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(1) Ðàññìîòðèì ïîäìíîæåñòâî X ⊂ A3, çàäàííîå ïàðàìåòðè÷å-
ñêè:

x1 = t3, x2 = t4, x4 = t5.

Äîêàæèòå, ÷òî X � íåïðèâîäèìîå àôôèííîå ìíîãîîáðàçèå.
Äîêàæèòå, ÷òî I(X) íå ìîæåò áûòü ïîðîæäåí äâóìÿ ýëåìåí-
òàìè.

(2) Ïóñòü X ⊂ A3 � îáúåäèíåíèå òðåõ êîîðäèíàòíûõ îñåé. Äî-
êàæèòå, ÷òî èäåàë I(X) íå ìîæåò áûòü ïîðîæäåí äâóìÿ ýëå-
ìåíòàìè.

(3) Ïóñòü J = (xy, yz, zx) ⊂ k[x, y, z]. Îïèøèòå Z(J) ⊂ A3 è
I(Z(J)) ⊂ k[x, y, z]. Ìîæíî ëè çàäàòü ìíîãîîáðàçèå Z(J) äâó-
ìÿ óðàâíåíèÿìè?

(4) Ïóñòü J = (xy, (x − y)z) ⊂ k[x, y, z] Îïèøèòå Z(J) ⊂ A3 è
I(Z(J)) ⊂ k[x, y, z]. Ìîæíî ëè çàäàòü ìíîãîîáðàçèå Z(J) äâó-
ìÿ óðàâíåíèÿìè?

(5) Ïóñòü J = (xy + yz + zx, x2 + y2 + z2) ⊂ k[x, y, z] Îïèøèòå
Z(J) ⊂ A3 è I(Z(J)) ⊂ k[x, y, z]. Ìîæíî ëè çàäàòü ìíîãîîá-
ðàçèå Z(J) äâóìÿ óðàâíåíèÿìè?

(6) Ïóñòü J = (x2 + y2 − 1, y − 1) ⊂ k[x, y] Îïèøèòå Z(J) ⊂ A2 è
I(Z(J)) ⊂ k[x, y, z].

(7) (ëåììà Í¼òåð î íîðìàëèçàöèè). Ïîêàæèòå, ÷òî ëþáàÿ ãèïåð-
ïîâåðõíîñòü Z(f) ⊂ An äîïóñêàåò ñþðúåêòèâíóþ ïðîåêöèþ
íà íåêîòîðóþ ãèïåðïëîñêîñòü An−1 ⊂ An.

(8) Ïóñòü ìíîãî÷ëåí f îáðàùàåòñÿ â íóëü â êàæäîé òî÷êå ãèïåð-
ïîâåðõíîñòè Z(g) ⊂ An. Ïîêàæèòå, ÷òî êàæäûé íåïðèâîäè-
ìûé ñîìíîæèòåëü ìíîãî÷ëåíà g äåëèò f .

(9) Ïóñòü X ⊂ A2 � îáúåäèíåíèå êîíå÷íîãî ìíîæåñòâà òî÷åê.
Äîêàæèòå, ÷òî èäåàë I(X) ìîæåò áûòü ïîðîæäåí äâóìÿ ýëå-
ìåíòàìè.

(10) Ðàçëîæèòå çàìêíóòîå ïîäìíîæåñòâî Z ⊂ A3, çàäàííîå óðàâ-
íåíèÿìè x2 + y2 + z2 = 0, x2 − y2 − z2 = 1 íà íåïðèâîäèìûå
êîìïîíåíòû.

(11) Ïðèâåäèòå ïðèìåð íåïðèâîäèìîãî ìíîãî÷ëåíà f ∈ R[x, y],
ìíîæåñòâî íóëåé Z(f) êîòîðîãî ïðèâîäèìî.

(12) Ðàçëîæèòå çàìêíóòîå ïîäìíîæåñòâî Z ⊂ A3, çàäàííîå óðàâ-
íåíèÿìè y2+xz = 0, z2+y3 = 0 íà íåïðèâîäèìûå êîìïîíåíòû.
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(13) Ðàçëîæèòå çàìêíóòîå ïîäìíîæåñòâî Z ⊂ A3, çàäàííîå óðàâ-
íåíèÿìè x2+yz = 0, xz+x = 0 íà íåïðèâîäèìûå êîìïîíåíòû.

(14) Ñóùåñòâóåò ëè áåñêîíå÷íîå ïîëå, êîíå÷íî ïîðîæä¼ííîå êàê
Z-àëãåáðà?

(15) Äîêàæèòå, ÷òî ëþáàÿ êîíå÷íî ïîðîæäåííàÿ àëãåáðà íàä k
èçîìîðôíà àëãåáðå ðåãóëÿðíûõ ôóíêöèé k[X] íåêîòîðîãî àô-
ôèííîãî ìíîãîîáðàçèÿ X.

(16) Äîêàæèòå, ÷òî ëþáîå êîíå÷íî ïîðîæäåííîå íàä k ïîëå K èçî-
ìîðôíî ïîëþ ðàöèîíàëüíûõ ôóíêöèé k(X) íåêîòîðîãî àô-
ôèííîãî ìíîãîîáðàçèÿ X.

(17) Ïóñòü I è J � èäåàëû êîëüöà R. Äîêàæèòå, ÷òî I ∩ J ⊃ I · J .
Â êàêîì ñëó÷àå I ∩ J = I · J?

(18) Ïóñòü k = C � ïîëå êîìïëåêñíûõ ÷èñåë. Ðàññìîòðèì ïîä-
êîëüöî R ⊂ C(t) êîëüöà ðàöèîíàëüíûõ ôóíêöèé, ñîñòîÿùåå
èç ôóíêöèé, ÷üÿ îáëàñòü îïðåäåëåíèÿ ñîäåðæèò åäèíè÷íóþ
îêðóæíîñòü {z ∈ C | |z| = 1}. ßâëÿåòñÿ ëè R í¼òåðîâûì?

(19) ßâëÿåòñÿ ëè í¼òåðîâûì êîëüöî C(0, 1) íåïðåðûâíûõ ôóíêöèé
íà èíòåðâàëå (0, 1)?

(20) ßâëÿåòñÿ ëè í¼òåðîâûì êîëüöî: à) R[[t]], ãäå R í¼òåðîâî á)
ñõîäÿùèõñÿ âñþäó â C ðÿäîâ f ∈ C[[z]] â) ðÿäîâ f ∈ C[[z]]
íåíóëåâîãî ðàäèóñà ñõîäèìîñòè ã) {p(z)/q(z) ∈ C(z) | q(z) 6= 0
ïðè |z| ≤ 1} ä*) ïîäàëãåáðà R ⊂ k[x1, x2, . . . , xn] êîíå÷íîé
êîðàçìåðíîñòè (êàê âåêòîðíîå ïðîñòðàíñòâî).

(21) ßâëÿåòñÿ ëè í¼òåðîâûì êîëüöî D∞(−1, 1) áåñêîíå÷íî äèô-
ôåðåíöèðóåìûõ ôóíêöèé íà èíòåðâàëå (−1, 1)?

(22) Ïóñòü R � êîëüöî êîëüöî áåç äåëèòåëåé íóëÿ öåëîçàìêíóòîå
â ñâîåì ïîëå ÷àñòíûõ K. Ïîêàæèòå, ÷òî à) ïðîèçâåäåíèå äâóõ
ïðèâåä¼ííûõ ìíîãî÷ëåíîâ èç K[x] ëåæèò â R[x] òîãäà è òîëü-
êî òîãäà, êîãäà îáà ìíîæèòåëÿ ëåæàò â R[x] á) åñëè ýëåìåíò
b êàêîé-ëèáî K-àëãåáðû Q öåë íàä R, òî åãî ìèíèìàëüíûé
ìíîãî÷ëåí íàä K ëåæèò â R[x] (ò. å. ÿâëÿåòñÿ çàîäíî è óðàâ-
íåíèåì öåëîé çàâèñèìîñòè).

(23) Âñÿêèé ëè ïðîñòîé èäåàë êîëüöà íåïðåðûâíûõ ôóíêöèé C[0, 1]
ìàêñèìàëåí?

(24) Öåëî ëè êîëüöî âåùåñòâåííûõ íåïðåðûâíûõ ôóíêöèé C[0, 1]
íà îòðåçêå [0, 1] íàä ïîäêîëüöîì {f | f(0) = f(1)}?

(25) Öåëî ëè êîëüöî âåùåñòâåííûõ íåïðåðûâíûõ ôóíêöèé íà R2

íàä ïîäêîëüöîì {f | f(1, 0) = f(0, 1)}?
(26) Öåëî ëè êîëüöî âåùåñòâåííûõ äèôôåðåíöèðóåìûõ ôóíêöèé

D[−1,+1] íà îòðåçêå [−1, 1] íàä ïîäêîëüöîì {f | f ′(0) = 0}?
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(27) Ïóñòü êîëüöî R íå èìååò äåëèòåëåé íóëÿ è öåëîçàìêíóòî â
ñâî¼ì ïîëå ÷àñòíûõ. Ïîêàæèòå, ÷òî êîëüöî ìíîãî÷ëåíîâ R[t]
óäîâëåòâîðÿåò ýòèì æå ñâîéñòâàì.

(28) Ïóñòü S ⊃ R � êîëüöà è S öåëî íàä R. Ïîêàæèòå, ÷òî ëþ-
áîé ãîìîìîðôèçì R → k â àëãåáðàè÷åñêè çàìêíóòîå ïîëå k
ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà B → k.

(29) Ïîêàæèòå, ÷òî ôàêòîðèàëüíîå êîëüöî öåëîçàìêíóòî â ñâî¼ì
ïîëå ÷àñòíûõ.

(30) Íàéäèòå ìàêñèìàëüíîå ìíîæåñòâî òî÷åê êðèâîé X ⊂ A2, çà-
äàííîé óðàâíåíèåì y2−x2−x3 = 0, â êîòîðûõ ðàöèîíàëüíàÿ
ôóíêöèÿ f = y/x áóäåò ðåãóëÿðíîé. Îòâåò îáîñíóéòå.

(31) Íàéäèòå ìàêñèìàëüíîå ìíîæåñòâî òî÷åê êðèâîé X ⊂ A2,
çàäàííîé óðàâíåíèåì x2 + y2 = 1, â êîòîðûõ ðàöèîíàëüíàÿ
ôóíêöèÿ f = (1− y)/x áóäåò ðåãóëÿðíîé. Îòâåò îáîñíóéòå.

(32) Ïóñòü R � í¼òåðîâî êîëüöî. Äîêàæèòå, ÷òî â íåì ëþáîé ýëå-
ìåíò ìîæåò áûòü ðàçëîæåí (âîçìîæíî, íåîäíîçíà÷íî) â êî-
íå÷íîå ïðîèçâåäåíèå íåðàçëîæèìûõ.

(33) Ðàññìîòðèì ïëîñêóþ êðèâóþ X, çàäàííóþ óðàâíåíèåì x2 −
y3 = 0 â A2. Îïèøèòå ëîêàëüíîå êîëüöî OP,X , ãäå P = (0, 0).
Äîêàæèòå, ÷òî ýòî êîëüöî íå ôàêòîðèàëüíî (ò.å. â íåì íå èìå-
åò ìåñòî îäíîçíà÷íîñòü ðàçëîæåíèÿ íà íåïðèâîäèìûå ìíîæè-
òåëè).

(34) Ðàññìîòðèì ïëîñêóþ êðèâóþ X, çàäàííóþ óðàâíåíèåì x3 +
x + y2 = 0 â A2. Îïèøèòå ëîêàëüíîå êîëüöî OP,X , ãäå P =
(0, 0). Äîêàæèòå, ÷òî ýòî êîëüöî íå ôàêòîðèàëüíî.

(35) Ôàêòîðèàëüíî ëè ëîêàëüíîå êîëüöî íà÷àëà êîîðäèíàò êâàä-
ðàòè÷íîãî êîíóñà x2 + y2 + z2 = 0 â A3?

(36) Ðàññìîòðèì êâàäðàòè÷íóþ ïîâåðõíîñòü X ⊂ A3, çàäàííóþ
óðàâíåíèåì x2+y2+z2 = 0. Äîêàæèòå, ÷òî ëîêàëüíîå êîëüöî
OP,X , ãäå P � íà÷àëî êîîðäèíàò, íå ôàêòîðèàëüíî.

(37) Ðàññìîòðèì êâàäðàòè÷íóþ ãèïåðïîâåðõíîñòü X ⊂ A4, çàäàí-
íóþ óðàâíåíèåì x2+y2+z2+t2 = 0. Äîêàæèòå, ÷òî ëîêàëüíîå
êîëüöî OP,X , ãäå P � íà÷àëî êîîðäèíàò, íå ôàêòîðèàëüíî.

(38) Ðàññìîòðèì êâàäðàòè÷íóþ ãèïåðïîâåðõíîñòü X ⊂ An+1, çà-
äàííóþ óðàâíåíèåì x21 + · · ·+ x2n+1 = 0, n ≥ 4. Äîêàæèòå, ÷òî
ëîêàëüíîå êîëüöî OP,X , ãäå P � íà÷àëî êîîðäèíàò, ôàêòîðè-
àëüíî.

(39) Ðàññìîòðèì ãèïåðïîâåðõíîñòü X ⊂ An+1, çàäàííóþ óðàâíå-
íèåì x21 + · · · + x2n+1 = 0, n ≥ 4. Äîêàæèòå, ÷òî ëîêàëüíîå
êîëüöî OP,X , ãäå P � íà÷àëî êîîðäèíàò, öåëîçàìêíóòî.

(40) Ïóñòü X � íåïðèâîäèìîå àôôèííîå ìíîãîîáðàçèå. Ïîêàæèòå,
÷òî àëãåáðà k[X] ôàêòîðèàëüíà òîãäà è òîëüêî òîãäà, êîãäà
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ëþáîå íåïðèâîäèìîå ïîäìíîãîîáðàçèå êîðàçìåðíîñòè 1 (ò.å
ðàçìåðíîñòè dimX − 1) â X èìååò âèä Z(f) äëÿ íåêîòîðîãî
f ∈ k[X].

(41) Ïðèâåäèòå ïðèìåð íåïðèâîäèìîãî àôôèííîãî ìíîãîîáðàçèÿ
X ñ íåôàêòîðèàëüíîé àëãåáðîé k[X].

(42) Ïóñòü X � íåïðèâîäèìîå àôôèííîå ìíîãîîáðàçèå. Ïîêàæèòå,
÷òî àëãåáðà k[X] ôàêòîðèàëüíà òîãäà è òîëüêî òîãäà, êîãäà
ëþáîé íåðàçëîæèìûé ýëåìåíò f ∈ k[X] ïîðîæäàåò ïðîñòîé
èäåàë.

(43) Äîêàæèòå, ÷òî êîëüöî k[x, y]/(y2 − x3 − x) öåëîçàìêíóòî.
(44) Äîêàæèòå, ÷òî êîëüöî k[x, y]/(y2−x3−x) íå ôàêòîðèàëüíî, íî

âñå ëîêàëüíûå êîëüöà êðèâîé y2 − x3 − x = 0 ôàêòîðèàëüíû.
(45) Ïîêàæèòå, ÷òî â í¼òåðîâîì ëîêàëüíîì êîëüöå O ñ ìàêñèìàëü-

íûì èäåàëîì m èìååò ìåñòî ðàâåíñòâî ∩∞n=0m
n = 0.

(46) Äîêàæèòå, ÷òî àëãåáðàè÷åñêè çàìêíóòîå ïîëå íå èìååò íåòðè-
âèàëüíûõ äèñêðåòíûõ íîðìèðîâàíèé.

(47) Äîêàæèòå, ÷òî êîíå÷íîå ïîëå íå èìååò íåòðèâèàëüíûõ äèñ-
êðåòíûõ íîðìèðîâàíèé.

(48) Îïèøèòå âñå äèñêðåòíûå íîðìèðîâàíèÿ ïîëÿ ðàöèîíàëüíûõ
÷èñåë Q.

(49) Îïèøèòå âñå äèñêðåòíûå íîðìèðîâàíèÿ v : k(t)∗ → Z ïî-
ëÿ ðàöèîíàëüíûõ äðîáåé k(t), êîòîðûå òðèâèàëüíû íà k (ò.å.
v(k∗) = 0).

(50) Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà λ êóáè÷åñêàÿ êðèâàÿ x30+x
3
1+

x32 + λx0x1x2 = 0 â P2 à) ÿâëÿåòñÿ íåïðèâîäèìîé, á) ÿâëÿåòñÿ
íåîñîáîé.

(51) Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà λ êóáè÷åñêàÿ êðèâàÿ x30 +
x31 + x32 + λ(x0 + x1 + x2)

3 = 0 â P2 à) ÿâëÿåòñÿ íåïðèâîäèìîé,
á) ÿâëÿåòñÿ íåîñîáîé.

(52) Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà λ ïîâåðõíîñòü x40+x41+x42+
x43 + λx0x1x2x3 = 0 â P3 ÿâëÿåòñÿ îñîáîé?

(53) Íàéäèòå âñå îñîáûå òî÷êè ïîâåðõíîñòè x1x2 + x0x2 + x0x1 −
x0x1x2x3 = 0 â P3.

(54) Ïðè êàêèõ óñëîâèÿõ ìíîãîîáðàçèå â Pn, çàäàííîå
∑
x2i =∑

λix
2
i = 0 îñîáî?
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