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ELLIPTIC AFFINE LIE ALGEBRAS

0. K. Sheinman UDC 517.9

In f1] I. M. Krichever and S. P. Novikov introduced a natural generalization of the
Kac—Moody loop (current) algebras and considered their central extensions. Specifically,
let g be a finite-dimensional complex simple Lie algebra, I be a compact algebraic curve
over C with two distinguished points P4+, and let 4T denote the algebra of the meromorphic
functions on I' that are holomorphic off P4+. The algebra of meromorphic loops (currents) on
the curve I is defined to be the following Lie algebra G:

G:g@cﬂr. (O.l)

If T is a curve of genus 0, then 4T is the algebra of Laurent polynomials in one
variable, and G is isomorphic to one of the Kac—Moody loop algebras. In this paper we con-
sider the case of curves of genus 1. Following the traditional pattern of construction of
affine Lie algebras [3, 4], in Sec. 1 we study 2-dimensional extensions of the algebras (0.1),
in which one of the dimensions corresponds to the center, while the second corresponds to
some vector field e on I'. We consider some distinguished extensions, denoted below by
G = G(e).

In Sec. 2 we consider invariant symmetric bilinear forms on G. On an affine Lie alge-
bra there is a canonical invariant form specified by the condition of orthogonality of the
Laurent monomials with the sum of degrees different from zero. For algebras of the type
(0.1) that condition does not admit a straightforward generalization in view of the absence
of a grading (one has only a structure of quasi-graded Lie algebra [1]). We show in Sec. 2
that one can replace it by the condition of extendability of an invariant form to the 2-
dimensional extension G(e). If e has m zeros in the domain T\{P+}, then on G(e) there exist
m + 1 independent invariant symmetric bilinear forms.

In Sec. 3 we establish a correspondence between loop algebras of the type (0.1) and
complex Coxeter crystallographic groups (CCC-groups for short), introduced and classified
in [5, 6]. Specification of a CCC-group and of P+ determines the algebra (0.1) uniquely
up to an isomorphism of quasi-graded algebras (Theorem 3.1). One can conjecture that the

CCC-group is connected with the Weyl group of the algebra G(e).

In Sec. 4 we consider the orbits of the adjoint action of a loop group. There we devel-
op the ideas of the papers [4, 7] and we exhibit a connection between the orbits of the ad-
joint action and the monodromy equation on the elliptic curve I'. We obtain a sufficient
condition for membership of two elements in the same orbit in terms of the monodromy group
of that equation (Theorem 4.1). We also consider the connection between orbits and CCC-
groups.

The authors thank I. M. Krichever for numerous fruitful discussions.
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1. Algebras of Meromorphic Loops and Their Extensions

Let T be an analytic curve with periods 2w and 2w'. Then A4' can be represented as
a space of elliptic functions holomorphic off the points z4 = tzo, and one can introduce in
it a basis {Aj}, where i runs through the half-integers [1]:

M~z ot 2izg)  an i =£ : )
‘ ) iz (22, L (1.1)
&WHH%ONW+U%)G G20 17

A"i (Z) = Pl

Here o(z) is the Weierstrass o-function. The function A.;/, can be chosen to be of the form

Ay (7)) = O (2) o (220) (1.2)

0 (z 4 25) 0 (2 — 25) 0% (z0)

The central extensions of the algebra AT are described by means of cocycles of the
form {11}

1
v (4sr 4j) =m<ﬁAidAj- (1.3)
C

Consider the class of contours that are homologous to a small contour which surrounds one
(any) of the points zi+. We denote this class by C, and call it the class of separating
contours. The separating contours, and only them, enjoy the property that the correspond-
ing cocycle y is local in the sense that y(Aj, Aj) =0 for |i + j| > 1 [1]. In what follows
we shall consider only this cocycle, i.e., we put C = C,.

Let (+, °*) denote the Killing—Cartan form of tbe finite-dimensional Lie algebra g .
Then on the Lie algebra G one can define a cocycle y by the rule

¥ (z4;, YyA;) = (z, y) v (4,, Aj) (1.4)

{where %, v € ¢), and then use it to define the central extension

G=GdCe (1.5)

of G, in which the commutator is specified by the relations

lzd;, yd;1 =z, YA, A;+ 7 (24, yAj) ¢, [24;, c]=0 for all i (1.6)

In the Kac—Moody theory one considers extensions of the algebra G by means of the oper-
ator z3/3z. An analogue for the present situation is the following assertion.

Proposition 1.1. Let e be a meromorphic vector field on T that is holomorphic off zs.
Then the space

G=G3DC B Ce (1.7)

with the operation [+, =] specified by relations (1.6) and the relations

le, A = —[zd;, el =z (ed;), le,c] =0 . (1.8)

is an (m + 4)-graded Lie algebra, where m is the number of zeros of e in the domain T\{z#}
(here eA; is meant as the standard action of a vector field on a function).

Proof. Let us verify the Jacobi identity. A straightforward computation shows that
le, [24;, yAl = [z, y] (e (4,:4,)),
lle, 24,1, yA] + (24, le, yA;1 = [z, yl((ed;) A; + A; (ed))) +
+ (1‘1 y)(y (eAii A]) + Y (Ai1 eAj))

for all i and j.

Therefore, a necessary and sufficient condition for the fulfillment of the Jacobi
identity is

% (EAi, AJ)‘I—Y (Ai7 eA]'):O, i,j:—OO, 0. (1.9)

Let us show that this condition is indeed satisfied. The general form of a meromorphic vec-
tor field e on I' that is holomorphic off z4 is [1]
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e(z) = E (2) =, (1.10)

where E(z) € 4T. Using (1.10) and the definition (1.3), we obtain relation (1.9) by a
simple integration by parts on a closed contour.

We assign to the vector field e of the Lie algebra G the grade 0. Suppose e has a zero
of multiplicity p at zy and a pole of multiplicity q at z.. A count of zeros and poles shows
that eA; can be written as a linear combination of the functions Ap withk =3j +p —mn, ...,
j+q+1, wheren =20, 1 (see [1, Sec. 3]). The number of indices in the indicated linear
combination is q — p + 3 + n. But by the theorem on the number of zeros and poles of a
meromorphic function, q — p = m. The proposition is proved.

Let us examine the structure of G in more detail. Let €15 +ees €715 N3, ooey hpog,
fi, ..., fn-1 be canonical generators of the Lie algebra g, A = (A ) be the Cartan matrix
of the affine Lie algebra correspondlng tod and the identity automorph1sm of its Dynkin
scheme [3]. Set e, = fghA,/,, f, = egA.;/,, where, as customary in the theory of affine Lie
algebras, 6 is the highest root of the algebra ¢, eg is the corresponding root vector,
fg = e.g, 2hg = [eg, fgl, and v = y(A;/,, A-3/,) is the value of the cocycle (1.3). Also,
set hil/z = heAi'l/Z (Z?

Proposition 1.2. 1°. The elements ej, fj, hy (i =1, ..., n), hs;/,, e, c generate the

lie algebra G.

2°. The following relations hold:
Ry byl = [Rsy haasg] = [hayg, Beysg] = 0,
[y, e;] = Ayjes, Thiy 1 = —Af;,
(ad ;) A”-l-le (ad fi)—Ainfj —0
for all i, j=1, ..., n, where hy = h;/,. '
[e;, f.] = 1JhJ except for the case i = j = n; [ey, f,] = —wh,/, — ph_,/, + yc, where

o and B are determined from the relation A;/,A-;/, = o + BA-;/,, which holds in the algebra
AT [1].

Further,
le, e = le, il = le, bl = e, bl =0 (=1, ..., n—1).
And finally,
Vrgsa gy 1] = - Ay (% Ao 103 = A Ty, 91T
T lePeb. .. edte,) + Alpef®, j=1,...,n— 1,

where x, A, U, v are determined from the relations [1] A_;/,% = kA.3/, + M_1/, + U + VA;/,;
( +) = ey, eJ( ) = fj, 6 = Qlal + ... + Qn_lan_l is the decomposition of the highest root
8 into simple roots, and [...] denotes the chain of commutators of the form [+, [-, [+, [+-]
.1 <1 <],
In addition to the relations listed above there are two more, which define the action

of e on e, f;, and h_,y,, whose explicit form we omit. They follow from structure decompo-
sitions of the form

ed; = Nridust+ 1) (1.11)
the precise formulation of which can be found in [1, Sec. 3].

The problem of the completeness of the listed relations remains open for the moment.

The proof of 1.2.1° reduces to the observation that the functions At;/,, At+;/, gener-

ate the algebra u4f, which in turn is obvious. Assertion 1.2.2° follows from the Cartan
relations in the Lie algebra g and the structure formulas for the algebra AT [1].
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A Cartan subalgebra of G is defined to be a subalgebra of the form

h=HDZDCe, (1.12)

where § is a Cartan subalgebra of g. We remark that in & there is another maximal commuta-
tive subalgebra, not conjugate to it, namely §,, =5 D Ay D Z

For a special choice of the vector field e the algebra G possesses an analogue of a
Borel subalgebra. Let e = A/, (z) 3/3z, where A/, (2) is given by formula (1.1) {(then
e(z) = z(1 + 0(z)) 3/3z in the neighborhood of the point z4). Let A% denote the subrings
of AT generated by the functions Aj, %j 2 3/2.

Proposition 1.3. 1°. 1In the case of the vector field e chosen as above the adjoint
representation of the subalgebra b on G leaves invariant the subspace g Q§=4+ , and its matrix
in the basis {xaAjla e R(g), j = 3/2} of this subspace is triangular (here R(g) is the root
system of the Lie algebra §g).

_2°. The diagonal elements of the matrix of the adjoint representation of the subalge-
bra § coincide with the affine roots a € R(g) (including a = 0).

3°. The matrix of the adjoint action of the element e = A,/, 3/3z has the minimal
number of diagonals above the principal diagonal among the matrices of all fields that have
the property 1°.

Proof. 1° follows from formulas (1.11) for the action of vector fields on functions
[1], according to which

eA; = (I —12)A; 4+ ..., i>3/2,
where the dots denote a sum of a finite number of terms with j > i.

2°. let x5 € ¢ be a root vector belonging to the root a & R(g). Then for i =n + 1/2,
¥gAi is a weight vector of weight o + n of the subalgebra § modulo a finite sum of loops in-
volving Ay with j > i (xq € § for a = 0).

3°., In view of Proposition 1.1, this assertion reduces to the field e having one zero
in the domain T\{z+} (the only field with no zeros in that domain, 3/8z, does not leave
invariant the subspace g ® 4L ). The proposition is proved.

Remark 1. It is not difficult to show that e = A3/2 (z) 3/3z is the unique (up to pro-
portionality) vector field on which the minimum of the number of diagonals of the matrix of

the adjoint representation of the subalgebra b is realized. In fact, let p [g] be the order
of the field at the point z4 [resp., z-]. If to the field e corresponds the minimal number
of diagonals, then, in view of the proof of assertion 3° of Proposition 1.3, e has one zero
in the domain I'\{z+}, and hence p + g + 1 = 0. Suppose j 2 3/2. The orders of the function
eAJ at the points z4 and z_ equal py = j + p — 3/2, and respectlvely p-==j+q—3/2=
~j"— p — 5/2. For sufficiently large j, p+ > O > p- and [p-| > |p+|. Therefore, |p;| and
[p-| are the orders at the point Zz+of the terms with the minimal and respectively the maxi-

mal ihdices in the decomposition ehy = D AjA;. The index k of the minimal term is found

from the relation py = k — 1/2, i.e., k = j + p — 1. From the condition that the action

of the field e be triangular it follows that k = j, i.e., p=1. Finallyg=—p -1 =

—2. The vector field e with orders p = 1, q = =2 at the points z4, z_ is uniquely determined
and coincides with the field A/, 3/3z [1].

2. Invariant Symmetric Forms

On the Lie algebra G there are infinitely many linearly independent invariant symmetric
bilinear forms. Indeed, to every meromorphic differential dw on T that is holomorphic off
the points z4 there corresponds the symmetric bilinear form

Bo(zds yAy) =52 SﬁAAdm (2.1)

LEMMA 2.1. The symmetric bilinear form B, is G-invariant.
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Proof. By definition,
Bo (Izd;, 245), y4;) = Bo (Iz, 21 4,45, yA,) :([Z—’z]’—y—)—gl)‘A,-AjAkdm,

2mi
z, [z,

Bo (zAs, 244, yA}]) = Ba(ady, Tz, yl 4,4,) =212

y])gﬂAiAjAkda).

Therefore, the G-invariance of the form B, follows from the 8-invariance of the form (+, -).
The lemma is proved.

In this section we show that the condition of prolongation to the algebra G allows one
to single-out a unique invariant form or a finite number of such forms depending on the num-
ber of zeros of the vector field e in the domain TI'\{z4}.

Proposition 2.1. For any meromorphic vector field e = e(z) on T that is holomorphic
and has no zeros off the points z4 there is exactly one invariant symmetric bilinear form

<.,:$ +on G with the following properties:

1) <xA, c> = <xA, e> =0 for all x € g, A € AT;
2) <c, e> = 13

3) the form <-, +> on the algebra G admits the representation <xA, yB> = (x, y) <A,B>r,

where x, y € ¢, A, B € 4T, and <-, «>r is a symmetric bilinear form on A' with the following
properties:

4) <AB, C>p = <A, BC>p for all A, B, C e A¥;
5) <eA, C> = —< A, eC> for all A, C e AT

Moreover, <+, *>p is necessarily of the form
1 d
<A,B>r=%9’ﬁA(z)B(z)T(zz—), (2.2)
Co

where E(z) is determined from the relation (1.10).
Let us prove the following lemma.

~

LEMMA 2.2 Under conditions 1)-5) of Proposition 2.1, the form <+, +> is G-invariant
if and only if the relation

(ed, Byr =¥ (4, B)
holds for all A, B € AT, where y is defined by formula (1.3).

Proof. Pick arbitrary x, y, z € A', a4, bj € C (i =1, 2, 3). Denote X = xA + a,c+
b,e, Y = yB + a,c + bye, Z = 2C + ajc + bye. A computation shows that

(X, Y1, Z) = (Iz, yl, 2) <AB, Cdr -+ b, (y, 2) {eB, C)r —

- bz (.’C, Z) <3A7 C>11 + b3 (1’, y)V(A7B)1 (2.3)
(X, 1Y, Z1y = (z, ly, z1) <4, BCr + b, (z, 2) <4, eCdp —
— by (z, y) {4, eBOr + b, (y, 2) ¥ (B, (). (2.4)

The invariance of the form <-:, <> means that the left-hand sides of the equalities (2.3) and
(2.4) coincide. In view of the g-invariance of the form (+, +) and properties 1)-5) the
"right-hand sides of equalities (2.3) and (2.4) coincide if and only if the relation of Lemma
2.2 holds for all A, B € AF. The lemma is proved.

The proof of Proposition 2.1 follows readily from Lemma 2.2 upon observing that in view
of the definition (1.3) of the cocycle y there is a unique symmetric bilinear form on 4%
satisfying the condition of Lemma 2.2, namely, the form (2.4).

The unique vector field with no zeros in the domain T\{z4} is
e(s) =-2. (2.5)

~

By Proposition 2.1, to e there corresponds the unique invariant symmetric form on G
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(@A + axe + bie, B + as¢ + byed = ahy + bay + 2L $ 4B ds. (2.6)
Co

In the general case, when the field e is of the form e = E (z) 3/3z and the function
E (z) has m zeros in the domain T\{z4} there are m + 1 invariant symmetric bilinear forms

(A +ayc+ b, yB + ase + bye) = a;b, + bya, -+ 20 56 AB E"zz) , (2.7)

where C runs through the homology classes of separatlng cycles on the curve F with the points
z+ and the zeros of the function E removed.

3. Elliptic Affine Lie Algebras and Crystallographic Groups

Turning now to the discussion of the connections between elliptic affine Lie algebras
and crystallographic groups we introduce the notions of a Bernstein—Shvartsman system and
of a Coxeter crystallographic group (CCC-group [5, 6]).

Let R(g) be the root system of the Lie algebra g, W be its Weyl group, and ] = rank g..

Definition 3.1. A Bernstein—Shvartsman system is a collection consisting of two.[l~
dimensional W-modules M; and M2, two full-rank lattices T; ¢ M; and T < M,, an operator A:
M, - M;, and a complex number 1, Imt > 0, such that

1°. the representation of W in the space Mj (i = 1, 2) is equivalent to the standard
representation of W in C';

2°. the semi-direct product Wy = WT; is an affine Weyl group in the space Mj (i = 1, 2);
3°. A is an isomorphism of W-modules and AT, < T;;
4°, 1x = A"'x for all x € M,.

The operator A is uniquely determined by condition 3° up to an integral constant factor.
Let us make the convention that A is the "minimal" operator with these properties.

The Bernstein—Shvartsman systems were introduced in [5, 6] under the name of bases; see
also [10]. According to the classification obtained in {5, 61, the pair of lattices T,, T,
can be of two types: T, = T, =~ L(S) and T, = L(S), T, = L(SV), where S is a finite root
system, §V is the dual root system, and L(S), L(SVY) are the lattices generated by S and sv,
respectively. Here we shall consider only systems of the first type:

T, = T, = L (S). (3.1)
For given A and 1, in the space M; e M, there is a unique complex structure for which

condition 4° of Definition 3.1 is satisfied [10]. We shall consider M; e M, as being endowed
with that complex structure.

Definition 3.2 [5]. The CCC-group corresponding to a Bernstein—Shvartsman system satis-
fying condition (3.1) is the group generated by the reflections in the hyperplanes ta(x) =
m, where x € M; ® M, and o is an arbitrary root of the forma=ad+n (T e S), m, ne Z.

As an abstract group the CCC-group is equal to the semi-direct product of W and the
lattice T; © T, [6]. As a crystallographic group the CCC-group is determined by a class of
Bernstein—Shvartsman systems with modularly-equivalent numbers t (and all the other param-
eters identical) [5, 6].

Let us show how one can attach a Bernstein-Shvartsman system and its CCC-group to a
loop algebra G.

As it follows from results of [2], the dual space G* of the loop algebra G consists of
the g*-valued meromorphic differentials on [' that are holomorphic off the points Z4+. Let
H © G* be the subspace of the h*-valued differentials that are holomorphic everywhere on [,
where §* is the dua} space of the Cartan subalgebra § of g. Let Q denote the lattice gener-
ated in B* by the roots of the Lie algebra g. Now consider the lattice generated by the
periods of the differentials of the form Adze Hwith A € Q (it is isomorphic to Q e L, where
L is the lattice of periods of the elliptic curve I'), and the space generated by this lattice
(it is isomorphic to h* ey L). Set L = L,e L,, where L; and L, are the lattices of the a-
periods and respectively the b-periods of the elliptic curve T,
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As the modules M; and M, we take Mj = §* ®zL;, i = 1, 2. The action of the Weyl group
on p* carries over to M; and M,. Set T = w'/w, where w and w' are the half-periods of the
curve I'. Define the operator A: M, » M; by the condition

ALAQI>AQ () (heSh*, leL,).

It is readily seen that A commutes with the action of W, i.e., we indeed produced a Bernstein—
Shvartsman system. To a modular transformation of the number t there corresponds a change

of the canonical basis of cycles on the curve I', so that our constructioin uniquely associ-
ates a CCC-group to the Lie algebra G.

THEOREM 3.1. There exists a bijective correspondence between the loop algebras of the
form (0.1) on elliptic curves, given up to an isomorphism of quasi-graded Lie algebras, and
the collections consisting of a CCC-group that satisfies condition (3.1), and a complex
number z,, given modulo the numbers 1, t (where t corresponds to the CCC-group).

Proof. We showed above that to the loop algebra G there corresponds in unique manner
a CCC-group satisfying condition (3.1).

Conversely, a class of equivalent CCC-groups that satisfy condition (3.1) is specified
by a finite root system and a complex number T, Imt > 0, given up to a modular transforma-
tion. From these data one recovers in unique manner an elliptic curve T with periods 1,
t. Also, from the given z, one uniquely recovers the pair of distinguished points z4 =
"tzy, on I'. The elliptic curve together with the pair of distinguished points uniquely define
a loop algebra of the form (0.1). The theorem is proved.

4, Orbits

The elements X = X(z) of the algebra G will be referred to as elliptic loops (currents)
in the algebra g .

Definition 4.1. A group loop (loop in the group exp ¢) is defined to be a map g:
I[' > exp ¢ that is holomorphic' everywhere, except possibly for the points *z, and the zeros of
the vector field e.

The group loops form a group, denoted Tg. Clearly, Tg contains all functions of the
form exp X, X € G,

In this section we develop the ideas of the papers [4, 7], where a connection is exhib-
ited between the adjoint action of a loop group of an affine Lie algebra and the gauge trans-
formations of the monodromy equations corresponding to loops in the algebra. Therein the
orbit of an element is given by the monodromy operator of the corresponding equation, regarded
to within conjugation.

Let g € Tg. Let us define the operator of the adjoint action, Ad g.
g G

Definition 4.2. If the vector field e has no zeros off the points *z,, we put

(Adg) (ac + be + X) = ac -+ be + gXg* — bEg'g™ +
+ (KEgg’, XD — —Z— CEg'gt, Eg'g D) e, (4.1)

where X € G, a, be €, e =E (z) 3/3z. We wish to emphasize that in the case where the
vector field e has no zeros in I'\{#z,} on the algebra G there is only one invariant symmetric
bilinear form <+, +*>. The motivation behind Definition 4.2 follows from Theorem 3.1.5 of [4],
where formula (4.1) is a consequence of the definition Ad expX = exp ad X.

Now let us consider the case where the field e has m zeros z;, ..., 2y {m > 0) on
'\{*z,}. Then, as shown in Sec. 2, there exist m + 1 independent invariant symmetric bilinear
forms <+, >2 (I =1, ..., m+ 1) on G, which correspond to the homology classes of separat-

ing cycles on I'\{*z,, 2;, ..., zp}. The right-hand side of (4.1) depends in essential manner
on the choice of one of the forms <-, :>2. In order to get a well-defined adjoint action,
we introduce independent central elements c;, ..., cy41, which correspond to one and the same

cocycle ¥ (Sec. 1).

Definition 4.3. If the vector field e has m zeros off the points *z,, we set
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(Adg)(a01+be+X) = a'e, + be + gXgt — bEg'g —1—
+ (KEg'g’, X ———(Eg'g" Egg 1)1)517

where X, a, b, e have the same meaning as in Definition 4.2, and summatlon is carried out
over the repeated index I. All ensuing arguments will use Definition 4.2, keeping in mind
that they all generalize in obvious manner to the mase m > 0. Here we should mention that
the group loop g, constructed below in the proof of Theorem 4.1, is analytic off the points
t+z, for m = 0, and has singularities at the points z,, ..., 2z, for m > 0, and therefore it
is indeed necessary to consider such loops.

To each element X = X(z) + ac + be we associate the corresponding monodromy equation
on the curve T:

bE (9 u () = u (2) X (o) (4.2)

The point z = 0 is a regular point of the loop X(z), and so we may consider the germ
of the solution of Eq. (4.2) with initial condition u(0) = I (I is the identity matrix).
We term this solution fundamental,

Pick an arbitrary contour z = z(t) on the curve I', which starts and terminates at the
point z = 0, and continue the fundamental solution analytically along this contour. This
results in a solution of the same equation, but with a different initial condition \

X ul (0) = gz(’l)aWhere (1) & exp .

Definition 4.4. The element gz(T) € exp ¢ is called the monodromy operator of Eq. (4.2)
along the contour z = z{1).

Definition 4.5. The group generated by the monodromy operators along all closed con-
tours with distinguished point z = 0 on the curve T is called the monodromy group of Eq.
(4.1) on T,

From the general theory of monodromy equations {8, 9] it is known that the monodromy
operator depends only on the homotopy class of the contour z = z(t) on the elliptic curve
T with the singularities of Eq. (4.2) removed; these singularities include the poles of the
elliptic loop X(z),the zeros of the vector field e = E(z) 8/3z — among them, the points *z,.
As one can easily show, the monodromy group is finitely generated, with generators Mys Myts
My, My, ..., My and relations

 MoMoM{My = MM.M,-. .. My, (4.3)

where M;, Myt are the monodromy operators along the basis cycles of the curve I', My are the
monodromy operators at the points tz,, and M;, ..., M, are the monodromy operators at the
zeros of the field e. By obvious homotopy considerations, the order of the factors in the
right-hand side of relation (4.3) is immaterial, and consequently the operators My, Mi, ..o,
M, pairwise commute. An effective construction- of the monodromy at singular points can be
found in [9].

The Theorem 4.1 given below allows one to specify an orbit of the adjoint action in
the Lie algebra G by means of a finite number of parameters and is a generalization of
Theorem 3.2.10 (ii) of [4]. A preliminary observation is that for an element X = X(z) +
azc2 + be the expressions

(X, X>, = 2a'b + (X (2), X (2)>,

are invariants of the adjoint action for any I =1, ..., m+ 1 and any value of b. Thls fol-
lows from the invariance of the forms <+, :>; and Definition 4.3. Let X = X(z) + aic;' +
bie, Y = Y(z) + a2%ce + b,e, where X(z) and Y(z) are elliptic loops in the Lie algebra g¢.

Let Gx and Gy be the monodromy groups of Eq. (4.2) for the loops X(z) and Y(z),
respectively.

THEOREM 4.1. If the groups Gy and Gy are conjugate with respect to the group exp'd and
the following relations are satisfied:

2aib, + <X (2), X (2)), = 2ash, + (¥ (2), Y (2)), (4.4)
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for all £ =1, ..., m+ 1 and

by = by = 0, (4.5)

then the elements X and Y belong to the same orbit of the adjoint representation in the Lie
algebra G.

Proof. In the proof of Theorem 3.1.5 of [4] it is shown that when the relations (4.4),
(4.5) are satisfied, the elements X and Y are conjugate if and only if the loops X(z) and
Y(z) are connected by a gauge transformation

Y (s) = g(2) X (2) g () — BE (2) &' (2) ¢ (5. (4.6)

In fact, suppose X(z) and Y(z) are related as in (4.6). Then from (4.4) and (4.5) it
follows that

' b ’ - r -
a; = ai + (X, gEg > — 5 <Eg'et Eg'g e (4.7)

By Definition 4.3, Y = (Ad g)X. Conversely, Definition 4.3 and relations (4.4), (4.5)
imply (4.7).

Thus, we need to show that the conjugacy of Gy and Gy implies (4.6).

Suppose that there is a g, € exp ¢ such that g,Gxg, ' = Gy. Let ug and uy be analytic

continuations of fundamental solutions of the monodromy equations for the loops X(z) and
Y(z), respectively. By analogy with the proof of Proposition 3.2.5 of [4], we put g(z) =
uy™! (z) goux(z). Whereas ux(z) and uy(z) are not uniquely defined, g(z) is a single-valued
function. Indeed, let us check this last assertion, for example, for a circuit along a
small contour y surrounding the point z,. Let My(X) and M_(Y) denote the monodromy oper-
ators corresponding to the loops X(z) and Y(z). Parametrize the contour y by a segment

{0, T], setting g(t) = g(y(t)) (0 < t < T). Then

g+ 1) =uy (v + T) goux (v + T) = ui (t) M, (YY"t gM, (X) ux ().
Since My(Y) = gMy (X) go~!, we have
g (0 + T) =u¥ () (&M, (X)'&") goM, (X) ux (v) = uy (v) gox (v) =g (1),

j.e., g(t) is periodic on the contour vy, and similarly on any other closed contour on the
curve I'. From here it follows, in an almost standard manner, that g(z) is path-independent.
In fact, let y; and Y, be two paths from the point 0 to the point z. For fixed z let g(y) .
and u(y) denote the values of g(z) and u(z) corresponding to a path v from 0 to z. By what
we proved above,

g(mve) =g0). (4.8)

Since ug(0) = uy(0) = I, one has g(0) = g,. On the other hand, g(y;Y,™') = uy(y;y,” )~ x
goux(¥1Y,"1). Using the known multiplicative properties of the solutions of the monodromy
equation with respect to multiplication of paths, we have g(y;v, 1) = uy(y:v,"1)g, ux(y:y,"1) =

uy(v,)uy(y:™1) goux(y1) ug(y,)™ . In view of (4.8), we get uy(y;)™! goux(yi) = uy(y,)™*t X
gouy(y,), i.e., gly;) = g(y,). The single-valuedness of the function g(z) is thus estab-
lished.

Next, from the conjugacy of the monodromy operators it follows that g(z) is double
periodic.

Finally, by analogy with Theorem 3.2.5 (iii) of [4], we obtain
X (2) gt — bEg'gt = u'g, (uxX (2)) udes'uy +
+ BEuFuu g uxues uy — bEUT gouxuites uy-
By Eq. (4.2), we can replace uxX(z) in first term by bEu'y, and replace bEuy 'uy' in the

second term by Y(z), and thus get gX(z)g™! — bEg'g™! = Y(z), as needed. The theorem is
proved. :
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Let us examine the connection between the CCC-group constructed in Sec. 3 and orbits.
Denote the CCC-group by Wg. Let us define an action of Wg on the space of pairs {InM,,
InM,t}, where M, and M1 are semisimple elements. To this end we represent M, and M,
in the form My = gyhyg8w™ > Myt = 8y'hy'8y! ™ '» where hy, hy1 € §. By definition, we have
In M, = g, In hyg,™*, In Myt = gyt In hy1gyt ™", where the elements 1ln hy, ln hyr € b are
defined up to translations by elements of the lattice Q generated by a root system in the
Cartan subalgebra h. On the space of pairs {ln hy, In hy1} there is the standard action
of the group Wc, defined in Sec. 3: if wg € We,q; @ q,, where w € W, q; @ g, € Q ¢ Q, and
queqz is the translation operator by the element g; ® g,, and the action is given by the rule

we (In ko @ In ko) = w ((In ho + q,) @ (In her + 43))- (4.9)

Proposition 4.1. 1°. Two pairs of semisimple elements of the form {M,, M,'} are conju-
gate with respect to the group exp g if and only if the corresponding pairs {In by, 1n hy'}
belong to the same Wg-orbit in the space H @D b.

2°. The set of all pairs {ln hy,, In hy'} corresponding to a given orbit of the adjoint
action of the loop group is a Wg-orbit in the space § @ b.

Proof. By Theorem 4.1, assertions 1 and 2 are equivalent. Two pairs of semisimple
elements {In hw(l » In hyr 1)} (i = 1, 2) are Wg-conjugate if and only if there exists a
w € exp_¢ such that (Ad w) ) = 5., and for some choice of the value of the logarithm, (Ad w)x
1n hy(H) = 1n,(2), (Ad w) In hyi{?) = 1n by (2). Then why(Pw T = hy(2) and why (Dw ! =
hwl(z), which obviously implies the conjugacy of the pairs {Mw(i), Mw!(i)} with respect to
exp g .
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