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✶✹✳✶✳ Ïóñòü K/k ✕ àëãåáðàè÷åñêîå ðàñøèðåíèå ïîëåé✳ ➘îêàæèòå✱ ÷òî âñå ÷èñòî íåñåïàðàáåëüíûå ýëåìåíòû â K

íàä k îáðàçóþò ïîäïîëå✳ ❰áðàçóþò ëè ïîäïîëå âñå íåñåïàðàáåëüíûå ýëåìåíòû❄

✶✹✳✷✳ Ïóñòü K/k ✕ ðàñøèðåíèå ïîëåé õàðàêòåðèñòèêè p > 0 è ïóñòü θ ∈ K àëãåáðàè÷åñêèé íàä ýëåìåíò✳ ➘îêà✲
æèòå✱ ÷òî ýëåìåíò θ

p
e

ñåïàðàáåëåí íàä k äëÿ íåêîòîðîãî e✳

✶✹✳✸✳ Ïóñòü k ✕ ïîëå õàðàêòåðèñòèêè p > 0 è ïóñòü f ∈ k[t] ✕ íåïðèâîäèìûé ìíîãî÷ëåí✳ ➘îêàæèòå✱ ÷òî âñå
êîðíè f èìåþò îäíó è òó æå êðàòíîñòü pe äëÿ íåêîòîðîãî e✳

✶✹✳✹✳ ➘îêàæèòå✱ ÷òî åñëè a ∈ k✱ a /∈ k
p✱ òî ìíîãî÷ëåí tp

e

− a íåïðèâîäèì â k[t] ✭char k = p > 0✮✳

✶✹✳✺✳ ➴ñëè K/k ✕ êîíå÷íîå ÷èñòî íåñåïàðàáåëüíîå ðàñøèðåíèå ïîëÿ k✱ òî ñòåïåíü K/k ÿâëÿåòñÿ ñòåïåíüþ ÷èñëà
p✱ p = char k✳ ➘îêàæèòå✳

✶✹✳✻✳ ➘îêàæèòå✱ ÷òî åñëè ëþáîå àëãåáðàè÷åñêîå ðàñøèðåíèå ïîëÿ k ÿâëÿåòñÿ ñåïàðàáåëüíûì✱ òî k ñîâåðøåííî✳

✶✹✳✼✳ Ïóñòü k ✕ ïîëå õàðàêòåðèñòèêè p > 0✳ ➘îêàæèòå✱ ÷òî ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû✿

❼ θ ñåïàðàáåëåí íàä k❀

❼ k(θ) = k(θp)❀

❼ k(θ) ✕ ñåïàðàáåëüíîå ðàñøèðåíèå ïîëÿ k✳

✶✹✳✽✳ Ïóñòü k(x1, x2) ✕ ïîëå ðàöèîíàëüíûõ ôóíêöèé íàä ïîëåì k õàðàêòåðèñòèêè p > 0✳ ➘îêàæèòå✱ ÷òî ðàñ✲
øèðåíèå k(x1, x2)/k(x

p
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) íå ïîðîæäàåòñÿ îäíèì ýëåìåíòîì✳ Óêàçàíèå✳ Ðàñøèðåíèå k(x1, x2)/k(x

p
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èìååò ñòåïåíü p2✳ Ñ äðóãîé ñòîðîíû✱ åñëè k(x1, x2) = k(z)✱ òî k(xp

1
, xp

2
) = k(zp)✳

✶✹✳✾✳ ÏóñòüK = k(θ)/k ✕ êîíå÷íîå ðàñøèðåíèå ïîëåé✱ ïîðîæäåííîå îäíèì ýëåìåíòîì✳ ➘îêàæèòå✱ ÷òî ñóùåñòâóåò
òîëüêî êîíå÷íîå ÷èñëî ïðîìåæóòî÷íûõ ïîëåé K ⊃ L ⊃ k✳ Óêàçàíèå✳ Ðàññìîòðèòå îòîáðàæåíèå L 7−→ µL(t)✱
îòîáðàæàþùåå ïðîìåæóòî÷íîå ïîëå L â ìèíèìàëüíûé ìíîãî÷ëåí θ íàä L✱ è äîêàæèòå✱ ÷òî îíî èíúåêòèâíî✳


