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The Lambek Calculus

A→ A
(id)

Π→ A Γ,B,∆→ C

Γ,Π, (A \B),∆→ C
(\ →)

A,Π→ B

Π→ A \B (→ \)

Π→ A Γ,B,∆→ C

Γ, (B /A),Π,∆→ C
(/→)

Π,A→ B

Π→ B /A
(→ \)

Γ,A,B,∆→ C

Γ, (A · B),∆→ C
(· →) Γ→ A ∆→ B

Γ,∆→ A · B (→ ·)

I A fragment of intuitionistic non-commutative linear logic.

I No Lambek’s restriction: antecedents are allowed to be empty
(as in linear logic).
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Substructural Modalities
Introduction rules:

∆1,A,∆2 → C

∆1, !A,∆2 → C
(!→)

!A1, . . . , !An → B

!A1, . . . , !An → !B
(→ !)

Structural rules:

1. exchange:

∆1,∆2, !A,∆3 → C

∆1, !A,∆2,∆3 → C
(ex1)

∆1, !A,∆2,∆3 → C

∆1,∆2, !A,∆3 → C
(ex2)

2. weakening:

∆1,∆2 → C

∆1, !A,∆2 → C
(weak)

3. (local) contraction:

∆1, !A, !A,∆2 → C

∆1, !A,∆2 → C
(contr)



Non-Local Contraction

∆1, !A,∆2, !A,∆3 → C

∆1, !A,∆2,∆3 → C
(ncontr1)

∆1, !A,∆2, !A,∆3 → C

∆1,∆2, !A,∆3 → C
(ncontr2)

I Equivalent to (contr) in the presence of (ex1,2) (but stronger
without (ex1,2)).

I Motivated by linguistic applications [Morrill & Valent́ın 2015]:
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John signed the document without reading it
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Cut vs. Contraction

For the system with only local contraction (contr), cut elimination
fails.

Counter-example:

r / q, !p, !(p \ q), q \ s → r · s

I Derivable with cut.

I Not derivable without cut in the system with (contr) and
(optionally) (weak).

I Enjoys a cut-free derivation with (ncontr).
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Canonicity

I A ·1 B ↔ A ·2 B

A→ A B → B
A,B → A ·2 B
A ·1 B → A ·2 B

I A \1 B ↔ A \2 B
A→ A B → B
A,A \1 B → B

A \1 B → A \2 B

I but: !1A↔!2A, even if they obey the same rules.
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Multi-Subexponential System SLCΣ

... a non-commutative version of [Nigam & Miller 2009].

Subexponential signature:

Σ = 〈I,�,W, C, E〉,

where

I I = {s1, . . . , sn} is a set of subexponential labels;

I � is a preorder on I;

I if s1 ∈ W and s1 � s2, then s2 ∈ W; the same for C and E ;

I W ∩ C ⊆ E .
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Multi-Subexponential System SLCΣ

Introduction rules:

!s1F1, . . . , !
snFn → F

!s1F1, . . . , !
snFn → !sF

(→ !s)
Γ,F ,∆→ C

Γ, !sF ,∆→ C
(!s →)

provided s � si for 1 ≤ i ≤ n.

Structural rules:

I if s ∈ W, add weakening for !s ;

I if s ∈ C, add non-local contraction for !s ;

I if s ∈ E , add exchange for !s .

Since (weak) and (ncontr) yield (ex), we require W ∩ C ⊆ E .
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Π→ A ∆1,A,∆2 → C

∆1,Π,∆2 → C
(cut)

Strategy 1: mix elimination

Π→ !sA ∆0, !
sA,∆1, !

sA, . . . ,∆i−1, !
sA,∆i , . . . , !

sA,∆n → C

∆0,∆1, . . . ,∆i−1,Π,∆i , . . . ,∆n → C
(mix)

(s ∈ C)

I We eliminate cut and mix by joint induction (cf. [Lincoln et al
1992] for the commutative case with one exponential).

I Induction parameter: ω · c + d , where c is |A| for cut and
|A|+ 1 for mix and d is the total number of applications of
rules in the cut-free derivations of the premises.
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Strategy 2: deep cut elimination [Bräuner and de Paiva 1996]

Induction on three parameters: the number of cuts, the complexity
of cut formula, the depth of the proof trees.



Cut Elimination in SLCΣ

Strategy 2: deep cut elimination [Bräuner and de Paiva 1996]

∆1〈A〉 → C1

∆1〈!sA〉 → C1
(! →)

. . .

∆k〈A〉 → Ck

∆k〈!sA〉 → Ck
(! →)

!sΠ → A
!sΠ → !sA

(→ !)
∆〈!sA〉 → C

∆〈!sΠ〉 → C
(cut)

(contr)

(contr)

D1 Dk

Dleft
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Strategy 2: deep cut elimination [Bräuner and de Paiva 1996]

!sΠ → A ∆1〈A〉 → C1

∆1〈!sΠ〉 → C1
(cut)

. . .

!sΠ → A ∆k〈A〉 → Ck

∆k〈!sΠ〉 → Ck
(cut)

∆〈!Π〉 → C

(contr)

(contr)

D1

Dleft

Dk

Dleft



Decidability and Complexity

I Case 1. C = ∅:

I Cut-free derivation is of polynomial size w.r.t. goal sequent
length.

I Derivability problem belongs to NP.
I NP-complete (by [Pentus 2006] for the original Lambek

calculus).

I Case 2. C 6= ∅:

I Undecidable (r.e.-complete).
I NP, if !s for all s ∈ C is applied only to variables.



Decidability and Complexity

I Case 1. C = ∅:
I Cut-free derivation is of polynomial size w.r.t. goal sequent

length.

I Derivability problem belongs to NP.
I NP-complete (by [Pentus 2006] for the original Lambek

calculus).

I Case 2. C 6= ∅:

I Undecidable (r.e.-complete).
I NP, if !s for all s ∈ C is applied only to variables.



Decidability and Complexity

I Case 1. C = ∅:
I Cut-free derivation is of polynomial size w.r.t. goal sequent

length.
I Derivability problem belongs to NP.

I NP-complete (by [Pentus 2006] for the original Lambek
calculus).

I Case 2. C 6= ∅:

I Undecidable (r.e.-complete).
I NP, if !s for all s ∈ C is applied only to variables.



Decidability and Complexity

I Case 1. C = ∅:
I Cut-free derivation is of polynomial size w.r.t. goal sequent

length.
I Derivability problem belongs to NP.
I NP-complete (by [Pentus 2006] for the original Lambek

calculus).

I Case 2. C 6= ∅:

I Undecidable (r.e.-complete).
I NP, if !s for all s ∈ C is applied only to variables.



Decidability and Complexity

I Case 1. C = ∅:
I Cut-free derivation is of polynomial size w.r.t. goal sequent

length.
I Derivability problem belongs to NP.
I NP-complete (by [Pentus 2006] for the original Lambek

calculus).

I Case 2. C 6= ∅:

I Undecidable (r.e.-complete).
I NP, if !s for all s ∈ C is applied only to variables.



Decidability and Complexity

I Case 1. C = ∅:
I Cut-free derivation is of polynomial size w.r.t. goal sequent

length.
I Derivability problem belongs to NP.
I NP-complete (by [Pentus 2006] for the original Lambek

calculus).

I Case 2. C 6= ∅:
I Undecidable (r.e.-complete).

I NP, if !s for all s ∈ C is applied only to variables.



Decidability and Complexity

I Case 1. C = ∅:
I Cut-free derivation is of polynomial size w.r.t. goal sequent

length.
I Derivability problem belongs to NP.
I NP-complete (by [Pentus 2006] for the original Lambek

calculus).

I Case 2. C 6= ∅:
I Undecidable (r.e.-complete).
I NP, if !s for all s ∈ C is applied only to variables.



Undecidability Proof Sketch

I Semi-Thue systems: ηu1 . . . ukθ ⇒ ηv1 . . . vmθ, if
〈u1 . . . uk , v1 . . . vm〉 ∈ P (P is a finite set of productions).

I There exists a semi-Thue system with an undecidable ⇒∗

[Markov, Jr. 1947; Post 1947].

I Encoding the semi-Thue system using a ! equipped with
contraction: B = {(u1 · . . . · uk) /(v1 · . . . · vm) |
〈u1 . . . uk , v1 . . . vm〉 ∈ P} = {B1, . . . ,Bn}.

!s(1 / !sB1), !sB1, . . . , !
s(1 / !sBn), !sBn, b1, . . . , bk → a1·. . .·am

is derivable (s ∈ C) iff a1 . . . am ⇒∗ b1 . . . bk .

I The 1 constant can be eliminated.
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