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(1) (1%) Íàéäèòå ìàêñèìàëüíîå ìíîæåñòâî òî÷åê êðèâîé X ⊂
A2, çàäàííîé óðàâíåíèåì y2 − x2 − x3 = 0, â êîòîðûõ ðàöè-
îíàëüíàÿ ôóíêöèÿ f = y/x áóäåò ðåãóëÿðíîé. Îòâåò îáîñ-
íóéòå.

(2) (1%) Íàéäèòå ìàêñèìàëüíîå ìíîæåñòâî òî÷åê êðèâîé X ⊂
A2, çàäàííîé óðàâíåíèåì x2 + y2 = 1, â êîòîðûõ ðàöèîíàëü-
íàÿ ôóíêöèÿ f = (1 − y)/x áóäåò ðåãóëÿðíîé. Îòâåò îáîñ-
íóéòå.

(3) (2%) Ðàññìîòðèì ïëîñêóþ êðèâóþX, çàäàííóþ óðàâíåíèåì
x2 − y3 = 0 â A2. Îïèøèòå ëîêàëüíîå êîëüöî OP,X , ãäå P =
(0, 0). Äîêàæèòå, ÷òî ýòî êîëüöî íå ôàêòîðèàëüíî (ò.å. â íåì
íå èìååò ìåñòî îäíîçíà÷íîñòü ðàçëîæåíèÿ íà íåïðèâîäèìûå
ìíîæèòåëè).

(4) (2%) Ðàññìîòðèì ïëîñêóþ êðèâóþX, çàäàííóþ óðàâíåíèåì
x3 + x2 + y2 = 0 â A2. Îïèøèòå ëîêàëüíîå êîëüöî OP,X , ãäå
P = (0, 0). Äîêàæèòå, ÷òî ýòî êîëüöî íå ôàêòîðèàëüíî.

(5) (1%) Ôàêòîðèàëüíî ëè ëîêàëüíîå êîëüöî íà÷àëà êîîðäèíàò
êâàäðàòè÷íîãî êîíóñà x2 + y2 + z2 = 0 â A3?

(6) (1%) Ïóñòü X = {xy − z2 = 0} ⊂ A3 � àôôèííûé êâàäðà-
òè÷íûé êîíóñ è ïóñòü L = {x = z = 0} � ïðÿìàÿ íà íåì.
Äîêàæèòå, ÷òî äèâèçîð L íå ÿâëÿåòñÿ ëîêàëüíî ãëàâíûì.

(7) (1%) Ïóñòü X = {xy − zt = 0} ⊂ A4 � àôôèííûé êâàäðà-
òè÷íûé êîíóñ è ïóñòü L = {x = z = 0} � ïëîñêîñòü íà íåì.
Äîêàæèòå, ÷òî äèâèçîð L íå ÿâëÿåòñÿ ëîêàëüíî ãëàâíûì.

(8) (1%) Îïèøèòå äèâèçîðû íà ïðîèçâåäåíèè ïðîåêòèâíûõ ïðî-
ñòðàíñòâ Pn × Pm.

(9) (1%) Äîêàæèòå, ÷òî Ωk[Pn] = 0.
(10) (2%) Ïóñòü X = {x2 + y2 = 1} ⊂ A2 � ïëîñêàÿ àôôèííàÿ

êîíèêà. Âû÷èñëèòå Ω1[X].
(11) (3%) Íàéäèòå áàçèñ â ïðîñòðàíñòâå ãëîáàëüíûõ ãîëîìîðô-

íûõ ôîðì íà ïëîñêîé ïðîåêòèâíîé êðèâîé x5
0 + x5

1 + x5
2 = 0.

(12) (2%) Ïóñòü t � íåîäíîðîäíàÿ êîîðäèíàòà íà P1. Ðàññìîòðèì

ðàöèîíàëüíóþ ôîðìó ω := p(t)
q(t)

dt, ãäå p è q � ìíîãî÷ëåíû.

Íàéäèòå òî÷êè, â êîòîðûõ ω íå ÿâëÿåòñÿ ðåãóëÿðíîé.
(13) (1%) Ïîñòðîéòå íîðìàëèçàöèþ ïëîñêîé êðèâîé y2−x3 = 0.
(14) (2%) Ïîñòðîéòå íîðìàëèçàöèþ ïðîåêòèâíîãî çàìûêàíèÿ

êðèâîé y2 = f(x), ãäå f(x) � ìíîãî÷ëåí ÷åòíîé ñòåïåíè áåç
êðàòíûõ êîðíåé.



(15) (4%) Íàéäèòå áàçèñ â ïðîñòðàíñòâå ãëîáàëüíûõ ãîëîìîðô-
íûõ ôîðì íà ïðîåêòèâíîé ìîäåëè àôôèííîé ãèïåðýëëèï-
òè÷åñêîé êðèâîé y2 = f(x), ãäå f(x) � ìíîãî÷ëåí ÷åòíîé
ñòåïåíè áåç êðàòíûõ êîðíåé.

(16) (2%) Äîêàæèòå, ÷òî (íåîñîáàÿ) ïëîñêàÿ êðèâàÿ íå ÿâëÿåòñÿ
ãèïåðýëëèïòè÷åñêîé.

(17) (3%) Ïóñòü X � ãèïåðýëëèïòè÷åñêàÿ êðèâàÿ ðîäà g íàä C
è ïóñòü X → P1 � ñîîòâåòñòâóþùåå äâóëèñòíîå íàêðûòèå
ñ òî÷êàìè âåòâëåíèÿ P1, . . . , P2g+2 ∈ P1. Êàêîé ïîäãðóïïå
â ôóíäàìåíòàëüíîé ãðóïïå π1(P1 \ {P1, . . . , P2g+2}) ñîîòâåò-
ñòâóåò íàêðûòèå X → P1?

(18) (2%) Êðèâàÿ íàçûâàåòñÿ òðèãîíàëüíîé, åñëè ñóùåñòâóåò êî-
íå÷íûé ìîðôèçì X → P1 ñòåïåíè 3. Äîêàæèòå, ÷òî êðèâàÿ
ðîäà g ≥ 4 íå ìîæåò áûòü îäíîâðåìåííî ãèïåðýëëèïòè÷å-
ñêîé è òðèãîíàëüíîé.

(19) (2%) Êîãäà êðèâàÿ áèñòåïåíè (a, b) íà P1 × P1 ÿâëÿåòñÿ
ãèïåðýëëèïòè÷åñêîé?

(20) (2%) Êîãäà êðèâàÿ áèñòåïåíè (a, b) íà P1 × P1 ÿâëÿåòñÿ
òðèãîíàëüíîé?

(21) (3%) Ïîêðîéòå Fn àôôèííûìè êàðòàìè è íàéäèòå â ÿâíîì
âèäå ðàöèîíàëüíóþ äèôôåðåíöèàëüíóþ ôîðìó. Ïîëó÷èòå
îòñþäà ôîðìóëó äëÿ êàíîíè÷åñêîãî êëàññà.

(22) (3%) Ïóñòü C � íåîñîáàÿ êðèâàÿ íà Fn òàêàÿ, ÷òî C ∼
aΣ + bF . Êîãäà ýòà êðèâàÿ ÿâëÿåòñÿ ãèïåðýëëèïòè÷åñêîé?

(23) (3%) Ïóñòü C � íåîñîáàÿ êðèâàÿ íà Fn òàêàÿ, ÷òî C ∼
aΣ + bF . Êîãäà ýòà êðèâàÿ ÿâëÿåòñÿ òðèãîíàëüíîé?

(24) (2%) Âûâåäèòå ôîðìóëû äëÿ ñòåïåíè è ðîäà íåñîáîé êðè-
âîé, ëåæàùåé íà êîíóñå S = Sd ⊂ Pd+1 íàä ðàöèîíàëüíîé
íîðìàëüíîé êðèâîé Cd ⊂ Pd.

(25) (3%) Êîãäà êîíóñ S = Sd ⊂ Pd+1 íàä ðàöèîíàëüíîé íîð-
ìàëüíîé êðèâîé Cd ⊂ Pd ñîäåðæèò ýëëèïòè÷åñêóþ êðèâóþ?

(26) (3%) Ïóñòü C = C4 ⊂ P3 � ýëëèïòè÷åñêàÿ êðèâàÿ ñòåïå-
íè 4. Äîêàæèòå, ÷òî îíà ñîäåðæèòñÿ â (íå åäèíñòâåííîé)
ïîâåðõíîñòè ñòåïåíè 3.

(27) (3%) Ïóñòü C = C6 ⊂ P5 � ýëëèïòè÷åñêàÿ êðèâàÿ ñòåïå-
íè 6. Äîêàæèòå, ÷òî îíà ñîäåðæèòñÿ â (íå åäèíñòâåííîé)
ïîâåðõíîñòè Âåðîíåçå.

(28) (1%) Äîêàæèòå, ÷òî ëþáàÿ ýëëèïòè÷åñêàÿ êðèâàÿ ìîæåò
áûòü âëîæåíà â P1 × P1 êàê êðèâàÿ áèñòåïåíè (2, 2).

(29) (5%) Ïóñòü C = C4 ⊂ P3 � ýëëèïòè÷åñêàÿ êðèâàÿ ñòåïåíè
4 è ïóñòü P = 〈Q1, Q2〉 � ñîîòâåòñòâóþùèé ïó÷îê êâàäðèê.



Âûðîæäåííûå êâàäðèêè â ïó÷êå îïðåäåëÿþò åùå îäíó ýë-
ëèïòè÷åñêóþ êðèâóþ C̃. Êàê ñîîòíîñÿòñÿ ìåæäó ñîáîé C è
C̃?

(30) (2%) Ïðè êàêèõ n ïîâåðõíîñòü Fn ìîæåò ñîäåðæàòü ýëëèï-
òè÷åñêóþ êðèâóþ?

(31) (2%) Ïîêàæèòå, ÷òî ãðóïïà àâòîìîðôèçìîâ îáùåé êðèâîé
ðîäà g = 4 òðèâèàëüíà.

(32) (2%) Ìîæåò ëè êðèâàÿ ðîäà 3 èìåòü àâòîìîðôèçì ïîðÿäêà
5?

(33) (3%) Ìîæåò ëè ãðóïïà àâòîìîðôèçìîâ êðèâîé ðîäà 10 áûòü
èçîìîðôíîé S6?

(34) (3%) Äîêàæèòå, ÷òî îöåíêà Ãóðâèöà íå äîñòèãàåòñÿ äëÿ ãè-
ïåðýëëèïòè÷åñêèõ êðèâûõ. Êàêîâ ìîæåò áûòü ïîðÿäîê ìàê-
ñèìàëüíûé ãðóïïû àâòîìîðôèçìîâ â ýòîì ñëó÷àå?

(35) (4%) Äîêàæèòå, ÷òî îöåíêà Ãóðâèöà íå äîñòèãàåòñÿ â ñëó÷àå
êðèâûõ ðîäà 4.

(36) (4%) Äîêàæèòå, ÷òî îöåíêà Ãóðâèöà íå äîñòèãàåòñÿ â ñëó÷àå
êðèâûõ ðîäà 5.

(37) (2%) Äîêàæèòå, ÷òî îöåíêà Ãóðâèöà íå ìîæåò äîñòèãàòüñÿ
äëÿ öèêëè÷åñêîé ãðóïïû Aut(X).

(38) (2%) Ïóñòü X � íåãèïåðýëëèïòè÷åñêàÿ êðèâàÿ ðîäà 4, èìå-
þùàÿ ðîâíî îäèí òðèãîíàëüíûé ëèíåéíûé ðÿä g13. Îïèøèòå
åå êàíîíè÷åñêóþ ìîäåëü. Îòâåò îáîñíóéòå.

(39) (2%) Ïîêàæèòå, ÷òî êàíîíè÷åñêàÿ ìîäåëü X = X2g−2 ⊂
Pg−1 íåãèïåðýëëèïòè÷åñêîé êðèâîé ðîäà g ≥ 5 íå ìîæåò ëå-
æàòü íà êîíóñå íàä ðàöèîíàëüíîé íîðìàëüíîé êðèâîé Cg−2 ⊂
Pg−2.

(40) (2%) Ïîêàæèòå, ÷òî íåîñîáàÿ ïëîñêàÿ êâèíòèêà (êðèâàÿ
ñòåïåíè 5) íå ÿâëÿåòñÿ òðèãîíàëüíîé. Îïèøèòå åå êàíîíè-
÷åñêóþ ìîäåëü.

(41) (2%) Ïóñòü X = X8 ⊂ P4 � íåãèïåðýëëèïòè÷åñêàÿ êðèâàÿ
ðîäà 5. Ïîêàæèòå, ÷òî X ÿâëÿåòñÿ òðèãîíàëüíîé òîãäà è
òîëüêî òîãäà, êîãäà îíà áèðàöèîíàëüíî ýêâèâàëåíòíà ïëîñ-
êîé êâèíòèêå, èìåþùåé îáûêíîâåííóþ äâîéíóþ òî÷êó èëè
ïðîñòîé êàñï.


