanre gedekt def(V) := E? — E3 nunka B TEope-
Me [10.1| u jokazkuTe, 9TO OH CTPOTO MOJOKHUTEIEH.  YKa3a-
nue: Beraucanre M3 = (—Kg — E)? apyms criocobamu.

5. Jlokaxkure HemokaszaHuble dacTu JemMwmbl [10.4.3f B ciayda-
ax |(i)(a)l m |(1)(b)| mOBEpXHOCTH €TUHCTBEHHBI ¢ TOYHOCTHIO
JI0 TPOCKTHBHON IKBHBAJIEHTHOCTH W HAWIATE 3aIAIONIHE WX
ypaBHeHud.  Yxasanue: Vcnonp3yiiTe TO, 9TO BiIOXKeHne Be-
ponese unjyunupyer jeiicrsue rpyuub GL3(C) na P° u npn
9TOM UMEeTCH TOJIbKO TPH OPOUTHI.
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11. Muoroob6pazua ®ano ¢ uuciaom Ilukapa 1, IV

11.1. ObOpaTHas KOHCTPYKHHUsA. B 3TOM U cieayolieM pasjesie
MBI JIOKayKeM CyIecTBOBaHue MHOroobpas3uii @PaHo 0OCHOBHOIT cepun poja
> 7. Bosee Toro, MbI aiuM CIocod TTOCTPOEHUST 8CET TAKUX MHOTOOOpa-
3uit. CHavasta Mbl obcyaum caydan g = 12, 10 m 9. Byaer ucnors3oBana
KOHCTPYKIIHA, oOpaTHas K JIBOIHON MPOEKINHA U3 TPIMOIi.

11.1.1. OBO3HAYEHUA. OTupaBHOil TOUKO#l [/ IIOCTPOCHUS JTHHKA
Capxkucosa siBistercst napa (Y, Z), tie Y — muoroobpasue QaHo WHIEKCA
(Y)>1cp(Y)=1,aZ CY — rnaakas Kkpusas poga g(Z) u crenenu
deg Z := (—=Ky-Z)/u(Y'). Mbi 6y1eM paccMaTpuUBATD CJIEIYIONIHE CIy IaH

(em. reopenmy [8.3|[(iiD)):

Ne | g Y (Y) |degZ | g(Z) | d
9 | 9 | P3 4 7 3 |3
10° | 10 | xBagpuka Q C P4 3 7 2 |4
12° | 12 | mHOTOOGPa3ue gean Ilemmo Ys C PO | 2 5 0 |5

Brecs d = (1(Y) — 1)(degY'). D10 obozuadenue OyaeT HCIOIB30BATHCS
Huzke. Mpl cauraeM, 4ro B Caydae KpHUBasi Z HE AGAAECMCA 2une-

poanunmuvecrot (em teopemy [8.3|[(iiL) (a)). Yepes M mbl oGo3uatnm
obuhHYyI0 0bpasyiottyo rpymnsl Pic(Y) ~ Z.

11.2. [IPEOJIOZKEHUE. B 0003Ha4%EHUALT GblULE BEPHBL CACOYIOULUE
YmeepHcoeHuA.

(i) Pasmeprocmo aunelnod oborouru kpueol Z pasHa d.
(ii) Kpusaa Z codepotcumca 6 noseprrocmu S € |(v — 1)M]|, 20de
t:= 1Y), cmenenu d, Komopas aessemcsa HENPUEOOUMOT.
(iii) Iosepxnocmov S = Sq C P? ne asasaemca KOMYCOM, pPayuo-
HAADHG U NPUHAOACHCUM, 00HOMY U3 CACIYIOWUT MUNOE.
() HOPMAALHAA, GHMUKGHOHUYECKY, BAOHCEHHASL NOGEPT-
nocms  deav Ileyuo ¢ dosaresckumu  0cobeHHOCTNAMU
(uau enadxasn);
(b) HeHOpMaALHAA AUNETUAMAA NOBEPTHOCTND, 3AMEMAEMAA
(6 — d)-cexywumu npamumy € kpueot Z. B amom cay-
wae ocoboe muosicecmeo S = Sq C P asasemes (7 — d)-
cexyuieti npamoti x Z.
(iv) IHosepzrnocmo S € (v — 1)M, codeporcawan Z, eduncmsernma.
(v) Kpusasa Z C P asasemcea nepecenenuem 2unepnoseprnocme
cmenenu 7 — d.

JIOKABATEJILCTBO. IIpeanono:KuM, 9T0 Z CONEP:KATCS B MOJ-
npoctpancTse P!, B caygae (9930 mporuBopednt dopMyIie 11d poaa
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Julg IJI0CKON Kpuboit Z; C P2. B cayuae KpuBas Z JIOJIZKHA CO-

JepKaThesd B AByMepHoi kBajapuke Q NP3 (Bozmoxkno 0co6oit). Jlerko

MPOBEPSETCsI, ITO 9TO TAKZKE HEBO3MOXKHO. Hakower, B ciaydae u3

coobpazkeHnii cremenn nogydaem, aro Z = Y NP4 Ho Torna no dpopmyie

npucoesunenus Ky = 0, r.e. g(Z) = 1. CroBa nporuBopedne.
PaccmorpuM ToUHyIO MOC/I€10BATETHHOCTD

(11.21) 0 —— Z4(t—1) —— Oy (1—1) —— O4(t—1) —— 0,

e 77 — myqok nieanos kpueoii Z B Y. 3amernm, uro h'(Y, Oy (1 —
1)) =20, 14 u 7 B ciyuasx u [129 coorBeTCTBEHHO, B TO BpeMd
kak h’(Z, 07(1—1)) =19, 13 u 6 B 3TUX caydagx. 13 cooTBeTcTByOMIEH
JJIMHHON TOYHOU IOCJIEIOBATEIBHOCTA KOTOMOJOTHI CJIeNIYeT, YTO

HY(_Z5(t—1)) #0,

T.e. oBepxHOCTh S € |(¢ — 1)M|, mpoxoagias depe3 Z, CyIIeCTBYeT.
Bosiee Toro, Takas HOBEPXHOCTH HENPHBOIUMA. DTO OYEBHIHO B CIIy-
Jasgx n [I09 a B cayuae CJEJyeT W3 TOTO, UTO 7 HE JIeXKUT
Ha KBaJIpuKe (IpeJIaraeTcsl YATATETI0 CAMOCTOSTEBHO TIPOJIEIATh 3TH
LPOCTERINNE BHIYUCJICHUSA ).

[Tpeamonoxum, 9To S ABJIAETCA KOHYCOM HaJI HEKOTOPOi KpH-
poit [' B P 1. B cayuae yepe3 JI00YI0 TOYKY MHOTO0Opa3us
Y = Y; C P® npoxomuT TOJLKO KOHEYHOE YHCJIO HPAMBIX (CM. Tpeji-
noxenne [B.5.1][(v)]) n nosromy Y me coneprxur konycos. B ciyuae
M1060#l KoHyc Ha Kpajpuke Y = Q C P! BhicekaeTcs KacaTeJbHBIM T'H-
HEPILIOCKUM CeYEeHHEM U IIO3TOMY 3TOT CJIy4ail TaKzKe HeBO3MOKEH.

PaccmorpuMm cHavasta caydait . Torna I' C P? — nenpuboguMas
KyOnmueckas Kpusad. [IpeamonoxkuMm cHavasa, 4To oHa Heocoba. IlycThb
oc: S — S — pasmyrne Bepmmubl. Torna S mMeeT CTPYKTYpy JHHE -
qaToil MOBepXHOCTH Haa I, & MCKIIOUHTETbHBI AuBn30p ¥ C S — ee
ceuenne. [lycrb A — runepiiockoe cedernune S u nycrb A* := o*A. lme-
€M CTaHJIapTHBIE COOTHOIIEHUST:

(A2 =3, A"-Y=0, (Kg+X)-2=0, (Kq+A*)-A"=0.

Tak Kak KJIacChl JUBU30poB L m A* mopoxmaor npocrpanctso N(S),
TO OTCIOJIA TOJIyYaeM

Ke+YX+ A" 0.
[To bopmyne Hérepa
0=K:=(S+ A"

Orciona X2 = —3. Jasee, nycth Z — cobeTBeHHbIH poobpas Z. Torma
A*-Z = 7. Ecnu Z He NpoXOIUT Uepe3 BEPIINHY KOHYCA, TO YUCIEHHBIH

~

KJIacC Z TPOHMOPIHOHAJEH Kjaaccy A*, HO 3TO HEBO3MOMKHO MOCKOJBKY
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(A*)? = 3. Buaunr, Z-% > 0. Tak kak Kpupag Z Heocoba, 10 Z - % = 1.
Otciona Z & %A* — %2. Torpa mo dpopmysie mpucoe nHeHIS

2(2)—2=28(2)-2=(Ks+2)-Z=8, g(Z)=5.

[IpoTuBOpetNe MOKA3BIBAET, YTO MOBEPXHOCTD S HE MOZKET OBITH KOHYCOM
HaJ HeoCO0O# 3JLUTUITHIECKON KPUBOI.

[Tockonbky MHOrOOOpasue Y meocobo u —Ky = M, To o popmy.ie
HIPUCOEINHEHNs] aHTUKAHOHUYIECKHiT TuBu30p — K g sBJIgeTcs OOMIbHBIM
nuu3opoMm Kaprbe. Ecau moBepxHOCTH S HOpMAJbHA M HE SIBJISETCS
KOHYCOM, TO OHa PaIlOHAJIbHA U HMeeT He XyrKe YeM IIOBAJIEeBCKHEe 0CO-
GeHHOCTH (9TO KIaCCHIecKuil haKT, COBpEMEHHOE N3JI0KEHUE CM., HAIID.,
B [21]). [Momryuaem cayuqait |(iii)(a)}

[Ipenmo/ioKuM, 9T0 MOBEPXHOCTH S HE SBAAETCA HOPMAJILHOR. 13-
BectHO [16], § 8.1], uTo S siBAsIETCA OOPA3OM TPH MPOEKIUH TOBEPXHOCTH
S' C P! ymamvansHO crenernn (oM. TpeToAKeH e U3 TOYKH, He
agexkareit Ha S, Ilpu stom mopdusm v : S — S coBuagaer ¢ HOpMaJIU-
sarmuedt. Slcmo, urto S’ C P4T! me MoxkeT OGBITH MOBePXHOCTBHIO Bepomese
(Tak Kak Torga d = 4 u a06ast KpuBast Ha S’ IOJIZKHA UMETh YeTHYIO CTe-
[eHb). SHAYUT, COMJIACHO PEIJIOKEHIIO nosepxnocts S’ C P!
ABJIAETCS 00Pa30M PAIMOHAIBLHON JIMHEHIaTo! ITOBEePXHOCTH S = F. mpu
orobpazkennu JuHeiHoi cucremoit £ = |X + nY|, rme X, T — kiac-
Chl MEUHHUMAJBHOTO cedenus u ciaosa F.. Tak kak deg S’ = d, To umeem
CJCIYIOIINE COOTHOIIEHUSI:

(S+nY)=2n—e=d, (Z+nY)-T=n—e>0.

Orcona d > n > e. BoJee TOT0, OCKOJIBKY MOBEPXHOCTD S’ He SABJISETCS
KOHYCOM IIpH d # 3, TO B 9TOM CJIy4ae UMEET MEeCTO CTPOroe HEPaBEeHCTBO
n > e. [lomyuaeM craefyromne BO3MOKHOCTH 1ist (d, e, n):

(3,3,3), (3,1,2), (4,0,2), (4,2,3), (5,1,3), (5,3,4).

Hasee, mycThb Z — ¢OBCTBeHHBbIH npoobpas Z Ha S =TF,. Bannmem Z ~
ax + bY. Torna

7% = b—eca >0,
degZ = Z-(Z+nT)=—ae+b+na,

20(Z)—2 = (K, +2)-Z=—eala—2)+a(b—e—2)+bla—2).
[Tockosibky mpu d = 3 KpuBast Z He SIBJSETCS TUTEPITIUTITHIECKOI, TO
B 9TOM ciaydae a > 3. OTCiofa HECTOKHO TOIYIUTH BCE BO3MOKHOCTH
st (d, e, n,a,b):

(3,1,2,3,4), (4,0,2,2,3), (4,2,3,2,5), (51,3,1,3), (5,3,4,1,4).
B uactruoctu, (d,e,n) # (3,3,3), re. S = S =TF, u S He apasercs
KOHYCOM.
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Tak Kak MOBEPXHOCTDH S — JIOKAJBHO [OJHOE HEPECEUYEHUE U HE SBJIsI-
€TCsT HOPMAaJIBbHOM, TO ee 0¢000e MHOXKECTBO JIOJI?KHO UMETh OJJHOMEPHY IO
kommonenty. [lo Teopeme Beprunu u dopmyse npucoegamHenns ooIee
runepmiockoe cedenme S N P4~ — menpusoguMmas Kpubas apudMeTH-
9eCKOro pojia 1, KoTopas Mo/zHa ObITH 0coba B Toukax Sing(S) N P41,
Takasg TOYKa MOXKET OBITH OJHA M II0STOMY OJHOMEpPHAS KOMIIOHEHTA
muoxkecTBa Sing(S) — mupsamas. Obosnaunm ee gepe3s A. B Bcex cay-
qagx nosepxuocth S° C P! ecth nmepecedenne KBaJIpuk (cM. IpeyIo-
xenne [15.2)). TTosromy mpooGpas A’ C S’ mpsamoit A npu npoekunn
S" — S aBsercss KOHHKON (BO3MOXKHO IPHBOANMOI ), JiezKalieil B I1oc-
KOCTH, TOpOKJAeHHOT A u nenTpom npoekiuu. [Tosromy & - A" = 2.
Tenepb HETPYAHO BBHIYUCIUTH U KAacC KpuBoid A'.

11.2.1. 3Bamurmiem oTBeT:

d S’ < K1ace Z kiaacce A
1% 5 Fy X+ 37 Y +37 ¥
2% 5 F3 X+ 47| X 4+47 Y+ T
3# 4 Fy |+ 27| 2% + 37 5
4% 4 IFy X + 37| 22X+ 57 2+ T
5 3 Fy 2+ 27 3% 447 ST

Bo Beex cayuasx Z - =a =6—du X- (X +nT) > 0. Do
o3Hadaer, 41o obpassl cioeB 1 spisiorcs (6 — d)-cekynumu Z. Tak Kak
Z-N =7—d, 10 A sBnaercs (7 — d)-cexymeit Z. Yrsepznenne |(iii)
JTOKa3aHO.

JlokaxkeM eIMHCTBEHHOCTH HMoBepxHocTH S. B ciydae 3TO
0YeBUIHO, MOCKOIBKY uHade dim(Z) =4 u Z =Y N (Z) no coobpazke-
HEAM cTernenn. Ho Torma Z nomxkHa OBITH 3/UTHNTHYECKONR KPHBOI TO
dopmysie npucoeunenusi. IIporusopeune.

Pacemorpum cory4aii [10% TIpeanosiozxum, 910 1epes Z mpoxoaaT ase
nosepxuoctu Sy, Sy € [2M|. Torna S; NSy =Z+ A, tie ACY CP*—
HeKoTopasi npsimas. VIMeeM TOUHYIO TOC/I€/I0BATEIBHOCTD

0 —— Ogp—— Oz DOy —— EB Fp—0,
PeZnNA

rue #p — 1y4ok ¢ HocurejaeM B P. fcno, uro
hl(ﬁz_;,_/\) == pa(Z + A) =5 m hl(ﬁz D ﬁ/\) == pa(Z) + pa(A) = 2.

Tak xak kpuBast Z + A cBsI3HA W NPHUBEIEHA, TO

#(ZNA) = Y h(Fp)=5-10"(Ozn) =4,
PeZnNA
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T.e. kKpuBas Z umeer 4-cekymyio A. Ho Torga npoeknmsi u3 A 3ajaer
oupanuonaabHoe oTobpazkeHue Z Ha IJIOCKYIO KPUBYIO CTEIeHu 3, 4TO
HEBO3MOKHO.

Paccmorpum corydaii [Ipeanosioxkum, 94T0 depe3 Z IPOXOAAT JBe
Kybndeckue moepxaoctu S7 u Sp. 3amuimem S; NSy = Z + A, rme A —
BbIYeTHAasT KpuBad. 1Tak kKak deg A = 2, TO uUMeIOTCS JIUIIL CJIeTYIONITe
BO3MOYKHOCTH:

IJIOCKAsl IPUBeIeHHAS KOHUKA;
A=< A=A+ Ay, tme Ay u Ay — HEmepecekaImuecss TpaMbIe;
A =2Ay, tne Ay — upamas.

[To Teopeme Beprunu obmiumit s;iement S mydka, MOPOKIEHHOTO TIOBEPX-
HocTIMHU S1 1 Sy, Heocob BHe S1MS,. Bo Beex ciaydagax oOmuit sjmeMent S
HE MOXKEeT UMeTh OCOOEHHOCTH BJIOJIb KOMIIOHEHTHI nepecederus: S M Sy
(nrave obe mosepxHOCTH S U Sy GYIAYT OCOOBI BJIOIL 9TOH KOMIIOHEHTHI
W KPATHOCTH Mepecevdenus BIOIhL Hee Oyaer > 4). Takum obpazom, S —
HOpMaJibHad Ky6I/ILIeCKaH IIOBEPXHOCTD C AI0BaJIEBCKUMU OCO6€HHOCTHMI/I
(em. [(i)(a)), a A := S NS =S5,NS — nususop Kapree na S Taxoii,
qro A ~ —3Kg.

Ecau A — nnockas npuBenenHas Kounka, 70 #(Z NA) < degZ =T.
C apyroit cTOpOHBI, aHAJOTHIHO CJIYYAI0 MOXKHO IOKa3aTh, 9TO
#(Z N A) = 8. Ilporusopeune. Eciim A = Ay + Ay, tne Ay u Ay — neme-
peceKaroImecs: IpsiMble, TO AHAJIOTHIHO norygaeM #(Z N Ay) +
#(Z N Ay) = 9. Ho Torma mpoekruu u3 Ay u Ay 3a7ai0T Ha JuHeiiHbIE
CHCTEMBI gi W g}, ITO MPOTHBOPEYUT HAIIEMY MDEIONOKEHIIO O HETH-
HEPIJJIMIITUYHOCTH KPUBOil Z.

Haxkonen, mycts A = 2Aq. Ouerum poa npusedernoti kpusoit C' 1=
Z + Ny. Imeem TOUHYIO MOCJIEI0BATETHHOCTD

0—— ﬁs(—C) ﬁs > ﬁc 0.

(ITockoabKy MOBEPXHOCTH S MOXKET OBITH 0c000#, TO my4dok Og(—C)
HeoOs3aTeIbHO ABJISIeTCsT 0OpATHMBIM, HO OH pediekcuBer panra 1).
[To Teopeme KaBamarbl-@uera 06 obpallieHuu B HY/Ib (BepCHsT I 0CO-
obrx MuOro06pasuit [30]) umeem H'(S, Os) = H?(S, Os) = 0. Orcrona
HY(C, Oc) ~ H*(S, Os(—C)). o asoiicreennoctu Ceppa

h?(S, O0s(—C)) = h°(S, Os(Ks + C)),

rae Kg+C ~ —2Kg—Aq. [lycTb 1 : S — S — MEHEMAJTIBHOE pa3peleHne
ocobernocTedt (monoxkmM S = S, ecitm moBepxHOCTH S HEOCO6A) U TMyCThH
Ao — coBerBennbIit mpoobpas npsamoit Ag. Torma Ag — (—1)-xpusas. Tak
Kak ocobennoctu S moBajeBckue, To p*Kg = Kg. Otciona

hO(S, Os(—2Ks — Ag)) > h°(S, Os(—2K5 — Ay).
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[To Teopeme Pumana-Poxa
h(S, Os(—2Kg — Ag) > T.
Takum obpazowm,
pa(C) =h'(C, Oc) =h'(S, Os(Ks +C)) > 7.

Torma kak u BeitTe, mosrydaem, 9to Ay — b-cexyrast kpusoit Z. CienoBa-
TEJIbHO, Z — TUNEPAJLINNTHYecKas KpuBasd. [IpoTuBopeune goKa3bBaeT
Bocnosab3yemest  ciepyomuM — pesyiabratom  Mamdopaa—
Kacresnbuyoso [87, seknumst 14]. Mbl BocmpousBeieM ero B HECKOJBKO
BUIOU3MEHEHHOH dhopMe, TPUCIOCODIeHHON /11 HAIIUX IIeJIeit.

11.2.2. TIPEAJIOYKEHUE. Tycmo Z C P4, d > 3 — xpusas u nycmo
Iz — ee nyuok udeanos. llpednorooicum, wmo daa nexomopozo m > 0
BUINOAHEHL 060 YCAOBUA!

(i) H*(P, Zz(m —2)) =0,
(ii) H' (P4, #z(m—1))=0.
Tozda npu k > m npocmpancmeo HY(PY, _7,(k)) noposwcdaemes

H(PY, Z7(k—1)) @ HY(P?, Opa(1)).

B wacmuocmu, kpusas Z C P asasemea nepeceuenuem 2unepnosep-
Hocmet cmenenu m.

11.2.3. 3BAMEYAHUE. Hecl0:XHO BUIETH, YTO YCIOBHE caeayer
13 CJIeLyIOero

i) (m—2)(deg Z) > 2g(Z) — 2.
[Toxkaxkem, 410 ycjaoBus mpejyioxkenns |11.2.2 BbIIIOHEHBI B HAIIEM
ciaydae aad m = 7 — d. JleficrBuTeibHO, pacCMOTPUM, HAIIPUMED, CJIY-

qait [9°91 Hepasercrso IpPOBEpAeTCAa HEMOCPEACTBEHHO, a JJIsS T0Ka-
3arebcTBa |(ii)| paccMOTPHM TOUHYIO MOCIE0BATETBHOCTD

0 —— 74(3) —— Ops(3) —— 07(3) —— 0.

Cornacuo mynkry [(iv)] mmeem h'(P?, #7(3)) = 1. HecsioxHo BbIUnC-
quth, aro h®(P3) Ops(3) = 20 u h°(X, 04(3) = 19. CrenosaresbHo,

0TOOparKeHue
HO(P?, Ops(3)) —— H°(Z, 04(3))

ciopbektuBrO. Tak kak H'(P?, Ops(3)) = 0, ro H(P3, #,(3)) = 0.
Corydan u [12° paccMaTpuBaOTC aHAIOTHIHO.
[Ipemnoxkenne (11.2| oka3aHo. ]
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11.3. TEOPEMA. (i) HHyemv Z C Y5 — enadkad payuonasvias
Kpueas cmenenu 5, aescawsan ma mrozoobpasun Y = Ys C PO,
Tozda sunetinasn cucmema |3M — 27| 3adaem bupayuonasvroe
omobpasicenue Ys Ha AHMUKAGHORUMECKY, SA0HCEHHOE MHO2000-
pasue Paro Xoy C P poda 12.

(ii) Iyemoy Z C P* — 2aadkas nenpusodumas kpusas cmenenu 7
u poda 2, aeosrcawas na 2aadkoti keadpure Y =Yy C P4, Tozda
aunetinas cucmema |SM — 27| sadaem bupayuonasvroe omob-
pasicerue Yo HG GHMUKAHOHUYECKY, GAONHCEHHOE MHO2000DA3UE
Daro X153 C P poda 10.

(iii) ITyemv Z C P3 — 2nadkaa HenpueodUMan KpUBGA CIMENEHU
7 u poda 3, we asaarwaacs 2unepassunmuveckot. Toeda au-
netnas, cucmema |TM — 27| sadaem bupayuonasvroe omob-
pasicenue PP na anmukanonuNecky 6.409cenHoe M1H02006pasue
@aro X6 poda 9 ¢ PO,

(iv) Bo scex cayuasr Oupayuonaisvhoe omodparcerue cmazusaem
cobemeennoii npoobpas noseprrocmu S na npamyro [ C X.

(v) Kascdoe mmozoobpasue Parno X = Xoy_o C PI™ poda g = 9,
10 wau 12 ¢ p(X) = o«(X) = 1 moocem 6vumob noaywerno oonum
u3 cnocobos ONUCAHHHLT BBIULE.

IMosacuenne. s nokaszareabcrBa MbI MOCTpouM JUHK CapKuco-
Ba (7.2.2)), KoTopsiil sBsIeTCS OGPATHBIM K JIMHKY 13 Teopemsl 8.3t

X-X-X

(11.3.1) 7 x

Bnech ¢ : X — Y — pasayrue Z, x — JIom, a ¢ — CTATUBAHIE COOCTBEH-
HOro 11poobpasa nopepxnocrn S Ha npsamyto | C X = Xy, o C P9,

JIOKABATEJILCTBO. Ilycry F := ¢~ 1(Z) — uckimouuTebublii au-
Bu3op, M := ¢*M — nommbiii 1poodpa3 TUMEPIIOCKOro cevenus Y,
E = p;1(S) — cobereennbiit mpoobpas nosepxuoctu S. Takum oGpaszom,

PicX)~M-Z®F -Z~(-Kg)-ZOFE-Z,

(11.3.2) S .
Ky~ u(Y)M = F, E~Y)=1)M-F.

11.3.3. JIEMMA. Hmeem caedyrougue coommowenus na X :

(11.3.4) M =M*=d(Y), M* F=0, M-F?>=—degZ,
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-8 6 cayuae [127
(11.3.5) F3={-23 & cayuae 109
—32 6 cayuae 99
wau, 6 dpyeom basuce, B3 = —u(Y),
(11.3.6) (-Kg)’=29—-6, (-Kg)*-E=3, (-Kg)-E*= -2,
2de g =12 — g(Z).

JIOKABATEJIBCTBO. 13 neMMbr HEIIOCPEICTBEHHO IOJIyYa-
forcst ((11.3.4)-(11.3.5)). Torma coornomenus (11.3.6) momywarorca us

(11.3.2). O

11.3.7. JIEMMA. (i) Jlunetinas cucmema |—K x| ne umeem 6a-
sucHhuz movex. B wacmwuocmu, dususzop —Kx wucaenno ag-
pexmusen.

(i) Jas arobozo sfdexmusnozo dusuzopa D umeem
2
<_KX) -D > 0.

JIOKABATEJIBCTBO. CoracHo KpUBag Z BBICEKAETCS

Ha Y rumepmnoBepxuocTsmu crenenn ¢ = ((Y) = d — 7. CienoBaTesbHO,
Junedinast cucrema |—Kg| = [tM — F| ne uveer 6asucHbIX TOYEK H
[IO9TOMY OHA YMCJIeHHO 3P HeKTUBHA.

i

(ii)| IIpemmosmoxuM, ato (—K )" - D = 0 a8 HEKOTOPOTO MPOCTOTO
nususopa D. U3 (11.3.2) monygaem —K g ~ M + E. Otciona

0=(-Kg)> D= (-Kg)-M-D+ (—Kg)-E-D.

Tak kak jguBuzopbl —K g u M uucjienno 3p@PeKTuBHbL, a JUBU30Pbl F 1
D 3¢ dexTuBnb 1 He UMEIOT OOIUX KOMIIOHEHT, TO 00a 4jeHa B IPaBOil
qacTH HeoTpunareababl. CreaoBaTeIbHO, OHE PaBHBLI HY/I0. [lasee,

0=(-Kg)-M-D=M*-D+E-M-D.
Kak u BbIe 06a wiena B npasoii uactn 3amytsiorcs: M2-D = E-M-D =
0. B wactnocTh, 310 03HAUaET, YTO AMBU30D [ cTarnBaercs MopgusMom
¢. Ho toryia D = F'. C apyroit cropoust, (—Kg)?- F > 0. TIporusopeuue
JIOKA3bIBAET JIEMMY. U

Ecnu nmusuzop — K i He sBisiercs o6uwibHbIM, TO 110 Teopeme [14.8.6
u gemme [11.3.7] cymectByer dbaon

(11.3.8) \ /

*A posteriori, npumensisi cleaCTBAE MBI TIOJTy9IUM, 9TO JuBH30p —K ¢ He sB-
JIsieTCsl OOUJIbHBIM.
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rne Ey = O(E) = 6(E). Ilo9ToMy MBI MOXKEM IPHMEHHTh KOHCTPYK-
o (7.2.2). B oboux caywasx [7.2[(a)) u [7.1][(D)] umeerca auarpam-
ma ([11.3.1)), B koTopoit oToGpazkenue y ABIseTCs UM (HIOTOM HIH H30-
MOPGPU3MOM.

11.4. [IPELIOKEHUE. Mopdusm o : X — X cmaczusaem cob-
emeennniii npoobpas E noseprnocmu E wa wpusyro | C X, mmnozoobpa-
sue X asasemes anadkum mroz2000paszuem DPano underca 1 poda g = 12
ecruY =Ys, g=10ecauY =Y, ug =9 ecau Y = P2, Ilpu smom
kpueas | asasemes npamot na X.

JTOKABATEJILCTBO. MBI yTBep:KaeM, 9TO AUBU30p E oTpuiare-
JleH Ha Jyde R,.

PaccmorpuMm cHadasia ciaydait, korga Y — uzoMmopdusm. Torma E =
E. Ecm E - R, > 0, To E 4ncienno adgpdexTusen. 9To NPOTHBOPEUUT
Tomy, uto (—Kg) - B2 <0 (em. ([11.3.6)).

Teriepb paccMOTpuM cJIydail, KOraa X He SBJISeTCS H30MOPMU3IMOM.
Konyc Mopn NE(X) mopoxpaercs AByMs JTydaMu: JTyHYOM R,, coot-
BETCTBYIONIUM CTATUBAHUIO ©, U K g-TpuBuanbubiM jydom R .. B cu-
ay ([11.3.2) aususop E = ¢;'(S) nonoxurenen na R,. C apyroii ctopo-
HBI, OH He BJigeTcd quciento 3¢hdexTusubM (Hockobky (—Kg)- E? <
0). 3aunt, muBE30p F oTpHIaTeIeH Ha Rk . Konyc Mopu W(X ) Tax-
JKe TIOPOXKIAETCS JIBYMs JIy9aMU: JIy9oM R,, COOTBETCTBYIONUM CTsi-
rUBaHUIO 0, U K g-TpuBnanbubiM 1ydoM Ry . Ilo csoiicrsy d1omoB
E Rk, > 0. Ecmn E. R, > 0, To qusuzop E uucjenno sapdexkrused.
Ho 310 cHOBa npoTHBOpPEYUT HEPABEHCTRY

(-Kg) - E*=(-Kg)-E*<0.

Takum obpazom, F - R, < 0. 910 o3Havaer, 4ro MopdusM ¢ o6u-
paluoHaien u crarusaer ausuzop E (cm. teopemy [14.7). Tak xak
E-(-K3)? = E-(-Kx)? = 3, 1o cornacuo (7.7.3)), mopdusm o ne
MOZKET CTATUBATh nuBu30p F B Touky. Torma no knaccudpuKanum dKC-
TpeMasbHbIX Jiyueii | = o(F) — neocobast kpubast u X — Heocoboe
muoroobpasne Pano ¢ p(X) = 1 (em. Teopemy . I'pynma Pic(X)
OpOXKAaeTcst Kiaaccamu auBu3opoB —K ¢ u E. TTosromy Pic(X') mopox-
naercs kinaccom —Kx, Te. o(X) = 1. Vunrssag (11.3.6) u (7.7.4), mo-
JIy4aeM

(~Kx +E)?-(-Kg) = (-Kx)’=29-2, g(X)=y,
(—K¢+E)-E-(—Kg)=degl=1,
E? (-Kz)=-2=2g() -2, g(l)=0,

T.e. X = X9, o C P9l C X — npamvad. Ilpennoxenue qokazano. [
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[IpososizKum J1I0Ka3aTe/IbCTBO TEOPEMbI Mbl umeem KOMMYyTa-
tupnyio auarpammy (11.3.1), rae ooxop ™! = 9 — bupamuonantbHoe 0TO0-
paxkenwue. Jlerko BugeTh, 4T0

o' (—Kx) =Kz + E=x.(-Kx + E) = x.(¢"(-Ky) + E— F),
YuanrsiBas ((11.3.2)), monryaaem
o' (—Kx) = X*((LM —~F)+((t—1)M — F)) = X*(((QL —1)M — QF))

OTKyzaa CJeIyIoT yTBepIKIeHUSA Teopembl. JIjig m0Ka3aTe h-

CTBa cpapaum guarpammsr (11.3.1) u ((7.2.2). Orobparkenne 1) siB-
agercs obpaTHbM K asoitnoit mpoexkiun W u3 (8.3.1). Ilpu g = 9 kpusas

Z He MOKeT ObITh THIEPIINITHYECKOIl COINIACHO iii)(a)l Teope-

Ma [11.3| moka3zama MOJHOCTHIO. ]

B repmunax juarpammbr ((11.3.1)) MOKHO Jarh Kpurepuii, pas/jinda-
TONMUil THIBI NPSAMBIX Ha MHOr00Opasun Xo, o C P9™! ipn g > 9.

11.5. [IPEMJIOXKEHUE. B ycaosuaxr meopemo, [11.3] noseprrnocmo S
HOPMAADHG M0204 U MOALKO Mo20a, K020a HOPMAALHBIT NYUoK NPAMOT
[ umeem 6ud

(11.5.1) J%/)‘( ~ ﬁpl ©® ﬁﬂ)l(—l).

JIOKA3ATEJBCTBO. Pacemorpum auarpammy (11.3.1). Ilycrs cra-
qasta HopMasIbHbLl mydok npamoit | umeer sux (11.5.1). Torna £ ~ F;.
[IpeAmoI0KuM, 9T0 HOBEPXHOCTD S He sIBJIsIeTCs HOPMAJIbHOM (1 ee HOp-
Masusanus S’ HoHaIaeT B OJUH U3 CIydacs B sToMm cayqae 06-
muii cinoit Tp C E He mepecekaercst ¢ (hJIONIOBBIM MHOKECTBOM (CM.
JIEMMY . Cuenosaresnbno, ero obpas ¢ o Y H(Tg) na Y ume-
er crenenb (—Kg — E)-Yp =2, 1. e. oo x (Tg) — nenpusoaumas
KOHMKA, JiexKamasa B Heocoboit wactn S. Vcnonn3ys HEeTPY/IHO
MPOBEPUTH, YTO NP ¢ = 9 Kazkjast KOHUKA Ha S MepecekaeTcs: ¢ 0Co-
6brm MHOKecTBOM A = Sing(S), mpu g = 12; moBepxHOCTH S He MOZXKeT
COoJlepzKaTh ceMeiicTBa KOHHK, a pu g = 10 moBepXHocTh S MOXKeT CO-
JepzKaTh ceMeilcTBO KOHUK TOJIbKO B ojiHOM caydae d = 4, S" ~ P! x P!,
Z = |2+ 27|, N ~ X. B srom ciyuae jobasg kpusast Ha S OTJIHY-
Hasi OT KOHHKHU W3 HAIIEr0 OJHOMEPHOTO ceMeicTBa mepecekaercs ¢ A.
OxHako, Kak W BbIIIe, 00pa3 JIFOO0ro JOCTATOIHO OOIIEro 04eHb OOMIIb-
HOTO AMBH30pa Ha F no/keH jexkarhb B raakoit yactu S. [IporuBopedne
JIOKA3bIBAET JOCTATOYHOCTD.

[IycTh nmpsimas | uMeeT HOPMaJIHLHBIN Ty 40K

J%/X - ﬁpl(l) @ ﬁ]}bl(—2)

Torna E ~ F3 n uckirountenpHoe cedenne > C F ~ [F3 mMmeer uHmekc
camolnepecedeHus papablit —3. IIpeanonoxum, aro S — HOpMaJIbHA [IO-
BEPXHOCTDH € JFOBAJIEBCKMMHI OCOGEHHOCTSIMU (B YACTHOCTH, OHA MOZKET
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6piT Heocoba). Torma napa (Y, S) uMeer 4ucTO JIOrTEPMUHAIBHBIE OCO-
Gennocru. Tak kak Kx +E = ¢*(Ky 4 5), 1o napa (X, E) Tak:ke nmeer
YUCTO JIOTTepMHUHAJIbHBIE ocobennocTu. [To popmyne npucoeannenns

Kp=(Kx+E)|zg=¢"(Ky +9)|p = ¢5Ks.

Bmaunt, ¢z : F — S — kpenauTubrii Mopdu3M, IOBepXHOCTL F mMe-
eT JIWIh [IOBAJIEBCKIE OCOOEHHOCTH W aHTHKAHOHWYECKM Kjgacc —K g
qucienHo sbdexTusen n oobemen (T.e. F — 0606IIeHHAsS TOBEPXHOCTD
nenb [lenmo). B aTom ciaydae moboe cTarmpanme Ha F coXpaHsgeT THII
0CODEHHOCTE!H. B

Paccmorpuym auarpammy doona (11.3.8). Tak kak 6 crsaruBaer uc-
KJIoUIuTeIbHOE cedeHue Y C E ~ 3, 1o nmosepxuocrs Fy nszomopdna
KOHYCY HaJI PalioHaIbHON CKpy4eHHON KyOukoii. Ho 310 nporuBopeunT
ToMy, 9To ocoberHocTH Ey (He Xyzke deM) qroBaseBckue. [Ipemioxkenue
JOKa3aHO. O

SAJIAYN. 1. B o6o3navenusx [11.1.1)m BBIIIIE MIPEIIIOJIO-

JKHM, 9TO TMOBEpXHOCTH S Heocoba. JlokaxkuTe, 4TO IpHU TOJI-
XOIAIIEM BbIOOpe cTangapTHOro 6asuca h,eq, ..., e, B rpymme
[Muxkapa mosepxuoctu jenb Ilemmo S kiacc kpuBoit Z moxker
OBITh BBIPayKeH CJIEYIONIM 00pa30M

d=>5:7Z ~2h—ey;

d=4: Z~4h—291—e2—e3—e4;

d=3:Z~4h -3 e

2. B ycuoBusx npeaplayineil 3aja4u JIOKaXKuTe, 4T0 Kpubas
nmveer poBHO 8 — d passumdHbIX (7 — d)-CeKyImuX MpsiMbIX U 9TH
IpsSMbIe HE TIEPECeKA0T IPYT ApyTa.

3. Ilyctb B ycaoBusX T€OpeMbl MOBEPXHOCTH S Heocoba. [lo-
KayKUTe, 9TO JIs T060it aomnmosoit kpusoit C' C X HOpMaTh-
HBII TyHOK mMeeT BUI Ao x =~ Opi (—1) @ Op(—1) n xpubag
C' sBasercs mpoobpasom (7 — d)-cexyimei KpuBoit Z.

4. [Tob3ysich KOHCTPYKIMEH U3 TeopeMbl HaiiiuTe pas-
MEpHOCTH IIPOCTPAHCTB MOAy/aeit MHOrooopasuit Pano X =
Xoy—2 C P9 pona g > 9.

5. Jlokaxknre, uTo Ha obmiem Muoroodpasun Pano X = Xy, o C
P9t poma g = 9, 10, 12 cxema Tmanbepra npsambix Fy(X)
Heocoba. KakoBa kKopa3MepHOCTh MOJMHOXKECTBA MHOT000Opa-
suit Pamo ¢ ocoboit cxemoit I'mapbepra Fi(X)?  Vrasanue:
Bocnospayiitecs npemiokennem [I1.5]

6. KakuMu cBoifcTBaMu BbLuesseTcd KpuBad Z = Z5 C Yy C PO

u3 xkoucrpyknuu (11.3.1) mna caygas, xorma X = Xy C P13
145



— muoroobpasue Mykas-Ymemypoi? (em. npumep [13.5.1]) Ho-
KazKuTe, 4TO Ha MHOrooOpa3uu MyKas-YMeMypbl KazKas psi-
Mask IMeeT HOPMAJIbHBII 1y 90K Bua Op: (1)@ Op1 (—2) 1 nosro-
My cxema ['miabpbepra mpsaMbIX Ha STOM MHOT00OOpa3uu HeIpuBe-
JIeHa B Kaxk 10l Touke. Ha camoM jiejie 3T0 CBOMCTBO sSBJISETCS

erie oJIHOM XapakTepu3anuei Muoroodpasus Mykas-YMeMypb
(cv. [93]).
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12. MHoroob6pa3ua ®auno ¢ gncjaom Ilukapa 1, V

Tenepb Mbl 06CY MM KOHCTPYKIUH, TO3BOJSIONE CTPOUTH BCE MHO-
roobpasus Pano ¢ yucgom [lukapa 1 poma 7 u 8. ByayT ucnoab3oBanbl
muikn Capkrcosa, 00paTHble K pacCMOTpeHHBIM B pasaenaax [9u [10]

12.1. AmnagorudHO TEopeme UMeloTCcsT OupanuoHaJIbHbIe KOH-
CTPYKITNHU, TO3BOJIAIONINAE TIOAYyYaTh Bce MHOroobpasus Pano poma 8.
Huzke Mbl npuBeieM OJiHY U3 HUX, KOTOpas oOparHa K JuHKy CapKuco-

Ba, CBA3aHHOMY ¢ Toukoil (cm. reopemy [L0.1][(iD)]). Apyras koncrpykums,
npunaexkaas Pauno, npusesena B [83 rr. 3, § 1].

12.1.1. TeOPEMA ([100]). Iycmo Z C P* — payuonanvnas 1op-
MaavHaA Kpusas cmenenu 4 u nyemv Y = Yy C P* — neocobaa wy-
buMeCKkas 2unepnoGePTHOCmMs, nporodauias weped Z. Toeda auretinas
cucmema |[8M — 57|, 2de M — waacce zunepnaockozo cewenua Y, 3ada-
em bupayuonasvhoe omobpasicenue Y HaA GHMUKAHOHUYECKY BAONHCEH-
noe mnozoobpazue Pano X4 C PP poda 8. Omobpasicerue cmazusaem
Jueusop Aunetino sxsusasenmuvili M — 27 u aseasemcesa obpamnuvim K
OUPGUUOHANLHOMY OMOOPAHCEHUIO, NOCTNPOEHHOMY 6 MEOPEME .

Kaxcdoe mnozoobpasue Pano X = X1y C P poda 8 ¢ p(X) = 1
Modtcem, OvIML NOAYUEHO CNOCOOOM, ONUCGHHOM GbLULE.

HABPOCOK [IOKABATE/IBCTBA. Ilyets ¢ : X — Y — pasayTtue Z,
nycTh F — MCKIIOUATENbHBIH auBu30p u nyctb M = ¢*M. Tak kak
KpuBasi Z sIBJIAETCs TepecedeHrneM KBaJIPUK, TO JIMHEHHAST CUCTEMa

|-Kxg|=|2M — F|
He uMeeT Ga3UCHBIX To4Yek. HecaoKHO BHIYHCANTL Takxke, ato (2M —
F)3 = 6. Cneosaresbno, qusuzop — K ¢ uuciento adgppekTusen u oob-
eMeH.

okaxkem, 9To cymiecTByeT 3 deKTuBHbIi qupu3op K ~ 3M — 2F.
[To Teopeme Pumana-Poxa (cM. jokasarenbersa Teopembl [1.7.3)) uveem

h(X, 0% (3M)) =h’(X, Ox(3M)) = 34.
Tak kak F' ~ P, (Ji/ZV/Y) — palnuoHaJbHad JIMHeYaTasg moBEPXHOCTh, TO
hW(F, Op(3M)) =3M - Z +1=13.
I3 Tounoit MocaenoBaTeIbHOCTH
0 —— O3x(3M — F) —— 05(3M) —— Op(3M) —— 0

cJIenyetT, ITO
h(X, 0% (3M — F)) > 21.
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Jist kparkocTu noJjioxkuM £ 1= ?’F(Z%M — F)_. [ycrs 7 : F — Z ~ P!

— TmpoeKIud, orpannvenne  Ha F. Tak xkaxk F' ~ Py (,/VZV/Y), TO

W*ﬁp(—p) = W*ﬁpz(i/yv )(1) = Z\;Y'

zZ/Y

Y B [P
CorlacHO CKa3aHHOMY Bbllle, Iy40K A%y ® O%(2) = m.0p(2M — F)
HOpOZKJAeTCsl II0OANbHBIMU cedeHUusIMH. (CIIe0BaTeIbHO, TO YK€ BEPHO
u s nyuKa m.Z = Ay @ O7(3). Hostomy

HYF,¥)=H"(Z 7.%¢) =0

(em. [101L rur. V, nemma 2.4]). Anasorngno, no Teopeme Pumana-Poxa
Ha Z uMmeem

W(F, 2) =0(Z, Ny)y ® O4(3)) = 2+ deg N}y + 3deg Z = 20.
Haxkonern, kax u BBITITe, U3 TOTHOH TTOCTCI0BATEILHOCTH
0 —— O3x(BM —2F) —— O3x(3M —F) —— Op(3M —F) —— 0

cJeyeT, ITo
HY(X, Ox(3M —2F)) #0,

T.e. cymecrsyer spdextusnbii qusuzop F ~ 3M — 2F.

dcuo, uro 3ror AuBU30p HenpuBoAUM. Kak u B 10Ka3aTe/IbCTBE JIeM-
MBI MOYKHO MOKa3aTh, 4TO JinHeiinas cucrema |—K | 3anaer
MaJsioe ctaruanue. /lajgee q0Kka3aTe/bCTBO MOJHOCTHIO AaHAJIOTHYIHO J10-
Ka3aTeIbCTBY TE€OPEMBI O

12.2. Temepb MBI paccMOTpuM caydait MmHoroobopasuit ®ano poma
7. Hama koncrpyknus obparna K Ky CapKnucoBa, CBI3BaAHHOMY € KO-

nukoii (em. reopemy [9.3][D))).

12.2.1. TEOPEMA. Ilycms Z C P* — neocobasa wpusas cmenenu 10
u poda 7, ydoaemeopAOULAA 08YM CALIYIOUWUM YCAOBUAM

(1) Z me asasemca Hu 2UNEPIAAUNIIUNECKOT, HU MPULOHANLHOT,
Hu mempazonaavrot (em. npedaroscenue 9.5.1));
(ii) codeporcumes 6 neocoboti keadpure Q C PL.

Tozda aunetinas cucmema |8M — 3Z|, 2de M — xaacce eunepnaocko-
20 cevwenua QQ, 3adaem Oupayuonasvhoe omobpasicerue () HA GHMUKA-
HOHUNECKU 8A09CEHH0e MHo2000pasue Pano Xio C P8 poda 7. Omobpa-
srcenue cmazusaem Jususop AuHetno axeusarenmuuti DM — 27. Ono
ABAAETNCA 0OPUTHOLM K OUPAUUOHANOHOMY OTNOOPANCEHUI, TOCTNPOEH-
nomy 6 meopeme [9.3)[(1)]

Kaoicdoe mmozoobpazue Pano X = X9 C P8 poda 7 ¢ p(X) =1
MODHCEM, BVIMD NOAYUEHO CTLOCODOM, ONUCAHHHLM GbLULE.
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Kax u B jmokazaresnscrse npegjoxenus (11.2 JIETKO HOKAa3aTh,

4TO 4Yepe3 Z NnpoxojuT Kpajpuka. B [12.2.1 @‘ Mbl TpebyeMm, 4To 3Ta
KBa/IpUKa HEOCo0a.

JTOKABATEJILCTBO. Ilycth ¢ : X — Q) — pazayrue Z, nyctb F —
ACKJIIOUUTETBbHBIN TuBU30p U mycTh M = ¢* M. Torma

Ky =3 - F.
Ucnonb3yst cooTHOIIEHNS , HOJLY YU M
(M)* =2, (M)*-F =0, M - F? = 10, F? = —42.
OTcioa HECTIOKHO BBEIYHCIATD, ITO
(1222)  (~Kx)'=6, (—Kg)?-M=8, (=Kg)?-F =18
12.2.3. JIEMMA. HUmeem mecmo nepaserncmaeo
(12.2.4) h(X, Ox(—Kx)) > 6.
JJOKABATEABCTBO. Ilo teopeme Pumana-Poxa (cm. (1.7.7))) umeem
h(X, 0% (3M)) =h°%(Q, O4(3M)) = 30.
Tak kak [ — JiHeiyaTas moBepPXHOCTh poia 7, TO
h(F, Op(3M)) =h’(Z, 05(3)) = 24.
Toria HEpaBeHCTBO cjaejlyeT U3 TOYHON TOC/Ie/I0BATEIbHOCTH
0 —— Ox(B3M — F) —— 0%(3M) —— Op(3M) —— 0. O
12.2.5. JIEMMA. Jueusop —K g = 3M — F wucaenno sfdexmusen.

JIOKABATEJBCTBO. [Ipeamnonoxum, nporuBHOE, T.e. CYIIECTBYET
wernpusoanMas kpusas C C X raxas, uro Kg-C > 0. U3 cIemy-
er, uro dim |~ K g¢| > 5. BuiGepem apa obuux sjiementa D, D' € |— K.
MpsI MoKeM 3anucarhb

DND =mC+ R,
rmem >1,aR= > m;R; — spdexrusnbiit 1-muki. M3 Tounoii noce-
JIOBATETbHOCTU OT'DAHUYEHUS CJIeyeT, 9TO

(12.2.6) hW(D, Op(—Kx)) > 5.
TaKI/IM o0pa3oM, UK R BapbLUPYeTCd B YETBIPEXMEPHOM CeMeHCTBe Ha

D. B uacrnocru, R # 0. B B B
[Momoxkum D := (D), D' := o(D'), C := p.C u R := p.R. Ta-

KkuM obpazom, D u D' — obmue AUBH30PHI JIHHEHHON cucTeMbl |—Kog],
npoxojsiue depe3 /. Torma

(12.2.7) mdegC +degR=D-D'-M = (—Kg)*- M =38.

Tak kak degZ = 10, To oTcooja caemyeT, 9YTO Oa3UCHOE MHOYKECTBO

Bs|—-Kx| me nomunupyer Z, te. ¢ (Bs|-Kx|) 2 Z. B wacrnoctn,
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C ¢ F,re. C+# Z, n nepeceaenne D N D' conepxur Z ¢ KPaTHOCTHIO
1. Takum obpazom, DN D" = Z +mC + R.
nmeem

3degC =3¢p*M -C < F-C.

[Tosromy ecan deg C' = 1, 1o kpuBass C' qo/KHa ObITh 4-ceKyIeil mpsi-
moit k Z. Ho Torga npoexnust uz C' 3ajgact juneiinbiii pajg g2 na Z. 1o
IIPOTHBOPEYHUT HAINNM Tpejonoxennam n jgemme [0.5.2] Ananornuo,
ectn degC = 2, to C' — KOHUKA W TPOEKIUsT U3 TLJIOCKOCTH ITON KO-
HUKH 33J1aCT JIMHEHHbI psaj g3 Ha Z. DTO CHOBAa NPOTUBOPEYHT HALIUM
npeanosiozkenuaM. Takum obpazom, deg C' > 3 u mostomy deg R < 5.

lanee MBI yTBepzK/IaeM, 9TO MOBEPXHOCTH [) HOpMaJsbHA. lelicTBH-
TeJILHO, WHaYe OHA JOJKHA OBITH 0COD0H BIOJIL HEKOTOPOH KpUBOM A,
KOTOpasi 110 TeopeMe bBeprunu jlo/2KHA JiezKaTh B 0a3UCHOM MHOKECTBE
quHelHoit cucrembl |3M — Z|. Bosaee toro, obe mosepxunoctu D u D’
JIOJIZKHBI UMeTh KPaTHOCTH > 2 BHob A. Tak kak m < 2, TO oTciona
crnemayer, uro A — rkommonenta R u R = 4A 4+ Ry, rne Ry — npsmas.
Ho torma D comepKuT deTbipexnapamMeTpuiyeckoe CeMeicTBO TPSIMbIX
(em. (12.2.6)). fcmo, uro sTo HeBO3MOKHO (cM. [42] caencrsue A.1.3]).

3Ha4uT, HoBepxXHocTh D HOpMaJbHa U R — muBusop Beitng na D
takoii, uro dim |R| > 4. Pacnumem R B Buge R = Ry + Ry, tae Ry, —
HOJBUZKHASA, & Ry — HemoABHKHBIE YacTH, T.e. |R| = R+ |Ry|. Cormac-
Ho |42, nemma A.1.2) ciexcrsue A.1.3|, moBepxHOCTH cTeneHu > 5 He
MOZKET COEPZKATh IBYMEPHOE CeMelCTBO KOHUK WIH npsMbix. [TosaTomy
deg R, > 3. Takum obpa3zom,

deg R, > 3, 3 <degR <5, 3 <degC <5, m=1.

Ecau obimuii snement Ry, € |Ry| npuBoanM, To mo teopeme Bep-
THHU JinHelHas cucreMa |Ry,| coctabiena w3 myuka: |Ry,| = k|L|, rae
kdeg L < 5. Ho torma dim |R,,| < 2. [IporuBopeune moKa3bIBaeT, ITO
obuuit snement Ry, € |R,,| HempuBoan.

Hajiee Mbl yTBEp2KJIaeM, 4TO apudMeTuyeckKuii poji KpuBoit R, He
upesocxoaut 1. [lefictBuresbro, ecan auHeiinas obosodka (Ry,) aBy-
MepHa, TO Ry, siBiisiercst KoHUKOH (Ry,) N Q. Ecau (R,,) TpéxmepHa, To
Pa(Rm) = 2, deg Ry, = 5 u kybuka, npoxojsias depe3 Ry, BbICEKAeT HA
D xpusyio R, + A, rme A — npamag. Tak kak D MoxKeT comepzKarb He
Hostee yeM OJHOMEPHOE CEMeHCTBO HMPSMBIX, TO 3TO HEBO3MOXKHO. Eciu
e Ry, He Je:KUT B runepiiockoctd B P4, To onenka p,(Ry) < 1 caeny-
eT U3 HepaBeHCTBa KacTelbHYOBO JIJIsl TPOCTPAHCTBEHHBIX KPUBBIX (CM.,
waup., [76, ru. 2, § 3|).

12.2.8. ¥YTBEPKJAEHUE. [lyemv D C P* — nopmanvras nosepz-
HoCMb cmenenu 6, AGAANULAACA NepecedeHuem K8aOPUKY U KyYouKrYy u
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codeporcawyasn 4-mepryro aunetinyro cucmemy C HenpueoduMvbT KPUBHLLT
cmenenu d u apupmemuseckozo poda p,(I') < 1. Toeda d > 5.

JIOKABATEBLCTBO. Ilycrth A — runepiiockoe ceveHne moBepxHo-
cru D m myers I' € € — obmag kpusag. Ilycrs p @ D — D — pas-
pemenne ocobennocreii. Ilycrs I' C D — cobersennbiit npoobpas I' n
nycts A* = p*A. Torma A* - T' = d. Ilonoxum n = 2. Mbr mozkem
ero BRIOpaTh pasperenue j Tak, 4To JuHelinas cucrema |['| me Gyner
nMers GasncHbx Todek. Tak kak dim|I'| > 4, ro n > 3. U3 rounoii
OCJIeI0BATEILHOCTI

0 —— H(D, 05) —— HO(D, 65(D)) —— HO(T, 61(7)
cJeyer, 9To
4 <1'(D, 0p(1) =1 < 1T, Op(1)).
deno, uro g := g(I') < pa(I') < 1. Ilo Teopeme Pumana-Poxa
WD, Gp(0) =n— g+ 1.
Otcioga n > 3 + g. Ilo Teopeme Xomka 00 uHIEKCE
0> (A")’T? — (A" -T)? =6n — d°
(em. |101], r. V, yupaxaenue 1.9]). Orcrioga
d*>6(3+g). O
13 31010 yTBEpKIACHUST HEMEJICHHO [IOJIYYaeM, ITO
deg Ry, = 5, R = Ry, deg C' = 3.
Bocuoubsyemes 0bo3nauenusmMu JoKasare/ibersa yreepxienns [12.2.8
Paccmorpum Mopdusm (I)IR\ :D — D C PN, N > 4 zanannblii 1uneii-

noit cucremoit |I'|. Torma D — mosepxuocts crenenn R? = n < 4 (1 s1or
MopchSM OUpAIIOHAJIEH ). ITpu srom obpas obuiero qususopa A* Oyner
kpusoit A C PV cremenn R- A* =5 u pona 4. CorsacHo OneHke poja
[101] ru. IV, § 6, Teopema 6. 4], kpusas A jo/kma COJIePIKATDCA B I110C-
kocr. Ho torma A — runepmiockoe ceuenne nosepxuocti D C PV, Mpr
MOJIy9UJId TTPOTHBOPEYne C HAMUM Tpenoioxenuem. Cjre10BaTebHo,
jquBu30p — K 5 unciaenno apdexruren. Jlemma [12.2.3] nokazana. U

3Ha4uT, 10 TeopeMe O cBOOOJE OT GA3UCHBIX TOUEK JAHeHA
cucrema | — nKg| opu n > 0 3agaer MOpGU3M U HOITOMY HMEETCS
6uparuonaipHoe crarusanue 6 : X — X u npu stom —K g = 0* Ay nts
HEKOTOpPOro obmabHoro ausu3opa Kaproe Ay Ha Xj.

12.2.9. JIEMMA. Mopgusm 6 ne cmazusaem dusu3opos.
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TOKABATEJIBCTBO. lIpeanoioKuM npoTUBHOE, T.€. HMMEETCs Hpo—
croit pusuzop D Ttaxoii, uro (— Kx)? - D = 0. Ucuonssys ([12.2.2)),
HECJOZKHO TOMYdInTh, 910 D ~ m(9M — 4F) naa mexoroporo m > 0.
Tak xak

(—=Kx) - D* = —42m? # 0,

10 A := (D) — Kkpubag Ha X).
ZL Jg n > 0 paccMOTpUM OO 3/1eMeHT G € | — nKx|, ero obpas
Go = 0(G) u mopdusm-orpanuaeHne

p="0lg:G—— Gy.

Torna G — Heocobast TOBEPXHOCTH, a MOBepXHOCTh (g MMeeT 0cOBGeHHO-
CTH B TOYHOCTH B TOYKax mepecedenus { Py, ..., Py} = ANGy. [omoxum
li = Y (P))seq. Torma > 1; = GND (xak cxema) u Kg-l; = Kg-1; = 0.
910 o3HauaeT, 4To MopdusM 4 : G — Gy KpenaHTeH U OCOOEHHOCTH T0-
Bepxuoctn G moBaneBckue. s m060it KommonenTs [, C [; MBI uMeeM
l;-l; = D-l; < 0. Orciona cie/yer, 9To KaxK/iast KpUBas ; MJIH HEIPUBOIU-
Ma UJIN ABJIAETCA O6'be,ZLI/IHeHI/IeM JABYX HCIIPpUBOAUMBIX KOMIIOHEHT, IIepe-
CeKaIoNINXCsl TPAHCBEPCAIbHO B OIHOH Touke. B oboux ciayuasx [2 = —2.
Takum obpazowm,

—2k = Z ?=G-D*=(-nKg)-D*=—42m*n, 2lm’n = k.
C apyroit cTOpoHBI,
kdegp(l) =M - ;=M G- D = linm
Orciona 3mdeg ¢(l;) = 2. TIporuBopeune. O

Takum obpazowm, cymecTByerT (JION U Mbl MOYKEM BKJIIOYUTH HAIH
oToOpakeHusd B KOMMYTATHBHYIO JUATPAMMY , e Y = Q. Jla-
Jiee, aHAJIOTUIHO JTOKA3ATETbCTBY TEOPEMBI nojydaemM, 4ro X —
neocoboe muoroobpasue @ano nHAeKca 1 pojga 7 U ¢ — pa3jayTue KOHU-
ku Ha X. Teopema nokazaHa. Il

Haxkowner, ormerum, 4To Hallla OwpanuoHaIbHAas TEXHUKA HE TMO3BO-
JgeT Jarh onucanue mMuoroobpasuit Pamo poga 6. OkasbiBaeTcs, 4TO
Jo60it uHK CapKHCOBa CHOBA MPUBOJUT K MHOTOOOPA3HIO TOTO Ke TH-
na. Kak yxe ormMedasnoch, 3ru Muoroobpasus Pano MoryT GbITH OMHUCA-
HBI IPU HOMOIIE MeTOJIa BEKTOPHBIX pacciaoenuii [T7], em. Takke [14]
n Onanako, bupanuonaabHas TEXHUKA paboTaeT TPUMEHUTETHHO K
MHoroobpasuam Pano poja 6, jomnyckatonum ocobennoctu. Hanpumep,
HMEET MEeCTO CJIEYIOIIee YTBEPKICHHE.

12.3. [IPEAJIOKEHUE. Tyems V = Vg C PT — anmuxanonuqecku
saovicenmoe mmnozoobpasue Dano poda 6 ¢ p(V) = 1, umerowee posro
0dHYy 0cOOYI0 MOUKY, KOMOPAA ACAAEMCA 00bKHOGEHHOT 060THOT.
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(i) (em. |7, 5.6.2|, [13], [97]) Ecau mnozo0bpasue V' asaaemes Q-
darxmopuasvrom, Mo ono eKatouaemcs 6 aunk euda (7.2.2):

2de 0 — cmazusarnue Mopu muna Bz (pasdymue ocobot mou-
KU), @ @ — PACCAOEHUE HA KOHUKY ¢ OUCKPUMUHAGHMHOT KPU6o
cmenenu 6.

(ii) (cm. [91), mpumep 1.11]) Ecau mnozo06pasue V ne asanemca Q-
daxmopuasvrblm, Mo 0HO Asasemca cepedunols surka ([7.2.2)

2de 0 : X — X — pazdymue npamoti 1a Heocobom MHo2000pa-
suu deav Ileyuyo cmenenu 2, a p : X — P! — paccaoenue na
noseprrocmu deawv Ileyuo cmenenu 3.

12.4. Iloaenem utoru. Pe3ynbpTaThl mpeaplIyIuX JEKIHH TO3BO-
JIAIOT COCTABHUTDL CJICAVIONLYIO TAOIUILy TPEeXMEpPHBIX MHOroobpasuit Pa-
Ho ¢ Pic(X) ~ Z - Kx. Or™mernm, 0THAKO, ITO MBI HE JATH JTOKA3ATEb-
CTBa TOTO, 9TO BCE MHOrOoOpasust poja 6 ONUCHIBAIOTCS IIYHKTOM
tabaunbl. Habpocok joka3aresbcTBa M CCHLIKH OyJIyT JIaHbl B pasje-
ge 3.3

12.4.1. 3BAMEYAHUE. /Ia Tuma muOroobpasuii B MOT'YT OBITH
00bEMHEHBI B OJHO HEIPUBOAMMOE CeMeiiCTBO: BCe OHHU SIBJIAIOTCS Ie-
pecedeHnsIMM TUIIePIIOBEPXHOCTEl cTenenn 2 n 4 BO B3BEINICHHOM IIPOEK-
TugHoM mipoctpanctie P(15,2) (cm. 3amauy , cTp. .

Anajiorndno, aBa THIA MHOroo6pasuil B TaKzKe MOIYT OBIThb
00bEMHEHDI B O/JH0 HENPUBOMMOE CeMEfCTBO: BCe OHM ABIAIOTCA Cete-

muamu Komyca Gr(2,5) C PV man rpacemanuanom Gr(2,5) C PY noa-
IIPOCTPAHCTBOM KOPA3MEPHOCTH 3 M KBAJIPUKOM.

OtmMmeruM ojiHAKO, 9TO MHOrooOpasud Pano ¢ uyucyiom [lukapa 1 poia
7 < g < 10 ponyckaior 6ojiee MHBAPHAHTHOE ONKMCAHUE B BHJIC CEUCHHI
HEKOTOPBIX OJTHOPOJHBIX MPOocTpaHcTB. g poma g = 12 Takke nMeroTces
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TApanLIA 4. Tpexmeprble MHOrooOpasus PaHo HHAEKCA

lepX)=1
g h1,2 X
4.1° | 2 | 52 | runepnoBepxHocTh crenenn 6 B P(14)3)
X = X, C P, runmepnoBepxHOCTD cTemenn 4
4.2° | 3 | 30
JBOITHOE HAKPHITHE Heocoboil kpagpukn () C P* ¢
BeTBIeHNEM B TIoBepxHOCTH B = Bg C () cremenn 8
4.3° | 4| 20 | X = X4 C P, nepeceuenne KBaJpuKn 0 KyOUKH
44° | 5| 14 | X = Xg C P, mepeceuenne Tpex KBaJpHK
) X = X5 C PS, ceuenne rpaccmanuana Gr(2,5), Bio-
4.5 61 10 | sermoro mo [Lmokkepy B P(A*C®) = PY) momnpo-
CTPaHCTBOM KOPa3MEpPHOCTH 2 M KBaJIPUKOM
JIBOMHOE HAKPBITHE HEOCODOTO MHOT000pa3ud J1e/ib
[Menno Y = Y; C PY crenenn 5 ¢ BeTBjIeHUEM B IO-
BepxHOCTH B = By C Y crenenn 10
46° | 7| 7 | X =X CP® (em. [12.2.1
4.7° 8 5 X=X C P? (CM. 12.1.1
4.8 1 9| 3 | X =X5CP (em. |11.3]|(iid)
49 [10| 2 | X = Xi5 C P (em. [11.3[(ii)
410012 0 | X = Xop C P8 (em. [11.3[(i)

AJIBTEpHAaTHBHBIC OIIMCAHUA. HpI/I 9TOM HCIOJIB3YIOTCA MeTOoAbl, OTJINY-
HbI€ OT UCIIOJIBb3YEMbIX B HACTOAIIIUX 3allMCKaX. O630p ITUX METOJ0B CM.

B [[5.5]

3 tabmumsr [ n rabmumst  [I] ma crp. [66] memenienno mosyaem
cJIeLyIolee HHTepecHoe HabIIo/IeHe.

12.5. CIEJCTBUE. Cywecmsyem poeHo 4 muna mpexmepHvir MHo-
2006pasuti Pano ¢ H*(X,Z) = 0:
Q2 C ]P)4, X5 C PG, Xoo C P13,

EDZ’)
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SAJIAYN. 1. /lokaxure, uro Jjitoboe Muoroobpaszue Pano po-
a8 MOKeT OLITh TaKzKe HMOJIydeHo m3 Heoco0oi Kybukn B P4
npu nomoru JuHka CapKucoBa ¢ MEHTPOM B SJLIUITHIECKOI
kpuBoit crenenu 5 (cum. [83]).

2. Illycte Z C P3 — xpuBag poga 7 cremenn 10, sexkamas Ha
KBaJpuKe. /lokaykuTe, YTO OHA THIEPILIAITAIHA.

3. Ilosb3ysch koncTpykuuei u3 reopeM (12.1.1\u [12.2.1] naiigure
Pa3MepHOCTHU IIPOCTPAHCTB Moy el muoroobpasuit ®ano X =
Xoy—2 C P9 pona g =7 u 8.

4. Jlokaxkure 1pejjoxenue [12.3
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13. /Ipyrue meToabl

13.1. Kmaccudukanma mHoroodbpasuii @ano ¢ p > 1 npu 1o-
MOIIU IKCTPEMANbHBIX Jyueii. Tpexmepusie Muoroobpasus Pamno ¢
p > 1 6butn knaccudunuposansl Mopu 1 Mykan [52] mpu momoru mero-
JIa SKCTpeMaJIbHbIX Jiyueil. B ommmane or ciaydasg p = 1 kiaaccudpuxaryst
B 9TOM CJIy4ae O4YeHb OOIIUPHA MBI JayKe He IIBITAEMCs BOCIPOU3BOINTH
ee 371eCh NeJIMKOM. [IpuBeieM TOJIBKO OCHOBHOH pe3yJIbTar.

13.1.1. TEOPEMA (cm. [52]). (i) Cywecmeyem posro 88 de-
POPMAYUOHHVLT CeEMETCME MPETMEPHBLT MH02000pasuti Daro
¢ wucaom llurapa p > 1.

(ii) Jhwoboe mpexmeproe muozoobpasue Pano X ¢ p(X) > 6 uso-
mopdro npouseedenuro S x P, 2de S — nosepxrocms deav
Ileyyo cmenenu 11 — p(X). B wacmnocmu, p(X) < 10.

(iii) Feau X — mpexmepnoe muozoobpasue Pano ¢ p(X) > 4, mo
OHO ABAACMCA Pa3dymuem 0py2020 muozo000pasus Parno 6dosw
enadxol kpueot, a maksce X umeem cmpyxmypy (Heobasa-
MEALHO OMHOCUMEABHO MUHUMAALHOZ0) DACCAOEHUSA HA KOHU-
Ku nad enadkoti noseprrocmovio deawv lleyuo.

JlokazaTeibcTBO OCHOBAHO Ha ITOAPOOHOM M3YyYeHUN IKCTPEMAJbHBIX
Jydeit Ha Muoroobpasuax Pano. /laaum ovenb KpaTkuii HAOPOCOK OC-
HOBHO# uen KJjaccuuKalnm U JJoKa3aTeabcTBa Teopembl [13.1.1

13.1.2. OUNPEAEJEHUE. Tpexmepnoe muoroobpasue @ano X wazbi-
BAETCS UMNPUMUMUSHBLM, €CTTH OHO MOYKeT OBITh IOJYYeHO Pa3IyTHeM
KpuBO# Ha apyrom muoroodpaszuu Pano Y. B nporuBHoM ciaydyae MHO-
rooopaszue Pano X HA3BIBAETCI NPUMUMUBHBIM.

OxkasbiBaercst, 9TO B OOJIBITUHCTBE CaIydaeB HA MHOroooOpasuu Pano
X ¢ guciom TTukapa p(X) > 1 umeerca sxcTpeMasbHblil ayd Tuna By.
MokHO 0BLIO OBl OXKUAATH, 9TO TOTAA X UMIPUMUTHBHO. OHAKO, 3TO
He BCerJia Tak.

13.1.3. ONPEAEJEHUE. Ilycts X — Heocoboe TpexmepHoe MHOTO00-
pasue u nycth [ : X — Y — craruBanne 3KCTpeMaJIbHOTO JIyda Tuna By
(T.e. pazmyrue Heocoboit kpupoii C' C Y'). MBI TOBOpHM, 9TO CTATHBAHUE
f mveer tun BY) ecoim C ~ P u

</VC/Y ~ ﬁpl(-l) D ﬁpl(—l)
B IpoTHBHOM CJIydae Mbl TOBOPHM, 9TO f HMeeT THI Bi.
13.1.4. BAMEYAHUE. Ilycrs f: X — Y — craruBaHue sKCTpeMaJib-
noro Jiydya thna B, nyctb E — HCKJIIOYMTEILHBINH JUBA30D H IYCTh

C := f(FE). Torna Ky - C = 0 (B wacTHOCTH, Y He SIBJIsIETCSI MHOT000-
pasuem DaHO) U CYIIECTBYET IKCTpeMasbHoe crsrusanue [ X — Y/
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gusuzopa F wa kpusyio C' C Y'. UnaynupoBannoe OGHpaluOHAILHOE

orobpaxkenue Y --» Y’ apagercsa duonom Arbu-Kynuxosa [14.8.3]
OtmMmeTnM TakyKe, 9TO TMOCKOJBKY AUBU30D F MOXkeT ObITH CTIAHYT B

TOYKY, TO OH OTPHUIIATEJIbHO ITepecekaeTcs co Bcemu KpuBbivu [' C F.

13.1.5. TIPEATIOXKEHUE. [Tycmo [ : X — Y — pasdymue 2aa0x0t
kpueot C na mpermepHom HeocoboM NpoexmusHom MmHo2000pasuy Y .
Lpednonroorcum, wmo X sasasemes muozoobpasuem Pano. Tozda Y a6-
Agemces 0006wenHuM MHo2000pasuem Daro, m.e. aHMUKGHOHUYECKUT
dusuzop —Ky wucaenno appexmusen u obsemen. Boaee mozo, C —
eduncmeentan kpusas wa Y maxan, wmo Ky - C = 0.

JIOKABATEJBCTBO. Ilycrs E — uckaountenbubiii qususop. 1pe-
MOJIOZKUM, 9TO JIUBU30D

(13.1.6) f(—Ky)=—Kx+E

He SBJISeTCS ducjieHHo 3M@deKTuBHbIM. Toraa CyImecTByeT SKCTpeMasib-
wbiit Jya R wa X rtakoii, uro (—Kx + E)-R < 0. ITycrs [/ : X — Y’
— ero craruBanme. B stom cayvyae F - R < Ky - R < 0. 3naunTt, 14
MHHUMAJIBHON paluoHaIbHOU KPHUBOI [, mopoxKpatomei jayd R, umeem
E -1 < —2. 910 nporuBopednT KJaccuduKanonuoi reopeme [14.7]
Takum obpaszom, jpusuzop —Ky uucienno 3pdexrupen. 3 passo-
xerus (|13.1.6) BugHO, 9T0 OH Takke obbemen. [lo Teopeme o cBobOIE
OT GA3UCHBIX TOYEK qmneiinas cucrema | — nKy|, n > 0 sagaer
(6upanmonanbioe) crarupanue 0 1 Y — Yo, Ilycrs Z C Y — Hemnpu-
BoJuMasd KpuBasd Takas, 4ro —Ky - Z = 0 u mycrb Z C X — mobas
HeMMPUBOJINMAas KpuBas, JOMUHUpYIomasa Z. Torna F - Z=Kx-Z<0.
Hostomy Z C Eu Z =C. U

13.1.7. CAEACTBUE. ITycmo f: X — Y — pasdymue 2radkotli kpu-
eoti C' Ha mpermepHom neocobom npoexmusHom muozooopasuu Y . Ilpeo-
noaoscum, wmo X asasemcs mro2oobpasuem Paro, a'Y He asssemca.
Tozda f — cmazusanue muna BY.

JTOKABATEJIBCTBO. BocnoJib3yemcss 0003HaYEHUSIMU JOKA3aTEIb-
CTBa TPeJIBIIYIIero npejoxkenud. Torma 6 — duionmnoBoe cTaruBanme,
KoTopoe crarusaer Tobko C. Otcioga caeayer, ato C' ~ P! (em. caen-
CcTBHE . Ilycts Z C E — ouenb obuiibhbiil jusuzop. [lo reo-
peMe 0 KOHYyCe ero KJacC sIBJASIeTCS BBIIIYKJION JiMHeiHOW KoMOuHAI-
efl KJIacCOB SKCTPEMA/IbHBIX KDHUBBIX: Z & » .., «;l; 1 B 910l cymme
bosiee oHOro wiaeHa. Tak kak auBu3op — Ky 4ucjieHHo 3h@eKTuBeH n
f*(—Ky)-Z =0,10 f*(—Ky)-l; =01 E-l; <0 g Bcex i (em. (13.1.6)).
Tak kak craruBaHue [ SKCTPEMATbHO, TO OHO CTATHBAET TOJIBKO OTHY
KPUBYIO U3 1, ..., [,. 3HAUUT, CYIIECTBYET SKCTPEeMaJibHasT KpUBAs [;, He

craruBaemast MopgusmoM f. Ilpu stom crarusanue f': X — Y’ kpusoii
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[; Takzke OUpaANUOHAIBHO U F — MCKJIIOUUTEIbHBIN TUBU30P KakK s f,
tak u s ') T.e. F — jnuHeluaras MOBEPXHOCTH C JABYMSI PA3JIHIHBIME
MUHeaTeIME cTpyKTypaMu. [lostomy E ~ P! x Pl Taxum oGpaszom,
f: X =Y sruogaercs B guarpammy duona Aten-Kynmnkosa (puc. ,

crp. [179). O

13.1.8. JIEMMA. ITycmv X — mpexmeproe mnoz2oobpasue Paro c
p(X) > 1. Ilpednososcum, wmo Hna X cywecmsyem sKCmpemasorvil
2y4 R muna D. Tozda p(X) = 2 u emopot axcmpemanvrond ay4 na X
umeem mun C uau Bi.

Hnawe 2060psa, X umeem cmpykmypy cmandapmozo pacci0eHus Ha
wonuku nad P? uau seasemes pasdymuem xpusoti na mnozoobpasuu Da-
Ho ¢ wucaom Iuxapa 1.

JTOKABATEJABCTBO. Ilycts f: X — Y — crarusBanue syga R. To-
ria Y ~ P u p(X) =2 (em. caepcrsug [1.3.3/u [14.5.1)). Corenosaress-
HO, HA X CYIIECTBYET ellle TOJBKO OJMH dKCTpemasbHbli jiya R’ # R.
Iycrs [/ : X — Y’ — ero crarusanue. IIpenmosoxum, uro f’ umeer
nByMepublii cioit £'. Torna E' nepecekaer ¢ion f IO3TOMY CYIIECTBYET
kpuBasi [, craruaemas obonmu mopdusmamu f u f. Ho 1o o3naua-
er, uto R = R, [l] = R’. TIporuopeune. CrenoBarenbHo, CTATHBAHIE
f' He nmeer aBYyMEpHBIX cjioeB u mo3Tomy oHO umeer Tun C man Bi. B
nociaeaaem ciaydae Y — muoroobpasme Pano (mockoabky p(Y’) = 1).
Cnenosarenbno, f He Moxker GbITh THa BY. U

13.1.9. TIPEAJTOKEHUE. [lycmov X — mpexmeproe mruoz000pasue
Dano ¢ p(X) > 1. Ilpednoroscum, wmo X npumumueno. Toeda X
uMeem CmpYKmypy cmandapmmo20 paccaoenus na xonuxu nad P? uiu
P! x P'. B wacmnocmu, p(X) < 3.

JTOKABATEJIBLCTBO (CP. C JIOKABATEJIBbCTBOM JIEMMBI (3.4.1}
[Iycts Ry, ..., R, — Bce skcTpemasnbubie jiyun wa X. g KaxKiaoro
KCcTpemMaJsibHOTO Jiyaa R; mycrts f; @ X — Y, — coorBercTByIOIIEe
SKCTpeMaJIbHOE CTATHBAHUE.

IIpennosoxkum, aTo X He UMeeT CTPYKTYPHI PACCTOEHUS HA KOHUKH.
I[To semme MBI TaKXkKe MOYKeM CUUTATh, 9T0 X He UMeeT CTSATH-
Bauuil Tuna D, (T.e. He UMeeT CTPYKTYPHI PACCIOCHUS HA MOBEPXHOCTH
nesb [enno). Torpa Jo6oii skcrpemanbubiii ayd R; umeer tun Bo-Bs
i BY. Tlycrs E; — coOTBeTCTBYIONMH HCKIIOYUTEIbHBIA TUBI30D.

[Ipeanonoxum, 9TO Aj1d HEKOTOPHIX ¢ # j JUBH30DPHL [; m E; mepece-
katorcest. Torja nepecedenue [; N E; coaepkuT Kpusyio D, a HOCKOIbKY
nosepxHocTh F; msomopdua P2, P! x P! unn KBagpaTndnoMy KOHYCY B
P3, To cymectByer KpuBag D' C E; anrebpandeckn SKBuUBajgenTHad D u
takas, 4o D' ¢ Ej;. [losromy E; - D = E; - D' > 0. 910 1poTHBOpEYUT
TOMY, 9T0 E; — MCK/IIOYUTENBHBIN AUBA30D, CTATHBAEMBIIl B TOUKY (CM.
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3aMedaHne . Taxum obpasom, juBu3opnl Fy, ..., F, nonapHo He
[IEPECEKAIOTCH.

[IycTs Teneps L — xkpuBasg Ha X, HOJIYyYeHHAs HepecedeHueM JIBYX
obmux runepitockux cedennit. Torma F; - L > 0 ansa seex i. C apyroit
CTOPOHBI, KJIACC L MOXKHO Pa3JIOKUTH B BUJIE BBIIYKJIOH JTHHEHHONR KOM-
OMHAIIMH 9JIEMEHTOB IKCTPEeMaJIbHBIX Jiyueil. Kaxkaprit 1yd nepecekaercs
OTPHUIIATETHLHO POBHO C OJHUM JUBH30POM M3 MHOXKecTBa Fi,..., F, n
epecekaeTcd Mo HYJIIO ¢ ocTaJbHbIME. OTciona ciaemyet, uro F; - L < 0.
[IporuBopeune moKa3bIBaeT, 9TO X HMEEeT SKCTPEMAJbHOE CTATHBAHUE
fr : X = Yy, tuna C; mwan Cy, 1.6, Y, — MOBEPXHOCTb U fi, — CTaHIAPT-
HOE pacCJ0eHHe Ha KOHUKHU.

[IpeanosokuM, 9TO MOBEPXHOCTH Yj comep:kutT (—1)-kpusyio [ u
nyctb F = f Y(I). TIo dopmyne mpoeknmuu mumsop F me apisgercs
quCaeHHO 3PdeKTuBHBIM. SHAYUT, CYHIECTBYET SKCTpeMaibublil ayd R;
takoii, uto I’ - R; < 0. Tak xak muorootpasne Pano NpuMUTHBHO, TO
ay4a R; umeer tun By-Bs min B(l). Ho Torna F' umeer orpunareibHOe 1e-
pecedenue ¢ ji000i kpusoit I' C I’ u He MOXKeT cojepKarhb cjioeB f. [

13.2. Muoroob6pa3ua Pano c¢ umcaom Ilukapa 2. Ilepeunc-
JUM Bce TpexmepHble MuHOroobpasus ®Pano X ¢ p(X) = 2. B srom
caydae Ha MHOrooo6pasuu X HMEIOTC POBHO JBa 9KCTPEMAIbHBIX JIy-
qa Ry, Ry € NE(X) u MBI MOKeM IPUMEHUTD BHIYHCTICHAS I3 JTeMM
u [7.9 HauneMm ¢ IPUMUTHBHOTO CJIy4asl.

13.2.1. Tlycrs X — upumurusnoe muoroodbpasue Pauno ¢ p(X) = 2.
CoracHo 1pe/IoKEeHNIO Ha X OJMH W3 9KCTPEMAJbHBIX JIydeil
3a/1aeT CTPYKTYPY pacciaoenus ua Kounkn f : X — P2 Iycrs A C P?
— JUCKpUMHWHaHTHad KpUBad U MMYCTh

d :=deg A.

[ycrs f': X — Y’ — craruBanme BTOPOro 3KCTPEMAJBHOTO Jyda. Tak
kak X upumuTuBHO, TO [’ Moxker umerb TobKO THIB C1-Cy, Di-Ds,
By-Bs.

Bsenem obosnadenns. Ilyers | — npamas ma P? w nyers M = f*1.
Ecin f asngerca Pl-paccinoennem (tun Cip), To Kx m M 1mopoxKaaioT
nozpernerky uagekca 2 B Pic(X). Ecan ke nuckpuvunanTaast Kpusast A
werrycta (tun Cy), To Ky u M nopoxkaaior Bee pererky Pic(X). Teopust
nepecedenust Ha X BBILISLAUT CJeAYIOMUM 00pasoM (cM. emmy [7.7)):

M?=0, M?(-Kx)=2, M- (=Kx)*=12—d, (-Kx)’=29-2,
riae g == g(X). B gactHocTn, orcroga caenyer, aro d < 12.

B cayuasx, korga propoe crarusanue [ X — Y’ umeer tum Di-
D3, gepe3 D mbl o6o3HaunM ciaoil f'. B cayuasx Ci-Cy uepes D Mbl

0603HaYNM 1Tpoobpas obmieit npamoit [ C Y’ ~ P2, Hakomnel, B cydadax
Bsy-Bj 1epes D Mbl 0003HAYNM HCKJIIOUATEIBHBINA THBA30D.
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[To anajoruu ¢ jemmoit [7.9] 3amurmem
D~ a(—Kx) — bM,

rie a u b — mojokuTeabHble dncaa. [Ipuwaem stu gmciia mensie, ecan f
uMeeT Tunl C; 1 MPUHAJIIE)KAT %Z, ecau f umeer tun Co. [laee Mbl pac-
CMOTPHUM CJIYYAN COLJIACHO JIEMMe PesyibraTsl 6yIyT MOABITOKEHBI
B Tabaune [} Samerum, uro Hama Hymepalnus OTIMYHA OT HyMeDaluu
BBeennoit B [52].

Cayuau Di-Ds. B atom cayuae Y/ ~ P! u f/ — paccioenne Ha 1mo-
BepxHocTu geqab Ilenno. [ycrs d — cremnenns obmero cios. Torna, Kax u
B JleMMe [7.7] 3ammieM

d = (=Kx)* D= (29—2)a— (12— d)b,

0 = (—=Kx)-D*= (29— 2)a* —2(12 — d)ab + 2V°,

0 = D?/a=(29—2)a* —3(12 — d)ab + 6b°.
Boranrast Tperbe cOOTHOIEHWE W3 BTOPOTO, MOy YaeM

(12 — d)a = 4b, 8(29 — 2) = 3(12 — d)*.
Orcroga ars (d, g) [IPOCTHIM 11ePedOPOM Oy YAKOTCH TOJIBKO CJIeTYIONTNIe
BO3MOZXKHOCTH:
(d,g) = (0,28), (4,13), (8,4).

Ecau (d,g) = (0,28), to b = 3a, d = 18a. Tak kak a € %Z ud <9,
TO MMEeTCs eMHCTBeHHAs BO3MOXKHOCTH d = 9, a = 1/2, b = 3/2.
[onyuaem cay4uaii [79 B tabmuue [5| nuzxe.

Ecau (d,g) = (4,13), To b = 2a, d = 8a. B srom cayaae A # 0,
nosToMy a € Z. ITosToMy uMeeTcsl e IMHCTBEHHAs] BO3MOXKHOCTD d' = 8,
a =1, b= 2. lonyuaem cayuqaii [ B rabsuue

Haxowner, eciu (d,g) = (8,4), To b = a, d = 2a. Ecan anrukano-
HIYecKuil Knace —K xy aBiderca odeHb obmabHBM, To X = Xg C P5 —
nepecevdeHre KBaJPUKH W KyOUKH (CM. yIpaskKHeHUe cTp. . Ho B
srom ciayuae p(X) = 1 mo Teopeme Jlediiena o TuIepIIOCKOM CEYEHUH.
Buaunt, win auneiinas cucrema |— K x| nmeer 6a3ucHbIe TOUKH WX MHO-
rooopasue X sBIseTcd rHep IInnTudIeckuM. Coracuo TeopeMaM
u [5.5] morywaem cayuqait [I%

Cayuau Ci-Cy. B stom cayuae Y/ ~ P? u f/ — paccioenne Ha Ko-
nukn. [lycrs d° — crenenn Kpusoit Beipoxkaenus. Toraa

12—-d = (-Kx)*-D=(29—2)a— (12— d)b,
2 = (—=Kx)-D*= (29— 2)a* —2(12 — d)ab + 2b°,
0 = D%a= (29— 2)a*—3(12 — d)ab + 6b*.
Brorunrast Tperbe cOOTHOIIEHHE U3 BTOPOIO I1OJIYYaeM
(12 — d)ab = 4b* + 2, (29 — 2)a* = 6b* + 6.
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Eciu f: X — P? — crarusanue tuna Cy, 10 a u b — uesbie (110/102Ku-
TesIbHBIE) Yncyaa. Torga UMEITCs 1B BO3MOKHOCTH:

eb=a=1d=d =6,29—2=12 (cryuait 29,
eb=20a=1d=3,d=0,29—2=30 (cryuait 9.

Ecmu xe f : X — P? — crarusanne tuna Cs, TO 110 CUMMETPHH MBI
MOZKeM CUHTaTh, uTo f': X — P? — rakuke crarupanme Tuna C,. Torma
d=d =0,a=1/2,b=1, 29 — 2 = 48 (cayuaii

Cayuau Bo-Bs. B arom ciyuae Y/ — (Bo3dmoxkHO 0c060€) MHOr006-
pasue Pano u f' — paszayrue MaKCHMAJIBLHOTO MyYKa HIEATOB TOUKH.
Torma

k = (—Kx)* D= (29— 2)a— (12— d)b,
—2 = (=Kx)-D*= (29— 2)a* — 2(12 — d)ab + 2b°,
4/k = D?= (29 —2)a® — 3(12 — d)a’b + 6ab’.

e k = 1, 2, 4 B cayuasix Bs, Bs-By u Bs, coorBercTBenno. Kak u Boiie,
HOJIy9aeM CJIeJIyIOIIHe PelleHNUs:

e B5:29—-2=62,d=0,a=1/2,b=5/2 (cayuaii

e B3-By:2g—2=14,d=6,a =1, b =2 (cayuaii

© By:29g—2=56,d=0,a=1/2,b=2 (cayuaii

13.2.2. Ilyctb Teneppr X — umnpumutuBHOE MHOroOoOpaszume Pano

c p(X) =2mu g := g(X). Torna umeercst IKCTpeMaJbHOE CTATMBAHIE
f X — Y, apudiomnieecsa pasjpyrueM riajakoi kpupoii [' Ha Heocobom
muorooGpasuu Pano Y. Ecin suneitnast cucrema |—K x| umeer 6asuc-
Hble TOYKK M X ABIAETCH THIEPIJLIMITHYECKIM, TO Y — MHOTr0o00Opa-
sue neapb Ilenno cremenu 1 mim 2, COrIacHO TeopeMam u p.5 af
SABJISIETCSL pa3iyTHeM BJoJb Kpusoit I' = Dy N Dy, D; € | — %KX| (caty-
Jaii Tabaunpl [7]c d =1 u 2). [losToMy Ja/gee Mbl GyIeM CYMTATD,
uro suHefinas cucrema |—K x| 3agaer Bioxenne X = Xo, o C P97 B
gactHoctn, g(X) > 4. Bomee Toro, ecm g(X) < 5, To mo Teopeme
MuOroobpasue X J10/KHO OBITH MOJIHBIM HepecedenueM B P97 u rorma
p(X) = 1. IIporuBopeune nokaswiBaer, uro g(X) > 6. /lanee, kpuas
[' paBHa 6a3ucHOMY MHOXKeCTBY JiuHeHHOi cucrembl f,|—Kx| C |—Ky /.
Cormacuo Teopeme [L.1] nmneiinas cucrema |—Ky| He nmeer 6asucubix
touek. 3uaunt, f.|—Kx| ¢ |—Ky| u nosromy

g(Y) > g(X) > 6.

[Ipeanonozxum, ato ¢(Y) = 1. Torna I' me moxkeT OGbITH IpsIMOIE CoO-
[JIACHO CJIeJCTBHIO Jasee, COITACHO IIpeTOKeHHIO BCe
npsiMble Ha Y 3aMeTaloT (HeHOPMAJIbHYIO) JIMHEHYATYIO II0BEPXHOCTD,
KOTOpast JoJzKHa nepecekaTsh I (mockobky p(Y) = 1). Tlostomy Ha Y
cyliecTByer psiMas [, epecekaromast I'. Ho Torjga unaekc nepecedenust
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TasauuA 5. IlpuvmuruBabie MHOroOOpasus Pano c¢

p(X) =2

No. (—Kx)3 h1’2 X R1 R2

1° 6 20  npoitnoe nakpoite P! x P2 ¢ qususopom C; Dy
BerByieHnst oucrenenu (2,4)

20 12 9  a) ausuzop na P? x P? ucrenenu (2,2) C; C,
b) aBoiiHoe HaKpBITHE MHOrOOGpa3Us
Ne C JUBHU30POM BETBJIEHUsSI — 3JIe-
MEHTOM AHTHUKAHOHUYECKOW JUHEHHON
CHCTEMBI

3° 14 9 JIBOIIHOE HAKPBITHE MHOT00Opa3us N C: Bs3-By
¢ JMBH30DOM BETBJIEHHS — 3JIEMEHTOM
AHTUKAHOHUYECKONA JTUMHETHON CUCTEMBI

4° 24 2 npoitroe HakpeiTre P xP? ¢ amuzopom Cp Do
BeTBJIeHus Oucrenenu (2,2)

5 30 0  mmsmsop na P? x P? Gucrenenn (1,2) Cy, C

6° 48 0  mmeusop Ha P? X P? 6ucrenenu (1,1)  Cy Cy

7 54 0 P! x P? Cy D3

8 56 0 P(0 @ O(1)) nan P? Cy By

9° 62 0 P(C @ O(2)) nan P? Cy Bs

cobcTBeHHOTO TIpOOOpasa [ HA Y ¢ KAHOHMYECKUM KJIACCOM HeoTpuilaTe-
qeH. [IporuBopeune mokaswiBaer, uro (YY) > 1. Iycers /@ X — Y/ —
BTOpOE SKCTpeMaJIbHOe cTarupanue. /lamee knaccndukanus npoBOIATCS
IyTeM MOApOGHOro pa3bopa caydaes. MBI OIlyCKaeM JJUHHBIE BHIIACIC-
HUs, aHajgorudubie Beraucaenusam B [13.2.1] Ilpusegem pesymibrat:

13.2.1. TEOPEMA. HUmnpumumusenoe mmozoobpazue DPano X c
p(X) = 2 usomopdro pasdymuro mmnozoobpasus Parno Y ¢ p(Y) =1 u
L =1(Y) > 2 sdoav neocoboti kpusot I' C'Y, xomopasa asssemea crem-
HOLM NEPECEYEHUEM INEMEHTOE Aunelinotl cucmemv, M C | — %Ky].
Haobopom, xascdoe pazdymue mrozoobpasus Pano Y ¢ p(Y) = 1 u
L= 1Y) > 2 6doav maxotl Kpu6otl AGAAEMNCA UMNPUMUMUCHYM MHO-
2006pasuem Dano.
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Tenepb HeCJI0KHO 1OJIyYUTH IOJIHBIH cnucok. PesynbraTsl mojapiro-
»kenbl B Tabiunax [l u [7] B uwacrrOoCTH, M3 KiaccudUKAIME MOMKHO
BBIBECTH CJeAYIOmunit hpakT.

13.2.2. TEOPEMA ([53], Teopema 5.1]). ITycmo X — mpexmeproe
mrozo06pasue Paro ¢ p(X) =2. lIyemo [ X =Y u f/: X =Y —
axcmpemarvhvie cmazusanud. Tozoa

Pic(X) = f*Pic(Y) & f™ Pic(Y").

B pa6ore [53] sror pesyabrar gokazan 6e3 HCIOIB30BaHUS MOAPOO-
HOIl KJaccupuKaImm.

Tasauila 6. UmnpuvuruBabie Muoroobpaszus Pano c
p = 2 (oba cTaruBaHus UMeIOT THI By)

No. (=Kx)®Y deg' g(T) Y’ deg”  g(I")
10 20 P3 6 3 P3 6 3
11° 24 P35 1 0 5 1
1226 P3 5) 2 Vi 1 0
130 28 O 4 0 0 4 0
14° 30 P3 4 0 Vs 2 0
15 34 Q 3 0 Vs 1 0

Tabauna 7: UmupumuTuBHbie MHOrooOpasusa Pamno ¢ p =
2 (Bropoe cTArMBaHUe He UMeeT Tuna Bi)

No. (=Kx)® Y degl' gI) Y f:X—>Y

16° 4d Vo d 1 P! paccioenne Ha OBepXHO-
cru geab llenmo cremenu d,
1<d<5b

17° 18 Vs 1 0 P? paccaoennme Ha KOHHKH C
KPUBOI BBIPOXKACHULA CTelle-
HU D

18° 22 Vi, 2 0 P? paccioenne Ha KOHHKH C
KPUBOil BBIPOXKJICHUS CTelle-
HE 4
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No. (=Kx)* Y degl' g(I) V' f: XY

19° 10 P> 9 10 P! pacciaoenue Ha mOBepXHOCTH
neJb Iemnmo crenenn 3

20° 14 Q 8 ) P! paccroenne Ha TOBEPXHOCTH
neJn Iemnmo crenenn 4

21° 16 P> 7 5 P? paccioenne Ha KOHHKH C
KPUBOI BBIDOXKJIEHUS CTere-
HH D

22° 20 Q 6 2 P? pacciaoeHne Ha KOHUKH C
KPUBOI BBIPOXKACHULA CTelle-
ou 4

23% 22 PP 6 4 V3 crarnBanme B rOpeHINTeHHO-

By TOYKY Ha Kybuke Y' =
Vs C P* (tun By win By)

24° 26 Vs 3 0 P? paccioeHne Ha KOHUKH C
KPUBOI BBIPOXKIEHHUS CTelle-
Hu 3

25% 30 Q 4 1 Vi craruBanme B rOpeHINTeHHO-

By Touky Ha Y' = V5 C P°
(tun By uan By)

26° 32 P 4 1 P! paccioenne Ha KBaJpUKH
27° 38 P> 3 0 P?  Pl-paccioenue
28° 40 P3 3 1 CTATUBaHUE B HETOPEHIITell-

HOBY TOYKY Ha THIEPIOBEPX-
nocru Y = Y C P(14,2)
crenenu 3 (tum Bj)

29° 40 Q 2 0 P! paccroenne Ha KBaJpUKH

30° 46 P 2 0 () craruBaHme B HEOCODYIO TOY-
Ky Ha KBaJpUKe

31° 46 Q 1 0 P? Pl-paccroenne

32° 54 P> 1 0 P! P2 pacciaoenne

13.3. Metoa BekTOopHbIX pacciaoenuii. H. Uymens [78], [77],
[79], a mozanee u C. Mykait [54], [55], [56] ncnonb3oBanu metos BeKTOp-
HBIX pacCJoeHH# st Kiaaccudukainuun Muoroobpasuit @amno. OcHnoBHas
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uJest METO/Ia — MOCTPOUTH HEKOTOPOE CIEIHATbHOE BEKTOPHOE PaCC/I0e-
Hue & na maoroodbpazun Pano X, KOTOpoe MOPOKIAETCS TI00ATBHBIMH
cedeHUsIMH U TT0TOMY 3ajgaer Mopbusm X — Gr(r, N), tae r :=1k &, a
N :=h%X,&).

DTOT MeTO/I XOpOIIo paboTaeT g MHOroodbpasuit Pano Koumjaekca 3
¢ uyncsioM [Tukapa 1. B srom ciaydae obmmii 3jeMeHT JTUHEHHON CHCTEMbI
| — -5 K x| cuoBa siBasteTcs neoco6sM MuoroodpasueM Pano KOUHIeKCa,
3, ecim n > 4, u Heocoboit noepxHOCTHIO THIA K3, ectu n = 3 (cwm. [48],
[2]). Kraccuduramus Takux mmoroobpasmnii @ano poga B g < 5 mOIHO-
CTBIO AHAJIOIUYIHA TPEXMEPHOMY ciyuaio (cM. Teopemy [6.6]). Bomee Toro,
upu g > 5 auHeliHas cucTeMa | — ﬁK x| 09eHb OOMIIbHA W 3a12eT BJIO-
xerme X — PIT""2 1ax, uTo 06pa3 mMeeT crenenb 2g — 2 U ABIAeTCH
nepecedenneM KBaapuk. V3 kiaccudukauu B TPEXMEPHOM CIydae cJie-
ayeT Tak:ke, 910 2 < g < 12 m g # 11.

13.3.1. TEOPEMA ([54]). IIycmo X — mmnozoobpasue Paro pasmep-
Hocmu n, Koundekca 3, poda 6 < g < 10 u makoe, wmo p(X) = 1. ITycmo
X = Xy5 0 C P92 — guovicenue aunetinoti cucmemoti | — -5 Kx|.
Tozda X = X959 C PIt"=2 qeaaemca AUHETIHOIM CEYEHUEM HEKOMO-
po2o N-meprozo mrnozo06pasus Paro Qoo C PITNT2 goundexca 3, 2de
N = N(g). Boaee mozo, npu 7 < g(X) < 10 mnozoobpasue Qdag_o A6-
AAEMCA 0OHOPOOHBM OMHOCUMEALHO C8A3HOT NPocmot aszebpaueckoti
epynnve G. Bee mnozo00pasus (dog_o nepenucaenn, 6 mabauye |8 nuoice.

Tasauua 8. “bBasucubie” MHOrooOpasug PaHo KOUHIEK-
ca 3

g | N(g) Qggo C PIFN—2 G

6 | mepeceuenme xomyca Gr(2,5) C P man rpac-
cmanuanom Gr(2,5) C PY ¢ kBajpukoii

7 | 10 | oproronamnbubiii rpacemannan OGr(4,9) C P | SO,(C)

8 | 8 |rpaccmannan Gr(2,6) C P(AC®) SLg(C)

9 | 6 |cuMmaekruyeckuii rpacemannan SGr(3,6) C P13 | Spg(C)

10 5 Go /P cpi3 Gy
llosicaum obo3HaveHust B Tabsmie. B ciaywae g = 7 mMHOTOOOpA-

sue 5 = OGr(4,9) = OGr(5,10)" mapamerpusyer 4-MepHbIe BEKTOP-
Hble noanpocrpanctsa B C n30TpomHbie 0THOCHTEIHLHO HeBBIPOZK TeHHOM
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cuMmMerpuuHoit Gumuneiinoit popmbr ma C°. B caygae g = 9 MHOTOOGPA-
sue 16 = SGr(3, 6) napamerpusyer 3-MepHbIe BEKTOPHbIE IO/ [ITPOCTPAH-
CTBa B C6, HU30TPOIIHbIE OTHOCUTEJIBbHO HeBprO)K,ZLeHHOfI KOCOCHUMMETPU-
veckoit onmneitroit popmer Ha CO. 3a Gosee MOIPOGHBIMA TTOSCHEHUAMNA
1 HAOPOCKAMHU JTOKA3aTesbCTB Mbl OTChLIaeM K paboram [54], [55], [56]
(em. Takzke [14] nuis caygas g = 6).

PacemorpuM ayTh 60s1ee noapobHo caydait g = 10. [lyets G — mpo-
crasg ajrebpandeckas Ipylna HCKIoIaTeabHoro tuna Go. HamomuumM,
gro G uMeeT pazMepHOcTh 14 u panr 2. [Iycts P C G — ee napabo/in-
gecKast MOArpyIa pasMepHocTd 9, crabuin3arop crapiiero (JJIMHHOIO)
kopug. Torma (g = G/P C P(g) = P'¥ (upucoeannennoe MaOrootpa-
3ue), e g — CoOoTBeTCTByIONas aarebpa JIn (tuma Ga).

[pymmy G MOXKHO peaan3oBaTh KaK TPYIIY aBTOMOPMU3MOB aJ-
re6pel okrornonos Ksmu Q¢ man C. Iyers O C O¢ — rumepruioc-
KOCTh YHUCTO MHHUMBIX OKTOHHOHOB. Torma mpucoenauHeHHOE MHOr00Opa-
3ue ()1g MOXKeT OBITh pean30BaHO KaK II0JIMHOrooOpa3ue B rpacCMaHU-
ane Gr(2,0%) mzorponmusix nsymepubix mogmpocrpancts A C QL or-
HOCHUTEJIbHO YMHOXK€HUA B @(C. HOCﬂe,ZLHee O3Ha4aeT, 4TO OIrpaHuY€HUEC
ymuoxkenns B Q¢ Ha nmoampoctpancTBo A TpuBrabHO.

OxaswiBaercss, 9ro MHOTOOOpasuss PaHo KomHIeKca 3 U poma 12
6bIBaIOT TOJBKO B Pa3MEpHOCTH 32 OHHM HE MOTYyT 6BITb npeacTaBJICHBI
KaK AuMetiHble cedenrnst MHOTOOOpa3us OoJIbIiell pa3MepHOCTH. TeM He
MeHee UMeeTCsl MHBAPUAHTHOE OIcaHue (TpeXMepHBIX) MHOrooOpasmii
X9 C P13: cymecrByer Broxkenue Xop — Gr(3,7) Tax, uro obpas co-
CTOUT W3 3-MepHBIX moanpocTpancTs B C7, M30TPOMHBIX OTHOCHTEIBHO
Tpex JUHEHHO He3aBUCHUMBIX OWIMHEHHBIX KOCOCHMMETPHIECKUX (hopM
o1,01,01 € A2 C™ (cm. [B5], [58], [41]). O6parno, rpexmepuoe moupo-
crpanctBo A C A’C™ zagaer muoroobpasue @ano Xoo C PP kax mos-
muoroo6pasue B Gr(3,7) mpu HEKOTOPOM YCJIOBHU HEGULPOHCOEHHOCTIU
58], § 5|. 910 onmcanne MPUBOAUT TAKKe K CIAEAYIONIE 3aMedaTebHOI
KOHCTPYKIIUH.

13.3.2. Koucrpykius ([55]). Mycrs
(13.3.3) C = {f(wo, 11, 12) =0} C P?

— (meobs3arenbHO IIamKas) MIOCKas KpuBas cremenu d. Paccmorpum
MHOYKECTBO HabOPOB U3 1 NMPSIMBIX

2 .
Li = {{i(xo, 21, 29) = 0} C P7, 1=1,...,n
TaKHX, 9TO CYyIIECTBYIOT KOHCTAHTbI )\1, N /\n; yVAOBJIETBOpAOIIUE yCJI0-
BHUIO
n
d
=Y Nt
i=1
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O0bemunenne UL; TAKUX IMPSMBIX HA3BIBACTCS NOAAPHBIM T -Y20AbHUKOM
x C. 3aMbIKaHIE MHOXKECTBA BCEX MOJISIPHBIX Nn-yroabHukoB Kk C, pac-
CMaTpUBaeMbIX KaK 3J1eMeHThl cuMmerpudeckoii crenenn S™(P?Y), o6o-
snavaercst gepe3 VSP(C,n) (variety of sums of powers).

Hac 6ynyr mHTepecoBaThb IOJIpPHBIE IMECTHYTOJbHUKH K ILTOCKHM
kBapTukaM C C P2, IllectnyroabHuk UL; Ha3bIBACTCA NOAHbBIM, €CIH
cylllecTByeT deTBepka Touek Py, ..., Py € P? takad, uro UL; cocTouT U3
IPSMBIX, COeIUHSAIONINX BCeBO3MOKHBIE MAphl Touek F;, Pj, 1 # j.

13.3.4. TEOPEMA (|55], [56], [66]). ITpednoroscum, wmo keapmu-
ka C C P? ue umeem noaapnux namuyzoaviukos. Tozda m1o2006-
pasue VSP(C,6) noaapror wecmuyzorvhukos k C aeasemes 20pem-
wmetinosvim MHo2000pasuem Pano poda 12. Ecau, donoanumenvro, cpe-
ou NOAAPHLLT wecmuy2oavrukos k C' Hem NoAHBIE, Mo MH02000pa3Ue
VSP(C,6) neocobo u umeem undexc 1.

O6pammo, moboe (neocoboe) mmozoobpasue Pano X undekca 1 po-
da 12 ¢ p(X) = 1 npedecmasasemen e eude VSP(C,6) daa nexomopot
weapmuxu C C P2,

Yesosue Toro, uto kBaptuka (13.3.3) uMmeer MOJISAPHDBIH TATHYTOJIb-
HUK KBUBAJEHTHO OOPAIEHUIO B HYIb ONPEAeTUTE N

det Haiajfu1gi,j§6’
e
Oy == 0%/0x%, Oy := 0%/0x¢0x1, . ..,0s == 0°/05.

Takum ob6pasom, obmas keapruka C' C P? me mMeeT MOIAPHBIX MATH-
YTOJIHHKOB. B wacTHOCTH, Teopema IOKA3BIBACT, 9TO HMEETCS
OHUpalMOHAIBHBI M30MOPMU3M MeXKIY NPOCTPAHCTBAME MOJYJIEH MHO-
roobpasuit ®ano poxa 12 unmekca 1 u KpUBBIX poja 4.

13.3.5. TIPUMEP. Ecim f = (23 + 23 + 23)?, 1.e. C — npoiinaga Ko-
HUKa, TO MHOroobpasme VSP(C,6) sBaserca mHoroobpasmem Mykasi-
Yumemypst (eM. mpumep [13.5.1)).

OTmeTum, 4TO METOJ, BEKTOPHBLIX PaCC/JOCHMI JJIs KarKJIO0ro 3Ha-
yenns pona g(X) upumeHsiercs MHAMBUAYATBHO. 1109TOMY, st IpH-
MeHEeHUs 3TOT0 MeTo/a K KJacCH(PHUKAIMU, HeoOXOJMMa OIeHKa pOa
g(X) < 12, g # 11, koropasi nosydaercss APYIUMH, HApUMep, Oupa-
moHa bHeIMu MeTogamu. C Apyroil CTOpOHBI, KOHCTPYKIIMHA B TeOpe-
Me MHBaPUAHTHB! (B OTJIMYHE OT GHpAIMOHAILHBIX IepPecTpoeK
Buga ((7.2.2)) u ouenb moJIe3Hbl, HAPUMEp, DY H3YYCHHH IPYIII ABTO-
mopdusmos [61], [42].
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13.4. Orpann4eHHOCTh cTeneHu. 13 kjaccuuKalnuoOHHbIX TEO-
pem [[3.1.0]u [0.] csreryer orpannveHHOCTD CTEIEHN TPEXMEPHLIX MHO-
roobpasuit Pano (—Kx)? < 64. Bosee rpybast olieHKa MOXKeT ObITh 1O-
JiydeHa 6e3 MCI0JIb30BaHUs KIacCu(DUKATINN:

13.4.1. TEOPEMA. [lycmv X — mpexmeproe mmoz2o06pasue Paro c
p(X) = 1. Toeda

(—Kx)* <172

[HeHHOCTH MeTO/Ia COCTOUT B TOM, YTO OH MOZXKET OBITh MPUMEHEH K
JI0KA3aTeIbCTBY OTPAHHIEHHOCTH cTeleHn (1 0CcoOeHHOCTell) Tpexmep-
HBIX MHOrooGpasuit ®aHo ¢ TepMUHAIBHBIME O0cOGeHHOCTsIME [26], uTO
HeMe[JIEHHO BJledeT KOHEYHOCTD YUCJIa aJredpandeckux ceMeifcTB Taknx
mHOroo6Gpasuii [33].

JTOKABATEJILCTBO. /loka3zaTeJIbCTBO  HCIHOJAb3YeT  HEPABEHCTBO
Boromosnosa-Musioku [74]. Bamernm, uto mockonbky Pic(X) ~ Z,
TO TMOJYCTaOMIBHOCTD HE 3aBUCAT OT BHIOOpA MOJIApH3aIMu. Tak Kak

X(X, Ox) = 1, To no teopeme Pumana-Poxa B cranmaptaoit dbopme
(em., Hanp., [101l ro. A, § 5, ynp. 6.7]) umeem
(13.4.2) (—Kx) - co(X) = 24.

Bosbmem o6myio nosepxuocts S € | — nKx|, n > 0. Ona aBisercs
HEOCO00H MOBEPXHOCTHIO OOIIEro THIIA.

CrauaJia npejo/ioKuM, uro nydok Q% nosycrabusen. Orpanuye-
nne (% |s Takxe Gyger momycrabuibabiv [47]. TIpuvensist HepaBeHCTBO
Boromososa-Musiokn [74], moaygaem

n(~Kx)* = c1 (Qkls)” < 3ca (Qkls) = —3nKx - c2 (Qx) < 721,

T.e. TpebyeMoe HEPABEHCTBO BBITIOJTHEHO B 9TOM CJIyUae.

[Tycts Tenepn 2% He apagercs nosycrabuibubiv. Tora cymecrsyer
necrabumuzupytomuii pediekcusnbiit noanydok & C Q% panra r < 3
TaKoO#, 4TO

Ley(8) - (—Kx)? > bea(@) - (~Kx)? = —5(~Kx)P.

[omoxum Z := (A"&)VY. Torma .F — pediaekcuBublil nommydok B 'y
panra 1. [Tockosibky MmuOro0Opasue X Heocobo, 10 & obparum. Pacemor-
pum quBu3op D = ¢i(.F) = ¢1(&) u 3anumem D ~ tH, rne —Kx = (H,
v = 1(X). To mpepiayIee HEPABEHCTBO MEPEITHITeTCs KaK

t -
- <3
Ecmu t > 0, 10 2#(X, %) = »(X,D) = 3. 910 UpoTHBOpPEUYHUT pe-

sysabrary u3 [74]: »#(X, #) < 1 aua awboro F C Q% panra 1. Tak kak
H°(X,Q%)=0mupu g >0, To t # 0.
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Takum obpazom,
0<—t<3ire
B wactaoctu, ¢« > 2. CoryiacHO BBHIYHCJCHHSM B JOKa3aTe/JIbCTBE Teope-
bl [1.8.1] mveem ¢ < 4, a taxke (—Kx)® = 64 nput=4u (—Kx)® =54
npu ¢ = 3. Takum o6pa3om, MBI MOKEM CUUTATb, 9TO Lt = 2, 1 = 2 U
t=—1.

Ecnn nydok & He sgBAseTCs MOIYCTAOWIBHBIM, TO UMeeTcsa pediek-
cuBHBI noanyaok ¥ C & C QY meorpunarenbnoii crenenn. 1o cHOBa
nporusopeunt [74] u sanynenmio H°(X, Q%) = 0.

Buaunt, myuok & moaycrabmien. Tak xak ¢(&8) = D = %KX, TO,
KaK U BBIIIE,

n 3 2 2 2
Z(_KX) =D S=c (&) S =c1(g) <dea (8s)-
OTMeTHuM, 94T0 KOpa3MepHOCTh MHOXKECTBA 0COOEHHOCTEl & He MeHbIIe 3.
[TooTOoMy MBI MOXKEM CUHTATH, YTO & JIOKAJIBHO CBOOOJIEH B OKPECTHOCTH
S. 13 TouHOII 1mOC/1€10BATE/ILHOCTH

0 >y & > Q% y Qy /E —— 0

IOJTy 9aeM

Co (Qﬁ() = Cg(égo) —f—Cl(g) - Ct (Qﬁ(/g) = Cg(g) —f-Cl(ng) CI(Q}X) —Cl(Co(o)Z.

Takum obpazowm,

An(—Kx)-co(X) =4S¢ () = 45-¢2(&)+45-D-¢1 () —4S-D* >

> §(—Kx)* + 2n(=Kx)* = n(~Kx)* = (- Kx)*.

Cokpailras Ha n, IoJIyIuM
(—Kx)s < %(—Kx) . C2(X) < 77.

Tak kak ¢ = 2, To crenenb (—Ky)® noxna geautbed na 8. Crejioba-
TesbHo, (—Kx)? < 72. O

Bamernm, 4r0 (KO)KACATEJIbHOE PACCIOCHUE HA TPEXMEPHBIX MHOIO-
obpasusax Pano ¢ gucaom Ilukapa 1 crabuisno [60], no 3To He Beerma
BEPHO JIId TpeXMepHbIX MHOrooOpas3uit Pano ¢ GosbiumM ducaom [Tuka-
pa [68].

13.4.1. pyroit MerToj JI0Ka3aTb OIPAHHYCHHOCTbH MHOr0OOpa3uii
DaHo OCHOBBIBACTCH Ha U3yUeHHH JehopMaliuii palnoHaIbHBIX KPUBBIX.
OH 1no3BoJIgeT MOJIyYaTh CyHIecTBeHHO OoJsiee obIIme, HO MeHee pdek-
TuBHBIE YeM TeopeMa [13.4.] pesynbrarTsr.

13.4.3. TEOPEMA ([37]). Hycmo X — neocoboe mmozoobpasue Paro
pasmeprocmu n. Tozda ezo cmenens (—Kx )™ oeparuvena xKonemanmot
const(n), sagucaweti moavko om pasmeprocmu.
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13.4.4. CIEACTBUE. Heocobwvie mrozo00pasus Parno dannoti pasmep-
HOCINU AENHCAM 8 KOHEUHOM HUCAE AA2EOPAUYECKUL CEMETCMSE.

U nest toKa3zaTeibCcTBa TEOPEMBI — UCIOIB30BATD TEXHUKY jiedopMa-
Ui pAIMOHATBHBIX KPUBBIX, /71T TOTO 9TOOBI TOKA3aTh, 9TO OOIIHE JiBe
toukn Pp, P, € X muorooopaszusg ®@ano X MOXKHO COSIUHUTH HENPUBO-
dumoti panmonasbhoit kpusoit C' crenenn —K x-C' < consty(n). Ecin 661
crenenb —K% He OblIa OrpaHnveHa, TO 10 ACUMITOTHYECKON Teopeme
Pumana-Poxa (1.7.2]) moxx#HO 66110 661 HOCTpOUTH AHBH30D D € |—mK x|
uMeronuit B Touke Py kparnocts > mconst;(n). Ho Torma kpusas
C comep:kanach 06l B D, 9TO TPOTHBOPEUHUT OOIIHOCTH BHIOOpPaA TOY-
ku Py. I13 sToro cieiyer orpanndeHHOCTH crenenn (—Kx)™, a, 3HAYHT,
U KOHEYHOCTH BBIOOpA JIBYX CTApIIUX UJICHOB B MHOro4eHe ['windepra
(em. (1.7.2)).

Jlis mokazaTenbeTBa CIECTBUS CHAYAIA U3 TEOPEMbI BRIBOJIUTCS KO-
HEYHOCTH 4uC/Ia MHOrOWwIeHoB [ 'mibbepra Muoroobpasuit Pano (B buk-
cupoBaHHO pasmepHocTn). Torja KOHEYHOCTh 4YUCIa AarebpandecKux
cemeiicTB ciegyer u3 obmero pesynnrara [46].

O6obmenne Ha caydait 0cobbrx MEOTO0Opa3nit PaHo OBLIO MOy YeHO
uegasHo K. Bupkapowm [8].

13.5. BekTopHble moag mw aBTomMopdusmbi. Hamomuum, 4To
rpyuna agromopduzmos Aut(X) sioboro muoroodpasust ®ano X ssjisi-
ercst JIMHEeHOM aarebpanveckoil rpynmnoii (Teopema . [Toaro-
my rpyuna Aut(X) 6eckoredHa TOr/IA U TOJIBKO TOTIA, KOT/IA €€ CBsI3HAs
KOMIIOHEHTa ¢JMHUIbI HETPpHUBUAJIbHA.

[Tycts X — muOTOOOpasne Pano pazMepHocTn n. s kacareabHOTO
pacciaoenus Jy mMeeM

Ty ~ ()Y ~ Q"' ® Ox(-Kx).
Torma no Teopeme Konanpei-Hakauno o6 obparienun B 1y b [T6] 1. 1,
§ 2]
HY(X,Tx)=HY(X,0"'® Ox(~Kx)) =0 upngq> 1.

Bamerum, uro npocrpanctso H°(X, Ty) ecrecTBeHHBIM 06pPa3oM OTOXK-
JIECTBJISETCSA C KacaTeJTbHBIM IPOCTPAHCTBOM K CBS3HOH KOMIIOHEHTE
equauisl Aut(X)? rpynner asromopdusmos [1L § 2.3], a HY(X,Tx) — ¢
KacaTeJIbHBIM IPOCTPAHCTBOM K BEpCAJIbHOMY MPOCTPAHCTBY JedopMa-
mmit X (e [32]). Tak xkax H*(X,Tx) = 0, To necdbopmanyn X He HMEIOT
IPENSITCTBAN U MOITOMY BepCaIbHOE MPOCTPAHCTBO JedopMaIuii Heoco-
60 B coorsercrBylomieil Touke u umeer paszmepnoctb hl(X, Tx). [Tycrs
Terepb Muoroobpazue X tpexmepuno. Toraa no reopeme Pumana-Poxa

(X, Ty) — h' (X, Tx) = %(—KX)?’ _ ;—i(—KX) (X)) + %Cg(X).
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YuurbiBasi COOTHOIIEHUSI
(—Kx)-co(X)=24x(X,0x) =24
(em. (13.4.2)) u
c3(X) = Xeop(X) = 24 2p(X) — 2h"*(X),
MOJTY UM
h’(X,Tx) —h'(X,Ty) = %(—KX)?’ + p(X) —h'?(X) — 18.
Mpr MOzKeM mepenucaTh 3Ty (GopMyIy B BUIE
h°(X, Tx) — h'(X, Tx) = g(X) + p(X) — hM*(X) — 19.
B gacrrHocTH, ecsin rpynna asromopdu3MoB X KoHEUYHA, TO pa3MEPHOCTH
IpOCTpPaHCTBA JAedopMalnii paBHa
WU2(X) + 19 — g(X) — p(X).

Paccmorpum omun npumep. B cemeiicrse muoroobpazuit X = Xy C

P13 unpexca 1 poma 12 ¢ p(X) = 1 uMeercs o1HO BblJAEICHHOE, ABJIs-

IOIIeecsT KBA3WOAHOPOIHBIM OTHOCHTEIBHO jeficTBus rpynnbl PSLy(C).
Koncrpyknust anajornyna KOHCTPYKINK B 3amedannn [3.6.7F

13.5.1. ITpuMEP (|59]). Pacemorpum geiictsue rpynmer SLy(C) na
mpoctpancTee Mo @ C u ero mpoextususamnuu P(Miy & C). Muorowren

[y, 25) = 21209 (27° + 112025 + 23") € My

ABJIFETCH MO/l MHBAPUAHTOM OMHAPHO# rpynnbl ukocasapa Ico C SLy(C)
[99] ra. 4]. Torna 3ambikanue

PSLy(C) - [f + 1] C P(My2 & C)

OpOUTHI

PSLy(C) - [f + 1] = SL2(C)/Ico
apisgeTca MHoroobpazueM Pano X,y C P, Omno maspiBaeTcs M102006-
pasuem Myxas- Ymemypol.

BaMeTI/IM, qTO CYIIECTBYET TOJIBKO YeThIpEe THIla TPpeXMEepPHBbIX MHO-
roobpasuit Pano ¢ GeckonedHoi rpymmnoii apromopdusmos u p(X) = 1:

13.5.2. TEOPEMA (cMm. [92], [42], [39]). Hycmov X — mpezmepnoe
mhoz2000pasuti Pano ¢ p(X) = 1. Ilpednorostcum, wmo ezo epynna as-
momophu3mos beckoreuHa.

Eeau o(X) > 1, mo X usomopgno odnomy us caedyrouus mpex mHo-
2006pasuii:

Pg, Q2 C IF)4, X5 C IPS.
Eeau orce 1(X) =1, mo g(X) = 12 u umeromes mpu 603MoxHcHoCMU:
(i) Aut(X) ~ PSLy(C) u X — wmmnozoobpasue Myras-Ymemypot,
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(i) Aut(X) ~ G, % Z/AZ u coomsemcmeyrowee mrozoobpasue X
eQUHCMBEHHO € MOYHOCMDBIO 00 U3OMOPPHUMA,

(ili) Aut(X) ~ Gy XZ/2Z u X coomsemcemeyroujee mHo2000pasue
X npunadaestcum 00HOMEPHOMY CEMETICMEY.

Jyis Beex 9TUX MHOrooGpasuii Tpylia CepeJuHHBIX KOTOMOJIOTHM
H3(X,Z) tpusnanbua (cm. caenctsue [12.5).
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14. omosiHeHme: cBeaeHusda u3 teopuu Mopn

14.1. Tlycrp X — noanoe mHOrooOpasme. Yepes Zx(X) Mbr 0603HA-
UM TPYHNY Kk-MEPHUT UuKA08 HaA X, T.e. CBODOJHYIO abesieBy IPYIILy
HOPOXKIEHHYIO N0AHbLMU TTPUBEJIEHHBIMI HEIIPUBOUMBIMI HOJIMHOT000-
pasusamu pasMeproctd k B X . Aramorudmno, depes Z*(X) Mbl 0603HaIM
I'PYHILy IHKJIOB Kopasmeprocmu k na X.

Togopsit, uro ksl Z, 2" € Z1(X) wucaenno sxeusasernmmo, (310
obosuavaercs Z & Z'), ecu L - Z = L - Z' nnga Beex L € Pic(X); mo
JIBOFICTBEHHOCTH ONpE/IeJIeHA YUCJeHHAsT SKBUBAJIeHTHOCTH Ha Pic(X).
Bunnneiinas dbopma Pic(X) X Z1(X) — Z — uumynupyer HeBbIPOXKIEH-
Hy1o ouwanneiinyo ¢opmy

N'(X) x Ny(X) = R,

e NY(X) := (Pic(X)/ &) @ R u Ny(X) = (Z1(X)/ &) @ R. Tna
l-nmkna Z gepes [Z] mbl Oymem obozHauarh ero kiace B Nq(X).

Cornacuo reopeme Hepona-Cesepu, npocrpanctso N(X) xonedno-
mepHo. Ero pasmeprocts (KoTopast coBnagaer ¢ pazmeprocThio Ny (X))
HasbiBaeTcst wucaom ITukapa muaoroobpasus X u obosnavaercs p(X). Io
KOHCTPYKIHH, KaxKIplil qusu3op Kaprbe ompenenser JuHeiHy0 GyHK-
o ma Nq (X).

B mpocrpancree Ni(X) pacemorpum BeImykasit komye NE(X),
nopozkaenublit Bcemu 3bdekruBabiMu 1-nukaamu. Ob03HadnM Uepes
NE(X) ero sambikanne. Taxum o6pasom, NE(X) — 3aMKHyTHIH BHITYK-
JIBI KOHYC B KOHEYHOMepHOM BerectBeHHOM npoctpancTse Np(X). On
HasbiBaeTcs Konycom Mopu. Bomee Toro, NE(X ) mopoxaer Ny (X). Ot-
METHM OJHAKO, 9T0 37eMeHTh NE(X) Heoba3aTebHo TPeICTaBasioTes
3bdeKTUBHBIMI 1-TUKIaMU U HEOOS3aTeIbHO KMEIOT pallOHAJIbHBIE KO-

3G GUITEHTHI.

Konyc NE(X) comepkuT MHOTO BazKHO# nH(MOpMAIIHE O MHOT00Opa-
3ud. B 9acTHOCTH, B TEPMHHAX ITOTO KOHYCA MOXKHO C(OPMYIHPOBATH
KPUTEpHil OOMILHOCTH JUBH30POB:

14.1.1. TEOPEMA (kpurepuii obmisnoctu Kieitmana [31], [38]). Ju-
eusop Kapmve H obunen moeda u moavko mozda, xoeda on onpedeasiem
cmpozo noaoscumensvnyto Pynryuto na NE(X) \ {0}.

Jusuzop D na X HaszuIBaeTcs wucaeHHo agdexmusnvim, ecaa D-L >
0 jura Jio6oit kpusoit L na X. Nuave roBopd, AuBU30p YnuC/IeHHO 3P dek-
THBEH, eCJIM COOTBETCTBY oM inHeiiHast dyHkius Ha N1 (X)) Heorpuria-
TesibHa na Konyce NE(X). Kiacenl uncienno 3bpekTuBHbIX JAHBU30POB
obpazyior 3aMKHyTHI BhITyKb# Konye Nef(X) C NY(X) apoitcTsen-
mpiit korycy NE(X). ITo Teopeme KJIACChI OOMIBHBIX TUBH30POB
3amonusioT BHyTpenHocth Nef(X).
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Kx+eH Kx

r-.
Puc. 2. Konyc Mopu NE(X) (TpanceepcanbHoe cedemme)

14.2. OnPEAENEHUE. [Iyctb C C R™ — 3aMKHYTHIH BBINYKJIBIHA KO-
Hyc ¢ Bepmnuoii B 0, mopoxkgatoriuii Bce nmpocrpanctso R™. Jlya R C C
¢ BepiuHOi B ) HA3BIBAGTCS IKCMPEMANLHBLM, €CJTH JJIsT JTIOOBIX 3JIEMEH-
TOB 21, 29 € C u3 BKIOUEeHHS 21 + 29 € R caexyer, ato z1, z5 € R.

Moxkno nokazarn, uto jiyd R C C gBisercs 3KCTpeMaabHBIM TOTIA
U TOJBKO TOTJIa, KOTja cymectByer juHeiiHas ¢yukmus f @ R” — R
takas, 9r0 f(z) > 0 mag Bcex z € C u f(z) = 0 TospKO ecm z € R.
Takasg dyHKIUS Ha3BIBaeTCa onopHotl aad ayda R.

14.3. TEOPEMA (o0 komyce, C. Mopu [51], [86], Teopema 4.7]). IIycmo
X — neocoboe npoexmusroe mro200opazue u nycmsv H — oburvnvit du-
susop Ha X. s mobozo € > 0 cywecmeyem He 60aee KOHEUHO20 YUCAG
axempemanvrns ayuet R; C NE(X) maxux, wmo (Kx +eH) - R; < 0.
Kaorcowtdi ayw R; nopoorcdaemesn kaaccom nenpusodumoti payuonasoHot
kpusot C; maxoti, wmo

(14.3.1) 0<—Kx-C; <dim(X)+ 1.
Konyce NE(X) noposicoaemes wonycom

NE(X)N{z| (Kx +eH)-2>0}
u aywamu Ry (em. puc. [2)).

14.4. TEOPEMA (o cBoboae ot Gasucubix Touek |86l Teopema 9.3]).
ITyecmov X — neocoboe npoexmueroe mHo2000padue u nycmv M — wuc-
aerno apdexmuenot Jususop Kapmwe na X maxotd, wmo dususop
aM — Kx aeasemca wucienmno spdexmustvim u obsemmvim. Tozda cy-

wecmeyem wucao by makoe, wmo aunetinan cucmema [bM| ne umeem
basuchur mouekx npu ecex b > by.
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14.4.1. CIEJCTBUE. B 00603Ha4%EHUALT MEOPEMDL cyuiecmeyem
cmazusanue @ @ X — Z Ha HOPMAADHOE NPOEKMUBHOE MH02000pasue Z
u 06usvHu dususop A wa Z marod, umo M = p*A.

14.5. TEOPEMA (o crarupanuu |86l teopema 5.2]|). Ilycmv X —
neocoboe npoexmuehoe mmnozo06pasue u nyems R C NE(X) — axempe-
MAALHOLT AYY, ompuyameivrul omuocumesvno Kx (m.e. makod, wmo
Kx - R < 0). Toeda cywecmeyem cmazusarue @ @ X — Z Ha Hop-
MAAbHOE NPOEKMUBHOE MHO02000pasue Z makoe, wmo obpas p({) kpueot
¢ C X — moukxa mozda u moavko moezda, kozda [{] € R. Cmazusanue
¢ X = Z odnoznauno onpedeasemca aywom R.

Craruanue ¢ : X — Z, pacCCMOTPEHHOE BBITIE, HA3BIBAETCS CIMA2U-
sanuem ayua R.

Crenyer ormMeTHTh, 9TO MbI (bopmyupyeM Teopembl [14.3] [14.4
u m JUTst caIydast HeocoObIX MHOrooOpasuii. OHAKO, OHH BEpHBI (34
nckmovenuem onenku (14.3.1) B Teopeme B 3HAYHTEIBHO GOJIb-
et OOITHOCTH: BMECTO HeocobOCTH MHOro0Opasus X MOKHO CUHTATD,
9TO OHO UMEET JIMIIb JIOPTePMUHAIBHBIE 0COOEHHOCTH, CM., Hamp., [86].

14.5.1. CJIEACTBUE. B o0603nauenuazr meopemol nycmo D —
dususop Kapmve na X maxoti, wmo D - R = 0. Toeda D = p*M dasn
Hexomopozo dususopa Kapmuve M wa Z. Caedosamesvho, umeem mecmo
MOYHAA TOCAEIOBAMEALHOCTID

(14.5.2) 0 — Pic(Z) —2— Pic(X) — > Z

ede [(] € R. B wacmnocmu, Pic(X) ~ Pic(Z)®Z u p(Z) = p(X) — 1.
Onpenenum dauny SKCTPEMATBLHOTO JTyda KaK

(14.5.3) p(R) := min{—Kx - ¢ | { — paunonansuas xpusas, [{| € R}.

Kpusyio j11st KOTOpPO# JOCTUTACTCS ITOT MUHUMYM, Mbl HA30BEM MUHU-
MAALHOT payuonarvrot kpusot gyda R. ZlcHo, 910 mOpsioK Kosiapa B
nocsiegoBaresnbuoctu ((14.5.2) gesmt auny skerpemasnbioro jyda p(R).

Jlnst HeocoObIx MHOrooOpas3mii pa3MepHOCTH 2 U 3 dKCTpPeMaJbHbIe
JIYUH TOJHOCTHIO KJjaccupunmpoBanbl. Bruadaje obcyum caydail pas-
MepHOCTH 2.

14.6. TEOPEMA (cm. [51]). Hyemo X — neocobasa npoexmuenas no-
seprrocmsb, nycmsb R — axempemanoroiid ayy na X u nyems £ — munu-
MANOHAA PALUOHAALHAA Kpusas wa X, noposcdarowas R. Tozda umeem
MECMO 00UH U3 CACOYOULUL CAYUAEE:

(i) W(R) =1 u € asaaemca (—1)-kpueod;
(i) w(R) =2, X umeem cmpyxmypy PL-paccioenus nad xpucoti u
{ — caoti 5mozo paccaoenus;
(iii) W(R) =3, X ~P? u ¢ — npamad.
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14.7. TEOPEMA (|51]). Iycmo X — neocoboe mpexmeprioe npoek-
mueHoe mHo2000pasue u nycmsv R — axcmpemanvnond ayy na X. Hycmo
{ — MUNHUMAGADHAA POUUOHAAbHAA Kpusas wa X, nopoocdarouas R u
nycmo [ X = Z — cmaesusanue ayua R.

Ecau R wucaenno sfpexmusen (m.e. D -R > 0 das mobozo sfdexmue-
Hoz2o dususopa D), mo Z 1eocobo u umeem mecmo 00uH U3 CAOYIOUUT
CAYUaEs:

tun | dim(Z) | f: X = Z n(R)
C, paccaoenue Ha KOHuUKY ¢ Hempusuaavrol | 1
2 Kpu6oti 6uLpoAHCOCHUA
?2 P-paccroerue 2
D, paccaoenue wa noseprrocmu deav Ileyyo | 1
1 cmenenu < 6
TZ PACCAOCHUE HA KEAOPUKU 2
Dy P2-paccroenue 3
F 0 X — wmnoz006pasue Pano ¢ Pic(X) ~ Z 1(X)

Ecau R wne asaaemea wucaenno sdppexmusrvim, mo [ — bupayuorans-
HOE CMAZUBAHUE HENPUBOIUMOZ0 UCKAIOUUMENbH020 dususopa E, npu-
uem [ asasemcsa pazdymuem nodmmozoobpasus f(E) (¢ npusedennot
cmpykmypoti). Boamoosrcno odro uz caedyrouwus:

THIT w(R)

By | f(E) C Z — enadkan kpusas, ¢ — caol aunetivamotd no- | 1
seprnocmu E, Z — neocoboe mno2000pasue

By | f(E) € Z — mneocobas mouxa, £ ~ P2, Og(E) =| 2
Op2(—2), ¢ C E — npamas

Bs | f(E)eZ  —  obukHosennas  deotlinas  mouka, | 1
E~P'xP', Op(E) = Opyp(—1,-1), £ — obpa-

syrowan P x PY (obpasyrowue P x P wucaenno
skeusasermmuv, Ha X)

176



By | f(E) € Z — dsotinas mouka anasumuvecky sxeusasenm- | 1
HaA 2unepnosepTHoCmHotl 0coBENHOCTNU T1 Ty + T3 + T3 =
0, E — xeadpamuunwiii xonyc 6 P3, Op(E) = Og(—1), {
— 00pasyrouian KoHyca

Bs | f(E) € Z — uwemuiperkpamuasn He20peHuwmetiHosa mov- 1

KO GHAAUMUNECKU IKEUBGACHMHAA Barmopocobennocmu
C3/{#£id}, E ~P?, Op(E) = Opz(—2), { — npamaa

K coxasleHHIo, B BBICIIMX DPa3MEPHOCTSX CHTYAIUS 3HAYUTEIHHO
CJIOKHee H TOJHast Kiaaccudbukams Taneka oT 3apepiienus. OIHAKO,
MMeeTCsl 09€Hb MHOI'O YaCTHYHBIX Pe3YJIBTATOB B JAHHOM HAIPABJIEHUH
(em, manp., cratwu [5], [4], [25] u o630ps [3], [98]).

14.7.1. BAMEYAHUE. B cayuae Cy craruBanue f — TJIaJKuil MOp-
duzm u 11000 ero cjoil gBAgeTCd HeocoOOH pPAIMOHAILHON KPHUBOIL.
Ecjiu, j010/HUTE/IbHO, HOBEPXHOCTh Z paluoHajibia, 10 Br(Z) = 0
(em., manp., [62]). [Tosromy Mopdusm f nmeer pal@oHAIBHOE CEUCHUE
I OH ABJASETCH JIOKAAHHO TPUBHAILHBIM B TOMOJIOTHH 3apHCCKoro Pl-
paccIoeHueM.

14.7.2. BAMEYAHUE. Ecim dim(Z) # 2 wm dim(Z) = 2 u mopdusm
HE ABIAETCH TJIAIKHM, TO KPHUBYIO £, TOPOXKIAIOINYIO Jyd R, MOXKHO
BBIOpATh TaK, 4TO MOCAeA0BaTeIbHOCTE ((14.5.2)) Oymer Touna TakxKe u
cupaBa:

R4

(14.7.3) 0 — Pic(Z) —L— Pic(X) y 7 ) 0.

D10 BepHO TakKe n B caydae dim(Z) = 2 s riagkoro Mopdusma f,
eCJIM TIOBEPXHOCTh Z pannoHaibHa (cM. 3amedanne (14.7.1)).

14.7.4. BAMEYAHUE. [lycrs craruBanue f Ouparumonanbuo. Kak u
B MOYKHO 3aliCaTh CTAHAAPTHYIO (POPMYILY

KX :f*KZ+OéE,

TIe o € %Z. [lepecekast 0be “acTH ITOr0 paBEeHCTBA CO CTATHBAEMOil
KpuBO#l £, moJiy4aeM, 9T0 (v IPUHUMAET CJIELYIONNe 3HATCHHUSI:

H B1 B2 B3 B4 B5
a H 1 2 1 1 1/2

THUIL
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14.8. ®gonswi. Bupamuonanbuoe crarusanue 6 : V. — V) nasoiBa-
eTCs MaAbLM, €CJIN er0 MCKJIIOYUTETbHOE MHOXKECTBO HMeeT KOpa3Mep-
HOCTH > 2. Ecan B 9TOoM caydae 0 — He nuzomopdusm, T0O MHOr0OOpa3ne
Vo moszkuo 6bITh 0cobbiM [103] 1. 2, § 4, Teopema 2|.

14.8.1. ONPEAEJEHUE. Ilycts V' — Heocoboe MPOEKTUBHOE MHOTO-
obpasue u nycts 0 : V — Vj — majioe GupaluoHAJIbLHOE CTATHBAHUE Ta-
KO€, YTO KaHOHH4YecKnil ki1acc Ky tpusuajen Ha ciaogx u p(V/Vp) = 1.
Daonom nns 6 HA3BIBAETCS CIEAYIONAS KOMMYTATHBHAS IHArPAMMA.

Vo2 -V
14.8.2
(1482) N
Vo
rae orobpaxkenume Y He sBisercd uzoMopdusmom, 6 — Takxke masoe

GUpanOHAJIBHOE CTATHBAHKE, JJIS KOTOPOr0 KAHOHHYeCKH Kiaacce Ky
rpusnajen ua caosax u p(V'/Vy) = 1.

OrmMeTuM, 910 KpuBbie B 10X Mopdusma 6 (coors., §) mopoxia-
or skerpemanbabie aya R C NE(V) (coors., R' € NE(V')). Onna-
KO, 9T IKCTPEMAaJIbHBbIE JIyIN TPUBHAIBHO TMEPECEeKAOT KAHOHUIECKHIl
KJIACC, TO9TOMY K HUM, BOOOIIE TOBOPSI, HEJIb3sI TIPUMEHUTH TeOPEMY
1 CJIEICTBUS U3 Hee.

Tak Kak MHOTOOOpa3me V' HEoCcODO 1O HAIEMY MPEJIIIOI0KEHHIO, TO

Exc(f) = 671 (Sing(Vp)) u  Exc(d) = 6 (Sing(Vp))
[0 TEOpeMe O YUCTOTe HCKIYHTeNbHOro MHOokKecTBa [103] 1. 2, § 4,
teopema 2|. ITosromy oTobpazkeHue x ABISIETCS H30MOPMDUIMOM HA MHO-
xkecrBax V' \ Exc(0) u V'\ Exc(6'). B wactaocTH, IMEIOTCS KAHOHUYECKHUE
n30MOPPU3MbI
e ZHV) —=ZHV"),  x.: CUV) —— CI(V).
Corytacuo Teopeme [14.4] cymecrByer guBuzop D wa V' Takoii, 4to
Pic(V) = 6" Pic(Vy) ® D - Z.
[ycre D' := x,D — ero cobcrBennsiii mpoodpas Ha V. Tora
ClI(V') = 0" Pic(Vy) ® D' - Z.

Tak xax Pic(V’) # 0" Pic(V;), 1o mekoropas kparmocts D' gomkna
obTh auBn3opom Kapree. fdcuo, aro D' - R’ # 0. Tlycre A — obuiibHbBI
nuBu3op Ha Vj. [lo kpurepuio obuibHoctu Kieitmana |(14.1.1) auBuszop
aD’ + b0™* A obunen ua V' nnsg wekoropbix a,b € Z, b > 0. IlosTomy
MHoroo6pasue V'’ m30MopdHO IPOEKTHBHOMY CIEKTPY

ProjR(V', D' 4+ nf™ A).
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[TockoJibKy X sBJjsieTcs n30MOpU3MOM B KOpazMepHocTH 1, TO ajreod-
pot R(V, aD + b0*A) uw R(V', aD’" + b0 A) ecrecrBeHHO M30MOPGbHBI.
CreoBare/ibHO,
V' ~ ProjR(V, aD + bo* A).
D10 03HaYAET, UTO HIION eIUHCTBEHEH (€CJIH OH CYIIeCTBYeT), T.e. JJist
3a/IAHHOTO CTATUBAHUS 0 IpaBas YacTh THATPAMMEI BOCCTAHAB-
nuBaerca onHosnadno. CymecTBoBanne (bIoma SKBUBATCHTHO KOHETHON
nopoxaennocru ajirebpot R(V, aD + b0*A).
[IpuBeieM npocTeiiniuii npumep.

14.8.3. TIPUMEP (dbuon Areu-Kymkosa [6]). IIpennomoxum, 910 B
npeablaynux obo3nadenusx V' — Heocoboe TpexmMepHoe MHOToObpa3ue u
HCKJIIOYUTEIHLHOE MHOXKECTBO MOpdu3Ma 6 cOCTONT U3 OAHOI HEeocoboit
paruonaabHOi KpuBoit C' C V' Taxoii, 9T0

e/VC/V - ﬁpl(—l) EB ﬁpl(—l)
[Iycrs o : VoV — pasayrue C' u nycrb F — MCKI09uTeIbHBIA JTUBH-
30p. Torma
(14.8.4) E~P' x P!, Op(E) = Opiypr(—1,—1).
Corsacno [90], nususop E moxer ObITh cTanyT (B aHAJTHTHIECKOH Ka-
Teropun) B apyrom wamnpasaeuuun o’ @V — V' wan Vy (em. puc. .

1%
E
o o’

V V!
* %/
Vo
0 ° 0’

Puc. 3.

IIpu sTom MmHOr0OGpasue V' Heocobo, a o’ — pasayTue HEOcoOOil pa-
nuoHaabHON KpuBoil C' := o'(E). Mbr Takxke umeeMm Ky — E = 0" Ky
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Otrciona Ky - C' = 0. dususop E uwa V MoxKer GbITb CTSHYT B TOUKY
(Vo 2 0), koTopas siBisieTcsi 0OBIKHOBEHHON JBOMHOI. DTO craruBanue
unaynupyer craruBanus 0 0V — Vou 0 V' — Vi, Tlonyunm guarpam-
My (14.8.2), re x == 60" 007"

O6paTHo, MpeaoJoKIM, 9TO HaM 3a/laHa OOBIKHOBEHHAsl JIBOHHAS
touka (Vo 3 0). C TOYHOCTBIO /10 AHAJUTHYIECKOTO M30MOPMHU3IMA MbI
MOZKEeM CUHTATDh, 9TO OHa 3aj1aHa B C* ypasHennem

(1485) T1T9 — X3T4 = 0.

PasyTue HAMATIA KOOPAMHAT AaeT Heoco0oe MHOroo0pasme V ¢ HCKIIO-
INTeLHBIM IHBH30POM [, KOTOpHIi ABasgeTca KBagpukoil B P? ¢ ypas-
merweM ([14.8.5) (cp. ¢ (14.8.4)). On MoxkeT ObITH CTSHYT B JABYX HANPaB-
JIEHUSIX W MBI TIOJIYIUM CHTYalMio Ha PHC. [Ipu sTom crsiruBanus 6
u ' gaBistioTcs pa3ayTusME miockocreit {1 = x3 = 0} u {z; =z, = 0}
Ha Vj.

Ananormgnas, Ho 6oJee CI0:KHAsT KOHCTPYKIIUS HMeeTCs B CIydae,
korga C' C V — craruBaemasi Heocobasi palroHaIbHAsl KPUBasi ¢ HOP-
MaJIbHBIM pacCC/JIO€HueM

</I/C/V >~ ﬁpl D ﬁpl(—Q)

Koncrpykiust HazbiBaercss nazodot M. Puda [63]. B obmem cayqae cy-
IECTBOBAHUE TPEXMEPHBIX (DJIOMOB CJICIyeT U3 CJICIAYIONEro MPOCTOro
Habaogenus 2. Komanapa.

14.8.6. TEOPEMA (|34]). Iycmo V' — neocobod| mpexmeproe mmozo-
obpasue unycms 0 1V — Vi) — manoe bupayuonasvroe cmausarue ma-
Koe, wmo xanonuueckul xaace Ky mpusuanen na caoax u p(V/Vy) = 1..
Tozda paon x : V -+ V' cywecmeyem u mrnozoobpasue V' neocobo.

HABPOCOK JJOKABATEJ/ILCTBA. [Ipumenum TeopeMy o cBobOjie OT
0A3UCHBIX TOYEK Kk jgususzopy M = Ky + 0*A, tne A — ouensb
obuibHblil quBu30p Ha Vp. [oaydum, aro nuneiinas cucrema |b(Ky +
0*A)| me umeer GasucHbIX TOoYeK npu ecer b >> 0. 3 reopembr [14.4
TaKzKe cjemyeT, 9To jid jgoboro b > 0 cymecrByer auBu3op Kaprbe
N, ma Vj takoit, ato b(Ky + 0*A) = 6*N,. CaenoBaTeabHO, CYIIECTBYET
muBuzop Kaprtbe N Ha V) Takoit, utro Ky = 0*N. Zdcuo, uto N = 0, Ky =
Ky,. 3naunr, kanonudeckuit kjuacc Ky, asisercs ausuzopoMm Kaprbe u
Ky = 0*Ky,.

Tak kak 6 He cTArUBAaET AUBU30POB, TO MHOTOOOPa3ue Vy nMeeT JTuiib
TepMHUHAJIbHbBIE (TOPEHIITeHOBBI) ocoberHocTH. Bosbmem auBuzop D Ha

*Teopema BepHa B ropasmo 6osee obmeil cuTyanmmu. PacCy’XIeHnust TpUBEIEHHBIE B
JIOKA3ATE/IbCTBE HUXKE PAbOTAIOT B CJIydae, KOTaa OCOOeHHOCTH V' — TepMUHAIbHBIE
(1 Torja TAaKOBBI K€ U 0COOEHHOCTH MHOrOOOpazus V).
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V rakoit, uro —D siyisiercst #-00unbubiM. Torga D He MOXKeT ObITh 1M0JI-
HBIM TIpoobpazoMm gusu3opa Kapree na Vj. Craemoarensuo, Dy := 0, D
— nuBu30p Beitng, ne apasioniuiica qusuzopom Kaprtbe. B wacTHoCTH,
MHOTo0Opasne Vy ocobo. Hamee, paccMoTpuM CBsI3HYIO KoMrmoHeHTy C'
HCKJTI0YATEbHOrO MHOXKecTBa Exc(f) u nycrs o := 0(C). Pacemorpum
V u V Kak MaJjible aHaIuTHIeCKne OKPECTHOCTH KpuBoii C' ¥ TOYKH 0, CO-
orBercTBeHHO. COrIacHO KIacCH(MUKAIME TPEXMEPHBIX TePMHHATBHBIX
ocobennocreit (em. [63, § 1| win [38) § 5.3]), ocobernocrs (Vo 3 0) —
TUITEPIIOBEPXHOCTHAS KPATHOCTH 2, T.€. JIOKAJIBHO OHA MOXKET OBIThH 3a-
nana B C! ypasnennem ¢ nemysesoii kpajparuunoii yacroio. Coriacno
nororoBuTebHOI Teopeme Beitepmirpacca [76] ri. 0, § 1], sro ypasae-
HUe, T0C/Ie aHAJTUTHIECKONH 3aMeHbl KOOD/MHAT, MOYKET ObITh 3alUCAHO
B BH/IE

y2 - ¢(x17 Za, I’g)

(eMm., Hamp., [95] creacrue 13.5]). PaceMoTpuM HHBOMIONUIO

7: (Vo2 0) —— (Vo 3 0), (21, X2, 23, y) — (@1, Ta, T3, —Y)
u dpaxTop
m:(Vo20) —— (C ,,.,20).

[Mosoxum jokaabuo (V'O C') = (V D C), Ho crpykTypHblil MOpdhusm
0" : V' — Vy onpenesnM Kak KOMIIO3UIMIO ¢ mHBOJIOIuei: #° = 6 o 7.
Takum obpazom, Mbl iojiaraem Y = foTo0~ 1 u D' = 671(7(Dy)). Scuo,
9710 OTOOparKeHue X gABageTcs u3omMopdusMom, Ha MHOXKecTBax V' \ C
u V'\ C'. dcuo takxke, 9ro Dy + 7(Dy) — UHBAPHAHTHLINA TUBH30D HA
(V> C)u Dy+71(Dy) = 7* B ans uekoroporo nususopa (Kapree) B na
C3. IlockoabKy ceifdac Hallla CHTYaIud JIOKAIbHA, TO MbI MOXKEM CUH-
Tarh, uT0 7(Dy) ~ —Do u D' ~ —D (mpu Hamem oToxaecTsaeHun V u
V’). Tlostomy puBu3op D’ TONOKUTENEH HA BCEX KOMIOHEHTAX KPUBOIi
C =, re. apagerca 0'-obunbabiv. Jlatee koncTpyKius riuodbasin3yer-
cst ipu oMo “nepekJeiiku” okpecrnocru (VO (). TIpoekruBHOCTD
MHoroobGpasust V' caeayer u3 npoektusHocTH Mopdusma 0. 3a gerass-
MH MBI OTCBLITaeM K pabore [34], a Takxe [38) 1. 6]. O

B HekoTophIxX caydasx KOHCTPYKIIMIO ¢ WHBOJIIONHEl T W JIBOHHBIM
HaKPBhITHEM 7T MOXKHO TJ1I00aJIM30BaTh, T.e. T U T MOTI'YT OBITH OIpejese-
HbI HA BCEM IPOEKTUBHOM MHOTr0o0Opasuu (CM. mpumep . Ho sto
BO3MOZKHO JIOBOJIBHO PEJKO.

14.8.7. CAEJACTBUE. B ycaosusx meopemv, [14.8.6] cywecmeyem
usomoppusm ucramovumesrvhor kpusnxr Exc(0) ~ Exc(0') (xax ab-
cmpaxmuor mHo2000pasui). Ipu amom das 40601 womnonenmo, C; C
Exc(0) u coomsememeyrowed et komnonenmu, C; C Exc(0') umeem

D-C;j=-D"-C.
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JIOKABATEJIBCTBO. Ciieyer u3 KOHCTPYKIUU U TOrO, 9TO T WH-
JyTUIpyeT yMHOXKeHHe Ha —1 B JIOKAJbHOM rpymie KJIacCOB JTUBU30POB
Beiina

Cl(Vp 2 0) ~ Pic(V D C) ~ Pic(V' D ). O

14.8.8. CIEACTBUE. B ycaosusxr meopemot [14.8.6] nyems Hy C Vg
— obugee 2unepniockoe cenenue, nporodauiee weped mowky o. Ionoocum
H :=60"Y(Hy) u H := §~(Hy). Tozda Hy, H u H — noseprnocmu c
AUWD JH0BANEBCKUMU 0COOEHHOCMAMU U o2panuvenus Oy © H — Hy
u 0y : H — Hy coomsemcmeyrowuzr omobpasicenuts 0 : V. — Vi u
¢ V' — Vo xpenanmnw, m.e. 05Ky, = Kg u 03Ky, = Kp. B
wacmMoCmuU, MuUHUMaAbHoe paspewenue Hy — (Hop 3 0) nponyckaemca
wepes H u H', m.e. nosepxrnocmu H u H' noayuatomes cmazusanuem
onpedesennolr kKondueypauutd (—2)-Kpusvr Ha H,.

JOKABATENLCTBO. Corracuo kiaccudbukamun (cm. [63 § 1| win
38, § 5.3]), ocobennocts (Vo > 0) — rumeprnoBepxHOCTHAS H30JIUPO-
BanHas Tumna cDV, T.e. obiee runepiiockoe cedenne H(, mpoxossimee
4epe3 0 WMeeT JIUIIb JTIOBAIEBCKYI0 0co0eHHOCThL B 0. CormacHo o0pa-
mennto npucoeannenus [38, reopema 5.50], mapa (Vy, Hy) numeer qucro
JIOPTepMHUHAJIBHLBIE 0C0OeHHOCTH. 110CcKOIBKY MOpdu3M 6 JIorKpenanren
orHocutesbo Ky + H, 1o mapa (V, H) TakKe MMeeT YHCTO JIOITep-
mMuHabHBIEe ocoberHocTr |36, gemma 3.10]. CroBa 1o obpaleHuto mpu-
COeIMHEHN MOBEPXHOCTD UMEET JIMIIL TIOBAJEBCKHE 0cO0eHHOCTH. Pac-
cyxaennsa qua H' nomrocrsio ananornaubl. OcTanbHoe creayeT u3 hpop-
MYJIbI IIPUCOEIUHEHUSI. U

14.8.9. CJIEACTBUE. B ycaosuaxr meopemor [14.8.6| uckarovumenn-
noe kpusvie Exc(0) u Exc(0) asasomesn obsedunernuem 2aadkux payu-
OHANDHDLT KPUBHLT, KOMOopbie 00pasyiom Kkombunamophoe depeso.

JIOKABATEJBLCTBO. Bocnosb3yemcst 0003HAUEHUSIME TTPE/IbI Ty ITe-
ro caeacreug. Pacemorpum caoit C = 6071(0) € H C V (paccyxme-
HUsl [Tl TIpaBoii dacTu (BbJIONIMOBON JHArpAMMBI aHAJIOTUYHBEL). [lycTh
E=>F C Hy — ACKIIOUYATETbHBIH JUBA30P HAX 0 MHHAMAJIHLHOTO
paszperterns ocobennoctu (Hy 3 0) u mycts B/ C E — cymMMa KOMIIO-
HeHT, crssruBaeMbix Ha H. Torua C' spisercs obpasom aususopa F— E'.
B gacraOocTH, Bce KommoneHThl C' panroHaIbHBL H UX KOHMUryparus 00-
pasyer komOmHATOpHOE Aepero. g rmagkoctu kommoneHThl C; HEOO-
XOJIMMO U JIOCTATOYHO, YTOOBI €e cOOCTBeHHbBIH npoobpa3 F; C E nepe-
ceKaJl KaxKJblit pynjjamenTaabubiit nukia Z; ocobennocru P; € H no 1
[95] § 10]. Ho 310 HEmocpeacTBEHHO ciiejyeT u3 KiaccuduKaiun TroBa-
JeBckux ocobernocteit [95] § 10, yup. 7] (pacemorpure Bee cayuan!). [

MoxHO mpHBecTH Apyroe, 0oJlee YHHBEPCAIbHOE IOKA3aTEhb-
¢TBO 3TOro pakTa, HCHOAB3YIOmero 3amyaenue R'0,0y (mo Teopeme
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Kaamars-Qusera 06 o0palieHny B HYJIb). 3aHHTEPECOBAHHOMY YUTa-
TeJIIO IIpeJjIaraeTcs pa3odpaThesa B 9TOM CaMOCTOSATETbHO.

SAIAYN. 1. Ilycte W — meocoboe TpexMepHOe MHOTr00Opa-
3ue u nmycth Cp, Cy C W — rnajgkue KpuBble, epeceKalonuecst
TpaHcBepca/ibHO. BeinosnuMm ciejytomue geiicrsus: Vo — W —
moC/IeI0BaTe IhHOE pa3ayTue cuadasa C, 3aTeM cOOCTBEHHOTO
upoobpasza Cy; V' — W — nocienoBarenbHoe pa3iyTue CHa-
qajia Cy, 3arem cobcrBernoro npoobdpasa C. [lokaxkure, aTo
V u V' Bkmogatorca B IonnoByro auarpammy Hajg W, rioe
Vo — W — pazayrue ocoboit kpupoit C U Cs.
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15. /IomoaHeHme: MHOTOOOpa3ns MUHUMAJbLHON CTENeHNn

B sTom pasjene mMbl npuBeieM HeOOXOAMMBbIE CBEJIEHUsI O MHOT000-
pasumsX MHHUMAJIBHON CTEMeHN. JTO KJIACCHICCKNE, XOPOIIO NW3BECTHHIE
pesyabTaThl. OHE MHOTOKPATHO HCIOJIB3YIOTCS B KypPCe.

15.1. TIPEAMOKEHUE. ITyemv X C PY — wmmozo06pasue (m.e.
HENPUBOOUMAA NPUBELOEHHAA CTEMA), HE ALHCAULEEe HU 6 KaKol 2unep-
naockocmu PVt C PN, Tozda

(15.1.1) deg X > codim X + 1.

JIOKABATEJILCTBO. Ob6e wactu uepasencta ([15.1.1) ocratorcs
HEU3MEHHBIMU MPHU MEPEX0/e K THIEPIJIOCKOMY CEYeHUI0 MHOT00Opa3us
X, n ecm rUIEPIIOCKOe cedenne pocraroano obmee u dim(X) > 1, To
JIUIS HErO BBIOJIHEHO yCaoBue JeMMbl. Cle10BaTeIbHO, MOKHO CUUTATD
dim(X) = 1. Ilepecekasi kpuByto X JIOCTATOYHO OOIIEll TUIEPILIOCKO-
CTBIO, MBI IOJIyYUM KOHeTHOe ducio (paBHoe deg X ) TOUEK, MOPOKIAI0-
mux PV. HepasercTso NI HUX, OYEBHIHO, BBIIOJIHEHO. 1lpes-
JOYKEHHE JTOKA33HO. O

Muoroobpasus X C PV, ne jexamue B runepILIoCKOCTH, JJis KOTO-
poix gocturaercsa paseHctso B ((15.1.1)), T.e. Takue, aro

(15.1.2) deg X = codim X + 1,

HA3BIBAIOTCS MHO2000PASUAMU MUHUMAALHOT cmenenu. OJHOMEpHbBIE
MHOTr000Opa3us MHHUMAJLHONR CTEIIEHN — 3TO PalMOHAJIBHBIE HOPMAaJIh-
Hble KpuBble (cM., Hanp., [76, . 1, § 4| wau [101), ra. 4, § 3)).

15.2. TIPEAJTOKEHUE. ITycms X C PN — mnoeoobpasue muru-
maavrol cmenenu. Tozda epadyuposannas aseebpa R(X, Ox(1)) no-
pootcdaemcesa ceoetl Komnonenmoti cmenenu 1, m.e. ecmecmeernbil 20-
MOMOPPUIM 2PadYUPOBAHHBLT aN2e0D

a:S*HY(X, 0x(1)) —— R(X, Ox(1))

ABNACNCA INUMOPPUIMOM. HOPO 20MOMOPPHUIMA v NOPOHCIEHO INEMEH-
MaMu cmenexy 2, m.e. MHo2000pasue X AGAACMCA NEPECEUEHUEM KEaAD-
PUK, €20 COOEPHCAULULT.

JTOKABATEJILCTBO. PaccmarpuBas o0Iire rHIepILIOCKIe CedeHus,
uHAyKImedi 1o pasmepuocru (M. reopemy [3.3.9) yrBeprkienue cBoaures
K Caydalo, Korja X — panumoHajdbHas HOpMaJbHas Kpubas cremenu N
u PV. Torma X ~ P! u anre6pa R(X, Ox(1)) asasercs noganrebpoii
Beponese B R(P!, Op:1(1)):

R(X, 6x(1)) = R(P', G (N)) C R(P', G (1)) ~ Cla, 1]
DTOT caydail OCTABIACTCA YHTATENIO I CaMOCTOATENBLHOTO pa3bopa
(cp. 101, 1. 4, § 3, yop. 3.4]. O
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TunuaaeiMu IpEMEpaMu MHOTOOOPa3Huii MUHUMAJILHON CTEIeHH SIB-
JSIOTCS TPOCKTHBA3AINE BEKTOPHBIX paccaoennii Ha Pt Hamomanm, aTo
cornacHo Teopeme I'poTenamKa oboe BeKTOpHOe paccaoenne Ha P! pas-
JaoxuMo (M., Harp., [101], ra. V, yup. 2.6|).

15.3. [IPEATOXKEHUE (65 § 1|, cp. [101], rur. 5, § 2|). Paccmompunm
GEKIMOPHOE PACCAOEHUE

& = ﬁpl (dl) b---D ﬁ]Pl (dm)

panza m na P, 2de d; > 0 daa ecex i. Honroocum X = Ppi (&), u nycmo
m: X — P! — ecmecmsennan npoexyua. Ilyemo M = Oxpi(1) —
masmonozuveckul obpamumuidl nywox I'pomendura na X (m.e. obpamu-
MBI NYHOK marot, 4mo T, ﬁx/[m(l) = &). HUmerom mecmo caedyroujue
YMmeepiHcoeHUuA.

(i) H(X, #®?) =0 npuqg>1,p>0u
hO(X,. ) =00 (P mdl) = (di+1)=m+ Y di+1.

(i) Ilywox A noposcdaemcs 2a00aAbHBMU CEYEHUAMY U 3adaem,
OUPAUUOHAALHOLT 1A 60T 06pa3 MOPPHPUIM

(15.3.1) Dy X —— PRditml

ITywox A ouenv obusen mozda u Moavko mozada, xo2da sce d;
CMPO20 NONOHCUMENDHDL.
(ili) Cmenenw obpasa @ 4 (X) svuucasemes no Gopmyae

deg CD|//| (X) = Z di.

B uacmnocmu, ®| 4(X) — mnozoobpasue munumarvnoti cme-
nexu, m.e. das we2o docmuzaemcesa pasencmeo 6 (15.1.1)).
(iv) Honosrcum

& = Pop(d), m:=1k& =4#{i|d; >0},

& = @ On(d), m":=1k&" =#{i|d;=0}.

Ecau @ 4 ne asaaemes usomoppusmom, mo obpas | 4 (X)
— Kkonyc ¢ sepuunot PN € PX A1 00 amnozoobpasuem
X' = Pp (&) C PEET 1 g uckaonumenboe Mnosicecmeo
P4 — mnozoobpasue Ppi (E") ~ Pt x Pm'L,

(v) Hmeem mecmo uzomopdusm nyuxos

Ox(—Kx) ~ M5 @ 1" O (2 -3 d,-) .
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Eciau nyuok # odenb obuien (r.e. d; > 0 Vi), To obpa3 npu BJo-
xennn ((15.3.1)) HA3BIBAETCS PAYUOHAALHO-AUHETLAMBIM MHO2000PA3UEM
(rational scroll). OBBIYHO paIOHATBHO-INHEYATOe MHOIOOOpA3He pac-
CMaTpHUBAETCsT BMecTe ¢ Tosipusaiueii .4 (T.e. (PUKCHPYeTcs: TaBTOJI0-
rudeckoe pacciaoenue 4 = Ops)(1)).

15.4. TIPEJJIOXKEHUE. ITyems X C PN — mnozo06pasue muru-

Mmanvnol cmenenu. Toeda X asasemces o0HuM U3 CACOYOULUL:
(1) ]PN,'

i) xkeadpura ¢ Q C PN;
(iii) payuonarvnas nopmanvnas kpusas Cy C PV;

) payuoraavHo-suHelnamoe  MHo2006pasue  (6.a001CeHHOE MAG-
moao2uneckoli Aunetinot cucmemoit);
(v) nosepznocmov Beponese S = S, C P5;

(vi) ®womyc nad mmozoobpasuem muna uru [(V)}

B wacmmuocmu, muoz006pasue X HOpMarbHO.

JIOKABATEJBLCTBO. Byaem jgoka3piBaTh WHAYKIUEH 10 pa3MepHO-
ctu MHOTOOOpasus X . Obo3naunm depe3 H o0imee rHmepIiockoe cede-
mre X. TToaoxnwm Takke d := deg X, n = dim(X).

Coayuaii dim(X) = 1 XopoIlro U3BeCTeH: HEMPUBOIUMAs KPUBasl CTe-
nexn N B PV — 3T0 panmonaabHasg HOpMaabHAsS KPHBA.

[Iycrs dim(X) = 2. Torma o npeanonoxkenuto wHAyKIwmn H — paru-
oHaabHadg HopMasbHasg Kpusad Cy_; C PV~ 3maunt, ocobennoctn X
u3oupoBanbl (1 H He npoxoauT depes Hux). PaccMOTpuM MEHUMAJILHOE
paspemenne ocobennocreit f : X — X. Torna

X':f*KX_A7

rne A — sddextnsubii Q-nususzop na X (em., manp., [95] 9.2|). To-
noxum H = f-1H. Torma H ~ Cx_;. Tlo dopmyse npucoemaesns
(K + ﬁ[) - H = —2. O1cio1a ceiyer, 9T0 AHBH30D K; + H ue aB-
JigeTcs ducJieHHo 3 @eKTUBHbIM, HO OH YucjieHHO 3ddexkTued Ham X.
C apyroii cropoust, qususzop H = f*H wucaenno sbdeKTuBen u 1uc-
JIEHHO TPHUBUAJIEH TOJBHKO HA UCKIOYATENbHBIX auBu3opax f. [losromy
Ky + tH aucienno sdpdpexrusen npy ¢ >> 1. BosbMeM ¢ MEHEMAJIbHBIM,
VIOBJIETBOPSIIOIIEM 3TOMY yc10Bu0. COrIacHO CKa3aHHOMY BbImIe, £ > 1.
Cymecrsyer skerpemasbabii 1ya R C NE(X) Taoit, aTo

(Ky +tH)-R=0 uw H-R>0.

[Iycts ¢ : X — Y — crarusanne R u mycrs ¢ — COOTBETCTBYyIOMAs
MUHUMaJIbHAs paruoHasbaast Kpusas (cMm. ([14.5.3)). Torna

(15.4.1) WR)=—-K; - 0=tH-0>H (>1.
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[To kiaaccudukamu SKCTPeMAJbHBIX Jydell Ha MOBEPXHOCTAX (Teope-
Ma MOpPGDU3M ¢ HEe MOXKeT ObITH OMpaluoHaIbHBIM. Bojiee Toro,
ecrm Y — mouka, o X ~ P? ~ X. Torma w(R) = 3w H-{ < 2
cornacuo (15.4.1). Mbl nonyuaem ciydan I Ecim xe Y —
KPHBAsl, TO OHA JOJIKHA GBITh PAHoHAIBHOI (mockoabky H ~ P! ma-
KpbiBaeT Y) u X = P(&) — paumonanbnas anneiiuaras 10BEPXHOCTS,
riae & = Op1 @ Op1(—e) nas Hekoroporo e > 0. B srom caayuae w(R) = 2
u H - { =1 cornacwo (15.4.1), T.e. H siasiercst cevenmem. TTosromy Jiu-
Hejinas cucrema |H| orobpaxaer cion X = P(&) na npsimbie B PV,
Takum ob6pazoMm, X — WK KOHYC HaJ PAIMOHAILHON HOPMAaJbHON KpH-
BOI WJIM pAIMOHATBHO-IHHEUATAs TIOBEPXHOCTE (CJIydan (iv)]
COOTBETCTBEHHO).

[Iycrs n = dim(X) > 2. Mbl upeanooxum, 910 yTBEPKJICHHE
PEeJIOZKEHNsT BEPHO Jijisi MHOI0OOpasuil pasmephoctu < n. Paccmor-
pum cHadasia caydail, koraa X Heocobo. [lo dgpopmysie npucoenHenmst
Ky = (Kx + H)|g n queuzop Kx + (n — 1)H He siBAsieTCsT YHCIEHHO
3¢ HEKTUBHBIM ITOCKOJIBKY JTUBH30D

(Kx+(n—1)H)lg=Kyg+ (n—2)H|g

He AB/IZeTCS YUCIeHHO 3P DEKTUBHBIM Ha H 10 Ipeno10:KeHuio HHIY K-
mun. Ecan p(X) = 1, To X — muoroo6pasune Pano unmexca > dim(X).
Cornacuo teopeme [1.8.1] Mbl mMeeM coiyuan WK

[Iycrs p(X) > 1. Tlo reopeme Jledimena o runepriockom cede-
min p(H) > p(X) > 1. Torma no upeanosio:keHuo wHAyKiun H —
panuoHa bHO-THHeiuaToe MHOrooOpasue (cayqaii ((iv)]) u

p(H) =p(X) =2

Bozbmem ¢t MuHuMaJIbHBIM TakKuM, 9T0 Ky +1tH quciento adhdekTuneH.
CoracHO ckazaHHOMY BbIIIe, ¢ > n — 1. CylmecTByeT KCTpeMaIbHBIH
aya R C NE(X) Takoii, 1to

(Kx +tH)-R=0 u H-R>0.

BospMeM MUHUMAJIBHYIO pannoHaJbHYI0 KpuByio ¢ s ayda R. Torna
R=R.[{]u —Kx-{ < n+1 (cm teopemy o xomyce [14.3). IIycts
¢ : X =Y — crarusanue R. [lo nammm ycaosusm H - ¢ =1, 1e. { —
npamag na X C PV, Kak u B J0Ka3aTeIbCTBe IPe/I0zKeHns
qepe3 { MOYKHO MPOBECTH Heocoboe rumnepriiiockoe cedenne H. JluBuzop
(Kx +tH)y = Ky + (t — 1)Hy uncaenno sdderrusen va H u Tpu-
BHaJIeH Ha KpuBOi ¢. 3Ha4nuT, { MOPOXKTaeT SKCTpeMaIbHbIl Jyd Ry Ha
Hu Ky + (t —1)Hy siBAsieTcst OHOPHBIM JTHBU30POM JIJIsl TOTO IKCTPe-
MaJIbHOTO Jiy4a, T.e. paencrBo (Ky + (t — 1)Hy) - C' = 0 Buimosneno
Jyist HekoTopoit kpueoii C' Ha H torjpa u Tobko toraa, korjaa [C] € Ry.
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B uacrnocru, ¢ nopoxpaer crarupanue oy @ H — P! skcrpemain-
noro Jiyua nHa H. Tak kak H — panuoHa/JibHO JIMHEHYATOe MHOrOOOpa-
31e, TO CJIOU Qp — TPOEKTHBHLIE MpocTpancTsa P2 u oHm ABAAIOTCA
TUIEPIIOCKAME CeYeHusaAMU cyioeB . CrenoBaTe/ibHO, CJAOU (o — TIPO-
exTHBHBIe mpocTpancTa PP 1 n Y = P! Takum o6pasoM, ¢ aBagerca
P~ ! pacciaoenunem maz P!

Ecnn :xe X ocobo, To Bo3bMeM 3a H 0011ee IUIepILIOCKOe cedeHue,
npoxondmee depe3 ocobyio Touky P € X. Ilo Teopeme Beprunu H
nenpuBoaumo. Torna H — mHOroobpasme MUHUMATBLHON CTENEHW OCO-
6oe B Touke P. Ilo npemmosioxkennto unayknuu A gBjisiercss KOHYCOM €
BepimHoit B P. [loaromy u X saBigercd Konycom ¢ Beprunoit 8 P. [J

15.5. CAEACTBUE. Tycmv X C PN — muozoobpasue munumaivnod
emenenu. ITpednoaosicum, wmo X # PN u X mne aeasemca neocobot
Keadpurotl, 3adannoti dopmot panea > 5. Toeda zunepnaockoe cevenue
H C X donycrkaem pasaoocenue H = Hy + Hy, 2de |H;| — nodeusrchuie
aunetinoe cucmemovs dususopos Betias, m.e. aunelnve cucmemos |H;|
HENYCMbL U HE UMENM HENOIGUNCHVLT KOMILOHEHIT.

JIOKABATEJIBCTBO. Ciieayer wu3  KjaacCupUKAIMOHHONW — Teope-
mbl (15.4] Ocrasiisitercss auraresiio 1jis CaMOCTOSITEIbHOTO pa3bopa. [

BAJAYN. 1. Ilycrs X = Xy C P72 — geocoboe HEBBIPOK-
JIEHHOe n-MepHoe MHOroobpasue cremnenu d. Joxkaxkute, aro X
SIBJISIETCST WJIH MPOEKIei MHOr00Opa3us MUHUMAIBHOM cTere-
un X = X; C P? uiau muoroo6pasuem jednb Ilerio (eMm. ompe-
JleJIeHHe . Yrasanue: Ilycts H — obiee runeprijiockoe
cedenune. B cayvae, korga X JAuHEHO HOPMAaJIbHO 110 WHIYK-
nun nokaxkure, 910 Ky + (n+ 1)H ~ 0. Ucnons3yiite Taxxe,
4TO B 3TOM caydae obmiee ceuenne X NP1 — smmruyeckas
KPHUBas.

2. Ilyets X C PV — Heocoboe MPOEKTHBHOE TPEXMEpPHOe MHOTO-
obpasme u nycts H = X NPV~ — ero rumepiiockoe cedenne.
[Tpeanonoxum, uro H — MEHUMATbHAS TTOBEPXHOCTH KOJIANPO-
Boit pazmepuoctu 0. Hokaxure, uro X — muorooopasue @ano
u H — nosepxunocrsb tuna K3.

3. Ilpu xakux ycaoBusax muoroobpasne X = P(&) u3 npemioxe-
nus [[5.3)asirsiercss muoroobpasuem @ano? [pu kaknx yciaoBn-
X HA TOM MHOTO0OpA3NU AHTUKAHOHUYECKHI KJIACC TUCICHHO
s dexTusen u oobemen? IlonpobyiiTe 0O0OIIUTE STH BOIPOCH
Ha CJIy4ail pa3/ioKUMbIX BEKTOPHBIX PACCIOCHUIN HA TPOEKTUB-
HBIX TTPOCTPAHCTBAX.
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16. /lomosiTHeHME: MPOEKTUBHBIE MOAEAN MOBEPXHOCTEIH
tuna K3

B stom paznesne mbl npuBeaeM 6e3 J0Ka3aTebCTB HEKOTOPHIE CTaH-
JIapTHBIE CBEJIEHUS O KPUBBLIX U nmoBepxuHocTax Tuna K3. Haunewm ¢ kjac-
CHYECKHUX Pe3YIbTATOB O KAHOHHYECKHX KPHUBHIX.

16.1. TEOPEMA (M. Hérep; cMm., manpumep, |76, ri. 2, § 3|). Hycmo
C — nesuneparsunmuneckas xpusas. Tozda ee kanonuueckas aszebpa
R(C, K¢) noposcdena ceoetli komnonenmot cmeneny 1.

16.1.1. CAEACTBUE. Yepes KaHOHUYECKYO MOOEAL HE2UNEPIANUN-
muueckol kpueotd poda g > 2 npozodum posno (g—2)(g—3)/2 aunetino
HE3ABUCUMBLT KEAODUK.

16.2. TEOPEMA (teopema Hérepa-Dupukseca-Ilerpu; c¢m., Hampu-
mep, [104]). ITyemws C C PI™1 — zaadkas wanonuueckas xpusas poda
g > 4. Tozda:

(i) C swicexaemes keadpuramu u xybuxamu 6 P91 npozodauumu
wepes C;
(i) C ne svicexaemes K6aIPUKAMU MOADKO 6 CACOYIOUUT CAYUAAT:
(a) C' — mpuzonasvnas kpusas (m.e. obaadaem odHOMEDHVLM
padons gl);
(b) C' — xpusas poda 6, uzomopPrasn niockot kpueot cmene-
HU D;
(iii) ecau C' ne sucexaemes xeadpuramu, mo keadpurkyu 6 P91 npo-
rodaugue wepes C, svicexarom noseprrocmsd R, ssaaouyrocs
o (npu g = 4) xeadpuroti 6 P* (603moicro ocobori),
e (6 cayuae ((ii)(a)l, g > 5) Heocobol payuonasvrol sunetd-
wamoti noseprrocmvlo cmenenu g —2 6 PI71 npunem pad
g3 Ha C ewicexaemcs aunetinom padom npamos na R,

e (6 cayuae |(ii)(b))) nosepzrocmovio Beponese Vy C PO,

[aJiee Mbl IpUBEIEM HEKOTOPbBIE CBEJIEHUS O 1HOBepxHOCTsX Tuia K3.
Hanomuum onpejesnenue.

16.3. ONPEAEJEHUE. [agkas npoeKTHBHAS MOBEPXHOCTH S HA3bI-
BaeTca nosepxuocThio Tuna K3, ecin Kg = 0u HY(S, O5) = 0.

Crenyromuit  (akKT HENOCPeJICTBEHHO BBIBOJIUTCS W3 TEOPEMBI
Pumana-Poxa, asoiicteennoctu Ceppa, popMymIsl 118 poia U TeopeMbl
Kasamars-@usera 06 obparmennn B HyIb [2.5.1

16.4. TIPEATOKEHUE. Ilycmv D — afipexmusnuiti nenyresot du-
suaop na noseprrocmu S muna K3. Tozda

1
dim |D| > 5D2 + 1.
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Ecau D — menpueoduman xpueas, mo H(S, Os(D)) = 0 u umeem
MECTNO PABEHCTNEO

1
dim |D| = 502 +1 = pa(D).

B wacmmnocmu, D? > —2 daa 060t nenpusodumoti xpueoti D u D? =
—2, ecau u moavko ecau D — Heocobas payuonaivHaA KPUBQs.

Bamerum, 910 JI000# dncieHHO 3D OEKTUBHBIT IUBU30D HA MOBEPX-
woctn S tuna K3 sddexrusen (mo reopeme Pumana-Poxa).

16.5. TEOPEMA (65, §2-§3], |22, . 2|). ITyemv D — wucaenno
appexmuenni na noseprnocmu S muna K3. Tozda D npunadaescum
00HOMY U3 CACOYIOWUL MUNOG.

(i) D* = 0; 6 amom cayuae D ~ mE, 2de m > 1, E — saaun-
muueckas kpueas, dim |E| = 1 u Bs|E| = @ (m.e. |E| —
ansunmMUYeckull nywox 6e3 ba3uchvlr movex na S).

(i) D? > 0 u obwuti anemenm us |D| saeasemca nenpucodumoti
kpueot; 8 amom cayuae aunelnas cucmema |D| ne umeem ba-
aucHur movex, obwaa kpusas C € |D| neocoba u

g(C) =dim|D| > 1;
(iii) D* > 0 u obwudi anemenm u3 |D| npucodum; 6 amom cayuae
|D| =m|E| + Z,

2de |E| — sanrunmuneckuds nywor 6e3 bazuchulx mouvek, 7 —
Heoco0aA PAUUOHANDHAA KPUBAA, HENOJBUNCHAA KOMNOHEHMG
aunetinot cucmemut | D), npuvem E-Z =1 um > 2.

16.6. Ilycts S — MOBEPXHOCTDH C JTIOBAJIEBCKUMHU OCOOEHHOCTSIMHU
(em., Hanp., [95] § 9]). M1 roBopuM, 9T0 S — 0c0bas no6EPTHOCb MUNG
K3, eciu Kg =0 u H'(S, O5) = 0.

[IycTb p : S — S — MEHIMAJIBHOE pa3peleHne 0cobeHHOCTE T 0C0BOiT
nosepxnoctu THna K3. Torna Kg = p*Kg = 0. [doBanesckue ocoben-
noct pammonanbbl. Hlostomy HY(S, O5) = H'(S, Os) = 0. Crenosa-
Tepio, S — (HeocoGas) mosepxmHOCTH THTA K3,

16.6.1. CIEACTBUE. [Tycms S — noseprrocms muna K3 ¢ diosa-
AEBCKUMU 0CObEHHOCTIAMY U nYycmb A — obuarvuvtd dususop Kapmove
Ha S makotl, wmo aunelinas cucmema |A| umeem HenoOBUNCHYN KoM-
nonenmy C. Tozda nosepxrrnocmv S Heocoba edoav C.

JLOKA3ATEJILCTBO. Cienyer U3 TeOpeMbl IpUMEeHEeHHOH K
MHUHAMAJILHOMY Pa3perteHuio 0cOGeHHOCTEH. O
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16.7. Ilpu paccMOTpeHMH HPOEKTUBHBIX MOJejell 1oBepXHOCTel
tuna K3 06biubo paccmarpusator napy (S, A), cocrosiyoo u3 camoil
nosepxaOCTH S 1 9nc/ieHHO 3P HeKTUBHOrO 00 beMHOTO AuBH30pa A Ha
S. Tlpu 3TOM nemoe 9ucyo

1 :
g=2g(S,A) = §A2 + 1 = dim |A|
HasbiBaeTcst podom (S, A). Kiace quBu3opa A Ha3bIBAETCS NOAAPUIAUU-
et (cooTB. Keasunoaspusayuell), eciam OH OOIIEH (COOTB. HE SBJISIETCSI
OBUITBHBIM).

16.8. TEOPEMA (|65l § 5-6]). ITycmv A — wucaenno afppexmuerond u
obsemnbili dususop na noseprrocmu S muna K3 maxot, wmo aunetinas
cucmema |A| ne umeem nenodsustcrux komnonenwm. Ilososcum g =
g(S, A). Toeda das mopdusma

(I)‘A‘ S —— Y
umeem mecmo 00na u3 CJL@()yTOWUZU 803MO02CHOCMNET.

(i) Mopdusm P4 seasemca OupayuonarvHoLM HG c60T 00pa3
P4/(S), noseprrocmo cmenenu 2g — 2 6 P9, amom obpas se-
AAECMCA HOPMAALHOT NOBEPTHOCNBIO ¢ J10BANEECKUM 0CODEH-
HOCMAMUY (8 wacmmocmu, ona mostcem boms neocoba). Aazeb-
pa R(S, A) noposcdena ceoeti kKomnonenmoti cmenenu 1. Ecau,
kpome mozo, dususzop A obunen, mo @4 1 S — ®4(S) — uso-
MOPPU3M.

(ii) Mopgpusm P4 : S — P4(S5) asasemes woneunvm 6 obued
mouKe U umeem cmenens 2, e2o 06pas Pja(S) — amo nosepz-
HOCMb MUHUMGAbHOT cmeneny, g — 1 6 P9, B amom cayuae no-
seprHocmy S (6mecme ¢ keazunosapudayuet A) HA3u6aEMCA
TCHIEPIUIHIITAYCCKO. Taxue noseprHocmuy Taparxmepusyrom-
ca mem ceolicmeom, uwmo awbas weocobas xpusas C € |A]
asazemca aunepassunmuyeckot [65, crencrsue 5.8].

Crenytomuit dakt comepxurcst B Teopemax 6.1, 7.2 u mpemioxe-
Hun 7.15 paborsr [65].

16.9. TEOPEMA. Ilycmov A — ouenv obusvHuill OusU30p Ha NOGEPT-
nocmu S muna K3 makoti, wmo g = g(S,A) > 4. lycmv Is — adpo
ECTNECMBENH020 20MOMOPHUIMA

a:STH(S, O5(A) —— D H(S, 0s(mA)) = R(S, A)
m>0
Toz0a umerom mecmo caedyrougue ymeeprcoenus.
(i) Hoean Is noposicdaemes snemenmamu cmenenty 2 u 3.

191



(ii)

(iii)

IIpednonootcum, wmo udear Is ne mootcem bwvimsd noposicden
anemenmamu cmenenu 2. Toeda odnopodnwi udean Iy C Ig,
noposcoentuli ecemu asemenmamu cmenenu 2 6 Ig, onpede-
asem 6 P9 mpexmeproe MH02000pa3UE MUHUMAALHOT CTNENEH
V= ‘/;,_2 C P9,

Ecau g > 5, mo V. — neocoboe pauuorasoHo-AuHetdvamoe MHO-
2006pasue.

B cayuae HOBEPXHOCTH S (BMecTe ¢ nossipusaiueii A) HasbiBa-
eTcss mpu2okasvholi. Takue MOBEPXHOCTH XapaKTepU3yITCs TeM CBOIi-
cTBOM, 4TO JsI00as Heocobas kpusas C € |A| aBasgercsa TPUrOHATIBLHOIL.

SAJIAYN. 1. /lokaxkure upejioxenne [16.4}

2.

[Tycrs (S, A) — runepasuunTaYecKas TOBePXHOCTL THIa K3
poma g > 3, tae A — umucaeHno 3MGEeKTUBHBII H 00bEMHBI
muBmsop u mycth Py 1 S — P9 — cooTercrsyomee ru-
epa/LIRITHIecKoe oTobpazkenue. llpenanmonoxum, dro obpas
W = ®4(5) neocod. Hokaxure, uro W mim sABisgercs I10-
BepxHOCTHIO Beponese win nuzomopden panuoHaJIbHOi reoMeT-
pudecku auHeituaToil mosepxuocru F., e e € {0, 1, 2, 3, 4},
P 3TOM BCE BO3MOXKHOCTH Pean3yioTcsa. Buraucante aIuBu-
3op BerBjenus B C W. Kakue jonojinure/ibHbIE YC/JIOBUS Ha-
kaagpBatorca Ha W u S, ecim A obunen?  Vkasanue: Boc-
nosib3yiiTech Tem, 4To quBH30p B npuBoxum, a napa (W, %B)
MMEeT 4UCTO JIOrTepMUHaIbHbIe ocobennoctu [95] npeioxke-
are 15.13).

B obo3nauenusax npemblayIieii 3aa9u IPeInoJoKIM, 9T0 00-
paz W := @ 4(S) — ocobast mosepxuocrs. Jlokaxure, uro W
apjidercs Konycom Wy C PY nmaj panuonajbHOl HOpMaJILHOI
KpuBOii cremenu e := g — 1, rje e € {2, 3, 4}, npu s10M BCe
BO3MOKHOCTH PeAJTU3YIOTCS. Bhruucaure DUBH30D BETBJICHUS
B C W. JlokaxkuTe, 9TO B 9TOM CJIydae AUBU30p A He MOKeT
OBITH OOMJIBLHBIM.  Yka3anue: Bocmoab3yiiTech TeM, UTO KOHYC
W, C P9 uzomopden B3BeneHHOMY IIPOCKTHBHOMY IPOCTPaH-
crBy P(1,1, e) u mocrpoiite bupanuonanbHoe (Ha ¢BOH 06pa3)
orobpaxenne S — P(1,1,e,e + 2).

Bocnonb3yiirech mpeapaynuMu 3aadaMu U JOKAXKHUTE, ITO
Ha THIEPIJITHOTAIeCKOR moBepxHocTn Tuna K3 poma g # 2, 5
BCErJa UMeeTCs dJIUITHICCKUH TydOK.

JlokaxkuTe, 4TO CYIIECTBYIOT THIIEPILIUITHICCKUE TOBEPXHO-
ctu tuna K3 moboro poma g > 2.
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6. /lokaxkure, 4TO CyHIECTBYIOT TPUTOHAJIBHBIE IOBEPXHOCTHU THUIIA,
K3 awoboro poga g > 3.
7. OmummTe TpUTOHAJLHBIE HoBepxHOCTH Tnia K3 B PP,
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17. domonuenue: treopembl BepTuHn

[Iycte D — nuBusop Beiiig na nopMma/jibHOM MHOrooopasum X u
nycthb |D| — cooTBercTByIONas JuHeiHAs cucTema. [IpeanosoKnm, 9ro
|D| # 2.

Henodeuotchoti wacmoro nuHeitnoit cucremsl | D| HasbiBaercst a¢bdek-
TUBHBIN JTUBU30D

F:=Max{F'| FF < D" nnascex D' € |D|},

rae MaX AJId MHOZKEeCTBa AMBHU30POB IMIOHUMaAECTCA B CMBICJIE O6BIqHOFO
gacTu4HOro nopsiaka <. KomioneHTsl F' HA3BIBAIOTCS HENOOSUNCHOLMU
komnonenmamu |D|. Vimeer mecto pasiozkeHue

D] = F +[M],

rae |M| — nonnas juHeiiHast cucreMa Ge3 HEMOJBUKHBIX KOMIIOHEHT.
Omna nazbiBaercst nodsuscnol wacmoto |D|. feno, aro

dim |D| = dim |M|.

OTMeruM, 9TO Ha HPOEKTHBHOII HOPMAaJIbHOM MOBEPXHOCTU P PeKTHB-
HBI quBu30p D, 1Jisi KOTOPOro JinHeiiHasi cucrema |D| He mMeer Hemo-
JIBUZKHBIX KOMIIOHEHT, YnCJIeHHO 3¢hdeKTupeH.

Basucrvim mmoorcecmeom muneiinoi cuctemsl |D| Ha3biBaeTcs mepe-
ceveHne BCeX ee JEMEHTOB:

Bs|D|:= (] D"
D’e|D|
OOBIYHO OHO MOHUMAETCS B CXeMHOM cMBIcIe. TakuM o6pasoM,

Bs|D| D Supp(F)

u codim(Bs |D|) > 1 torga u Tonbko Torna, koraa F = 0.
Hanomuum, 4to ®|p| 0603Ha4aeT panuoHaJIbHOEe 0TOOpazKeHHe

Pip: X ——--- > PY N :=dim|D| = dim|D|,
3aj1aHHOe JmHeitHoii cucremoit | D|. Tlo onpenenennio @ p| = Py
17.1. TEOPEMA (nepsas teopema Bepruuu, cm. [73 . 1, § 3|, [70]

§ 4]). B swwenpusedernnux obosnauenusr nycmo dim|D| > 0.

(i) Ecau dim@p|(X) > 2, mo obujuti snemenm Mye, € |M]
HENPUBOOUM.

(ii) Eeaw dim®p(X) = 1 uw dim|D| > 2, mo obuudi anemenm
Mgyen, € | M| npusodum.
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Pacemorpum cirygait reopemsbl [17.1] Torua obpas orobpazkenust
®p|(X) — xpusast C C PV u ssementsr |M| — 310 1poobpassl rumep-
mwrockux cedennit kpuoit C'. Umeerca dakropuzarus [TlTeitna

Bppy: X -2 02 PV

rae C' — Heocobast KpuBasi, a ¢p — KoHeuHbIH Mopdusm. O0mmii s1eMeHT
M’ € |[M| nmeer Bugy M’ = 37 M, rie kaxzoe ciaraemoe M; — npocroii
quBu3op, a P, = ¢1(M]) — rouka ua C. [puvem Y P, = ¢3(H) nias
nojixogIero (obuiero) rumepiiiockoro cedenns H = C N PYVL,

Orobparkenne ¢ ABISIETCA PETYISIPHBIM HA OTKPBITOM MOJIMHOYKE-
cTBe

X \ Bs

[Tpuaem codim Bs |M| > 2.

17.2. SAMEYAHUE. Ilycrs upperyasprocts MEOTOOOpa3ust X paBHA
0. Torma C' — meocobas pamumoHabHast KpuBas. [losTomy Torma MOXKHO
3aIUCaTh

|D| = F+m|L],

o ¥ . o
rie |L| — oxnomepuas smneiinast cucrema (nywow)[] y koropoit oGmiuii
9JIEMEHT HepUBOINM. lcHo, uTo dim |D| = m. B 3ToM ciiyuae roBopsr,
ato |D| cocmasaena u3 pauuonaavhozo nywka.

17.3. TEOPEMA (Bropas reopema Bepruuu, cm. [73) 1. 1, § 3|, |70l
§ 4]). Ocoboe mmoocecmeo obuiezo anemenma D' € |D| codeporcumen 6
o6sedunernuu Sing(X ) UBs|D| ocobozo muoscecmea muozoobpasus X u
6a3ucH020 MHOMCECTNEA AuKelHoT cucmeml |D].

*B pyccKOoa3bIYHOI MaTeMaTUdecKol IuTepaType TepMuH “nyvwox” uMeeT /1Ba 3Hade-
uust. OOBIYHO HTO KOHTPABAPUAHTHBIA (DYHKTODP M3 KATErOPUU OTKPBITHIX MTOIMHO-
JKECTB TOMOJIOTHIECKOTO MPOCTPAHCTRA B KATETOPHIO TPYTITT MJTN KOJIEIT, YIOBIETBOPSI-
IOIIWii OIpeIe/IeHHbIM cBocTBaM (anrymiickuii mepeson — sheaf). Ipyroe 3unadenue
— 9T0 omHOMepHas JuHeiiHast cucrema (pencil). OGBIYHO M3 KOHTEKCTA $SICHO, YTO
UMeeTCs B BHUILY.
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