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Jlexkmmga 0

BBomnaga nexnuga

B 3T0it mekmum MBI HATOMHUM HEKOTOPBIII MaTepuaJ IepBOro ceMecTpa.

0.1 TI'pynmbl, mnoaArpynmnbl, Teopema Jlarpanxa

Onpenenenue. ['pynnoti HA3BIBAETCS HEIYCTOe MHOXKecTBO (G ¢ omeparueit
GxG— (G, (a,b) — aob,
VIOBJIECTBOPLAIOIIEH CJICIYIOIUM CBOUCTBAM:

e ao(boc)=(aob)oc nans TOOBIX 3TEMEHTOB a, b, ¢ € G (3AKOH aCCONUATHBHOCTH );

e CylecTByer BbleseHHbIA aement 1 € G, HasbiBaeMblil edunuunolm (MIn HEUMPaibHbIM) Ta-
KOit, 9T0 ol =1o0a =a mra awboro a € G;

e 17151 11000T0 @ € (G CYIECTBYET JIeMEHT a~! € G naspiBaeMbIit 0bpamHvLM TAKOM, ITO aoat =

aloa=1.

['pymia Ha3bIBaeTCs abeaesoli (WM KOMMYTATHBHOI ), €CJIM BBIIOJHEHO CBOKCTBO
® aob=boa maa TIOOBIX 37€MEHTOB a, b € (.

I'pynna G nasbiBaeTcst Konewhol, €cjn OHa COCTOUT M3 KOHEYHOTO YUC/a JeMEeHTOB. B 3ToM cirydae
HCJIO €€ SJIEMEHTOB HA3bIBAETCSI NopAdkom STOM rpymnbl u obosnavaercs |G|. [lommuoxkectso H C G
I'PYIIIBI HA3bIBaeTCs nod2pynnol, ecaun H sBiaseTcd rpymnmnoil ¢ Toi e omeparuei.

[IpuBemem cTaHAAPTHBIE TPUMEPHI TPYII. DTH 0003HAUEHHS OYIYT UCIOIH30BATHCI HA TPOTIKE-
HHHW BCETO Kypca.

ITpumepst. (i) Ecium k — nosne (manpumep, k = Q, R unn C), 70 MHOKECTBO BCEX HEHYJIEBBIX dJIe-
MeHTOB K sBJIsleTcsI TPYIIION 1O YMHOXKEHHIO, KOTOPYIO MBI OyaeM obo3na4daTh k*. MHOKecTBO
BCEX 9JIeMEeHTOB K ABJIAETCS IPYIIION [0 CAOXKEHUI0. DTy IPYIIy Mbl Oyaem obo3HadaTh k.

(i) S, — cummempuueckas rpynna (rpymnna MOACTAHOBOK), A, C S, — 3nakonepementas TPYIIA
(moarpymma 9eTHBIX MOJCTAHOBOK ).

(iii) GL,(k) — noanas aunetnas epynna wax nosem k (rpyrma HeBHIPOXKIEHHBIX MATPHUI] pasMepa
nxn), SL,(k) C GL,(k) — cneyuasvrasn sunetinas epynna (MOArpyIa MATPHUIL ¢ OIPETETUTE-
aem 1).
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(iv)

Qg — epynna keamepruonos, noarpynna B GLy(C), cocrosimast u3 Bocbmu sjaementos £ 1, +1,

+j, £k, rae
. ¢t 0 . 0 1 0 ¢
b () 0) i (% D) k= 0),

w, :={z € C|z" =1} — rpynna KopHeii crenesu n u3 1.
Z/nZ — rpynna KJIacCoB BBIUETOB (C onepannei CI0KeHus).

Orobpazkenne adpdunnoro npocrpancrsa Al B cebs Ha3bIBaeTCs Ha3bIBaeTCs aMUHHBIM Ipe-
k

obpazosanmeM, ecn 06pa3 Jyt060it upsamoit — npsmas. Bee adpdunnbe npeobpazosanus Ay o6-

pasytor epynny agdurnur npeobpasosarud Aff, (k). Ona cogep:kuT moarpynmy mapaaieabHbIxX

neperocos TranAff, (k).

Orobpazkenne eBKJINI0Ba pocTpancTBa E" B cebs HABBIBAETCST HA3BIBAETCS JBUKEHUEM, €CJIH
OHO COXpaHsgeT paccroguus. Bee nsukenus E™ obpasyior epynny deuscenuti EASE,, koTtopas
spisiercst noarpynmoit B Aff, (R).

Bce nBmKenns eBKJINI0Ba MpocTpancTsa B2, mepesopantue B cebs TPaBUIBHLIN N-yTOABHUK [,
obpasyior noarpyuny D, C EAffy. Ona nazsiBaerca epynnot dusdpa.

Bee npuzkenns epkmoBa npocrpancrsa B2 nepesojsiue B cebs npaBuibHbIH TeTpasap (co-
OTBETCTBEHHO, Ky0), obpasytor noarpyniny B EAff3, epynny deusrcernuis mempasdpa (coorser-
CTBEHHO, KYyba).

[hooooooool|oooooo

AHAJIOTHYIHO ONIpeIesieTCs TPYIINa, ABUKEHIH HKOCAIPA.
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Omnpepenenne. [Iycts G — rpyuna u nycrs S C G — nogmuozkectso. [onoxum
(S):={a---ap™ |a; €8, n; €L}

dcno, uro (S) — moarpynna B G. L'oopsr, uro rpynna G noposcdaemcs muoxkectsoM S, ecau (S) = G.
WNnave rosops, n06o0it s1eMenT g € (G IpeacTaBAsIeTCs B BHIE ITPOU3BEJICHUs CTENeHell 3JeMeHTOB

us S.

ITpumepsr. (i) CuvmMmerpudeckas rpynmna S, MOPOXKIACTCS TPAHCIO3UIUSMHE.
(ii) Ilonmas mumeiinas rpynna GL, (k) nopoxmaercs smeMeHTaApHBIMI MATPHIIAMH.
(iii) T'pynma p,, mopoxKaaercs JOOBIM TePBOOOPA3HBIM KOPHEM U3 1.

3ameuanue. He Bcsgkas rpymmna mOpoxKIaeTcss KOHEUHBIM YHCJIOM ddeMeHToB. Hampumep, rpymma
R mecuérHa, IO3TOMY He MOXKET OPOXKIAATHCS KOHEUHBIM YHUC/IOM 3JIEMEHTOB.

Onpenenenne. /g no0bx mogMaOKecTB A, B C G rpynnsl G OJI0KIM
AB:={ab|la€ A, be B}.
B wactroctn, ang noarpynnsl H C G u ssteMenTa a € H TOAMHOKECTBO
aH :={ah | h € H}
HA3BIBAETCS AEEVM CMENCHUM KAACCOM. AHATIOTHIHO ONPEIISIOTCS IPaBble CMEXKHBIE KJIACCHI.

MHOKECTBO BCeX CMeKHBIX KyraccoB oboznadaerca G/ H. Momuocrs muoxkectsa G/H obo3nada-
ercd G : H| u naspiaercst undekcom moarpynmst H.
3amMeTnM, UTO 3alUCh CMEKHOTO Kacca B BuAe gH He saBIfeTcsS eINHCTBEHHOMN:

Jlemma. gH = ¢'H mozda u moavko mozda, xoz2da cywecmeyem h € H maxoti, wmo g’ = gh.

Joxazamesvemeo. Ecim gH = ¢'H, 1o ¢’ € gH w Torna ¢ = gh anst nekoroporo h € H. O6parHo,
ecin ¢ = gh g Hekoroporo h € H, 1o ¢'h/ = ghh' € gH u nosromy ¢H C gH. Anajnormyso
JIOKa3bIBaeTCsl 00paTHOE BKJIIOUEHHE. O
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Teopema. IIycmov G — epynna u nycmv H C G — a0bas nodepynna.
(i) I'pynna G asaaemca obsedunenuem aeews cmexcrns kaaccos gH € G/H.
(i) Feau dea aesvir cmencuvr kaacca g1H u goH nepecexaromes, mo onu cognadarom.
(iii) Bce saeevie cmestchble KAGCCH, PABHOMOULHDYL.
AHajorudHble YyTBEPK/IEHHs BEPHBI JJIsA IPABBIX CMEKHBIX KJIACCOB.

Zoxazameavcmao. O0YeBUJIHO, IOCKOJBKY g € gH.

IIycts g € g1H N goH. Torna g = g1h1 = goho jutst HekoTOpbiX hy, hy € H. Orciona g =
gi(hihy') w g1 H = g H 1o nemme.

Orobpaskenne H — gH, h — gh sipiagercsa 6ueknueii. O

CaencrBue (reopema Jlarpauxa). Ecau G — koneunas 2pynna, mo

G| = |H| |G- H].

0.2 Teopema o romomopdusme

0.2.1 HopmaJjabHbl€ MOATPYIIIbI

Onpenenenne. [logrpynna H C G rpyunsl G HasbiBaercst Hopmaavhot (obosHavaercs H < G),
eciu gHg™' € H ana moboro snementa g € G.

Bameuanme. Ha camom jese, B yCI0BHAX BBIIIE BepHO paseHcTBO gH g™t = H (cMm. 3amady .
ITpumepsi. (i) B aGenepoii rpyrme Jr06ast HOArPyIa HOPMaThHA.

(ii) B mo6oii rpynme G umeiorcst TpUBHAJIbHBIE HOpMasbhble oarpynnsl G u {1}.

(iii) SL,(k) < GL, (k).

Bameuanmne. ['oBopst, 4o 3jeMeHTH ¢ U ¢’ rpynibl G CONPSZKEHbI, €CJu CyliecTByeT & € (G Takoii,
aro ¢ = zgxr~'. (He myraiiTe ¢ KOMILIEKCHBIM conpszkenuem!) Hecmo:KHO IPOBEPUTH, 9TO OTHOINCHHE
CONPAKEHHOCTH SIBJISETCSA OTHOIIEHNEM SKBHBAaJIEHTHOCTH. TaxkuMm oOpas3oMm, rpynma G pa3doHBaeTcs
Ha Henepecekalneecs O0beMHEHUE KAACCO8 COnpAdcennur aremenmos. Llonrpynna H gasisercs
HOPMAJTBHOI TOTJIa M TOJBKO TOTJIa, KOTJa OHA COCTaBI€HA M3 KJIACCOB CONPSIZKEHHBIX 3JIEMEHTOB.

Omnpenesenne. [[enmpom rpyunbl G HA3BIBACTCH MOIMHOKECTBO
Z(G):={2€G|gz=29 VgeG}.

OueBnIHO, YTO TEHTP — NOArPYINA U OHA HOPMAaJIbHA (J0KAXKUTE CaMOCTOATEIbHO). Bosiee Toro,
nrobast noarpynna H C Z(G) wopmasbha B G.

Hanpuwmep, Z(GL,(k)) cocrout u3 ckansapubix Marpui, a Z(SL, (k)) cocTonT 3 cKaggpHbIX MaT-
PHIL ¢ onpeneanTeaeM 1.

ITpennoxkenune. Caedyroujue ycro8usn IK6UBANEHMHDL:

(i) H<G;
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(i) gH = Hg 0dan moboz20 anemernma g € G.

Zoxasameavcmeo. Ilyers H << G, nycth g € G u nyers gh € gH, tne h € H. Torna ghg ! = b/ €
H. Crenosarensto, gh = h'g € Hg n mosromy gH C Hg. O6parHOe BK/IIOUYEHHE TOKA3BIBAETCSI
AHAJIOTMYHO.

[Mycts gH = Hg nansa jgoboro snementa g € G u iyctb h € H. Torpma gh € Hg. CienoareibHo,
gh = W g nns nexoroporo h' € H n nosromy ghg~! = I/ € H. 910 oznaqaer, ato H <1 G. ]

Caeacrsue. [lodzpynna undekxca 2 HopmasvHa.
IIpumepsi. (i) D, >R, rae R, — moarpymmna noBopoTos.

(ii) B xazkupiil OpaBUIBHBINA 2N-yTOJBHUK MOYKHO BIHCATH HPABUIBHBIA N-yTOJbHUK. DTO 3a/aeT
Biioxkenue D,, B Dy, Kak HOpMaJILHOW MOATPYTIIIHI.

(i) Qg>(i), (), (k).
(iv) S, > A,.

0.2.2 MHN3omopdusmbl 1 aBTOMOP@AU3MBI TPYHIT

Onpenenenune. Hsomoppuszm rpynn — 310 orodbpakenue p : G — G, KOTOpOe sIBjisieTcs OueKimed
U YJIIOBJIETBOPSIET YCJIOBUIO

w(ab) = p(a)p(b) Va,b e G.

Ipynnbt G u G Ha3bIBAIOTCA udomopPromu (0bo3Hadaercs G~ G1), ecid MeXK/y HUME CYIIECTBYET
0 KpaiiHeit Mepe OIuH U30MOPQMU3IM.

ITpumep. Orobparkenne
exp : RT — Ry, a — exp(a)

ABJIAETCS H30MOP(MU3IMOM TPYIIII.

Onpenpenenune. M3omopdusm rpymnmsl Ha cebst Ha3biBaeTCst asmomoppusmom. VHaTe TOBOps, aBTO-
MopdusM — 310 oTobpazxkenue ¢ : G — G rpymibl Ha cebsg, KOTOpOe sBJSeTCs OUeKIueil u yIoB/Ie-
TBOpseT yeaosuio p(ab) = p(a)p(b) ans mobbx smementos a, b € G.

ITpumepsi. (i) ToxgecrBenHOe 0TOOpAKEHHE — ABTOMOPGhU3M.
(ii) Orobpazkenne p(a) = a~! aBrgerca aBTOMOPMU3MOM TOTJA W TOJLKO TOTJA, KOTAA TPYIIa

abeJjiesa.
(iii) Komrmutekcuoe comnpsizkenne ¢(z) = z ssasercs apromopdusmom B rpymmnax C u C*.

(iv) Orobpaxkenne p(A) = (AT apngerca asromopduzmom nonoit smreitnoit rpynmust GL, (k),
a TakzKe W CHenuaabHoil uHeitnoit rpymmsr SLy, (k).

Bameuanue. Bce apromopdusmbl Aut(G) rpynnsl G 00pa3yoT TPYIILY ¢ onepanueil — KOMIO3HIHSI
oTOOpaZKEeHHIA.

Onpenenenne. Orobparkenne

Pg - ar— gag_1

HA3bIBAECTCA 6HYMPEHHUM asmomopdﬁua’mom I'PyHIIbL.



Jlekmust (. Beonnast j1eKnust 8

OueBuiHO, 410 @, — AefcrBUTeNbHO aBroMopdusm (poBepbTe caMoCTosATebHO). BuyTpennue
aBroMopdusmMbl 06pazytor noarpyny Int(G) C Aut(G).

ITpumep. Aut(S3) = Int(S3) ~ S;.

Bameuanne. [loarpynna H C G aBisiercs HOpMaJIbHOM TOIJA U TOJIBKO TOrna, Koraa ¢,(H) C H
JUIsL J110060r0 BHYTPEHHEro aBroMopdusma ¢,.

IIpumep. PaccMmorpum ciemyioriee MOAMHOXKECTBO B CHMMETPUYIECKOM TPYyIIITe Sy

Vai={(1), (1,2)3,4), (1,3)(2,4), (1,4)(2,3)}.

Hecsioxkno npoBepuTh, 4To 310 moArpynna. OHa HasbiBaeTcs wemeephnot 2pynnoti Kaetina. JIoboi
BHYTPEHHNI aBTOMOPMU3M S, COXPaHAET YeTHOCTb U MOPSIKN 37eMeHTOB. Tak Kak V4 — eJIuHCTBeH-
Hasl HEIUKJIMYIecKasl MOJArPYIia nopsijaka 4, cCocTosinas TOJbKO U3 9eTHBIX MOJICTAHOBOK, TO OHA HOP-
MaJbHa.

0.2.3 @PakTOprpymnmnsbl

[Tycrs H — mopmasibHas noarpynna rpymnnsl G (B MyJbTHILIHKATHBHON 3amucu). Hamomumm, 910
yepe3 G/H wmbl 0603HAYAEM MHOYKECTBO BCEX JIEBBIX CMEKHBIX KJaaccoB. OmpeesnM yMHOKeHHe
CMEZKHBIX KJIACCOB CJIEYIOIUAM 00pa3oM:

(aH) - (bH) = (ab)H.
Jlemma. Onpedesenroe 8vluie YMHONCEHUE HE 3ABUCUIM O CNOCOOA 3ANUCY CMENCHVLT KAGCCOS.

Hoxaszameavemeo. Ilycrs aH = o'H v bH = VH. Torna @' = ahy u b/ = bhy 1A HEKOTOPBHIX
hi,ho € H. Nmeem
a’b’ = (ah1>(bh2) = (ab) (b_lhlb)hg,

rne b~'hib € H (nockombky H <1 G). Cnenosarensuo, @'t/ = abh ma h := (b~ h;b)hy € H u mosTomy
(aH) - (bH) = (ab)H. O

IIpennoxkenne. G/H asasemces epynnoti ¢ onpedesernvim GulUe YMHOHCEHUEM.
lokxasameavcmeo. Ilo onpeneneHno nMeeM
(aH -bH) - cH = (ab)cH = a(bc)H = aH - (bH - cH).

DT0 MOKA3BIBAET ACCOMMATUBHOCTD ornepanuu. HeidrpasbHbiM ajemenToM B G/ H sBIsieTcst TPUBUAIb-
HbIH cMexkHbI Kiaace 1H = H, a oO6paTHBIM K 3deMenTy al apisercs sneMent a LH. O

IIpumep. Ilycrs G := C* u mycrs H := {z | |z = 1|}. Kaxmprit snemenr z € C* equncTBeHHBIM
00pa3oM 3allUCHIBACTCA B BUIE 2 = (2, rae a € Rog, 29 € H. [losToMy KaxKaplii cMexKHBIH KJ1acc
G/H moxHO 0/HO3HA4HO 3aiucarb B Bujge oH, a € Rog. CruegoBarensuo, G/H ~ R..

ITpumep. Pakroprpynna GL,(k) mo moarpynme ckanspubix marput (mearpy GL,(k)) usomopd-
Ha 1poekTuBHON JimHedHoit rpyuie PGL, (Kk), rpynie npoekTuBHbX 11peobpa3oBaHuii HPOEKTUBHOIO
npocrpancTsa Pl

Bamerum, 9ro eciiu H C G — HerpuBuajibHasi HOpMaJibHast HOJAIPYyIia, 70 u3ydenune G MOXKeT ObITh
“cBesieno” Kk usydenuto “menbiiux”’ rpynn H u G/H. T'pynua G wasbiBaercs npocmotl, ecau jiobast ee
HOpMaJIbHAsI MOArPYIINa TpuBHaibHA (T. €. coBnagaer ¢ G wau ¢ {1}). TIpumepom mpocToii Tpymmbl
SIBJISIETCS NMUKJIXYECKasi IPYINa MPOCToro mopsaka. OJHaKo, KOTJa TOBOPST O IPOCTBIX T'PYIIIax,
OOBIYHO UMEIOT B BHJIY HeaOeseBbl IPOCThIE TPYIIIHI.



Jlekmust (. Beonnast j1eKnust 9

0.2.4 Tomomopdusmsbl rpynn
Onpenenenune. Orobpazxkenne ¢ : G — (G TPyNI HA3BIBAETCS 20MOMOPHUIMOM €CITH
w(ab) = p(a)p(b) Va,be G.
Tomomopduzm G — G rpynmsl B cebst HA3BIBALTCS IHIOMOPPUIMOM.

3ameuanwue. [Iycrs rpynna G mopoxKaercs 3JIeMeHTaAMUA 1, . . . , (y,. KCan Ajs 1By X roMoMOPMU3MOB
01 : G — G1 1 ps: G— Gy umeem p1(a;) = @a(a;) nas Beex i, To @1 = ©s.

ITpumepsi. (i) Onpegermurens det : GL, (k) — k* sBasiercs roMmoMopdhu3MOM TPYIIIL.
(i) Bnak mojcTanoBku sgn : S, — {£1} aBasercsa romoMopduU3MOM TPYIIL.

(iii) B abesrenoii aamauTuBHON rpymne mis J060ro n € Z 0TobpazkeHne a — na siBIsieTcsi TOMOMOD-
¢dpu3MoM rpymIbl B cedd.

(iv) Dkcnonenta exp : R — R*, a — e® aBasercs roMoMOpGU3MOM TDYIIIL.
(v) Baarue momyns | - | : C* — R.g, 2z — |z| aBasgerca romoMopdbu3MOM TPYIIIL.

(vi) Ilycrs H <G u mycts G/ H — dakroprpymnma. Orobpaxkenune 7 : G — G/H, a — aH sBisiercs
roMoMOp(hU3MOM TPYIIII.

Onpenenenne. logmuoxkecTBO
Ker(p) :={a € G| p(a) =1}
Ha3bIBaeTCdA siApoM romoMopdusma ¢ : G — Gy.

JIemma. ITycmo ¢ : G — Gy — 2omomopdusm epynn. Toeda ezo adpo Ker(p) asasemea nodepynnot
6 G, a e20 u o6paz Im(p) = p(G) — nodzpynnoi e Gy.

Joxazameavcmeo. 1lposepum, Hampumep, nepBoe:
a1, az € Ker(p) <= p(a1) = p(as) = 1 = p(a10; ') = p(ar)p(az) ™ = 1 <= aia;"' € Ker(p). O

3ameuanmne. ['omomopdusm ¢ : G — (G gBIsIeTCS WHBEKTUBHBIM TOTJA W TOJBKO TOTJA, KOTIA

Ker(p) = {1}.
ITpennoxkenune. I[lycmo p : G — G — 20momopdusm epynn.

(i) Ecau Ny <Gy, mo o 1(N;) < G.

(ii) Ecau 2omomoppusm ¢ cropsexmusen u N <G, mo ¢(N) < G;.

Jloxazameavemeo. JlokazKuTe caMOCTOSTEIbHO. O
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0.2.5 Teopema o romomopdusme rpynn
Teopema. ITycmv ¢ : G — G| — 20momopdudm 2pynn. Tozda

(i) Ker(p) < @G.

(i) Hmeemca ecmecmeentolli uzomopPusm

P : G/ Ker(p) = ¢(G)

maxot, umo ¢ = Yom, 2de m : G — G/ Ker(p) — ecmecmeennvili 2omomopdpusm 6 darmop-
epynny. B amom cayuae 2060pam, wmo ouazpamma

G/ Ker(p)

KOMMYTATHBHA.
Jlokasamenvemso. Tlonoxum H := Ker(p). s ao6oro b € G umeem
a€H = ¢oa)=0 = pbab™')=0 = bab~' € H.

Caenosarenbno, H — HOpMa/IbHas HOATPYIIIA.
Omnpenennm ¢ caegyrommm obpazom: ¥(aH) = ¢(a). Bo-mepBbix mpoBepsieM, 9To 3T0 OIpeieIeHne
KoppekTHo. Ilycts aH = o’ H. Torna o' = ah ans sexoroporo h € H. Orciona

Y(a'H) = p(ah) = p(a)p(h) = p(a) = (aH).
anee npoBepsieM, 4TO 1) — TOMOMOP(U3M:
V(aH -bH) = ((ab)H) = p(ab) = p(a)p(b) = ¢ (aH)(bH).

Hanee
Y(aH)=1 < pla)=1 & a€ H & aH =H.

CaenoBaTebHO, 1) HHHEKTUBHO. HakoHell, 1) CIOPbEKTUBHO O IIOCTPOEHHUIO. O
IIpumepsr. (i) S, /A, ~ {£1};

(i) GL,(k)/SL, (k) ~ k*;

(i) R*/{£1} =~ Ro;

(iv) C*/w,, ~ C*.

JIemma (siemma o dakTopusanuu no comuoxkurensim). ITyecmo Gy, ..., G, — epynno, nyems G 1=
Gy X -+ x G, u nyecmo N; C G; — nopmaavrbvie nodzpynnot. Tloaoocum

N:=N; x---x N, CG.
Tozda N — Hopmarvhas nodepynna 6 G u

G/N ~ G{/Ny X -+ X G, /N,,.
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oxazameavcmeo. Paccmorpum roMmoMopdusm
G=G X - xXG, — G1/Ny X -+ x G /N,.

dcno, aTo on clopbekTuBeH, s ero sypo pasao Ny X - - - x N, = N. Caenosareibao, N — HOpMaJbHAS
noarpynna u G/N ~ G /Ny X -+ X G, /Ny. O

IIpensioxkenune. Int(G) ~ G/Z(G).
Zokxasameavcmeo. OtobpazKenue
U: G — Int(G), g — g

SIBJISIETCST CIOPBEKTHBHBIM romMoMopduamom rpymi, npudem Ker(V) = Z(G) (mposepbre caMoCTOsI-
TeNbHO!). O

0.3 IlIpgamble mpou3BeleHUd I'PYII

Onpepenenne. [lycrs Gy,..., G, — rpynnbl. UX (6Hewnum) npamvim npouseederuem Ha3bIBACTCSI
JIEKAPTOBO IIPOU3BEICHHE

Gi X xGp:={(91,---,9n) | 9 € Gi}

C NOKOMIIOHEHTHBIM YMHOXK€HUEM:

(91, 90)(Gh, -, 0) = (9195, - - - Gnll)-

B cayuae, korma B rpynnax (; omepaius aiauTUBHA (CJOXKEHHE), BMECTO MPSIMOTO MPOU3BeIeHHs
OOBIYHO HCIIOJIB3YETCS TOHATHE NPAMOT CYMMbL, KoTOpast obo3nadaerca G @ --- B G,,.

Onpenenenne. Ilycrs G — rpynna u nycrs Gy,. .., G, — ee moarpynmnsl. [oBopar, uro G aBisiercs
(6HYymMperHuMm) npamoLmM npouseedertem ITUX MOAIPYII, ecju Jr00i smemMeHT g € G OJHO3HAYHO
IPEJ/ICTABIACTCS B BHJIE

g=g91-9n, 9 €Gi

npudeM g;g; = ¢;¢; I MOOBIX 31eMeHTOB ¢; € Gy, g; € Gj.

IIpengioxkenue. (i) Ecau epynna G Asasemes 6HYMPEHHUM NPAMbBM NPOUSBEIEHUEM CEOUTL NO0-
epynn G1,. .., Gy, mo G usomopdna ux snewmnemy npamomy npoussedenuro: G ~ G x---xG,,.

(ii) O6pammo, ecau G = Gy X -+ X G, — snewnee npamoe npoussederue, mo G codeporcum nod-
epynno. H; C G, @+ = 1,...,n makue, wmo H; ~ G; u G asasemes HYMPEHHUM NPAMDBLM
npoussedenuem nodepynn Hy, ..., H,.

Zlokxaszamenvcmao. Omnpenennm orobpazxenune W : Gy X -+ X G, — G, (g1, -+, 9n) —> g1 * -
ITo onpeaenenno 3T0 0TOOparKeHHe NHHLEKTUBHO U CIOPBEKTHBHO. BoJjiee TOro, OHO SIBJISIETCST TOMO-
Mopdu3IMOM

= 0191 GnlGp =91 Ing1 G = V(91,. -, 90)¥(g1, .., )
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HOJIO)KI/IM
T

7

dcno, uro H; ~ G;. Bosee Toro, mis moboro g € G umeem g = (g1, ..., gn), gi € G;. [loaromy nmeer
MECTO OJJHO3HAYHOE DA3JIOKeHHe B POU3BeIeHHe JIeMEeHTOB rpymn H;:

g="(g1,1,....,D)(1,92,...,1)---(1,...,1,9,).
OueBHIHO TaKzKe, YTO 3JeMeHTH u3 H; nu H; KOMMyTUDYIOT IIPH % 7# j. O

IMpennoxkenuune. I'pynna G ABAAEMCA SHYMPEHHUM NPAMBM NPOU3EEdeHUEM 08YT CEOUT NOJ2PYNN
G1, Go mozda u moavko mozda, Kozda

(i) G1 <G, Gy<«G,
(i) G1 NGy = {1},
(iii) (Gh, Go) =G.

Jlokaszameavemeo. JIoKazKeM TOCTATOYHOCTH YCIOBHIH [(iii)] ITycrs yeroBus BBITIOJTHEHH.
Hns g1 € Gy, g2 € G5 umeem

G12 01(9297 ' 95 ") = 919297 ' 95" = (919291 )95 " € Go.

CreoBaTebio, g192g; gy - € GiNGa, G129 195+ = 1 m moaTomy g1g2 = g2g1. Torna B moATpyTITe
(G1, G) moboe mpousBelieHHe MOXKHO YIODSATOYUTH, T. €. IPUBECTH K BUIY (102, Tae g1 € Gj,
g2 € Gy. Tak kak (G, G2) = (G, To B TAaKOM BHUJe 3amuChIBaeTcs 060it saement g € GG. Hakonern,

ecam g192 = g195 nas g1, gy € G1, g2, gh € Ga, 10
G123 g7 g1 = ghgy " € Go.

-1 —1
CaientoBaresibio, g1 g1 = a9y € G1 N Gy, 1 103TOMY g1 = §i, G2 = Gb.
HeobxouumocTs ycoBuit [Ipe/IaraeTcst IPOBEPHTH CAMOCTOATENBHO. O

ITpumepsi. (i) R* =Ryo x {£1}.

(ii) YersepHas rpymmna KireiiHa uMeer Tpu pa3InIHBIX PA3JIOKEHHs B HETPUBHAJIBHOE MIPSIMOE TIPO-
uzBesenue: myctb Hy, Hy m H3 — IuKIMYecKre MOATPYIIILI MOPOXKIECHHbIE IOIACTAHOBKAMHI
(1,2)(3,4), (1,3)(2,4) u (1,4)(2, 3), coorBercrBenno. Torga

V4:H1XH2:H1XH3:H2XH3.

(iii) C* =Ryg x {2 | |2| = 1}

(iv) Iycers GL (R) € GL,(R) — moarpynma, cocTosmas u3 MATPUIL ¢ TOJOKUATEIbHBIM OIIPEIeh-
tesem. Torna GL(R) = SL,(R) x {AE | A > 0}.

(v) st mewernoro n rpyuna O, (R) OpTOroHATIBHBIX 1 X N-MATPUIL SBJISIETCSI TTPSIMBIM TPOU3BEIe-
rueM rpynmsl SO, (R) = O, (R)NSL,(R) oproronaabHbIX MATDHIL ¢ OIIPEIETATESEM | U TPYIIIDE

{+1).
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(vi) Ppynna Z ne siBasiercst HeTPUBHAJIBHONR HPAMON cymMmoil. [leficTBuTebHO, JIOObIE JBE HETPH-
BHAJILHBIE TTOJATPYNIbI B Z MEePEeCceKaoTCsd HEeTPUBUAILHO.

IIpennoxkeune. [ukxiuveckas 2pynna nopaoka n AGAALMCA NPAMM NPOUBEJEHUEM CEOUL TO0-
epynn nopadkos ny U Mg Mo2da U MOALKO moz2da, Ko2da n = ning u (N, ng) = 1.

Zoxasameavcmeo. ITlyctb a — mopoxKaafonuii 31eMeHT Harrei rpymmsl G.

Jocmamounocmo. Ilycts no = ning u (ng,, ng) = 1. Honoxum Gy = (a™) u Gy = (a™).
Ecm b € G1 NGy, 10 b = a™™ = a™™2 g8 HEKOTOPBIX My, My € Z. Torma a™™ ™Mz = 1,
ITosromy niymi; — nams = 0 mod n, my = 0 mod na, my = 0 mod n; u b = 1. CrexoBarenbHoO,
G1 NGy = {1}. TTo Teopeme 0 HaubOIBITIEM OOIIEM JETUTENE 11U + Moty = 1 JIJIsT HEKOTOPHIX U; € Z.
Orcroma g moboro a® € G umeem a® = a™“tkgm2u2k ¢ GGy n mostromy G = G x Gy. Hakoner,
|G| = |a™| =n/(n, n;) =n/n,.

Heobxodumocmo. Ilycrs G = Gy X Go, tae |G| = n;. Torua ningy = |Gy x Ga| = |G| = n. Tak
Kak (G; — IIMKJINYeCKHe IPYIIbI, TO Mbl MOxKeM 3armucarh G; 1= (a;) Ayist HeKOTOpHIX a; € G. [Tpuyem
|las| = n; m a = a¥'a5? nns wexoropwix k; € Z. Mpexnonoxum, ato (ny, ng) # 1 i mycTs p — IPOCTOi
HeJINTEeJIb N1 U Ng. Torga

Gl — (as Yunsln(agmyaio — 1
CnemoBarensho, |a| < n. IIporuBopeune. O

Omnpenenenne. [IpuMapHas MUK/ITYecKas IPYIIA — 3TO MUKJIXYecKas IPYIIa mopgika pr, rue p —
MPOCTOEe YHUCJIO.

CraenctBue. Jobas KOHEYHAA YUKAUNECKASA 2PYNNG ABAAEMCA NPAMBIM NPOU3BEIEHUEM NPUMAPHBLL
yuksueckus epynn. Ipumapras yukAuMeckas epynna He PA3AG2ZAETCA 6 HEMPUBUAALHOE NPAMOE
npoussederue.

0.3.1 JlemMma o dpakTOpM3aIum II0 COMHOXKUTEJIIM
Jlemma. Ilyecmv G = Gy X -+ X G, u nyecmv H; < G; — nopmasvnwvie nodepynno. Ilyecmos
H:=H x---x H, C(.

Toeda H <G u
G/H ~G1/Hy X -+ x G,/ Hp.

Jlokasameavcmso. Ilycrs m; © G; — G;/H; — kanonndeckue roMoMopdu3Mbl Ha (HDaKTOPrpyIbl U
MyCTh
pi:G—>Gi7 (gl;---,gn)H(1;---791'7---71)

— IIPOEKIMS Ha i-yI0 KOMIIOHEHTY. PaccMOTpUM KOMIIO3UIIATO
Di g
U 0TOOpazKeHue

0:G— Gi/Hy X -+ X Gn/Hy,  ¢(g) = (¢1(9), - - -, #n(g))-

Slcro, uTo @ sBasiercss romoMopduaMoM. Bosiee TOro, OH CIOPHEKTHBEH MOCKOJIBKY 3JEMEHTHI BHUIA
(1,...,9:H;,...,1) nmns mobeix g; € G; aexar B obpaze. Hanee qist g = (g1, ..., 9n) € G uveem

o(g) =1 <= pi(g) =1,Vi < ¢; € H;,Vi < g € H.



Jlekmust (. Beonnast j1eKnust 14

Takum obpasom,

Ker(p) = H.

Caenosareavto, H <G u G/H ~ G1/H; x --- x G,/ H,, 10 Teopeme o romomopdusme. ]

3agadn
0.1. JTokaxkure, uro rpyumna GL,(C) He mopoxKaaercs s71eMeHTaMi KOHEIHOTO TOPSIIKA.
0.2. Korga orobpazkenue a — a? spiagerca apromMopdusmom?
0.3. Jokazkute, uTo ecaun H — HopMmajbHag noirpynna s rpyune G, to gHg ' = H nasa moboro
g€ G.
0.4. /lokazkuTe, 9TO MOATPYIIA BHYTpeHHHX aBroMopdusmMos Int(G) mopmasabHa BO BCeil rpyiie
aBroMopdusmos Aut(G).
0.5. /lokazkute, 9T0o B abeeBoil IpyIiie 31eMeHTbl KOHETHOT'0 OPsIKa 00pa3yoT moarpymmny. Bepao
JIK 9TO JJIsd HeabeeBbIX T'PYII?
0.6. Tlycrs p, — moarpyIma, CoCTosINas U3 BCeX 3JeMeHTOB KoHeuHoro nopsijaka B C*. Jlokaxkure,
aro ., ~ Q/Z.
0.7. /lokakure, 9T0 TpyIna aBTOMOPGU3MOB HeabesieBOil IPyIIbl HE MOMKET ObITh IUKJIHTIECKOT.
MozkeT i ona O6bITH abesieBoii?
0.8. Ilyctb B rpynmne A Kaxkaplii HeeIMHUIHBIH JIEMEHT UMEeT MOPSIOK 2.
(a) Hokaxkure, uro A abesena.
(b) Ilycte A konewna. He mosib3ysich TeopeMoil 0 ¢TpoeHuu abesieBbIX IPym (CJIeyonas
JIeKIIUsT), JIOKazZKUTe, 4T0 A pasjaraercs B UpsiMoe poussejienue rpyui Z/27.
0.9. Haiinure mopsgaku IpyIIbl JBAKEHUN
(a) merpasmpa,
(b) xyGa,
(c) mrocasmpa.
0.10. /lokazkure, 4T0o Ipylllla BCEX JIBUXKEHUN KyOa sBJI€TCH HPAMbIM IPOU3BEIEHUEM IIOJIDYIIIbI
coOCTBeHHBIX nBuzKennit u { £ F}.
0.11. Hokaxkure, uro rpynna Q1 me pasnaraercda B HETPUBHAILHYIO HPAMYIO CYMMY.
0.12. Pazjioxute rpymry QF B npsMoe mpou3BeieHuUE.
0.13. Korma rpynma gusapa D,, pasmraraercs B HETpUBHAJBHOE MPSIMOE MPOM3BEICHIE !
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0.14. Jlokaxkute, uro noarpynna H C G nopsiika 2 HOpMabHA TOIJA U TOJBKO TOraa, Korga H
COZIEPZKUTCS B MeHTpe. B gacTHOCTH, S,, HE COMEPKUT HOPMAJIBHBIX MOATPYIIN TOPIKa 2.

0.15. Ilycts H — moarpynna KOHEYHOTO WHJeKca B rpynne (. JlokaxKuTe, 9TO CyIecTByeT TOATPYIIIa
N C H, umeromniasi KOHEIHbIH WHIEKC, 1 HOpMaJibHas B G.

0.16. lokaxkure, uro Aut(S3) ~ S3 u Aut(S,) ~ S4.

0.17. JlokazkuTe, 9T0 B CHMMETPHIECKOil rpymme S, npu n # 6 Bce aBTOMOpGU3MBI — BHYTPEHHHE 1

Aut(S,) =~ S,.



Jlekims 1

AOGeseBbI TPyHnbl

Bcee abesieBbl TPYHIbL OyayT pACCMATPHBATLCS ¢ IUTUBHON omeparueii (omeparueil CJIOXKEHUs).
JII yA00CTBA YUTATE IS JEMEHThI adeseBoil Ipylibl Mbl Oy/ieM 00603Ha4YaTh YKUPHBIM IIPUQPTOM: a,
b, e u T. A. (B OTJHYKe OT IEJBIX YUCes, KOTOPbie Mbl OyaemM o0o3HauaTh 00bIYHBIM IpudTOoM). B
aJTMTUBHOIT abeJIeBOi TPYIIE ONpeIe/IeH0 YMHOXKEHNEe Ha Mejible ducyia: it a € A, n € 7Z noaoxkum

a+---+a ecmn >0,
~—_————

n

na :=
0 ecam n = 0,

—na ecar n < 0.
DTa onmepanus yIO0BIETBOPSET CJIELYIONIIM CBORCTBAM:
e (nm)a =mn(ma) 1d MOOBIX MEJABIX N, M € Z A5 J000T0 dIeMenTa a € A;
e (n+m)a=na+ma s JOOBX HeTbIX 1, m € Z s Joboro aeMenTa a € A,
e n(a+b)=na+nb mua m06oro nejoro n € Z  jyjist JIOOBIX 3jIeMEHTOB &, b € A;
e la=a j14a aoboro iementa a € A.

3aMeTuM, 4TO 3TH CBOFCTBA COBIAIAIOT ¢ AKCHOMAMK B ONPEJIEJEHIH BEKTOPHOTO IPOCTpancTBa. (3a
HCKJIIOUEHHEM TOT0, YTO 7 He SBJISeTCs MoJeM 1 mo3roMy paBeHcTBO na = 0 He Biaeder a = 0.) Takum
00pa3oM, MbI MOYKEM PACCMATPUBATH MEJTOYUCTCHHBIC JIMTHEHHbIe KOMOUHAIINN 3JIEMEHTOB ay, . . ., &, €
A

na; + - - -+ nqa,, n; € 2.

AbesreBa rpynna A nopoosicdaemcs dMeMeHTaMHU ag, ..., a, € A, ecam a000i sseMmenT a € A mpen-
CTABJISIETCS B BUJIE 1I€JI0YUCACHHOM JTMHERHOT KOMOMHAIIMY JIEMEHTOB a1, . . ., &,. B 910M cirydae (T.e.
eCJIM CYIIECTBYET KOHEUHBIH HAOOP HOPOZK/IAIOIINX ) TPYIIA HA3BIBACTCS KOHEYHO NOPOAHCIeHHOT.

1.1 CBoboaubie abesieBbI IPYNIbI.

Omnpenenenne. DjieMeHTHI Ay, . . . , &, a0eJIEBOI IPyIIIbl A HA3BIBAIOTCH AUHETHO 306UCUMBLMU, €CJIT
HEKOTOpasi UX HeTPUBHAJbHAs eJIOUUCIeHHasI JuHeliHas KoMOnHanus paBHa Hy/t0. Habop simemenToB
ei,...,€e, HA3BIBACTCS 0a3ucoM abeeBoil IPYIITbl A, ec/in BBITTOJTHEHBI JBA, YCJIOBUS

® €,...,e, IOPOXKIAIT A;

16
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® €1,...,€, JIMHEeIIHO HE3aBUCUMBI.
AbesteBa rpymma, obaamaromnias 6a31McoM, HA3bIBAECTCsI 80600101 abeaecsoti epynnot.

3ameuanme. HecokHO BUJIETH, UTO 3JIEMEHTH €1, ...,€, € A obpa3yior 6asuc Torjga m TOJBKO
TOrJa, KOrua Jitoboil sjaeMeHT a € A 00Ho3HauH0 TPeICTABIACTCS B BHAE NEJTOYHCAEHHON JTUHeRHOR
KOMOHUHAITNN

a=ne +---+n.e.,, n; €.

Ilpumepsl. o OboznauynM Z" :=7Z @ --- D Z. Ira rpyuna odbsagaer cTadjIapTHBIM 0a31coM
p P DD py ot J1ap

U TI03TOMY OHA CBOOOHA.

e Ecin B rpyIime ecTb HETPUBUATIBHBINA 3716MEHT KOHEUHOI'O IMOPSIKA, TO OHA HE SIBISI€TCS CBODO/I-
HOM.

e I'pynma Q He sBIsieTcs cBoGOAHOM (cM. ynpazkuenue |0.11]).

3ameuanwue. Jl0bas cBOOOIHAST KOHETHO MOPOXKIeHHas abejieBa rpynmna [ m3omopdna Z" st HEKO-
toporo r. [leiicrBuTesibHO, eciu €4, ..., e, — ba3uc F, T0 oToOpaKeHne

0: 7" — F, (ng,...,n;) |—>Zniei

SABJIAETCS U30MOP(MU3IMOM.

3ameuaHme. e Mbi paccMaTpuBaeM TOJIbKO KOHEYHO HOPOXKIEHHbIE CBODO IHBIE a0€/1€Bbl IPYIIIIbI,
T.e. cBOOO/IHASA abesieBa IPYMIIBI 110 OIPEIeIeHAI0 NMeeT KoHewHbill Da3ucC.

e [lonarue cBOOOAHOI abeIeBbI I'PYIIBI OTJIHIAETCSI OT TMOHATUS ¢80000H0T 2pYynnbl.
Ilpenagoxxenue. [lycmo F' — c60600HaA KOHEUHO NOPOAHCIEHHAA GOEAEBE 2PYNNA C OASUCOM €1, . . . , €.
(i) Ecau anemermol by, ..., b, € F aunetno nezasucumv, mo m < r.

(ii) Jhobot 6asuc F' codepotcum 1 snemernmos.

Jlokasamenvcmso. cJeyeT U3 JokazkeMm I[Tycts Fy — BEKTOPHOE NPOCTpaHCTBO Hag Q ¢
TeM Ke Da3ucoM ey, ..., e,. OupemegnM orodpazKeHne

LZF—)FQ, ZnieiHZnieiEF@.

fcHo 9TO 3TO MHBEKTHBHBINA roMoMopdu3M abeseBbix rpyii. Ilosromy eciau saementst by, ..., b, €
F smneiino 3asucumbl B F, 1o m ux obpassl B Fp raxke smueitno 3asucumbl. Haobopor, eciiu
by,...,b, € F u nx obpaswl B [y AUHEIIHO 3aBUCHMBI, TO, JOMHOXKasd JUHEHHYI0 KOMOMHAIUIO HA
3HaMeHaTe/n KO3 MUIMeHToB, MOJIydnM, 9T0 U caMu by, ..., b, JuHeiino 3aBucumbl B F.

Tenepb npeamooKuM, 4T0 B Halieil curyanuum m > r. Torjga Mbl IOJYYUM HOpPOTHBOPEYHE C
JEeMMOM O JINHEHHOW 3aBUCUMOCTH JJId BEKTOPHBIX ITPOCTPAHCTB. ]
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Yucjo ssiemenToB 0asuca cBobOHON abesieBoil Tpyuiibl ' HAa3bIBaeTCs €€ paH20M U 0DO3HAYAET-
ca rk(F).

Teopema. Ilodepynna c6060010w Koneurno noposrcdennoti abeaesoti epynnvl c60000HA U KOHEUHO NO-
pootcdena.

Zokxasameavcmeo. 1lycth F' — cBoOOIHAST KOHETHO MTOPOXKIeHHAad abejieBa rpylna u nycTb F — gobad
noarpyuna B F. JlokazarejbcrBo 1npoBejeM uHjpyKiuuei 1o paury rpyuust F. Ecau tk(F) = 1, 1o
rpynma F — nukandeckas. Torma Jiobast ee MOATPYIIa — TAKKE MUKINIECKAA, U9TO U JTOKA3BIBAET
YTBEPK/IEHNEe B 3TOM CJIyJae.

[IpeAmooKuM, 9T0 yTBepzKIeHIe BepHO it rpynn F' panra < r u mokaxkeM ero jis rk(F) = r.
IIycrs f,...,f. — 6asuc F. Paccmorpum moarpynmer F/ = (f;) u F” := (f5,... f.) — cBoGogHBIE
KOHEYHO TIOPOXK/IeHHbIe abeeBbl rpynnbl panra 1 u r — 1, coorBercTBenno. /lanee, paccMoTpuM mpo-
EKITIIO

7:F—F' x=x'+x"+—=X", mex'eF x"eF"

dcuo, uro ™ — copbekTuBHBI ToMoMopdusM u Ker(m) = F'. Tlosromy muoxectso E’ = 7(E)
aBsgerca noarpynnoit B F”. [lo npenmonoxkenuto uaaykuun E” — cBoboIHAS KOHEYHO IIOPOK IEHHAS
abesresa rpymma. Ilycrs ef,...,e! — 6asuc E” u myctb eq,...,e, € E — 371eMeHTH TakwWe, 4TO
m(e;) =€l

Msr MozkeM cunrarh, uto B’ # {0} (unaze F ~ E"). llonoxum E' := F'NE = Ker(m) N E. fcuo,
aro E' — nukandeckas rpymia (MOCKOJIBKY 9TO MOArpynna nukandeckoii rpymmst F/ = (f1)). Tlycrs
ey € E' — nopoxknatomuii 31ement. [To reopeme o romomopduszme E” ~ E/FE'.

Mp1 yTBep:K1aeM, 4To €y, €y,. .., €, — ba3zuc F. /leiictBuTe/bHO, ycTh X € F. 3anuiiem

7(x) =me] + -+ xel
IJ1 HEKOTOPBIX x; € Z. Ilosoxkum
y:=z1€e1+ - +x,e, €FE.

Torna m(x—y) = 0. Orcioga x—y € Ker(m)NE = E'. CiaenoBareabHo, X —y = Xo€p JJIsT HEKOTOPOTO
o € Z. Takum obpaszom,

X =1xp€y +y = Tp€y + T1€1 + - + Ty €y,

T.€. JIEMEHTHI €1,. .., €, HopoxKjaT F.
[Ipeanosioxkum, 9To €, . . . , €, JUHCHHO 3aBUCUMBI, T. €.

0=x9eg+11€1 + -+ Tp€m
nng x; € Z. Torma,
0=m(0) =m(zoeo + -+ Tmen) = T1€] + - + T el

C spyroii cTopoHsbl, €1,. .., €, — 6asuc E”. Crenosarenbuo, x; =0 Vi=1,...,m. Orciona xgeg = 0
u o = 0 mockoabKy €y # 0 (n F' — cBoboHas abeseBa rpymma). ]
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1.1.1 YHuBepcaJgbHOE CBONCTBO CBOOO/IHBIX abeJieBbIX TPYIIII.

Jlemma. ITycmo A — Koneuno noposcdennas abesesa 2pynna u NYCms ay, . . ., a, — HEKOMOPOe MHO-
slcecmeo ee nopootcdarouwjus. Tozda cywecmsyem ceobodnas abesesa 2pynna F panza r ¢ basucom
fi,..., f. u cropsexmuenwviti 2omomopdpusm @ : F — A maxoti, wmo

lokxasameavcmeo. Ilomoxkum

910 oTOOparkeHne KOPPEKTHO ONPEIeJIeHO, TIOCKOJIBKY J1000i ajemenT f € F' oaHO3HAYMHO 3aIUCHIBa-
erca B Buze f = > n;f;. CpoiicrBo romomopduama gerko nposepsiercst. Tak Kak ay, . . . , &, MOPOKAAIOT
A, TO (p CIOPBEKTHBEH. O]

CaenctBue. Jlobas koreuwrno nopostcdennan abensesa 2pynna A ¢ r 0bpas3youwumu u3omoppna hak-
mopepynne F/E ceobodnoti abesesoti epynno. F' panea r no nodepynne E C F (xomopas makoce
asafemces c60600not abeaesot epynnot).

1.1.2 IlemoumcjeHHbIE MATPUIILI U 3JIEMEHTAPHbIE MTPeodpa30BaHUA

[Iycts M — mekoropas marpuiia u nyctb My, ..., M, — nabop ee cronbuos. [[esouuciennvim Inemen-
mapHvM NPeobpa3osaruesm CTOIOIOB HA3bIBACTCI OHO U3 CJAEAYIONNX Tpeodpa3oBaHmii:

i) npubasienue k croJsiomy M; apyroro cronona M, j 1, YMHOXKEHHOT'O Ha IIeJI0€ YUCJIO A:
J
M = M; + \M;;

il) ymuozkennme crosubna M; na +1: M/ = +M,;.
(i) y ;

AHAJIOTHYIHO OIpeIesIIOTCS [IeJTOYNCIeHHBIE dJIeMeHTapHbIe TPeoOPa30BaHUs CTPOK.
[Henounciennas 3meMeHTapHas MaTPUTIA — ITO MaTPHUIIA, MOJTYIeHHAS U3 eTUHATHON MPH MTOMOTITH
OJIHOT'O HEJIOYUCIEHHOI'O JIEMEHTAPHOI'O TPe0OPA30BAHMSI.

Bameuanue. [lepecraHoBKa cTOIOIOB (CTPOK) MOXKET OBITH MpeCTaBIeHa KaK KOMIO3UIUSI T1eJI0-
YHCEHHBIX SJIEMEHTAPHBIX MPe0Bpa30oBanuii CTOIONOB (CTPOK).

3ameuanwue. llesounciennble sjieMeHTapHbIE TPeoOpa30BaHusa OOPATUMBI, T. €. €CJIH OT MaTpHIbl M
K Marpuie M’ MOXKHO HNPHHATH OPHU IOMOIIA IEMOYKN MEJOYNCIEHHBIX JIeMEHTAPHBIX IIPeo0dpa3oBa-
nuii, o u or M’ k marpune M MOXKHO HPHIATH IIPU TOMOIIY HEKOTOPOi IENOYKY IeJIOYNCICHHBIX
3JIEMEHTAPHBIX TTPEOOPA30OBAHMUIA.

Teopema. Jhobas (Heobasamesvro K6adpamuas) UeAOUUCAEHNAA Mampuua M yesouuciennvmu
INEMEHMAPHHLMU NPEOOPAZOBANUAMYU CIMPOK U CIOAOY06 MOdCeM Gulmb Npusedena K JUG2OHANLHOMY
! __ / / _ S S
sudy (m.e. x sudy M' = (m; ;) ¢ m;; =0 npu i # j).
Hokasamenvcmeo. TIposejem j10Ka3aresbCTBO HHAYKIKET 110 CyMMapHOMY pa3Mmepy Marpulbl. Basa
HHAYKIUK oveBraHa. OUYeBHHO, YTO MBI MOXKeM cunrarh, 4ro M # 0.
st nestounciaennoit marpuipt L = (), ;) HOI0KAM

O(L) := min{\;; | A;; > 0}.
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[Iycts S — MHOXKECTBO BCEX MATPHUIL, KOTOPbIE MOYKHO HOJIYydnTh u3 M 1e/I09UCIeHHBIME JJIeMEH-
TapHBIME TPe0OPaA30BAHUAMHU CTPOK U CTOJOIOB U MyCTh

d :=min{o(N) | N € S}.
DTOT MEHEMYM JOCTHIAETCS [T HEKOTOPOi Marpurst N:

N = O‘i,j)? 0= 5(N) = Xig,jo-

[TepecraBisia ¢Tpoku u cTOJMOIBI MaTpuipl N, MOXKHO H06uThCs TOro, 4ro (ig,jo) = (1,1), . e.
0 = A\11. B wactaoctn, \;; # 0. O6o3naunm i-yio ctpoxy marpunsl N gepe3 N;. IIpennomoxxmm, 491o
Aiq # 0. Pazgenum \;; Ha 11 ¢ ocTaTKOM:

Ail = MG+ Si, G, S$i€Z, 0<s <Aj

U C/leIaeM IeI09YuCIeHHoe dieMeHTapHoe npeodpasosanue N = N; — ¢;N;. B noBoit marpumne N’ =
/ / —
/
0< >‘i,1 = )\i71 = )\171(]1' =5; < )\171 = ).

[To namemy npeamosoxkennio A, ; = 0. [Ipumenss anamorndusie mpeobpa3oBaHus /I BeexX ¢ > 1 MbI
mobbemest Toro, aro A, | = 0 Vi > 1. Amasormdno, moctymnaemM co CTOJONAMHI U T00BEMCsT TOTO, ITO

1; =0 Vj>1 Takum o6paszom, nosasg marpuna N’ umeer Bu

Ali 0 - 0
/ /
N' = 0 22 " Aoy
/ /
0 n,2 ’ /\n,m
ITo mpeanoIoKeHuIo WHIYKIE MaTPHIA
/ .« .. /
2.2 9
K =
/ /
n,2 )‘n,m

MOKeT OBITh IIPUBEJICHA K JTHATOHAJHLHOMY BH/IY IEJIOTUCICHHBIMH JI€MEHTAPHBIMHU IIPEoOPa30BaHuU-
SIMH. DTO JIOKA3bIBAET YTBEPKICHUE. O

CaenctBue. /10664 K6a0pammas Ues0UCLEHHAA Mampuya ¢ onpedesumenem 1 asaaemes npous-
sedeHUEM INEMEHTNAPHBLT UCAOUUCAEHHBLT.

Jlemma. [Tycms F — ceobodnas aberesa epynna u nycmo fy, ... £ — ee basuc. IIycmo M = (N\; ;) —
YEAOUUCAEHHAA T X T-mampua. Tosoocum

f. = Maifi+--+ Nt
5 = Aiofi+ -+ Aof,

£ = A i+ + N1

m. e. (f],...,f) = (f,...,£) - M. Toeda snemenmu f,... £ obpasyrom 6asuc F ecau u mosvko
ecau | M| = +£1.
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Jloxasamesvecmeo. okaxem jgocrarounoctsb ycjosus. [lycrs [M| = £1. Torua obparnas marpuna
M~ = (u;;) — raxxe nenouncaennas u mor uveem (fy, ..., £.) = (f],... £) - M~ = e.

fi = i+ + peaf],
fo = puoff + -+ ppof], (%)

[Mosromy smements f], ..., f nopoxmator F. Ecan 511 sj1eMeHTbl JIHHEHHO 3aBUCHMBI, TO OHH TaK-
JKe JIHHEHHO 3aBHCUMBI B Fy. DTO NPOTUBOPEUUT JeMMe O JIHHEeHHOIl 3aBUCHMOCTH Jjis BEKTOPHBIX
MPOCTPAHCTB.

st nokazaresnberBa neodxompumoctu npeanonoxum, uro ff, ... f — 6asuc F. Torma saements
fi,...,f. Moxuo Boipasurs uepes ff, ..., f B Buge (). Lenouncaennas marpuna M’ := (p; ;) Gyzer
obparnoit k M. 0

1.1.3 Teopema o corjilacOBaHHBIX Da3mcax

Teopema. [lycmv F — ceobodnan abenesa 2pynna u nycmov B C F — ee nodepynna. Tozda cyue-
cmeyrom basuce. f1,... £, € F uey,..., e, € E maxue, umo e; = u;f;, i =1,....m, u; € Z.

Loxazameavcmeo. Bribepem 00bie 6a3uChH
al,...,areF, bl,...,meE
u BBIpa3uM b; gepes a;:
'
b, = Z)\j,iaj, /\jﬂ‘ €, i1=1,....,m.
j=1
Paccmorpum Matpury M = ();;). Takum obpaszom,

(bl,...,bm) = (al,...,ar)-M.

CortacHO TeopeMe O IeJOYUCIEHHBIX IeMEeHTapHBIX HPeoOPA30BAHUAX CYIIECTBYIOT IEJOTHCICHHBIE
KBajpaTHble MaTpunsl 1’ u S Takue, uto |S| =1, |[T| =+l n

g 0 0 - 0
y |0 om0 0
M =TMS=| ‘"

Bribepem HOBbIE OA3UCHI CJIEIYIONUM 00Pa30M
(f1,....£)=(ar,...,a,)- T, (el,...,ey)=(by,...,b,)-8S.

Torna
(fi,....f) - M =(ay,...,a,) - T 'TMS = (by,...,b,)-S=(er,...,en).

DTO JIOKA3BIBAET YTBEP:KICHHE. ]

Teopema (Teopema 0 CTPOCHHH KOHEYHO MOPOKIAEHHBIX abesieBbiX rpynmn). Jobas KoHewHo nopostc-
dennas abenesa 2pynna A A6aAeMCs NPAMOT CYMMOT DECKOHEUWHBLL UUKAUYECKUL U NPUMAPHOLL YUK~
auveckur nodzpynn. Yucao smux nodepynn u ux nopadku onpedeastomes epynnot A odnosHawHo.
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3ameuanme. Teopema rnepecraer ObITh BEPHOM, €CJIM OTKA3aThCHA OT yCJAOBUS KOHEYHOUW HOPOZKIEH-
nocru rpynnsl. Hanpumep, rpymma Q ne MozkeT GBITH pa3ioykena B HOTPUBHAIBHYIO HPAMYIO CyMMY

(em. 3amaqy [0.11)).

Jlokazamesvcmeo cywecmeosanus passoscenus. COrIaCHO YHUBEDCAJTbHOMY CBOWUCTBY CBOOOIHBIX
abesesbix rpynn A ~ F/E, tne F — cBoboanas abenesa rpymnmna, a £ C F — ee noarpynna. [To
TeopeMe O COTJIACOBAHHBIX Oa3mcax cymiecTByior 6asuce fi, ... f. € F'u eq,..., e, € F Ttakue, 94To
e, = wf;, i = 1,...,m. lonoxum F; := (f) u E; := (e;) npu i = 1,...,m u E; := {0} npu
i=m,...,r. Hanomuanm jemmy o hbakKTOPU3AIUT [0 COMHOXKHUTENAM (B aJIUTHBHOI (hopme).

Jlemma. Ilycmov Fy, ..., F, — abeasesv, epynno, nycmo F = F @& --- & F, u nycmv E; C F; —
nodepynnot. Ilorootcum
E=FE&---®FE,CF.

Toezda
F/IE~F/FE & ---®F,/E,.

B mamreit curyarmuu Bce rpynnel F;/FE; — mukaudeckue. /laree Kaxkaas KOHeUHAs MUKTHIECKAST
I'pyIIa MOXKeT ObITh Pa3/I0KeHa B HPAMYIO CYMMY IIPUMAPHBIX MUKJINYECKUX. O

Jlemma. B afeaesoti epynne A MHOHCECNEO GCET IAEMEHMOE KOHEUH020 NOPAJKa 0bpasyem nodzpyn-
ny Tor(A). @axmopepynna A/ Tor(A) ne umeem HeMPUSUANLHBIT INEMEHMOE KOHEUHO20 NOPAIKA.

Joxasameavcmeo. Ecim a, b € Tor(A), To cymecrsytor n, m € Z\ {0} rakue, aro na = 0 u mb = 0.
Torna nm(a—b) =0, . e. a—b € Tor(A). Crenosaressno, Tor(A) — noarpymnma. O6o3HaIHM depe3

m:A— A/ Tor(A)

KaHoHmaeckuit romomopdusm. Ilpeamonoxum, 4to m(a) — 31eMeHT KoHeIHOTO TTopsiaka. Torma 7(na)
nr(a) = 0 nag vexkoroporo n € Z\{0}. Cnenosarennno, na € Ker(m) = Tor(A). ITosromy cymecrByer
m € Z \ {0} rakoe, uro mna = 0, 1. e. a € Tor(A) = Ker(r) u Torga m(a) = 0. O

IIpumep. Ilycts k — mourte.
(i) Torma Tor(k*) — moarpynma Bcex KopHeit u3 1.

(i) Toarpymma Tor(k™) merpusnasbha Torga u ToabKo Toraa, koraa char(k) # 0 u B 9ToM ciaydae
Tor(k™) = k™.

AHaMOrnYHO TOKA3BIBACTCS CJIEIYIONIEEe yTBEPIKICHUE.

Jlemma. Ilycmv A — abenesa epynna u nycms p — npocmoe wucao. Ionoorcum
Tor(,(A) :={a€ A|3Ik e N pFa=0}

Toz0a Tor(,)(A) — nodepynna u gaxmopepynna A/ Tory(A) ne umeem nempusuaivHbls IneMenmoe
nopadxa p~.

Onpepenenne. [Toarpynmna Tor(A) HasbiBaeTcst nepuoduueckoli wacmovto abeeBoil IpyIbl (WK ee
nodepynnoti xpyuenus). Hoarpynna Tor(, (A) nassisaercs p-npumapoti wacmovio abeeBoil IPyIIIIbL.
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oxaszamesvcmeo eduncmeenmnocmu passostcenus. Ilycrn
=@
i

— pa3JIo¥KeHne KOHETHO TTOPOK/IEHHOM abeIeBoli IPYIIIBI B IPSAMYIO CYMMY OECKOHEUHBIX UK JTHIECKAX
U IPUMAPHBIX HUK/JndecKux rpyiir. [lepemnuiiem naie pasjioxkenue B BUjie

- (@) D@

rae A,; — p-IpEMapHbIe MUK/INYeCKHe TPynmbl (p — mpoctoe), a A ; — 6eCKOHEUHbIe IUKINIECKHe
rpynust. flcHo, ato @, ;A,; — KoHedHas rpynna, coxepzxamasics B Tor(A). C apyroit cropomnst, 060t
ssemenT A\ @,,;A,,; uMeer GecKoHeuHbI nOpsIoK. Takum 06pa3oM, HOArpyIIa

@ A, ; = Tor(A)
Dyl
oupeesena oxno3uadno. [losTomy onpesenena onHO3HATHO N CBOOOHAS ITOAIPYNIIA MOArPYIIA

P Awj ~ A/ Tor(A),
J

a TaKyKe KOJTWYeCTBO claraeMblx B @; A j, paBHOE ee paHTy.
Jlasee, paccMOTPUM TOAIPYIIIIBI

@ Ap,i C TOI"(p) (A)

Kak u Bblmre, Tak Kak Mops10K Ja060ro smementa A\ B; A, ; nin 6eCKOHeUeH WIN JeTUTCS Ha MPOCTOE
p' # p, TO IMeeT MeCTO PABEHCTBO

@ Apﬂ‘ = TOl”(p) (A)

C.He OBaTEJIbHO, IIOII IITIBI @ A ; TaKzKe olIpeaejJeHbl OAHO3HAYHO. IaK[/H\/I 06 a30M, OCTaeTCd O-
9 141pa 3
Ka3aTb, CJACAYIOUIYIO JIEMMY.

Jemma. ITycms B — abeaesa 2pynna nopadxa p*. Toeda 6 atobom pasaosiceruu B =B ®---® B, 6
NPAMYIO CYMMY UYUKAUNECKUT NOOPYNN YUCAO IMUL NOJPYNN U UT NOPAIKY He 3a8UCAM 0M 6b100PaG
PASNOHCEHUA.

Jloxazameavcmeo. TlpoBenaem jgoka3areabcTBO MHAYKIMEH 110 k. baza wHaykmun oueBugua. [Tpesmo-
JI0KHM, 9TO JIEMMa BepHA JUIst Beex rpymn B mopsaxa p* , k' < k.
Paccmorpum orobpazkenue
v:B— B, b — pb.

SlcHO, 9TO 9TO TOMOMOPMU3M U €r0 FIPO COCTOUT U3 FJIEMEHTOB P-KPYUeHHUsl (JEeMEHTOB MOPSIIKA P
u 1). O6o3naunm K = Ker(p) u K; := K N B;. Torga kaxaaa K; — NUKIHYeCKasi IPYIIa TOPSIKa
p. Mb1 yrBepknaem, uto K = Ky & --- & K,,. [leiictBurennho, juia Jjioboro x € K C B cyiecrByer
eJIMHCTBCHHOE PA3JI07KeHUE

X =X1+ Xy,
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roe X; € B;. Tak kak

U TTOCJIe/THee Pa3jIoXKeHne TaKzKe eINHCTBEHHO, TO pX; = 0 7A14d Bcex 7, T. e. X; € K; N B;. [lo nemme
0 (paKTOPHU3AIUU IO CJIATAEMBIM

B/K ~B/K,®---® B,/ K,,

rie Bce rpymnsl B;/K; — nukiandeckue (BO3MOMKHO, TPUBHAJIBHBIE) TPYIIBI MOpsAIKoB |B;/K;| =
| B;| /p. Ilo mpeanonoxennto nupyknuu qucia | B;|/p onpenenenst ognosnadno. Ce10BaTebHo, Ompe-
HeJICHBI OJHO3HAYHO U yucaa B;. O]

]

CaencrBue. Koneuno nopostcdennas abenesa zpynna A asasemcs ceobodnoti mozda u moavbko mo-
2da, K020a ee NodPYNNG KPYUeHUA MPUSUAALHA.

CaenctBue. Fcau nopadox xoneunoti abeaesot epynnot A deaumces wa m, mo 6 A umeemcs noo-
epynna nopaodka m.

Jlokasameavcmso. Ilycrs |A| = n u mycTh pg — IpocToil gesuTesnb n. JIocTaToIHO J0KA3aTh, YTO B
A uMeeTcst HOArPYIIA HHIEKCA Py (Tajiee MOXKHO MPOJOIKATH HHIYKIHEH M0 UHICKCY MOAIPYIIIHI).
Pazmoxum A B cyMMy DpUMapHBIX HNUKJIAIECKAX MOATPYIIIT

A=A,
D,

M 3aMEeHUM OJTHO U3 cjaraeMblX A, ;, Ha

!/

Apo,z’o = pOAIJo,io = {poa | ac Apo,io}‘

B ocTanbHBIX CJIydasx MOJIOKIM A;,Z» = A,;. Torna
. /
A T @ A ’7:
Dt

— Hy2KHas HaM IOATPYIHIIA. [
3amerum, 94To ITO yTBEPK/IeHUe He BepHO Jyisi Heabestesbix rpymi. (IIpusegure npumepni!)

Onpepenenne. [lycts koneunasi abeseBa TIpylna pa3/okeHa B MPSAMYIO CYMMY MPUMAPHBIX ITHK-

_ N -
qudeckux rpynn A = @p,i Ay, mycTh n,; = p'vi — mopagku 31ux rpyni. Ilo ocHOBHOII Teopeme
sToro maparpada Habop dmces n,,; oupeaendeTrcd Ipynnoil A oIHO3HAYHO. DTH YHCIa HA3LIBAIOTCA
INEMEHMAPHBLMU OEAUMENAMY TPYTIIIHL.

Onpenenenne. [lokasamenem (win skcnonenmotl) KoHeIHON abesieBoii rpymibl A HA3BIBACTCS YUC-
JI0
exp(A) :=min{m e N| ma=0 Va € A}

Bameuanue. Hecsi0:KHO BHIIETH, YTO TOKa3aTesb exp(A) JeluTcst Ha MOPAIOK JH0O0r0 JJeMeHTa
rpynnbl. Bojee Toro, o paBeH HauMeHbIIEMY OOIIEMY KPATHOMY HMOPSIKOB BCEX 9JIEMEHTOB IPYIIIIBI:

exp(A) =HOK { |a| | a € A}.
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Teopema. IIycmv A — Koneunas abesesa 2pynna.
(i) OKcnonenma A pasra HAUMEHLWEMY 0OUEMY KPATMHOMY €€ IAEMERMAPHHLL desumenet.
(ii) B epynne A cywecmsyem sremenm nopadra exp(A).

Aoxasamenvcmeo. Tomoxum n = HOK {n,;}, tne n,; — snemenrtapusie genurenn rpymnst. Toraa
nopsIoK Jiroboro sementa A genur n. Crenosarenbno, n exp(A) geaur n. Tlosromy npemioxeHmne
HEIOCPEICTBEHHO CJIEYeT U3 CJIEAYIONIe JTeMMBbI. ]

JlemMma. B 2pynne A cyuiecmeyem asemenm nopadka n.

Aoxasameavemso. Ilycte A = @,;A,; — pa3ioxKenne B CyMMy IPEMApPHBIX IUKINIECKAX HOATPYII.
Yoopsanouum rpynnbl A,; Tak, 9T0 Jjid KazKJOrO P 4HCIA N,; He BO3pAcTaloT. TakuMm o0pasoM,
np1 = P — MakcuMasbHOE Cpeu Beex n,; = p*ri nia dbukcnposannoro p. [ycrs a, — n0poxK 1aromuii
siement rpymubl Ay ;. omoxum a =) a,. Torma n =[], p* u

la] = HOK {|a;|} = HOK {p*} =n

IIOCKOJIbKY B abeJIeBOM IPYIIIe IOPAI0K CYyMMBI 3/IeMEHTOB B3aUMHO IIPOCTBIX HOPSIKOB DaBEH LPO-
H3BEJCHHIO UX MOPSAKOB (CM. JIeMMy HHUZKE). O

Jlemma. Ilycmov 6 aberesoti epynne A nopadku ssremernmos a u b e3aummo npocmui. Tozda nopadoxk
UT cymMmol pasen npoussederuto nopadkos: |a + b| = |a||b|.

Jorasamenvcmso. Ilonoxum |a] = a, |b| = u |a+ b| = ~. dcuo, uro af(a+ b) = 0. [losromy 7
apesnr af. Tak kak (o, f) =1, 10 au + fv = 1 aust Hekoropwix «, B € Z. Orciona

a= (au+ fv)a = pva = fv(a+ b),

b = (au+ fv)b = aua = au(a+ b).

CiieroBaTeIbHO, 371eMEHTH a U b IpuHaijIeskaT NUKJIAYeCKOR MOATrpYyIIe, MOPOXK IeHHOH a + b, u 1o
teopeme Jlarpanxka o u [ aedar 7. O

CaenctBue. Koneunas abenesa 2pynna A asasemces yuksuveckot mozda u moasvko mozda, Koz2da
exp(4) = |4

Sagaun

1.1. Tokazkure, uro rpynnbl QT m Q* ne MOryT GBITH TTOPOKICHBI KOHEUHBIM YUCIOM 3JIEMEHTOB.
1.2. dBnsiercs jiu KoHEUHO MOPOXKAeHHON rpyuia Q/Z7

1.3. Mzomopdunr u rpymmasr QT u Q*7
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1.4.

1.5.

1.6.

1.7.

1.8.

1.9.

1.10.

Jlokaxkure, 910 mukK/andeckas rpynna G nopsiika 1 COAEPKHUT IMUKJIUIECKYIO HOATPYIILY 0-
PSAIKA M TOTAA U TOJBKO TOTJA, KOTJAA M JEJUT N U B 9TOM CAydae moarpymmna nopsiaka m B G
€JINHCTBEHHA.

Jlokazxure, 9T0 KOHedHasi abeneBa rpynna A gBseTcs MUKJIXIECKON TOrIa W TOJBKO TOLJIA,
KODJa JIJIsl KayKaA0ro IPOCTOro 4ucia p, pensiero |A|, B A umeercss popao p — 1 smement
nopsijiKa p.

CKOJIBKO 3/71eMeHTOB Topsiika 6 umeercs: B rpyuue Z /27 & Z./AZ & 7./677 CKONbKO 3J1eMEeHTOB
nopsiika 4 umeercs B rpynne Z/27 & L/AZ & 7/67 & Z/AL?

Uzomopdusbr s rpyunst: Z/6Z&7/367 v Z/12Z&7/187; 7Z/6D7Z/36 u Z/907Z/24; 7./6Z&
Z/10Z & Z,/10Z u Z,/60Z & Z,/10Z?

CKOJIBKO CYIIeCTBYeT TMOMapHO Hem30MOpP(HBIX abe/leBuIX rpynm mopsaaka 1007

IIycte Ay m Ay — KOHEYHO HOpOXKJIEHHBIE a0eseBbI TPYIIBI TaKHe, 9TO CyIIecTByer abeeBa
2

rpynmna A takas, aro Ay & A ~ Ay & A. Caenyer ju orciofa, 9to A; >~ As? BepHo Ju 310 mpn

yCJOBHH, 9TO A KOHEYHO MOPOXKIeHA?!

IIyctb A — abeseBa rpyImma, B KOTOPOH KazKIblii HEHYJIEBOH 3JeMEHT MMeeT MOPSJIoK p (p —
npocroe). JTokaxkure, 4o Ha A MOKHO BBECTH CTPYKTYDY BEKTOPHOIO MTPOCTPAHCTBA HAJ OJIEM

+
F, u3 p snementoB. BeiBegure orciofa, 410 A paziaraercs B IPSMOe HIPOH3BEIEHHE I'PYIII Fr.



Jlekims 2

CrpoeHne KOHEYHO IIOPO2K/IEHHbIX abeIeBbIX
TPYIII

ﬂaﬂI/IM Apyroe J0Ka3aTeJbCTBO CYIIECTBOBAHUA PA3J/IO2KEHUA B TeopeMe O CTPOeHUN KOHCYHO IMOPOZK-
JCHHDbIX abesIeBBIX I'PYIIII.

JlemMma. Iycmo A — koweuno noposcdennan abeaesa 2pynna. Ecau e epynne A nem anemenmos
KOHEUHO020 NOPAJKA, MO 0HA ABAAEMCA 8000010 aberesol.

Jlokasamenvcmso. Tlycts A = (ay, ..., a,). [IpoBenem mokazaresbcTBO MHAYKIHeR 110 n. Basa wH-
ayKmud n = 1 oueBuaHa. [IlpenmonoKmMm, 9T0 yTBepzKIeHHEe BEpHO IS BCeX abeeBBbIX TPYII, II0-
POXKJICHHBIX MEHee 4eM 7 3JIeMCHTAMH.

JIoKazKeM BCIIOMOTATEIbHOe YTBePIKICHHE.

YrBepxkaeuune. Cywecmseyem ssremenm b € A, b # 0 makoti, wmo mnostcecmeo
Ab = {IL‘ €A | Elll, lQ < Z, ll 7£ O, lll' = lgb}

ABAACNCA YUKAUMECKOT nodepynnot 6 A u daxmopepynna A/Ap noposcdaemen MeHvUWUM KoAUYe-
CMBOM INEMENTNOE.

okazameavcmeo ymeeporcdenus. Ilycrs aq, ..., a, — nopoxgamoime saeMmenTsl rpynnbl A. Ecim ec-
JIN OHM JIMHEHHO He3aBHCHMBI, TO rpynmna A — cBobomHas abesreBa u oHE 0Opasyior 6asuc B A. B atom
caydae mosokuM b 1= a; st aroboro ¢ u Torga Ay, = (b) — nukinveckas rpynmna u GakToprpymna

A/ Ay nopoxaaercss 06pa3zaMu JTEMEHTOB ag, . . ., &; 1, &1 1, - - -, &p.
JlaJtee penooKuM, 9To ay, . . . , a, JUHEHHO 3aBUCHMBI. 3HAYUT, MBI MOKEM CUUTATDL, YTO
n
l{fal == E k‘ial-, (*)
=2
rie ka; # 0. [lonoxkum b := ka; u A" := (ay, ..., a,). Ilo npeamonoxennio unayknun A" — cBobomHAST

abesieBa rpymma. 13 crepyer, uro b € A’ u A’ D kA. Tlycrsb Takxke
bi={reA |3, €Z, 13 #0, ljx =l;b}.
Tax kak A D Ay, , 10 kA D kAy. Takum o6pasom,

AbDA,b:AbﬂA/D]{?AbﬂkA:kAb.

27
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C apyroit cTropoHbl, 0OTOOpaKEHHE
w:A— A, T — kx

ABJISETCS MHHLEKTUBHBLIM ToMOMOpdu3MoM rpyii. Tak kak A’ — cBoboanas abesiesa rpyiia, TO IPYIIILa,
/ o o _ /
A} asnsercs nukandeckoit. CrenoBaTesbHO, TAKOBOH siBigercd u rpymna Ay, ~ ¢(Ap) = kA C Aj,.
ITpu s1om dakroprpynna A/Ay, nopoxkpaercs ob6pa3aMu JEMEHTOB ag, . . ., &y,. O

[IpomoazkuM J0Ka3aTeIbCTBO JeMMbI. BosbMeM s1emeHT b € A Takoii, Kak B yrBep:KIeHHH. 10-
ria dpaxroprpymma A/Ay He HMeET JIEMEHTOB KOHETHOTO TIOPSIIKA U TOPOKIAETCSI MEHBITAM KOJTAIe-
cTBOM 3J1eMeHTOB. [1ycTh €1 — MopOoXK AAroIInil 31eMeHT nuKandeckoit rpyunbl Ay,. [To npeamonoxennio

unayknnn A/Ap — cBobonnas abesea rpynmna. [lycts €, ..., €, — ee 6asuc, mycTh

p:A— A/Ap
— roMoMopdu3M HaKTOPU3ANUE U TYCTh €3, .. .,€, € A — J0bble 1eMeHThl Takue, 910 p(e;) = €;.
MbI yTBepKIaeM, UTO JJIEMEHTHI €1,...,e€, mopoxiaor A. HeicrBurenbHo, misa maoboro x € A

umeeM @(x) = Y., k;€; mns mekoropuix k; € Z. Torma p(x — >, kie;) = 0. Cregosarensro,
x — Y. ,kie; € Ker(p) = Ap. d10 03Hauaer, uro X — » .., ke; = kje; s mekoroporo ki € Z.

Takum obpasom,
,
X = E k:lez
i=1

DTO0 pazsoxkKeHue eJIuHCTBEeHHO. lelicTBUTEIbHO, HHAYE

=1 =1

U TOrIA
T '
i=1 i=2
ITocKOIBKY €y, . .., €, — basuc A/Ap, 10 k; =k, nna i = 2,...,r. U3 (f) crexyer, uro ky = k}. Takum
obpazom, €, ..., e, — ba3uc A u nmosromy rpymmna A sgpisercsa cBoOoaHON abeaeBoii. O

Jlemma. Ilycmv A — xoneuno nopootcdennasn abesesa epynna. Cyuecmeyem cobodnas abesesa nod-
epynna F C A maxaa, wmo umeem mecmo pasrodtcerue

A =Tor(A) @ F.
Joxasamenvcmeo. Kak u B mpeabiyineii ieMmMe paccMOTPEM TOMOMODPMU3M (haKTOPH3AIAN
A — A/ Tor(A).

®akroprpynna A/ Tor(A) KOHETHO HOPOKIEHA U He COIEPKUT JIEMEHTOB KOHEIHOTrO Topsiaka. Cie-
JIOBATETHHO, OHA CBODOJIHA U CYIIECTBYET OA3NUC €1, . .., €, € A/ Tor(A). Ilyctb ey, . .., e, € A—mobbie
9/IEMEHTHI Takue, 910 p(e;) = €;. st smoboro x € A umeem ¢(x) = Y., k;€; aust nekoropsix k; € Z.
Torna ¢(x — >.;_, kie;) = 0. Cenosarensro,

X — Z k.e; € Ker(yp) = Tor(A).

=1
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Taxkum 0bpaszom, cyuecrByer sjement y € Tor(A) rakoit, 4ro

X=y+ i k;e;.
i=1

DTO pasz/ioKeHue eAnHCTBeHHO. /leficTBUTEIbHO, HHAYE

x=y+y ke;=y' + ke )
=1 =1
U Torjia
O=px-x)=¢|y—y + ) (ki—ke | => (ki—K)e;.
=1 =1

[lockonbKy €, ...,€, — 6asuc A/ Tor(A), o k; = k. nng i = 1,...,r. Torna u3 cJlelyer, 4To
y = y'. Homoxum F := (ey,...,€,). Torga ey,...,e. — 6asuc F, rpynna F saBjsiercs cBOOOIHOMN
abenesoit u A = Tor(A) @ F. O

CuaencrBue. Fcau A — koneuno noposcdennasn abenesa epynna, mo Tor(A) — koneunas nodepynna.

Jlemma. Jlas 410001 koneuwrnot abeaesots epynno A umeem mecmo pasaoscenue
A= EB Tor,(A).
P

Jokazameavemeo. Tlycrs |A| = n. Pasnoxny n B npon3Be IeHIe MPOCTHIX MHOKITEREH 7 = pit - - - phm.

IIpoBeseM mokasaTenbCTBO MHAYKIMeH 1mo m. basza maaykuum m = 1 odeBuaHa. [Ipeamosioxkum,
YTO YTBEPXKJEHUE BEPHO JJIs BCeX aDeJIeBBIX I'PYIII, Y KOTOPBIX Pa3/I0oyKeHHEe B MPOU3BEIEHHE CTe-
HeHeil MPOCTHIX YHCEI UMEeT MEHBIIe deM 1m COMHOyKUTesel. [IpencraBuM n B BUIE N = ning, LI
HOJI (n1,m2) = Lun; > 1. Torga 1 = nyuy +nous 11 HEKOTOPBIX HEIBIX U, Us. [logoxkum Ay 1= ng A
u Ay = noA. Torma A; N Ay = {0}. TeiictBurensro, ecin a € Ay N Ay, 10 a = nja’ = nqa” as
HekoTophix &’,a” € A. Tak Kak ngsa = nin.a’ = na’ = 0, To mo Teopeme Jlarpanzka mOpsJI0K a JeJTHT
N2. AHAJIOTHYHO TOJIYYaeM, 9TO MOPsiIoK a jeauT ny. Tak kak HOJIL (nq,n2) = 1, To a = 0. Hakoner,

J7Ist 106oro vmeMenta a € A umeem a = (nju; + noug)a = uja; + ugas, tae a; = n;a € A;. llo
IpeAnoa0zKe o naayKuun A; u Ay PACKIAABIBAIOTCA B CyMMBbI cBoux moarpymin Tor,(A;). Jlemma
JIOKa3aHa. ]

JlemMa. Jlaa 410601 koneunoti abenesoti p-epynnor A umeem mecmo passoscerue

A= éAi
=2

ede A; — (npumaphoie) yuksuvecKue 2pYnnb.

Jlokasamesvcmeo. Ilycrs |A| = p™. TlpoBejem joka3are bCTBo UHAYKIUeR 110 m. Basa uHiyKiun
m = 1 ovepuana. [IpeanosoKuM, 9TO yTBEPAKIACHUE BEPHO /A BCEX abeIeBBIX P-TPYIIN ITOPSIKOB
MeHbITHX YeM p"'. BozbMeM s71eMeHT a; € A MakcHMaJIbHOTO mopsika. [Tycers |a;| = p™. Paccmorpum
dakToprpymny A := A/(a;) m romomopdusm daxTOpH3aIET

p: A— A
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Ipynna A umeer nopsiiok p™ =™ < p™. 1o npe/ioI0AKeHiIo HHAYKIME IMEET MECTO Pa3JjozKeHue
n
A=A
=2
rie A; — mukamaeckme rpynnel. IlyeTh &; — HOpoxKaarommii saementT A; m mycts my; = |Ayl, i =
2,...,n. CymecTByIOT 37eMeHTHl by, ..., b, € A takue, uro p(b;) = a;. Torna
@(p"™b;) = p™ia; = 0.
Caenosarensuo, p™ib,; € Ker(p) = (a;). Takum o6pazom,
p"ib; = s;a; 171 HEKOTOPHIX S; € Z.
CorniacHo HareMmy BoIOOpPY a; MOPSIJAKH BCeX 3JeMeHTOB rpymibl A menst p™t. Orciona
0 =p™b; = p™"pTib; = p™ T sia,.

CnemoBarenbHO, YACJIO P~ s, TeJIUTC HA MOPAIOK p'™' sjieMeHTa a;. lorna s; genurcs Ha p', T.e.
MBI MOKEM 3alUCaATh
s
Si =D "G, q € Z.

[Honoxum
ai::bi—qial, 122,,71

Torna
p™a; =p™(b; — gia1) = p™'b; — p"gia; = s;a1 — s;a1 = 0. O

2.1 JImckpertHble moArpymnnbl B R"

Omnpepnenxenne. Ilonrpynna A C R" maseiBaercsa duckpemmoli €CId CyIecTBYeT Takasg OKPECTHOCTD
U 3> 0 magana koopauuat, uro U N A = {0}.

Jlemma. [lycmv A C R™ — duckpemmnaa nodepynna. Tozda cyuecmsyem 6 > 0 maxoe, wmo 0z
20661 pazauinor a, b € A mor umeem ||a — bl| > 6.

Jlokasamenvcmso. BozbmeMm okpectHocts U S 0 takyto, uto U N A = {0}. Ona comepxur map Uy
¢ mentpom B 0 Hekoroporo pagmyca d > 0. Torma ecam |la —b|| < §, 70 0 # a—b € Us N A.
IIporuBopeune. O

Jlemma. Ecau A CR" — duckpemmnas nodzpynna u K C R" — komnaxmmnoe mroscecmeo, mo nepe-
cevernue K N A xoneuno.

oxasamenvcmeo. Ilyctb 0 — Takoe Kak B mpembiaymieil semme. lag xkaxkmaoro x € K mycts Uy —
OTKPBITHIH Map pajuyca < §/2 ¢ HIEHTPOM B X. DTH MIaphl HOKPHIBAOT K . 113 97010 MOKPHITHST MOYKHO
BHIOpaTh KoHeTHOE MOANOKPHEITHE Uy, , T.e. K = U;Uy,. Ilo koncTpykmn Kakapiit map Uy, comepKuT
e bosiee onHOro dnementa A.

]

Teopema. Jluckpemnas nodepynna ¢ R™ ceobodna (u koneuno noposcoena).
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Joxaszamesvemeo. Tlockonbky R™ He nmeer KpydeHust, TO JOCTATOYHO J0KA3aTh, 9T0 rpymma A Ko-
Hedno nopoxiena. [lycrs ey, ... e, € A — MakcumasbHasg JuHEHHO He3aBucuMas HajJ R cucrema.

Tlooxkum

K:{ZOQGZ|0§OQS1}

[Tockobky MHOXKeCTBO K 3aMKHYTO W OTPAHUYIEHO, TO OHO KOMIAKTHO. Clie10BaTeILHO, TIepecevdeHne
K N A xoneuno. Torma rpymnma A mopoxkaaercd 3J1eMeHTaMH €y, . .., €, H KOHEYHBIM MHOKECTBOM

K N A. HeiicTBuTeIbHO, JII000M 37eMeHT a € A MOXKHO 3alllCaTh B BHIE

a— Zﬂiei, B; € R.

Torna

a= Z[ﬁi]ez‘ + Z{Bi}eia Z{ﬁi}ei e KNA.

IMpumep. Tloarpynna Q™" C R™ e aBasieTcs TUCKPETHOTA.

Teopema. IIycmo A C R™ — duckpemmas nodepynna u nycmov €1, . . ., €, —ee basuc. Tozda ey, . ..

AuHetHo nezasucumsvl Had R.

Jlokaszamenvcmaeo. lIpeanonoKum, 4To

m
e = E o,e;, o; € R.

=2

Paccmorpum MHO2KECTBO

K := {Zﬁze2+---+ﬁmem\0§&§1}.

OHo KOMITAaKTHO M mo3TOoMYy Iiepecedernune K M A xoneuno. lanee myig sroboro t € Z

te; = i[taz]el -+ zm:{tozz}ez
=2

=2

Bropas cymma comep:xutcs B K N A. TloaToMy 71T HEKOTOPBIX t # to 9TH BTOPHIE CYMMBI COBIATYT.

Torna
m
tie; — lae = Z([tlai] — [tacui])e; € (e2,. .., em).
=2
[Iporusopeune.

[]

ITpumep. Iloarpynma A C R, mopoxknennas 1 u /2, He sIBIISIETCS IUCKPETHOM IIOCKOJILKY ee Da3uc

JIMHEHHo 3aBucuM HaI R.



Jleknga 3

JleiicTBuSs TpPyIIII

3.1 JleiicTBusa rpyni

Onpenenenune. [lycrs G — rpynma u §2 — HemycToe MHOKecTBO. L'oBopar, uto rpynna G dedcmeyem
ma Muoxkectse {2 (oboznauaerca G (1), ecin 331aHO OTOOpAYKEHHE

GxQ—Q (g,x)—gxx

TAKOe, YTO BBHIIOIHAIOTC CJIEAYIONHe IBa CBOHCTBA:
e (g192) *x = g1 % (g2 * ) 17151 JTIOOBIX SJEMEHTOB g1, go € G m st 0OOTO 371eMeHTa X € )
o lxxr =2 naa mwoboro siemenrta x € ).

3ameuanwue. Ilycth 3amano geiictue G ~ (). Jlna xaxkiaoro sneMenta g € G onpeaenuM oTobpa-
JKEHHE
0g: Q0 —Q, T+ g*x.

[To ompenenennto st TIOOBIX 3JIEMEHTOB (1, go € G, it 0000 31eMenTa x € §) umeem
(0g 0 0g)(T) = 04, (04, () = g1 % (g2 % T) = (9192) * T = 04,4, ()

U 01 — TOXKJAeCTBeHHOe oToOpazkenne. Takum o0pasoM, 04, 00,4, = 04, 4,. B vacTHOCTH, 041 — OOpaTHOE
orobpazkenue K o,. CienoBaresblo, o, — Oueknud. Bojee Toro, orobpazkenne

V:G —Sq, gr—o0y

SIBJITETCS TOMOMOPGHU3MOM B I'PYIINY IOICTAHOBOK MHOZKECTBA, §2.
Ob6patno, J11060# romomopdpuzmom ¥ : G — Sq onpenensger aeiicrue G M () IO IPABHILY ¢ * & =
U(g)(x). (IIpoBepbre!).

Hdpom sppexmusnocmu netictBug G~ ) Ha3pIBaeTCs MOATPYIIA

{geG|lgxx=2 VzeQ}

dAcro, uTo g1po 3pdekTUBHOCTH coBIagaeT ¢ saapom romomopdusma V¥ : G — Sq. [leficTBue Ha3bI-
BaeTcs ahexmusHvim, ecan ero saapo 3PPEeKTUBHOCTH TPUBHAIHHO.

32
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Onpepenenne. Ilyctb G ~ ) — geiicrBue rpynnsl G. Opbumoti vaeMventa x € ) Ha3bIBAETCS
CJIeIYIOIEee MHOXKECTBO B £

Orb(x) :={g*x | g € G}.

[ToamuoxkecTBO B GG

St(z) :={geG|g*xx=uzx}

HA3BIBACTCA CMAUUOHAPHOT N0d2pynnoti WIR cmadbusu3amopom daeMenTa r. HecaoxKHO TpoBepuTh,
YTO 3TO JIEUCTBUTEIBHO MOJATPYIITIA.

Taknum 06pa3oM, a1po P beKTHBHOCTH — IepecedeHne CTAINOHAPHBIX HOATPYIIT BCEX STEMEHTOB
Q. JeiicTBue HA3BIBACTCA MPAHIUMUEHBIM, €CJIT MHOZXKeCTBO () coBHazaeT ¢ OpOMTOil HEKOTOPOIo
csoero asementa: ) = Orb(x).

ITpengnoxkenne. [lycmv G ~ Q) — deticmsue epynno G.
(i) Ecauy € Orb(z), mo Orb(y) = Orb(x).
(ii) Feau Orb(z) N Orb(y) # &, mo Orb(z) = Orb(y).
(iii) Mwoorcecmeo Q npedcmasasemcs 6 eude nenepecekarousezocs 0bsedunenus opoum: 0 = Uzcq Orb(z).

Jokasamenvcmeo. y € Orb(z) Torga u ToNBKO TOrja, KOrja CymecTByer gy € G Takoil, 4ro
Y = go x * => mid moboro snementa g € G gxy = (ggo) * x € Orb(z). Cregosarensuo, Orb(y) C
Orb(z). Anajornuno, as moGoro saementa g € G g*x = (gg; ") * * € Orb(y) u noaromy numeer
MeCTO 0OpaTHOEe BKJIYEeHHE.
Iycrs z € Orb(z) N Orb(y). Torxa, cormacuo [(i), mmeem Orb(z) = Orb(z) = Orb(y).
YTBepK IeHne caenyer u3 (i) mockonbky x € Orb(z). O

3.2 Ilpumepsl aelicTBuii

ITpumepst. (i) dag sao6oii rpynmnel G u ajist 1106000 MHOXKeCTBa ) MMeeTcsi TPUBHAIBHOE JIeii-
CTBUE ¢ * X = & I JI000T0 31eMenTa g € G 1Jis J1I060T0 3jeMenHTa T € ().

(ii) TTo ompesesennto rpymma MOJACTAHOBOK S, JeiicTByer Ha muOKecTBe ) = {1,... n}. D10 Neii-
cTBUE TPAH3UTUBHO. CTabMIHM3aTOD 3J1eMEHTa — IPYIIIA IIOJACTAHOBOK S,,_1 37AeMeHTOB 1,... Kk, ..., n.

iii) ITonmas nuneitnas rpynna GL, (k) xeiictByer na BekTopuoMm mnpocrpancrse V = k™. Ilpu stom
(iii) Py y p pocTp P
nmeercs nse opbursr: V' \ {0} u {0}.

(iv) Tpynma SO3(R) Tpamsurusao meficteyer Ha apymepnoii cdepe S? = {z € R? | ||z]| = 1}.

(v) Tpyuna U := {z € C | |z| = 1} ymHOXKeHusIMH jeiicTBYeT Ha KoMILIeKcHOi minockoctu C.
OpOuThl j1elicTBUS — MHOXKECTBA KOMILIEKCHBIX YUCEN ¢ (DUKCHPOBAHHBIM MOLYJIEM.

(vi) Tpynma SLy(R) neficTyer Ha monoaHenHo# komitexcroi miuockoeru C = CU{oo} no npasuty
a b . az+b
z=—
c d cz+d

(vii) C raxapim geiictereM G M ) ¢BsI3aHBI HECKOJIBKO JIPYIHX JIeHCTBUIA.
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(a) MeiictBue na Muoxkectse Beex nojmuoxkects G~ 2%, e s X C Q nonaraem g * X 1=
{g*x |2 e X}

(b) HeiicrBue Ha nekapToBoMm mpousBegeHnr G Q X - -+ X Q mo mpaBuiy g * (x1,...,2,) =
(g*x1,...,9%xy).

(c) Tlyers G ~ Q — geiicrBue rpynnsl G u mycte H C G — moarpynma. Torma umeercs
ecrectBennoe jeiicteue H M () — ozpanuyenue neiicteus G (2.

Omnpeaenenne. [lycte G ~ ) — geficrue rpynnbt G. [Moamuoxkecrso 2 C ) HA3BIBAETCS UHBG-
puarmmoLm, ecan g x x € ' g Bcex g € G u ang Beex x € . MlHBapraHTHOE MOIMHOXKECTBO
siBJisieTcsi oObeinHeHreM (HeKoTopbiX) opout. s x € Q' dopmyaa g * x 3amaer JeiicrBue wa ()
KOTOPOEe HA3bIBACTCS deticmeuem Ha UHBAPUGHIMHOM TOOMHONCECMEE.

Kaxkpaga rpyimna nMeer HECKOJIBKO €CTECTBEHHBIX JieiicTBUil Ha cebe:

ITpumep. Ilycrs G — rpymnna u nycte H C G — ee noarpynna (Bo3moxkao G = H). Torma mveercs
neiicteue H N G ae8biMU cO8U2GMYU WITH AE60E PEYAAPHOE NeICTBHE:

hxg=hg, heH, ged.

OpOuTHI 3TOTO JEHCTBUS — MPABbIE CMEYKHBbIE KJIACCHI, & CTA0WIN3aTOP JII0OOT0 3/1eMEeHTa TPUBUAJIEH.
Ananornano onpeaensiercs aeiicrsue H wa G npasvimu co8u2aMU:

hxg=gh™', heH, gcg.

IMpumep. /s awoboit rpynmer G umeercs geiicrBue G ™ G Ha cebe CONPSIKEHUSIMMT:

g*x T = gxg_l.

Opburamu JeficTBuS SIBJISIIOTCS KJIACCHI CONPSIKeHHBIX 3jieMenToB. Crabuan3arop sjiementa ¢ € G B
9TOM CJIydae Ha3bIBACTCS UeHMPasusamopom u obo3uadaerca Z(x). OH COCTONT M3 BCEX SI€MEHTOB
G, KOMMYTHUDPYIOIINX C X

Z(z) ==8St(z) ={g € G| gv = zg}.

PacemorpuMm, Hanpumep, JeiicTBHE IPYIIIBI Sy Ha cebe COMPSI2KEHUSIMU U ee JeficTBHe Ha HWHBAPH-
QHTHOM I1OJIMHOZKECTBE

Q= {(12)(34), (13)(24), (14)(23)} = V2 \{(1)}.

[Tocneamee melicTBHE UHAYIUPYET TOMOMOPDU3IM

Ss — Sq >~ Ss,
SIIPOM KOTOpOro spisiercst Vy. Caemosaresbro, Sy / Vy o~ Ss.
ITpumep. Jliobasa rpynna G aeiicTByeT Ha MHOXKecTBe () CBOUX MOJATPYII CONPSXKEHUSIMU:

g« H=gHg "
IIpu srom crabunmszarop 3aeMenTa H € () mmeer BuI

No(H):={9€ G |gHg™" = H}

on oboznavaercst Ng(H) (nnn npocro N(H)) n HaszbiBaercs wopmaauzamopom H. Hopmamuzorop —
MakcuMasbHast noarpynna G, B koropoit H wopmanbha. B wacraoctu, Ng(H) = G Torga u ToabpKo
torja, korma H < G. Zdcuo takxe, uro N(H) D H.
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ITpumep. Ilycrs G — rpynna u nycrs H C G — ee noarpyuna. Vmeercst aeficrue rpyunst G (casu-
raMi) Ha MHOKECTBE JIEBBIX CMEKHBIX KJIACCOB!

G~ G/H, g*xaH = (ga)H.
D10 meficTBre TPAH3UTHBHO, a g crabmmmzaropa uveem St(aH) = aHa™*,

Teopema (Teopema Kamn). ITyems G — koneunas epynna nopsdka n. Toeda G asasemes nodzpynnoti
2pYnnuL NOICMAHOBOK S,,.

Jlokasameavecmeo. 3anymepyem ajeMenTol rpymnbt: G = {g1, ..., g,} 1 paccmorpum jeiictere G
G sieBbiMu capuramu. Tak Kak cTabum3arop J000ro sJ1eMenTa TpuBuaieH, To romomopdusm G — S,,,
UHAYIUPOBAHHBINA AeiicTBUEeM, UHbEKTUBEH. O

Ilpenmoxkenue. [lycmv G ~ ) — deticmsue epynnv, G u nycmov x € ). Cyuecmeyem ecmecmeen-
HaA OUEKYUS MEACOY MHOHCECTNEOM NEEBT CMENCHBIT Kaaccos G/ St(x) u opbumot aremenma x:

¢ : G/St(x) — Orb(z), ¢St(z) —> g*z.

Jlokasamenvcmeo. TIposepum KoppekTHOCTH onpenenennst ¢. [lycrs g St(x) = ¢’ St(x). Torma cymie-
cryer h € St(x) Takoit, uro ¢’ = gh. Ilo onpenenennto crabunmzaropa h x x = z. Orcooga

¢(g' St(z)) = (gh) *x =g * (hxx) = g xx = ¢(gSt(x)).

OrobpazkeHne CIOPHEKTHBHO 110 ONpeieeHI0 opouThl. [IpoBepuM ero nEbeKTHBHOCTS. [1ycTb ¢(g' St(x)) =
¢(g St(x)). Torma nmeem mocaea0BATEIHLHO

gxr=gx*z, (¢g7'¢)*x=2gl¢dcSt(z) n ¢St(z)=g St(x). O

Bameuanue. [locrpoennas 6ueknus ¢ apiagercs usomoppusmom deticmeuts G ~ Qu G ~ G/ St(x).
DTO 03HAYAET, YTO

d(hxx)=hx*o(x) Vh e G.

CuaencrBue.

| Orb(z)| = [G : St(x)].
CaenctBue. IIpednoaootcum, wmo epynna G xoneuwna. Tozda
|G| = |St(x)] - | Orb(z)|.

PaccmorpuM erne HeCKOITbKO MPUMEPOB.

ITpumep. I'pynna gusapa D, ecrecrBenHbiM 006pa3oM JIefiCTBYeT Ha BEpIIMHAX ITPABUIBHOTO 1~
YTOJbHUKA. 3AHYMEPOBAB 3TU BEPIIHHBI, MoIyanM romomopdusm D, — S,,. Tlockosbky Jsr0060e 1BuU-
JKeHHe OTHO3HAYHO OIIpejieideTcsd oOpa3aMy BepIIUH N-yTOJbHUKA, TO 3TOT TOMOMODPMU3M WHBHEK-
tuBeH. ClenoBaTesbHO, IMeeTcs Baoxkenwe D, — S,. lng n = 3 u3 coBnajeHns MOPSAKOB IPYII
notyauM u3omopduzm Dy ~ Ss.

IIpumep. I'pynna 7' nBuzKeHuil TeTpasapa AeficTByeT Ha BepIIMHAX 3TOTO TeTpadipa. Kak m Brie,
HOJIy9aeM HHLEKTHBHBINH romMoMopdusm T — S,. V3 coBmageHust MOPSAIKOB IOJIYIUM H30MOPhU3M
T ~ 84.
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ITpumep. Paccmorpum rpyuny O cobcrBennbix jpuzkenuit kyba. Ona geiicrByer Ha OOJIBIINX JUa-
roHaIaxX Kyba. DT0 3a7aerT mHbEKTHBHBIT ToMoMopduam O — Sy. V3 coBnamenus: mopsiikoB Io-
gayanm mzomopduzm O ~ Sy. C apyroit CTOPOHBI, paccMaTpuBast JIeHCTBIHE Ha MHOXKECTBE TPEX TPsi-
MBIX, COeTMHATONINAX TIeHTPHI MPOTHBOMOJIOXKHBIX I'PaHeil, MbI Oy IUM CIOPbEKTUBHBIN TOMOMOP(MU3M

0234%83.

ITpumep. [TpoekruBHas muneitnas rpynna PGL, (k) ectectBenubiM 06pa3oM JeiiCTByeT Ha MPOEKTHB-
HoM mpocrpanctee P! Ecam k = F, — koHeunoe mose, cofepzKaiee g 3J1eMeHTOB, TO IPOEKTHBHOE
npocrpancTso P! nax k cogepzxut posuo (¢" —1)(q—1) saementos. CegoBaTeIbHO, B 9TOM CIydae
aeiicrsue PGL, (k) ~ P"~! unaynupyer sroxenue PGL, (k) < S(gn_1)(g—1)-

3.3 p-rpyunsl.

OnpemeneHne. p-rpyinoii Ha3bIBaeTCs TPYIINa HOpsiaKa pF, rie p — mpocToe.
Teopema. I[enmp p-epynnvl Hempueua.ieH.

okazameavcmeo. Pacemorpum aeiicteue G G CONPSIZKEHUSIMU:

g*x T = gxg_l.

Torpa omHOdIEMEHTHBIE OPOUTHI — 3TO B TOYHOCTHU 3JIEMEHTHI IEHTpa rpynibl. 1lodTomy mmeercs
pasJioKeHNe B HellepeceKaroleecs 00beINHEHNEe

G =Z(G)U ) Orb)

| Orb(z)|>1

Tax KaK 9HCJI0 3JeMEHTOB OPOUTHI AeIUT HopaaoK rpymisl, To | Orb(z)| = p', | > 0 ana seex x € G.
Taxum obpa3oM, MoJIydaeM

PP =1G1=12(G)|+ Y |0b@)|=12(G)+) »",

| Orb(z)|>1
rae [; > 0. Crenosarenbho, |Z(G)| aeaures Ha p. O
Caencrsue. Jwbasa (KonewHas) p-2pynna codepHcum HempusuaibHYO HOPMAALHYIO nod2pynny.
Zoxazamesvecmeo. VIHAYKIUASA MO TTOPSAKY TPYIIIIL. O
Caencrsue. I'pynna nopadka p* aessemcsa abesesoti.

Joxasameavcmeo. Ecin |G| = p?, To cormacno Teopeme, |Z(G)| = p* umn p. Bropoii ciyqaii HeBO3-
MOYKEH TIO CJIeIYIONel JeMMe. ]

JIemma. Jlas neabenesoti epynno G- daxmopepynna G/Z(G) ne moorcem 6uims yukaueckod.

Jlokasameavcmso. Tlycrs m @ G — G/Z(G) — ecrecrBennsiii romomopdusm. [Tpeamonoxum, 910
rpymna G/Z(G) — mukamveckas W IMOPOXKAACTCS 3JAEMEHTOM . Boibepem Jio6oit snement a € G
Takoit, 9ro m(a) = a. Torma moboit snement g € G npejcrapagerca B Buge g = a*z, rae z € Z(Q).
fcHo, 9TO TaKme 3JIeMEeHTH KOMMYTHPYIOT MeXKIY COOOI. O
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Coeyromuii npuMep HOKa3bIBAET, 4TO IPyIa HOPsIKa P° Heoba3aTebHo abesieBa.

IIpumep. ['pynna BepxXHUX YHHTPEYTOJNBHBIX 3 X 3-MaTpul, HaJ moseM [, U3 p sjaeMeHToB

1 b
0 c a, b, ceF, » C GL3(FF,)
0 1

S = Q

AMeeT HOPSAIOK p° W He ABIAeTcda abeseBoi.

3.4 Teopembr CujoBa

Teopema (nepsag Teopema Cuiosa). Ilycms G — koneunaa epynna, nopadokx komopot deaumcs Ha
p¥, 2de p — npocmoe. Tozda 6 G cyuecmsyem nodepynna nopadka pr.

Joxasamenvcmeo. Tycrs |G| = n = pPm. Jlokaskem Teopemy mHayKnueii mo n. Baza wHIyKnum ode-
BUJIHA. [IpeInoaoKuM, 9To TeopeMa BepHa JIJist BCeX TPYNI HopsaakoB n' < n. Paccmorpum jeiicrBue

G ~ G conpsizKeHUSIMU:
g*x T = gxg_l.

Torna
St(z) = Z(z) = {9 € G | gz = g}

— neHTpaan3aTop . OpOUTHI STOr0 JeHCTBHUS — KJIACCHI COIPSI?KEHHBIX 3JIEMEHTOB, a OJTHO3JIeMEeHTHbBIE
OpOHUTHI — 3TO B TOYHOCTH JIEMEHTHI IIeHTPa IPYIIIbl. Takum 006pa3oM, HMeeM CIeayIoInee Pa3aosKeHne
(G B Hemepecekalolieecs: 00beInHeHTe:

G=27Z(G)U ) Orba)

| Orb(z)|>1

Orcrona
p'm =G =12(G)|+ > |Orb(x)|.
| Orb(z)|>1

NnMerorcs iBe BO3SMOXKHOCTU:

e CymectByer smement z € G\ Z(G) takoit, aro p 1| Orb(x)|. Tak kak
p*m =n=1Z(z)| - | Orb(z),

10 |Z(z)| =0 mod p* u |Z(z)| < n. Ilo npeanooxkenuio uuayKuu B Z () CymecTByeT mojl-
rpymmna nopsjka p®.

o Jlnga Becex x € G\ Z(G) mmeem | Orb(x)| = 0 mod p. Torga |Z(G)| = 0 mod p u no ocuos-
HO#t Teopeme 06 abesieBbix rpynmnax B Z((G) cymmecTByer sjgeMeHT 2z mopsiiaka p. lloarpymnma (z)
nopmasbaa B G. Ilycts Gy := G/(z) m nycts m : G — (G — €CTECTBEHHBIN TOMOMODPMU3M.
Torna |G| = p*~m u 1o npeanosoxkenuo uHAyKIMH B G CyIIeCTBYeT IOArpyIna P mopsiika
pF~1. Tlonomwum P := 7 1(P)). Torma P C G — noarpymma (nposepsre!) Tak xax P D (z), To
P/{z) ~ P, u mostomy |P| = p*.
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[]

Omnpenenenne. [lycts G — KOHeYHas IPYNNa IOPAaKa n = pFm, Tae p — IpocToe W m He JeJIUTCA
na p. Moxrpynna G, C G nopsjika p* naspiBaercs cuio6ckoli p-nodepynnot.

IIpumepsr. (i) Ilycrs G =S, — cummerpudeckas rpymmna (p — mpocroe). Torma mobast CHIOBCKast
P-IOArPYIIIa — NUKJIAYECKasd U MOPOXKIACTCA UKJIOM JIJTMHEL P.

(ii) IIycrs k = F, — mose u3 p ssementoB u nycrs G = GLy(k) — mosnas nuneiinas rpynna. Ee
nopsiok paser (p? — 1)(p? — p). CiieoBare/ibHO MOATPYIIIa BEPXHUX YHUTPEYTOJbHBIX MATPHUIL

{6 1) | em)

Teopema (Bropas Teopema Cuiosa). I[lyems G — koneunasn epynna.

ABJIIETCA CHJIOBCKOI.

(i) JTobas p-nodepynna H C G codeporcumcs 6 nekomopots curosckot.
(ii) Bce cunoscrue nodepynnve conpastcervi.

_ ok _
Hoxasamenvcmeo. 3amumem |G| = p*m, tme HO/ (m, p) = 1. Ilycrs G, C G — cuioBckas p-
noarpymnna u nyctb H C G — mobaa p-noarpynna. PacemorpuMm feiictsue rpynnsl G cIBATAMH Ha
MHOZKECTBE JIEBBIX CMexKHBIX KjaccoB G/G, u ero orpanudenne na noxrpyuny H. ITycrs

G/G, = U Orb(zG,)

2GpeG/Gyp

— passoxenne MuoxkectBa G /G, B Hemepecekaomieecs obbenunenue opour geiicrsusg H ~ G/G,,.
YncI10 371eMeHTOB JI000il OpOUTHI JeUT MOpanoK Tpynnel H 1 mostomy nmeet s p~, k > 0. IlosTomy

G/Gol =), |0tb(zG,)

2GpeG/Gy

C apyroii cTopomsl, 9nc/I0 saemenToB Muoxecrsa /G, ne pesurces na p. Caeg0BaTebHO, CYIIECTBYET
opbuta Orb(yG,), cocrodimas U3 OJHOrO 3JEMEHTAa. JTO O3HAYAET, YTO /I BeeX h € H Mbl mMeeM
hyG, = yG,, T. e. cymecTByer djemenT g € G, (3aBucsamuit or h) takoii, ato hy = yg. Unade rosops,

Vh € H y'hy € G,.
TTocaenaee SKBUBAICHTHO TOMY, uT0 y ' Hy C G,. Orciona
H CyGpy™, (*)

YTO TOKA3bIBAET
Hans poxasarenbersa |(ii )| npeanosoxkum, aro G — ipyras cusosckas p-noarpyuna. Honaras H =
G9 B (%) momyunm yreepzenne |(ii)l ]

CaencrBue. Jucao s, cuso8ckuT p-nodepynn pasHo urdekcy HopmMaiusamopa 00Hol us HuL:
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CaenctBue. Cuiosckas p-nodepynna HOPMAALHG M020a U MOALKO Mo20a, k0206 0Ha e0UHCMBEHHE.
Teopema (tperbs Teopema Cuiosa). Qucao s, curosckur p-nodepynn cpasuumo ¢ 1 no modyaio p;
s, =1 mod p.

Zokxazameavcmeo. TlycTb () — MHOKECTBO BCEX CHIOBCKUX p-moarpyii. Paccmorpum npeiictBue G
Q conpszkerusamu. 1lo Bropoii Teopeme CuioBa 3T0 jmeiicTBHe TPAH3UTHBHO. 3apUKCHPYEM OJHY CH-
JoBckyto noarpyuny G, € 2 u paccmorpuM orpanudenue jeiicrsudg G~ ) na noarpynny Gjp. 910
JeiicTBHe HeoOs3aTeIbHO TPaH3uTuBHO. [1ycTh 2 = US); — pazmoxKenne B HellepeceKaiomeecs 00be1n-
nenne opout. Umeem |Q;| = p*i, k; > 0. Snaunr

5 =101 = 3 Il = S0t

Opbura Orb(G,) = {G,} cocront u3 ommoro smementa. [IpeanonoKumM, 4TO CyHmIECTBYeT ApyTast
OJIHO3JIeMEHTHasl opouTa

re G}, € Q, Gy # G,. Torna gG’;g_1 =G, s moboro snementa g € Gy, Taxum obpasowm,

G, C N(G}).

Ecin G, # G}, To rpynna N(G)) cOAepKuT jiBe pa3jiuvHble CUIOBCKHE MOATPYIIBL. DTO TPOTHBO-
pednT caeAcTBHIO Bhie (MOCKOJIbKY (G, — HOpMajbHas cuioBckas p-noarpymma B N(G,)). Creno-
BaTEIbHO, CYIECTBYeT €IMHCTBeHHAs ofnodaeMentHas opbuta Orb(G,) = {G,}. Orcioma || = 1
mod p. O

B kagectBe npumenenud teopeM CHJIOBA MBI IPHBEJIEM CJICAYIONMN PE3YJIbTAT, OIMUCHIBAIONIN
CBOWCTBa TPYII MOPSIKa pq, TAe p W ¢ — MPOCThIe Yucaa. HamoMHUM, 9TO B caydae p = ¢ Tpymia
saBJsgeTcs abeseBoit. [loaToMy MBI MOXKEM CIUTATDb, 9TO P > (.

Teopema. ITycmv G — epynna nopsadka pq, 20e p U q — NPOCMbLE YUCAG U P > (.

(i) Cunosckas p-nodepynna asssemca nopmaiviol 6 G.

(ii) Feau p£1 mod q, mo u cuaosckas q-nodzpynna asasemcs nopmaivrot 6 G.

Joxazameavcmeo. IIycrs G, — cHI0BCKAs P-TIOATPYIINA U MYCTh S, — YUC/I0 CHJIOBCKHUX P-TIOATPYTIIL.
IIo BrOpOI#t Teopeme CuioBa

Sp = [G : N(Gp)]a

rae N(G,) — mopmammzarop G, B G. Tak kak G O N(G,) D G, 1o no teopeme Jlarpanxka |N(Gp)| =
p uinn pq. Ecin G, He sBiisiercst HOpMaJIbHOI, TO 5, = ¢. C ApyToii cTOpoH®L, S, = 1 mod p 1o Tperbeit
TeopeMe CmoBa. 9TO NPOTHBOPEYNT HAIEMY IPEIIIOJIOKEHHIO P > ¢.

Kak u Boimme s, = [G : N(G,)] = p win 1. C apyroii CTOpoHBI, s; # p HOCKOIBKY S; = 1
mod gq. ]

Sameuanme. Yciaosue p Z 1 mod g B yTBep:KIeHHN He00X01uMO. JlelicTBUTEIbHO, B TPYIIIIE
ausapa Do, cHIoBCKad 2-NoArpyIna He ABIAeTCAd HOPMAaJIbHOM.



Jlexmmst 3. /leficTBus rpyoin 40
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Hcmonp3ys meficTBus Ha MHOKECTBE BEPIIHH, JaiTe APYroe BHIYUCICHNE MOPSIAKOB IPYII JIBU-
xkeHuil TeTpasapa u Kyba (3axauaf0.9).

JlokazkuTe, 9T0 TpyIa cOOCTBEHHBIX IBUKEHHI MKocasapa nm3oMopdHa As.

Hokaxute, uto PGLy(F3) >~ Ss u PGLy(IF3) ~ S4. Vkasanue. Paccmorpute neitcrue PGLy(F,) ~
PL .

Jokaxure, uto PGLy(Fy) ~ As.

[Tycts p — HauMeHbIHiT TPOCTON JTesmTe s nopsiaka rpynnsl G. [Ipenmogoxum, aro B G ume-
erca moarpynna H ungekca p. Hokaxkute, uro H < G. Ykasanue. PaccMmorpute neiictBue

H~G/H.

IIycts G — rpynna nopsaka p3. JokaxuTe, 9To Mobasg HOATPYHIa Hopsaika p° B G HopMasbHa.
Bepuo jin 310 mist noarpym nopsiaka p?

[Tycts p-rpymna G meiictByer Ha KomeunoM Mmuoxkectse M. O6ozmaumm uepes MC C M wmmo-
JKeCTBO HEMOJIBUZKHBIX 3J1eMeHTOB. JloKaykKuTe, 9T0 9uCa0 371eMeHTOB B M CpaBHEMO C YHCJIOM
saeMenToB B M© 110 Momyio p.

JlokaxkuTte, UTO B p-TpYyIIIe Ji00asd HOpMaJIbHAS TOATPYIIIA HETPUBHAJIHHO HEPECEKAETCs ¢ IeH-
TPOM.

[Tycts G — p-rpynma u mycth £ — ee nieHTp. [Ipenmonoxkum, aro Z umeer mopsiaok p. Jlokaxmure,
49TO Z COJAEPYKUTC B JIIOOOH HETPUBUAIHHON HOPMAJIHLHON MOATIPYIIIIE.

I[lycrs G — p-rpynmna. Jokazkute, 4To A4 jioboro | Takoro, uro p! < |G| cymecTByer HopMaJib-
nag noarpynna N B G mopsanxa p'.

ComepXKut i Sy MOATPYIITY, ©30MOP(MHYIO TPYIIe KBATEPHHOHOB?
Copep:kut Jjin S5 TOATPYIILY, N30MOP(HYIO I'PYIIlie KBATEPHUOHOB?
Copep:kut jin Sg MOATPYIILY, N30MOP(HYO TPYIIe KBATEPHUOHOB?
PackagpiBaercst i CHIOBCKAsT 2-TTOATPYIIA B Sg B MPSIMOE TTPOnU3BeieHne’
HaiiiuTe meHTp CUIOBCKOM 2-MOAIPYIILI B Sg.

Haiiiure KOMMYTaHT CHJIOBCKOM 2-IOJTPYIIILI B Sg.

CKOJIBKO UMeeTCsl CHIOBCKUX 2-TIOATPYIIT B Sg?

Jlokazkute, 9T0 CUIOBCKAs 2-MOJAIPYIIIA B Sg SIBJISIETCS IIEHTPAJIA3ATOPOM HEKOTOPOI'O 3/IEMEHTA,
nopsgaka 2.

JlokazkuTe, 9TO KazK1asl MOATrPYIIa MOPsaKa 48 B Sg COIEPIKUT POBHO TPH CUJIOBCKHE 2-TIOTPYIIIIHI.
JlokaxkuTe, 9TO BCe MOATPYIIILI MOPSIKa 48 B Sg CONMPSI?KEHBI.

JlokakuTe, 9TO HOPMAJIU3ATOP MOAIPYIILI HOPsiiKa 48 B Sg COBIIAIAET € 9TOM MOATIPYIIION.
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3.22.
3.23.
3.24.
3.25.
3.26.
3.27.
3.28.

3.29.

3.30.
3.31.

3.32.

Onucarb BCe CUJIOBCKUE MOAIPYIIIBI B UX HOPMAJIHU3ATOPHL B XUs.

Onucatb Bce CUIOBCKHE MOATPYIILI B UX HOpMAJIu3aTopel B Gs.

Ommcars CHIOBCKEE P-IOATPYIIEL B Tpymie S, (p — mpocroe).

JloKazKuTe, 4To IPYyIIa HOPAAKa g2, Ijie p i ¢ — IPOCThie YHC/Ia, He MOKET GbITh mpocToii [
JloKazKuTe, 4TO IPYIIA MOPsIKa pg>, Te p U ¢ — IPOCThIe YUCIa, He MOXKeT ObITh IIPOCTO.
JloKazKnTe, 9TO TPYyIIa IopaaKa pgt, Tae p I ¢ — IpocThle YHc/aa, He MOXKeT OBITh MPOCTOil.
JlokazkuTe, 4TO rpyImna mopsijaKa pqr, viae p, ¢ U T — NPOCThIE YHCIa, He MOXKET OBbITh MPOCTOIi.
JlokazkuTe, 94TO IpyIIa JOO0ro U3 CJIeJAYIONMNX HOPSAIKOB He MOXKET OBITh IPOCTOil

a) 36 =22.32 48=2*.3, 96=2°-3, 100=22.5% 108 =22.33
) 80=2%.5 160=25-5 112=2%.7,

)72—23 32, 84=22.3.7, 156=2%.3-13, 140=2%2.5.7,

)

e)

126 =2 - 32~7, 150 =2 -3 - 5%
Jlokazkure, 9410 Ipylina nopsika 144 He MOXKeT ObITh IPOCTOMH.
Jokaxkute, 9To rpymnmna nopsiaka 120 He MOXKeT OBITH IPOCTOii.

Jokaxkute, 4To rpymmna nopsjaka 90 me MoxKeT ObITH IPOCTOM.

*HamoMuanM, 9TO IPyIiia HA3bIBAETCH IIPOCTOMH, €CIM OHA HE COMEPXKUT HETPUBHAIBHBIX HOPMAJIbHBIX [TOATDYIIL.



Jlekiua 4

Pazpemumbie rpynibl

4.1 KommyTaHT
Onpenenenne. Kommymamopom 31eMeHTOB a, b € G Ha3bIBaeTCs
[a,b] := aba'b~.

Kommymanmom rpymnsl G Ha3bIBACTCA MHOXKECTBO BCEBO3MOXKHBIX IIPOU3BEICHUIT BCEX KOMMYTATO-
poB. KommyranT ob6osnadaercs depes |G, G| wiu, Gosiee Kparko, depes G'.

Jlemma. Kommymanm epynno, asasemcs nodepynnot.
Joxasameavcmeo. Ecim a, b € G, 10 [a,b]™t = [b,d] € |G, G]. O
ITpumep. I'pynna G abeseBa Torjga u ToJbKO Tora, Korga (G, G| = {1}.
Teopema. (i) Iyemo ¢ : G — G1 — 2omomoppusm epynn. Tozda o(|G, G]) = [¢(G), p(G)].

(ii) Kommymanm nepexodum 6 cebs npu 6cex asmomopPusmar 2pynno.:

p([G, G]) =G, ]
das mobozo asmomoppuzma @ € Aut(G).
(ili) [G, G] < G.
(iv) @axmopepynna G/|G, G] abeaesa.

(v) aa nexkomopoti nopmaavnot nodepynnve N daxmopepynna G /N abesesa mozda u moavko
moeda, xoeda N D |G, GI.

[Tponece paxkTopuszanum Mo KOMMYTAHTY HA3BIBACTCSA A0EAUGHU3AUUET TPYTIIHL.

Joxasamenvcmso. ()| Samernm, aro ¢([a,b]) = [p(a), p(b)]. TTosromy

(a1, br] - - - [an, ba]) = [p(a1), o (b1)] - - [p(an), 0 (bn)] € [p(G), ©(G)].

Caenosarennsno, ¢([G, G]) C [p(G), ¢(G)]. Obparho, ecau ¢ € [p(G), p(G)], To ¢ nmeer Bu

¢ = [p(ar), p(b1)] - [p(an), ©(bn)] = @([a1,b1] - - - [an, bn]) € ©([G, G]).

42
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caeLyer us a caeyer u3 VrBepxkaenue ABJIACTCS YACTHBIM CJIydaeM

JTokazkem [lycts m : G — G/N — ecrecrBennbiii romomopdusm. Torga cormacuo nMeeM
7([G, G]) = [G/N, G/N]. Tlostomy G/N — abenesa Torjga u Toabko Toraa, korma w(|G, G]) = {1}
TOrJA U TOJNBKO TOTa, Korja [G, G] C N. O

ITpumep. Ilycrs G — rpymnmna nopsiika pg, Tjie p U ¢ — IPOCThIe 4ucjia u p > q. Keim ona abesena,
To [G,G] = {1}. D10 He BbmOMHEHO TOIBKO econ ¢ = 0 mod p. [lycrs G we aBasercsa abeneBoit. Mbl
MOKa3a/IH B peabIaynedl gekmun, aro ¢ = 0 mod p u cuioBckas p-noarpynma G, HopmaabHa B G.
Tak kak daxroprpynna G/G, nukimmdaeckas, to [G, G] C G,. Otcioga crenyer, 1ro [G, G| = G,.

ITpumep. Boraucanm kommyTanT rpyiinst gudiapa D,. Hanomuaum, uyro D,, nopoxpaercs sjieMmentaMu
T ¥ S, TJie T — HOBOPOT HA yTOJI 271/n, a § — CHMMEeTPUs OTHOCHTEIBHO OCH, TPOXO/ISIIEl Yepe3 meHTD
U OfHY U3 BepinuH. VIMeroTcs cOOTHOIIeHN S

MmM=s2=1 u srs ‘=1

Taxum obpasom, [r,s] = r—2 € D!, u nostomy (r?) C D!. C apyroii croponst, (r?) <t D,, u daxrop-
rpynma D, /(r?) nmeer mopagox < 4 m moromy abenesa. Ciegosarensno, (r?) D D/ u mo Teopeme
(r?) = D!. Ecau n neuerno, to D!, = (r?) = (r) — noarpynna umjexkca 2, a ecjiu n 4erHo, To
D!, = (r?) # (r) — moarpynna ungexca 4.

4.2 PazpemmuMbie TPyHONbI

Ilo MHAYKIHE ompeaeauM n-if KoMMyTanT rpynnel G mpasmaom G = (GM™). Taxum obpaso,
HMEETCs MOCIeI0BATEIbHOCTD BJIOKEHHBIX MO PYIILL:

G>G@>G > --2GW ...
Omnpenenenne. I'pynna nassisaercs paspewumot, ecma G™ = {1} nna nekoroporo n.

AGesieBa rpyrmia Beerjia paspenmma MocKoJIbKy 1 Hee G = {1}. Bamernm TakzxKe, 9T0 MOATPYII-
na H paspemmmoit Tpymnsl G Beerma paspemmnMa Tak Kak H™ C G,

ITpumep (pa3permuMocTh Py NOpsijika pq). I pymia nopsijika pg, TAe p U ¢ — IPOCThIE YHCJIa PA3De-
muma. JleficTBUTEIbHO, MBI TOKa3a1u paHee, 9T0 KoMMyTadT |G, G| wiu TpuBHAJIEH, WK COBIAAET
¢ CHJIOBCKOU p-moArpymmoi (ecau p > g u p =1 mod ¢). Bo Bropom ciayuae G” = {1}.

3aMeuaHmue.

Teopema. [lycmv G — epynna u nycmo N <G. Tozda epynna G paspewuma moz0a v moavko mozda,
kozda pazpewumv, epynnot N u G/N.

ITpumep. N3 pesynbrara npeabliyiineil JEeKIUU O p-IPyHax CJaeyer, 4To Jjiobas p-rpyiia pa3pe-
MUMA.

Jlokasameavcmeo. Paccmorpum ecrectennbiii romomopbusm 7 : G — G/N. Umeem 7(G') = (G/N)'.
o maaykmuu goxassiaem, ato 7(G™) = (G/N)™.

[Tycts G paspemmma. [TocKoIbKY HOArpYHNa Pa3permmMoil IPYIIB PA3pPeIinMa, TO JJist HEKOTO-
pOro N UMeeM

N® ce™ ={1}, (G/N)™ =rx(GM)={1}.
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[Mosromy paszpeniuvbr N u G/N.
O6parHo, npeamonoxum, 4to N u G /N pazpemunmbl. Torma cymecrByer n Takoe, 4To

m(G™) = (G/N)™ = {1}.
CrietoBaTeIbHO, G™ C N. Tax kak N pa3pemnuuMa, To CymecTByeT 1m TaKoe, 4YTO
Gtm) — (G < N — (1}, ]

Teopema. I'pynna T, (k) Heswposcdennvr seprrempey2orvhols n X n-mampuy, wad nosem K paspe-
WUMG,.

Jlokasameavemeso. Vaayknus o n. Basa uaaykmun n = 1 ouesuana mockoabky 17(k) ~ k*. Pac-
cmorpum orobpazxkenue ¢ : T, (k) — T, (k),

ay1 Ar2 -+ QAip-1 Qip ayr1 Aarz - A1n—1
0 0 Q22 **° Qap—1 Q2p 0 ago - a2 n—1
0 0 0 Qpon 0 0 Ap—1.n—1

(BBIUEpKMBaHUe MOCJAEIHEN CTPOKH U TIOCTIEHEro CToI0na). YIcHO, 9T0 ¢ — CIOPHEKTHBHBINH TOMOMOP-
dbuzm. o npegmonoxenuto uaaykiuu rpynma 1, 1 (k) paspemuma. Tokazkem paspenmMocTh TPYIIITbI

1 00 --- b
K, = Ker(p) = 010 - b bi,...,b, €k
PacemorpuM cropbekTuBHbBI roMoMophusm
100 - by
v K, > k* 010 - b — by,

Tak kak obpas u s1/1po

1 00 by

Ker(¢) = 010 b2 bi,...,bp1 €k

b. 0 0 ....... 1.

roMmoMopu3Ma Y aBIAI0TCH abesieBbIMU IPyIIaMu, TO U rpyina K, pa3pernmMa. O]

Teopema. IIpu n > 5 suarxonepemennas epynna A, we asasemes paspewumoti. Bosee mozo,
[An, A] =A,.

Jlokasamenvemso. Tlycrs i, j, k, I, m € {1,... ,n} — nomapuo pazam4nbie qucaa. Paccmorpum Tpoii-
Hble UKLl 0 = (4, j, k) u 7 := (k,l, m). Torna

[An, Ay] 2 [o,7] = (4,7, k) (k,l,m) (i, k, 5)(k,m,l) = (i,1, k).

Orcrona BumHO, 9o [A,,, A,] comepkut Bce TpoiiHble TUKJIBL. Tenepb yTBepKIeHHE JIETKO BHIBOIUTCSI
U3 CJIeIVIONeit JJeMMBI. []



Jlexmmust 4. Pazperntimmble rpy st 45

JlemMma. 3nakxonepemennrasn epynna A, nopoosicdaemcsa mpotHvlmMu YUKAGMU.

Joxazamenvemeo. TTOCKOMBKY CHMMeTpHYecKasd IPYIIa MOPOKIACTC TPAHCHO3HIUAMEI, TO JTH000M
7eMeHT o € A, TpeiCTaBJIAeTCs B BUJE MPOW3BEIEHHS UETHOrO ducja TpaHcroduruit. [TosTomy
JIOCTATOYHO JIOKA3aTh, YTO IIPOM3BECHHE MAPhl PA3JUYHbIX TpaHcnosunui 71 = (i,7) u 7 = (k,1)
PaBHO NIPOU3BEJICHUIO HEKOTOPLIX TPOMHBIX IMKI0B. Ecau Bee aneMentsl 4, 7, k, | monapHO pa3IndHEbI,
ro 172 = (4,7, k)(j, k,1). Eciu xe, naupumep, j =1, ai # j # k # 1, 10

T = (1,5)(k,7) = (1,7, k).
DTO TOKA3BIBAET JEMMY. O

Teopema. Ecau noae k codepocum Goaee mpexr Aemenmos, mo CneyuaibHas MHETHAs 2pynna
SL,(k) ne asasemesa paspewumot. Boaee mozo,

[SL,(k), SL, (k)] = SL, (k).

3ameuanne. Ha camom mese, MOXKHO 10Ka3aTh Oosee cuabnoe yrepxxaenue: ecan [SL, (k), SL, (k)] #
SL,(k), To n = 2 u mosie k comepxur < 3 371€MEHTOB.

Zokxasameavcmeo. 1lpoBenem Buruuciaenue aiasd n = 2. jaa paccMoTpenust odmero ciaydas HY2KHO
JIUTITH JIOTMOJTHATH HAIITM MaTPHUITBI MHOTOTOUYHAMA. Meem

62) G Ol=6 )6 D0 D656

rae 1 = pu(A\* — 1). Ecin X\ # £1, To 3jeMeHT 1) MoJKeT NPUHEMATE JTi00ble 3HadeHUs . AHAJIOTUYHOE
BBIYHCJIEHNE TTPOBOJNTCS Il HUZKHE-TpeyroibHbix Marpuil. Caemosarenbho, [SL,(k), SL, (k)] co-
JIEPYKUT BCe jleMeHTapHble MaTpuIlpl Tuia [. Temeph yTBepKIeHMe JIETKO BBIBOJTUTCS U3 CIAEYIOTIeR
JIEMMBI. ]

JIemma. I'pynna SL, (k) noposcdaemesn anemenmaprvimu mampuyamy, muna 1.

Hokasamenvcmeo. YTBepKIeHNe SKBUBAJEHTHO TOMY, 9TO0 j100yi0 mMarpuiy A = (a;;) ¢ onpegenn-
TesieM 1 MOXKHO 3JeMeHTapHbIME ITpeoOpa3oBanusaMu Tumna I npusectu K eaunudHoii. Ilycts ag, ...,
a, — CTPOKHW Marpuisl. Ecim as; = 0, To npeobpasoBaHueM BHIA Ay = as + &; JJIs HEKOTOPOTO i
MBI JI00BEMCS TOTO, 9TO a’271 # 0. [lanee mpeobpazoBanueM BuIa a) = a; + Aay 100bEMCS TOTO, ITO
a’L1 = 1. Hakonen, npeobpazoBauusivu Bujia a, = a; + Aay, ¢ > 1 obmyssiem nepsbiit crosbers: a;J =0,
¢ > 1. IlpogomKas Mo HHAYKIWE, IPUBOANM MaTpPHIy A K YHUTPEYTOJIbHOMY BHLY:

1 % *
y 0 1 *
0O 0 - 1

Kak n B cranmapraom anroput™Me [aycca sta MaTpura NpuBOIUTCS K YIYUIIEHHOMY CTYIIEHYATOMY
BHJLY, KOTOPBIil Oy/ieT e IMHuYHON MaTpuiei. 0
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Sagaun

4.1.

4.2.

4.3.
4.4.
4.5.
4.6.

4.7.
4.8.
4.9.
4.10.

4.11.

ZLOK&)KI/ITG7 YTO KOMMYTaHT IPOU3BEACHUA ABYX I'DYIII COBIIaJa€T C IPOU3BeAECHUEM X KOMMY-
TaHTOB.

[Tycts G — rpynna Bcex apuzkeHuii Tpexmeproro Kyb6a. Pasmoxkure dakrtoprpynmy G/G' B
npsMOe MPOU3BEICHUE MMPUMAPHBIX MUKJINIYECKUX.

[Mycrs G — rpynna u nyctb H C G — ee noarpyuma. Jlokazxkure, uro ecau H O G', to H < G.
Beraucsinre KOMMYTAHT IPYIITBL Ay.
Borancsnre kommyTanTsl rpyni SLa(Fa) u SLy(Fs).

[Tycrs F, — xoneunoe mose u3 ¢ sjeMenToB, ¢ > 2. Jokaxkure, uro rpymnna PSLy(F,) meitcryer
na P! ToabKo werHBIME MOACTaHOBKAMHU (M, TaKUM 06PA30M, UMEETCH HHHLEKTHBHbINH FOMOMOD-

dbusm PSLy(F,) — Agpq).

Joxkazkute, uTo rpynnsl D, u Sy paspernnMbl.

Boraucimre KOMMYTaHT TPYIIIBL S,.

IlycTh p U g — IpocThle Yuciaa. JJoKazkuTe, 9T0 IPYIIbl HOPAIKOB p2q U p>q pasperuMbl.

[Iycth py1, po w p3 — pa3audnbe NpocThie Yucaa. Jlokakute, 9To Tpynna MOpsjiKa pipPopPs Pas-
pelmnMa.

[TycTh p — HEWETHOE MPOCTOE YUCI0 U ycTh G — p-rpynna Takas, 4To Jarodas MOATrPYINa B Heil
HopMmasbHa. Jlokaxkure, uro GG abeseBa. BepHo jmu 910 s p = 27 Vkasanue. Cpemure yTBep-
KJeHHe K ciaydaro, Korjma [G, G| — nukandeckas rpymna MOpsaIKa p, COAePKAINAsICs B JTH000H
noArpyimie (B 4aCTHOCTH, BCe NOArpymnsl B G — nukandeckue). /lajee cBeguTe yTBEPKICHHUE K
ciaydaro, Korjga G HOpoXkKIaeTcst AByMsi djaeMeHTamu a, b u torga ¢ := [a, b] nopoxnaer [G, G|,
a? € Z(G)u P € Z(G). lMycrs Z(G) = {g). Torga a? = g™, b° = g*. Tonomum o’ = ab. Nmeem
ab = cba. Orcioma a’ = (ab)? = abab- - - ab = bPaPc!t TP = pPaPPP—1)/2 = pPaP = PP = gm+F,
TaxkumM 06pa3oM, 3aMeHsis apy MOPOXKIAINIX a, b Ha o' = ab, b Mbl napy qucen (m, k) 3ame-
uaM Ha (m' = m + k, k). OueBuaHo TakzKe, 9TO 3aMeHdAs a, b Ha o/ = a~!, b MBI mapy Yucen
(m, k) 3amenum va (m' = —m, k). [lpumensis rakue npeoOpa30BaHusi, Mbl MOXKEM YMEHbIIATH
max(|m|, |k|) u goburbes Toro, uro m = 1, 1.e. a? = 1. Ho Ttorga G = (a) X Z(G).
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IloaynpsiMblie npou3BejieHUd I'PYIII

Onpepesienne (BHyTpeHHee onpejeserne). Ilyers G — rpynna u mycts Gy, Go C G — ee MOArpyYIIIIbL.
ToBopsit, uro G ectb noaynpamoe npoussedenue G u Gy (oboznagaercs G = G X Gy) ecan

L4 G = <G17 G2>7
L] G1 N G2 = {1},
L] G1 < G.

OrmMeTuM, 9TO, B OTJIMYHE OT IPAMOIO, OIpeIeaeHe MOJIYIPIMOTO MPOU3BeIeHI HECHMMEeTPHI-
Ho. [TosynpsiMoe mpousBeieHne ABIAETCA OPSMBIM TOLIA M TOJIBLKO TOTA, KOLJIA BBIIOJTHEHO TaKrKe
yeaosue Gy <1 G.

IIpumepsr. e Jlnst rpymnbl gusapa umeem D, = (r) x (s), rme (r) — noarpymma moBopoToB, a
s € D,, — yobasg cuMMeTpHs.

oS, =A, >4<(l,j)>

o Aff,(k) = TranAff,(k) x GL,(k), rme GL, (k) oroxnecraserca ¢ moarpymnmoii addbuanbx
npeobpaszoBanuii ¢ (HUKCHPOBAHHOM) HETOABUKHON TOYKOI.

[Tycte G = G x Gy. g snementa g € G 4epe3 ¢, MBI 0003HAYUM COOTBETCTBYIONIHN BHYT-
pennnii asromopdusm. Tak kak moarpynma G; sHopmanbia B G, 10 ¢4(Gq) = G;. CremoBarensHo,
orpaxuverne ¢, Ha G — aBromopdusm G (Heobsa3aTEIBHO BHYTPeHHNIT). MBI €ro TakzKe 0003HATHM
qepes 4. Takum 06pa3oM, onpeeseH0 0TOOpaKeHHe

O : G — Aut(Gy), g —> .

Omno sBysiercss romomopdusamom rpyii. /leficTBuTe/1bHO,

i

Sog’g”(a> _ (g/g//)CL(g g )—1 — g/(g//ag//—l) /—1

9 = ey (pgr(a)).
Ci1e10BaTeIbHO, Pggn = Qg o Pgr.
IMpennoxenune. Iycmv G = G1 X Gs.
(i) Jas ar06020 anemenma g € G umeem mecmo eJurcmeenHoe pasiodcenue g = gigs, g € G;.

(i) Eeau nodepynno. G1 u G koneunw, mo |G| = |G| - |Ga|.

47
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(iii) Jdas gi, gi € G; ymmoosrcenue sInemenmos gigs U gy gy MOAHCEM oMb 6LINOAHEHO MO NPAGUAY
(9192) - (9195) = (91045 (91)) (925), (%)
Hokxazameavcmeo. 3amerum, 4to 11d a; € (G; UMeeM

(201 = aza105" Az = Pay(ar)as, ()
1€ Pay(a1) € Gy. Hoap3ysch 310it GopMyIoit MOXKHO JII000€ HPOU3BEICHHE
g = b Y 0 € G
IPUBECTH K BHULY
9 = 9192 gi € Gi.
Otcrofa ciieflyeT CyIecTBOBaHUe PAa3/IOXKeHHsd B Jlns noKaszaTespbcTBa €IMHCTBEHHOCTH IIPeJIo-
JOXKAM, 9TO ¢172 = ¢4 95, TIE Gi, g. € G;. Torma To

G2 gody " =01 g1 € Gy

Tax kak G1 NGy = {1}, 10 gogb ' =g7'g, =1, g1 = ¢} w g2 = gb.

VrBepKIenue nenocpeacrsenno cieayer u3 [(i) s goxasarenbcrsa nosb3yach (f) za-
TTHIITeM

(9192) - (d195) = (91(929193 ")) (9295) = (9104:(d1)) (9295)- O
Dopmyiia HOJABOJUT HAC K CAEAYIOIIEMY ONPeIeICHNUIO.
Onpenesienne (BHerHee onpeeenne). [lycts manbl e rpymnnsl Gq u Gy u 3a1aH roMoOMOpdU3M

® : Gy = Aut(Gy). Ana go € Gy monoxuMm @y, = P(Gy). llycrs G := G; X Gy — AeKaproBo

inn

npoussesenne Gy u Gy (Kak muo)kecTB). Oupegesum ymHozxkenue Ha G 10 npaBuiy:

(91, 92) - (91, 95) = (9109,(91), 9295)-
I/IMQIOTCH ecTeCTBeHHBIEe UHLEKTHUBHEBIE OTO6pa)KeHI/IH

Gl — G7 g1 —— (gl7 ]-)7
G2 — G7 g1 —— (17 92)

Mbr oroxkectBum G u Gy ¢ ux obpa3aMu Mpu ITUX OTOOPAIKEHUSIX.

IIpensoxkenune. (i) Onpedenennoe sviwe ymmoscenue onpedessem epynny Gi X Go.

inn

(i) Ipynna G x Gy asasemca noaynpamvim npoussedenuem ceoux nodzpynn Gy u Gy.

inn

Joxazameavcmeo. [TpoBepuMm acconmaTuBHOCTD. Y YUTHIBAS , MbI MOYKEM 3allHCaTh

a:= (g1, 92) - (91, 95) - (97, 95)) = (91, 92) - (9100 (91), 9595) = (9109, (91001 (d1)), G19595),
b= (91, 92) - (g1, 95)) - (91, 95) = (9100:(91), 9295) - (97, 95) = (91042 (91)Pyagr, (91): 91955)-
Tak Kak

9194, (91904,(01)) = 9109,(91) g, (055 (91)) = 91095 (91)Pgng,(97),
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10 a = b. Exuuuneit B nanteit rpynue sisiercs (1,1):

(917 92) ’ (]" 1) = (919092(1)7 92) = (917 92)7
(1, 1) - (g1, g2) = (61)(91), 92) = (91, g2)-
Jlaist o6parHoro saementa 1moaoxuM (g1, g2) ' = (¢ (g11), g5 ). JeitctBurensho,
g2 1 2
(915 92) - (P (911): 921) = (91902 (25 (971)), 9292") = (1,1).

CnenoBarenbuo, G; X Gy — rpymna.

inn

dceno, uro G; N Gy = {(1, 1)}. Boxee toro, aug moboro g = (g1, g2) € G umeer mecto
OJTHO3ZHAYHOE PA3JIOKEHHE B MPOU3BEICHUE 3IeMEeHTOB rpymn G

9= (91, 1)(1, g2).

Haxomen, nns (¢, 1) € G 1 g = (g1, g2) € G umeem

g(g1, Dg~" = (g1, D(L, g2)(91, (L, g2) (g, )" € H. O

Bameuanne. Onpese/leHHOE BBINIE BHEIHEe TOJIYIPSIMOE MPOU3BEICHNE SBIAETCS MPSIMBIM TOTIA U
TOJBKO TOTa, Korga ® : Go — Aut(Gy) — TpuBnasbubiii romomopdusm, T.e. P(Gq) = {1}.

IIpumep. Ilycts p u ¢ — mpocThie Yucaa Takue, 9To p HecstokHO BHAETH, UTO
Aut(p,) ~ Aut(Z/qZ) ~ (Z/qZ)".

/1€ MOCJIe/IHsIsE TPYIINA — TO TPYIHa OOPATHMBIX 9JIEMEHTOB B KOJIbIle 7 /qZ. OHa umeeT MOpsIoK q— 1.
ITo Teopeme Jlarpamka u nepsoit Teopeme Cumosa Aut(p,) Coaep:KuT HOAIPYIITY TOPAIKA P TOLIA
u TOJIBKO TOra, korga ¢ = 1 mod p. Cnenosarensuo, ipu ¢ = 1 mod p cymecTByeT HETPUBHUAb-
b1t romomopdusm p, — Aut(p,) T OH 337aeT TOMYNPAMOE TTPOUSBEACHUE [, X [4,, ABJISIONICCCS
HeabesIeBoOil IPYIIOH MOPsIKa pq.

Sagaun

5.1. JokaxkuTte, 9TO I'PYIIA S, Pasjaraercd B MOJyHpsIMOe IPOU3BEIeHHE IBYMs CYIIECTBEHHO pa3-
HBIMHU CIIOCODAMU.

5.2. IlpenctaBbTe B BUjie HETPUBHAIBHOTO MOJIYIIPIMOTO TPOW3BEIeHUs IPYIILY BEPXHETPEYTOIbHBIX
MAaTpHIL.

5.3. JlokayKnTe CyIIecTBOBaHWe HeabeaeBoil TPYTITLI OPSIKA P°, NCTOAB3YS MOIYIPSIMOe MPON3Be-
2 - o0
aerne F7 ¢ cunosekoit p-moarpymmoiit B GLo(IF)).
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0.4.

3.9.
3.6.

IIycTh p 1 ¢ — paszaudHble TpocThie Ynciaa. Korma cymecrsyer Heabeesa IPyHIa HOPAIKa, pg?
Taiite nmonmeii orBer. Pewenue. Ecam p = 1 mod ¢ mm ¢> = 1 mod p, T0 cymecTByeT
HETPUBUAJIBHOE IHOJIYNPSIMOe HPOU3BEJEHNe [, X [, WIH [, X (p,q X uq). Ecnu ke oba sTm
YCJIOBHSI HE BBIIOJIHSIOTCS, TO TPYIIIA T0JKHA OBITH MPSIMBIM IPOU3BEICHIEM CBOUX CHIOBCKUX

noArpynn (cM. 3amaqy [3.25)).
T[TycTh p M ¢ — pas3amdgHbIe TPOCTHIE YucTa. Korga cymecTsyer neabeneBa rpyma nopsaka p2q??

[Iycts py, P2, p3 — pasaudHbIe MPOCTHIE YHCIa. Korjga cyiecTByer HeabesaeBa I'PYIIIa MOPS KA
pip2ps? Jaiite moansrit orset. Pewenue. Ecau p; =1 mod p; npm ¢ # j, TO CyImecTByeT HETPHU-
BHAJIPHOE IIOTYIPAMOE NPOU3BEICHIE [, X [, . Ecmm ke Bce 3TH yca0BUSA He BBIMTOJTHIIOTCH,
TO 10 KpaifHeil Mepe OHa U3 CHJIOBCKHUX MOATPYIII OYIeT HOPMAJIbHOR U JielicTBHe Ha Hell Beeit
IDYIIIBL CONPSIKEHUAMEI OYIeT TPUBUAIBHBIM (CM. 331y .



Jlekmnga 6

IlpocThie rpynibi

HamomuanMm, 910 Tpymnma Ha3bIBaeTCd npocmotl, €CIn OHA He COAEPKUT HeTPUBUATIBHBIX HOPMAaJIbHBIX
MOJINPYIIIL.

6.1 KoMOo3uinoHHbIl psga TPpyNbl

IIpennoxkeune. [Iycmov G — koneuwnas epynna. Tozda cywecmsyem nociedosamesvHocms nodzpynn
{1} =G GG& -5 G =G
maxas, 4mo
o xaoicdasn nopmarvna G; 6 Gy,
o gaxmopepynna Gi11/G; npocma das 6cex i.

Takas mocJie1I0BaTeJIbHOCTD HA3BIBACTCS KOMNO3UUUOHHbLM pAdom rpynnbl G. Takum obpaszowm,

KOMIIO3UIIMOHHBIH P, — 9TO MENOoYKa HOPMAJIbHBIX JPYT B APyre MOATPYIII, KOTOPYIO HEIb3s “yILIOT-
2
HHATH .

Zoxazameavcmeo. VHAYKIAA 110 TOPSAKY TPYIIbI. ba3za nHAYKINT odeBHAHA. MBI MOXKEM CUATATD,
yro G He sSBJAETCS TPOCTOoi, T.e. B G cyllecTByeT HeTpHBUAJIbHAsI HOpMaJbHad noarpymnma N. To-
ria dakroprpyiia G = ¢ /N umeer MeHbIIUH OPSMOK U 10 IPEJNOJOKEHUIO WHJLYKIUK JIJisi G
CYIIECTBYET KOMIIO3UITMOHHBIA DT,

Iycrs ¢ : G — G/N — romomopdusm daxropusanun. Homoxum Gp_; = ¢ ' (G,,_1). Toraa romo-
mopdusm G — G/G,,—1 CIOPBEKTHBEH U ero siapo coBnajgaer ¢ G,_i. CrenoBaresbHo,

G/Gn,1 ~ G/Gmfl.

DTa rpylma sBagerca NpocToit, a A (G, 1 KOMIIO3UIHOHHBINA PsiJi CYyIIECTBYET IO IPEIITOI0KEHUTO
WHTYKITAH. []

Bameuanue. Koneunas rpynna G gBIsSeTCS pa3peInMoil TOT/Ia U TOJIBKO TOrIa, Koraa ee (106oit)
KOMIIO3MIIMOHHBI Psiji UMeET TOJbKO abesieBbl hakroprpyinbl Gy /G;.

Jlajtee MBI pacCMOTPUM HEKOTOPBIE CEPHH MPOCTHIX HeabeaeBbIX IPYIIIL.

ol
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6.2 IIpocToTa 3HaKONEpEMEHHbBIX I'PYINI

Teopema. Ilpun > 5 epynna A, npocma.

Hanmomuuwm, aro npu n < 3 rpynnsl A,, ABIAIOTCS IHKJIMYECKAMHI, a Ay COMEPKUT HOPMATHHYIO
noarpymmy Vy (derBepryto rpymmny Kireiina).

JlemMma. Ilycmov o € S, u nycmo

o=01 0, = (i], 0, ... 05 ) (5,05, ..., 00 )

mi ) My

— pasAoHCeEHUE 6 npouseedeHue HE3ABUCUMDBIT UUKAOE. Toeda dasn T € Sn pasnoxiHcernue nodcmaro6Ky
1 6 npousee&eHue HE3ABUCUMDBIT YUUKAOE UMEET, sud

e (T(z}),T(z;), o ,T<z',1m)> (T(z’g),7<z’g), o ,T(fm)).

lokaszamenvcmaso. Vmeem

ToOoT

—1 () — 1N (il
Tooor ' (T(iy) = Too(i}) = T(4 1),
rJle HIPKHUH WHJIEKC y 7% MBI PACCMATPUBAEM IO MOAYJIO 1. DTO H TOKA3BIBAECT PABEHCTEO. O

CJIe,I[CTBI/Ie. Kaacew CONPAHCEHHOIL INEMEHTIIOB 6 Sn — 3Mo0 6 TNOYHOCTNU IAEMEHTNBL, UMENOUUE
odunarxosoe UuUKAUYECKOE CINPOEHUE.

IIpumep. lmerorcs cieyromme KaacChl COUPIZKEHHBIX 9JIEMEHTOB B Ss.
o wernnte: {(1)}, {(4,7)(k, D)}, {0, 5, k) }, {0, 5, k, [, m)},
e ueuernste: {(i,7)}, {(4,4,k,0)}, {(3,7,k)(l,m)},

rie Bee i, j, k, [, m — pasauansie uncaa usz {1,...,5}.

ITpocmoe doxasamenvemeo meopemv 0aa cayuas n = 5. Haiimem Ka1acchl CONPSKEHHBIX 3JIeMEHTOB
B As. /I71 5TOT0 HepevYrcauM YeTHbIe KJIACChl CONPSZKEHHbIX 3JEMEHTOB B S5 (TPUBHAJIBHBIN KJIACC
MBI HE PACCMATPHBAEM ):

o | [Orbsy ()] | [Zss ()| | Zs;(0) | Zas(0) | [Orbas(0)] |
G k) 20 6 o, 4,m)y | (o) 20
(Z7])(k7l) 15 8 <V47 (iakaja l)> V4 15
(i,7,k,1,m) 24 5 (o) (o) 12

Takum 06pa3oM, YeTHbIE KJIacchl compsizkeHHBIX saementoB Sy Buma {(1)}, {(i,7,k)}, {(i,7)(k, 1)}
OCTAIOTCS KJIACCAME COUDSZKEHHBIX 3jieMeHTOB 1 B As, a xuacc {(i,7,k,l,m)} pacnamaerca na jsa
KJjacca B As.
ITycts H <1 Ajs. Torma nmoarpymnma H cocraBiieHa n3 KJIACCOB CONMPSIKeHHBIX jieMenToB. CrenoBa-
TeJIBHO,
|H| = 1 —f- 201’1 + 15£L'2 —I— 12!1337

rae x1, 2 € {0, 1}, x3 € {0, 1, 2}. Ilo Teopeme Jlarpamxka |H| neaut 60. JIerko mpoBeputhb, 9TO 9TO
HEBO3MOZKHO. []
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JIemma. ITycmo H S, n > 5. Toeda H = {1}, A, uau S,.

Jlokasamenvcmeso. Tlpeanonoxum, aro H # {1} n nycrb 0 € H — HeTpUBHAJILHBI JeMeHT (MbI
MOYKEM CUUTATh, YTO @ — JEMEHT IPOCTOTO MOPsijiKa). Pa3ioKuM o B IPOU3BejIeHNE IUKJIOB He3aBH-
CUMBIX THUKJIOB U TYCTh (iy,%9, ... ,0,) — DAKJI HAKOOJIBINEH JJIUHBI B PA3JIOKeHUH. TakuM oOpazoMm,
0 = (i1,92, .., 4m)T, TIAe T — IPOU3BEJIEHAE OCTAILHBIX IUKJIOB (BO3MOXKHO mycToe). CHauata mpej-
moJ102kKuM, 910 m > 3. Torna H coaepKuT mo/JICTaHOBKY

o' = (i1,92)0(i1,42) 7" = (i1, 42) (i1, 92, - . -, i ) (31, 92) 727 = (42,91, . . ., 5m)T.

[Toaromy
o'o™! = (in, i1,y i) TT (i1, G2y - ooy i) " = (i1, 42,43) € H.
CnenoBarenbHo, H COIEp:KUT BCe TPOitHbIE NHUKJBL. [I0CKOIBKY A, MOpOKIAaeTCst TPONHBIME IIMKJIA-
mu, H D A,,.
[Tycrs Tenepb m = 2. Torga o umeer Bunx (i1, j1) - - - (i, ji). Ecm k =1, to H = S,, (H0CKOJIBKY
S, mopoxaaercsi Tpancnosunuamu). [lycrs k > 2. Torna

H 3 (iy,12)0(i1,i2) Lo = (i1,42) (ji1, J2)-

Caenosaresbno, H comep:KuT Bce MOACTAHOBKE BUa (i1, %2)(J1, j2), TA€ i1, i2, j1, jo MOMAPHO PA3INY-
ubl. Torpa juyist k OTJIUYHOTO OT iy, i9, J1, Jo UMeEEM

H 3 (i1,42) (J1, J2) (1, J2) (i2, k) = (i1, 42, k),
1.e. H conepxkut Tpoiiubie nmuk/ibl. Kak u Boime nmoayaaem H D A,,. O]

okxazameavcmeo meopemvr. Ilycrs Hy <<A,, n mycth Hp He SBIsIETCS HOPMAJIBHON TOATPYION B S,,.
Bri6epem nmoarpymiry H; Tak, 94To ee MopsaIoK MakcuMaJ/ieH. PaccMoTpum peiicTBre S, CONPSAzKeHUAMI
na MuoxkectBe ) Beex moarpymm. [lockoapky mopmanusarop N(H;) = Ns, (H;) comepxur A,, TO
| Orb(H,)| < 2. Tlo namemy npenosoxenuto |Orb(H;)| = 2. Takum obpasom, N(H;) = A, u
Orb(H,) = {H,, H2}, tne Hy — coupsazxennas ¢ H; (moacranoBkoii u3 S,) noarpynna. [Tosromy Ho
— moArpymnna uHaekca 2 B S, u mo jgemmve N(Hs) = A,,. Takum o6pazom,

H, ecmo€eA,,
Hy ecimo €S, \A,,

oHyo™t =

Hy ecmmo€eA,,

oHyo ! =
H, ecmno €S, \A,.

Orcrona ciaenyer, aro HiNHy<1S,, n o temme HiNHy = {1}. T'pynner Hy u Hy 06pasytor npsmMoe
npoussesienne B A,:  Hy X Hy C A,. Boaee toro, Hy x Hy < A, (mpoBepbre camocTosiTesibho). [1o
HameMy BeiOopy H; mmeem H, X Ho = A,,. B wactHOCTH,

|An | = |Hy| - [Ho| = |Hy|".

Tak kax |H;| pequrcs #a 2, To mo nepBoil Teopeme CuioBa B Hp CyIIECTBYET 3JIEMEHT 0 MOpsiika 2.
[Iycth 0 = 07 - - - 0} — pa3yioKeHUE B MPOU3BEJIeHNE HE3aBUCUMBIX TpaHcmo3uiuit. Torma

H >0= Ulaafl S alHlafl = H,

[Tocieqaee mpoTUBOpeUre JOKA3BIBAET TEOPEMY. ]
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6.3 IIpocToTa MPOEKTUBHBIX JIMHEMHBIX TPyl
HanoMmHmM, 94T0 POEKTUBHAs JHHEfiHAs IpyIina — 570 GaKTOPrpyImna
PGL, (k) := GL,(k)/{\E | X € k*},
a crenuaJjbHas NpoeKTuBHas JuHeiinas rpynmna PSL, (k) — sto o6pas SL, (k) B PGL, (k).

Teopema. IIpu n > 2 epynna PSL, (k) npocma 3a uckarouenuem dsyx cayuaes:
PSLQ(FQ) U PSLQ(Fg),
ede F, — nose us q anemenmos.

Mpupr moKazkeMm 3Ty TeopeMy TOJBKO /i caydas n = 2. Jloka3aTeabcTBO OCHOBBIBAETCS HA CJIEJTy-
IOTIleM TIPe/IJIOYKEHNH.

IIpennoxkenne. [lycmv noae k codeporcum ne menee wemwiper snemenmos u nycmov N <1 SLa(k)
HEMPUBUGALHAA HOPMAALHAA Nodepynna, codepocawas —F. Toeda N = {£E}.

Cravana JTOKaXKeM JIeMMY.

Jlemma (pasznoxkenue Bpioa). ITosooicum

0 1 A .
w:(_l ())’ b/\,u:(() )\—1)7 B:={by,| ek, pek}.

Toezda
SLs(k) = BU BwB, BN BwB = @.

Zokxasameavcmeo. 1lycTh e, ey — cTangapTHbIil 6a3KMC B IPOCTPAHCTBE CTOJIOIOB. ZlcHO, 9TO

A
b/\’u e = )\81 = (0> 9

, ()
bypwe; = —by, ey = ()\1).

[Tycrb g € SLy(k) — mpowsBoabHbIi 37eMenT. PaccMoTpuM BeKTOD

X = 1y . e
= o =geq.

[Ipeamonoxkum, uro xo = 0. Torma x; # 0. Corsmacuo , CyIIecTByeT 3jieMeHT b € B Takoii, 910
be; = x = ge;. Torna e; — cobCcTBeHHBIN BeKTOp g ¢~ 'b u, 3HauutT, ¢ b € B. Cienobare/bHo,
g € B.

[Iycts 9 # 0. Torma bwe; = x = ge; gans Hekoroporo b € B. Orcioga cieayer, 94To €; —
COOCTBEHHBIH BEKTOD 11d ¢ 'bw m, 3naunt, g~ 'bw € B. Caenosarennno, g € BwB. Taxum o6paszom,
MbI okazasm, 110 Shy(k) = B U BwB.

Hakomnemn, eciu ¢ € BN BwB, 1o g = Vwb”’ € B ana wekoropeix O, b’ € B. Ho torma w =
b'~tgb"=! € B. IIpoTuBopeune. O
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Zokazameavcmeo npedaootcenus. N3 paznoxkenns Bpioa ciaemyer, 9ro B He COAepKUTCS B APYTOi
nozrpyme, ormmanoii 0T SLy (k). Heiicreurensro, ecm H — noarpymmna rakas, uro B G H & SLy(k),
To ayist h € H \ B mbl uvmeem h € BwB, me. h = bwb’ ansa nwekoropeix b, 0" € B. Ho torma
w=V"tht"~!t € H. Cnenosarensno, H = SLy(k). IIpoTrupopeune.

Hanee, mycrb N <1 SLy(k), N D {£1}. Torma NB — noarpymnmna B SLy(k). Coracto ckazamnomy
soitie, NB = B wmn NB = SLy(k).

Bo nepsom ciyuae umeem N C B. Ho Torja e€; — cobCTBeHHBIH BEKTOpP /i JIIOOOrO 3J1€MEHTa,
h € N, 1.e. hey = \pe1, Ay € k u uist sro6oro g € SLy(k) mveem

h(ge1) = g(g~"hg)er = gh'er = A gex,

rie I’ := g 'hg) € N. Takum obpasom, ge; — Takxke cobcTBenHbIit BekTop Jys h. Tak Kak ge; Moxker
OBITH JTIOOBIM HEHYJIEBBIM BEKTOPOM, TO h — cKayigpHas Marpuna. [IporuBopedne.
Bo BropoMm ciydae w = hb miig nekoropsix h € N u b € B. [lonoxum

IO (1| e ([ P

Tax kak N Hopmasbaa B SLo(k), To mis sob6oro u € U umeem
huh™ = h(uh™'u™")u € NU

CiietoBaTeIbHO,

U =wUw™! = hbUb~'h™!' = hUR™' C NU.
Tak kak U u U nopoxgaor SLy(k), To NU = SLy(k). Torga rpynma
SLy(k)/N = NU/N ~U/U NN
stBsistercs abesteoii. 3uadur N D [SLo(k), SLy(k)] = SLo(k). O

oxasamenvcmeo meopemui. Ilycre N <1 PSLy(k) nerpusnasibnas HOpMa/ibHAs HOAIPYIIA, IyCTh
m : SLy(k) — PSLy(k) — ecrecrennsiii romomopdusm i mycrs N := 7~ '(N). Torma N <1 SLy(k),
N # SLo(k) u N # {£1}. 910 1pOTHBOpPEYUT TPEIOKEHHIO. ]

3ameuanmne. llmeor MecTo n30MOPGMU3MBI:
o PSLy(F,) ~ S5 (cm. 3agauy [3.3),
o PSLy(F3) ~ Ay (em. 3amauy [3.3),

o PSLy(Fy) ~ A5 ~ PSLy(F5) (cm. 3amaun 3.4 u [6.7),

)

L PSL2 (Fg A6 .

12

ITpumep. I'pynna PSLy(Z) He siBasieTcs npocToit. 10, HAIPAMED, CJELyeT U3 TOrO, 4TO JJIs JTEOOro
n € N rpynna SLy(Z) comep:KUT HOPMAIBLHYIO TOATPYIITY

I'(n):={Ae€SLy(Z) | A= E mod n}.



Jlexmmst 6. [IpocTere rpymmbl 56

6.4 IIpocToTa cnenuaJjbHOii OPTOrOHAJILHOI I'PYIINbI

HamomuuMm, 910 oproronasibhast rpymmna SO, (R) — sro rpymnma Bcex oproroHaJbHBIX OMEPATOPOB €
olrpejieiuTesieM 1 B n-MEepHOM BellleCTBEHHOM IpocTpancTBe. Ilpu n = 2 sTa rpynna adesena:

S0,(R) = { (COSO‘ _Sino‘) ’ o€ R} ~ R/2nR.

sin  Ccos«

[Tpu n > 2 nenrp rpyunst SO, (R) TpuBuaien, ecjin n HEYETHO U HOPOXKIALTCS CKAJSIPHON MaTpuUIleil

—E, ecn n werHo (cM. 3anady [6.8).
Jlasiee MBI JIOKazKeM MDPOCTOTY clienua/ibHoi oproronajibhoi rpymns SOz(R). Hanomuum, uro

JII000H OPTOrOHAJIBHBIN OIlepaTop ¢ OIpejaejnTeeM 1 B TpeXMEpPHOM IIPOCTPAHCTBE B HEKOTOPOM
Da3nce MOKeT OBITH 3alHCaH MaTpPHUIei

1 0 0
0 cosa —sinw
0 sina cos«

T.e. OH FABJSETCS IIOBOPOTOM BOKPYT HEKOTOpoii mpsaiMoii. [ToBopoT BOKpYr mpsiMoii [ Ha yros o Ml
OyaeM 0003HAYATD 17 q-

Teopema. I'pynna SO3(R) npocma.

[Tpeamosnozxkum, aro rpyumna SO3(R) we aBagercs npocroii u mycth N — ee HOpMaTbHAs MOAIPYIIIIA,
OTIMYHAs OT eanHnaHoil. [lycrs 7, — HeequHUIHLIH 1eMenT (moBOpOT Ha yrorx a Z 0 mod 27).

JIemma. JIasa mobwx deyzr sremenmos v, ' =1, € SO3(R) eepro paserncmeo
_1 _
rrial = Tr(),a-

CaexncrBue. Ecau nopmasvhas nodepynna N < SO3(R) codeporcum nosopom wa yeon o, mo ona
codeporcum u 8ce noBOPOMbL HG IMOM, Y20..

Jlemma. Jas mobvix 06ys sremenmos r =1y, ' =1y € SO3(R), [ # 1" sepro pasencmeo
Tl T = T 28,
ede I — mpamas, nepnenduryrsprasn L ul', a § — yzon meoncoy | ul'.

CaencrBue. Ecau nopmaavhas nodepynna N < SO3(R) codeporcum nosopom na yeon w, mo N =

SO5(R).

JIemMma. Jlaa a0boz2o nosopoma 1y, 0 < a < m u das amobozo 0 < B < a cywecmeyem npamas m
marxas, wmo yeos 3 mexcdy m u ro(m) pasen .

Zoxasamenvcmeo. TlpoBegem maockocts 11, He TPOXOISINY0 Yepe3 HAYATIO0 KOOPAUHAT U IIE€PIEH -
kyaapuyio [. [lonoxum P :=1INIlu h:= OP. Hiuga nmoboro p > 0 MBI MOXKeM B34Th B ILIOCKOCTH 11
Touky A, orcrogimyio or P Ha paccrognue p. [lycts B := 1 ,(A) 1 mycTh m — npsaMast, CoeANHAIOMAS
roukn O u A. Torga 1, ,(m) Oyaer upsmoit, coepunsiomeit rouku O n B. Tonxoxkum OA = a. fcno,
a1o Tpeyronbauku OPA u O PB npsiMOyTOJIbHBI U PABHBI.
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N

[IpuMenrM TeopeMy KOCHHYCOB B paBHOOeIpeHHBIX Tpeyroibaukax OAB u PAB:

2 _ 5 1 —cosa

2a% — 24’ cos B = 2p* — 2p* cos v, a _—
1—cosf

Teneps mpumernm Teopemy lludaropa B Tpeyronpanke OP A:

h? +p? = a®.
Orcrona
W24t 5 1 —cosa 5 ;9 Ll—cosf
tp=p—, P =R
1—cosf cos 8 — cos «
Jns 0 < f < a mpaBast 4acTh MOCIEIHET0 BhIpaykeHus mosoxkuTeabHa. Ciemnosarenbto, g 0 < [ <
Qv MBI MOKEM HAfiTu h Takoe, 4TO yrou Mexjay m u r;,(m) pasen 3. O

CaencrBue. Ecau nopmanvnas nodepynna N <1 SOs3(R) codeporcum nempusuasvhuti nosopom Ha
3
Y204 (, O OHA COOEPAHCUTN, U BCE NOBOPOTBL HA Yeabl Y 048 0 < v < 2.

Zokxasameavcmeo. CorlacHO MOCAEIHEMY CJAEICTBHIO MBI MOXKEM CUYHTaTh, 4To 0 < a < 7. Ilyctp
T = 1. A8 JI0OBIX HPAMBIX [ ¥ 10 UMEEM Ty, r—1 Tmnx € N. CregoBarebHo,

Tr(m)w Tma = (7' T r ) P = F (P r1 Tmm) € N.

Taxum o6pazom, N cofep:KUT TOBOPOTHI Ha YIJIbI 27, TJe 7y — Yyroa Mexay upambeivmu m u r(m). Io
IpeJIbIIyIeil JeMMe Y MOKeT IPUHUMATh Bce 3HadeHns () < v < a. [

Oxonuanue dokasamesvemsa meopemui. COTIACHO MOCJIETHEMY CJICICTBUIO Mbl MOYKEM CUUTATH, 9TO
noarpymma N <ISO3(R) comepzxut u Bce TOBOPOTEL 1, Ha yruibl 7 1151 0 < 7 < 2. Beps nx kparnocTw,
MBI OJIYYIUM, 9TO N COEPKHUT MOBOPOTHI HA JIOOBIE YIJIBI. O

Usgecrro, gro rpymma SO, (R) sapasercs npocroii mas aoboro wederHoro n > 3, a rpymnma
SO, (R)/{£E} saBagerca mpoctoii ns Jwoboro wernoro n > 6. OTMeTHM, OJHAKO, YTO TPYIIA
SO4(R)/{£FE} upocroii ne sipsiercs.
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Sagaun

6.1.

6.2.

6.3.

6.4.

6.5.

6.6.

6.7.
6.8.

[Tycts G — KOHEYHAsT IPYIITTIA TaKast, 9TO ee CUIOBCKAsl 2-TIOATrpynna — mukandeckas. Jlokaxmure,
410 G HEe MOZKeT OBITh pocToil. Ykaszanue. Vcnonb3yitte Teopemy Kamu n nopmaabnocts A, B

Sp.
Onummure KIaCChl CONMPSIZKEHHBIX 9JIEMEHTOB B Ag.

Hokazxure, uro PSL, (k) — Hopmanbnast mogarpymmna B PGL, (k) asst mo6oro mos k. Ecam nose
k komeuno, to uemy pasen ungekc [PGL, (k) : PSL, (k)]?

Hokaxure, uyro rpyiua SL,(C) nopoxaaercs 3/1eMeHTaMi KOHEYHOIO HOPS KA.

Ilycte [, — nmoste u3 ¢ ss1eMeHTOB, rie ¢ — 4eTHoe, ¢ > 2. Jlokaxkure, uro rpynna PGLy(F,)
neiicteyer Ha P! TOMBKO 9eTHBIMH MOACTAHOBKAME (M, TAKEM 0OPA30M, IMEETCST MHbHEKTUBHBII
romomopdusm PGLy(F,) — Ayqq, cp. ¢ 3anaueii [4.6)).

Ilycts F, — moste u3 ¢ s;eMenToB, rue ¢ — HederHoe. [Jokaykute, uro rpynmna PGLs (k) He MokeT
neitfcrBoBaTh Ha P! TOALKO YeTHBIMH HOICTAHOBKAMH (cp. ¢ 3ajagamu u u .

JlokaxkuTe, 9TO MpocTas rpyiima mnopsiaka 60 uzomopdua As.

Hokazxwure, aro nentp rpynnsl SO, (R), n > 3 TpupwajeH, ecau n HEYETHO W TMOPOXKIAETCS
CKaJIIpHON MaTpuleit —F Ipu 94eTHOM n.
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KoJabiia, naeajbl, MOAYJIA, TOMOMOP(MU3MbI

7.1 Koapma
Onpenenenne. Koabyom Ha3bIBAETCS HEIYyCTOE MHOXKECTBO R ¢ JByMsl OlepanusMiu: CJIO0KeHHeM
(+) u ymHOXKeHHeM (-) TAKHMH, ITO

e R sapisieTcst abesieBOM IPyHIIOH OTHOCUTEIBHO CJIOKEHUSI;

ea-(b+c)=a-b+a-¢, (a+b)-c=a-c+b-c nra mobbIX 37eMeHTOB a, b, ¢ € R.
Kouib110 Ha3BIBAETCS ACCOUUAMUBHBIM, ECJIU BBIIIOJHEHO CBOHCTBO
(@a-b)-c=a-(b-c) Va, b, c € R.
Kosib1io Ha3BIBAETCH KOMMYMAMUEHIM, €CJH BBIITOJHEHO CBOHCTBO
a-b-=>0-a Va, b € R.
Eounuueti koavuya HaspiBaeTcs saeMenT 1 € R rakoii, 9To
140 u l-a=a-1=a Va € R.
(ecaiu Takoii cyiecTByer). 3aMeTHM, YTO eJMHUIA €JUHCTBEHHA, eCJH OHA CYIIeCTBYeT.
Llenmpom xoavua R Ha3BIBaeTCs MHOMKECTBO
Z(R):={a€R|a-x=x-a Vr€ R}

T.€. 3TO MHOYKECTBO 3JIEMEHTOB, KOTOPBIE KOMMYTHPYIOT cO Beemu dneMentamu R. fcuo, uto Z(R)
ABJIACTCA IMMOAKOJIbIIOM B R

ITpumepst. (i) CrangapTHRIME IPUMEPAMH KOMMYTATHBHBIX ACCOIMATUBHBIX KOJIEI ¢ €JIMHUIIEH
SIBJISTIOTCST KOJIBIIO TIEJIBIX IHce Z, KOJbla BbIueToB Z/nZ w KoJblla MHOTOUYIEHOB R[x| (Ha
KOMMYTATUBHBIM ACCOIUATHBHBIM KOJIBIOM ¢ enunuIeii). Llesbie ueTHble uncia o6pasyor KOM-
MYyTaTHBHOE ACCOMUATHBHOE KOJIBIO 63 eMHUIIBL.

(ii) HamomuuM, 9TO 3HIOMOPMU3IMOM TPYIIBI HAZBLIBACTCS JHO00H rOMOMOPMU3M 3TOH IPYIILI B
cebs. [Tycrp A — abesieBa Tpynmna ¢ aJiuTuBHOl oneparueii u mycrs End(A) — MHO)KeECTBO Beex
srgomopdusmos A. OnpenennmM caokenne 3HI0MOPGU3IMOB (DOPMYIOi

(o +¢)(a) = o(a) +¢(a),

a 3a yMHO)KeHHe Bo3bMeM KoMmosutuio. Torga End(A) craHOBUTCST acCOMUATHBHBIM KOJTBIIOM C
e TMHUIIEN.

29
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(iii) MuozxkecrBo O, QyHKIUHT KOMILUIEKCHOIO IIEPEMEHHOIO, AHAJIUTUIECKUX B TOUKe 29 € C, siBisi-
€TCd KOMMYTATUBHBIM aCCOIUAaTUBHBIM KOJIBITOM.

(iv) ITycrs R — acconmaTuBHOE KOJIbI0. OnpeneanM HOBoe yMHOKeHHe HAa R dhopMmy.ioit
[a,b] =a-b—"b-a.

Toryma R ¢ 9TUM HOBBIM YMHOXKEHHEM TAKIKe SIBJISIETCS KOJIBIOM (B OBIIEM CIyvae HEKOMMYTa-
TUBHBIM M HEACCOIMATUBHBIM). VIMEIOT MECTO COOTHOIICHNUST

[a,b] = —[b, a] Va, b € R,

[la,b],c] +[[b,c],a] + [[c,a],b] =0 Va, b, c€ R (roxaecrso fkobu).

Kosbiia, B KOTOPBIX BBITIOJHSIIOTCS 9TH CBOMCTBA HA3BIBAIOTCH KoAbyamy Jlu. Jpyrum npume-
poM KosibIa JIu sBIsgeTcs TpexMepHoe BeKTOPHOE TIPOCTPAHCTBO R? ¢ BEKTOPHBIM yMHOKEHUEM.

Onpenenenne. IlogmuoxkecrBo Ry C R xoabiia R HasbiBaeTcs nodkoavuyom, ecan Ry sBiasgercs
KOJbBIIOM C TEMH ZKe OHepaHI/IHMI/I CJIOZKEHUd " yMHO)KeHI/IH.

dcno, uro Ry C R sBjsiercss MOJAKOJIBIIOM, €CJIM JijIsl JIFOOBIX 3JIEMEHTOB JIJIs JIIOOBIX JIEMEHTOB
a, b € Ry ux cymma a + b, paznocts a — b u mpoussegenue a - b gexxar B Ry.

Onpenenenue. /lesumenramu Hyasa B Koablie R Ha3bIBAIOTCS 3JIeMeHTH a, b € R takue, uto a-b = 0,

Ho a # 0, b # 0.

Hampuwmep, mgesurernn myns B Koabie Marpui Mat, (k) — 970 B TounOCTH HEHYIEBBIE BHIPOK ICHHDBIE
ManHHbI. ZLGJH/ITG.HI/I HYJId B KOJIbII€ BbIYCTOB Z/nZ — 39TO HeHyﬂeBbIe KJI1aCCbhI BqueTOB, nMerommne
00IIHil e InTeNn ¢ 1.

Onpenenenne. Eciu R — KoAbIo ¢ equHAIeil, TO 3JeMeHT a € R Ha3bIBaeTcs 00pamumbim, eCJIN
cymecTByer a ' € R Takoit, uto a-a ' =a t-a = 1.

MHuoxKecTBO BceX OOpaTHMBIX JIEMEHTOB KOJbIA ¢ eIuHHIeil Mbl OyaeM obo3Hadarh R*. Ecam
KOJIbIIO R accormarusuo, 1o R* — rpynna. Haupumep, Z* = {£1}, Mat, (k)* = GL, (k).

Onpepnenenne. ['0BOpAT, 4TO acCOMUATHBHOE KOJIBIO R SBISETCI KOAbUOM ¢ deseruem, ecid B R
MMeeTCsl eJMHNTA U JII000i HeHyIeBO# TeMeHT aBageTcs ooparuMmbiM, T. e. R = R\ {0}. Accorua-
THBHOE KOJIBIO C JEICHHEM TaKyKe HA3BIBACTCH MmeaoM. Takum 00pasoM, noae — IT0 KOMMYTATUBHOE
TeJIO.

Onpepenenne. [loarpynna J C R ajiuTUBHOR I'PYNIBI KOJIbIA HA3BIBAECTCs (JBYCTOPOHHUM) udea-
aom, ecin aJ C J u Ja C T pig jgoboro a € R.

Ecau gist moarpynmnbt J C R BHIMOJHEHO TOJBKO OJHO BKAtoueHme aJ C J (COOTBETCTBEHHO,
Ja C J) aua moboro a € R, 10 J Ha3bIBaeTCS Ae6bM (COOTBETCTBEHHO, NPAGHIM UOCAAOM ).

ITpumepst. (i) B kaxaom kombie umeercs ugean (0) := {0}, koropsiii Ha3piBaeTCs HyAesvim. Bee
KOJIBLIIO R — TakyKe mmeal.

(ii) Yernble unciaa — ugeasn B KOJbIe Z.
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(iii) IIycte R = Cla,b] — KOJIbIO AeHCTBATENbHBIX HEIPEPHIBHBIX (DyHKIWA Ha orpeske. Dynkiuu,
obpaimaroIecs: B HyJib 8 HEKOTOPOil TO4YKe, 00pa3yoT ujeal

Je:={f €Cla, 4] | f(c) = 0}.

(iv) B xombue marpun, Mat, (k) agautusaast noarpymma

0 * --- x

(MATPHI[ ¢ HYJIEBBIM JIEBBIM CTOJIONOM) HIEAIOM He Asaiemcs. OJHAKO OHA SIBJISIETCS ACEbLM
udeasrom: VA € 3, VB € Mat, (k) BAe€7J.

Bameuanue. Eciau J; u Jo — umeansl kosibla R, 1o ux cymma J1 + Jo := {1 + 22 | 11 € Ty, 29 € To}
apasgercsa uaeaaoMm B R. Ilepeceuenne J;NJTy umeanoB — Takzke uaeaa. OaHako, 00be TUHEHHE HIeAI0B,
B 0011IeM cJjiydae, u/1eajioM He siBJIsIeTCH.

Onpenenenune. llycth R — KOMMyTaTHBHOE acCOIMATUBHOE KOJBIO U IYCThb a1, . . ., 4, € K. MHuoxe-
CTBO

(a1,...,an) :={a1-by+---a, by | b € R}

saBysieTcs uaeaaom B R. OH HazbIBaeTCsS U0ea.ioM, NOPOHCOEHHBIM INEMEHMAMU A1, . . . , (y. DTO HAU-
MEHbBITHHA UIeas, COAepKamui ay, .. ., a,. Ecain R — koabio ¢ egununeit, To (1) = R. dror uaeas
HA3BIBAETCA eJUHUYHBLM.

ITpumep. [Iycts R — KOMMyTaTUBHOE acCONMATHBHOE KOJIBIO C eaununeil. Keim HekoTopblit uieasn J
COJIEPZKUT OOPATUMBII 3JIEMEHT, TO OH ABIAETCA eMHHIHbIM: @ € J = 1l =aa ' € T =T = (1) =
R. JIioboit uaeas B moJIe SABJISETCS WK HYJEBBIM WA €THHATHBIM.

Onpenenenune. [omomoppusmom Kosey HA3BIBALTCS OTOOPaZKEHHEe
p:R— Ry
TaKoe, 4TO
w(a+0b) = p(a)+ ¢(b) u p(a-b) =p(a)- p(b) m1sa aOOBIX daeMEHTOB a, b € R.

Taxum 06pazoM, ToMOMOPGU3M KOJIEI ABAIeTCs TOMOMOPMU3MOM UX &I IMTUBHBIX I'PyIn. Kak o0brd-
HO B ajireOpe, OMeKTUBHBIN TOMOMOP(U3M HA3BIBACTCS U3oMopdusmom. VIzomopdusm Kobia Ha cedst
HasbIBaeTcsa asmomoppusmom. Ecim R u Ry — konbna ¢ exuaunaMu 1 u 1/, 70 00BIYHO cUMTaeTCH,
410 romoMopdu3m Koster ¢ : R — Ry equnuily nepeBogutr B eaunuiy, T.e. ¢(1) = 1’ (910 cBoiictBo
AaBTOMAaTHUY€CKN HE BbIHO.HHHeTCH).

Hdpom romomopduszma p : R — Ry Ha3BIBAETCS MTOJIMHOKECTBO

Ker(p) :={a € R| ¢(a) = 0}.

ITpumepsr. (i) Orobpaxkenne Z — Z/nZ, nepeBoJsiiee IeI0e YUCA0 B €r0 KJIACC BHIYETOB, SIBJIS-
eTcsd roMOMOP(MU3MOM KOJIEII.
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(ii) ust kaxgoro Bekropa a = (aq,...,a,) € k™ orobpaxkenne ¢, : k[t1,...,t,] = k, f — f(a)
SABJIAETCS TOMOMOP(PU3MOM.

(iii) Eciu R — KOJIBIO ¢ equnuUIeil, T0 oToOparKeHme
7 — R, n——mn-1
ABJIACTCA TOMOMOP(MH3MOM.

Ounpepesienne. Ilycrs J — unean konbiia R. Ha dakroprpymme R/J aliuTHBHON IPYIIIBL OIPEIeTUM
ymuoxkenne 1o npasuiy (a + J) - (b+J) = a- b+ J. HeciokHO TPOBEPUTH, UTO ITO OMPEEIeHUE He
3aBHCUT OT BUJA 3aLUCH CMEXKHBIX KJaccoB a +Ju b+ J:ecoma+JI=a +Tub+T=0+7, 10
a =a+cub =b+d gna nekoropoix ¢, d € J. Orcioga

a-b—a-b=a-d+c-b+c-deT
u nosromy o' -V + 3 =a-b+J. Koabo R/J uaseiBaercs @armopkosvyom.
Teopema (Teopema o romomopduzme kosen). ITycmo o @ R — Ry — eomomopdusm wosey. Tozda
(i) J:=Ker(p) — udeas 6 R, ¢(R) — nodroavyo 6 Ry.
(i) HAmeemca ecmecmeenoii usomoppusm koney o(R) ~ R/7J.

/loxazameavcmeo. Bocnosib3yemcest Teopemoit o romomopdusme rpyiuir. 13 Hee ciejyer, 94ro J — 10/
rpyima ajuTuBHoi rpynmsl R, ¢o(R) — noarpynna aaanTuBHON rpynnbl R 1 ©MeeTcs eCTeCTBeHHBIN
n3oMopusmM rpyii

Y:R/T— o(R), Y(a+7T)=y(a)

fcno, aro quist mobbIx a € R, x € J Bomosneno p(a-x) =a-p(z) =0u p(z-a) = p(x)-a =0, re.
a-r €Jux-a€T. 3aaunt, J — uaean. AHATOTHYHO, A5 JTIOOBIX a, b € p(R) cymecTBYIOT 31eMeHTH
a, b € R rakue, uto p(a) = a, p(b) = b. Orciona

a-b=p(a)-pb)=epa-b) € p(M).

Buauut, (M) — HOAKOJIBIIO.
Ocraercsa 10Ka3aTh, 94TO 1) — rOMOMOP(U3M KOJIeI;:

P((@+7)-(0+7)) =¢(a-b+7) = pla-b) = p(a) - p(b) = P(a+T) - (b +7). =

7.2 IIpocToTa KOJIbIla MAaTPUIL

Onpenenenne. Koubio R HAZBIBAETCS NPOCMbLM, €CJIH OHO HE COIEPIKAT HETPHBHAIBHBIX (IBYCTO-
POHHWX) HJI€aJIO0B.

Teopema. ITycmv R — accoyuamusnoe koavuo ¢ edunuued u nycmo J C A := Mat,(R) — deycmo-
pornud udean. Tozda cywecmeyem eduncmeennuild udeanr Ir C R makod, wmo J = Mat,,(Jg).

CaencrBue. Ecau R — meao, mo Mat, (R) — npocmoe koavuyo.
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oxkasamenvemeo. Hanomuum, 4ro marpuunoil egununeil HasbiBaercd Marpuna F; ;, B KOTOpoii Ha
mecre (i, 7) crout 1, a Bce ocTanbHble 3eMeHThl paBHbl 0. MarpudHble e [MHUIbI TEPeMHOMKAIOTCS 110
MpaBUITY

0 ecn j # k,

G E;; ecm j=k.

TTosoxxum
jR o

{CZ €ER ’ aELl € j}

ITposepum, uto T — naeaa B R:
beR, a€dJp = ab11€T = (ba)Ey;=0bFaE;1 €3 = bac€ Jp,
beR, a€Jr = ab11€T = (ab)Ey1=aFE11bE€T = abeJp.
Hamee nycts A = (a; ;) € J. Torna
a;;Biy=E1;AE;, €3

1 Hos3ToMy a;; € Jg. Obparno, eciu a;; € Jp 414 Beex 4, j, To a; ;111 € J. Orciona
A=) ai;Ei;=) Ei(a;Ei1)E, €9,
,J

Crenosaressno, J = Mat,, (Jg).
Enuncrsennocts nueana Jp oueBugna: ecan J = Mat, (Jg) = Mat, (3%), To ms mo6oit Mmarpuist
A= (a;;) € TumeeM a;; € Jg u a;; € T}, O

7.3 Moagynan Haa KoJabllaMu
[Tyctb R — acconuaTuBHOE KOJIBIO ¢ enauiei. AGesnea aqautusaas rpymmna M HaspiBaeTcs (J€BBIM )

modysaem Haa R wim npocto R-momysem, eciau omnpeeiena omepaius R X M — M, (a,x) — ax
YMHOXKEHUS 31eMeHTOB M Ha 371eMeHTHl 1, yIOBJIeTBOPSAIONIas akCHOMaM BEKTOPHOTO MPOCTPAHCTBA:

e a(x+y)=ax+ay I TI000T0 3j1eMeHTa @ € R, 1y1a Jr00bIX 971eMeHTOB X, Y € M;
e (a+b)x=ax+bx JTsT JTIOOBIX 371eMeHTOB a, b € R,  miag moboro sneventa X € M;
o (ab)x = a(bx) JUIS JTIOOBIX 37IeMeHTOB a, b € R, 171a mo6oro aneMenta x € M,

o Ix=x 714 JII000T0 3JaeMenTa X € M.

ITpumepst. (i) Jlobas agguruBHas abejeBa TPYIa SBJISIETCS Z-MOJYJIEM.
(ii) Kosbio R sBisiercst MmojysieM HaJ| cO0Oii.
(iii) Eciu R — mosie, 10 R-MOJIyJIH — 9TO BEKTOPHbBIE TPOCTPAHCTBA.

(iv) JleBble uaeasnbl B KoJblle R SBISIOTCS R-MOLYISIMH.



Jleknust 7. Kosipna, maeasibl, MOIYJIH, TOMOMOD(H3MBI 64

(v) Ilycrs V' — BekropHoe npocrpancrBo HaJ mojeM k. Sadukcupyem HEKOTOPBIH JIMHEHHBINA Ole-
parop &7 : V — V. Torga V gaBasercs mMoayaeM Haj KOJbIOM MHOrO4wIeHOB K[t] ¢ ymMHOKeHHEM

f-v=f(od)v fekt], veW

(vi) Ilycts U C R™ — orkpsitag obaactb u nyctb AP(U) — mpocrpancTBo auddepeHnuaibHbx
(nanpumep, 6eckonedno nauddepennupyembix) p-popm wa U. Torma AP(U) sBasiercst MojyieMm
ua i kosbiom C°(U) Geckoneuno muddepeniupyembix Gynknmii #a U.

(vii) ITycrb ¢ : R — Ry — romomopdusM KoJjer u myctb My — Moayab Haj KoabioM R;. Torma M
ABJIIETCS TaKyKe MOJIyIeM HaJl R ¢ yMHOXKeHUeM

ax = ¢(a)x a€ R, xelM.
B uacrHocTH, jyist 100010 uiaeasa J C R dakropkosbiuo R/J apisiercs R-mojysiem.

g Momyaeit MOXKHO ONpeNeIuTh BCe HMOHSATHA, BBEICHHBIC IS aJIATUBHBIX abeJIeBBIX IPYIII
M BEKTOPHBIX IPOCTPAHCTB (TaKWe KakK MOHATHS M30MOPGMU3MOB, HPSIMBIX CYyMM, TOMOMOPGhU3MOB,
oMo Ty tedt, hbakTOpMOIyIeit).

Onpenpenenne. [logmuoxkectBo My C M R-monyns M wa3biBaercs nodmodyaem, ecan My sBisercs
MO,ZLyJIeM C TeEMU 2XKe OHepa]_[I/IHMI/I CJIO2KEHUd " yMHO}KeHI/Iﬂ Ha 3JIEMEHTBbI R

Acuo, uro My C M sgBagercd MOJMOYJ/IeM, €CJIH i JIOObIX 3JIEMEHTOB JIjIs JI0OBIX 3JIEMEHTOB
X,y € My nx cymma x + y jgexut B My u mis ao0bix saemeHToB a € R, X € M,y npousBejenne ax
TakzKe JekuT B M.

Onpepenenune. [omomoppusmom R-modynsedl HasbpiBaeTca orodbpazkenue ¢ : M — N Takoe, 9TO

P(x+y) = ¢(x) + p(y) ans a06sx saeMeHToB X, ¥ € M 1 ¢(ax) = ap(X) s JT00bIX 97€MEHTOB
a€ R, xe M.
Anapom romomopdusma ¢ : M — N R-mouyseit Ha3bIBaeTCs OJIMHOZKECTBO

Ker(p) :={x € M | p(x) = 0}.

Ounpenenenne. [lycrs My — mogmonyns R-moaynst M. Ha dbaxroprpymme M /My anjpuruBHoit Tpym-
bl ONPEIeJ MM YMHOXKEHUE HA 3JIEMEHThl X 1o npaBuIy

a(x + My) = ax + M,.

Hecsi0:kHO poBepHUTH, 9TO 3TO OIpeeeHne He 3aBUCHT OT BHJA 3aIMCH CMEXKHOIO Kiaacca X + M.
IeiicrBuTenbHo, nycts X + My = x' + M. Torna x' = x + u g1 HexkoToporo u € My. Orcoaa

a(x'+ Mp) = ax’ + My = a(x + u) + My = (ax + au) + My = (ax + My) + (au + My).
Tak kak au € My, To au + My = My u mostomy
a(x' + My) = a(x + My).
Moayns M /My naszsiBaercs garxmopmodysem.

st Mmomysieil TakzKe UMeeT MEeCcTO TeopeMa O TOMOMOpu3Me.
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Teopema (reopema o romomopdusme momy.eit). [yemo ¢ : M — N — 2omomopdpuzm R-modyaeii.
Toz0a

(i) Ker(p) — nodmodyav 6 M, o(M) — nodmodysv 6 N.

(ii) Hmeemca ecmecmeennonti usomopdusm (M) ~ M/ Ker(yp).

Jlokasamenvcmso. Tlomoxum My := Ker(p). Bocmoabsyemcst Teopemoit o romomopdusme rpymm. 13
Hee cueayet, uto My — moarpynna agaurusaoi rpymmst M, (M) — moarpynna aJIATHBHON I'PYIIIHI
N u umeeTcst eCTECTBEHHBIH T30MOPGMU3M I'PYIII

Y M/My — o(M), Y(x+ My) = o(x).

fcuo, aro gra mobbIx a € R, x € My Bemnonneno ¢(ax) = ap(x) = 0, ne. ax € My. Suaunt, M,
— HOAMOJYJIb. AHAJOrHYHO, Jist JIOOBIX a € R,y € p(M) cymecrByer smement X € M Takoii, 4To
¢o(x) =y. Orcrona
ay = ap(x) = p(ax) € p(M).
Buauut, (M) — TakKe HOIMOLYJIb.
Ocraercst JoKa3aTh, 9TO 1) — rOMOMOP(U3M KOJIEIL;:

Y((x+ Mo)(y + Mo)) = d(xy + Mo) = p(xy) = ¢(x)e(y) =1 (x + Mo)y(y + Mo). B

Onpepenenne. [lycts M — R-monynb u mycts My,. .., M, — ero noamomyau. l'oBopst, uro M sBjs-
eTCsT NPAMOTY CYMMOT STUX TOAMOJYJIel, ecan 000 d1eMeHT X € M OTHO3ZHAYHO MPe/ICTABIIETCS
B BH/JIE

X =X+ -+ Xy, x; € M;.

* % ¥
ITycts M — momy/ib Had acCOMATUBHBIM KOJIbIIOM R ¢ e InHUIEi.

OnpepenieHnue. DaeMeHTH X1, . .., X, € M Ha3bIBAIOTCA AUHETHO 3G6UCUMbBLMU, €CIH HEKOTOPAas WX
HeTpUBHAJIbHAA TEJOYUCICHHAS JHHEeHasd KOMOUHAIUSA

a1X1 A eec _'_arxr

¢ kodpdunuentamu a; € R pasna myao. Habop 3/1eMeHTOB €1, . .., €, HA3bIBAETCI 0a3UCOM MOJLYJIS
M, ecjin BBIIIOJIHEHbI JIB& yCJIOBUS

® e,...,e, mopoxkgaior M;

® €,...,€, JINHCIHO HE3aBUCUMBI.

Moayne M, obnamarommii 6a3ucoM, HA3bIBAETCA €680000HbIM. THCTO0 37eMeHTOB Oa3nca Ha3hIBAETCS
panzom M u obosnauvaerca rk(M).

3ameuanue. HecjioxkKHO BUJIETH, UTO 3JIEMEHTHI €1, ...,€, € M 00pa3yioT 0a3uc TOrjaa u TOJHKO
TOrIa, KOTaa 0ol saeMmedT X € M 0dHos3nauwHo TpeicTaB/IseTCs B BUIe MeJOYNCAeHHONR JIHHeHHOM
KOMOHHAITAN

X =ae, + --+ae., a; €R.

*MbI paccMaTpuBaeM TOJHKO KOHETHO MOPOKEHHBIE MOJTYJIH
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Sagaun

7.1.

7.2.

7.3.

7.4.

7.5.

7.6.

7.7.

7.8.

7.9.

7.10.
7.11.

Jokazkute, aro ajst m060it abeseBoil rpymmnbl A umeer Mecto nzomopdusm Aut(A) ~ End(A)*.

Haitsure kosibio sugomopdusmos End(A) nukinveckoit rpyuist A = Z/nZ u ¢BoboHOil abe-
jeBoit rpynnst A = 7.

Hoxkazxure, uro Aut(Z/nZ) ~ (Z/nZ)*, rae B aeBoii vactu Z/nZ paccMaTpuBaeTCs KAK IPYIITA,
a B OPaBO# 49aCTU — KaK KOJBIIO.

Ilycts p — mpoctoe auciao u myctb R C Q — MOAKOIBIO, COCTOSIIEE U3 ITEMEHTOB 1/m, TIae m
He JeuTes Ha p. Kakue B 9TOM KOJIbIE €CTh IPOCThIE HIAEAJIbI !

Hokazkute, 9o 1060l aBToMopdu3M KOJIbI0 MEHOTOWIeHOB K[t] Ham moseM 3a1aercs: hopmyioi
p:t—>at+b,ack” bek.

[Iycts R — acconmaTHBHOE KOJIBIO ¢ euHUIEl, 6e3 menauresiei nyasd. Jokaxkure, 910 B R KaxK-
JIBIH 9JIEMEHT, UMEIOIIHi OJHOCTOPOHHMME OOpAaTHBI, ©UMEeT U JABYCTOPOHHUN OOPATHBIM.

HYCTI) R - ACCOIIMATUBHOE KOJIBIIO N3 KOHEYHOI'0 YUCJjla 3JIEMEHTOB. ,HOK&)KI/ITG, qTO

(a) ecom R He mMeer JesuTeseil HyJisl, TO OHO HMEeT eJUHUILY U BCe €r0 HEeHYJIEBbIe 3JeMEHThI
00paTUMBI;

(b) ecim R umeer euHUILY, TO KaXKIBI 376MeHT @ € R, nMeronuii 0MHOCTOPOHHUIT 0OPATHBII,
UMeeT M JIByCTOPOHHHE OOpaTHBIH;

(c) eciiu R wMeer enuHUILY, TO BCSKUIL JIEBBI JeJIUTENb HYJIs SABIAETCA MPABBIM JIEJTUTEEM
HYJI.

ITycts R — accommaTuBHOE KOJIBIO ¢ egauHnteii. /Jlokakure, 9To

(a) ecom npoussegenusi ab u ba aeMeHToB a,b € R o6paTuMbl, TO U J€MEHTHl a4 U b TakkKe
00paTUMBI;

(b) ecim R He mmeer mesnTesiell HYJIsl U Ipou3BeeHHe ab 00paTHMO, TO a 1 b 0OpATHMBI;

(c) ecnm obparum 3aement 1 + ab, To obpaTum u s1emenT 1 + ba.

Haiiure Bee (¢ TOUHOCTBIO 10 M30MOpdhH3Ma) KOMMYTATHBHbBIE JBYMepHBIe anre6por a) naj C;
a) Haj R.

Jokazkute, yto R? Kak KoJIbIIO ¢ BEKTOPHBIM yMHOZKEHHEM SBJISeTCa HPOCTHIM.
Hokazutre, yto B KoJbite Marpui, Mat, (k) Hag mosem 060it JTeBblil uaean uMeer BH
Jp := {A € Mat, (k) | AB = 0},

riae B — mekoropas (puKcupoBaHHasT MaTpPHUIIA.
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KOMMYT&TI/IBHI)IG KOJIbIlA

8.1 IIpocthie 1 MakcuMaJbHBIE UAEAJbI.

Wnean P kosabna R Ha3BIBAETCS NpPoCcmbiLm, €CJIU U3 Toro, 4ro ab € P ciaexyer unu a € P wiu b € L.
Wnean 9 C R Ha3bIBaeTCA MAKCUMAALHOLM, €CIIA 000 Haeas, comepzxKaliiuii )l WIn coBIaIaeT ¢
N, WIN ABIAETCS eTUHUIHBIM.

IIpennoxkeune. I[lycmv R — xommymamusHoe accoyuamustoe koavuyo ¢ eduruyetd 1 # 0 u nycmo
J C R — w060t udeaan.

(i) Eeau T makcumanvrold, mo on npocm.
(i) Paxmopkorvyo R/T ne umeem deaumeneti nysa moada u mosvko moezda, xozda J npocmod.
(ili) @axmoprorvyo R/T asasemea nosem mozda u moavko mozda, ko2da I MaKcuMasLHvIL.

Jlorasameavcmso. |(i)|Ilycts ab € J. Ilpeanonoxum, uro a ¢ J. Pacemorpum umean J, IIOPOZK/IEHHBI i
J 1 371eMeHTOM a. OH COCTOUT U3 3JIEMEHTOB BHJIA T +ar, e € J,r € R. Tax KaK a §é J,10T#7T
Taxk xkak J MakcUMaJIbHbI, TO J=R.B gacraoctu, 1 € J. 3uadur jiyisi HEKOTOPbIX © € J, r € R Mbl
MozkeM 3anucarb 1 = x + ar. Orcoga b = bx + abr € J. CinenoBaresbHo, J — IPOCTON naea.
Y3 ~
Hasee paccmorpnM KaHoHHYecKuii romomopdusm ¢ : R — R/J.
[Iycrb dpakroproabo R/J me mmeer genmreneii nyna u nyctsb ab € J, tae a ¢ J. Torna

p(a)p(b) = ¢(ab) = 0.

Tak kak a ¢ J, 10 p(a) # 0. Tak kax R/J ne umeer menuresneit uyisd, to ¢(b) = 0. 3uaunt, b € J u,
CJIeTIOBATEIBHO, J — MPOCTON HIeall.

[Tycts wmean J mpoct u myctb xy = 0 jayis HeKOTOpbIX =, y € R/J, mpuuem x # 0. CymmecTByoT
9JIeMeHTH T, § € R rakue, uro ¢(Z) = z, p(g) = y. Torna ¢(zy) = vy = 0. Orciona 7 € J. Tak kax
go(:Z' =1z #0,10 T ¢ J. Tak kak waean J npoct, 10 § € J. Suaqur, y = ¢(7) = 0.

)| llycre dakropkombno R/J asngerca nosem. Ilpeanonoxmm, 9To cymecTByeT uea J TaKoli,
q9TO J S J # R. Bosbmewm 1o6oit jieMenT a € 3\ 3. Torma snement a := @(a) o6parmv. Crremosa-
TeﬂbHO cymectsyer b € R/J Takoit, ato ba = 1. ITycers b € R — mioboit mpoodbpas b. Torna ba = 1+«
a5 mekoroporo x € J. Cuenosarensno, 1 = ba — 2 € J, ne. J = R. [Iporusopeune.

Haxkownern, mycts J — MakcuMasbHbI uaean. Bosbmem mr060it Henynepoii snement € R/J. Tlycts
T € R — ero npoo6pas. Torna T ¢ J. Pacemorpum ujean J C R, nopoxaennsiii J u z. Tak Kax & ¢ 7,

67
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10 J # J. Tak kak J — MakcuMmaJ/ibHbiii ujpeasn, 1o J = R. B wactnocru, 1 € J. ChenoBaresibHo, s
HEKOTOPBIX 2 € J, r € R Mbl MmozxkeM 3amucarh 1 = 2z + zr. Orcoaa

1= (2) + @(@r) = zo(r),
T.€. 3JIEMEHT T 00paTUM. O

Teopema. [lycmv R — ueaocmnoe koavyo u nycmov J C R — wobot udeas. Tozda cywecmeyem
MAKCUMAALHBT Udean, codeporcawsut J.

Joxaszamensvcmeo. Bocmonbsyemcs gemmoii [opra. Citetyer npoBepuTh BoiOIHEHTE yCa0BriA. [TycTh
> — MHOKECTBO BCeX HeeJMHUIHBLIX uaeasioB B I, comepxkamux J. Ha ¥ ecTh yacTUYHBINA MOPSIIOK —
1o prJodenuio. Ilycrs C' C X — nemp, T.e. MHOXKeCTBO UJeasloB J, TaKUX, 4TO JJId JI0ObIX Jq, Jg € C
BBHINIOJIHEHO J, C Jg nm J, O Jg. Torma

Ja€C

ABJIeTCS BepxHedi rpaubio mis C. JleficTBaTensHo, ecin a, b € J, 10 a, b € J,, 119 HEKOTOPOro J,,,
as3Haunr a £b € J, C 3. AHaoru4aHo, ecan a € Jube R, 10 a € J, st HEKOTOPOTO J,, & BHAYNT
ab € J, C 3. CaenoBaTesbHO, J- unean. OH comepKuT Bce mpeanbl J, € C, 3HAUNT J apisercs
BEepXHEN I'paHbIo.

Taxum obpazom, ycaoBus JeMMbl LlopHa BBITIOJIHEHBI U TOTOMY CYIIECTBYET MaKCHUMAJJIbHBIN 9J1e-
MEHT Jpax € 2. ZlCHO, UTO OH IBJISETCS MaKCAMAJIbHBIM HIAEATIOM B K. [

8.2 KoJapna riiaBHBIX IaeaJiOB

ITycts R — mesiocTHOe KOJIbIO. Vmeasibl, MOPOXKIEHHBIE OTHUM JIEMEHTOM, T. €. WAeAJTbl BHIA
(a) == {ab | b€ R}

Ha3bIBalOTCA 2A06HHBIMU. ]__‘OBOpHT7 gro R — KOADBUO 2/AA6HHBLT ’U/dGCL,/lOB7 €CJII B HEM K&)K,Jlblﬁ naeaJi
ABJALdeTCd T'JIaBHDLIM.

ITpumepst. (i) fcuo, 4T0 MI060E MOTE — KOJBIO IJIABHBIX HJEAJIOB, IIOCKOJIBKY OHO COIEPIKUT
Bcero npa upeana: (0) u (1).

(ii) KousbIo mesibix unces Z siBJisieTcsi KOJIbIIOM TJIABHBIX HjeasoB. JleiicTBuTebHO, JH060i nea
SIBJISIeTCS MOJATPYIIION, a IMOArPyNNa MUKJINIECKOi rpynmsl J C 7Z — Takxke mukjandeckas. [lo
ITOHI 2kKe IIpuYnuHe KOJIbIO KJIACCOB BbI1€TOB Z/TLZ TaKzKe AdBJIdeTCd KOJbIOM IVIABHBIX HI€AJIOB.

(iii) Kouabro mHorowtenos k[t] or ofHOil mepeMeHHON HA/T MOJEM TaK Ke SIBASETCs KOJIbIOM [JIABHBIX
uneanos. [leficreurensro, mycth J C k[t] — HenysneBoit nueas. Bribepem HeHyIeBO#H MHOTOUYJIEH
f € J MuHUMAaNBHO cTeleHN W MycTh g € J — J000# aApyroit MEHOTOUIeH. Pa3zmenum g Ha f ¢
octatkoM: g = fq + r, degr < deg f. Torna r = g — fq € J u Mo HaleMy MTPeAMOTOKEHHIO

r=0,re g= fq.

(iv) Komabmo muorounenosk[tq, ..., t,] OT HECKOJBKHUX TIEPEMEHHBIX HA/ OJIEM He SIBISETCS KOJTBIIOM
IJIaBHBIX UjeanoB. Hampumep, uiea

Ti=(t, ... ts) = {f €k[tr,....t:] | F(O,...,0) =0}

He MOYKeT OBITh TIOPOXK/IEH OJHUM JEMEHTOM. AHAJOTMYHO, B KoJblle Z[t] wiean (2,t) He 1mo-
POZKJIAETCs OJIHUM ITIEMEHTOM.
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JaJjiee HA NPOTSZKEHUU HACTOSIIETO naparpada Mbl HPeJIoI0KIUM, 4T0 R — KOMMYTaTUBHOE aCCO-
IUATUBHOE KOJBIIO ¢ euHuteil 6e3 aenutesieit Hyss. Takoe KOJIbIO HA3BIBAETCS UEAOCTIHbIM WA 00-
AQCMBI0 yesocmrocmu. B 11e10CTHOM KOJIbIle MOYKHO ONPeIeInTh MOHATHE JeJUMOCTH: s a, b € R
OyieM TOBOPUTH, YTO @ JeTUT b u mucarh a | b, ecim b = ac Iyt HEKOTOPOTO ¢ € R. DyeMeHThI
a, b € R HAa3BIBAIOTCS ACCOUUUPOBAHHBIMU, €CTIA b = au 11 HeKoToporo u € R*. OTHolIeHre accolu-
HPOBAHHOCTH SIBJISIETCS OTHOIIEHNEM 9KBUBAJICHTHOCTH. [109TOMY Bee KOIBIIO pa3bUBaeTCs Ha KIACCHI
ACCOMUUPOBAHHBIX MEYKIY COOOI 3JIEMEHTOB.

¢lcno, uro a | b Torga n ToabKO TOrAA, Korga b € (a). DueMents a, b € R ABIAIOTCA acCOUUpPO-
BAHHBIMHU TOLJIA W TOJBKO Toraa, Korjga (a) = (b).

Daement a € R\ {0} Ha3BIBACTCS HEPAZAOHCUMbBM U NPOCTbLM, €CTA OH JEJUTCS TOJBKO Ha
oOpaTMMbIe U aCCOIMUPOBAHHBIE ¢ HUM 3JIeMEeHTHI. [[e0CTHOe KOJIBII0 HA3BIBACTCI (PAKMOPUGALHbIM,
eCJIM B HEM BBIIOJIHEHA OCHOBHAs TeopeMma apudmeruxu: jiio6oit suement ¢ € R\ {0} pazmaraercs B
NPOU3BEJIEHNE MPOCTHIX U TO PA3JI0KEeHNEe eIUHCTBEHHO C TOYHOCTBIO JIO TMOPSIKA W aCCOIUHPOBAH-
HOCTH.

Teopema. Ilycmv R — ueasocmnoe xoavuo. Ecau R — koavuo aaashulr udeanos, mo oHo parxmopu-
aAALHO.

Bameuanue. O6paTHOe yTBEPK/IEHHE HE BEPHO: KOJBIO K[t1, . . ., t,] OT HECKOJBKHX TIEPEMEHHBIX HA/T
nosteM paKTOPUAILHO, HO He ABI4eTCs KOJBIOM IVIABHBIX HjeasaoB. 1o ke caMoe BepHO JJId KOJIbIA
Zlty, ..., t,] MHOrOWIEHOB ¢ HeabIME KObDDUIHEHTAMY.

Jlemma. B ycaosuaxr meopemos Yy Kastcdozo neobpamumozo asemenma a € R umeemea npocmot
MHOHCUMEND.

Zoxasameavcmeo. 1lo onpemenenuio, eciim HeoOpaTUMBIiL 3j1eMeHT b € R pa3JioxKuM, TO Yy HEro CyIie-
CTBYeT HeoOpaTUMBII MHOXKHUTENb b’ HeacconuupoBaHHblii ¢ b. [losToMy MMeeTcs mocjie10BaTeIbHOCTD
HEOOPATUMBIX HEACCOMUUPOBAHHBIX MEXKIY 00O 3JIeMEHTOB ap € R TaKuX, 94TO

al\a, Clg‘al,..., akﬂ\ak,....

Ecyim sTa mocienoBaTeIbHOCTh OOPBIBAETCS, TO IOCJEJIHUN ee 3JIeMEeHT «, JOJKeH OBITH MPOCTHIM
JIeJTATE/IEM BCeX dp_1,..., A1, . [IpeamosioXkuM, 9To moc/IeI0BaTe IbHOCTh Oeckonedna. Torma oHa
3a/1aeT OECKOHEYHYIO BO3PACTAIONLYIO 11OC/IEI0BATE/IbHOCTD U/I€aJI0B

(a)C(“l)C(GQ)C---C(ak)C...

[ooxkum J := U(ay). Jlerko nmoBeputh, uro J — uaean u J # (1). [lo namemy mpesmnonozxKeHHo
J = (b) naga mnekoroporo b € R. Tak kak b € (ay) 1151 HEKOTOPOTO K, TO

(b) = (ak) = (ar1) = - -
CuieroBaTeIbHO, JIEMEHTHI b, 4, ki1 accomuuposanbl. [IporuBopedwne. O

Joxaszamensvcmeo meopemo. Cywecmsosarue. Tlo MEAYKIINKT TOCTPOUM MOC/I€I0BATEIBHOCTH () W
Pk, TIE Ao = @, pr — NPOCTON JMEJTUTETh A1 U Q) = Ag_1/Pk. TaKUM 00pA30M, HMeeM

a = pi1a1, a; =p2a2, ... QG = Pk+10k+1,

Ecaun nporecc obopBercs Ha HEKOTOPOM @y, TO @ = D1 - - * Pp. LIPEANOSIOKHAM, 9TO TPOIECC OECKOHEYEH.
Nmeem BiIOKeHHY IO OECKOHETHYIO MEMOYKY UIeAT0B

(a)C(al)C(ag)C~--C(ak)C...
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Kak u Bbiue U(ag) = (b) mis wekoroporo b € R. Tak kak b € (ax) st HekoToporo k, 1o

(b) = (ax) = (ag41) = -+

CnemoBaTebHO, 3J€MEHTHI b, ay, ari1 accomuupoBaHbl. [IpoTuBopeune.
Edunemeennocmo. Napyknust 110 9uc/iy MHOZKATEJEH C HCIIOJIb30BAHAEM CJie/yomiei jemmbr. [

Jlemma. B ycaosuax meopemol ecau npocmoti asemenm p deaum ab € R, mo p deaum a uau p deaum

b.

Jlokasameavemeso. Pacemorpum wiean (a,p). Ilo wamemy mpemmnosoxenuto (a,p) = (¢) mis HEKo-
toporo ¢ € R. Torma ¢ | p u mosTomMy miam ¢ oOpaTUM HJIH OH ACCONMUUPOBAH ¢ p. Bo BTOpOM
caydae (a,p) = (p) u p | a. B nepBom ciaygae umeem ¢ = au + pv. CiegoBareabHO, p JeJAUT
b = abuc™! + pbvc!. O

Onpegenenne. [enocrroe KobIo R HABBIBACTCS €8KAUJOEBIM, €CIIU CYIIECTBYET 0TOOparKenue (es-
KJIUJI0BA HOPMa,)

v:R\ {0} - N
TaKoe, 4To

e v(ab) > v(a), nas mobbIX saemenToB a, b € R\ {0};

e (meJieHme ¢ OCTATKOM) JIJist JIOOBIX 1ementoB a, b € R\ {0} cymectByior ¢, r € R Takue, 9ro
a = bg +r, mpudem r = 0 wn v(r) < v(b).

ITpumep. Kombio neiasix ducen 7 spiasgercs eBKaIuaoBbiM ¢ v(n) = |n|. Koabo muaorounenos klt]
HAJI TIOJIEM siBJIsieTCst eBKInI0BeIM ¢ V(f) = deg f.

TeopeMa. Eexaudoso KOADBUO ABAAENCA KOABYOM SAAEHBIT udeanos.

Jloxasamenvbecmeo. AHAJIOIMYIHO J0OKA3aTENLCTBY TOrO, 9T0 K[t] — KOIBIO raaBHBIX maeasos. Ilycrhb
J — menynesoii ugean. Boibepem a € J\ {0} ¢ nanmensuum 3uadenneM V(a). s mo6oro apyroro
saementa b € J\ {0} umeem b = aq + r, tae HepaBencTBO V(1) < V(a) HEBO3ZMOXKHO IO HAIIEMY
npeanosoxkennio. CregoBarennuo, r =0 u a | b. O

CJIe,I[CTBI/Ie. FEexaudoso KOADYUO ABAAEINCA ¢a7§m0pucmbHuM.

8.3 Moaynu HaJg KOJbIIaMU TJIaABHBIX 11€aJI0B

[Tycts R — (e IoCTHOE) KOJIBIO TVIABHBIX HjeasoB. Teopusi (KOHEYHO TOPOXKIEHHBIX) MOJY/Teil Hal
TaKUM KOJIbIHOM IIOJIHOCThIO aHAJIOI'MYHa TEOPHUHU KOHEYHO ITOPO2K/ACHHbIX a6eﬂeBbIX I'PYIIIL. MbI BOC-
MPOU3BEIEM 31€Ch ITY TEOPHIO, HECMOTPS HA TO, 9YTO OHA HE IPHUHECET HUIETro HOBOIO.

JInst madasia Mbl HAIIOMHUM OCHOBHBIE ompejiesienns. Hekoropbie m3 HUX yzKe (DOPMYINPOBAIUCH
JUIA CIydasl MOAYyJeil HaJ MPOM3BOJbHBIMHU ACCONUATHBHBIME KOJbIIAMHA. B OCHOBHOM, 3TH OIpee-
JIEHUsSI TIOXOXKHM Ha COOTBETCTBYIOIINE MM ONpeleaeHus I abeaeBbIX TPYIII, OIHAKO TePMUHOIOTUS
HHOI'Ta OTJINYae€TCA.

[Iycts R — menocrHOe KOIbIO U mycth M — momyab nan R. Tosopsar, aro M nopostcdaemesn
sneMmenTamMu a; € M, ecan 000it ssemenT a € M mpejacTaBiasieTcss B BUje JUHEITHON KOMOWHAIMT
a = > \Na;, \; € R. Moaynb M Ha3bBIBACTCS KOHEUHO NOPOHCIEHHbBLM, €CIIU Y HErOo CYIIECTBYET
CHUCTEMa TOPOKIAIONIUX 3 KOHEYHOTO YHCIa JJIEMEHTOB.
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DJIEMEHTHI Ay, . .., a, € M HA3bIBAIOTCS AUHETHO 3A6UCUMBLMU, €CJU HEKOTOPas WX HETPUBUA/Ib-
Hag JIMHEHHAS KOMOMHAIA

Aag + Aag + -+ \ay, Ai € R

paBua mHy/a0. Habop siemenToB ay,...,a, Ha3blBaeTcsd 0a3ucom MOIyad M, eciau BBIIOJHEHBI JIBA
YCJIOBUL

® ay,...,a, nopoxygaoT M;

® a;,...,a, JUHEHHO HE3ABACUMBI.

Momayib, obaagaomuii 6a3ucoM, HA3BIBACTCA CE0O0HbIM.

Momynb, MOpoKIeHHBI! OTHUM 3JIEMEHTOM, Ha3bIBaeTcs yukaudeckum. CBOOOMHBIN MTHKIMIeCKAHR
MO/LyJIb u30Mopden Koubiy R (paccMarpuBaeMbiM Kak MOJYJIb Hajt coboit). st aoboro uueana J C
R daxropkobio R/J asnsierca nukandeckum mozyaem uaj R. Haobopor, nmycrs M — nuk/indeckuii
MOJYJIb U TIyCTh a € M — mopoxkpatoiiuii semenT. PaccMoTpum oTobparkeHmne

p:R— M, A —> Aa.

dcno, 9T0 3TO CIOPBEKTUBHBIH roMomMopdu3m Mmomy:eit. [lo Teopeme o romomopdusme M ~ R /T, tae
J := Ker(p).

Ecan jisa snementa a € M cymecTByer HeHyJeBOH ajeMeHT A € R Takoii, uro A\a = 0, To a Ha-
3BIBAETCS nepuoduueckum (HWIH ssemenmom kpyuerus). s smementa Kpyderusi a € M MHOXKECTBO

J={ e R|la=0}

ABJdeTCA jeaaoM B R.

[Tycrb Teneph R — KOJIBIO MIaBHBIX HeasoB. Torma mieana J sBJsSeTCs TAaBHBIM, T.e. J = (m)
a7 HekoToporo m € R. B arom ciaydae m HazbiBaeTcs nepuodom 3JieMeHTa a. YICHO, 9TO Mmepro.
oIrpejiesieH ¢ TOYHOCTBIO 0 YMHOXKEHHA Ha 00OpaTUMBbI# 71eMeHT. Bee mepuoandeckue sgemMeHTs B M
obpasyior moamoaysib Tor(M) C M, KoTopbiit Ha3bIBaeTCst nodmodyaem kpywenud. Takum obpasom,

Tor(M):={ae M |3INe R, A#0 Xa=0}.

Hecnoxkuo Bugersb, uro dbakropmoaynb M/ Tor(M) He mmeer KpydeHwust.
IIycts p € R — mpoctoii ssemenT. [lotoxkum

Tory) (M) :={a€ M |3k eN p‘a=0}.

Torna Tor(,) (M) — nogmosyas u dbakropmosyis M/ Tory (M) He nveer HETPUBUAJIBHBIX 3J€MEHTOB
nepuoza p*. Tlommonyns Tor(,) (M) naseiBaetcs p-nepuoduneckoti wacmvto mogymst M.

Teopema. /b0t xoneuno nopostcdennviti modyaso M wad xoavuom esaenox udeanos R asasemca
nPAMOT CYMMOT yursuveckur modyaeti M; uzomopprunr R uiu R/(pfi), 2de p; — npocmots snemerm
rxoavuya R, a k; € N. 9mu modysu M; onpedeasromea modysem M odnoznauro ¢ mounocmuvro do
UOMOPPUIMA.

N3 310it TeopeMbl JIETKO BBIBOJUTCS TEOPEMA O YKOPJIAHOBOH HOPMAaJILHOM (hOpME MATPHUIIHL.

Jlemma. [ycmo M — xoneurno nopoosicdenmod modyas nad R. Ecau Tor(M) =0, mo M asasemcsa
c6806001bIM.
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Jokazamesvecmeo. Ilycrs M = (ay, ..., a,). [lpoBegem jgokazareibcrBo uHayKiuei 1o n. Basa un-
aykmun n = 1 oueBugHa. [Ipeanosiokum, 4T0 yTBEpK/ICHUE BEPHO /I BCEX MOJLYJICH, TTOPOXKIEHHBIX
MeHee 4eM 7 3JIeMEeHTAMN.

JIoKazKeM BCIIOMOTATeIbHOC YTBePIKICHHE.

Vreepxkaenne. Cyuwecmeyem saemenm b € M makoti, wmo mmnosicecmeo
My = {X eM | Elll, I, € Z, 1 7é 0, lix = lgb}

ABAACTNCHA HEHYALBOM UUKAUECKUM N0OM0OYaem 6 M u darxmopmodysv M /My noposcdaemes meno-
WUM KOAUYECTBOM INEMEHTNOE.

Joxaszameavcmeo ymeepoicoenus. Ilycrb aq, ..., a, — nopoxjamoume 3aeMenTsl Moayas M. Ecan
ecJIu OHU JIUHEHHO He3aBUCUMBI, TO MOyab M cBobojen u onn obpasyoT 6asuc B M. B atom ciyuae
nostoxkuM b := a; miag soboro i u Torga My, = (b) — nukandeckuii Mojyib u dakropmoayas M /M,
IOPOKIAETCA 00PA3AMHE SJEMEHTOB A1, . . ., &;_1, &1 1, - - -, Ap.

Jlaaee npeanosoKIM, 9TO ay, . . ., a, JHHCHHO 3aBUCAMBI. 3HAYNAT, MBIl MOKEM CUHTATb, 9TO

)\3_1 = Z )\iai, (*)
=2

rae Aa; # 0. Honoxkum b := Aa; u M’ := (ay,...,a,). I3 cienyer, uro b € M’. Ilycrb Takxke
M, ={xe M |3, €Z, 11 #0, l1x = l3b}.
Tak kak M’ D AM (cuosa no dopmyie (), To
My D My, = My N\ M' D XMy N AM = AM,,.
C apyroit croponsr, mockoabKy Tor(M) = 0, To orobpakenne
o: M — M, X — AX

SIBJISIETCS] HHBEKTHBHBIM roMOMOpdu3MoM Mozmysteit. [lo npeanosokennio HHIYKIHA MOLYTh M{ saB-
Jggercd mukandeckuM. CreaoBare/ibHO, TAKOBBIM SIBJISETCA U MOIYJ/Ib

Mb ~ QO(Mb) = )\Mb C M{)
ITpu s1om dakropmonyab M /My, mopoxkaaercs o6pa3aMu 3JeMEHTOB Ay, . . . , &y,. ]

[IponomkuM moKa3aTebCTBO JieMMbl. Bo3bMem 3nement b € M Takoil, Kak B yTBEpKICHUMN.
Torna daxropmomynb M /My, He wMeeT 3JeMEHTOB KOHEYHOTO MOPSIKA W IIOPOXKIAETCS MEHBITHM
KOJIMYECTBOM 3JieMeHTOB. [IycTh €; — mopoxKaamomuil 1eMenT muKandeckoro moayias My. Ilo npen-
nostoxkennto waaykmun M /My — cBobomubiit Mmogysnb uag R. Ilycts €s, ..., €, — ero 6asuc, mycrb

o M — M/M,

— romoMopdusM hakTOpU3AIUN U YCTh €3, .. .,€, € M — mobbie 371eMeHTH Takue, 9To p(e;) = €;.
Mpbl yTBepzKIaeM, 9TO 3JEMEHTHI €1, ...,e€, nopoxkiaaT M. leiicrBuresnbno, s Jwodboro x € M
uMeeM p(x) = > ., \;€; IUIsl HeKOTOpBIX \; € Z. Torna

=2
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CuepoBarenbno, x — y .., \ie; € Ker(¢p) = Mp. Dro o3mauaer, 4ro X — » ., \i€; = Ajej s
HEKOTOpPOro \; € Z. Takum obpasom,
.,
X = E )\Zez
i=1

DTO0 pazioxkKeHue eJIuHCTBEeHHO. lelicTBUTEIbHO, HHAYE

U TOIJIA
0=px—x)=¢ <Z(Ai — )\;)ei> => (=M.
i=1 i=2
[TockoIbKY €, . ..,€, — 6asuc M /My, o N\ = N, mus @ = 2,...,r. U3 () creayer, aro A\; = \].

Taxum obpaszom, ey, ...,e, —bazuc M u nodromy moaysib M daBiaseTcs cBOOOIHBIM. O

Jlemma. Ilycms M — xoneuro nopostcdennnidi modysv wad R. Cyuecmeyem ce0600nbili nodmodyas
F C M maxoti, wmo umeem mecmo padaonceHue

M = Tor(M) & F.
Hoxasamenvcmeo. Kak n B mpeasiaymeii jemmve paccMorpum romomopdnsm (axTopusamnmn
M — M/ Tor(M).

®akropmoyas M/ Tor(M) KoHedHO MOPOKICH U He COAEPIKHUT TeMeHTOB Kpydenus. CienoBare/ib-
HO, OH CBODOJIEH W CyIecTByeT 6asuc €i,...,e, € M/Tor(M). Ilycts eq,...,e. € M — mobbie
9JIeMEHTBI Takue, 910 (e;) = €;. s moboro x € M umeeM p(x) = Y ', \;€; AT HEKOTOPHIX
A\i € R. Torma o(x — >_'_, \ie;) = 0. Cienosarenso,

X — Z Aie; € Ker(yp) = Tor(M).

=1

Taxum obpaszom, cymectyer smement y € Tor(M) Takoit, aTo

X=Yy + zr: )\zel
i=1

DTO0 paz/oXkKeHue eJIuHCTBeHHO. lelicTBUTEIbHO, HHAYE

i=1 i=1

1 TOIIa
T

0=px-—x)=¢ (y Y+ (- Aé)eZ) = (- X)e.
i=1 i=1
[TockoIbKY €1, ..., €, — 6asuc M/ Tor(M), to \; = N, qist @ = 1,...,r. Torna u3 (f}) caexyer, uro
y =y’ llonoxxum F := (eyq,...,e,). Torna ey, ...,e, — 6asuc F, monyiab F gBisercs: cBOGOIHBIM 1
M = Tor(M) ® F. O
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Jlemma. /Jlas 2100020 KOHEUHO NOPOAHCIEHH020 Nepuodudeckozo modyas M umeem mecmo pasnosce-
Hue
M = @P Tor,(M).
p

20e CYMMUPOBaAHUE sedemcs no 6cem npocmuvim 3AEMEHIAM KOABUA R.

Zokasameavcmeo. Tak Kak Mojysab M — nepuoindecKuii 1 KOHEYHO MOPOK/IEH, TO CYIIECTBYeT HEHY-
JeBoit smemenT n € R Takoit, yro nM = 0. Pazmokum n B NpomsBeJeHHEe MPOCTHIX MHOXKHUTeeR
n = p'fl e fnm. [IpoBemem mokazaTeIbCTBO WHIAVKIHEH mo m. baza maayknmm m = 1 odeBmmaHa.
[IpeiosioxkuM, 4TO yTBEPKAECHUE BEPHO JJId BCEX MOJLYJIeH, Y KOTOPBIX Pa3J/I0KeHue B IPOU3BE/ICHHE
cTereHeil IMPOCTHIX 3JIEMEHTOB UMEET MeHbIIe YeM m coMHoxKuTeseit. [IpencraBum n B Bujie n = nino,
rae HOII (ny,ne) = 1 u n; we aBasorca obparuMbivu. Torga 1 = njug + noug I HEKOTOPBIX U1,
us € R. Tlomoxum M; := nyM u My := nyM. Torma M; N My = {0}. [deiicrBuresbHo, ecym
ac M; N M, toa=n;a = n,a” nia nekoroprix a’,a” € M. Tak kak

noa = ninqa’ = na’ =0,

TO TEPHOJ & JETUT Ny. AHATOTHIHO MOIYYaeM, ITo mepuoi a aeaut ny. Tak kak HOI (nq,ng) = 1,
to a = 0. Hakonern, jijs jt006oro sjiementa a € M uveem

a = (nquy + noug)a = uia; + uqay,

rie a; = n;a € M;. Ilo upexnosoxennto nugayknuu M; u My packiiaJibIBalOTCS B CYMMbl CBOUX
noamonyieit Tor,(M;). Jlemma nokazana. O

Jlemma. /Jlasa 1106020 koneuno noposcdennozo p-nepuodudeckozo modyss M umeem mecmo pasno-
HCEHUE
n
M = @ M;
=2

ede M; — (npumaphvle) yukisuecKue MoOYAL.

Zoxazameavcmeo. Tak Kak momynb M p-mepnogmdecKuii 1 KOHETHO MOpoxkIeH, TO p""M = 0 s
nexkoroporo m € N. IIpoBenem mokasaTelbCcTBO HHAYKIMEH 10 m. Baza unayKmunm m = 1 oueBUIHA.
[Ipemo0:KuM, 9T0O yTBePKAeHIE BEPHO /I BCeX p-MepHoandecKux Mopyseit N takux, aro p™ N =
0. Bosbmem smement a; € M makcuMasabHOro mepuoja p™. Paccmorpum daxropmonyias M =
M /{a;) n romomopdusm darTopusanmun

o: M — M.
Mosayas M awmyaupyeTcss 1eMeHTOM p™ ™ < p™. Tlo mpeANnoOKenHi0 HHAYKIHT HMeeT MeCTO
Pa3JIOKeHne
n
i=2
rie M; — mukmmdeckne Moaynu. llyers a; — mopoxkjaromuii smement M; u myets my; = |M;], i =
2,...,n. CymecTBytT 3JeMeHThl by, ..., b, € M rtakue, uro ¢(b;) = a;. Torma

(p™b;) =p™a; = 0.
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CaenoBarenbno, p™ib; € Ker(yp) = (a;). Takum 0b6pazom,
p"b; = s;a;  JJIst HEKOTOPBIX §; € Z.

CorstacHo Haniemy BbIGOpY a; IIEPUOJBI BCEX 3jieMeHTOB Moyt M jeqast p™. Orciona
0=p™b; =p™ "™p"b; = p™ " sa.

CaenoBareabHo, 9ucao pt~"is; geaurcs Ha nepuoma pt djgemeHTa a;. Toraa s; geanrcs Ha pti, T.e.
MBI MOYKEM 3aIINCATDH
e
Si =D "4, q € Z.

ITonoxkum
ai::bi—qial, z=2,,n

Torna
p"ia; = p"i(b, — ga;) = p™'b; — p"qa; = s;a; — s;a; = 0. [

8.4 Kuralickag Teopema 006 ocTaTkKax

Teopema. Ilycms R — KoMMymamueHoe accouuamusHoe Koavuo ¢ edunuuetd u nycmsv Ji, ..., Iy
— udeasvi 6 R maxue, wmo T + T, = R das ecex k # 1. Tozda dasa awbozo nabopa asemenmos
ai,...,a, € R cywecmsyem snemenm a € R maxod, wmo

a=a, mod J;.

Joxazameavcmeo. Nnnykung o n. Baza naayknnu n = 2 oueBuaHa: B 3TOM caydae 1 = by + by juis
HEKOTOPHIX by € Jq, by € Jy. CleoBaTeIbHO, MBI MOXKEM IOJOXKHUTH G := asby + a1bs.

[IpeamosokuM, 9TO yTBEpKIEHHE BEPHO i HAGOPOB M3 N — 1 maeasioB. 3HAYUUT, MBI MOKEM
Haiitn @' € R Takoii, 4To

Jlnst 7 < m MBI MOYKEM 3alucaTh
1ij+Cj, bjEJn, CjGJj.

Torna
n—1

1=][0;+¢)€Tn+T, rmed:=0-Tn.
j=1

CaenoBarenpuo, J, + J = R. Tak Kak Teopema BepHa Jijid n = 2, TO CyIIECTBYeT dJeMeHT a € R
TaKOI, 9TO

a=a, mod7J,, a=d mod7J.

TaKKaijD’jnpﬂjzl,...,n—l,To

a=a =a; modJ; mpmj=1,...n—1 ]
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okazameavcmeo. Unpyknus 1o n. basa nagykiuun n = 2 odeBuHa: B 9T0M caydae 1 = by + by jiis
~ ~
HEKOTOPBIX by € T, by € Jy. CaemoBaTeIbHO, MBI MOYKEM MOJIOKHUTH @ := Asb; + a1bs.
Jlns 7 < m MBI MOYXKEM 3alucaTh

1:bj+Cj, bj € Jn, Cj Ejj.

Torna

n—1
1:H<bj+6j)€jn+j, Fﬂejlzjl"'jnfl.
j=1

Crenosarensho, J, +J = R. Tak Kaxk Teopema BepHa st n = 2, TO CYIIECTBYET 31eMeHT d, € R
TaKOI, 9TO B
d, =1 mod7J,, d, =0 mod J.

TaKKaijDﬁnpﬂjzl,...,n—l,To
d, =0 modJ; mpuj=1,...n—1

[IpeamonokuM, 9T0 yTBEpIKJAeHHE BEPHO i HaOoOpoB u3 n — 1 maeanos. Torma s Jiro6oro
1 <7 <n—1 cymecTByeT 37eMeHT d} € R Ttakoii, 9TO

d; =1 mod Jj, d;=0 modJ, mpm k=1,....n—1, k#j

[Tpumennm eme pa3 TeopeMy K HaeaaaM Ju I, mig moboro 1 < j < n — 1 cymecTByeT 3J€MeHT
d; € R Takoii, 4To }
d; =d; mod 7, dj =0 mod7J,.

CitetoBaTeIbHO,

d; =1 mod Jj, dij=0 mod3J, mpu k=1,...,n, k#j.

[Tostoxkum
a:=ayd; + -+ ayd,.
Torna
a=a-0+---4+a,-1-0+a,-1=a, mod7T,,
a=a - -0+---4+a;-14+---4+a, -0=a; mod7T,. ]
CaenctBue. [lycmv R — KommymamusHoe accouuamueHoe koavuo ¢ edunuyet u nycms Ji, ..., Ip

— udeasvt 8 R maxue, wmo T + T, = R dan ecex k # 1. Tozda das ecmecmeentozo 20MoMOpPhHuU3ma
n
¢:R— H R/Jy
k=1

UMEINN, MECTNO CACOYIOULUE YMBEPAHCIEHUA:
(i) ¢ cropsexmusen,
(ii) Ker(p) = Np_, Ty,

(iii) R/ N_y Jp ~ [17_, R/



Jlexmmss 8. KomMMyTaTnBHBIE KOJIBIIA 77

CaenctBue. Ilycmv my, ..., m, — nonapHo 83aumHo npocmule yeave wucaa. To2da das A106020 Ha-
bopa wucen ai,...,a, € Z cyuwecmsyem a € 7 maxoe, 4mo

a=a; mod m;.

CaenctBue. [lycmov yeaoe wucio m caedyowum 06pas3om packaaobleaemecs 6 npouseedeHue npocmols
MHOIUCUMENEU:

_ k k
m=p; ...p,",

2de 6ce p; pasauuno,. Tozda

z/mZ~ || z/piz,
=1

n

(z/mz) =~ [[(@/viT)".

i=1

Sagaun

8.1.

8.2.

8.3.

8.4.

8.5.

8.6.

8.7.

[Iycts R — KOMMYTATHBHOE aCcCONMUATUBHOE KOJBIO C eTMHUIEH.

Hanomuanm, 9To 371emeHT a € R Ha3bBaeTcsa HUAbROMeHMHuM, ecan a” = (0 11 HEKOTOPOTo
n. Jlokaxkure, 94TO eCau a HUJIBIOTEHT, TO 3JieMeHT 1 + a obpaTum.

JlokakuTte, 9TO BCE HUJIBIIOTEHTHBIE d71eMeHThl R 0bpa3yioT ujaeast 1, KOTOPbIil COMEPKUTCH B
nepecevennn BCeX MPOCTHIX uaeasoB. OH HA3BIBAETCS HUAbLPGOUKaA0M Kosbla R. Jlokaxmure,
410 HaKTOPKOJIBIO R/ HE COMEPKUT HUIBIOTEHTOB.

Hokazxwure, aro muorounen f € R[t], f = a™t" +- - -+ ait + ag stBASIETCs1 0GPATHMBIM 3JIEMEHTOM
TOTJIa M TOJBKO TOL/IA, KOIAa MmN KoadduimenT ay obparuM, octaabHble KoM dUIneHTH
ai, ..., 0, SBISIOTCI HUJIbIOTEHTAMH.

Paduranrom locexobeona koabiia R Ha3hIBAeTCS MepeceveHne BCeX ero MaKCUMaJIbHBIX H1eaJI0B.
Jlokaxkute, 9TO 3JeMEHT @ € R npunajiekur pagukaay /lkekobcoHa Torma m TOJBKO TOLJA,
KOIIa 3JeMeHT 1 — ax obparuMm s Joboro x € R.

,Z[OK&)KI/ITG, Y9TO B KOJIbIE I'VIaBHBIX HI€aJIOB Ka}K,HbII;.I HeHYJIeBOIU/I HpOCTOﬁ niaeaJ ABjadeTcd MaK-
CHMaJIbHDBIM.

Hokazkure, 910 jjisi ar0boro mois k kospno dbopmaibHbIX creneHHbIX psigaoB K[[t]] — xombio
rIaBHBIX waeastoB. Onumure Bee waeatst B K[[t]].

Jlokazkute, 9T0 KOJIBIO O, DYHKIHHA KOMIJIEKCHOTO EPEMEHHOTO, aHATUTHIECKAX B TOYKE
29 € C, — KOJIbIO IVIABHBIX UIEAJIO0B.

*Ha camoMm zese HWIbPaIuKal coenadaem ¢ IepecedeHneM BCeX IIPOCTBIX uaeasioB. IlonpobyiiTe 3T0 J0Ka3aTh.
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8.8. Jlokaxkure, 4T0 KOJIbIIO
ZV=3l:={a+b/-3€C|a, beZ}

He ABJIAETCH (PaKTOPUATHHBIM.

8.9. Jlokaxkure, 4T0O KOJIbBIIO
ZV =5l ={a+b/-5€C|a, beZ}

He SBJIAETCS (PaKTOPUATHHBIM.

8.10. Jlokaxkurte, 4TO KOJIBIIO IEJbIX FayCCOBBIX UHUCE
Zji):={a+1ibecC|a, beZ}
SBJISIETCH eBKIMIOBBIM. YKasanue. Paccmorpure nopmy v(z) == 2z = |2]°.

8.11. JlokaxkuTe, 9TO KOJIBIIO

Z[¢() ={a+b+cC?|a, b, ce€Z},

rjie ( = (3 — nepBoOOpa3HbIl KOPEHDb cTeneHn 3 u3 1, ABasgeTcd eBKIANJIOBLIM. Yrasanue. Boc-
MOJIL3YNTECh YKA3AHUAMHA MPEJBIAYIICH 3a1a491.

8.12. JlokazKure, 94TO KOJIbIO

Z[V2] = {a+bV2|a,bc 7}

ABJIACTCA €BKJINJOBBIM.

8.13. Ilycrs f: R — R’ — croopbekTuBHbI romoMopdusm Kosten. Jlokaxkure, 910 ecim R — KOJbIO
IJIABHBIX HJI€AJI0B, TO TAKOBBIM ¥Ke siBjsercs u R'. Bepuo nm obparHoe?

8.14. Jlokazkure, 4T0 KOJIbIO (DyHKIUN nuddepeHiupyeMbIx B TOUKe He SBJISeTCH KOJIbIIOM IVIABHBIX
nea0B. OnuInuTe MaKCUMAJIbHBIE HI€AJIBI B TOM KOJIBIIE.

8.15. Ilycts k mose anredbpandecku 3aMkuyTO U chark # 2. Paccmorpum dhakTOpKOIBIO
R :=K[z,y]/(y* — 2° + ).

Jlokaxkute, uro B R HeT genuteneit nysasa. Jlokaxkure, 9To oOpaTUMBbIe 3JeMEHTH KOJIbIa R — B
TOYHOCTU HeHyJIeBbIe deMeHThl K. Jlokaxkure, 94T0 KOJIbIO R He saBjisgercs (pakTOPUAIbHBIM.

8.16. Ilycts R — daxTopmaibHOe KOIbIO. JloKaxkuTe, 9T0

b) kaxkapiil mpoctoit umean P C R coaepxKuT IPOCTOil JIEMEHT;
) KaKIplil riaBHBI TpocToit uaean (p) C R MOpOKIAeTCsT TPOCTHIM 3JIeMEHTOM;

ecsiu mpocToit uaean 3 C R He cOmep:KUT MPOCTHIX UIEATOB, OTIUIHBIX OT 3 1 (O), TO OH
— IJIaBHBIH.



Jlekmma 9

Ilons. Pacmupenns moJieii

[Iycts K — mome u mycers k — ero moamoste. B stom cayuaae roBopsr, uro K/k — pacwupenue noset.
fcno, uro K siBisiercst anre6poii (B gacTHOCTH, BeKTOPHBIM IpocTpancTBoM) Has k. Pacimpenne K /k
Ha3bIBaeTca KoneuHniMm, ecan K koneanomepno nas k. Pazmeprocts K Kak BEKTOPHOTO IPOCTPAHCTBA
na, k maseiBaercst cmenenwvio pacmmpennst K/k u obosnauaercs [K : k.

9.1 [IlIpocTbie moJis

[Tycts k — mpousBosbaOe mosie. Obo3naunm vepe3 M mHONKecTBO Beex m € N Takux, 4T0

Xaparxmepucmurot char(k) mons k HaspiBaercsa aucao

min M, ecan M # @,
0, ecu M = &.

char(k) = { (%)

Taxkum obpasom, char(k) — nmopsimok eauHE4YHOTO 3jeMenTa 1 B agauTuBHON rpynme k, ecam sToT
HOpAOK KOHedeH. Ecam ke mopsfaok 1 GecKOHeYeH, TO XapaKTePUCTUKA TOJs CIYUTAETCs PaBHOM
HYJTIO.

Hanomunwm, 1o orobpazkenue

o 7 — Kk, d(n)=mn-1 (1)

ABJIdeTcd I‘OMOMOpCbI/I3MOM KOJICII. HeHOCpe,ZLCTBeHHO nus3 OHpeﬂ,eﬂeHI/IH XapaKTepI/ICTI/IKI/I HOﬂy‘{aeM
CJIe Iy FOIIee

VrBepxkaeuune. Fcau char(k) = n, mo Ker(¢) = (n). B wacmnocmu, 2omomoppusm ¢ unsexmusen
moeda u moavko moeda, Kozda char(k) = 0.

Aoxasameavcmso. Ecim char(k) = 0, To ¢(m) = m -1 # 0 aia moboro m € Z. CiaenoBaresnbHo,
Ker(¢) = (0). Ilpennonoxkum, uro char(k) = n > 0. Torga n — NOPSIOK €TUHUNLI B A AUTHBHON
rpyumne mojs. O4eBrAHO, 9T0 A1 KaxKA0ro m € (n) Mol umeem m = nk, k € Z u ¢(m) = ¢(nk) = 0.
Caenosarennno, Ker(¢) D (n). Obparno, nycrs m € Ker(¢). Torga m - 1 = 0 u mosromy m gesurcst
ua n, .e. m € (n). Cremosaresnpuo, mmeercsa obparnoe Braodenue Ker(¢) C (n). O

79
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CaencrBue. Xapaxmepucmura noas MOAHCEM ObiMb UAU HYAEM, UAU NPOCTIVBIM YUCAOM.

Jlokazamesvcmeo. Tpeposnoxum, uro char(k) = n > 0. B obo3nadenusix soiiie nojie k copepur
MOJKOJIBIO ¢(7Z), KoTopoe mo Teopeme o romomopdusme uzomopduo Z/(n) = Z/nZ. Ecan n ue
SIBJISIETCST TPOCTHIM, TO Z/nZ ~ ¢(7) nmeer AeTUTen HYJIsl, 9T0 HEBO3MOZKHO. ]

Onpe,ue.neHI/Ie. HOJIG, He coJepzKalllee HU OJHOTO COOCTBEHHOT'O MMOJAIIOJIA, HA3BIBACTCA TPOCIMbiM
NOoAEM.

Kazxknoe noste k comepzKuT e IMHCTBEHHOE IIPOCTOE T0JIe — Iepecedenue Beex nosmoieit B k. 1lpu-
MepaMH IIPOCTHIX IOJIell sBJISIOTCS MOJIe paluoHaIbHbIX unucenl Q u noss serueros F), := Z/pZ no
npocToMy Moayaio p. BepHo n obparnoe:

Teopema. Jloboe npocmoe nose k usomoppro Q uau .

Jlokazamesvecmeo. Pacemorpum cuadana caygait char(k) = p > 0. U3 yrBepxKaenus u Teopembl o
romomopdusme noiaygaem, aro Im(¢) ~ Z/Ker(¢) = F, asuserca nogmorem B k, a tak xax k —
npocroe, o Im(¢) cosnagaer ¢ k.

Tenepn pacemorpum caaydaii char(k) = 0. Torga romomopdusm ¢ nabekTHBEH. [TPOIOIKIM STOT
romoMopdusM g0 orobpazkenus ¢ : Q — k mo npasmty

v ()= sy

Bo-nepBbix, poBepuM KOPPEKTHOCTD TOi (hOPMYJIbI:

e l/ g’ = alim il = e ¢(n) _ QZ5(7’LI)
toL = oma(m) = a(m)a(m) = T = TH
Jlaiee MBI BHJIUM, 9TO 1) — TOMOMOPMU3M KOJIEIL:
n n _ nm' +n'm _ d(nm’ +n'm) _
v (m * m’) 4 ( mm/ ) ¢(mm')
_ o(n)e(m) + ¢(n)p(m) _ ¢(n) o) _ (n n
a p(m)o(m’) = o(m) o) <m> o (m’> ’
)

v (% | %) —v (vz:z) - ai%)> - 5152?22% - 5523 | jé:w =¥(3) ¥ (1) |

Tak kak (1) = 1, To ¥ — BOXKeHHe moJieil, a Tak Kak k — mpocroe, 10 ¥ — n30MOpdhu3M. O

9.2 Pacmupenus mnoJieii

[Tycrs K/k — r060e pacmupenne nosei. s snementos 04, .. ., 0,, € K oboznaunm gepe3 k[0, ..., 0,]
(coorBercTBenHO, Yepes k(01,. .., 0,)) — HanMeHbIIee TOIKOIBIIO (COOTBETCTBEHHO TToAnoe) B K, co-
nepxkamree k u Bce 04, ...,0,. fcHo, uTO

k[01,...,0,] = {3 gy, 4, 0% - OFn

k.. ko, € ka kj > O}a

k(61,...,8,) = {2 |8,y €k[By,...,0,], 7#0}.

Bynem rosopurb, uro pacmupenus K/k u K'/k usomoppne nan k, ecau cymecryer uzomopdusm
nosteit p : K — K’ takoii, 9ro ero orpanudenne p|y ABASETCI TOXKICCTBEHHBIM OTOOPAKEHIEM.
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Onpenenenune. Mbi ckaxewm, aro vement 0 € K anzebpauven na k, eciu cymecrByer HeHy/IeBOM
muorownen f € k[t], s koroporo f(0) = 0. B nporuBHOM cirydae sjeMenT 0 HA3BIBACTCS MPAHC-
yendenmuom wan k. Pacmmpenne noseit K/k waswiBaercs aszebpauneckum, eCanm Kazx bl 5J1eMeHT
0 € K aiarebpanyen nas k.

ITpumep. I[lycts Q C C — muOXKeCTBO Beex anredpandeckux Haa Q snmemenTon. Torma Q — mosre. Ono
HA3BIBAETCA NOAEM AA2E0PAUMECKUT YUCEN.

ITpumep. Ilycrs K/R — anre6pandeckoe pacumpenne. Torga K = R wim K ~ C (kak noste mag R).

IIpumep. (i) [ycrs k = Q, a K = C. Xopoto u3BecTHo, 4T0 MHOXKecTBO Q[t] BCex MHOrOUIeHOB
Haa Q caerno. [Tosromy 1 cueTHO MHOXKECTBO Beex asredpamdeckux aaemeHTo A C C. Oanako
MHOKecTBO C HecuéTHO. DTO MOKa3bIBaeT, udTo TpaHcueHAeHTHBHIX Hal Q smementoB moas C
“cymiecTBeHHO 60JIbIe” YeM aJredpanIecKux.

(ii) Inst mesaBucuMOl mepeMenHoii ¢, mycth k(t) — mose parnuoHa bHBIX apobeit Hag k. Jlo6oit
snement f € k(t) \ k aBasiercsa TpaHCIeHIeHTHBIM.

ITpennoxenue. ITycmo K/k — awboe pacwuperue noaet. Caedyrousue ycrosus sK6UEAAEHTHDL.

(i

(ii) xoavyo k[0], kax eexmopnoe npocmparcmeo nad K, xoneunomepro;

)
)
i)
v)

anemenm 0 € K asasemen anecebpauveckum nad k;

(iii) woavyo k[O] asasemea nosem;

(i

Hoxasamenvemeo. |(1)=|(i1)| [Iycts 0 € K — anrebpantvecknii nax k smement u mycrs f € Kk[t] —
HeHyJIeBON MHOrowien takoii, uro f(0) = 0. Mbl mMoxkeMm cuurarh, uyro crapiumii koaddunuenr f
paBeH 1, T.e.

noae k(0), xax eexmoproe npocmpancmeo nad K, xoneurnomepho.

f = tn + )\nfltnil + .- /\1t —+ )\0.

Torna
0" = —\,_10" 1 — .. N0 — X

M MBI MOZKeM (110 MHIYKIMH) BBIPA3HTH BCe CTemeHw O Kak JuHeitHble komOuHammw 1, 0,..., 071
¢ koabdurnuentamu B k. Takum obpasom, k[0] kak BekTopHOe TpocTpancTBO HaJ Kk mopoxmaercs
KOHEYHbIM YHC/JIOM 3JIEMEHTOB.

Jocrarouno mokasarb, 4To n1060ii HeHnysneBoil snement b € k[0] mmeer oGparHbIii.
Pacemorpum k[0] kak BekTOpHOE mpocTpaHcTBO Had K u mycTh

- k[0] — k[0]
— JIMHEAHBIA OmepaTop
4, o — ba.

Tak kax B k[0] Her mesuresieit 0, To 3T0oT omeparop uabekTHBeH. Tak kKak k[0] koHegHOMEpPHO, TO OH

M CIODBEKTUBEH. HAUNT, cymecTyer smement b ! € k(0] Takoit, uto «,(b~') =bb~! = 1.
(iil)={(iv)| Mb1 Mmozkem sammcats 01 = >0 A\0%. Orciona

& 1
Ot = —— ) N0+ —.
An = An
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Kak u Bbiiie, Mbl MOzkeM (110 HHJLYKIUHI) BBIPa3UTh Bee crenenu O kak juneiinbie kombunanuu 1, 0, ..., 0"
¢ koapdunumenramu B k. Takum obpazom, k(0] = k(0) kak BekropHOe mpocTpancTBo Ha kK HOPOK-
JAETCS KOHEIHBIM YHUCJIOM 3JEMEHTOR.

(iv)={(i)| [IycTb n := dimy k(0) < co. Torma saementst 1,0,02% ..., 0" muneiino 3apucumbl Has k
1711 HekoToporo n. CiexoBaTenbHoO, Z?:o A\i0" = 0 mna mekotopwix \; € k, T.e. f(0) =0, tae

f= Zn: \ith. O
=0

CueacrBue. FEcau K/k — koneunoe pacwupenue, mo moboti snemenm 5 € K asasemea anzebpaure-
crum Had k.

Teopema (Teopema o Gamse nmoseit). Ilyemos L/K u K/k — koneunwe pacwupenus noaet, nyemo

m:=[L:K] un:=[K:k]. Toeda L/k — xoneunoe pacwupenus noset u [L : k| = nm.
Jlokasameavcmso. Ilycts ayq, . .., a, € K—6azuc K/k u nycts by, . .., b, € L —6asuc L/K. Tokaxewm,
qro ssmemeHTHl a;b; € L, i =1,...,n, j=1,...,m obpasytor 6azuc L/k.

IIpenmomokuM, 4TO

Z )\7;7]'&1'17]' = 0
1,
anga A ; € k. Torma
0= Z )\i,jaibj = Z Z )\m-al- bj.
1,j J i

Tak kax by, ..., b, € L —6azuc L/K u
Z)\i,jai S K,

T0 Y . Aija; =0 s soboro smementa j. Tak kak ag, ..., a, € K - 6azuc K/k, o \;; =0 Vi, Vj.
CaenobarebHO, 3j1eMeHTHl a;b; € L uneiino nHezapucuMbl HaJ, k.

[Iycts ¢ € L. Cuosa Tak Kak by, . .., b, € L —6a3uc L/K, To nmeer MmecTo pasyioxkenue ¢ = Zj 505
Juis HekoTopeix ft; € K, a rak kak aq,...,a, € K — 6asuc K/k, To p; = >, N ja; Juisl HeKOTOPBIX
Ai,; € k. Taxkmm o6pasowm,

CcC = E E )\i,jai bj = E Ai,jaibj,
J i .3
T. €. 3JeMeHThl q;b; € L nopoxgaior L Kak BeKTOpHOE IPOCTPanCTBO Ha K. O]

IIpennoxkenne. Ecau K/k — aoboe pacwupenue noseti, mo anemenmos noaa K, anzebpauneckue nad
k, maxowce obpasyrom nose.

Jokazamenvemeo. JToCcTaTOMHO JOKA3aTh, UTO JJId JIOOBIX IBYX aJreOpandecKux 3JeMEeHTOB «, [ €
K anementsr a + 8, aff u o/ rakxke siBisitorcst ajarebpandeckumu. COriaCHO CJIEJACTBUIO JIJIsl 9TOIO
JOCTATOYHO J0Ka3aTh, 4rTo pacuupenue k(a, §)/k xomeano. Ho k(«, f) = k(«a)(B). Pacimupenns
k(a)/k n k(a)(B)/k(a) koneansr. Tpebyembrit bakT Tenepb Jerko BHIBOAUTCS U3 TEOPEMbI 0 GariHe
noJteif. [
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Omnpenenenne. [lycrs K/k — si060e paciimpenune nosieit u nycrs 0 € K — ajrebpanueckuii Haj
k smement. Hemynesoit muorodnen jug(t) € k[t] Mmunmvanbmoii crenenn, aas KoToporo 0 spasercs
KOPHEM, Ha3bIBAETCS MUHUMAALHBM MHO20uAeHoM dyiemenTa O Has k. Ecam sT1o He mpuBoamT K
IyTAHUIE, BMECTO [ (1) MBI GyIeM MHCATh MPOCTO [lg WIH JAZKe [L.

[Tpeanonoxkum, uro pacuuperne K/k konewano. Torma orobpazxkenne o7 : K — K, 3agannoe dop-
mysioil 2y (5) = 03, aBjsieTcs JIUHERHBIM OIEPATOPOM B KOHEYHOMEPHOM HpocTpancTse. MHOrowIeH
[lg COBIIAAET ¢ MUHUMAJBHBIM MHOTOYJIEHOM 3TOTO JIHHEHHOTO OIepaTopa.

IIpennoxenne. [ycmv K/k — pacwupenue nosetd u nyems 0 € K — anzebpauveckuti nad k sne-
MEHTT.

(i) Ecau f € Kk[t] — mnozousen maxod, wmo f(0) = 0, mo [ deaumea Ha MUHUMAALHOT MHO20-
uAeH [lg. B wacmmocmu, MURUMAAHOT MHOROMAEH ONPEOEALH 00HOZHAYUHO ¢ MOYHOCTLIO 00
NOCMOAHH020 MHONCUMENS.

(i) Munumaronvid mmoeounen (1 nenpusodum ¢ Kklt].

Jloxazamesvemeo. Paznenum f na g = pg ¢ ocraTkom:

f=ng+r

Torna
0=7(0) = u(0)g(6) +r(6) =r(6).

Tak kak degr < deg y1, To 7 = 0. DTO JOKA3HIBACT
Jlnst mokasarebCTBA BTOPOrO yTBEPZKIACHUST TPETOMOKIM, 9TO [t = fi1fz. Torga py(0) = 0 win
p2(0) = 0. DT0 NPOTUBOPEIUT MUHUMATBHOCTH MHOTOYJIEHA (L. O]

9.3 lleable pacuimpeHud KoOJIell

Omnpenenenne. Ilycts () — KOMMyTATHBHOE acCOMUATHBHOE KOJBIO € eIMHUIEH W mycTh R — ero
OAKONIBIO (cozmepKaiee equuuly). diement 0 € () HazbiBaeTCsa uyeavm Hajx R, eciu cymecrByer
muorousen f € R[t] co crapmmm kosddurmenTom 1:

f(t) — an,ltnfl + -4+ at + agp, a; € R (i)

rakoit, aro f(0) = 0. Kosbmo () HazeiBaercst yeavim HaI R, ecan Kaxkiplii saement 0 € ) sBiagercs
neabiM Haa R.

Onpenpenenne. Ilycth () — KOMMyTaTHBHOE acCONMMATHBHOE KOJBIO € eIUHUIEH W mycTh IR — ero
OJKOJIBIO (comepzKariee enuuuIyy). Loopar, aro R yerodamknymo 6 (), ecau KaxKIplil 371eMeHT
a € Q uen vag R. Koabmo R Ha3bIBAETCA U4EA03AMKHYMbBLM, €CJTH OHO MEJ03aMKHYTO B CBOEM IIOJIe
qacTHBIX K.

IIpumep. Koabno menbix dnces Z sBaseTcs eJa03aMKHYTBHIM. JleificTBUTe/IbHO, JTI000# pallioOHA -
HBbI KOpeHb MHOI'OYJIEH BU 4 ABJIACTCA IEJIbIM.

IIpennoxkenne. [Tycms () — KOMMYMAMUBHOE GCCOUUAMUBHOE KOALYUO ¢ edunuyed u nycmb R —
e20 nodkoavuo (codeporcausee edunuyy). Lpednoroscum, wmo @ Kornewno nopostcdeno kax R-modyas.
Tozda R uenozamrnymo 6 Q.
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Joxaszamesvcmeo. Bozbmem j11060it siement a € Q. Ilycrs ey, ..., e, — 3jieMenTbl, HOPOXK gatomue ()
KakK R-Mojy/ib. Torga Mbl MOYXKEM 3aluCaTh

n
ae; = E )\i,jei
=1
JJId HEKOTOPDBIX >\i,j € R. 9tn pPaB€HCTBa MO2KHO IIepelincaTb B MAaTPUYIHOM BHUJIE:

(€1,...,e,)-A=(0,...,0),

rue
)\1 1—a )\172 )\1,n
A — A2 >\2,2 —a )\Z,n
>\n,1 )\n,2 )\n n a

JloMHOXKHUM 0D€ 4acTy Ha HPUCOEJMHEHHYIO MAaTPHILY

A~

(€1,...,€,) - A-A=(ey,...,e,) det(A)E = (det(A)ey,...,det(A)e,) = (0,...,0).

[Mosyaum, uro det(A)e; = 0 puist Beex ;. Ho 910 o3nauaer, uro det(A) z = 0 st 1106010 3/1eMeHTa T €
Q). B gacrrocru, det(A) 1 = det(A) = 0. Takum o6pa3oM, a ABISETCS KOPHEM XapaKTEPUCTHIECKOTO
MHOTOYJICHA,

)\1,1 — 7 )\1’2 50 )\Ln
X(t) — det )\le /\272 —-—a ... )\2771 O
>\n 1 )\n 2 >\n n t

CaenctBue. [lycmov S — KomMmymamusHoe accouuamueroe kKoavuo ¢ eduruued u nycmov R — ezo
nodxoavyo (codeporcawee edunuyy). s 1106020 sremenma a € S caedyroujue Yeao8us IKEUCAAEHIT-
HbL:

(i) saemenm a yea nad R;
(ii) xoavyo R[a] koneuno noposcieno xax R-modyas.

Zoxazameavcmeo. — [TpemonozkuM, 9To a neqa Haja R, t.e. a®+b,_1a" ' +---+ba+by =0
aist HekoTophix b; € R. fcno, uro R[a] kak R-momyp nopoxkmaercs snementamu a™. Tax Kak mpu
M > 1 Mbl MOYK€M BBIDA3UTH

a™ = _bnilamfl . blamfn%»l o boamfn,
TO MBI MOXKEM OIrPaHUYIUTHCA TOJIBKO KOHEYHBIM YUCJIOM 3JIEMEHTOB am.
Ummmakanus [(ii)| = [(1)] nemocpencrsenno caenyer u3 npeaiokenns, IpuMeHeHHOro K @ = R|a).

O

CaencrBue. llycmv S — KOMMYmMamMueHoe accouuamuetoe Koivuo ¢ edunuuetd u nycms R — ezo
nodxoavyo (codeporcausee edunuyy). Bee anemenmor S yeavie nad R obpasyrom nodkosvuyo R C S.
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Jokazamenvcmeo. J1oCTATOUHO MOKA3ATh, 9TO MHOZKECTBO K BMeCTe ¢ JIIOOBIMI IBYMSI SJ€MEHTAME @,
b COMEPKUT UX PA3HOCTH M MPOU3BENIEHNE, & JUIA 9TOr0 JOCTATOYHO HOKA3aTh, 9TO MOAKOJIbIO R[a, b]
KOHEYHO MOPOKJEHO Kak R-Momyab. Tak Kak a 1men Hajg R, 1o moakonbino R[a] KOHEIHO TIOPOXKIEHO
Kak R-momysb. Tak kak b men mag R, to on mex wan Rla] u mostomy moxkonsno Rla,b] = R[a][b]

KOHEYHO MOPOKJIEHO Kak R[a]-Moyb. [IycTh 31eMeHTHI ay, . . . , a, nopoxkaaoT Rla] Haa R, a sieMeH-
TBI by, ..., b, mopoxkaaor Ra,b] nam R[a]. Tormna BceBO3MOXKIBIE TPOU3BEACHUS a1y, a1bs, . . ., ayby,
nopoxaaor Rla,b| nag R. O

Teopema. PaxmopuarvbHoe KOALYUO UEAO3AMKHYMO.

Jlokasamenvcmso. Ilycrs /B € K uenstii Hag R snement, rae «, B € R, B # 0. Mbl MOKeM CUUTATH,
aT0 1pobb o/ mecokparuma. Torma

<g>n+a (g)n_1+--~+ag+a =0
6 n—1 6 IB 0 — Y-

Q"+ a, 12" B+ 4+ a1t 4 apB” = 0.

Orcroma

Hecnoxno Bugers, uro [ gennt o”. Ilo Hamemy IpeamnoaoKeHnio 0 HECOKPATUMOCTH 1pobu 3 aBis-
ercst oOparumbim, T.e. /3 € R. ]

Sagaun

9.1. JlokaxkuTe, 9TO KOJIBIO METBIX TayccoBbIX uncen Z[t] = {a + b | a, b € Z} awnsiercs uenosa-
MKHYTBIM.

9.2. Joxaxure, uto kombo Z[v2] = {a 4+ b2 | a, b € Z} apndgercs men03aMKHYTBIM.

9.3. Tlycts R C Q C P — xosbua (¢ obmieil exnaunreii) takue, aro ) neao Hag R, a P mesro wHan Q.
Joxkaxxure, uro P meyo Ha R.

9.4. lokaxkute, 410 KOIbIo Z[\/—3] = {a + bv/—3 | a, b € Z} ne saBIsIeTCS MEI03AMKHYTBIM H €I0
IEJIBIM 3aMbIKAHUEM SIBJISIETCS] KOJIBIIO

Zl()={a+b+c(®|a,b cel},
e ( = (3 — nepBoobpa3Hbiii KopeHb crenenu 3 u3 1.

9.5. Jlokaxkure, 94T0 KOJBIO R
R :=k[z,yl/(y* — 2" + z).

He sBJsdeTcd MeJo3aMKHYThIM. HaliauTe ero meoe 3aMbIKaHHE.



Jlekimusa 10

Pacmmpenus mnoJieii

10.1 IIpucoenuHeHune K II0JII0 KOPHHA HENPUBOANMOIO MHOTIO-
qJIeHA
Teopema. IIycmv k — noae u nycmo [ € k[t] — mrozouren nososcumenvnoti cmenenu.
(i) Caedyrougue mpu ycro6us IKEUBAACHIVHDL:
(a) mrozouaen [ nenpusodum,
(

(c) daxmoprosvuyo K[t]/(f) ne umeem deaumenetds ny.as.

b) daxmoprosvuo K[t]/(f) asasemea nonsem,

(i) IIyemv muozouaen f nenpusodum. EcaulL/k — pacwupernue noaet maxoe, wmo f umeem xoperv
0 € L, mo cywecmsyem usomopdhuam

v Kk[i]/(f) = k), t— 8,

ﬂ@./LﬂTOUéU’(jCﬂ MocIecmeeHHbiMm 0m06pa9+ceHueM na k.

oxazameavcmso. |(1)| Jokaxkewm |(i)(a)l = |(1)(b)l Ilycts 7 : k[t] — k[t]/(f) — ecrecTBenHbIH TOMO-
mopdusm. Pacemorpum menysesoit snement g = g + (f) € k[t]/(f). Takum obpasom, g = 7(g), rae
g € Kk[t] — muorounen rakoit, uro g ¢ (f). [Mocaennee o3nauaer, 4o f w g B3AUMHO TPOCTHI (MO~
ckosibky f HempuBoguM). TTo Teopeme o HanbosIbiieM 00IIEM JeIuTee CYIIECTBYIOT MHOTOUYIEHBI U,
v € k[t] rakue, uto 1 = fu + gv. Orcrona

1=m(1) =n(f)m(u) +7(g)m(v) = gn(v).

CaenosarennHo, 060l HeHyeBoii snement g € k[t]/(f) obparum u nosromy kt]/(f) — mome.
Mmvmmakanus [(1) (b)) = [(D)(c)] ouesuana. dis moxasarenscrsa [(i)(c) = IPEIIOIOKIM,
aro [ = fife, vae f; ¢ (f). Torma B k[t]/(f) nmeem

m(fu)n(f2) = 7(fife) = 7(f) =0,

re. 7(f1), 7(f2) — menurenn myns. IIporusopedne.
PaccMoTpuM oToOpaskeHne

Y k[t] — L, h — h(0).
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fdcno, aro ¥ — romomopdusm. Ero sgapo spisiercs ruasabiv mieanom: Ker(y) = (h). C apyroit
croponsl, f € Ker(¢) u f menpusogum. ITostomy Ker(y) = (f). Ilo reopeme o romomopduszme
p(kt]) = Kk[t]/(f)- O

3ameuanmue. [JocrpoenHoe Bbllle PACHINPEHIE HA3BIBACTCS NPUCOCOUHEHUEM K NOAI KOPHA HENDUBO-
dumozo mrozounena. leiictBurensuo, mose k ecrecrsenno BkaagsiBaercs B k(t]/(f) (kax kommosunus
k — k[t] > k[t]/(f)), a cormacro obpasz 0 := w(t) aBasiercss kopHem mMuOrownena f. CrerneHb
pacmupenus [k[t]/(f) : k] paBaa cremernu MmuHOTOUTEHA f.

10.2 TIloJjie pa3jioKeHud MHOT'OYJIEHA

Ounpepenenne. Ilycts k — npoussoibaoe moge. Ilosem pasaoscenus muaorowrtena f € k(t] maseiBa-
ercsd nosie K D k Takoe, uro f max K pasaraercs Ha JUHEeHHbIe MHOKUTEIH:

n

f = CH(t - ai)v

i=1
rie ¢ € k, a a; € K u asementsr o; mopoxkpaor K man k, r.e. K =k(aq,...,a,).

Taxkum o6pasoM, nose pazioxkenus muorowiena f € k[t] — 1o MurnManbHOe MO, coepzKaliee
k, B koropom f B KoTOpOoM [ paziaraercsd Ha JUHEHHBIE MHOXKUTEJIH.

Teopema. IIycmo k — nose u f € k[t] — nexomopwwii mnozounen. Cywecmsyem noae K Dk, asas-
roweeca noaem passoscenus 0ia [ nad k. Joove dsa maxuzr noss K usomoppro, waod k.

Joxaszamensvemeo. Joxazamesvcmeo cyuecmsosarus. Nuaayknus mo cremenun n = deg f. baza un-
JYKIAKA OodeBHAHA. [IpeamnosoKum, 910 yTBEpzKIeHNe BEPHO /I BCEX MHOIOYJIEHOB CTEIeHH < 7.
[Iycts fi — mempuBomumbiii MHOXKHUTEAb f. [Ipumcoemmaum K k KopeHb fi, T.e. pacCMOTpHM pacCII-
perne K, /k, rme Ky = k[t]/(f1). IIycts 0, — xopers f; B K. Bamumem f = (¢t — 0;)g. Tak kax
degg < n, To gaa g wax K; cymecrByer mose passnoxkenus L. Takum obpaszom, [ pasjaaraercs Ha
JIMHeTHble MHOXKUTEJIN B ]LZ

f=clt—01) - (t—0,).

IMosnoxkum K :=k(04,...,0,).

Joxazameavemeo eduncmesernocmu. 1lpeamonokumM, 9To cymecTBYeT JIBa MO pasyioxkenus K
u K* s f man k. Tlocrpoum usomopdusm K ~ Kf uas k. Iycrs fi — HenpuBOAMMbBIH MHOMKHTEIb
f cremenn > 1. Tlycrs 0; — kopens f1 B K u mycrs Ky := k(0;). Tlo unayknun mocrponm rnemnovxy
noJreit

kckK,c---CcK, =K

caenytormum obpazom. Ecmu K;_; # K, To MHOrOUWwIeH f nMeeT HempuBoauMblii MHOKATETD f; € K;_1]t]
crenenu > 1. [Tycrs 0; — kopenb f; B K u nycrs K; := K;_1(0;). [Ipouecc obopsercs 0CKoJIbKy Halla
IEI0YKA, — BO3PACTAOIIAs MeMoYKa BEKTOPHBIX IPOCTpaHcTB Hax k pasmeprocTu < n.

Jlastee o WHIAYKINU JOKA3BIBAEM, 9TO It Kaxka0ro | = 1,...,m cymecrByer uzomopdusm o :
K; — K* na mHexoTopoe 1ojmoe B K? C Kt Jna | = 1, oycTs 6% — kopenb f; B K* Torma

k(6%) ~ K[t]/(f1) ~ k(61) = Ki.

CaeroBareibHo, cymecrByer ndomopdusm o : Ky — k(eﬁ) c K%
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IIpeionoxkum, uro usomopdusm ¢, : K;_; — K* nocrpoen. ITosioxum Kgfl = 1 (K_q).
[Iycrn flﬁ € Kf_l[t] — MHOTOYJIEH, [TOJIy9€HHBII IPUMEHEHNEM ;1 KO BceM Ko dunmentam f;. 91oT
MHOT'OYJIEH HEIMPUBOJIUM HAJL Klﬁ_l " UMeeT KOPeHb 6? € K*. Torxa

K; = Ki—1(8r) = Kiaft)/ () = Ki_ [1]/(ff) = K_,(6)).
CiaezroBare/ibHO, cyliecTByer n30Mopdusm
o K — K (81 c K.
Ha mocieiem miare Mpl IHOJLy9UM H30MOPhU3M
o=p :K,=K—K! cKF.
Tax kak f* paznaraerca B K! na juneitnbie muoxuresn, To K = KF¥. [

Bameuanne. [lycts f € k[t] — MHOrowIeH mosoKUTEIbHOI cTeneHn U mycTh K — ero mose pasiio-
xerns f wam k. Mer canraem, aro f menpuBomum. [lo xKoHCTPYKIME U 1o Teopeme o HarrHe moJeit
K : k] < nl, npudem npu n = 2 nmeer mecto pasenctso. Ilpu n = 3 crenens [K : k| 3aBucur ot
JIMCKPUMUHAHTA [) MHOrO4IeHa f:

o1 )3 ectn VD €k
[K'k]_{6 ecin /D ¢ k

Teitcturensno, nycrts VD € k. TTo dopmymam Buera
0, + 05, 0,05 € k(6).
C apyroii CTOPOHBI, ¢ TOYHOCTHIO JI0 3HAKA HUMEEM
k > VD = (8; — 05)(8; — 03)(82 — 03) = (62 — (05 + 03)8; + 0503)(65 — 03).

[Tostomy 05 — 05 € k(01), a orciona u 02, 05 € k(0,), T.e. k(0;) = K. Crenosaressno, [K : k| = 3.
Iycrs /D ¢ k. Ilpeanonoxum, aro [K : k] = 3. Torga k(0,) = K. CienosaresnsHo, 02, 03 € k(0;)
u moaromy /D € k(0;). Takum 06pa3omM, MbI nMeeM GalHio mosiei

k C k(vV'D) C k(6,).

ITo Teopeme o Gamrae moseit

Tax xak [k(0,) : k] = 3 u [k(v/D) : k] = 2, To MBI HOJIy4aeM HPOTHBOPEYHE.

10.3 KoHcTpykiiusg ajaredpamdeckoro 3aMbIKaHUS I10J14

Teopema. /s a06020 noas k cywecmeyem anzebpauseckoe pacwupenue k/k maxoe, wmo nose k
aA2e0PAUYECKU 3AMEHYMO.

Cravajia JTOKayKeM CJIeTYIONYIO JeEMMY.
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JIemma. Jlas a06020 noas k cywecmeyem pacwupenue L/k maroe, wmo noae L anzebpaunecku
3AMEHYMO.

Zoxazameavcmeo. IlycTth Y. — MHOXKeECTBO BCeX HEIPUBOJUMBIX MHOTOWIEHOB HaJ Kk co craprmuMm
ko3 dunmenrom 1. Kaxkaomy muorowneny f € ¥ comocTtaBuM He3aBHCUMYIO IepeMeHHYIO tr. Pac-
CMOTPHUM KOJIBIIO MHOT'OYJIEHOB OT BCEX ITHX MePEeMEHHBIX

R:=k[{t; | feX}

n ugean J C R, mopoxaennsiii Muorounenamu f(ty) mas scex f € X. Mbl yTBep:kaaeMm, IT0 HIea
J He sABJIgETCS eTMHUIHBIM. /leficTBUTENbHO, HHAYUE s HEKOTOPBIX fi,...,f, € X H HEKOTOPBIX
J1y-- - Jn € R BBITIOTHSIIOCH OBl PABEHCTBO

Zgi filts,) = 1.
i=1

Pacemorpum pacmupenne K/k takoe, aTo Bce MHOTOWIEHH f1, . . ., f, mmetor kopau B K. [Iycrs 6; € K
— xopenb f;. [loncraBum B naie coornomenue tp, = 04, ..., ¢y, = 0,. Torna sesas yacrs 3amyaures,
970 HeBO3MOXKHO. Cj1e10BaTe/IbHO, J COMEPKUTCS B MaKcuMaabHOM npeaste . DakTOPKOILIIO

kl = R/m

asiistercs moaeM. Tak kax 9N comepzxur Bee MuOrouaeHsl f(tr), To B ky KazkabIil 03 9TUX MHOTOY/ICHOB
nMeeT KopeHb — o0pas ¢ y. Mur moctpounsu nosie ki, B KOTOpoM Kazk/Iblit MHOTOU/IEH ¢ KO3 duiuenTamu
u3 k mmeer kopenb. lIpumennm Hamy kKoHCTpyKImio K k. [lomyumm mose ko, B KOTOpOM KarKbrit
MHOTOUJIeH ¢ KodddunmenTamu u3 ki mmeer kKopenb. [Ipomomkas mporece, MOTYYIUM BIOKEHHYIO
LCLOYKY LIOoJIeil

kckiCkeC---Ck,C:---

Taxyro, aro Kaxxblit MHOTOWIeH ¢ Ko dumuentamn u3 k, nmeer kopeub B k1. [Honoxum

i=1

Torpa I — mome. Bosee toro, kaxaeit Muorounen f € k,[t] mig awoboro n uMeer Koperb B L.
[Mockonbky Kakaeit Muorodnen f € L[t] mexut B nekoropom Kk, [t], To on TakxKe mMeer KopeHb B L.
CuienoBarenbuo, noje L aarebpandeckn 3aMKHYTO. O]

Joxazameavcmeo meopemai. 1lyers k C L — MHOMKeCTBO Beex ajrebpamdeckux sjaeMenTos Had k. To-
rna k cosa mome. Ilyers f € k[t] — mempuommmbii Muoroanen. Tak kak L aare6pamdecKn 3aMKHYTO,
10 f umeer kopenb 0 € L. Daement 0 anrebpamuen naj k, a nose k sijisiercs asnrebpanueckum pac-
muperneM moss k. 3uagnt, 0 anrebpanden nam k n mo koucTpykiuu 0 € k. O]
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Sagaun

10.1. Buramcamre cTeleHb MO pasIoykenns Muorodnexa t° — 2 mag Q.

10.2. Ilyctp Q; C C — mopamnoJie, moyd9eHHOE TPUCOSIUHEHNEM KOPHEH BCEX HEIPUBOIAUMBIX MHOIO-
aienoB Had Q. /Tokazxkure, aro mone Q anrebpamdeckn 3aMKHYTO.

10.3. Ilyctp k — mose n mycth k — ero anredbpamdeckoe 3aMbikanue. JlokazkuTe, 9TO M7 JI0OOOTO
ssiementa 0 € k \ k cymecrsyer makcumasibaoe nosuosie K C k, ve copepxainee 0. Viasarue.
Bocnonwszyiitech emmoit [opna.



Jlekimsa 11

Koneunble mmoJga

B sTom maparpade MBI pacCMOTPHM KOHEUHBIE TOJI, T. €. HOJI COCTOSINNE M3 KOHETHOrO YHCJIa
JJIEMEHTOB. HaHOMHI/IM, YTO XapaKTepUCTUKa KOHECYHOI'O I10JId k OTJIMYHa OT HYJIA, ABJACTCA IIPOCTHIM
gucaoMm p n K comepxxut mpocroe noamoie kg mzomopdnoe IF),.

11.1 OTtobpaxenne Ppobenmyca
ITycrs k — nosie xapaktepuctuku p > 0. Paccmorpum otobpakenue
bk —k, a+— ab.
DT0 0TOOpaAXKEeHNEe HA3BIBACTCA omobpasicenuem DPpobenuyca . Ero obpas3 mbl obo3nadum depes kP:
k? := ¢(k) = {a” | a € k}.
Ilpennoxkenune. (i) Omobpasicenue asasemes mootcdecmesernom na npocmom nodnoae ko ~ .
(i) k? sasasemea nodnosem 6 k.
(ili) & asasemes usomoppusmom meocdy k u kP.
(iv) Ecau nose k xonewno, mo kP = k.

Jlokazamesvcmeo. TlepBoe yTBepKaeHNe 04eBHIHO, TOCKOIBKY, O(1) =1u d(n-1) =nd(l)=n-1
JJIS JIF0OOTO IIeJI0r0 M.
Jlns nokazarenscrsa |(ii)| 3anmmem

d(ab) = (ab)’ = "V = P(a)db(b)

"
p—1
DY kpp—k
a+b)=(a+0bP =a’+b a”"bPr.
b(a+b) = (a+Db) ++ (k)
k=1
B nocaenneit cymme 6uHOMUAJIbHBIE KOIDDUITUEHTBI (Z) = (p_p—k!)!k! paccMaTpPUBAIOTCH KaK IeJible

qucaa. Tak Kak Bce OHU JEJATCS Ha P, TO

d(a+b) = (a+b)P =a”+ b = d(a) + d(b).

91
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N3 sroro caeunyer, uro ¢ : k — k — romomopduszm kosen. Tak kak sjpo 3roro romoMmopdusma
TpUBHATLHO, TO ¢ gBasgercs uzomopdusmom mexay k u ¢(k). B gacraocru, (k) — mone. Dro
noxazsisaer (i) u [(iiD)} Yreep:knenne CJIEJLyeT U3 TOTO, 9TO B CJydae KOHeIHOTo nousa kP copepKur
CTOJIBKO ¥Ke 3JIEMEHTOB, 4TO H K. O

Taxum obpazom, ecim kP = k, 1o orobpaxkenne ¢ sasiasercs apromopdusmom moss k. OH Ha3bI-
BaeTcs asmomopgusmom DPpoberuyca.

11.2 CtpoeHnne KOHEYHBIX MmoOJieii

Teopema (IlepBasi Teopema o cTpoeHnn KOHEUHBIX moseil). [Hycms k — koneuwnoe nose xapaxmepu-
cmuxu p > 0 u nyems kg — e2o npocmoe nodnoae. Tozoa

(i) wucao anemenmos k pasro p™, 2de m = [k : ko,
(i) k asasemea nosem pasaosicerus muozounena t — t nad Ko.

Jokasameavcmeo. YTBepiKIeHUe O YUCTIE 3JIeMEHTOB CJelyeT U3 TOTO, 9TO KarKJblil 37€eMeHT BeK-
TOPHOTO MTPOCTPAHCTBA OJHO3HAYTHO 33/I4€TCST CBOUME KOODAUHATAMH (L1, . . ., Tp,) (B DUKCHPOBAHHOM
fasuce), a B HAIEM CJIyYae JIJIs KayKJI0#W KOODJAUHATHI I; UMEETCs POBHO P BO3MOXKHOCTEH, TaK Kak
z; € ko = ]Fp.

ITo Teopeme Jlarpam:zka mopsjaoK KazKaoro ajaemMenta a rpynubl k* gemut ee nopsamaok. [Tosromy
a’"!' —1 = 0 gas moboro a # 0. Ouesnano, uro Torga a? — a = 0 a1 seex a € k. Taxmu
obpasoM, MHOrOWwIeH t? — t uMeeT ¢ pa3audHbIX KopHeil. C apyroif cTopoHbl, coryiacHO TeopeMme besy
MHOrOWIeH t7 — t umeer He Gosee ¢ KopHeii (¢ yuerom KpaTHOCTel ). [I03TOMY 9TOT MHOTOUJIEH UMEET
TOJIBKO IIPOCTBIC KOPHU U Pa3JjlaraeTcd Ha JIMHEHbIE MHOXKHATEJIN B k. Bo,nee TOr'o, HOCKOJIbKY Ka}K,ZLbeI
anement k asngerca xopuem t¢ — ¢, To k — mosie pazioxkenus muorownena t? — t mam ko. Teopema
JIOKa3aHa. ]

Teopema (Bropag reopema 0 crpoenum KOHedHBbIX moJeit). IHycms g = p™ — npocmoe. Ione
2

pas.nosicenus muo2ouaena t —t nad I, codeporcum poero q asemenmos u cosnadaem ¢ MHOHCECNEOM

xopret t1 —t.

CaenctBue. Koneunoe nose ud p' anemMenmos cyuecmsyem u eOuHCmeeHHo ¢ MOYHOCBI0 00 U30-
Moppuama.

[Tone u3 g = p™ saemenTos Oyxer obosznadarcsa depes F,. Ono Taxke naswsiBaerca noaem lIanya .

Hoxasameavcmeo. Ilone pasnoxenns K muorownena t¢ — ¢ wan F, KoHEIHO (NOCKOTBKY ABJIAETCS
KOHEYHOMEDHBIM MpOCTpancTBOM Hag F,), a sHauuT cocTout u3 p! 3memMeHToB. PacecMoTpuM moaMHO-
xeerso M C K, cocroamee u3 Beex kopreit t4 — t. 3amerum, 9ro a? = a?” = ¢™(a), tne ¢ : K — K
— aBromoppuzm @pobdennyca. Takum oOpa3oMm,

M={aeK|d"(a)=a}
— MHOYKECTBO HEIOJBUZKHBIX 3,IeMeHTOB (. DTO MHOKECTBO 3aMKHYTO OTHOCUTE/IHHO OMEPATIHii:

a,beM = ¢"(a)=ua, d"(b)=b = ¢"(atb)=d"(a)Ld"(b)=atbe M
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(anasiormyaHo s pousBesenuii u vacrabix). Caenosarenbno, M — nose. Muorousen t¢ — ¢ pasia-
raercd Ha JimHeiHbie MuoxkuTesu B M, nosromy M — none pazyioxenud jsg t9 —t u M = K. Tax
KaK

#—t) =gt —1=—1,

TO t9 — t He UMeeT KpaTHBIX MHOXKHTeIel n B KK nmMeeTcs poBHO ¢ 3JIEMEHTOB. ]

Teopema. Myavmunauxamushaa epynna Fy xonewnozo noas F, asasemea yurauuecrod.

Joxazameavemeo. Ilycts m = eXp(IFZ). Torma m ngenur ¢ — 1. Caegosarenbro, a™ = 1 s a1000r0
a € F,, C apyroii croponsl, o teopeme Besy ypasuenne {™ — 1 = 0 nmeer ne 6os1ee m KopHeit, T. e.
q—1 < m. Takum obpasom, ¢ — 1 = m. Ilo cpoiicTBy mokasarena abeseBoit rpynmsl B ) cymecrsyer
seMent ¢ € I mopsiiaka ¢ —1. DTO0 03HAYAET, YTO [, — nukimyeckas rpynmna. Teopema jnokasana. [

Caenctsue. llonre K :=TF,, ¢ = p™ codepotcum nodnose us r asemenmos moz0a u moavko mozoa,
xoeda r = q%. Omo nodnoae eduncmeerno.

oxaszamenvemeo. Ilycrs k C Iy moamoste u3 r sanemenTos. PaccmorpnM [Fy kKak BeKTOpHOE TpoCcTpaH-
crBo Hagx k. [lomoxum d = dimg F,. Kak u B 1oKa3aTe bCTBe IePBOi T€OpEMBL O CTPOEHUN KOHETHBIX
noJeii momydaem, uro ¢ = r¢. Tak xak k* — moarpynma nopaaka r — 1 B IHKINTECKOH TpyIIIe [y, 1o
OHA eJUHCTBEHHA, a 3HAYUT €IMHCTBEHHO U moamoe K.

Hao6opor, nycts ¢ = r%. Tak xax r — 1 geaur ¢ — 1 = r¢ — 1, 7o B nukamyeckoil rpymme K*
nopsijika ¢ — 1 Haiizerca (exmrcTBenHas) moarpynmna U nopsaka r — 1. [To Teopeme Jlarpanxka Bce
saementhl U apasiorces Kopaamu Muorowtena t™ 1 — 1. Tlyers k := U U {0} C F,. ¢cno, uro Bee
7eMeHThl K SBJIAI0OTCS KOPpHAMH MHOrodwiena t” — t. Kak u B JloKa3aTe/IbCTBE BTOPOIl TeopeMbl O
CTPOEHUY KOHEYHBIX T0JIeH JIErKO MOKa3aTh, 9To0 K — mose (M OHO COJEP:KUT POBHO T 3JeMeHTOB). [

CaeancrBue. /lasa 4106020 pacwuperus koneurnoz noett K/k cywecmeyem anemenm 0 € K, xomo-
puti noposrcdaem K nad k (m. e., K =k(0)).

Caencteue. Ilyemo f € F [t] — nenpusodumoiti mmozouren cmenenu d (2de ¢ = p™). Tozda f

q g
asaaemes deaumenem t4 — t. Jlaa ar0bo0z20 d cywecmsyem HenpusoduMbLl MHo20uAEH cmenent d
nad [Fy.

Joxasamenvcmeo. 1lycts K — moste, mosyuennoe npucoeaunenneM Kopus muorodrena f k F, (1. e.
K = F,[t]/(f)). Torma K — xoneqnoe noje u pasmeprocts K kak BekTOpHOro mpocrpancrsa Haz F,
d. 11 K a K ~F, M @ —
pasHa d. [lorygaem, uro K coctour n3 ¢ snementos n nosromy K ~ F,. Muorourens f u t t
. d . .

umeror obumit kopeub B K. Ciiegosarensuo, HOJ (f, t9 —t) # 1. Ho naubosibiiuii o01uuii gesinreib
MHOTOYJIEHOB MOKET OBITh BBIUUCJICH MPH MOMOIH AJTOPUTMa EBKIHIA U HE 3aBUCHT OT OCHOBHOTO
nosist. Taxk xax MuOrowsen f mempusomnMm naj F,[t], To nveercst e fuHCTBEHHAST BOBMOMKHOCTE

HOL, (f, t* —t) = f.

Orciofa moaydaercd mepBoe YTBepK IeHue.

s noxasaTesbeTBa BTOPOTO PACCMOTPHM IOpoxkaatommit anement O mona e man Fy. Iycrn
peo € Fy[t] — munumvanbueiit muorowten mis 0. Torga pg menpusonnm u deg pp = [qu :Fy] = d. 910
J0Ka3bIBaeT CJIeJICTBUE. []
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ITpumep. [locrpoum nose Fg uz 8 snemenrtos. JIoboit sjement u3z Fg mMoxker ObiTh 3alMcaH Kax
JWHeHasd KoMOnHAINS o + 10 + 902, a; € Fy. JInst cocTaBieHrs TabINIB yMHOKEHHI MBI JOJTHK-
Hbl HAUTH MUHUMAJbHBIIT MHOTOYJIEH [t = g daeMenTa 0. Bocmob3yeMes mocaeHuM CIeICTBUEM.
[Toyuum, uTo g meaut muorounen (t8 —t)/(t? —t) =%+ .- + 1. Jlerko BuIeTH, 4TO

O+ 1=+t +DE+ £ +1).

TakuM 00Pa30M, MBI MOMXKEeM B3aTh (= t5 +t + 1 winm t3 + t2 + 1. Buibpas B KauecTse [ OAUH U3
STHX JIByX MHOTOYJIEHOB, Mbl MOXKEM OJJHO3HAYHO BOCCTAHOBUTH TabjuIly yMmMHO:KeHus. Hampumep, B
epBoM ciydae Mbl uMeeM 02 = —0 — 1 = 0+ 1. O6e BO3MOXKHOCTH IIPHBOJIAT K U30MOPQHBIM TI0JISIM.

11.3 ABToMOp(dU3MbI KOHEUHBIX IOJIEIi

Teopema. [Tycmv F, — xoneunoe noae, ¢ = p".

(i) I'pynna aemomoppusmos Aut(F,) noas F, asasemea yukauveckol nopadka n u noposcoaemcs
asmomoppusmom DPpobenuyca .

(ii) Iyemov G C Aut(F,) — nodepynna nopadka m. Mnostcecmeo
K:={aeF, |Pe)=a YVeG} (%)
Seasemea noonosem 6 Fy u K ~ TFpjnm.

(iii) [Iycmo Fpa — nodnoae noas Fy. Mroocecmeso
Aut(F,/Fpa) = {b € Aut(F,) | W(a) =a, Va€Fu} (1)
asasemces nodepynnoti 6 Aut(F,) u noposcdaemes saemenmom 2.

Jorasamenvemeo. [(1)|TTone Aut(F,) nopoxnaercs nax F, onanm snementom: Aut(F,) = F,[6]. Tycrs
p(t) = pe(t) — MEHEMATBHBIN MHOTOUICH 9TOTO d1eMenta. JIwoboit aBromopdusm P € Aut(F,) apias-
ercd ToxkaecTsenHbM Ha F), C F, u ognosnauno 3anaerca oopaszom 0. C apyroit cTopoHsl, ¢ KopHH
muorowrtena f € F, nepesomur B kopru. Tak kak deg(p) = n, o mag P(0) umeercsa me Gosee n
Bozmozkuocreit. Takum obpazom, | Aut(F,)| < n.

Janee, nycrb m — nopsnok snementa ¢ B rpynne Aut(F,). Tak kax a = a?" = ¢™(a) anga mao6oro
a € F,, o m gemur n. danee, ™ — toxaecrBennsiit asromopdusm, T.e. ¢ (a) = a mist a060ro
a € F,. Oro skBuBanenTHo pasenctsy a — a = (. Unaue roBops, kaxKapii snement F, asngercsa
KopHeM MHorowieHa tP — t. Orciona mosmydaem, 9To m > n. TakuMm 06pa3zoM, TOPIOK d1eMenTa ¢
B rpyune Aut(F,») pasen n u Aut(F,») mopoxgaercs 3ruM 3/ MEHTOM.

Hemocpeacreenno u3 caeyer, uTo MHOXKeCTBO K 3aMKHYTO OTHOCHUTE/IBHO B3ATHSA CYMM,
pasHocTeil, TPOU3BeIeHN W YACTHBIX. SHAYWUT, OHO siBJIsgeTCs moamosieM. Tak kak (G sBJIsI€TCS MO/I-
IPYLIION B NUMKJIUYECKON rpyIie Aut(Fq), TO OHA fABJIAETCA NUKJIAYECKON IPYNIONA U MOPOXKIaeTcd
ssementoM ¢~ ™. Torna Bee Bee a1eMenTH o K ABAAI0OTCS KOpHAME MHOrowIeHa tP  —t. MHoro-
uen tP" —t geanres Ha MEOrowien tP  —t. 3maunt, P —t pasjaraercs Ha JHHEHHBIC MHOXKHTE I
B F, u nosromy K — nosie pazioxkenus muorodena P —t naj F,. Coracno crpykTypHoii Teopun
KoHeuHBIX noJjieit K = Fjn—m.

Henocpescrsenno us ({f) caeayer, uro muozxectso Aut(F,/F,«) 3aMKHYTO OTHOCHTEILHO IPO-
U3BeJIeHNs] U B3ATHA OOPATHBIX. 3HAYUT, OHO fBJseTCA HOArpyunoil B nukandeckoii rpymme Aut(F,),
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a IIOTOMY TO2KE ABJIA€TCA HHKﬂquCKOﬁ prHHOﬁ. TaK KaK BC€ 39JICMCHTDI I10JIA Fd ABJIAIOTCA KOPpHAMUA
d
muorounena t¢ —t, ro ¢%(a) = a?" = a mgna moboro a € Fy. Mosromy ¢¢ € Aut(F,/F,q). Ecim xe
k
$* € Aut(F,/F,«) nng mexoroporo k, 1o $¥(a) = a” = a gns moGoro a € Fy. 3naunr, Bee s1eMeHTE
k k d
nons Fy apagiorces kopHaMmu MHOorodwnena t?° — t. Ho torma 7 — t mesnmrea ua tP — t. Otrciona k
nequres Ha d. Snaunt, ¢¢ nopoxmaer Aut(F,/Fq). O

11.4 TI'pynma oOpaTUMBIX 3JIEMEHTOB KOJbIIA BHIYETOB

Teopema. (i) Ecau p — neuemnoe npocmoe wucno, mo (Z/p™7Z)* — yurauueckas epynna.

(i) IIpum > 3 epynna (Z/2M7)* aeasemcs npamoLm npoussedeHuem LUKAUNECKUT 2PYnn nopadkos
2m=2 4 2.

JToxkasameavemso. Hanomuum, uro mopsiiok rpyunst (Z/p™Z)* pasen (p — 1)p™~t. Cornacho
TpeTeil TeopeMe O CTPOCHMH KOHEYHBIX IOJeH yTBEPKIEHHE BEPHO Jjid m = 1, T.e. CyIIecTBYeT
a € Z \ pZ Taxoe, 9T0 ero obpa3 B rpymne Z/pZ umveer mopsiaok p — 1. Byaem uckath obpa3yommmit
sjieMeHT rpyuibl (Z/p™Z)* B Buje a + pt jist noaxoisiero t € Z. st 3roro 3anuiiem

(a+pt)P ™t =14+pu, weZ. (1)

[Torpebyen, 4To6B BBHIIOAHATOCH yeaosue u Z 0 mod p. Tax kax a?~! = 0 mod p, To cymecTByer
k € Z Taxoe, 9TO

! = 1+4pk
(a+pt)~' = 1+ p(k+a*t+pr), r € Z.

Torma u = k + a2t + pr. Tak xax HOJI (p, a) = 1, T0O MOXkKHO B3aTh ¢ TaK, uto v Z 0 mod p.
[Tycrb n — mopsi ok 06pasza mocTpOeHHOro dseMenta a+pt B rpyuie (Z/p™Z)*. Umeem (a+pt)" =

mod p™. B wactrocT, ¢ = 1 mod p. Tak kak o6pa3 a B rpynme Z/pZ umeer mopsaok p — 1, To

n =0 mod p— 1. TTo Teopeme Jlarpanska n gemut (p — 1)p™ L. 3raunr n umeer sug n = p'(p — 1).
ns HOC/IeIOBATEIHHO Oy IaeM

(a+pt)P~t = 1+ pu, u#0 mod p,
(a+pt)PP~D = (14 pu)? =1+ p*uy, u; 0 mod p,
(a+pt)P" D = (14 p2u)P =1+ pus, uy #0 mod p,
(@+ptP" "D = (14 p" 2 3)P = 14" Mz, Un2Z0  mod p.

Bnaunr, | He pasao m — 2. Takum obpaszom, [ =m —1un=p™ (p—1).
Ungykimeii mo m JoKazKeM, 9TO

om—3

5 =14+2""1 mod 2™.

bazoit naayknmm gBageTcd caydait m = 3 u oH TpuBHuaJjeH. [lycTh cpaBHeHHe BepHO Jd m. Torma

m— m— 2
52 2 _ (52 3) _ (1 + 2m—1 + ka)Q =1 4 2m—2 mOd 2m+1'
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3HauuT, mar uHAYKIUM padoTaer u cpaBHEHHE BEPHO Jjist BeeX m. OTCIoa 1oJIydaeM, 9To
m—3 m—2
5" 7#1 mod2™ u 5 =1 mod 2™,

T.e. HOPAJIOK obpasa 5 B rpymue (Z/2mZ)* pasen 2™ 2,
fcno, uro mopsizok obpasza —1 B rpynne (Z/2™7)* pasen 2. Ecau 661 06pa3 —1 Jiexkan B moj-
rpyIie, TOpOXKJACHHON 00pa3oM 5, TO BBINOIHIAIOCH OBl CpaBHEHHE

—1=5" mod 2™.

Ho torma —1 = 5% = 1 mod 4. TIporusopeune. 3naqnr, (Z/2™7)* aBasercs TPAMBIM TPOU3BeIHTEM
HOJITPYIIIL, MOPOXKIEHHBIX obpazamu 5 u —1. O

CuaexncrBue. /Jlaa HewemHo20 npocmozo p epynna asmomoppusmos (addumuenot) epynnw Z/p™Z

AGAACMCA YuKAUMeckot nopadka p™ — p™1,

Joxasameavcmeso. Creayer u3 toro, aro Aut(Z/p™Z) ~ (Z/p"Z)*. O

Sagaun

11.1. JloxakuTe, 9TO HenpHBOAUMBII MHOrowien f € F, nesnt t7° — ¢ Tora U TOIBLKO TOLAA, KOTA
deg(f) menur e,

11.2. Ilycrb k — nmosite. MoryT jin 66iTh H30MOP(HBI MYJIBTUILIMNKATHBHAS U 8/ uTuBHas rpyubl K7

11.3. Ilycrs k — moste. Ilycrs kt u k* — ero MyabTUILIMKATHBHAS M aJJATUBHAdA IPYIIbLI, COOTBET-
CTBEHHO.

(a) Korga k* — nukninveckas?

(b) Korma k™ — nukanyeckas?
11.4. Korma agauTuBHag rpymna mojs Kk KOHeIHO TOpOXKIeHA !

11.5. /lokazkuTe, 9TO MYJIbTUIIMKATABHAS TPYIIa MOAT K KOHETHO TOPOXKAeHA TOT/Ta U TOJIBKO TO-
raa, KOTAa oje KOHEeTHO.

11.6. /lokakuTe, 9TO MHOXKECTBO HETOJIBUKHBIX TOUEK
{a k| d(a) =a}

oTobpazkenuss OpobeHnyca coBnagaer ¢ npocThiM noanoaeM kg C k. Uro mpencrapiaser coboit
MHOKECTBO HEIOIBHKHBIX TOYeK oTobpaskenus (F?

11.7. Kaxk ycrpoeust rpynmst (Z/nZ)* npu n = 2p™ u 4p™, p — HedeTHOE TIPOCTOE?!

11.8. HaitanTe BCce HeMPUBOANMbIE MHOTOYJIEHBI cTereHn 2 Ha I nojaeMm [Fs.
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11.9.
11.10.

11.11.

11.12.

11.13.

11.14.

Haiigure uuc/io HenpuBOMMbIX MHOI'OYJIEHOB cTeneHei 2 u 3 naj nojem [Fy.
Hokazxxure, uto npu a # 1 muorousnen t? + at + b nmeer B F, kKopens.

ITycts F — 6eckoneunoe anrebpandeckoe pacimupenne noss ;. Bepro mm, uro F anrebpandeckn
3aMKHYTO?

HoxazkuTe, 9T0 anredpanyeckoe 3aMbiKaane M0 [F, MoxKeT ObITh HOCTPOEHO KaK 00be nHeHne
OamHu 1moJiei
]Fq C qu - Fqu C oo C qu! C ]Fq(e+1)! (@R

JlokazkuTe, 4TO IPH 4eTHOM ¢ BCe 3JeMeHTHl osid Fy gaBidioTcd KBaJpaTaMu, a 1P HedeTHOM
q xkBaaparel B [y 06pasyior moarpymmny uHaekca 2.

Hoxaxxure, gyro naja noneMm F,, ¢ = p" mHOrOwIeH tP — @ UiIn ABjdeTCd HENPUBOIUMBIM HJIN
IOJIHOCTBIO PACKJIAIBIBAETCS HA JIMHEWHBIE MHOKUTEH (KaK?).



Jlekims 12

Anredpnl HAJ MOJIEM

12.1 Omnpenenenne ajaredp

Onpenenenne. Ilycts A — BekTOpHOE IIpocTpancTBo HaJ moeM k. ['oBopsr, aro A sBisercs a.nzeb-
poti Han k ecom A aBiasieTcss KOJIBIIOM U YMHOXKEHHE B KOJIbIE CBSI3aHO C YMHOMKEHHEM Ha, CKAJISIPBI
CTAEIYIONUM 0OpPA3OM:

AMa-b)=(\a)-b=a-(\b) Va,be A, VXek.

ObobIIeHneM 3TOr0 MOHATHUS SABISETCH GA2e0Pa HA0D KOADUOM.

Autrebpa HazbIBACTCS acCoyuamueHolt (Kommymamusnod, 6e3 deaumeneti Hyaf U T.J1.) €CJIH TAKO-
BBIM SIBJISIETCS COOTBETCTBYIOIIEE KOJIBIO. [ 0BOpAT, uT0 A — anzebpa ¢ deaenuem, ecnu A — anrebpa,
B KOTOPOIl CyIIeCTBYeT eJMHHIA U JIF000i HEeHyIeBO# 3JIeMeHT obparuMm: s Jioboro a € A, a # ()
cymecrByer a~' € A Takoii, uto a-a ! = a ! -a = 1. B srom caywae muokectso A* = A\ {0}
sBJIsieTcsi (HeoOsI3aTeIbHO abesIeBoit) TPYIIO MO YMHOKEHUIO.

ITpuBesem npumepsbl anredp Haj mosiem. Hadnem co craHgapTHBIX ITPUMEPOB, 00CYKIaBIIUXCS
pamee.

ITpumepsi. (i) Ilycts A — BekTOpHOE TpocTpancTBO HAX nosieMm k. OHo aBastercs anrebpoit Ha k
¢ HyJIeBbIM yMHOKeHueM: a-b = 0 urs 006X 371eMeHToB a, b € k.

(ii) Ecu K/k — pacmmpenue moseit, to K — anre6pa mag k. B vacraoctu, C — (koMMyTaTUBHASI T
acconuarusHas) ajrebpa ¢ jgesenuem Haj R.

(iii) Bee kBagpaTHble N X n-MaTpuIBl Ha mojgeMm kK obpasyor acconuarusayo aarebpy Mat, (k) c
eruHUNER HAT K.

(iv) Ausrebpa muOTOuIeHOB K[t1, ..., t,] — accormumaruBHas KOMMYyTaTUBHAs ajirebpa ¢ eJIUHUIIE.
JItobast KoneuHOoMepHas ajaredbpa MOKeT ObITh 3aaHa CJIELYIONIM CIIOCOOOM.

ITpumep. Ilycts A — koHedHOMepHas ajareOpa Haj Kk ¢ 6asucom eq,...,e,. Torna ymuoxenne B A

OZIHO3HAYHO OIPEIeJISeTCs IPOU3BEIEeHIAMI IEMEHTOB €;€;. JleficTBurensHo, nig a = y  N'e; € A
= Jo.

ub=> e; €Aumeem (Mbl HCIOJIB3YEM TEH30PHBIE 00O3HAYCHNS)

a-b= (Z )\iei> . (Z ,ujej) = Z)\i,ujei - €.
i J 1,J

98
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C npyroiff cTOPOHBI, Mbl MOZKEM PA3JI0XKUTb JJIEMEHTHI €; - €; 10 basucy
_ k
€ e = E Hm-ek.
k

Crassapbl Qi’fj ojHOCHAYHO 3asai0T ajurebpy A. OHEM HA3BIBAIOTCH CMPYKMYPHLMU KOHCMAHMAMU,
ayreOphl.

[IpuBemem OOJIBITIE CTAHIAPTHBIX IPUMEPOB aJIreo].

ITpumepsr. (i) Hax momem R (coorsercrenno, C) moxkno onpemesnurs aaredpy R{t} (coorser-
creerno, C{t}) cxonsmuxcst (nampumep B 0), cTeneHHBIX psa0B. Hal I06bIM oJIeM onpeieaeHa
asrebpa gopmanvuur cmenennux pados K[[t]].

(ii) Bee mempepbiBHBIE (COOTBETCTBEHHO, MuddepeHnupyembie) (DYHKINE Ha HHTEpBaJe 00pa3yoT
ACCOMMATHBHYIO KOMMYTATHBHYIO anredbpy % (a, b) (coorBercrBento, Z(a,b)) nan R ¢ eqununei.

(iii) TpexmepHoe BEKTOPHOE NPOCTPaHCTBO R? ¢ ollepanueii BEKTOPHOIO YMHOKEHUS ABJISETCs Heac-
COIUATHBHON aarebpoii.

(iv) C KaK/IpIM BEKTODHBIM HPOCTPAHCTBOM HAJ [OJTeM K CBA3aHBI TPU acCOMUATUBHbLIC aareOpbl:
mensopras T*(V), enewnaa N\*(V) n cummempuueckas S*(V).

(v) Tlycre G — rpynmna (st IPOCTOTH MPEANON0KNAM, 9T0 G — KOHedHas1) u mycTh A — BeKTOpHOe
npocrpancTBo HaJ k ¢ Gasucom ey, g € G. Onpeiesium yMHOXKeHHe 3JeMEeHTOB Oas3uca ciie-
IYIOIUM 00pa3oM: €, - €, = €g. llo ymHefiHoCTH 9TO yMHOMXKeHHe IPOJOJIKaeTcd Ha Bee A.
Mbr nostyunm acconuatuBayio ajaredpy ¢ epunureii. Oua nHazpiBaercs 2pynnosoti aszebpoti G u
obozmauaerca k[G].

Onpenenenne. Tomomoppusm aseebp (Ham OTHUM U TeM ke ToJeM K) — 570 roMoMopdhu3M KoJIell,
KOTODBIi gB/sieTCst K-TMHEeHHBIM 0TOOpazkKeHneM. AHAJIOTHIHO OIPEILAIOTCS MOHITHS H30MOpdU3Ma
" aBTOMOpPGU3Ma aareop.

ITycrs A, A; — anrebpsl Hag nosnem K, mycth ¢ : A — Ay — k-nuneiinoe oroGpaxkenne (Kak
BEKTOPHBIX [POCTPAHCTB) U MYCTh €1, . .., €, — baszuc A. OrobpazkeHue ¢ SBJISETCSI TOMOMOPGMU3IMOM
aJiredp TOr/a M TOJBKO TOTJIa, KOTIa

plei-e;) = ple) - ple;) Vi, J.
ITpumepsi. (i) Paccmorpum rpynnosyio anrebpy k[G] xoreqnoit rpymnmner G. OTobpazkenne
k[G] — k, Z age, — Z Qg
SABJISIETCS TOMOMOPhH3IMOM aIredp.
(ii) Ecam A — anrebpa ¢ eamHuIEH, TO 0TOOparKeHWe
k— A, a—a-1

SIBJIsIeTCsT (MHBEKTUBHBIM) TOMOMODMU3MOM asresp.
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Onpenenenune. Hdeas 6 aneebpe — 310 ujeas B KOJIbIE, KOTOPDHIH SIBJISIETCS BEKTOPHBIM IOIIIPO-
crparctBoM. Eciaun J C A — unean B k-anrebpe, To Ha dakToprosbie A/J MOXKHO BBECTH yMHOKEHHE
Ha CKaJIAPBHI (GOPMYJIOit

ax+J)=ax+7T ack, x € A

HecnoxkHO IpoBepuTh, 9TO 9TO onpejeserne KOppeKTHO. [lomydusmascs anrebpa Ha3bIBaeTcs @ak-
mopanzebpo.

ITpumepsi. (i) B rpynmnosoii anre6pe k|G| koreunoit rpynibl G IOMHOKECTBO

J:= {Zageg ‘ Zag:()}

sBaisiercs uaeasom. Pakropanrebpa k[G|/J uzomopdua k.

(i) ITo ompenenenuto cummerpuueckas aareGpa S*(V) (coorsercTBenno, Bremusta aaredpa /\°(V))
spisgieTcs bakTopaaredbpoii Temsopuoit anre6psr T*(V) mo (aBycTOpoHHEMY) Haeasy, MOPOK-
JeHnoMy BceBo3MokubIME Temszopamu Buga 1 — o(T) (coorsercrsenno, T' — sgn(o)o (7)), tae
T e€T"(V), 0 €8S,, asgn(c) - 3HAK NOACTAHOBKH 0.

Bepno caeayroniee yrBepK/eHHe, KOTOPOE HECI0KHO BBIBOJMTCS U3 TEOPEMbI O TOMOMOPQU3Me
KOJIEII.

Teopema (Teopema 0 romomopdusme anrebp). Ilyems ¢ : A — A; — 20momopdusm anrzebp nad
noaem k. Toeda

(i) Ker(p) — udean 6 anzebpe A;

(i) umeemca ecmecmeennont usomopdusm p(A) ~ A/J.

12.2 KoHeuHoMmepHbIe aaredpsl ¢ gejieHueM

Jlemma. ITycmos A — KonewHomepHas accouyuamueHnas anreebpa ¢ edunuuetd nad nosem k. Feau 6 A
Hnem deaumenet Hyas, mo A — anszebpa ¢ deaenuem.

Joxaszamensvcmeo. Tlycts a € A, a # 0. PaccmoTpum orobpazkenme
p:A— A, XH—a-X.

fcro, 9To 9T0 0TOOparKeHNe SABASETCS JNHEHHBIM omepaTopoM. 1TockombKy B A Her meantesneil Hys,
TO (© HeBBIPOXK/IeH. B yacTHOCTH, OH ClopbekTuBeH. Ilotoxum a~! = (1), ]

JIemma. Ilenmp Z(A) accoyuamushozo Koavua ¢ deaenuem A aeasemcs nosem u A A6aaemes ai-
eebpoti nad Z(A).

Jlokasamenvemeo. fcuo, aro Z(A) — KOMMYTATHBHOE MOAKOJIBIO ¢ jgestennem B A, r.e. Z(A) — nose.
Torma A siBisieTcst TakzKe BEKTOPHBIM MPOCTPaHCTBOM HaJ Z(A), a MOCKOABKY A acConuaTuBHO, TO

A — anrebpa Hajg Z(A). O

JlemMma. ITycmv A — KOHEUHOMEPHAA GCCOUUGMUBHAA AA2e0PA ¢ desenuem HA0 aA2E0PAUYECKU 3a-
mrnymoim nosem K. Tozda A ~ k.
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Joxaszamesvcmeo. Ilycrs snement a € A e umeer Buga a = A1, A € k. Kak u Boiie, paccmorpum
onepaTop
p: A— A, X H—a-X.

Han asrebpamdeckn 3aMKHYTBIM HOJIEM OH HMeeT COOCTBEHHbBIH BEKTOD:
dxe A INek px) =a-x=Ix.

Ho Torma (a— A1) -x =0 u a= \1. [Iporusopeune. O

12.3 KoHeuHBIE accOMMATUBHBIE KOJIBIIA C JeJeHUueM

Teopema. Koneuroe accoyuamushoe ¢ edunuyets 6es deaumeneti Hyss AGAACMCA NOAEM.

Zoxasamenavcmeo. Ilycts A — KOHEUHOE acCONUATUBHOE ¢ eIMHHIICH Oe3 menuTeseil Hyrda. 3adukcu-
pyeM s1eMeHT a € A, a # 0 u paccMOTPUM OTOOpazKeHue

p: A— A, X—a-X.

Tak kak B A Her jesmuresieil HyJsi, TO 9T0 0TOOpakeHne UHbEKTUBHO. Tak Kak A KOHEYHO, TO OHO
CIOPBEKTHBHO. 3HAYHUT y a cylecTByeT obparHbiii saement a~ ! = ¢~ 1(1). Cieposarenbno, A — KOJIbIO
¢ aenenneM. Ero mentp k := Z(A) asnsiercs komeunniM mosieM, a A sBisiercs aarebpoit max k.
JlocraTouno mokasarh, uro A = k. Ilpeanosoxum nporusnoe, T.e. A # k. [lycts n := dimy A. Torma
|A| = ¢™, n > 1. lna a € A nosoxum

C(a):={x|a-x=x-a}.
Torna C'(a) — mogasrebpa ¢ geqaenuem B A. TTosromy
C(a)] = ¢"®

J71st HeKoToporo d(a). 3ameruMm Tak:ke, 9T0 A MOXKHO PAcCMATPHBATh KaK CBOOOMHBIN MOJYJIb HaJL
C(a). IlosTomy
|A| = |C(a)|"® = ¢¥@"@ — ¢ pge r(a) = rkc(a) A

(em. caenpeBue Huke). OTcona
n =d(a)r(a).

C nmpyroii croponsl, k* = k \ {0} — nenrp mynprumaukarusnoit rpynmsr A* = A\ {0}. Paccmorpum
neiictBue A* Ha cebe conpszkeHnsaMu. Kitace CONpszKeHHOCTH 3JieMeHTa a € A* COAepKUT POBHO
A ¢ -1

C)] ~ @ — 1

ssiemenToB. [Ipu sarom |A*|/|C(a)*| = 1 Torma u Tonbko Torma, korma a € k*. CiemoBaresbHo,
|A*| = ¢ —1:q—1+2m7 (%)

rjae cyMMma 0eperTcd 1o BCeM HpPeICTABATENAM a KJIACCOB CONPSIKEHHOCTH, COACPKAIIIX 00JIee OJHOTO
ssremenTa. lnade roBopst, cymma GepeTcs o HEKOTOPBIM JIeTuTesIaM d(a) Juciaa n TakuM, 910 d(a) <
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n. Jokazxem, uro paseHcTso () HeBo3moxHo. Paccmorpum kpyrosoii muorowien D, (t). Haomunm,
9TO MO OIPeIeIeHIIO

e, (t)= [[(t-2) (1)

eeun,

(mpousBejieHme Gepercst MO0 MHOKECTBY ), = f, \ Up<nfh,, BCEX MEePBOOPA3HBIX (MPUMHUTHBHBIX)
KopHeil crenend n u3 1). Kpyrosbie MHOrOU/ICHBI YIOBICTBOPSIOT PABCHCTBY

t" =1 =[] ®alt).
din

ITo emme Taycca Bee onn nmeror nembie Koaddunnents. B qactoctn, @, (t) meant t" — 1 B KoJIbIle
Z[t]. 3nauaut, neqaoe anciao P, (q) nemur ¢" — 1. C apyroii ¢TOpoHsbI,

t"—1=][®t) [] @) =0"—1) J] @) =" =1)@u(t) [] @e(t).

eld eln, efd eln, etd eln, efd, e<n

TTojcTaB/Iss B 3TO PABEHCTEO ¢ = ¢, mojtyuuM, uto ®,,(q) nequr (¢"—1)/(q?—1) nas moboro geaurens
d aucaa n Takoro, 9ro d < n. I3 paBencrsa nosydaem, 9to P, (q) meaur g—1. C Apyroii cTOpOHHI,
u3 (f) cremyer, uro

Pn(q)| = [] la—cl>q—-1.

eEpy,

Caenosarensro, @, (q) He Moxker genurh ¢ — 1. IIporuBopeune. ]

Crenytomuit hakT ABISETCS HE3HAYUTEIbHBIM 00DOOIIEHNEM TEeOPeMbl O CYIIEeCTBOBaHUs 0a3mca
AJId BEKTOPDHBIX IMPOCTPAaHCTB Ha/J MTOJIEM.

Jlemma. Ilycmv R — accoyuamusnoe koavuo ¢ deseruem. Tozeda 110001 kKoHeuwHO NoporcoeHnvil mo-
dyao nad R aeasemen c60b600nvim.

Joxazameavemeo. Ilyctbs M — KOHEYHO HOPOXKJAEHHBIH MOLY/Ib HaJ R U 1ycTh X1, ...,X, — CACTEMa
nmopozKaatonux. Mbl MOKeM cumTaTh, 9TO He Bee OHM paBHbl Hyao (mHade M = 0). Tak xkak R —
KOJIBITO C JIEJIEHUEM, TO CHCTEMa W3 OJHOTO HEHYJIEBOrO0 BEKTOpa JUHEHHO He3aBucuMa. BruibepeM B
X1, ..., X, MAKCIMAJIBHYIO THHEHHO HE3ABUCUMYIO HOJACHCTEMY X, , . . ., X;,.. JJOKaxKeM, 9T0 X;,, ..., X;,
— Gasuc. [leiicTBuTeIbHO, 1JId J110060T0 X, CHCTeMa Xj, X, . . ., X;, JUHEHHO 3aBUCHMa 110 IIPEJIOJI0-
JKEHHUIO. SHAYUT

A+ XXy £ A X, = 0

JJISL HEKOTOPBIX Aj, A, ..., Aj;, € R, upmaem \; # 0 (uHave X;,,...,X;, OyIyT JHHEHHO 3aBUCHMBI-
mn). Tak kak R — KOJIBIO C JeJIeHHeM, TO MBI MOYKEM BBIDA3HTH X;:

.
X = X o e = N s G € R
k=1

C apyroit cropoHsl, JiI000it 3jieMeHT X € M MOXKHO BBIPA3UTH YEPE3 X1, . . ., X!

n
i=1
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[Moacrasiisst, nojydum
n T T n
x =3 6 | Y x| =D | D Gtk | i
j=1 k=1 k=1 \j=1
3HaYuT, X;,,...,X; — 0Oasuc. O

Cuaencreue. Ilyemv R — koneunoe accouuamusHnoe koavyo ¢ desenuem u nycmo M (c60600Hbil)
KoHewHo nopostcdernnuiti R-modysv panea r. Tozda wucao snemernmos 6 M eviwucasemes no Gopmyne

| M| = |R".

Sagaun
12.1. Ilyctp A — aByMepHas acconmaTHBHAs ajaredpa ¢ equmauUIei. Jlokazkure, 970 KOMMYTAaTHBHA.

12.2. Kakue ycJjioBuSI HY?KHO HAJIOZKUTH HA CTTPYKTYPHbIE KOHCTAHT aJreOphl Jjis TOrO, YTOObl OHA
ObLIa accormuaTuBHa,?

12.3. Ilycth A — KOHeUHOMEpHAas acconmaTuBHas ajarebpa. Jlokaxure, uTo ecau B A HeT menuTeseit
ayasi, 10 A — anarebpa ¢ egunnneit. Yrxasanue. Bo-mepBoix mokaxkure, 9To s 006X b € A,
a € A\ {0} ypaBHennss b = x-a u b = a- X UMeOT eANHCTBeHHBIE pereHusi. [[09TOMYy st
a € A\ {0} cymectByer 1 € A takoit, uro al =a. Orciorab-1=x-a-1=x-a=Db, e. 1 -
npaBas eguHUNA. [JoKazKuTe aHAJOIMYHO, YTO CYIIeCTBYeT JieBas eauauna 1 u rorga 1’ = 1.

12.4. Tlyctbp A — accormaruBHas aarebpa pasMepHOCTH N ¢ exquauIei. [Iycth a € A — HUJIBIOTEHTHBIH
saeMenT, T.e. "' = 0 g nekoroporo m € N. Jlokaxkure, uro Tormza a™ = 0.

12.5. JlokaxkuTte, 9TO rpyIIoBas ajredpa 00g43aTeTbHO UMEET JE/TUTEIN HYJIs.

12.6. Ilycts A — onna u3 abeneBwix rpynu Z/27, Z/3Z, ZJAZ, Z/2Z & Z./27. Haiigure Bce nueabl
B rpynnosoii anrebpe C[A].

12.7. dBnsierca qm anrebpa marpun Mat, (k) rpynmosoit anrebpoit 1jist HeKOTOPO# TPYIIITHI?
12.8. [lokaxkure, 9to anredpa k[[t]] dopMaapbHBIX CTENEHHBIX PSAIOB HE COJAEPIKHUT JeIUTesed HyJIs.

12.9. JTokaxure, uro B anre6pe K|[[t]] dopMasibubix cTeneHHbIX PsjIoB 3/ieMentT f = ag+ajt+agt?+- -
obpaTuM TOrjia U TOJBKO TOTJA, Korua ag 7 0. BeiBeaure oTcroa, 4ro 1mojie 4acTHBIX aaredpbl
k[[t]] — a0 mose dopmanbubx psagos Jlopama

+o0
k((t)):=4¢ f= Z a;it’ | a; €k, xoncranta N He dbuKCHpyeTcs
i=N

12.10. Onwurure TP TPYIIITOBOIH AJITeOPhl KOHEYHOW IPYIIIIHI.

12.11. Ilycrs A — KOHeuHOMEpHad acconpaThuBHag ajarebpa c penenueM u myctb A’ — ee momasrebpa
Hokazxure, yro pazmeprocrs dim(A’) geamr dim(A).



Jlekimsa 13

Anredbpa KBaAaTepHUOHOB

13.1 Omnpengenenne ajaredpbl KBATEPHNOHOB

Onpenenenne. PaccMoTpuM deThIpexMepHoe JeiflcTBATe bHOe BeKTopHoe IpocTpanctso H = R* ¢
bazucom 1, i, j, k. OupenenuMm yMHOXKEHHE 3JIEMEHTOB Da3uca Tak, 4ToObI 1 ObLI Obl eIuHHUICH, a
OCTAJIbHBIE 3JIEMEHTHI MEePEMHOKAINCH OBl CIEIYIOMUM 00pa30oM:

ik
-1 k —j
jl-k -1 i
k| j —i —1

[TocTrpoennast aaredpa HaszbIBaeTCs aa2e0poti keamepruoros. OHa ObL1a mocrpoena P. lamuibroHOM
B 1843 1.

3ameuanue. Jiementsl + 1, +1i, +j, £k nepeMmuoxKaiorcsd Kak 3JeMeHTHI U3BECTHOU HAM T'DYIIIBI
KBaTepHHOHOB (Qg. OTCIOMA, B YACTHOCTH, CJIeIyeT YTO YMHOZXKEHHe 3JTeMeHTOB 0a3mca, a 3HAUYAT U
IIPOU3BOJIbHBIX 3JIEMEHTOB, aCCOUATUBHO.

IMpennoxkenue. H — accoyuamusnasn anreebpa ¢ desenuem.

Jloxasamesvbemeo. AccormmaTuBHOCTD OMEPANNA CIeAyeT U3 3aMedanus Beime. PaccMoTpuM oTobpa-
JKeHHe
H—H, x=al4pfityj+tokr—X:=al—-Fi—yj—0k,

KOTOPOE MbI Ha30BeM conpastcenuem. HecsoKHo NpoBepUTh, YTO
X=X, x+y=X+y, X y=y-X, Vx,yeH VeR.

JleficTBUTEILHO, 9TH CBONCTBA JOCTATOYHO TPOBEPUTH HA OA3UCHBIX IJEMEHTAX, & MOCIEIHEe — MPO-
cToil mepebop BoO3MOKHOCTEH. TakuM 00pa3oM, CONPAKEHNE ABIACTCA GHMUABMOMOPHU3MOM ATTed-
pol. /s KBaTepHUOHA

x=al4+Bi+yj+ok e H

OTIPEJICTTIM €TO HOPMY
x| :==x-X =a®+ B>+ + 6°.

Torna
Ix-y|l=xy X y=xy-y-X=x-|y|-x=|x| |yl

104
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Tenepb HECJI0KHO IPEbABATH 00paTHBIH d1eMeHT: ecyn X # 0, 10O

LY
(|

[]

DaemenTsl BHAa A1, A € R MBI 0TOXKIAECTBUM ¢ JIeHCTBUTEIBHBIMEA YUCJIAMHU, T. €. MbI CUUTAEM,
gyro R C H.

[Toganredbpa, mopoxkaennass 1 u i, MoxkeT OBITH OTOXKIeCTBAeHA ¢ KOMIIEKCHbIME dncaavu C u
torga H cramourca C-BekTOpHBIM mpocTpaHcTBOM ¢ Oaszmcom 1, j. B wactrocTm 060t s1ement
x € H omrO3HAYHO 3alUCHIBaeTCS B BHJE

X:Z1+Z2j, 71, Zy e C.
Onanaxo, H #e sasasercs C-anredpoii:

jz=12"] Vz € (1, i) =C.

13.2 Aunrebopsr ¢ geaenaneMm HajJ R. Teopema Ppobenmyca

Teopema (reopema @pobennyca). [Tycmo A — KonewHoMePHaA ACCOUUGMUEHAA anzebpa ¢ deseruem
nad nosem R. Toeda A ~ R, C uau H.

JlemMma (koMMyTaTuBHBI caydaii). [Tycms A — KOHEUYHOMEPHAA ACCOUUAMUBHAA KOMMYMAMUSHAA
aneebpa ¢ deaeruem nad nosem R. Tozda A ~ R uau C.

Zoxasameavemso. OroxkaectsuMm R ¢ momaiarebpoit A mpu momomu orobpazkenus A — A\ 1. Ilycrs
A #Runycts a € A\ R. Ilyers A; — momanre6pa, nopoxkaennas a u 1. Ona KoMMyTaTHBHA U 0€3
nequreneit vyast. CiaegoBarenbro, A — nose. MurnManbHbIil MEOrOWIEH (1) SIeMEHTA & HeIPIUBOIIM
Hax R, re. A;/R — kBagparnunoe pacmupenne. Torga A; ~ C. Tak xak A kommyTaTuBHa, TO A
sByigercs anarebpoit Hag A, ~ C. [lockoabky mose C anrebpandecku 3amayT0, T0 A ~ C. O]

okazameavcmeo meopemv.. Kax u Bbime, oroxkaecrBuM R ¢ mogaaredbpoit A npu momoru otobpa-
werang A — A1, Ilycrs Z C A — uenmp an2ebpoi, T.e. MHOKECTBO 3JIEMEHTOB, KOMMYTHPYIOIAX CO
BceMu daemerTaMu A. flcHo, uto Z D R u Z — KOHEYHOMEepHasl acCOMUATHBHAT KOMMYTATHBHAS aJl-
rebpa ¢ genenmeM Hag R. Ecum Z # R, to Z ~ C. C gpyroii croponsl, A sBisgercs aarebpoil Haz
7 ~ C n nose C anarebpanydeckn 3amkuyTo. [losromy A ~ C.

Hasee Mbl Beioay npeamnosaraeM, uro Z = R u A # Z. Bosbmem J1t060it ssement a € A\ Z. Ilycrb
Ay — nogasiredbpa, mopoxkaeHHas a u /. OHa KoMMyTaTuBHa u 0e3 genuteseit nyas. CienoBaTeabHO,
Ay ~ C u 05TOMY CYIIECTBYeT 3jeMeHT i € A; Takoii, uto i = — 1. PaceMorpum orobpazkenue

p:A— A xr—ix-it=—ix-1i.
Hecnoxuo mposepsiercss, 910 ¢ — aBroMopdusm aarebpbl. B wacTHOCTH, (0 — JUHEHHBI omepaTop,
npudeM @2 — TOXKIeCTBeHHOe oToOpazkenne. TakuM o6pa3oM, MHHUMAIbHBINA MHOTOWIEH OllepaTopa
¢ umeer Buj t2 — 1. Orcioga 10/aydaeM, 4TO OLEPATOP (¢ AUaroHaam3upyeM u A, Kak BeKTopHOe
npocrpaHcTBo HaA R, pasnaraercs B mpsmyo cymmy A = A, @& A_ cobCcTBEeHHBIX TOAITPOCTPAHCTB
COOCTBEHHBIMU 3HAYeHUsIMU 1. DaemMeHThl A, KOMMYTHDPYIOT ¢ i, &, CIeJ0BaTeJIbHO, U CO BCeil Mmo-
naareopoit A; ~ C. CnenoBarenbno, A, — acconuaruBHas aaredopa ¢ geienueMm Ham C u mosTomy

A+ = Al.
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DJieMeHTbl A aHTUKOMMYTUPYIOT C i:
ib=-b-i Vbe A_.
Bozbmewm jt060it astement 0 # b € A_ u paccmoTpum omepaTop
Pv:A—A x—b-x.

Tax kak A — anrebpa ¢ geseHneM, TO 1Y) HEBBIPOXKIeH. BoJree TOro, 1) nepecranisier MoAIPOCTPAHCTBA
A, u A_. JlelicTBUTEJIBHO,

x€cA, <+ x-'i=ix <<= (b-x)-i=b-ix=—-i(b-x) <= b-xecA..

U AHAJOTUIHO
xe A — b-xeA,.

B gactHOCTH,

dimA_=dimA, =2, dim A = 4.

Hautee,
p(b*) = p(b)* = (=b)* = b”.
Crnenosarennno, b? € A, . Takum obpasom, b? kommyTupyer ¢ ssementamu 1, i, b u b - i, cocras-
naromux 6asuc A. [lostomy ¢ := b? € Z = R. Oneparop v He UMeeT JeHCcTBATEIbLHBIX COBCTBEHHBIX
3HavYenuil, a ero MEHAMAJbHDBIE MHOTOUYJICH UMeeT BHI t2 — C (e ¢ paccMaTpuBaeTcst Kak JeidcTBu-
renpHOe Yncio). Ilosromy ¢ < 0. TTomoxum

Hecnoxxuo npoBeputh, 9To /it 6a3MCHBIX 3JeMeHTOB 1, i, j, k B anredbpe A BBIIOJIHAIOTCS Te Ke
COOTHOIITEHUS, ITO U /I COOTBETCTBYIOIINX OA3UCHBIX 371eMeHTOB B H. O

13.3 CsoiicTBa ajredpbl KBAaTEPHIUOHOB

OroxaecTBUM MOAAJTEOPY, MOPOXKAEHHYO 3jgeMerTamMu 1 u i ¢ mosem komiutekcabix unces C. Torma
H asaserca C-BekTopHBIM TTpocTpancTBOM ¢ 6aszucom 1, j. Pacemorpum orobpazkeHne

o VAL Zo
d : H — Maty(C), X=12+% j— -
—Zy 73
O4eBHIHO, YTO OHO HHBEKTUBHO M SIBISETCS R-THHEHHBIM 0TOOPaXKEHIHEM BEKTOPHBIX MPOCTPAHCTB.
OHO TakzKe COXpaHseT IPOU3BE/ICHUE:

0((z1+22]) - (2, +25)) = 0(z1 -2} + 21 - 25 - j+22 - j 2, + 20 ]2y - ) =
=0(21-2) + 212y j+22-2) - j—25-2h) = (21 +22) - 6(2) +2hj)

Takum 06pazom, § ABAsIETCS MHHEKTHBHBIM ToMoMopduamoM R-anredop. O6pas o(H) mopoxaaet-
csd, KAK BEKTOPHOE IIPOCTPaHcTBO Hal R, Marpuiamu

=y 5) sw=(g %) am=( o) sw=(; o)

Jlerko mpoBepuTh, ITO

||| = det §(x).
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ITpennoxenune. (i) Coommowernue

/R
(xy%=§$WW@:§QY+m0€R

onpedeasem CUMMEMPUUECKYIO NOAOHCUMEALHO onpedeaernyto R-busunetinyio dopmy na H.
basuc 1, i, j, k asasemes opmonopmuposartvim 0as 3moti opmo.

(i) Amnanozuuno,

1

_ 1 _
@AOZ?MHN@=§@W+$OER

— cummempuueckan R-6urunetinas gopma cuenamypu (1,3).

(iii) Coommowenue
1

XXy =—5(xy — y%).

onpede./mem HOBOE YMHONMCEHUE HA H. Ezo oepaHuYerRUE HA TMPETMEPHOE nodnpocmpchmeo
o /9 8§ _ 1
]E T <17 .]7 k> — <1>

UYUCTO MHUMDIL KEATMEPHUOHOE ABAAECINCA KOCOCUMMETMPULECKUM

1
XXy =o(xy—yx), xxy=-yxx

u coenadaem co cmaHdapmHuM GEKTMOPHBIM YMHONCEHUEM HA ]R?)'

Jloxasameavcmeso. Bee yTBepzKIeHns T0Ka3BIBAIOTCA HEIOCPeICTBEHHOI MpoBepKoit. [Iposepu, Ha-
npumep, (i)} dns sroro sammmem smementsl X,y € H B Bugze x = xo+ X uy = yo +y/, rae
X0, Yo € (1), a X', y' € E. Torna

2(x, y) = (%0 +x)(yo +¥') + (Yo — ¥') (%0 — X) = Xoyo + Xoy'+
+ yox' + X'y 4+ xoy0 — X0y’ — yox' +y'x' = 2x0yo + X'y +y'%x'.
(MbI BOCIIOJIB30BAJIUCH TEM, YTO X H Yo KOMMYTHPYIOT cO Bcemu aaementamu H.) Sanummem pasee
x' =z itayjtask, y =ity jt+ysk, z;, Yi € R.

Torna
Xy +y'x' = =2z1y1 — 22215 — 223y
CrenoBaresbHO,
(X, ¥y) = Xoyo — Z1y1 — Tal2 — T3Ys3.

Otciona HeMeIJIeHHO TI0TydaeM O
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13.4 T'omomopdu3m SU; — SO3

Pacemorpum noarpynny U C H* MyabTUILIMKATHBHON I'PYIIBI aJreOpbl KBATEPHUOHOB, COCTOSIILYIO
U3 KBATEPHUOHOB HOPMBI 1:

U:={uecH||ul| =1}
JlemMa. [locmpoernniii eviwe unsexmuenvt 20momoppusm R-anzebp
. VAl V)
0 : H — Maty(C), X:z1+z2J»—>( - )
—Zy 73
undyyupyem usomopgpuam epynn U ~ SU,.

_t .
Joxasamenvcmeo. Ilyers C € SU,y. Tak xak C~! = C', To no dopmyie 11a 06paTHOH MaTpPHIILI
nosrydaeM, aro C' umeer BuL

VA VA
C:<1 2)’ 21| + |zof? = 1.

—Zy 74

ObparHO, JTI00as MaTpHIla Takoro Buaa mpuHate:kur SUs. [Tosaromy SU, mexut B 0Opase d, orpa-
Hudenue orobpazkenus 0 1 Ha SU, ompeienieno u gsiderca nzoMopdusmom Mexk iy SUs u U. O

Jlng kaxxporo u € U paccmorpum R-ymHeiinbIil omepaTop
Oy H — H| X — uxu ! = uxa.

JIlemma. Onepamop Pu ABAACIMCA OPIMOOHANDHBIM OTMHOCUTNENDHO CKAAAPHO2O0 np0U366(96H’U,ﬁ

(%,¥) = 5 (<3 + y).

Tpexmeproe nodnpocmparcmeo

oee /8 8 _ 1
]E T <17 .]7 k> - <1>
YUCTO MHUMDBLL KEATMEPHUOHOE ABAACIICA UHEAPUAHTIIHBIM ()./LfL Pu-

Jlokasamenvcmso. Tlposepum, 9To0 @, coxpaHser oununeiinyo dopmy (, ):

(Pul). puly)) = 5 (wxiiay + uy ) -

1 o o 1 _ .1, .
= E(uxyu + uyxu) = éu(xy +yx)u = §(xy +yx)uu = (X,y).

Tax kax pu(1) =1, To E = (1)* asnserca nusapuanTabM. O

Taxum o6pa3zoM, KaxKJI0My KBaTepHHOHY U € U MBI MOXKEM COIOCTABUTH OPTOTOHAJIBHBIN Ollepa-
TOP Qu|E B TPeXMepHOM eBKIHI0BoM mpocTpancTse E. Tak Kak ¢y o oy = Quy, TO ITO COOTBETCTBUE

T : U — O(E) = O5(R), u— oulE

SIBJISIETCS TOMOMOPMDU3MOM T'PYIIII.
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Teopema. Ilocmpoennoiti eviue 2omomoppusm ¥ undyyupyem cropsexmusHvil 20MoMopHusm
SU; — SO3(R)
¢ adpom {£E}.
Zokxasameavcmeo. OrobpazKenue
U : U — O3(R) C Mats(R)

ABJIFETCS HelpephIBHON dyHKIHei ecTecTBeHHBIX KoopauHaT B H = R*. PaccMOTpHM ero KOMIIO3H-
11120(0)
v U —L Mats(R) 25 R

¢ JIPYyroil HempepbIBHON (pyHKIMeH — ompegeauTeseM. Tak Kak ONpEIe/JUTeIb OPTOrOHAIBHONR MaT-
purpl npuaIMaer 3uaverust +1, To y(U) C {£1}. C apyroit croporbl, U TONOJIOTHYECKH SIBIISIETCS
TpexMepHoit cepoit S? B yeThIpexMepHOM eBKana0BoM npoctpancTse H = R, Ciaegoarennbno, Mao-
xkecTBO U CBA3HO, a TOITOMY TAKOBBIM JIOJIZKEH OBITH M €ro 00pa3 IpU HENPEPBIBHOM OTOOpPaKeHUH
7. Hosromy y(U) = {1} u ¥(U) C SO3(R).

dAcuo, uro gapo romomopdusma ¥ cocrout m3 KBaTepHHOHOB U € U Takux, 4To UX = XU JJid
Jgoboro x € H. Takoii KBaTepHUOH U JIOJIZKEH JIeXKaTh B IepecedeHud HenTpa ajarebpnol H ¢ rpymnmoit
U, t.e. u £ 1. Takum obpazom,

Ker(V) = {£1}.

Ocraiock m0Ka3aTh CIOPbeKTUBHOCTD W. [[jist semenTa
z = 29 := cos(0/2) +isin(0/2) e U

nMeeM

po(i) = i
2jz =27"j = (cosf)j+(sinf) k,
0 (k) = zkz=2zk = —(sinf)j+(cosf) k.

S

N

(3

~—
I

Taxkum ob6pazom, U(U) comep:KUT JEMEHT

1 0 0
U(zg) = | 0 cosf —sinf
0 sinf cosf

— [IOBOPOT Ha MPOU3BOJIBHBINA yroJ 6 BOKpYT i. AHAJIOrHYIHO, 11
u=uy :=cos(#'/2) +jsin(¢'/2) e U
uMeeM

Spll(j) = ja
uia =u’i= (cos#)i—(sinf)k,
Yu(k) = ukii=u’k = (sinf)i+(cost)k.

S
[+
~~
o
~—
Il
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Taxkum obpazom, V(U) cogepKut j1eMeHT

cos® 0 sind
\I;(I,Ig/) = 0 1 0
—sin® 0 cos®

~ IIOBOPOT Ha IpOM3BOJIbHBIA yroa —6€ Bokpyr j. Paccmorpum Jio6oit BekTop v € [E eauHHYHOIlM
bl [ToBOPOTOM BOKPYT BOKPYT i MbI MOXKEM V IIE€PEBECTH B BEKTOD miaockocT (i, K):

U(z)(e1) =€} € (i, k).

Tak xak ||[v]| =1 = ||i||, To mOBOPOTOM BOKPYT BOKPYT j MBI MOKeM V HepeBecTd B i. Takum o6pasom,
cymectByer 1eMenT ¢ € V(U), apasomuiics komnosunueir W(zg) u U(uy ), Takoit, aro p(v) = i.
Tora npousseenue 1 W(zg)p apisiercsa moBopoToM BOKpyT ¢ 1(i) = v na yroa 6. Takum obpaszom,
U(U) comep:xkur Bce noBoporsl. CienoBaresbHo, roMoMopdusm ¥ CropbeKTHBEH. O

Teopema. Cywecmsyem clopsexmueHbili 20MoMOPpHU3M
SUQ X SU2 — SO4(]R)
¢ adpom {+(E, E)}.

Zokasameavcmeo. Kak u B JJoKa3aTeJIbLCTBE MPEAbAyIIei TeopeMmbl oToxkaecTBUM SUs ¢ rpymnnoit U
KBATePHHOHOB € IUHWYIHON JINHBI U PACCMOTPHM JIeiCTBHE

—1
UxUnH, (ug, up) *x = wyxu, .

COTIOCTABJISIONTIEE TTape KBATEPHUOHOB (g, Up) JUHEHHBII OEepaTop ¢y, uw, € GL(H). Jlerko Buers,
9TO ITOT OLEPATOP SBJSETCST OPTOIOHAIBHBIM JIJIsl CKAJISIPHOIO pou3Beenus (X,y). Bosee Toro, co-
obpazKeHHsT HePEPBIBHOCTH TO3BOJISAIOT 3aKJIYATh, 9TO €ro onpe/eaureb paser 1. Takum o6pasom,
Ouy s € SO4(R). TTomywaem romomopduzm

O:U x U —> SO4(R).

Ero sapo cocront u3 nap (U, Uz) TakWx, 9T0 WX = XUy s joboro x € H. Tlonaras 3xech x = 1,
HOJIYYIMM U; = Uy. Toraa paBeHCTBO U;X = XU; 03HAYAET, YTO U; = Uy JIEIKAT B IIePECEUCHUN HEHTPA,
agreopsl H ¢ rpynmoit U, T.e. uy = up, = + 1.

Ocrasioch jokasarsb ciopbektusHocTb @, Corsacno upeapiayineii reopeme o6pa3 npu roMoMop-
duzme ¢ noarpynmer U C U x U, aunaronaybHo BiaoxkenHoit B U X U, coBnajgaer ¢ MOATrPyIHoit
SO3(R) C SO4(R), cocrositeit u3 oneparopos dukcupyomux Bektop 1. ITycrs reneph ¢ € SO4(R) —
IPOU3BOJIBHBII 3s1eMeHT 1 mycTh U := ¢(1). Torma u € U. 3agaaum omeparop 1 dopmyioii ¢(x) =
utp(x). Torma ¢ = py-11 0. Cenosarensho, 1 € SO4(R). dcno, ato (1) = 1. BHAUNT,Y) = Qyr w
auist wekoroporo W € U. Tlosyuaem ¥(x) = u ' p(X) = puw v, ©(X) = 0w w(X) = Puw w(X). Takum
00pazoM, ¢ = Puw.w € (U x U). O
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Sagaun

13.1.

13.2.
13.3.
13.4.

13.5.
13.6.

13.7.

13.8.

13.9.

13.10.

HaiianTe Bee pemenns ypasHenns X2 = — 1 B aare6pe H.
dArnsiercs in anrebpa kBarepunouos H rpynmnoBoit ajiredpoit st HEKOTOPO# TPy b7
Joxkaxkute, 4To Jobas nogajaredpa B anaredpe kparepaunorno H KoMMyTaTHBHA.

ITycts k — mpousBoabHOE MOJIe Xapakrtepuctuku # 2. adurcupyem smementsl «, § € k. Ana-
JIOTHUYHO a/ireOpe KBaTePHUOHOB OIIpe/ie/InM aJredpy obobwennvx keamepruonos H, g Kax 1e-
ThIpexMepHyto ajaredpy Haz k ¢ 6azucom 1, i, j, k u ymHOXKenueM onpejieleHHbIM TakK, uTo H, g
acconuaruBHa, 1 — ejuHANA 1

i‘=al j=p1, k=ij=—j-i.
ITpu xaxom ycorosun Ha o u 3 mocrpoennas aaredbpa Hl, g 6yaer anrebpoii ¢ geaennem?
Onummre anre6py H, s B ciaydae char(k) = 2.
Hoxazxure, uro anredpa H, g ABasgeTca mpocToit.
ITycts anredpa I, s He apagerca aaredpoil ¢ genseHneM.

(a) Hokaxwure, uro ecim V' C H, g BeKTOpHOE MOANPOCTPAHCTBO Takoe, 4To0 ||X|| = 0 mas
Jioboro x € V, o dim V' < 2.

(b) Hokaxkure, uro s1060#i HeTpuBHAIbHBIN JeBbldl (npaseiit) nueas B H, g AByMepen, Kak
BEKTOPHOE HMOIIPOCTPAHCTBO Ha K.

(c) Hokaxkure, aro anrebpa H, g m3omopdua marpuamnoii aaredbpe Mato (k).
Hoxkazkure, 4ro ecyin ajuredbpa H, g aBiadeTcs

[Tyctb A — KoHeuHOMepHasi (Heobs3aTeTbHO accolaTuBHas) aarebpa ¢ aejaenneM Hag R. Jlo-
KaKuTe, 9TO pa3MepHOcTh A deTHa.

ITycts a € SU; — 37eMeHT KOHEYHOTO YeTHOTO mopsiaka n. Jlokazxkumre, 9TO ero obpas mpwu
romomopdusme SUs — SO3(R) umeer nopsaok n/2.

[Tycrs G C SO3(R) — xomewnas rpynma geTHOro mopsaka n. Jlokaxure, 4To ee mpoobpas mpn
romomopdmsme SU; — SO3(R) apasgerca moarpynmoit G C SU, rakoit, ato G/{£1} ~ G, no
G # G x {£1}.



Jlekimsa 14

CenapabejibHble pacHimpeHns moJjieit

14.1 CenapabejbHble pacHITpeHNs

Ounpepesienne. Henpusoaumsiit muorownen f € k(t] massiBaercs cenapabesvrom uank, ecau f 2 0.
JIro6oii muorowrer f € k[t] HaspiBaeTcs cenapabebHBIM, €CJIH TAKOBBIMHU SIBJISIIOTCSI BCE €10 HEIIPUBO-
aumbie muoxkutean. [lycrs K/k — pacuupenne momeit. Anredpandeckuii smement 6 € K nazsiBaercst
cenapabesibHbIM HaJT K, €CJIi TAKOBBIM SIBJISIETCSI €10 MUHUMAJIbHBII MHOTOUYIeH (4(t). Paciupenue mmo-
neit K/k naspiBaercst cenapabebHbIM, ecin OHO anrebpanduao u Bee snementsl 0 € K cemapabenbHb
Haz k.

OrmernM, 9To a5 npuBogumoro MHorodwteHa f € k[t] cemapabenbHOCTh He SKBHBAJIEHTHA TOMY,
uro f' # 0. JleficTBuTebHO, ecin fi — HENPUBOAUMBIH cenapabeibHbIii MHOTOUJIEH HAJI MOJIEM XapaK-
repucTuky p > 0, TO 0 HaleMy ompe/eeHuo MHorodwen f = f7 apnserca cenapabesbHBIM, OHAKO
' =pfP~1f" = 0. Haobopor, ecin fi 4 fo — HempUBOIMMBbIe MHOTOUICHBI TaKHe, YTO fi cenapabesieH, a
fo Hecemapabesen, To u f = fi fo He aBnsierca cemapaberbubiM. Onnaxo, f' = f1fo+ fifs = fife # 0.

CenapabenbHble PACITHPEHIS BaXKHBI, IIOCKOJIBKY OHU 00/IJIa0T CJIE/LYIONUM CBOHCTBOM:

IIpensioxkenue. Ecau nenpusodumuil mnozouren [ € K[t| cenapabenen, mo on ne umeem kpammuis
KopHet 6 A000M PacULUPEHUY.

Zokxasameavcmeo. Hng Toro urodsr f obmagan kparabiMu KopasiMu B K D k HeobXoammo, 4ToOBI
naunOosbiii oomuit nerureas HO (f, f') muorownenos f u f’ 6611 ominden ot koHcTanTel. C apyroit
cropousl, HOJL (f, f') Bbraucasiercss npu momornu agroputma Eskinmma u nosromy HOJL (f, ') —
ssiemenT k[t]. Ecam MHOTOUWIEH f HENpPUBOAMM, TO HU ¢ KAKUM MHOTOYJIEHOM MeHbINel creneHu: [ He
MOKET MMEeThb HEIMOCTOSHHBIX OOIMUX MHOXKUTE/IEl, CJIe0BATENbHO, JOJKHO UMETh MECTO PaBEHCTBO

f=0. O

Caencrsue. [Tycmo L/k u K/L - aseebpauneckue pacwupernus nosed. Ecau snemenm 0 € K cena-
pabenen wad k, mo on cenapabenen nad L.

Joxasamesvcmeo. Tycrs p(t) m p(t) — Munuvanbubie MuEOrOUTeHB! 3aementa O maa k u L, coor-
BercTenHo. Tak kak (1°(0) = 0, To p(¢) memr p*(¢). O

IMpenanoxxenue. Haod nosem rapaxmepucmury 0 210000 MHo20uAER A6asemca cenapabesbrvim. Haod
noaem rapaxkmepucmury p > 0 nenpueodumvil MHo20%AeH [ HE ABAAEMCA CENAPAOENLHIM MO0200 U
moavko moezda, kozda f(t) = g(t?) daa nexomopozo muozounena g.

112
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Jokasameavcmeo. Ilycrs f € k[t| — nenpuBogumblii nHecenapabenpbubtiit Muorodien. Torma f/ = 0.
Sanurmem

f = ao+at+agt® + -+ ayt”,

F = a;+2at+--- +nat" "
Orkyna moxydaem kap = 0 g1 Becex k > 0. B caydae XapaKTepuCTUKH HYJIb OTCIONA CAEIYET, UTO
ar = 0 gz Beex k = 1,...,n. CiuegoBarensuo, f(t) = ag — KOHCTAHTA.
B ciyuaae ke xapakrepuctuku p > 0 g Kaxjaoro k = 1,...,n Mbl IMEEM OJHO U3 JIBYX:

arp=0 wmwm k=0 mod p.

Taxum obpazom, 9To0Ob MHOTOWIEH f 0018187 KPATHBIMU KODPHSIMH, BCE €r0 CJIaraeMbie JIOJIZKHBI
00OpAaIaThCS B HYJIb, 32 HCKJAYEHUEM TeX CJAaraeMbrx, Jjst KoTopeix K = 0 mod p, 7. e. f momken
uMeThb BUI f = ag + a,t? + agptzp + ... O

ITpumep. Ilycts nose xapakrepuctuku p > 0 u nycrb a € k. Torma j060it HENIPUBOIUMBIH MHO-
KATeNIb f crenenu | > 1 MHorodiena t?° — a He gapiagercd cenapabebHbIM. JleficTBUTENILHO, IIyCTh
K D k — nose pasnoxkenus jias t*° — a u nmyers 0 € K — mo60it kopenn f. Torma 07 = a u mosromy
" —a = (t—0)P". Takum oGpazom, f umeer suz f = (t—0)?' 1 m09TOMY He ABIETCS CenapabeIbHBIM.

Onpepenenne. [lycrs k — mose xapakrepuctuku p > 0 u mycts K/k— sro6oe pacimperue. DieMeHT
€

0 € K maswsiBaeTcsa wucmo wecenapabeavtuvm Han k, ecau 0P € k nng mekoroporo e. Pacimupenne

K/k nasbiBaercst yucro necenapabeabubiM, eciu Bee djiemenTol 0 € K uncro necenapabdesibubl Hajl K.

IIpennoxkenne. [lycmov k — noae xapaxmepucmuru p > 0 u nycmo K/k — aroboe pacwupenue. Sae-
menm 0 € K asasemes 00no8pemento cenapabesvivim U YUCmo HECENaAPaOesbHBM o204 U MOALKO
moeada, xoz2da O € k.

o €
Jokazamenvemeo. JelicTBuTesbHO, O ABJsIeTCs KOPHEM MHOrowieHa t? — a g HeKOTOphiX a € k
0 €
u e € N. [losTomy MuHUMANBHBI MHOTOWTEH (1) demenTa O menut tP — a. CormacHo moCaeTHEMY
npumMepy MHOTOUIEH fi(t) M0JIZKeH ObITh JINHEHHBIM. ]

Teopema. [lycmov K/k — anzebpauneckoe pacwupenue noaeti u nycmo K C K — nodmmoorcecmeso
scex cenapabesvrur nad k asemenmos. Tozda

(i) K=*P — noase;
(ii) pacwupenue K/K*P wucmo necenapabesvho.

Onpenenenne. [Toae K*P, mocTpoernnoe B TeopeMe HA3LIBACTCI CENapadesbHbiM 3AMOIKAHUEM TTOJII
)
k B K.

Jlokasamesvecmeo. CHavasia Mbl JIOKaXKeM YTBEDKJIEHUE B Ciydae, Korja paciiupenue K/k konedno.
IMlar 1. /Ina e € N obo3naunm

kae = {Z Oéiﬁfe | o; € k, 61 S K} 5

2 o € o
Vreepxkaaercs, uro KKP° — nose. eiicrsurenbno, ouesuano, uro KKP® apigerca KOHeYHOMEPHOI
k-nmomanredpoii B K. Tak Kak oHa He UMeeT JIeJUTE/ e HYJIsd, TO OHA SABJISETCS MOJIEM.
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IMTar 2. CoryacHo mary 1 cymiecTByeT mernovYka BJAOKEHHbBIX I10JIei
kK=K >KkKP DKK” > ... DKkK” > --.

PaccmarpuBast 311 1oJisi KaK BEKTOPHbBIE IPOCTPaHCTBa Ha i K, Mbl BUMM, 9TO HENOYKa cTabuin3u-
l e
pyercsi: cymiectByer e € N takoe, uro kKPP = kKP" s Bcex [ > e. [Tonoxum

L := kK? = ﬁkK”l — ﬁkal.
=0 =0

CornacHo ckazanaoMy Bbitre, L — moste. Mbr mokaxkem, aro K5P = L.
ITTar 3. Bosbmem Jr060it snement 0 € K\ L. Torma

67" € K* C kK* =L.

[Tosromy O umcro mecenapabesen Hag L u K/IL — qncro Hecenapabesbroe paciiupenue. [Ipenmnosio-
KM, 9to O cenapabenen man k. Torma on cemapabenen nan L. CiemoBarennbho, 0 cogepxkurcs B L.
[Iporusopeune.

Taxum obpazom, mose L comepxkut Bee cemapabenbubie Has 3eMenThl, T.e. L D K%P. Ocraerca
JIOKa3aTh, 4TO Bce jieMeHTsl L cenapabenbubr, T.e. L C KP

IIar 4. Mpr yrBepxkaaem, uro KILP = IL. [leficrBurennno, Braodenue kILP C L oueBuano. C
Jpyroit croponsl, nycth 0 € IL. Torma

e+1 e+2

0 € kK = kKF" = kK”" = ...

U 1103TOMY O Ipe/cTaBIsIeTCs B BHJIE

0= Zaiﬁf’e+l =Y (), i€k BeK

(2

€
Bnec 7 € KKP* = L. Cienosarennho, 0 € KIL.
Ilar 5. /I1sg 100bIX JTHHEHHO He3aBUCHMBIX HaJ K 371€eMeHTOB

Wi, ...,wp €L

3JIEMEHTDhL

TakzKe TUHeHO He3apucuMbl HaT K. /leficTBUTENBLHO, MBI JOIOJIHUAM W1, . . ., w, € IL 10 6a3uca w, ..., w,
npocrpancTBa L waa k. Tak kak L = kILP, To nt060it anement 0 € IL npejicrasiisgercs B Buje

e:Z&iﬂzp7

rne o; € k, 3; € L. Janee f3; = 2?21 Aijw; Tie € A ;. Orcrona nomyuaem

0= Zoz,(Z)\m Wj)p = ZO‘Z’)‘?,J’ wf
i J 2

CrenoBarenbHo, wh, ... wP — takxke 6asuc L naz k.
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HTar 6. I[Ipexamnosnoxum, aro sjiement 0 € L ne sapasiercs cenapabenbubim wajd k. Torma ero
MHUHHMAJIBHBI MHOIOUYICH npeicTraBiasercs B sune u(t) = g(t?) ars mexoroporo Muorowiena ¢(y).
[ycts d := deg g(y). Torna deg u(t) = pd > d m saementsi 1,0,02, ..., 097 uHeitno HezaBICHMBI HaT
k. CorsacHo npeapLaymeMy mary sjgementst 1,07, 0%, ... 0(4~DP pakike juHeitHO He3aBHCHMBI HAI
k. 91o mporuBopeuutr Tomy, aro p(0) = 0. [Iporusopeune mokassiBaer, uto L C K*P u 3akamduBaeT
JIOKA3ATETHCTBO TEOPEMBI B caydae, Korma pacmrupenne K/k konedno.

ITTar 7. Ilycrs Temepb K/k — mpoussosbroe (HeOOA3aTENHHO KOHEYHOE) AaredpanvecKoe pac-
mupenune. Jlokaxkem, uro K5P — nose. [j1s1 3T0T0 J0CTATOYHO J0KA3aTh, YTO JJIs JIIOOBIX JIBYX Cella-
pabesbubix HaJ k ssremenTos a, b € K umeer mecro Brimodenue k(a, b) C K*P. s sroro 3amernm,
aro k(a, b)/k — KoHeuHOe paciupeHue U, COMIACHO JoKazanHomy Boiie, k(a, b) C k(a, b)%P C K5P.
dro nokassBaer [(1)] st nokasareascrsa Bo3bMeM J1i000i# d1ement O € K\ K5P. Ilycrs p(t) —
ero MEHUMaJIbHBIE MHOTOUIeH Has1 k. Ero moxkHo npesicrasuth B Buge p(t) = f(tP°) aus mekotroporo
HerpuBoanMOro uaj k muorowrena f. Mbr MoxkeMm cumTarh, 9TO € BHIOPAHO MAKCHMAJIHHO BO3MOXK-
HBIM H TOTIIa MHOTOWIeH f cemapabernen man k. Tak kak 0F° — ero xopens, To 0P € K*P. 3naunr, 0
qucTO Hecenapabesen Har K5P, O

14.2 CoBepHieHHbIE 104

Onpegpenenne. [lone naspiBaerca cosepusentovim ecau chark = 0 unu chark =p > 0 u k? = k.

Nuaue rosopsg, nose k xapakrepuctuku p > ( gBageTcd COBEPIICHHBIM TOTJA W TOJHKO TOTJA,
KOT/Ia, OHO BMECTE C KayKIbIM 3JIEMEHTOM a € K ComepKuT u KOpeHb p-it CTeNeHn n3 Hero: CymecTByeT
a € k rakoii, yto o = a. DTOT KOpPeHb JI0JKeH ObITh eUHCTBEHHBIM (T.e. OH — KpaTHblii). [leii-
crBUTEIbHO, HHAYE o = a = [P. Ho torma 0 = of — P = (o — )P u o = (. Takum obpasom, B
COBEPIICHHOM I10J1€ XaPAKTePUCTUKHU p ypasHeHue tP — a = 0 uMeeT eMHCTBEHHOE PelleHue.

Ilpenagmoxxenue. Had cosepusennovim nosem K 410600 mHo20MAeH ABAACNCA CENGPAOENOHBIM.

Jlokasamenvemso. Tlycrs f € k[t] — menpuBoanmbrii Hecenapabeabubiii Maorowien. Toraa f moxker
OLITH 3aIMCAH B BAIE

1) =3 apt™ = 3" (gat)” = (3 vat*)”

k k

DTO NPOTUBOPEIUT HETTPUBOIAUMOCTH f. O

CaencrBue. Jloboe aa2e6paUYECKOE PACUIUPEHUE COBEPUEHHO020 NOA ABAAEMCA CENAPAOEALHBIM.
Ha camom gneste, Bepuo u oGparnoe (cM.3azxady [14.9)).

Bameuanusi. (i) fcHo, uTo anrebpamdecKu 3aMKHYTOE [OJIE COBEPIIEHHO.

(ii) TTome xapaxrepucruku p > 0 sBISIETCA COBEPIIEHHBIM TOIJA U TOJHKO TOTJA, KOTIA OTOOpazke-
nune Ppobennyca
b:k—k

ciopbeKTuBHO. Tak Kak orodpazkenune OpobeHnyca Beeria HHbEKTUBHO, TO B COBEPIIEHHOM IT10JIe
XapakTepucTuku p > 0 orobpaxkenune OpobeHHyCA ABISIETCSI G8MOMOPHUIMOM.

Ilpenamoxkenue. Jloboe xoreuwroe nose coBEPULEHHO.
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Jloxazameavemeo. UnbektuBnoe orobpazkenue ¢ : k — k koHedHoro muoxkecrBa B cedsi JIOJI2KHO
OBITH CIOPHEKTUBHBIM. O

ITpumep. [lycrs k mo6oe mose xapakrepuctuku p > 0 u mycts K = k(z) — mose panuonaabHbix
apobeit nHan k. Tak kak ypasuenme tP — x = 0 me umeer kopueit B K, To nose K ne sBiserca
COBEPIIIEHHBIM.

IMpennoxkenune. I[Tycmo k — cosepuiennoe nose u nycmos K — ez2o anzebpauneckoe pacwuperue. Toeda
noae K maxowce cosepuerho.

Jlokasameavcmeso. Cradana npeanoaoxum, 4to pacimperre K/k konedno. fIcHO, 9T0 MBI MOKEM
cuuTaTh, uro chark = p > 0. Tak kak kP = k, To mp1 umeem Braodenust k C KP C K. Pacemorpum K
u KP kak Bexkropubie npocrpancrsa naji k. Ilycrs 04, ...,0, — 6asuc K. Torua saementst 07, . .., 07
— smneiino uezasucumbl B KP mag k. eiicrBurenbro, npeanonoxum, ato » N0 aust HeKoTopbix

A € k. Orcrona )
0= n0r =3 (/n8)" = (X ve)

Do maer Ham Y Y/ A\;0; = 0, a Tak Kak saeMentsi 01, ..., 0, JuHEHHO He3aBUCHMBI, TO \; = 0 s
Bcex 1. [losromy dim K? = dim K u, ciemosaresnsno, K? = K.
[Tycts Temeps pacmupenue K/ ne spiasercsa koneanbiM. [Ipeamonoxum, aro ypasuenue tP —a = 0

He mMeer pernenuii gyst Hekoroporo a € K. Pacmmpenne K(a)/k konedno u 1o oka3aHHOMY BBIIIe
¥/a € K(a). TIpornsopeune. O

14.3 Teopema 0 IPUMUTHUBHOM 3JIEMEHTE

Teopema. Iycmo K/k — xoneunoe cenapabenvroe pacwuperue noaet. Tozda cyuecmeyem snemenm
0 € K maxot, wmo K =k(0).

oxazameavcmeo. Ecim noje K koHedHo, 10 ero MyJibTHIUIMKATHUBHAS I'Dylla — IuKJndeckas. B
qacTHOCTH, K TIOpOXKaaeTcss OJfHUM dJeMEeHTOM B 3ToM ciydae. /lasee npeamnosoxkum, aro K 6ecko-
HEJHO.

AcHO, 9TO MOCTATOYHO JOKa3aTh yTBepXKJeHHe B caydae, Korjga K mopoxmaercs Haa k mByms
ssementamu, T.e. K = k(a,b) mag sekotopsix a, b. Ilyers i, () — MEHIMATBHDBI MHOTOYICH 3JI€-
merTa a (Hag K), a pp(t) — MUHUMAJIBHBIH MHOTOWIEH d7aeMenTa b. HamoMHUM, 4T0 MUHHMATBHbIE
MHOTOUMeHbl HenmpuoauMbl (Has k). Tlyers K — anre6pamdeckoe sambikanue nors K. Torma p,(t) n
(1p(t) pazmaraforcs B K Ha AuHefHbIE MHOAKHATEH:

n m
pe® =TI~ a). () =6 by)

i=1 j=1

Mub1 cuntaeMm, uTto a; = a u by = b. Tak Kak smeMeHTsl a u b cemapabeabHB Had K, ToO Bce KOpHHI
ay,...,a, 1 by, ..., by, pasamaner. Bo3sMem ssnement ¢ € k raxoit, 4ro a; + cb; # a + cb g Beex ¢, 7,
J # 1 (970 BO3MOKHO TIOCKOJIBKY Hallle moJie 6eCKOHeTHO 110 Tpeanosoxkennio). [Tomoxkum 0 := a+ cb.
Hokazxewm, aro k(a,b) = k(0). JeiicrBuresibHo, b aBasgeTcs OOIIM KOPHEM MHOIOYJIEHOB

po(t),  g(t) = pa(0 — ct) € k(O)[t].

Tak xak 0 = a + cb # a; + cb; npu j # 1, 10 O — cbj # a; ¥ NO3TOMY MHOTOYJIEHBI (i U § HE UMEIOT
Japyrux obmux Kopueit B K. 3naqyur

HOZ (s, g) =t —b.
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[Mosromy b € k(0). Ho torma a = 0 — ¢b € k(0). Cuenosaresnno, k(a, b) = k(0). O

Sagaun

14.1. Tlycrs k — mro6oe noste. lokazkure, 94TO MoJe pasjokeHus MHOTodwIeHa t" — 1 Bcerjia cenapa-
oenpHO HaI k.

14.2. Ilycrs K/k — anrebpamdeckoe pacmmpenue mosedi. Jlokaykure, 9T0 Bee IUCTO Hecenapabeib-
aele 31emMeHThl B K Hag k obpasyior moamose. OOpa3yioT Ju HOAINOIE Bee HecemapabdeabHbIe
9JEMEHThI !

14.3. Tycrs K/L u L/k — cenapabesnbubre paciupenust. Jlokazkure, aro pacimmpenne K/k cemapa-
OesIbHO.

14.4. Tlycrs K/IL u L/k — gucro mecemapabesbubie pacimmpenusi. [okazxure, aro pacmupenne K/k
YHUCTO HecemapabebHO.

14.5. Ilycrs K/k — pacmupenne noseit xapakrepuctuku p > 0 u nycts 0 € K anreGpandeckuit na
saement. Jlokazkute, 9To s1ement 0P cemapabenen Has k 11d HEKOTOPOTO e.

14.6. Ilycrs k — mosre xapakrepuctuku p > 0 u nycts f € k[t]| — mempuBoguMbiii MEOTOWIeH. [lOKa-
JKUTe, 9TO BCe KOPHU [ UMEIOT OJIHY U Ty K€ KPATHOCTb p° Jijisi HEKOTOPOTO €.

14.7. JTokaxure, uro ecyiu a € Kk, a ¢ kP, To muorouwyen t*° — a nenpusogum B K[t] (chark = p > 0).

14.8. Ecim K/k — koneuHoe uncro HecenapabesbHoe pacimupenue nosst k, To crenens K/k spisiercs
crernenbio uncyaa p, p = chark. Jlokaxkure.

14.9. Jlokakute, 9TO €CJU JI000e ajredpamdeckoe pacliupeHue moJid kK gpigercd cenapadeTbHBIM,
To k coBepIieHHO.

14.10. Ilycts k — mone xapaktepuctuku p > 0. lokaxkuTe, 4To caeayionine yCJIOBUS IKBUBAJTEHTHBHI:

e O cemapabesnen man k;
o k(0) =k(6");
e k(0) — cemapabesibHOe pacmuperne moJst k.

14.11. Tlycrs k(zq, 9) — mone panumonanbHbX yHKIui Haa nosem k xapakrepuctuku p > 0. o-
Kaxkure, 9ro pacumpenue k(zq, x2)/k(z}, 25) ne nopoknaercs omaum ssemenToM. Yrasarue.
Pacmupenne k(z1, o) /k(z}, 25) mmeer crenens p?. C npyroit croponsr, ecam k(z1, z2) = k(z),
ro k(zf, 25) = k(=P).

14.12. TIycrs K = k(0)/k — koHe4IHOE paciiupenue moJei, TIOpoXK/IeHHOe OJHUM 31eMeHTOM. JIoKaKu-

Te, YTO CYHIECTBYET TOJILKO KOHEUHOE 4Yncyio nmpoMexytounbrx noseit K D L D k. Vkazanue.
Paccmorpute orobpazkenue L — pu"(t), oTobpazkarommee npoMezKyTouHoe moJe L B MEHAMAJIb-
HBIfi MHOrOWIeH O Han L, ¥ HOKaKUTe, 9TO OHO MHBEKTHBHO.
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14.13. dsiasercs su 1060i IPUMUTHBHBLIA 31eMeHT paciuupennst Konednolx noseit Fe /F, obpasyiomieit
MYJIBTHILTHKATUBHOMN rpymbr Fy.?

14.14. Ilycth p m q — pa3au4YHbIe TMPOCTHIe Yucaa. HaliauTe TPUMUTUBHBIA 3JIeMEHT pacIIupeHUs

Q(v/p; v/4) nan Q.



Jlekims 15

HopmaJjibHble pacinnpenus

15.1 IIpomomkenume aBTOMOP(PI3MOB

IIpenuioxkenune. [Tycmo K/k — anzebpauneckoe pacwupenue nosets u nyemo ¢ - K — K — 2omomop-
duszm aseebp nad k, mo ¢ — asmomoppuam.

Joxazameasvemeo. Tak kak K — moje, To gapo romoMopdusma ¢ TpuBuaabuo. [losromy mocrarod-
HO IPOBEPUTH, 9TO ¢ copbekTuBeH. Ilycts 0 € K\ k u mycts p — MuUHUMAIBHBINA MHOTOWIEH 6.
IIycts 67 = 0,...,0, Bce kopuu u B K. [omoxkum L := k(0,...,0,). Torna L gasiserca koned-
HOMEDHBIM BeKTOPHBIM mpocrpancrsoMm Hag k u ¢(0;) = 0; misa mekoroporo j. Orciona ¢(L) C L.
Taxum obpazom, @, ABALETCH HWHHBEKTUBHLIM JIMHEIHLIM ONEPATOPOM B KOHEYHOMEPHOM BEKTOPHOM
npocrpancree K max k. CiaemoBarenbHo, OH CIOPBHEKTUBEH. 3HAYUT, jjd Ja0doro 0 cymecrsyer 6
Takoit, ato p(0') = 6. O

3ameuanue. B npennoxenun yciosue ‘o — 2omomoppusm nad kK7 cymecrsenno. Hanpumep, oTob6-
paxkenne Dpobennyca ABIACTCHS UHHBEKTUBHBIM TOMOMODP(MU3IMOM TOJI B cebsi, HO MOYXKET He OBIThH
CIOPbEKTUBHBIM.

Ilpennaoxxenmne. Ilycmv I — aszebpauvecku 3amrnymoe noase, nycmsv k — arwboe nose u nycmo
o:k = L - (unsexmuenu) comomopdusm noaeti. Tozda das 1106020 arzebpauteckozo pacuuperus
K/k cywecmsyem 2omomopdusm ox, npodosscarousud o, m.e. maxot, wmo oxly = 0.

Jlokasamenvecmso. Bocnonbayemcest temmoii [opra. Ilyers S — muoxectso nap (K, 0,), cocrosmmx
u3 npomexkyrounoro moiag B K O K, D k u romomopdusma o, : K, < L takux, uro o,|x = o.
Beegem Ha S 4acTHYHBIM MOPSIOK:

(Ko, 04) < (Kg,03) ecmn K, CKsg un og

Ko = Oa-

Cremyer mpoBepuTh BbImoTHeHHE yeaoBuil Jemmbl Lopra. Ilycrs mama nenouka I C S, MHOZKECTBO
nap (K, 0,) Takux, aro

(Ko, 00) < (Kg,05) mm (Kg,o04) > (Kg, 05), V(Ka, 0a), (Kg,03) € 1.
Tlosrozkum

K® := U K,.

(Ka,0a)€X

119
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Torpa moxHO onpejentb romomopdusm o° @ K® — Lt
o*(a) =04(a), ecim a€K,.

Jlerko BusieTh, 910 0° KOPPEKTHO OIPEJIE/IEH U SIBJISETCs BJIOZKEHUEM IOJIeil.

Taxkum obpazom, K? € S, 1.e. ycioBusa jgemmbl 1[opHa BBIIOTHEHBI H IO3TOMY CYIIECTBYET MakK-
cumaJsbHoe mpomerkyrounoe noine k C K C K, ma koropoe roMoMopdusm o MpooaKaeTcs, T.e.
umeercst romomopduam o’ @ K' — L rtakoit, uro o'y = o. Ilpeanonoxum, aro K' # K. Bosbmem
moboit saement O € K\ K'. O6o3naunm uepes ki, noamnosne o’(k) = o(k) B L. Ilycrn

p=1t"+ap_1t" + - +ag
— MUHUMAJIBHBIH MHOTOWIeH O Haa k u mycTh
1 =t"+ o(an_ "t + -+ o(ag)

— cooTBeTCcTBYIONUiI emy MHOrouwaeH nax ky . Ilycrs 09 — mioboit kopenb p” B L. Tak Kak MHOTOUIEH
p? weupusogum B ki [t], o umeercs uzomopdusm noseit ki (07) ~ ki [t]/(n?). C apyroit croponsi,
k(0) ~ k[t]/(u). CrenoBaresnbho, ki, (0) ~ k(0). Takum o6pazom, mmeercs: roMoMopdu3u moJiei

k(0) — kp(0) — L,
nponokaonuit o', T.e. (K’ ¢’) He aBasercs MakcuMaabubiM 3aeMerToM. [IpoTuBopetme. O
V3 nociaeanero npeaioKeHue HenoCPEACTBEHHO MOMYYAeTCS CJIeYIOIIee.

Caencteue. [Tycmov k — aseebpauveckoe samvuxanue noas k v nyemv k C Ky Ck uk C Ky, C
k — dsa npomesrcymounnx noass. Toeda aobot usomoppusm Ky — Ky nad k npodoasrcaemen do
asmomoppusma noaa K.

CaenctBue. [lycmo k — anrzebpauueckoe samvikanue nors k u nycmov k C K C k — npomesrcymounoe
noae. Tozda aoboti asmomoppusm K — K nad k npodoastcaemesn do asmomopdusma noas K.

15.2 HopwmaJibHble pacliupeHus IoJieit

Onpenenenne. Asrebpandeckoe pacimupenne nojeit K/k naspiBaercs HopmaavHoum, ecan a060i
HEIPUBOAUMBIN HaJT k MHOTOYIEH, KOTOPBIH nMeeT KopeHb B K, MOTHOCTBIO pa3iaraercs HA MHOXKU-
Tenu B K.

IIpennoxkenune. Ione pasroscenus 106020 mnozowaena f € K[t] asasemea nopmasvrom pacuiupe-
nuem Had K.

Joxasamenvcmeo. Ilycrs K — mose pasnoxkenns muorourena f € k[t] u mycrs g € k[t] — menpusonn-
MBIt MHOTOYJIEeH, nMmetotnit Koperb 0 B K. Mbr moykem cuntars, uro K cogepkurcst B aaredpandeckom
sampikannn k mona k. Ilyers 0/ € k — apyroit Kopenb MHOroWIeHa . Mbl mpeanosoxxmm, aTo 0/ ¢ K.
NnmeroTcs nzoMopdu3Mbl MOJIEH

k(") ~Kk[t]/(g) ~k(8).

Kommosunns k(0') — k(0) mpomonxkaerca no asromopdusma ¢ : k — k. Torma ¢ coxpanser
MHOKeCTBO KOpHeii Mmuorownena f, a suauut u noje K. Takum obpasom, 0’ € K. O]
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15.3 ABToMopduU3MbI pacHImpeHnii

ITycrs K/k — pacmupenue nogeit. HYepes Aut(K/k) mbr 0603nauum noarpymniy B Aut(K), cocrosimyio
13 TeX aBTOMOPhU3MOB, KOTOPbIe TPUBHAJIbHBI Ha k:

Aut(K/k) := {g € Aut(K) | g(a) =a Va € k}.
Dnementst rpymmsl Aut(K/k) nazssarorcs aBromopduszmamu nors K maz k.
Teopema. Ilycmv K/k — xoneunoe pacwupernue noaeti. Tozda
| Aut(K k)| < K : K. (4

Jloxazameavemeo. Jlokaxkem yTBep:KJeHHe WHIYKIHeH 110 CTeleHu pacIiupeHns. ba3a WHIyKIUn
[K : k] = 1 oueBunna. IIpennonozkum, 910 yTBEp:KIACHHE BEPHO JJIsi BCEX DACIIMPEHHI CTeleHn
< [K : k]. Bozbmem npoussosbubrit smement 0 € K\ k. Ilycts pu(t) — ero MuHIMAJIBHbIH MHOTOWICH
U IyCTh

0, =0,0,,....0,

— Bce xopun 4(t) B K. Hamomunwm, uato [k(0) : k] = deg(p). fcmo, aro rpynma Aut(K/k(0)) ectectsen-
no sriaaabiBaercs B Aut(K/k) u coBnamaer B meii co crabumusaropom ssementa 6. JIioGoit sxement
rpymnsl g € Aut(K/k) muorownen p nepesogut B cebsa. CrenoBarebHo, ¢ MEPeCTaBIsieT KOPHU [

Caenosarensno, nugexc noarpymnsl Aut(K/k(0)) B rpynme Aut(K/k) pasen umciy 371eMeHTOB Op-
ouTbl dementa 0. Takum obpazom,

[Aut(K /k) : Aut(K/k(0))] < r < deg(u) = [k(8)) : k.
C apyroif CTOPOHBI, IO IPEIOI0KEHUI0 HHTYKITIH
| Aut(K/K(8)] < [K : k(0)]
[Tpnmensst TeopeMy o GalHe TOJIeH, MOy IHM

| Aut(K/k)| = | Aut(K/k(8))| - [Aut(K/k) : Aut(K/k(8))] < [K :k(0)]- [k(8) : k] = [K:k]. O

15.4 Pacmupenus l'aaya

Onpenenenne. Koneunoe pacmmpenne noseii K/k naspisaercs pacwupenuem lanya, econ B Hepa-
BeHcTBe (¥]) mocTuraercs paBeHCTBO, T.e.

| Aut(K/k)| = [K : k].

ITpumep. Ilycrs K/k — pacmupenne noseii cremenn 2. Mbl cauraem, uro char(k) # 2. Bosbmem
arob6oit amement « € K\ k. Torga MuHEMATHHBI MHOTOYJIEH 3J€MEHTa (@ MOYKHO 3alliCaTh B BH/E
fo = 12+ 2px + q, p, ¢ € k. Pasnocts 0 := « + p UMeeT MEHEMAJILHBIH MHOIOWIEH jg = t2 — d,
rae d = p* — q. Tak xak [K : k] = 2, 1o k(0) = k(«) = K. Takum o6paszom, m060ii smement noaa K
MOXKET OBITH 3aIucaH B BUIe A\ + A0, A, Ay € k. OTobpazkenue

O : AL+ X0 —> A — X0

seaistercst apromopdusmom K wan k. ITo teopeme Aut(K/k) — rpynma nopsiaka 2, TOpOKIeHHas
ssemenToM o. Takum obpazom, K/k — pacuupenne Tasya. OTMerum, 9rT0 yTBEpXK/IEHHE MEPECTAET
OpiTh BepubiM, ecsn char(k) = 2.
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ITpumep. ITycrs paciupenue K/k uncro necenapabesibuo. Torua jio6oit ssement 0 € K\ k sipjisiercst
(enmmcTBeHEBIM!) KOpHEM MHOTOUTeHa tP° — a mns wexoropwix a € k u e € N. Jlio6oii aBromopdusm
g € Aut(K/k) nepecrapisier KOpHI MHOTOYJIEHA. SHAYHT OH JefCTBYyeT TpUBHAIBHO. Takum o6paszoM,
Aut(K/k) = {1} u K/k ue moxker 6biTh pacmupenuneM Lasya.

ITpennoxenune. ITycmo K/k — pacwupenue Tuaya.

(1) dasn wmobozo npomescymounozo noas K D L Dk pacwupenue K/L maxorce asasemes pacuu-
penuem lanrya.

(i) Eeau anemenm O unsapuarmen ommuocumenvho ecex aaemernmos Aut(K/k), mo 0 € k.
Bameuanue. B yciroBugax npesoxenus ue Bepuo, uro L/k asaserca paciupenuem [aya.

Joxasamenvcmeso. Tomoxum G = Aut(K/k). Bossmenm smement 0 € K\ k. ITycrs pu(t) — Munnmasin-
Hblit Muorowien 0 naj k u mycrh

0,=6,0,,...,0,

— Bce kopuu pu(t) B K. Hamomuuwm, arto
[k(6) : k] = deg(x).

JI1060it smemenT rpynmsl ¢ € G MHOTOWIEH ji mepeBOanuT B cebsd. Ciie1oBaTeIbHO, ¢ MEePeCTaBIsIeT
KODHU [4:

[Tycts Gy C G — crabunnzarop snementa 0 B G. Torga Aut(K/k(0)) = Go. Mnaekc moarpynmer Gg
B rpyimie G 9HCIy 3JeMeHTOB opOuThl aeMenTa 0. Takum obpasom,

[G: Go] < r < [k(0)) : K.
[Ipumensas TeopeMmy o HairHe MoJIeH TOJTYIAM
K :k(6)] - [k(8)) : k] = [K: k] = |G| = |G| - [G : Go] < |Gl - [K(B)) : K].

Takum obpasom, K : k(0)] < |Gg|. C apyroii cTopoHbI, IO HOCTEAHEH TeopeMe BCerja MMeeTCs
obparnoe nepasencrso. Orciona [K : k(0)] = |Ge| amst sio6oro snementa 0 € K\ k, r.e. K/L sBnsercs
pacumpenuem Fasya jis jiro6oro noanoss suja L = k(0). Tak kax Jiroboe npomexkyrouatoe mose K D
L D k mosyuaercst u3 k mocyreoBare/ ibHbIM IPUCOEIHHEHAEM KOPHEH HEeIMPUBOAUMBIX MHOTOWICHOB,
to K/IL sBaslerca pacmmpenuwem lanya m mas o6oro mpomexkyrounoro moias K O L D k. Do

JIOKA3bIBAET

s noxasarenscersa [(it)] samernn, uro K/k(0) — pacumpenne [axya cornacno myukry (1)l Orciona
[K:k(0)] = Aut(K : k(0)) = Aut(K : k) = [K : k],

re cpefiHee PaBeHCTBO BBIMOIHIETCS MTOCKOJIbKY jaeMenT 0 unBapuanten. CienoBaressho, k(0) = k
noeck ]

Teopema. Koneuroe pacuupenue noseti K/k asasemes pacwupenuem Larya mozda u mosvko mo-
20a, K020a 0HO HOPMAADLHO U CenapabesbHO.
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Jlokasameavcmeso. Ilycrsn = [K : k. [Ipeanosnoxum, aro K/k pacuupenne Lanya, T.e. | Aut(K/k)| =
n. Jdokaxem, uro K/k nHopmansuo. [lycrs f — HenpuBoguMbiit MEOrOwIeH Hajg k u mycrs 0 = 01 —

ero kopeuab B K. [Iycts 05, ...,0, — Bce ocranbubie kopuu f B K. Kosaddumuents muOrO91I€HA
fr=1]-6)
— (¢ TOYHOCTBIO /10 3HAKA) dJIeMEHTapHbIe cuMMerpudeckue dynknuu or 01, ..., 0,. Onn uaBapuanT-

Hbl OTHOCUTEJIbHO MEPECTAHOBOK KODHEH, CJe/l0BaTelbHO, OHM WHBAPUAHTHBI OTHOCUTEIHbHO I'DYIIIIHI
Aut(K/k). Corsacuo myHKTY MoCJIeJHETO Tpeaoxkenust koaddunnentsr fi jexar B k. Tak kax
f1 meqmt f, TO oTCIONA MOJIyHaeTcsd, 9YTO fi U f MPONOPIMOHAIBHEL, T.€. f pasjiaraercd Ha JUHEHHbIE
MHEOXKHATEH B K.

Hoxkaxewm, uro K/k cenapabesibuo. IIpennooxum uporusnoe. Ilycrs K*P — cenapabesbaoe 3a-
mbikanue k B K. Torpa K/K*P — pacmupenne Tanya cormacuo myHKTY ((1)| mocaearero mpeaioxKeHus.
Buaunt | Aut(K/K*P)| = [K : K*P]. C apyroii croponst, K/K*P — uncro necemapabebaoe pacmmpe-
HHe 1 Kak orMedasoch Bbime rpynmna Aut(K/K*P) rpusnasibua. [IporuBopeune.

[Tpeanonoxkum, aro K/k mopmanbro u cenapabenbno. [lo Teopeme 0 MPpUMHUTHBHOM 3JeMEHTE
cymectByer amement 0 € K/k rakoii, uro K = k(0). [Iycrs u(t) — MuHmMaTbubI MHOTOUIEH 6.
Torna degu = n. Tak kax pacmmpenue K/k HOpMasibHO u cenapabesibHO, TO [ UMEET POBHO N

kopHeii 01 = 0,0,...,0, B K (u Bce onn paznuuner). meor Mecto u3oMopdusmMbl
K = k(0) v k(8;) = K
o~ %
kft]/ ()

Tak, 910 @; 0 ; = ¢ 1 p(0) = ¢;(0;) = t. [loayuaem n aBromopduzmos ;. [Tockosabky 1;(0) = 0;,
10 Bee onn pasaudnbl. C apyroii croponsl, | Aut(K/k)| < n. Teopema nokazana. O

Ecau K/k — pacmmpenue Tanya, To rpynna Aut(K/k) vaseiBaercst epynnot Taaya 51010 paciiu-
pernns. Oua obosnauaercsa rakxke Gal(K/k). Ecau f — muorowren nazg k, To ero rpynmna [axya — a1o
rpymma Fanya moss pasnoxenus f Hajg k. Ona obosnauaerca Gal(f).

Bameuanue. [lycrs [ € k[t] — HenpuBoanmbIii cenapabeabHbI MHOTOUIEH cTermenn n u mycrtbh K/k
— ero moJie paszsoxkenus. Torga K/k — pacmupenne [anya. Muorouten f umeer B K posro n xKopheii

0., 05,....0,.

JTro6oii apromopdusm o € Aut(K/k) kopau maorowiena ¢ koadduierramu B k mepeBoguT B KOPHH.
CienoBaTeIbHO, OH IEepecTaBIseT 3aeMeHTs 01, Oy, ..., 0,. 3HaAUUT, UMeeTcsT TOMOMOPhU3M

U Aut(K/k) — S,

B rpymnmy mnepecranoBok kopueit. Tak kak K = k(0q, 0s,...,0,), To m060ii aBTOMOpdUIM 0 €
Aut(K/k) oxnoznauno onpesesiercs obpasamu jaementon 0;. CiegoBaresibio, ¥ HHbLEKTUBEH.

Taxum 00paszom, rpymma [amya pacHmpenus CTeIeHd 1 u30MopdHa TOArPYIIe CHMMEeTPHYECKOL
rpymusl S,. Bosee Toro, meiictere Aut(K/k) va muoxectse {01, 0s,...,0,} Tpansurusuo. leiicTau-
TeJIbHO, HHaYe cyniecrByer opbuta {0;,,...,0; }, rme r < n, u Toraa

fi=(—-0,)(t—0;) - (t—0;)



Jlexmmst 15. HopmaJibHBIE pacIiupeHHsT 124

— MHOIOYJIEH, KOI(PPUIMEHTHI KOTOPOIO MHBAPUAHTHBI OTHOCUTEJIBHO BCEX aBToMOpdu3MoB o €
Aut(K/k). Takum obpazom, muorowren fi mexur B k[t| u aBaserca aeamrenem f. D10 mpoTHBO-
pPEeUnuT HEPUBOANMOCTH f.

st MasibIx 3HAYEHHH 1 € TOYHOCTBIO 0 CONPSZKEHHOCTH B S, /g rpynmsl [agya mveroTcs
caeyonue Bo3mozkuoctu (st Kparroern nosoxuM G = Aut(K/k)):

e n=2 G=2S;
e n=3, G =853 umm As;
e n=4,G=2S4,A4 Vy ((1,2,3,4)) (nukimaeckas rpynna nmopsiaka 4) wan Dy = (Vy, (1,2,3,4)).

OrmernM, ogHako, 4to pacmmpenune lanya K/k He 3amaer ojHO3HAYHO MHOrOWIeH (U Jaze
ero CTeleHb), JJIsi KOTOPOr0 OHO SIBJISETCS MOJeM pasJiozkeHus. [109TOMy TOBOPHTH O BJIOXKEHWUH
Aut(K/k) < S,, MOKHO TOBOPHTH TOJIBKO €C/IH MHOTOWIeH [ hbUKCHPOBaH.

Sagaun

15.1. Jokaxure, uro pacmmpernue Q(v/2)/Q me aBmsieTcs HOPMATBHBHIM. TakuM 00pazoM, GamrmHs
HOPMAJIbHBIX PACHIUpeHuil Heobsa3aTe/IbHO HOpMabHa. Hafture IpUMUTHBHBINA 3JIEMEHT 3TOTO
pacIIuperns.

15.2. Jlokaxkure, 4TO pacliupeHue Q(\:’Vﬁ)/@ He siBJjIsieTcsi HOpMaJibHbIM. Hafijnre npuMuTuBHBIN
3JIEMEHT 3TOT'0 PACIIUPEHUS.

15.3. Jlokaxkute, 4To 111 9nucTo Hecenmapabeabroro pacmpenns K /k rpynna Aut(K/k) rpusnanbma.

15.4. Ilyctp K — nmoste u nyctb G — KoHe4YHas I'PyIIa ero aBroMopgu3MoB. /lokaxkure, 9T0 paciiu-
perne K/K%, rue
K¢ :={a €K |o(a) =a, Vo€ G},

gBjisieTcss HopMasbHbM. B wactrocTn, ecin char(K) = 0, to K/KY — pacumpenne Tamya u

K : K¢ = |G|

*Ha caMoM Jiesie MOXKHO HOKa3aTh, uro pacimupenne K/K& cenapabeibHo, HO3TOMY MPEIIONOKEHHe O XapaKTePH-
CTHUKE 3/1€Ch M3JIUIIHE.



Jlekiimsa 16

Teopunga l'aya

16.1 OcnHoBuag Teopema Teopum I'axya

Teopema (OcHoBrast Teopema Teopuu Lamya). Hycmo K/k — xoneunoe pacwupenue Iaaya. Kaorc-
domy npomestcymounomy nostro K O L Dk conocmasum nodepynny ¢ Aut(K/k).

Aut(K/L) = {0 € Awt(K/k) | 0(a) =a Va €L},
a kascdot nodepynne H C Aut(K/k) conocmasum npomesicymouroe noae
K¥ :={a€eK|71(a)=a V7€ H}.

(i) Omobpasicerus
L+— Aut(K/L) w H+~—K¥

63GUMHO 00PAMHBL U YCNAHGBAUBAIOM OUEKUUI MeHcdYy MmHodcecmeom nodnosetd noas K, co-
deporcawguz K, u muoorcecmeom nodepynn ¢ Aut(K/k).

(i) [K: K" = [H| u[K" : K] = [Aut(K/k) : H].

(iii) Pacwupernue K7 /k asaaemes nopmasvrom (m.e. pacwupernuem Laiya) mozda u moavko mo-
2da, xo2da H — nopmanvnas nodepynna ¢ Aut(K/k). B amom cayuae,

Aut(K? /k) ~ Aut(K/k)/H.

Zoxazameavcmso. [IycTh 3amano npomeskyrounoe moJie L. [Tomoxkum
G = Aut(K/k), H:=Aut(K/L) n L' :=K"

flcno, aro
L'DL nw Aut(K/L)DH.

Pacmupenne K/IL siBisiercst pacuupennem Lamya. ITosromy |H| = [K : L]. Ilpumensia Teopemy o
OaIHe moJIeit, Moy IuM

|Auwt(K/L)| > |H|=[K: L] =[K:L]-[L":L] > [K: L.

C mpyroii croponsr, | Aut(K/L")| < [K : ). 3naunt, Bce HepaBeHCTBA BBIIIE ABASIOTCI PABEHCTBAMH,
[K:L] = [K: L] u nosromy L' = L. Takum o6pazom, KH = L.

125
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Haoboport, mycrs sagana noarpyuna H C G. Obozmaunm H' := Aut(K/KH?). Toraa
H>H un K cKA

C npyroii croponsl, K/K# gapnserca pacummpenuem Lanya crenenu m := |H'|. Ilo Teopeme o npumu-
TUBHOM 3jeMenTe K = KH(Gl). IlycThb pt — MEHAMaIBHBIH MEOrouwtex 0, mag K” u mycrs 01,...,0,,
— ero xopuu B K. Ilycrs {0;,,...,0; } — nexkoropas opbura rpynmnst H. Torma

fi=0—0y)t—0;) - (t—06,)

— MHOTO4YIeH, KO3 PUIueHTs KOTOPOro MHBApUaHTHBI OTHOCUTEIBHO BceX aBToMOpdu3MoB o € H.
Taxum obpazom, muorouwnen f jexxkur B K7[t] u apagerca genureneM (. ITo BO3ZMOXKHO TOJBKO €CJIH
p = f, r.e. peiicreue H na muoxkectBe {01,...,0,,} Tpansurusno. Ho torma |H| > m. C apyroit
croponsl, |H| < |H'| = m. 3naunt, H = H' = Aut (K/K). 910 nokasssaer |(i)

Pasencrso [K : Kf] = |H| cienyer uz roro, uro K/K# — pacummpenne Tanya u toro, uro
H = Aut(K/K?). Tns nokazareabcTBa BTOPOTO paBeHCTBA 3aMETHM, 9TO MO TeopeMe o Garne moeit

[K:K”] - [K”: k] = [K: k] = Aut(K/k).

SHAYUT,
K = AU/ | Aui(K /)
' K : KH] |H | ‘
g noka3aTenbcTBa paccMoTpuM Ipou3BoJbHY IO moarpynmny H C G. Ilycts n := [G : H].
Torna [K¥ : k] = n cormacuo nmyHkry IIo Teopeme o TpEMHTHBHOM 3eMenTe noste K7 mopoxkmeno
naj k omaum snementom: K7 = k(0). [ycrs g € k[t] — MuERMaIbHBI MEOTOUTEH 31eMenTa O HaT K.

Tax kak pacmupenne K/k sHopmasnbro u cenapabenbro, 1o i umeer B K posro n = deg(u) KopHei

0,=0,0,...,0,.

Taxkum obpazom, s Kazkaoro 0; cymecrsyer apromopdusm o; € G takoit, uto 0; = 0,(0).
[Ipemmnonoxum, uro noarpynma H #sopmanbia B G. Torma mns soboro 7 € H nmeem

7'(9,) :TOO'Z'(9> :O'Z'OO'ZIOTOO'Z'(G) = 02(9) = 91

(mockonbKy 0; ' o To0; € H m 0 € KH). D10 nokasesaer, uto 0; € K¥. Crenosarensno, mone KZ
ABJIAeTCA II0JIeM Pa3JIozKeHHs MHOrodwieHa i, a noromy K /k — HopMasibHOe paciimpenue.

IIpeanono:xum, uro pacumpenue K2 /k nopmaabno. Torga K¥ conepzKut Bee KOpHE MHOTOYJICHA
w, T.e. 0; € K¥. Kak u Boime a1a moboro 7 € H moiydaem

O'-_1 oToO’Z‘(e) = O'Z-_l 07—(62') - Oz_l(el) - e

7

D710 03HAUAET, UTO 7 | o T o 0; TOKAECTEeHHO AeiicTryer Ha K7 = k(0), T.e. 0; ' o T o 0; € H. Takum
obpazom, H < Aut(K/k).

Haxkonern, Bcerna uMeeTcs roMoMOP@U3M-OrpaHITIEHIE
¥ Aut(K/k) — Aut(K? /k)
Ero aapo, oueBuano, cogepxkut H. B mamem ciaydae numeem

K:k  Aut(K/K)

| Aut(K* /k)| = [K : k] = KR A

Cuenoparesbno, romomopdusm ¥ ciopbekrusen, Ker(V) = H u Aut(K? /k) ~ Aut(K/k)/H. O
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16.2 Kiaccuueckue reomerpuieckKue 3a4a4u

JIJ1s1 TIPOCTOTHI, HUZKE MBI IIPEIIOI0KAM, 9TO XapaKTePUCTHKA BCEX PacCMATPUBACMBIX HOJICH Hmoseit
paBra 0 (wiu, o KpaitHeil Mepe, oTaIHYHA OT 2).

Onpepenenne. [lone K nazpiBaercs xeadpamuuno samknymowm, ecan joboii maorowren f € Kt
crenenn 2 uMmeer kKopenb, B K. Ilycre k — mose u mycrs k — ero anre6pamdeckoe 3ambikanne. Ksaj-
paTHYHbIM 3aMbIKanueM k B k HasbBaeTCs HamMeHbIIee KBaIPATHIHO 3aMKHYyToe moanose ki C k,
cojiepzkaiee k.

Teopema. Kesadpamuunoe samuranue k 6 k cywecmsyem u eduncmeenro.

Jokazameavcmeo. Ilycrs Ky — moamoste 8 k, mostyaeHnoe mprcoe iiHeHneM KOPHEH BCEX MHOTOMWICHOB
cremenn 2 Haj k (310 mepecedenne Bcex moamodseil B k, comeprkamux k m KOpHE BCeX MHOTOUJICHOB
crenenn 2). Jdasee, mycts Ky — moanone B k, mostydennoe mpucoeuHeHneM KOpHeil Beex MHOTOYICHOB
crenenn 2 Han K;. [Ipomonskasg Mo MHIYKINH, TOAYINM IEIOYKY moamoseil B k

kcKiCKyC---CK; CKjpy €1 (%)

rie K, — moamosie B k, moydenHoe npucoeuHeHueM KOpHeil BceX MHOTOWICHOB crenenu 2 Hanm K;.
Torma k1" = UK. []

medaHue. /g a000ro mommos TaKOro, 4T : 00 TByeT KOHEUHA
3ameuaHue ioboro noamong K C kI takoro, uro K : k| < CYTIECTBYeT KOHEJHa,
IEeN0YKa KBaJAPATUIHBIX PACIIMPEHUH

k=LoCclL; C---CL,,
rakast, 9o [L; : L; 1] =2 u K C L,.

oxazameavcmso. lome K nexxur B nekoropom nosie K, B Gamne («). JokaykeM yTBepzKaeHne uo-
aykmueit mo n. Tak kak [K : k] < oo, To K = k(04,...,0,,) mra #ekoropsix 04, ...,0,, € K C K,.
BuauuT, cymecTByioT MHorowiens t2 + a;t + b; € K, 4[] mna xoropweix 04, ...,0,, — kopuu. Ilo
PEIITOIOKEHIIO HHYKIAN I OIS

KI ::k(al,...,am,bl,...,bm)

CYIIECTBYET OalrHs
k:L(]C]LlC"'CLS,

rakast, 9to [L; : L; 1] = 2 u K’ C Ly. MBI MOXKeM ee MPOIOTKAT
k=LyCL,C--CL,CLsy1 C- CLgipm
rie L;y = L;(0;) mpu i > s. dlcHo, uro Bee pacuupenus L, /IL; KBagpaTudHbl U
K=k(01,...,0,) CLsim- O]

Teopema. [lycmo f € k[t] — nenpusodumvii mrozousern u nyemo K C k — e2o noae pasaoscenua.
Brmouenue K C k" umeem mecmo mozda u moavko moezda, xozda [K : K] = 2™ daa nexomopozo m.
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Zokrazameavcmeo. Tlycrs K C k9"?, CorytacHO 3aMeYaHUIO CYyIIECTBYET HEMOYKA KBAJIPATUIHBIX Pac-
mupeHnit

k=L,CcL;Cc---CL,,
taxkas aro L, D K. [To Teopeme o barrHe moseit
[Ln 5 k] = [Ln 5 ]Lfn—l] 0 []Ln—l 5 Ln_Q] 000 []Ll 5 ]LQ] = 2”

C nmpyroit cTOpPOHBHI,
2" =L, : k] =L, : K] - [K:K].

Buaunt, [K: k] = 2™.
O6parno, nycrs K : k] = 2. Torga rpynuna Fanya G := Aut(K/k) sasiercst 2-rpyunoit. Caeno-
BATEJIbHO, OHA Pa3pelnMa U UMeeTCsl KOMIO3HITHOHHBIH PsijL

G=G>G >G> --->G, ={1},

B KOTOPOM Bce (hpaKTOpbl HMEIOT IopsaoK 2. CoracHo OCHOBHOR TeopeMe TeopeMe [asya mosydaem
HENOYKY KBa/JIPATUYHBIX pAacIIupeHuit

k=KycCcK; C---CK, =K,
e K; = KZGJI Suaunt, K comepKuTcd B KBQJIPATHIHOM 3aMbIKaHUU 101 K. O

[eomeTpudeckass 3aaada Ha MOCTPOEHHE IMUPKYJIEeM M JHHEHKOW MOKeT OBITH chopMyJIHpoBaHa

CJICAYIOIUM 00Pa30M: JIaHbl OTPE3KHU JUIMH 1, aq, ..., a,, JOCTPOUTH OTPE30K JIUHBI C.

IMpennoxxenue. Ilycmv danve ompesxu daun 1, ay, ..., a,. Ompesox OAUHBL C MONHCHO NOCMPO-

UMb NPU NOMOULY UUPKYAA U AUHETKY, ucroda u3 1, ay, ..., a,, mozda u moavko mozda, Kko20a
qua

c€Qay, ..., a) ™ NR.

Zoxazamensvemso. Ilycrs K — MHOXKECTBO TOUEK KOMILIEKCHOH MJIOCKOCTH, KOTOPbIE MOYKHO TOCTPO-
UTH MPU TOMOIIU TUPKYJIs U JuHeiiku, ucxoias u3 1, aq, ..., a, € R. Jokaxkem, uro K sBiasercs
nosieM. eitcrsurensuo, nycrs a, b € K. Ouesngno, uro a £ b € K. Ilycrs a, b € KN R. dusa qo-
KazareabcrBa Toro, uro ab € K mokazkem, uro ypaBHeHue a/x = 1/b MOXKHO pemuTh IPU TOMOIIU
upKy/Ia u guHediku. s sroro nocrponm tpeyroabauk O AC Taxoii, uto OA = a, OC' = 1 (cTopona
AC' — npousponbhas). Ha cropore OC' orinoxkum touky B Tak, uro OB = b. Ilposenem uepes B
upsamyio [, napasuteabuyio AC' u nycrs X = OC N 1.

C

O X A

Torna 3 momobust TPEYTOIBHUKOB TTOTY YaeM
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DTO HOKA3BIBAELT, YTO OTPE3OK JJIUHBI T = ab MOKeT ObITh MOCTPOECH. AHAJIOIUIHO, JIJIsl JIOKA3ATE b
crBa Toro, uro a/b € K HyxKHO mOKa3arh, 4T0 ypaBHeHue a/r = b/1 MOXKHO DeIuTh IPU TOMOIIN
MUPKY/Isl U JIMHEHKHA. DTO JIeJIAeTCA TAKUM JKe MOCTpoeHneM. Ecin ke a,b — KOMILIEKCHBIE, TO s
MX YMHOXKeHUsl (JleJIeHs1) HY2KHO MEPEeMHOKUTH (IOIEJUTh) UX MOJY/IH U CJIOXKHUTH (BBIYECTh) apry-
MeHTBI. ZlcHo, 9TO 3TO Bo3MOxKHO. Takmm obpaszom, K — mose. /Ins mokasarenbcTBa TOrO, 9TO OHO
KBaJIPATHYHO 3aMKHYTO, JOCTATOYHO MOKa3aTh, 4To u3 a € K NR caexyer, aro y/a € K. [las sroro
Ha MpaMO#t oT Touku P B 0HYy cTOpOHY oTjoKuM orpe3kn PB u PA anua 1 u a, cOOTBETCTBEHHO.
[Tposegem wepes A u B okpyx)HOCTH ¢ 1ieHTpoM (.

Tenepnb uepe3 Touky P mposeiaeM KacaTeabHyio P() K 3Toit oKpyKHOCTH. Touka () HaXOIUTCS Kax
TOYKA TepecevdeHnsl Halllell OKPYKHOCTH ¢ OKPYKHOCTBIO, ¥ KOTOpoit orpe3ok OP — mguamerp. Torma
HNCKOMAs BEJIMYNHA /@ — 9TO JIMHA OTpe3ka P(): M0 OCHOBHOMY CBONCTBY CEKYIIHX

PQ?=PA-PB =a.

SHa‘{I/IT, MBI BCeTrJa MOXKeM IIPpUCOeIUHATH K K KBaJpaTHbI€ KOPDHU U3 ﬂIO6bIX €r0 TTOJIOZKUTEJIbHBIX

sneMenToB. [Ipucoenuusasa k K takxke ¢ = v/ —1, noaydaem, uyro K kBajparudno 3aMKuyTo. C apyroi

CTOPOHBI, TIPH IOMOIIM IMUPKYJIS ¥ JHHEHKH MBI MOXKEM MPOBOINTH U HAXOAUTH TOUKH II€PeCedeHHsI

TOJIBKO JIMHUH BTOPOrO MOPSIAKA, T.€. MBI MOYKEM pellaTh TOJIbKO KBaJpaTudHble ypapuerus. Ciemno-
qua

BaresbHo, K = Q(ay, ..., a,)" . ]

3amavua 06 yaBoeHUHN Ky0a: Ipu MOMOIIK NMUPKYJ/Id U JTUHEHKN TOCTPOUTH CTOPOHY Kyba, HMEIOero
o6bem 2. Bompoc cBOIUTCA K NOCTPOCHHIO (IIPH IIOMOIIM UUPKYJIA W JIHHEeHKH) umcaa v/2. Mnade
TOBOpSI, BEPHO JIH, 9T0 v/2 € QI [TocKOIbKY [Q(\?’/ﬁ) : Q] = 3 # 2™, 10 3a/1aYa He UMeeT PelieHwus.

Tpuceknus yria: 1ipu MOMOINIY HUPKYJId U JUHERKN Pa3/Ie/IuTh YIroJ HA TPU paBHble YacTu. Boupoc
CBOJIUTCS K OCTPOEHUTO BeTHIHHBI cos(a/3) 10 cos(ar). IMeer MecTo TPUrOHOMETPHYECKOE TOXK IECTBO

cos(a) = 4 cos®(a/3) — 3cos(a/3).
Taxmm o6pazom, Tpebyemas BennanHa cos(a/3) sBISETCS KOPHEM MHOIOYJIEHA
f=4 -3t —u, u = cos(a).

EC.HI/I pedb naer 06 YHUBEPCAJIBbHOM METOAbI TPUCEKIINN YIJIa, HE 3aBUCAIIEM OT BEJIMYUHLI yIJIa &/, TO
MBI JIOJIZKHBI PACCMATPHUBATh ¥ = cos((v) KaK He3aBUCHMYIO mepemennyto. Torma MHOTOWIeH [ Henpu-
BouM Ha  Q(u), u 3aaua Hepaspermuma. s KOHKPETHBIX YIJIOB (HAIPUMED, JJisl IIPSIMOro0) 3a/1a4a,
KOHEYHO, MOKeT ObITh paspernMa. Kpurepuem paspemmMocTu siBJIsIeTCs HAJIMYUe Y MHOrO4jIeHa f
kopueit B noste Q(u).
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IlocTpoenne npaBMABHOIO N-YTOJbHUKA: [IPU LOMOIIU [IUPKYJIS U JIMHEHKU HOCTPOUTH 1IPABUJIb-
HBI{T N-yroJbHUK. MbI pacCMOTPHM TOBKO CIydail IMPOCTOTO N = p. 3a/a9a CBOAUTCS K MOCTPOEHUIO
KOMIIJIEKCHOT'O YHCJIa

¢ = cos(2m/p) + ¢ sin(27/p),
KOTOpO€ 4BJideTCd KOpHEeM KPYIoBOI'O MHOI'OYJI€HaA
O, =tP P4t
Jlemma. /Jlas npocmozo p kpyeosot mrozouser O,(t) nenpusodum nad Q.

Jloxazameavcmeo. lelicTBUTEIBHO, COTIACHO JiemMMe [aycca JI0CTaTOYHO H0Ka3aTh HENPUBOANMOCTD
najg Z. CuenaeM 3aMeHy nepemennoit z =t — 1:

t?P—1 (z24+1)P-1
¢, = = :

t—1 z
JIerko BUIETH, 9TO BCe KOI(PPUIUEHTHI, KPOMe CTapPIIero, AeIATcCs Ha p U He Aearcs ua p°. CoraacHo
KpuTepnio Diizenmmreitna ®, HempuBOIIM. O

Caeacteue. [Q((,) : Q] = deg(®,) =p — 1.

Taxum 0O6pa30M, NPABUIBHBIA P-yTOJBHUK MOYKHO IIOCTPOUTDH IIPU MOMOIIH HMUPKYJIS U JTUHEHKN
TOJIBKO ecyiu p uMmeeT Bua 2™ + 1. BepHo u obpaTHOe ecn IPOCToe UUCIO UMeeT Bua p = 2™ + 1,
TO IIPABUJIbHBII P-YyIOJbHUK MOZKHO IOCTPOUTH IIPU MOMOIIYM HUPKYJId U JjimHeliku. JleficTBuTEeIbHO,
BCce KopHHU MHOrOowreHa @, apisaiorcs crenensmu (,. Cremosarensuo, Q((,) — mose pazioxKeHus: s
®,, r.e. Q((y)/Q — pacmupenue anaya ¢ rpynmoit Tanya G = Aut(Q((,)/Q) nopsaaka 2™, te. G —
2-rpynna. Takag rpynmna Jo/KHa ObITh Pa3peliuMa U IOITOMY CYIIECTBYET KOMIO3HIIMOHHBIH P/l

{1} =Go< Gy <+ <G, =G (1)

rae Gy 1/G; — mukageckas rpymmna nopsiaka 2. CoryiacHo OCHOBHOH TeopeMe Teopun [amrya menouke
noarpynn () coorBercrByer GamHs moJtei

QG =Ko DK D DK, =Q.

rak, uto [K; : K;y1] = 2 s Beex i, 1.e. Bee K;/K;; 1 — kBagparnunsie pacmupenus. CienoBaTeibHo,
ua
Q(¢) C Q.
ITpocThie uncaa Buma p = 2™ + 1 Ha3BIBAOTCS npocmuimu wucsamu Pepma. B Hacrosiee Bpems
W3BECTHO JINTITh TATh TaKuX ducen: 3, b, 17, 257, 65537.
AnajlorngHoe paccyKIeHne MOyKeT ObITh IPOBEIEHO I N-yTOJbHUKA, [/Ie 1 HeoOI3aTeIbHO MPOo-
croe. Kak u BbIIIE, HY?KHO BOCIOJIB30BATHCSI HEITPUBOJAMMOCTBIO KPYrOBOro Muorowiena @, (cm. 3a-

aauy [16.3).

*VTBepKAeHNe BEPHO U [jIf MPOM3BOJIBHOIO KPYyroBoro MuorodseHa P, (t), ogHAKO I0KA3aTeabCTBO 3TOrO (hakTa
HEMHOTO CJIOXKHee.
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16.3 PaspemmumocTh ajredOpandecknx ypaBHEHUN B pauKaJaax

Jlemma. [lycmov xapaxmepucmura k esaumno npocma ¢ n. Toeda epynna Larya mrozourena t™ — 1
u30MOpdHa TOATPYIIe Myavmuniukamuerot epynno, (Z/nZ)*. B wacmuocmu, ona abeaesa.

JHoxaszamenavcmeo. Ilycrs K — nose paznoxennd t" — 1 u mycts p,, C K — MHOXKECTBO Bcex KOpHeit
crenmenn n u3 1. Tak kKak
(t" — 1) =nt" ' £0,

To MHOTOWIeH " — 1 He mMeer kpaTubiX Kopreit B K. Crenoarensno, K/k — pacmupenune lanya un
M, — TpymIa nopsaka n. HamomuuM, 9To 3Ta Ipynma J0zKHA OBITh muKInIeckoil. Ilycrs ¢ = ¢, € K
— mepBoOOpa3HbIii KOpeHb crernenn n u3 1, T.e. nopoxpawonwmit pu,,. Toraa K = k(¢). CaenoBarensuo,
ao6oit apromopduszm o € Aut(K/k) omrosnauno 3amaercs obpasom ssiementa €. [Ipu sTom

riae m(o) — HATypaJIbHOE YUCJI0, 3aBUCSINEe OT 0 U OMpPe/IeJeHHOe 0 MOIYJI0 n. TakuM o6pa3oM, Mbl
HMeeM 0TODpazKeHne
m : Aut(K/k) — Z/nZ, o+— m(o)

Hnst o1, 09 € Aut(K/k) nmeem

01(02(€)) = 01 (¢M)) = 1 () = (e )mier) = (miemle),

Orcrona
m(ol o 0'2) = m(ol)m(ag).

CuieloBaresibHO, 0OTOBPAKEHHe M 3aaeT TOMOMOPMOU3M TPy
m : Aut(K/k) — (Z/nZ)*.

Ero sapo cocrout u3 aBroMopdusmMos o takux, uro m(o) = 1, r.e. 0(¢) = (. dlcHo, 4T0 OHO TPUBH-
asbno. CiieloBaTeIbHO, TOMOMOPGU3M M UHHEKTHBEH. O

HopmanpHoe pacmmpenne moseil Ha3bIBaeTCH YUKAUMECKUM, €CTH ITUKINIHA ero rpynna [amya.
[Mukanyueckue pacuiupeHus JOMYyCKAIOT eCTECTBEHHOE OMCAHNE:

JIemma. ITycmo noae k codeporcum n pasauunvx xopret ¢ = ¢, cmenenu n us 1. Feau K = k(0),

2de © — Kopenv muozouaena t" — a, mo K/k — yurauueckoe pacwupeHudﬂ u [K : k] deaum n. Bosee
mozo, 0" € k, 2de 1 := [K : k].

Jloxazameavemeo. Ilycts ¢ = (, — nepBoobpas3ubiii KOpeHb crenenn n u3 1. JIboit KopeHb MHOTO-
wieHa t" — a npunanaexxut K u umeer Bu

0, :=0c¢",

npudem 3aemenTsl 0g, 01,...,0, 1 paszmuansl. CienoBarenbuo, K — mome pasioxkenus t" — a, T.e.
pacmupenne K/k vHopmanbro. OTcioma Mbl BHIUM, 9YTO MHOTOUYJIEH t" — @ UMeeT POBHO N KODHel B
K, cnemoBarennuo, paciumpenne K/k Takke cemapadbesbHO.

"Ha camom mese, Bepro n obpartroe: ecim K/k — mukmmaeckoe pacrmmaperne, To K = k(0) aas 0™ € k. Jlokazaress-
CTBO 3TOH UMIIJINKAITUU HEMHOI'O 60.7'[66 CJIOZKHO€ U MBI €r0 371€eCh HE€ IIPHUBOJIUM.
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JTroboit aromopduzm o € Aut(K/k) kopuu mMuorowiena t" — a uepeBojuT B KOpHU. Tak Kak
K =k(0), To o oxmosnauno 3amaercsa obpasom aaementa 0. [Ipu sTom

a(6) = 0¢™, (1)

riae m(o) — HATYpaJIbHOE YUCJI0, 3aBUCSINEE OT 0 M ONMpPe/IeJeHHOe 0 MOV n. TakuM o6pa3oM, Mbl
nMeeM 0TODpazKeHne
m : Aut(K/k) — Z/nZ, o+ m(o).

Hnst o1, 09 € Aut(K/k) nmeem
01(02(8)) = 01(8 (")) = ("W (0) = (MG = (g,
CrenoBaTeabHO, 0TOOpazKeHHE M 331aeT TOMOMOP(MU3M I'PYIII
m : Aut(K/k) — Z/nZ.

Ero aapo cocrout u3 aromopdusmos o rakux, uro m(o) = 1, r.e. 0(0) = 0. dcho, uro oHoO TpuBHAIb-
Ho. Takum o6pazom, romomopdusm m unbekrTusen. CiegoBarenbHo, ero 06pa3 B Z/nZ uzomopden
Aut(K/k) n mosromy Aut(K/k) — mukandaeckast rpymmna. Ee mopsiiok © paBeH CTENeHN PACIITHPEHHsT
K/k, OCKOJIbKY paciiupeHne HOPMAJIbHO U cenapabesbHO.

Tak xak 0" = 1 aaa moboro o € Aut(K/k), To u3 () momygaem 0 = 07(0) = 0 (™). Orciona

(™ = 1. Torpa nosiyuaem o (07) = (0¢™))" = 0". Caemosareasno, b := 0" € k. Tax kax
K : k] = r, To orcioga caemyer, 9r0 MUHHMAJbHBIA MHOrOWIeH 31emenTa O umeer Bux t" — b. On
JIOJIZKEH JIeJTUTh MHOTO4JIeH t" — a. DTO BOZMOYKHO TOJBHKO €CJIH T JICJTUT N. O

Ounpenenienne. Koneunoe pacmupenune noseit K/k massiBaercst padukaavhoim, €ClId CYIMIECTBYET
OAlllHs TOAIOJIei

k=KyCcK,CcKyC---CK,_; CK, =K, (§)

rie
K; = Ki—1(6;), 0;" € Ki_1.

Takum obpaszom, 0, = r/a; ansa Hekoroporo a; € K;_;. [oBopsaT Takke, 910 ajaredpanvdeckoe ypan-
uwerue f(t) = 0, f € Kk[t] paspewumo 6 paduranrazx, eciu CymecTByeT pajdKaabHOE DPACIIUDEHUE,
cofepzKalee Bce KOPDHH MHOTOWIeHa f.

Bamernm, uro pacmuperne K/k vHe 06s13aH0 6bITh HOPMAJBHBIM. DTOT HEJOCTATOK JIETKO HCIIPAB-
JisieTcst paciupennem mogst K.

JIemma. Kaorcdoe paduranvroe pacuwupernue K/k codeporcumesn 6 Hekomopom HOPMAAHOM PAOUKAAD-
nom pacusupenuu K'/k.

Zloxazameavcmeo. JlokazaTeabCTBO MPOBOAWM WHAYKIHeil 10 BBICOTE N OaNTHU . ITycts n = 1.
Torna K = k(0), 0" = a € k. Ilycts ¢ = (, — nepsooGpasubiii Koperb crenenn r u3 1. Torma mose
paszaoxkenust k(0, () maorounena t” — a Kak pa3 u 6yJIeT HOPMAILHBIM PATHKAIBHBIM PACITHPEHHEM.

[IpeanosnoxKuM, 4To yTBepkK/IeHue BepHo s nojeil ¢ Gammeir (§) soicornr < n. Torma K,
COJIEPZKUTCS B HOPMAJbHOM paankaabHoM pacimupennu L, 1 /k u K=K, _1(0), tae 0" = a € K,,_;.
PaccmorpnnM MuHEMAaNbHBI MHOTOUIEH (u(t) syementa o nax k. [To ompemerennio HOpMaJIbLHOCTH
mMHOrOwIeH f(t) Haj mosem L, 1 pacnajaercs B MPOM3BE/IeHNe JTUHEHHBIX MHOKHUTEE]l:

w(t) = (t—a)(t —ag) - (t —am), a; = a.
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[Tycrs M — noJsie pasioxenus naj k muoroatena p(t"). feno, aro M =k(¢, 04,...,0,,), rue 07 = a;,
a ( = (, — nepBoobpas3nbiii KOpeHb crenenu r u3 1. Mbl Moxkem cuurarh, aro Ml n L comep:karcs B
OZIHOM GOJIBITOM ToJIe — asrebpamaeckom 3ambikannn K momrst K. ITyers K/ := L,,_; -M — nogmose B K,
nopoxaennoe L, 1 u M. Tak kak pacmupenue 1L, 1 /k HOpMaIbHO, TO OHO SIBJSIETCS OJIEM PA3JIOKE-
nus nekoroporo muorowrtena h(t) € kt]. Torma K’ sBastercst mosiem pasnoxkenus Haj k MHOrouIeHa
p(t")h(t). Buaunt, K'/k — Hopmanbroe pacuupenne. C apyroii cropoust, K' = L((, 04, ...,0,,). Ilo-
sromy pacrmupenne K'/k pagukansao n K O K. ]

JIemma. I'pynna laaya Aut(K/k) nopmaavnozo paduranvrozo pacwupernus K/k paspewuma.

Jlokasameavcmso. Tlo onpenenenuto pagukagbHocTu i paciuperus K/k cymecrByer Gamtust mo-
neit §l Onnako, mpomexkyrtounsie paciumpenust K;/K; ; moryr He 6bITh HOpMaidbHbIME. st TOTO,
9TOOBI OOONTH 9TY TPYAHOCTH J0OABUM K K COOTBETCTBYIONIN MepBOOOpa3HBIN KOpeHb u3 1.

[Tycrb ¢ = (. — mepBOOOpPa3HbI KOPEHb CTENeHH T = 11Ty - - - T, 13 1. [Tose K(() siBasiercs mosiem
passozkeHusi HeKOToporo Muorowiena Haj k. JleficrBurensro, mo mpeanosoxkennto pacuupenne K/k
HopMmasibHo. [Tosromy K spisercs nostem pasznoxkenus Hekoroporo muorowiena h(t) € k. Toraa K(¢)
SIBJISICTCS TTOJIeM passoxkenus naj k muoroanena h(t)(t" — 1). Caenosaresnsno, pacmupenue K(¢)/k
HOpMaJIbHO. PaccMoTpum GarmHio

k Ck(¢) C Ki(¢) CKy(C) C -+ C Kna(€) € Kan(C) = K(C).

[To npenpraymum semmam rpynma Aut(k(()/k) abemeBa, a octaabHbIE MOCTEIOBATETBHBIE DACIITH-
penusi B OalHe sBJSIOTCS IHKAndeckuMu. B cuny coorsercrsust [amya rpynna G := Aut(K(()/k)
00/13/1a€T HOPMAJILHBIM PSIJI0M

G>Gy>Gi > > Gy > {1},

B kKoTopoMm dakroprpynmna G /G abesesa, a ocraibHbie mocaenoBarebabie dakroprpynnst G;/Giiq
nukngeckue. Cienoaresbao, G paspemunma. Paciupenne K/k nopmanbho. Cienosaresbho, H 1=
Aut(K(¢)/K) — mopmanpuas noarpynmna B G = Aut(K(¢)/k). Torma Aut(K/k) = G/H — takxe
paspenuMast Tpymima. O

Teopema. Ecau anzebpauueckoe ypaswenue f(t) = 0, f € k[t] paspewumo e paduxasraz, mo ezo
epynna Lasya Gal(f) paspewuma.

Jlokasamenvecmso. Tlpeanonoxum, 9o Bee KOpHH 01, . .., 0,, MHOrOwIeHa f(t) JeKar B HOpMaJIbHOM
pagukaabioM pactuupennu K/k. EctrecTBenHoe BKIIOUEHIE

k C k(64,...,0,) CK

O3HaYaeT, YTO IPyIIa

Gal(f) = Aut(k(04,...,0,)/k)
siBjisiercst pakroprpynnoit paspemumoii rpynnbst Aut(K/k). Tlosromy ona cama paspeniuma. Wl

IIpu n < 4 cummerpudeckad rpynma S, paspemunma. [losTomy anrebpamdeckne ypaBHEHHUS CTe-
nernn < 4 paspemuMbl B paJuKajaX. JTO yzKe He BepHO mpu n > 5. Hanpumep, ecu rpynmna lamdya
MHOTOUJIEHA f COMEP:KUT 3HAKOMEPEeMEeHHYI0 rpymmy A, n > 5, To ypasaenue f(t) = 0 Hepa3pemmmo
B pajukayiax. [[puBejieM KOHKPETHbIN pUMEDP MHOTOY/IEeHa ¢ Hepas3pemumoil rpynmoit [amya.
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JIemma. ITycmo f(t) — nenpusodumuili mrozouaer npocmot cmenenwu p wad Q, npuuem poero dea
e20 kopua nesewecmeennv. Toeda Gal(f) = S,. Caedosamenvro, ypasuenue f(t) = 0 nepaspewumo
6 padukaaar npu p > 5.

Loxasamenvcmeo. llycrs K — mone paznoxenus K wan Q. Tak kax deg(f) = p, ro Gal(f) C S,. Tax
Kak crenenpb pacimpenus [K : Q] pesures na p, To u nopsinok Gal(f) pemurcs na p. Snaaut, B Gal(f)
COAEPIKUTCS IJTMHHBIA MUKJI (KaK € IHHCTBEHHBLT 3/IeMEHT IOPsAKa p B rpymie S,). TpaHcoo3uis tam
TaKKe COJAECPKHUTCS, TAK KAK KOMILJIEKCHOE COTPSIZKEHNE SBASETCS aBTOMOP(MHU3IMOM, COXPAHAIOIINM
9TOT MHOTOYJIEH, & TPH 9TOM MEHSIIOIIUM MECTaMU POBHO JiBa (HEBEIeCTBEHHbBIX) KOpHs. OcTaBiiasacs
9acTh JOKA3aTeIbCTBA CJEIyeT U3 CIeLYIOei JeMMBI. O

JIemma. ITycmo p — newemnoe npocmoe wucao. Ecau nodepynna G C S, codepatcum yukas o 0AUHbL
p u mpancnosuyu T, mo G = S,,.

Jokasameavcmeo. Ilycrh Tpancnosunuda uMeer Buj 7 = (iy,14y). “lcno, uro o*(i1) = iy aus mekoTo-
k o . . . .
poro 1 < k < p—1. Bamensss 0 HA 0° MBI MOXKEM CHHUTATH, YTO 0 UMeET BUA 0 = (iy,12, 13, ..., 0p).

Toraa rpynmna G COXEPKUT TPAHCIOZUINHN T, ‘= 0F o T o 0 F, T
)

T 1= O'kil oT o O'i(kil) - (O-kil(il)u O-kil(i2>> = (Zk? ik+1)

(HMZKHEE HHJIEKCH PACCMATPHBAIOTCA 10 Moy p). Taxkzxe rpynna G colep:KUT MUK T o0 o T 1,

KOTODBIH MMOTyYaeTcs U3 0 MePecTaHOBKON MeK Iy coOOil “‘coce THUX’ IJEMEHTOB iy W igi1. ZICHO, UTO
MEePeCTAaHOBKONH MexKIy coboit map “coceaHux’ 3JIeMEHTOB MBI MOXKEM W3 0 MOJYUYHTH JIO00H MUK
o' = (j1,J2,- - -, Jp) Amaast p. Torna G comepKUT U TPAHCIOUIHNA

/ /—1 /[ !(
O oToO = (O’ (Zl),O' (Zz)),
T.e. BCe TPAHCIIO3UIMU. TaK KaK CHMMeTpHYecKas I'PYIIA IMOPOXKIAETCA TpaHcro3unuamMu, 1o G =
Sp- [
Mbl MoOzkeM Takke paccMOTPEeTb “O0IIuil” MHONOYJIEH.

ITpumep. Ilycre K = k(z1, ..., z,) — moje parnuoHa bHbIX Apobeil Ha Kk OT epeMeHHbBIX X1, . . ., Ty.
[Iycrs L C K — nmoamnose ciMMeTpUYeCKIX PaMOHAIbHBIX apobeii. [lo ocHOBHOIT TeopeMe 0 cUMMeT-
pudecknx pyHKIUAX L mopoxKIaeTcs 31eMeHTapHBIMA CUMMETPHIECKIMU MHOTOWICHAMH 071, . . . , Op.
Bonee toro, kaxerit semenT u3 L 0HO3HAYHO BBIPAYKAETCs d€pe3 O, ..., 0, KAK PAlUOHAIbHAS
¢gyHKIUI. ITO O3HATAET, UTO

IL, = ]1{(0—1, 5 o .,O'n).
Paccmorpum muoOrodiexn

f(t) =" — Gltnil + O—Qtn72 = 000 (—1)”*1Gn,1t + (_1>n0_n S ]L[t]

&2

1o “obmuit” muOTOWIEeH HAJ L, JIF000H MHOTOWIEH, ¥ KOTOPOTO KOI(MD@PUIMEHTH — AJredpanvdecKn

HE3aBUCHMbIE BEJIMYUHBI, MOXKeT ObITh 3alllCaH B TAKOM BHje. JIerko BUAETh, 9TO X1, . .., T, — KOPHA
f. Tak kak K = L(z1,...,2,), o K — moae pasnoxenus ais [ waz L.
Cummerpuueckast rpynua S, geiicrsyer na nose K = k(zq, ..., z,) nepecraHoBKaMu 1epeMeHHbIX

tak, uto L = K5. Crenosarenvro, Aut(K/L) D S, u [K : L] > |S,| = n!. C apyroii cropons,
K sBasercs mosem pasznoxkennss muorodrena f(t) € L[t]. Snaunt, K : L] < (deg(f))! = n!. Takum
obpaszom, [K: L] =n!u

Gal(f) = Aut(K/L) = S,, .
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Sagaun

16.1. Bouruncaure rpynms Lastya sag Q muorodsnenos t2+t+1, 3 — 12t +8, 3 —2t — 2, t* +3t3 — 3t + 3.

16.2. Ilycts ¢ = p" u e € N. Torna F, C Fp. Hoxaxure, aro Aut(F,./F,) — nuknnaeckas rpymma
MopsIJIKa e, TOPOKIeHHasI cTeneHbio aproMopduszma Ppodbennyca ¢”. Vrazanue. Vcnosnayiite
T0, 9TO rpynmna Fy. nukmmieckas.

16.3. Ilpunumas na Bepy akt, 9T0 KpyroBoit Muorodjex O, HenpuBogaUM, HANUTE KPUTEPHl TOTO,
9TO MPABHJIBHBI N-yIOJIBHUK (JJIs1 TPOU3BOJBLHOTO 1) MOXKeT ObITh IIOCTPOEH TIPH MOMOIIH
IUPKYId U JIUHCHAKH.

16.4. Tokazkure, 9410 Kpyropoit Maorouner P5(t) wenpusomnm. Yrasanue. Vcnonbayiite pemayKiuo
O MOJIYJTIO 2.



Jlekima 17

TpancnenaeHTHbIE pacHIMPEHNUs II0J1eil

Ba3wuckl TpaHCIIEHIEHTHOCTHI

Onpegpenenue. Ilycts K — pacmupenne noss k. [Togmuoxkecrso M C K HazbiBaeTcs aszebpauecku
nezasucumoLm T k, ecan aia moboro muorownena f(ty, ..., tn) € K[t1, ..., t,] 13 cooTHOMEHNS

flag,...,an,) =0, a, €M, o; # a4

caenyetr, 910 f(t1,...,tn) = 0. HogmuoxkectBo M C K HasbiBaercst 6asucom mpancyerdenmmocmu,
ecJn

(i) M anrebpanvecku HE3aBHCHMO U
(i) moboe anrebpandecku Hesapucumoe moamuoxkectBo M’ C K, comepxkamee M, copnagaer ¢ M.

3ameuanue. AjreOpandeckd HE3aBHCHMOE IMOAMHOXKeCTBO M sBjsieTcss 6a3McoM TPaHCIEHIEHTHO-
cru K wan k rorma u Tonpko torma, korga nose K amrebpanano van k(M).

IIpumep. MHOXKECTBO U3 OJHOIO 3JEMEHTa (@ ajJredpamdeckKyd He3aBUCHMO TOLIA U TOJIBKO TOLIA,
KOIJIa (v TPAHCIeHIeHTeH (Heanrebpanden) uHas k.

ITpumep. Ilycts K = k(t1,...,t,) — moae panuoHaabHBIX ApoGeil OT 1 mepeMeHHBIX. Torma sJe-
MEHTHI 11,...,t, ajreOpamdeckun HezaBucuMbl HaJi Kk m obOpasyior Oa3uc. BepHo m obparnoe: ecyiu
K =k(¢,...,9,), rae saementsl ¥4, . . ., 1, o6pasytor 6asuc TpaHcieHaeHTHOCTH, TO K n3oMopdHO

(may k) OO pannoHAIBHBIX JApOGei 0T 1 MepeMeHHBIX.

Onpepenenne. Pacimupenne nogeit K/k HaspiBaerca wucmo mpancyeroenmuvim, eCim CyIecTBYeT
Gasuc TpancuenaeaTHocTr, nopoxnaommii K wan k, re. K =k(dy,...,9,).

Sameuanne. Ecan pacmupenne nosneit K/k ssasercs wucmo mpancuendenmuvim, To K\ k He co-
nepxkuT ajredpandeckux Hajd k smementos. ObparHoe, BoObIE roBOpsi, HEeBepHO. J/loaroe Bpemsi B
MaTeMaTHKe OCTaBaIaCh HEPEITeHHON npobaema Jopoma: BEPHO JIH 9TO TPOMEKYTOUHOE Toamoe L,
K D L D k B gucro tpancrengenraom pacimpenun K/k sBiaserca aucro TpancuenieHTHbIM Hajt k7
[Ipobiema nMeeT OTPUIIATEILHOE PEIeHNE.

Omnpegenenne. [Ipeanonoxum, uaro pacimmpenne K/k koneuno nopoxkaeno. Eciun M — anrebpamnde-
CKM He3aBHCHUMOe oaMHOKecTBO B K u ecsim MmomaOCTh M siBjIsSIeTcst HAMOOJIbITEH Cpein MOITHOCTeH
BCEX TAKUX MOJIMHOXKECTB, TO MBI Oy/IeM Ha3bIBATb 3Ty MOIIHOCTb CMENEeHbI0 MPAHCUEHOCHTHOCTIU
pacmmpenus K van k n o6oznagars degtr, K nanm mpocto degtr K, ecin 3170 He TpUBOAUT K Iy TaHHUIIE.

136
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JIemma. ITycmo K - pacwupenue noas k. Ecau mmoocecmeo M noposicdaem K nad k (m. e. K =
k(M)) u S — nodmnoscecmeo 6 M, anreebpauuecku wezasucumoe nad kK, mo cywecmeyem 6asuc
mpancuendenmuocmu E noas K nad k maxoti, wmo S C E C M.

Jloxazameavemeo. Mbl paccMOTpUM TOJBKO Cirydaii, Korjga muoxkectBo M xoweuno. Ilycte M =
{ai,...,a,}. Tlocre nomxomsinedi mepeHyMepanun Mbl MOXKeM cuuTaTh, 9to S = {ay,...,q,}, rme
3JIEMEHTHL (v, . .., aJreOpamdecKn He3aBUCHMBI, a KazKJad CHCTEMA Ov,...,0, 05 JAJd j = T +
1,...,n agrebpanveckn 3aBucuma. Lorma 9JeMeHTH (i1, .. ., 4, anredbpamans mag k(aq, ..., a;), a
nosTomy anredbpanano u pacmrupenne K/k. 9to o3nagaer, 910 vy, . . . , v — 6a3UC TPAHCIIEHIEHTHOCTH.

]

CaenctBue. Ecau nose K xoneurno nopoorcderno nad k, mo 6 K cywecmsyem bazuc mpancuendenms-
HOCMU U3 KOHEYH020 YUCAL IAEMEHIOG.

CaenctBue. Ecau nose K xoneurno nopootcdeno wad k, mo cyuwecmeyem npomescymouroe nose
K D L D k maxoe, umo pacwupenue /K wucmo mpancuyendenmmo, a pacwupenue K/IL xoneuno (u
aA2e6PaUIHO).

3aMeTuM, 9TO MOHATUS CTENEeHU TPAHCIEHJIEHTHOCTH W aaredOpamvecKoil He3aBUCUMOCTH OYeHb
HOXOKH HAa MOHSATHUSI PA3MEPHOCTH U JIMHEHHON He3aBUCUMOCTH B JIMHEHHO aaredpe. OgHAKO Ciiejry-
eT CKa3aTbh, YTO MOJTb30BATHCA ITOM aHAJIOTHEll ciaeyeT O9eHb OCTOPOXKHO. Hampmmep, pa3anvHbIe
6a3uChl TPAHCIIEHICHTHOCTHA B OJTHOM PACHIUPEHWH HE MOTYT ObIThH ajaredbpanvdecku BbIPAKEHBI JIPYT

qepes Jpyra.

Teopema. ITycmo K — pacwuperue noass k. Jlobwve dea bazuca mparcuyendenmuocmu K nad k ume-
101 00UHAKOBY0 MOUHOCTD.

Jloxazamesvcmeo. Mbl jokazkeM yTBEpZK IeHUE TOIHKO B CIy4ae, Korja K korneuno mopoxaeno nas k.
Torma cymecTByeT 10 Kpaiineil Mepe oJiuH KOHEIHBIN OA3UC TPAHCICHICHTHOCTH, CKAZKEM (1, . . . , (.
ITo stlemme (HuzKe) M0G0 APYTOi Ga3UC TPAHCIEHJIEHTHOCTH TAKZXKe JOJZKEH COIEPKATE N 9JIEMEHTOB.
DTO TOKA3BIBAET TEOPEMY. O

JIemma (06 anrebpandeckoii 3apucumoctn). Ilyems K — pacwupenue noas k u nyemo aq, ..., ap —
basuc mpancyendenmmocmu oaa K/k. Ecau By, ..., Bm — ssemenmu, us K, anzebpaunecku nesasucu-
mote Had k, mo m < n.

Zokxasameavcmeo. llpenmnonoxum, 9To m > n. MBI MOXKeM cUUTaTh, YTO (O, . .., X, — 0A3UC TpaHC-
HEeHIeHTHOCTH W3 MUHHMAJIBHOTO YHCIA 37JeMeHTOB. [lo mpeamooXKeHWo CymecTBYeT HEHYJIeBOi
muorousen f(ty,...,t,+1) ¢ kKoaddummenramu B k, rakoii, uro f(aq,...,a,,01) = 0. Kpome ro-
ro, Mo MPEJNOJIOKEHUIO t,.| BCTpedaercs B [ u HeKoTopas mepemenHas t;, 1 < i < n, cKaxkeMm
t1, rakxke Berpedaercs B f. Torma siement «q anrebpamden Han k(S as,...,«,). Ilostomy Hax
k(B1, g, ..., ) asnrebpaunden u aw06oit saement u3 nos k(f, g, s, . . ., a,). Takum obpasom, une-
eTcd OallrHs aJreOpandecKux pacIIupeHnmit

k(B1,as,...,an) Ck(B,0q,00,...,0,) CK

CuenoBarenbno, pacumpenue K/K(B1, as, ..., ;) asiusiercs ajaredbpaundeckum. [1o upepiiyieit jem-
Me MOZKHO BBIOpaTh Gasuc TpancuenaenTHocTH nostst K(5y, ag, . . ., ay,) Hag K, comeprrammuiics B MHOKe-
cre {01, Qa, ..., a,}. CornacHo ckazaHHOMY BbITIe, OH Oy/aer 6a3ucom TpancuengeaTHocTH st K/k,
a 110 HAIlleMy IIPEeII0JI0KEHNI0 0 MEHIMAIbHOCTH 9TOT 0A3UC COBHANALT C 31, o, . . . , (. 3AMEHAT
Ha (1, MBI MOXKEeM CUYUTATh, 9TO vy = [37.
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Jlasiee o MHJYKIIMK MBI CBEJAEM yTBEPXKJACHUE K Caydaio ay = [, ..., a, = B,. Jeiicrsurenbno,
nyctb oy = (1, ..., @ = B, aag mexkoroporo 1 < r < n. Kak u Bblle, CylmmecTByeT HEHYJIEBOIl
MHOTOUJIEH §(t1, .. ., thy1) ¢ KO3bunmentamu B Kk, 115t Koroporo g(5,41, 04, - . ., &) = 0, mpuaem [,
JIefiCTBATENILHO BCTpedaercs B ¢. Tak Kak Bce [3; anrebpandecku He3aBUCUMbBI HaJl K, TO HEKOTOPBIH
saeMeHT «; (j =7+ 1,...,n) TakKe BCTpedaercs B ¢. llocie mepeHyMepanunm Mbl MOXKeM CIHTATD,
gto j = r + 1. Torma «,,, anrebpanyen HaI

K(Brits @1y, Gty - - - ).

CrenoBaTeabHO, HAI ITUM ITI0JeM ajaredpander u Jiob6oit smement u3 K. Beibepem 6as3uc TpaHCIeH-

JIEHTHOCTHU U3 3JIEMEHTOB [y 1, A1, ..., Qpy1, ..., A,. 110 HAIEMY TPEIIIOJOKEHHIO O MUHAMAIHHOCTH
bazmca
67'+17 Ay oo s g1y - 0, Oy

— Gasuc tpancuengenTaoctn s K/k. Bamensis o, #a [,41, MBI MOYXKEM CUATATH, 9TO (pyq =

Bri1. TakuM oOpa3zoM, MBI MOXKEM CUHTATh, 9TO &y = (1, ..., & = [B,. Ecim m > n, 1o 3meMenT
Pri1 moJKeH ObiTh anrebpamdeckum Haj k(oy, ..., a,) = k(B1,. .., 5,), 970 NPOTHBOPEYNT HAIIUM
MPeANOTOKEHISIM. O

Mp1, TakuM 00pa30M, JOKA3aIu Caedyloliee: JHO0 cTeleHb TPAHCIEeHIeHTHOCTH KOHEeUHa W PaBHA,
MOIIHOCTH JII0OOI0 JPyroro dasuca TpaHCIeH/IeHTHOCTH, 00 OHa OeCKOHEeYHa, U TOT/Ia BCAKUN Da3uc
TPAHCIEH/IEHTHOCTH OECKOHEeYEH.

Sagaun

17.1. Hoxkaxkute, 9TO 1oJIe AeHCTBUTEIHHBIX drces] R nMeeT 6€CKOHEUHYIO CTEIeHb TPAHCIICHIeHTHO-
cru Hag Q.

17.2. Ilycrb K = k(t)/k — 4ucTo TpaHCHEHIEHTHOE PACIIMPEHHEe CTEIeHH TPAHCIEHJIEHTHOCTH 1.
Hokazxure, uto npobuo-inueitnoe orobpaxkenne k(t) — k(t), 3amannoe dopmymoit

at +b

_ a, b, c, d ek,
ct+d

SIBJISTETCSI aBTOMOP(U3MOM TOTJA U TOJHKO TOTAA, Korma ad — be # 0.

17.3. Ilycrs K/k — pacmupenue moseit takoe, 910 kaotcdudi snement K tpancuenaenten naa k. Bepro
JIM, 9TO PACIIHPEHUEe TUCTO TPAHCIEHIEHTHO?

17.4. ITycrs K/k — KOHEUHO TOPOXKIEHHOE pacIiuperue moJeii. JJokazkure, 9ro J1060e TPOMeKYTOY-
Hoe moamnoJie L KoHeYHO MOpOoXKaeHo Ha k.
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