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1 Introd t.lction tal number of variables of the Boolean function
whose complexity ,ve ,vant to estimate, and

Recently, there has been progress in prov- ïî is the number of essential variables of this
ing lo,ver bounds for certain restricted mod- function ( theorem1,1 ).Moreover , if one ,vere to
els of Boolean computations. In particular, Üó use probabilistic arguments for estimating the
the so-called method of approximations, åõðî- distance p(f, Ì) then this restriction can Üå
nential lower bounds have been obtained for strengthened to Î(ïî) (theorem 2.4).

monotone complexity [Raz85b, Raz85a, ÀÅ85, We see that these results do not exclude à
ÀÂ87, Tar89, And87] and for bounded-depth possibility of proving good lo,ver bounds for
circuits over several bases [Raz87, Smo87, the circuit size of à Boolean function Üó intro-
Pat86] ( an informal account of the method can ducing à large number of auxiliary variables
Üå found in [Raz86, BS88]). The most interest- (note, ho,vever, that theorem 2.4sho,vs the use-
ing question about approximations is, doubt- lessness of probabilistic methods for this pur-
less, ho,v useful can they Üå for arbitrary cir- pose). ó\òå prove that this does ,vork in
cuits. This question can Üå made quite precise the strongest sense. Namely, for àïó Boolean
because the methQd of approximations is easy function ,ve define some "universal" legitimate
to formalize (actually this ,vas done already in model Ìòàõ such that the effective bound

[Raz85b]). p(f, Ìòàõ) for the circuit size of f coincides
In the present pap~r ,ve prove some results ,vith this size up to à polynomial (theorem

clarifying the situation. It turns out that the 2.6).
ans,ver to the question we are interested in de- Th t t 1 Ü f . bl . 1 d . ..å î à num er î varIa es øóî óå m

pends very much on ,vhether ,ve allo,v auxlhary tl d 1 I À . 1 (d bl t .
1. bl lå òî å jVtmax IS 1Uge ou å exponen la

varIa es or not. ..
1..m ïî!). It can Üå decreased to à smg å åõðî-

Flrst we prove that lo,ver bounds 'VhlCh t .tl t ff t .. 1 t .
f..nen Wl lOU à åñ lng urnversa proper les î

could Üå obtamed Üó the method î! approxl- th d 1(tl .4~ ) â t l .k Ì tl.
î .å òî å leoremtJ..7 .u , un 1 å òàõ, lå

matIons never exceed ( ïîï) ,vhere ï IS the to- t t . f tl . d 1 . t .
1 dcons ruc lon î 1lS òî å IS no canornca an

makes use of ,vhat could Üå called "the axiom
Permission to ñîðó without fee all or ðàï of this material is granted ."
provided that the copies are not made or distributed for direct of cholce.
commercial advantage. the Àñì copyright notice and the title of Tl ..d f 11 I t .
the publication and its date appear, and notice is given that copying le paper IS orgarnze as î o,vs. n sec lon

is Üó permission of the Association for Computing Machinery .Òî 2 ,ve gi ve precise defini tions to formalize the
ñîðó. o~herwise, or to republish. requires à fee and/or specific method of approximations and formulations of
permJsslon.

all our theorems. In section 3 ,ve prove results

@ 1989 ÀÑÌ 0-89791-307-8/89/0005/0167 $1.50 illustrating the ,veakness of approximations, i.
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å. theorerns 2.1, 2.4. In section 4 we prove Further,. given f Å p~,1 Å ì le~ p(f, r) Üå

th 2 6 2 7 The paper is corn
p leted Üó the rnimrnal t for WhlCh there -åxlSt t tnples

eorerns ., ( .

{ & V } .-.h. Å Ì) such à short discussion in section 5. < *i, gi, hi > *t Å, , gt, t

that

2 The method of approx- f ~ I v v tS~(gi, hi), (6)

imations. Main results. i=l
t

I ~ f v v tS~(gi, hi). (7)
i=l

Throughout the paper âï denotes an ï- The rnain property of approxirnations is that
dirnensional boolean ñèÜå and Ðï the set of all p(ICI, ICI) ~ 8ize(C). .
boolean functions in n variables. For u Å âï, In order to sho,v this, let *i Üå the operatlO-ï

ui(l ~ i ~ ï) rne~ns the ith bit in ~. Let cornputedbytheithgateofthecirc-èitC,§i,hi
Õ: = { u Å Bnlut = å: } for 1 ~ 'l ~ ï, Üå inputs of this gate in the circuit Ñ. Say that

å: Å {0,1}. Given à variable Xi set Õ: = Xi; à gate of Ñ has +- erroron an n-bit string v if
Õ? = (7 Xi). It is convenient for our purposes g(v) = 1,g(v) = 0 and has --erroron an n-bit

to regard circuit8 as having gates { &, v} and string u if g( è) = 0, g( è) = 1 where 9 and 9

inputs O,l,xi(l ~ i ~ ï,å: Å.{0,l}) i.e. nega- are outputs ofthis gate cornputed Üó circui~s
tions are allowed only on vanables. Âó 'Ñ! we Ñ and Ñ respectively. For proving -..\(6)
denote the function cornputed Üó à circuit Ñ; we need to consider à string v such that f( v) =

Üó L(J) -the circuit size of f; Üó Lmon(J) -1,1( v) = Î (i.e. the output gate o~ Ñ has +-
the rnonotone circui t size of à rnonotone f. error on v) and prove that Á~ (gi , hi) ( v) = 1

An ì ~ Ðï supplied with two binary oð- for sorne i. Since inputs of Ñ do not have
erations & and v is called à legitimate model + -errors, there exists à gate which has + -
if error on v whereas both its predecessors do not

have. It is easy to check that tS.+(g, ii)(v) = 1
å . ( ) for the corresponding < *,g, ii >.{0,l,xi(l ~ 'l ~ ï,å: Å {0,1})} ~ Ì. 1 (7)is proved sirnilarly. !herefore, Üó letting

Given à circuit Ñ we denote Üó Ñ the cir- p(f, Ì) = minfEMP(f, J) we have
cuit obtained frorn Ñ after repla-ñing {&, v} 8

Üó { &, V}. We keep notations g, h and so on p(f, Ì) ~ L(J). ( )
for Boolean functions frorn Ì. Let Sirnilarly, for any gl, ..., gl Å ì and f Å Fl

tSt(g,ii) = (g&ii)\(g&ii); P(f(gl,...,gl),M) ~ Lmon(J) (9)

tS~(g, ii) = (g v h)\(gvii); (2) Theorem 2.1 For àïó legitimate model ì

tS&(g,ii) = (g&h)\(g&ii); and boolean function f Å.Ðï actuall~ depen.d-

tS-(g, ii) = (gvii)\(g v ii). (3) ing îï ïî(ïî ~ ï) varlabies the Inequalltyv p(f,M) ~O(ïoï) holds.

Set .
h .

fRemark 2.2 Let us note for comparlson t at I

{1) is weakened to {0, 1,xi(1 ~ i ~ ï)} ~ ì
ä+= {tS.+(g,ii)lg,iiEM;*E{&,V}}; (4) thenp(f,.M)formonotonefcanbeexponential

ä- = {tS:(g,ii)lg,ii Å Ì; * Å {&,V}} (5) in ï. This is the circumstance that gave rise
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to the successful use of approximations in the

monotone case.
) ] P[f - ( ) 1]1 = P[f(v = 1 $ v =

Remark 2.3 In the ACC-papers [Raz87], + .\,(f,l) .maxl$i$tP[fj~(gi,fii)(v) = 1]
[Smo87], [Pat8áJ à "symmetrized" version ofthe < p[!(v) = 1] +~è,!) .d+ (18)
method was used. It is obtained Üó couplingL2) --'

aïd(Ç~(4) and(5~(á)aïd(7) whjch yjelds ~ $ ~è, Ë. ÒÜå second

statement ~ $ ~(f,l) is proved simj-
8v(g, ~) = (g v-h) ÅÁ (g-v-h), (10) lar~~ample: Look from this point at

8&(g, h) = (g&h) ÅÁ (g&h); (11) lower bounds for the funCtion CLIQUE(m,s)

~ = {O.(g, h)lg, h Å Ì; (12) (which tests whether àï m-vertex graph ñoï-

* Å {&, v} }; (13) tains àï s-vertex complete subgraph) i~ the

f ÅÁ ! $ V~=18.i(gi, hi). (14) monotone ñàýå [Raz85?, ~B87]. We obtam the
random input v Üó plckJng at random àï s-

Denoting the corresponding distance Üó Ð8óò vertex complete subgraph and the input u Üó
we clearly have P8ym(f, Ì) $ 5(f, Ì) i.e. the- pickjng at random àï (s -l)-partite complete
orems 2.1 and 2.4 arso hold for this symmetrized subgraph. In order to estimate 8(f,M,v,u)
model. from below we consjder two ñàýåý in (17). If

! = î then É!( v) = O]=tli.J the first term èï-
In all the previous works lo\ver bounds for der òàõ in (17) is large. If ! ji 0 then, usjng

Ðè, Ì) were extracted from the followjng information about ì and the fact ! Å Ì, we
source. Àýýèòå that we are given à pair of ñàï prove that Ð[!(è) = 1] is large compar-
random n-bit strjngs < v, u > where v Å ative to d- therefore the second term in (17)
f-1(1)[u Å f-l(O) respectively] \vjth probabil- is large. Surely, this is °nly the general idea
jty I. Set and in order to put it into effect îïå needs suf-

ficiently compljcated combinatorial argumentsd+ = maxÁ+EA+P[8+(v) = 1]; (15) (âåå [Raz85b, ÀÂ87]).

d- = òàõá-ÅÀ-Ð[8-(è) = 1]; (16) ..
Theorem 2.4 For àïó legltlmate model Ì,and boolean function f Å Ðï actually depending

îï ïî(ïî $ ï) variables and distributions .'.,è
such as those described above the inequality~:f,,1\It,v,u) = -p(f,M,1JI.-,u) $Î(ïî) holds.

.P[f(v) = 0]
mznfEMmax

d+ We ýåå that theorem 2.1 does not exclude
Ð[!(è) = I]) (17) the possibility of provjng good lower bounds

d- for à Boolean funCtion f(Xl,X2,...,Xno) Üó in-

troducing à large nUillber of auxiliary vari-Let èý check that for àïó ( v, è) we
Ü! õ "ol low ed Ü

ó estimat- " .à esXno+l,Xno+2,..., ï1'
~ave ~(!,.I\/t,v,u) $ ~è,M). Indee~, lt ing the distanCe ðÈ,Ì) for ýîòå suitable
IS sufficJen! to pr~ve that for àïó f Å

d 1 ì ñ D L t èý describe ýîòå special P[/(v)=ol P[j(u)=ll Î -òî å -Ãï. åì òàõ [ d+ , d- -] $ ~ (J , f) .So, we kind of mOdels which turn out to Üå good for

Üàóå to prove that ~ $ ~(f, l) and this purpose. From nOw îï àýýèòå that à funC-

~ $~(f, Ë. But from (6) \ve obtain tion f whose complexity we want to estimate
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is given. Set U = f-l(o), v = f-l(l). Given claim in Section 4). All these simplifications

v Å V, denOte Üó ~v the set of all mOnOtone lead to the following combinatorial interpreta-

(0-1)-valèed fènCtionals F defined on sèbsets tion of ó(f, M(~o)). Say that à pair (À, Â) of
of U and satisfying sèbsets of U covers some F Å ~ if

Ð(0) = Î, Ð.(È) = 1, Ð(À) = 1, Ð(Â) = 1, Ð(À ï Â) = 0. (21)

Ð(È ï Xi) = v~ ffi ñ: ffi 1 (19)

Let ~ = V~EV~v. The meaning of all these Claim 2.5 p(f, M(~o)) equals to the mlnl-

restrictions to à fènCtional F is, as we shall see òà! possible number of pairs (À, Â) covering all

à little later, that they forct:{l)in the mOdel ì members of ~o.

which we ~re conStrèCting.

Given ~o ~ ~ , co~strèct à legitimate mOdel This Claim ( as well as theoremS 2.6, 2.7 Üå-

M(~o) as follows. Flrst set ï = ïî + lo g21 ~o l 1 ) . II Ü d . 4ow Wl å prove m .and fix arbitrary sèrjective enèmeration JL :
Âï-ïî -~o. We shall drop JL throèghoèt and

identify à Boolean string ó Å Âï-ïî with the Theorem 2.6 For àïó boolean function fo Å

fènctional JL(Y) Å ~ which it encodes. Âó def- Ðïî such that L(J) ;:::: (AJ(n~) and corresponding

inition, < M(~o),V,& > is isomOrphic (as al- maximal model Ìòàõ, we have p(f,Mmax) ;::::

gebraic system) to < Ðïî, V, & >. 9 Å Ðïî n(L(J)t).
corresponds via this isomOrphism to the fènC-
tion 9 Å Ðï given Üó Th Ü f .I .. Ü! . 1å ïèò er î àèõ} lary vana es mvo ved

in Ìòàõ is exp(n(IUI)) where U is the set

-(õ Ð) -f g(x ), õ # v(F) of inpèts îï which f °ètpètS 1. Note that
9 , -L F(Ug), õ = v(F) (20) L(J) = O(noIUI) therefore Ìòàõ has åõðî-

nentially mOre aèxiliary variables than coèld
where 'õ! = ïî, v(F) is sèCh that F Å ~v(F) Üå expected in view of theorem 2.1. Someho,v

and Ug-= { u -Å UIg(-è) = 1}. Then fJ9)jèSt this sitèation ñàï Üå improved Üó the following

meanS 0 = 0,1 = 1, xr = xi, i.e. M(~o) àñ- resèlt:

tèally is à legitimate mOdel. Âó the maximal
! model Ìòàõ we òåàï M(~). Let us empha-

size that the constrèCtion of Ìòàõ depends on Theorem 2.7 For àïó boolean functio.n f Å

f. Ðïî such that L(J) ;::::fi} (ï~) and ~ deflned as

It tèrnS oèt th t 1 t Ü above there exists ~o ñ ~ such thatà genera ñîïñåð s å- -
ñîòå especially simple in these specific mOdels 1

M(~o). Namely, the only fènCtion from Ì p(f, M(~o)) ;:::: n(L(J)ç) (22)
which îïå ñàï sèCcessfèlly èSe for approxima-
tii1,é f is the 1 given Üó (20); three of foèr and
kinas of 8-fènctionS (namely, 8:!; ,8-;; and 8&) I~ol ~ exp(O(L(J)IUI)). (23)

vanish and we have to care only on 8t; the only .

Boolean inpèts we shoèld conSider are of the 50, M(~o) has O(L(fo)IUI) varlables.
form (v(F), Ð) and therefore there is the obvi-
oès one-to-one correspondence between these Bèt ,ve ñàï exhibit ïî explicit constrèCtion of

inpèts and rr and so îï (see the proof of the ~o satisfying these conditionS.
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3 Weakness of approxi-

mations. ~(f',M) =P(nlogn) ~O(ïoï) (27)

In this section we prove theorems 2.1,2.4. The sinCe Lmon(M AJ(X1, Õ2, ..., Õò)) = O(r lo~r)
main component of the proofs is the following [AKS83]. It meanS that there exists and f Å
lemma: ì such that those good inputs v Å f-1(1) for

which l(v) = î ñàï Üå covered ÜóO(ïîï) {èïñ-
Lemma 3.1 Assume that we are given à tionS from À + and similarly for è Å f-1(0).

boolean function f Å Ðï actually depending îï Turning to bad inputs v Å f-1(1) we see
ïî(ïî ~ ï) variabIes and à legitimate model that Üó (24) for each of them

Ì. Then there exist random functions 1 Å Ì,
Á+ Å À + and Á- Å À- such that for àïó Ð[Á+( v) = 1] = Ï(1/ïî) (28)

v Å f-1(1) Therefore, taking independent copies tSt,
tSi ,..., Á-: of Á+ we obtain P~:=ltSt(V) =

-..Î] = åõð( -Ï(â/ïî)). So, if s = O(ïîï)
P[f(v) = 0] =Î(ïî .P[tS+(v) = 1]) (24) (the conStant being large enOugh) we conClude

..-1 that (with nOll-zero probability) all bad in-
and, slmllarly, for àïó è Å f (0) puts v Å f-1(1) are covered and similarly for

è Å f-1(0). Íåïñå p(f,!) ~ O(ïîï) and the
-" -proof of theorem 2.1 is completed.

P[f(u) = 1] =è(ïî .Ð[Á (è) = 1]) (25) Proof of theorem 2.4. Now we are ad-

.ditionally given two distributionS v1 è. À ver-
Flrst we ~educe theore~s 2.1 and 2.4 from aging (24) îï v, we obtain p[l(v) = 0] =

the lemma; ltS own proof lS pos~poned. Î(ïî .P[tS+(v) = 1]) ~ O(ïÎ .d+). This
Proof of theorem 2.1. Flrst nOte that . I . Å [ p(tI)[f(v)=O]

] î ( ) ( Ü .
t( ) (f) Î ' ïî

) lmp les (/) d+ = ïî su scrlp s

ð f, Ì ~ L ~ ..12 therefore the the- t Å d ð . d . t d h t d. t .
Ü...' ïî î àï m lca å èï er w à IS rl è-

orem trlvlally holds lt ï ;:::: 2 .So, we ñàï t . th t k ) S..
! 1 f (25)lOll åó are à åï .lml ar ó rom we

assume R [f(u)-l]
DgetE(/)[r(u)l~:UJ=J.J] = '(ïî). Âó adding these

log ï ~ ïî. (26) two inequalities,

Let f,M,I,tS+,tS- Üå as in lemma 3.1:.. Call p(tI)[f(v)=o]
àï v Å f-1(1) [è Å f-1(0)] bad if P[f(v) = Å(/) [ d+
0] ;:::: ! [Ð[I( è) = 1] ;:::: ! respectively] and + p(U)[f~u)=l]] = O(ïÎ). (29)
good otherwise. ConSider the (random) {èïñ- d

tion ì AJ(11, 12, ..., lr) where li are indepen- Taking as lin(l7)such lthat the value under
dent copies ofl. Ifan v Å f-1(1) is good then Å(/) in (29) isO(no), weobtain p(f,M,v,u) ~
P[MAJ(11'12'...'lr)(v) = 0] = exp(-n(r)) O(ïÎ). The proof is complete.
and similarly for à è Å f-1(0). Íåïñå, taking Proof of lemma 3.1. Assume for sim-
r =O(ï) (the conStant being large enOugh) we plicity that Õ1, Õ2, ..., Õïî is the complete list
get that the funCtion MAJ(11'12'...'lr) coin- of essential variables of f. Given à funCtion
cides ,vith f îï all good inputs with à ïîï- g(X1, Õ2, ..., xd)(d ~ ïî) we define Üó induc-
zero probability. Fix some /1, 12, ..., lr with tion îï d à circuit Cg of exponential size such
this property and set f' = ì AJ(11, 12, ..., lr). that ICgi = g. If d = 0 then 9 is à ñîï-
Âó (9) and (26) stant and ,ve let Cg conSist of à single gate.
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Assume g(Xl' Õ2, ..., xd)(d ? Î) is given. Set if

ge = g(Xl, Õ2, ..., Xd-l, å ). Put, Üó definition,

d = ÅÝ, (42)

Cg=(C(gO)&x~)V(C(gl)&X~). (ÇÎ) t Å {0,1}, (4Ç)

In other words, Cg is the random fun~tion cor- ÁO = {j~~2S!:;;1)1,

responding to the universal decision tree for I(Cgnoel&Cgnoef)l) (44)

Cg. Denote Üó gd the uniform distribution îÏ-Fd. Consider the following (random) circuit if d = ÅÝ, t = ". In short, we have taken Á-

Ñ which computes EXCLUSIVE-OR of gno functions corresponding to the computations

and gno ffi f in à monotone manner: lÇ01tçv. Fix v Å f-l ( 1) .Recall that à gate of the cir-

cuit Ñ has +- error on v if g(v) = 1,g(v) = 0
Ñ = (Cgn &Cgn efel) where 9 and 9 are functions computed Üó this

î î -v (Cgnoel&Cgnoef). (Ç1) gate in circuits Ñ and Ñ respectively. Surely, if
f ( v) = 0 then there is at least one gate which

Clearly, ICI = f. Take \Ñ! as !. Òî construct has +-: error on v whereas both its predecessors
the distributions Á+ and Á- first pick at ran- do not and this implies that Á+ ( v) = 1 for the
dom function Á+ corresponding to this gate. At first

sight this observation is quite useless because
the size of Ñ is exponential in ïî. But it turns

d Å {1,2, ..., ïî, ffi }and out (and this is the crucial point of the \vhole
t Å {0,1,ó}. (Ç2) proof that does not have any analogies in the

monotone case!) that it is possib1e to distin-

Then set: guish à small set of gates ( with size only Î( ïî) )
such that one of these distinguished gates sat-

ÁO = Á&(IÅ;:I, X~) (ÇÇ) isfies this +- error property.
if Òî Üå more precise let

v - ( d+l ïî ) (45)d Å {1 2 } (Ç ) gd -9 Õl, Õ2, ..., Xd, v, ..., v.

, , ..., ïî, 4
t Å {0,1}, (Ç5) All gates C(g~) of the form (ÇÎ) (1 ::; d ::; ïî) as
î Å { +, -}, (Ç6) well as all other intermediate gates in (ÇÎ) for

ÁO = {j~(I(~)I, I(~)I) (Ç7) such gd will Üå .call~d v-gates of Cg(g Å Ðï).
d v-gates of the clrcult (Ç1) are the v-gates of

if the four subcircuits it consists of as ,vell as the

results of the three intermediate computations
in (Ç1). Clearly the ,vhole number of v-gates

d Å {1,2,...,ïî}, (Ç8) inCistXno)..
t = .v'(g~ and g~ are -

.
d d t . f ) (Ç9) Statemel1t 3.2 If ICI( v ) = 0 then there åõ-

ø epen en coples î gd , .ÁO ~ ~ IStS at least îïå v-gate such that the function
= {j&(ICgnoetl, ICgnoetefEB11) (40) fj.+(gl,g2) corresponding to this gate outputs 1

(41) îï v. The dual statement for --errors also holds.
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.
Proof of Statement. Assume that for 4 Power of approxlma-

some gno Å Ðïî the function ICI where ñ is tions.
given Üó (31) outputs î on V. If all four sub-
circuits in (31) do not have +- errors on v then This section is devoted to proofs of the the-
at least one of three v-gates in (31) has +- er- orems 2.6-2.7. Let us remember that in sec-
ror on v whereas both its predecessors do not. tion 2 we assigned to à Boolean function f
The st.atement (just for this v-gate! follows au- (assumed to Üå fixed throughout) some ~et of

tomatlcally. functionals ~ and to any ~o ~ ~ asslgned
So, we can assume that one of the four sub- some legitimate model M(~o). Here we start

circui ts in ( 31) ( say , ñ Óïî ) has +- error on v. wi th proving the claim from section 2 gi ving à
Following through the v-path in the underly- combinatorial interpretation of p(f, M(~0)).
ing tree, we find some d such that C(gd)has
+- error on v whereas C(y~-1) does not. Let Claim 4.1 p(f, M(~o)) equals to the minimal
gd-l = gd(Xl, Õ2, ..., Xd-l, ~-d ÅÂ 1). ï~ p~.Jl1t possibie num~er of pairs (À, Â)(À, â ~ ~ =

f-l + .11 (J d."f .f-l ((J)) coverlng all members of ~o.J~ 1 \Ö Ò'1å {..- I{ ñ
, vdEB1(21)

( )C(gd-l)&Xd 46 Proof.

..never has +- error à) Assume that (Ai, Bi)(l ~ i ~ t) cover all
on v because it outputs î on v. This allows functionals from ~o. We have to construct
us to find à gate in (Ç0)which has +- error 1, 8f, ..., 8f Å ÄO(o Å { +, -} ) s-èch that
on v whereas both its predecessors do not and (6), and (7) hold for f. Take f accord-
to finish the proof of Statement for +- errors. ingly to (20). Note that f(x) can differ
Let us remark that for +- errors we did not use from l(x,f) only if õ Å v i.e. f(x) = 1
8+ -functions corresponding to the gates ( 46) at therefore f ~ 1 and (7) holds automati-
all. They appear in the proof of the statement cally. Òî get (6), set
for- -errors because in that case the gates
( 46) ( wi th replacing v Üó è) ñàï have --errors 8.+ = 8+ ( -.h. ) ( 47)

on è. But if the gate ( 46) has --error on I & gl, I

è then ~he corresponding 8--functio~ ou~puts where gi, hi Å M(~o) correspond via (20)
1 on è mdependently.of.whatever Cgd-l1S.All to functions gi, hi Å Ðïî(1 ~ i ~ t)
other arguments are carned over the case of- which output 1 just on the sets of inputs
-errors without any changes. The statement À . Â . t . 1 If f(v) = 0 whereas ." I respec lve ó.
lsproved. ...1(õ,ð) = 1 then õ Å v and F Å ~x (see

The statement dlrectly lmphes (24) and (25) (20)). Choose i such that (Ai, Bi) covers
because all the v-gates of the random circuit Ð. It is easy to check that 8t(x,F) = 1.
ñ can Üå, in à natural way, enumerated and So, (6) also holds and we are done in one
supplied with à type (d, t) such that the dis- direction.
tribution 8: (gl , g2) correspondlng to à gate
with number i and type ( d, t) coincides with Ü) Assume now f' Å Ðïî is take~ in such à
the conditional distribution, the condition Üå- way that p(f, M(~o)) = p(f, f') = t. Âó
ing just "(d, t) is the type obtained in drawing (20), g(u, Ð) = g(u) for any 9 Å Ðïî and
(d,t) Å {1,2,...,ïî} õ {0,1 V)If.Theprobability è Å È. Therefore any element of ä- al-
of this condition is Ï(1/ïî). ways outputs 0 on è and (7) implies that

The proof of lemma 3.1 is complete. f' outputs 0 on è i.e. f' ~ f. Moreover,
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the mapping 9 -+ 9 is monotone, hence, All properties in (19) for this F are clear åõ-

in vie\v of satisfyingt6~ we can put f' = f. cept perhaps Ð(è n Xi(W.~l)) = Î. But if

The same observation- about the mon~- there existed some ñ ~ è n Xi(w.~l) such that
tonicity implies D~(g, h) = 0 for all g, h. ñ Å â then ñ f- è n X~wi~l) would imply
So, \ve have t functions of the form ( 4 7) è X ~:i~l) â d unx fwi~l) u nx ~wi) f- 0. f . (6) S t À - è n -1 (1) Â .-n , Å Î, an , , ,
satls m .å i -gi , ,è hY-1(gl) À t d t th \vould lmply 0 Å Âo, m contradlctlon \vlth our

n i. rgumen s reverse î ose .ñ)(
d Ü h th t (À . Â .) .(l < .< t) assumptlon. Therefore (19) holds and F Å ::Sw.

use à ove s ow à " , -z -. d Ü f h .
11f t . 1 f ñ"" Th Cl ' Clearly, F lS covere ó none î t å palfs

cover à unc lona s rom vo. å alm ..
. d (Ai, Bi ) .The contradlctlon proves that 0 Å âo.
lS prove . s(Î-!;=) Assume w Å è. Then {ÑÅ Iw Å Ñ}

Now we turn directly to proofs of the theo- is closed, contains all the sets è n Xi(wl), but

rems 2.6-2.7. does not contain 0. Hence 0 f âo.
Proof of theorem 2.6. Âó the Claim, Now it is quite obvious ho\v to prove theo-

we are given à set (Ai, Bi)(l ~ i ~ t, t = rem 2.6; we only have to recognize the prop-
p(f, Ìòàõ)) covering all functionals from ~ erty (50) Üó à small circuit. It is done di-

and have to design à circuit of size D(tÇ) ñîò- rectly: given an input w let fD,k(D Å Â,l ::;
puting f. Note that it is sufficient to do \vith k ~ IBI) mean that D can Üå deduced from

sizeO((t + ï0)Ç) because then the assumption {(unxi(wi))11 ~ i::; ï0} \vithin k steps. Then
L(f) = w (ï~) would give us t = Û(ï0).

Extending if necessary the list ( Ai , Bi) we ( f
òàó suppose that all the pairs (è n Õ? , è n fD 0 = f Xi ifD = è n xi (51)
Xi1) occur among (Ai,Bi). Set Â.= {Ai} u ' l 0 other\vise

{Bi}u{AinBi}. Observe that IBI =O(t+no).
Consider the following rules of inference on Â: { ~fAi,k&fBi,k) v Vc~D(fc,k)

fD,k+1 = 1f D = Ai n Bi (52)

VccD(fc,k) other\vise
Ai, .Bi f- Ai n Bi, ( 48) î ç f) çñ f- D if ñ ñ D (49) ThlS clrcult has slze (IBI ) = ((t+no) ) and

, -f = f0,lsi Üó the Statement. The proof of t.he-

(cf. the rule used in. [ ~l Ó5Ü .IZ1l K-5~ -AE-J5 orem 2.6 is completed.
Aet5J ~y~}Al1d,f:;;..] when rl= 2). These Proof î! theorem 2.~. We only have to

rules define in the usual \vay notions of the note that, ln order to make the proof of theo-

closure of à ÂO ~ â (denoted Üó cl(Bo)) and à rem 2.6 \vo:k, it is s.ufficient to. consider only
closed subset of Â. those functlonals \VhlCh appear m the proof of

the Statement (part ( ~ ) ) instead of the \vhole
Statement 4.2 Given w Å âïî fo(W) = ~. The number of these functionals does not
1 iff ' exceed the number of possible choices of the

system (Ai, Bi)(l ~ i::; t, t = p(f, Ìòàõ))

multiplied Üó IVI. This is exp(IXtlUI + ï0)) ::;
0 Å cl( {è n xi(w.) 11 ~ i ~ ï0} ). (50) exp(O(L(f)IUI)) because L(f) ~ max(t, ï0).

The theorem is proved.
Proof. (~ ) Assume w Å V. Denote cl( {è n
Xi(wi)11 ~ i ~ ï0} ) Üó âo. Suppose that Remark 4.3 If we consider the measure L&(f)
0 4 âo. Define à monotone functional F on (the minimal possibie number of &-gates over

subsets of è Üó F(D) = 1 = 3Ñ ~ D(C Å âo). all circuits computing f; V-gates àãå free) rather
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than L(f) then we ñàï 51ightly improVe theorem Ì. Sipser and Ñ. Brownlie for assistance in

2.á. Namely, preparing the manuScript.

n(L&(f)~) ~ ð(!, Ìòàõ) ~ L&(f). (5Ç) References
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