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Çàäà÷è ïî êóðñó �Êëàññè÷åñêàÿ àëãåáðàè÷åñêàÿ ãåîìåòðèÿ �

Þ.Ã.Ïðîõîðîâ

(1) Äîêàæèòå, ÷òî ñåìåéñòâî ïðÿìûõ íà òðåõìåðíîé êâàäðèêå
Q ⊂ P4 ïàðàìåòðèçóåòñÿ ïðîåêòèâíûì ïðîñòðàíñòâîì P3.

(2) Êîãäà ãðàññìàíèàí Gr(k, n) èçîìîðôåí ïîëíîìó ïåðåñå÷å-
íèþ (â íåêîòîðîì ïðîåêòèâíîì ïðîñòðàíñòâå PN)?

(3) Îïèøèòå êîìïîíåíòó ñõåìû Ãèëüáåðòà, ïàðàìåòðèçóþùóþ
ïðÿìûå â ãðàñcìàíèàíå Gr(2, n) (ñ îáîñíîâàíèåì).

(4) Äîêàæèòå, ÷òî îáùåå ïîëíîå ïåðåñå÷åíèå òðåõ êâàäðèê â
P5 íå ñîäåðæèò ïðÿìûõ.

(5) Äîêàæèòå, ÷òî îáùåå ïîëíîå ïåðåñå÷åíèå êâàäðèêè è êóáè-
êè â P4 íå ñîäåðæèò ïðÿìûõ.

(6) Äîêàæèòå, ÷òî îáùàÿ êâàðòèêà â P3 íå ñîäåðæèò ïðÿìûõ.
(7) Äîêàæèòå, ÷òî ëþáàÿ 2-ïëîñêîñòü â ãðàñcìàíèàíå Gr(2, n)

ÿâëÿåòñÿ ìíîãîîáðàçèåìØóáåðòà òèïà σn−2,n−4 èëè σn−3,n−3.
(8) Âû÷èñëèòå ðàíã ãðóïïû H2(X,Z) äëÿ íåîñîáîé êâèíòèêè

X = X5 ⊂ P3.
(9) Ïóñòü X = X2·2 ⊂ P5 � íåîñîáîå ïîëíîå ïåðåñå÷åíèå äâóõ

êâàäðèê. Îïèøèòå ìíîãîîáðàçèå, ïàðàìåòðèçóþùåå êîíè-
êè íà X. Äîêàæèòå, ÷òî ýòî ìíîãîîáðàçèå ÷åòûðåõìåðíî.

(10) Ïóñòü X = X2·2 ⊂ P5 � íåîñîáîå ïîëíîå ïåðåñå÷åíèå äâóõ
êâàäðèê è ïóñòü C ⊂ X íåâûðîæäåííàÿ êîíèêà. Äîêàæèòå,
÷òî ñóùåñòâóåò íåîñîáîå ãèïåðïëîñêîå ñå÷åíèå, ïðîõîäÿùåå
÷åðåç C. Íàéäèòå âîçìîæíîñòè äëÿ íîðìàëüíîãî ïó÷êà C
â X.

(11) Âû÷èñëèòå íîðìàëüíîå ðàññëîåíèå ïðÿìîé â íåîñîáîé òðåõ-
ìåðíîé êâàäðèêå.

(12) Ïóñòü X = X3 ⊂ P4 � íåîñîáàÿ êóáèêà. Äîêàæèòå, ÷òî X
ñîäåðæèò äâóìåðíîå ñåìåéñòâî ïðÿìûõ. Êàêîå ìîæåò áûòü
íîðìàëüíîå ðàññëîåíèå ïðÿìîé â X?

(13) Ïóñòü X = X2·2·2 ⊂ P6 � íåîñîáîå ïîëíîå ïåðåñå÷åíèå òðåõ
êâàäðèê. Äîêàæèòå, ÷òî X ñîäåðæèò ïðÿìóþ. Óêàçàíèå.

Âîñïîëüçóéòåñü èñ÷èñëåíèåì Øóáåðòà.
(14) Ïóñòü X = X2·2·2 ⊂ P6 � íåîñîáîå ïîëíîå ïåðåñå÷åíèå òðåõ

êâàäðèê. Äîêàæèòå, ÷òî X ñîäåðæèò îäíîìåðíîå ñåìåéñòâî
ïðÿìûõ. Óêàçàíèå. Íàéäèòå âîçìîæíîñòè äëÿ íîðìàëüíî-
ãî ïó÷êà è âîñïîëüçóéòåñü òåîðèåé äåôîðìàöèè.
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(15) Ïóñòü X = X2·2·2 ⊂ P6 � îáùåå ïîëíîå ïåðåñå÷åíèå òðåõ
êâàäðèê. Âû÷èñëèòå ñòåïåíü ëèíåé÷àòîé ïîâåðõíîñòè, çà-
ìåòàåìîé ïðÿìûìè íà X. Óêàçàíèå. Âîñïîëüçóéòåñü èñ-
÷èñëåíèåì Øóáåðòà.

(16) Ïóñòü X = X4 ⊂ P4 � íåîñîáàÿ êâàðòèêà. Ïðåäïîëîæèì,
÷òî X ñîäåðæèò ïðÿìóþ (ýòî âåðíî äëÿ íåîñîáîé êâàðòè-
êè). Äîêàæèòå, ÷òî X ñîäåðæèò îäíîìåðíîå ñåìåéñòâî ïðÿ-
ìûõ. Óêàçàíèå. Íàéäèòå âîçìîæíîñòè äëÿ íîðìàëüíîãî
ïó÷êà è âîñïîëüçóéòåñü òåîðèåé äåôîðìàöèè.

(17) Ïóñòü X = X2·3 ⊂ P5 � íåîñîáîå ïîëíîå ïåðåñå÷åíèå êâàä-
ðèêè è êóáèêè. Ïðåäïîëîæèì, ÷òî X ñîäåðæèò ïðÿìóþ
(ýòî âåðíî äëÿ íåîñîáîãî ïåðåñå÷åíèå êâàäðèêè è êóáèêè).
Äîêàæèòå, ÷òî X ñîäåðæèò îäíîìåðíîå ñåìåéñòâî ïðÿìûõ.
Óêàçàíèå. Íàéäèòå âîçìîæíîñòè äëÿ íîðìàëüíîãî ïó÷êà
è âîñïîëüçóéòåñü òåîðèåé äåôîðìàöèè.

(18) Ïóñòü X = X3 ⊂ P5 � äîñòàòî÷íî îáùàÿ (íåîñîáàÿ) êóáèêà.
Äîêàæèòå, ÷òî X íå ñîäåðæèò ïëîñêîñòåé.

(19) Âû÷èñëèòå ðàíã ãðóïïû H3(X,Z) äëÿ íåîñîáîé êâàðòèêè
X = X4 ⊂ P4.

(20) Âû÷èñëèòå ðàíã ãðóïïû H3(X,Z) äëÿ íåîñîáîãî ïîëíîãî
ïåðåñå÷åíèÿ òðåõ êâàäðèê X = X2·2·2 ⊂ P6.

(21) Âû÷èñëèòå ðàíã ãðóïïûH4(X,Z) äëÿ íåîñîáîé êóáèêèX =
X3 ⊂ P5.

(22) Ïóñòü X := Gr(2, 5) ∩ P6 � ëèíåéíîå ñå÷åíèå ãðàññìàíèàíà
Gr(2, 5) ⊂ P9 îáùèì ïîäïðîñòðàíñòâîì êîðàçìåðíîñòè 3.
Äîêàæèòå, ÷òî X ñîäåðæèò äâóìåðíîå ñåìåéñòâî ïðÿìûõ.

(23) Ïóñòü X := Gr(2, 5) ∩ P7 � ëèíåéíîå ñå÷åíèå ãðàññìàíèàíà
Gr(2, 5) ⊂ P9 îáùèì ïîäïðîñòðàíñòâîì êîðàçìåðíîñòè 2.
Îïèøèòå êîíôèãóðàöèþ ïëîñêîñòåé íà X.

(24) Ïóñòü X := Gr(2, 5) ∩ P7 � ëèíåéíîå ñå÷åíèå ãðàññìàíèà-
íà Gr(2, 5) ⊂ P9 îáùèì ïîäïðîñòðàíñòâîì êîðàçìåðíîñòè
2. Âû÷èñëèòå ðàíã ãðóïïû H4(X,Z) è äîêàæèòå, ÷òî ýòà
ãðóïïà ïîðîæäàåòñÿ êëàññàìè ïëîñêîñòåé.

(25) Äîêàæèòå, ÷òî íà àáåëåâîé ïîâåðõíîñòè A = E×E èìååòñÿ
áåñêîíå÷íî ìíîãî ãëàâíûõ ïîëÿðèçàöèé.

(26) Äîêàæèòå, ÷òî ñóùåñòâóåò êâàðòèêà S = S4 ⊂ P3 ñ 16 îñî-
áûìè òî÷êàìè, íå ñîäåðæàùàÿ ïðÿìûõ.
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