ANALYTICAL THEORY OF HOMOTOPY GROUPS

S.P.NOVIKOV

This article summarizes and developes some ideas initiated by the author in
the works [1, 2] and oriented to the future analytical applications of the homotopy
theory.

1. J.H.C.WHITEHEAD’S FORMULA FOR THE HOPF INVARIANT AND ITS
PROPERTIES. GENERALIZATION OF H-PROPERTY

Consider any smooth mapping F: S® x R — 82 and some 2-form w on 52,
fi(x) = F(x,t). Whitehead’s formula for the Hopf invariant is well-known (in fact,
this quantity originated from the classical hydrodynamics of XIX century)

H(f,g,w):/s3 tvw:/(v,rotv)d?’x,

w=F*w=dv.

(1)

The quantity (1) has the important properties:
A. H-property (Homotopy property)

SH(f.w) o dH(fw)
Sof a7
Proof. d(vw) = ©? = F*(w?) =0 in A*(S® x R). O

B. R-property (Rigidity property)
0H/éw =0, / w =0, ow = 0.
52 52
Proof. If w' = w+déw =w+1, 0 =w+d7 wehavedv =, dv' = W', v =v+7 =
v+ F*r
H(f,w') = /v’a/ = /(ud%+ﬂv +7d7) + H(fi,w).
After integrating by parts we obtain
H(ft,w/) :H(ft7w):l:/ 2(:)77':H(ft,W) O
5’2
C. V-property (Variational property).

Consider the space of all smooth mappings g: S? — S2, deg g = 0. For any con-
tinuation f: D® — S2% f|sps = g, the integral (2) determines nonlocal multivalued

functional on the space
H+(g7w):/ V0, / w=1,
D3 52

w=f'w=dv, d'v=(xdx)v=0.

(The example pointed out to the author by Polyakov and Wiegman—see [1, 2]).
The first variation (§H ') s well-defined non-local closed 1-form nontrivial in the
1

(2)
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group H'(F,Z). All local examples were described by the author in [6]—“The
Maxwell-Weiss—Zumino terms”. The idea of generalization of (1) was introduced
briefly in [3], p. 312. Some partial results were obtained in [4]. These papers
discussed only the H-property of (1). The work [3] used unnaturally complicated
language. The elementary and general approach including all properties (above)
was developped in [1, 2]. Consider any d-algebra—i.e. skew commutative (“super”)
Z+t-graded differential algebra A = YisoAi, AiAj = (1) A;A;, d: Ai — Aiq
over some field K = Q,R,C. Suppose H°(A) = K, H*(A) = 0. The main example
is either the algebra of differential forms A = A*(M, K) for any smooth simply
connected manifold or some subalgebra A C A*. We shall construct the minimal
d-extension C;A D A

CoA = Al ,vq,...], dimvj, =7,

such that all new generators v, are free and the next properties holds:
a) 0 < dimvj, < ¢ —1,
b) H (C,A)=0,j=1,...,q.

Definition 1. The homotopy group of d-algebra is:
Tor1(A) @ K = HIF1(C,A)"
(see [1, 2]).
For any smooth F: S+l x R — M and A C A*(M) we construct a natural
d-continuation F' of the map F*: A — A*(S9+1 x R)
(3) F: C A — A*(S89%! X R).

Theorem 1. Any element z € C4A, dz = 0 determines the homotopy invariant
integral (4) correctly defined for a class [2] € HIT1(CyA) = w1 (A)*

(4) H(fs,2) = / Fz, d(Fz)=Fdz=0, dH/dt=0.
Satlxt

Proof of the H-property dH/dt = 0 is obvious as above, by the Stoke’s formula.
For the constructing of F' we observe that there is a natural filtration on the set of
new free generators vjo € CyA such that

(5) AozACA1CA2C"'CCqA
Ap = Ap_l[. - Vjay - ..], d’Uja S Ap_l, Vja € Ap.

Beginning from Ay = F*A*(M) C A*(S7t! x R) we construct the d-map E by
induction on the number p because the operation d~! is well-defined on the spaces
A (ST x R) for j < ¢. The isomorphism (6) for A = A*(M) may be deduced from
the results of H. Cartan, J.-P. Serre and D. Sullivan:

(6) Tg41(A) @ K = mg41 (M) ® K.

The construction (4) of the homotopy integrals is absolutely elementary (as the
E. Cartan—de Rham’s definition of the homology groups). It uses only the simplest
properties of forms and may be useful in the field theory.
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2. MINIMAL d-ALGEBRAS AND THEIR DEFORMATIONS

Definition 2 ([3]). The algebra A is minimal iff A is free and for any free generator
Zja € A; we have
(7) dl‘jazpja(...,xqg,...),
q:diquﬁ<j, A():K, A =0.

For any minimal algebra A we shall construct its universal deformations. Con-
sider the free algebra B with set of free generators (zja,wja,vj—1,o) such that:
dvj—l,oz = Wjq-

The universal (infinitesimal) deformation fy of subalgebra A C B has the next
properties

a) f() = 1, A— A

b) f)\(Ija) =Tjo +Advj_1,q if drjn =0

c) suppose faZjo = Zja(A) is well-defined for all j < p:

Tja(A) = Zja + AYja + O(N?).

Lemma 1.
Ppg(co s ja(N)y ) = Pogleo o, Tjay - )+HAAQps (- o o, Tjas Wjas Vj—1,as - - - ) FO(N?)
for some polynomials Qpg.
Definition 3. The universal deformation of minimal algebra is given by the formula
(8)
(8) A(@ja) = Tjo + AQja + Advj_1,0 + O(N?).

The deformation (infinitesimal) of any concrete map g: A — C' is some contin-
uation G: B — C and completely determines by the elements G(vj_1,4) € C.

For the minimal algebra A we have the obvious isomorphism

Tg+1(A)" = Ag41/(decomposable elements).

Any free generator x¢41,o € Ag+1 determines the unique element 2441, € Hat! (ClA) =
mq+1(A)*, represented by the cycle Z:

(9) 2q+1,a =Zgtl,at - € Cq+1A, déqul,a =0
(the difference Zg41,0 — Zq41,o is decomposable element).

Lemma 2. The deformation (8) of minimal algebra A determines the extended
deformation of the algebras C4A for all ¢ > 1 such that

(10) Zor1,0(N) = Zg1,0 + Adujo + O(N?) € C,B.
Example 1. 75 = w € A?(S? x RV), w? = duxs,
A= Qlza,x3], C2A=A[v], dvy=22=uw.
z3 =1x3 —vix2 € m3(A) =k =Q,R,C.
For the deformation f) we have
xo(N) =z + Adm =w + Ndmy

23(\) = 23 + 20w + Adra + O(\?)
Ul()\) =v1 + A1y
Z3(A) = z3(A) —v1(Nw(N) = 23 + A\[2wT1 — wr1 —v1d7] + Adme + O()\Q)

= 23 + )\d(UlTl + 7'2) + O()\Q)
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Example 2. M =R3\ ", (x,), K = M x RY

A= Q[xZ,a; I3 (aB); x4,(o¢ﬁ'y); e ]a
dao =0, drs(ap) = T2aT2p, dTg(apy) = """ -

a) CrA = A[Ull,UuL dvia = T2q,

- k®mM =S5, k=QR,C,

Z3(af) = #3(Ba) = T3(ap) ~ [ViaTap).
b) C3A = CoA[. .., v2(08), - - - |, d2(aB) = 23(ap)
(9") Z4(aBy) = Ta(afy) = Ta(apy) T F [V1av15T24].
There is a natural map ¥: A — A*(M) such that

U(z300p) =0, ¥(z4apy) =0,

For any map F: S9! x R — M, ¢+ 1 = 3,4 the formula for F'z includes only the
last term in the brackets [...] from (9’) and (9”). There is a relation

Za(apy) T Z4(Bva) — Za(ayp) = 0
Z3(aB) = 23(Ba)

3. MINIMAL MODELS IN A*(M). MODULI SPACE. R-PROPERTY. COMPLEX
STRUCTURES

The Whitney’s ring of all semilinear forms for any simplicial complex K contains
all SL-forms over the field k = R, C. The SL-form w is by definition the collection
of K-forms w on each simplex o, C K such that their restrictions are completible.
The d-algebra A% (K, k) determines real homotopy type (k-type). The Sullivan’s
subring A%, (K,Q) C A%, (K, R) contains all SL-forms w such that all w, have the
polynomial coefficients over Q in the standard coordinates of o,. For the smooth
triangulated manifold M we have

(11) A5p(M,Q) & Ay (M,R) > A*(M,R).

Consider the “stable” manifold K = M xR for N — co. There is “N-embedding”
of the minimal algebra ¢: A — A%, (K, Q) such that

a) ¢ is the monomorphism up to dim N/2;

b) p.: H*(A) — H*(K,Q) is isomorphism.
There is a deformation ¥, of the map igp = ¥y such that ¥;(4) C A*(K,R) C
A% (K, R). As a result we obtain the next

Theorem 2 (D.V. Milliongikov). There is N-embedding U1: A — A*(M x RV R)
of the rational minimal model A over Q in the ring of ordinary C*°-forms.

Corollary. For any smooth manifold M there is a homomorphism ¥: A — A*(M,Q)
of the minimal Q-model A in the algebra of the ordinary C*°-forms A*(M) such
that

(12) U*: H*(A,Q) —» H*(M,Q), Y(xne) =0, n>dim M,

is isomorphism (see discussion in [2]).



ANALYTICAL THEORY OF HOMOTOPY GROUPS 5

The construction of ¥; and ¥ (above) is non-effective. More natural construction
[2] leads to nontrivial obstructions. Suppose by induction that the N-embedded
Q-subring ¥®: AP A*(M x RN R), N — oo is constructed, A®) contains all
free generators xj, for j < p —1, HI(AP) Q) = H/(M,Q), j < p— 1. The ring
A®) is minimal and free. Consider the homological embedding in the dimensions p
and p + 1:

(13) o) HP(A®) k) — HP(M,C),
(14) W) HPPYA®W) k) — HPYY(M,C), k=QR,C.

Has the image Im \Ilfz)) NH® (M, k) c H?(M,C) the same k-rank as the C-rank
of Im(¥'%) @ C)?

Has the kernel Ker \I/ip 1)1 1 the same k-dimension as C-dimension of Ker(\Il,(f z)) 1®
C) or R-dimension of Ker(\IIEf));H ®R)?

If so, the p-obstruction to the k-continuation of N-embedding of the minimal
model is zero (k = Q). Suppose the p-obstruction is zero.

Choose the basis Zp.1, .. ., Tp,a, € Coker ) N HP(M, k) and the basis y,1,. ..,
Yp,3, € Ker \Ilffz),_‘_1 C HPT1(A®) k). The representatives of the classes 7, are the
C*>°-forms—elements T, (@ = 1,...,q;) in AP(M x RY). The representatives of
classes y,, - are the polynomials (“structural polynomials”)

Prapir(co i Tja,.-.), Tja € AP j<p.
By definition the algebra APt 5 A®) has the new set of free generators (xp1s---,
Tpay Tpapprs -+ Tp,ay+8,) and extended map
WP APHD A% (M x RN, Q)
such that U@+ = ¥®) on AP < AP+ and
{ \I/(p+1)(aspa) =Tpa, a=1,...,0,

(15) )
VP (2, 0 2) = dipaytr = Ppaytr(oe o Tjas-. ).

The construction (15) is always possible for £ = R, C. The resulting ring |J, AP) =
A is by definition the minimal k-model.

For p = 2,3 the construction (15) is obviously possible also for £k = Q (7, =0) .
But the continuation of ¥(?) to higher dimensions is not unique:

(16) Tho = Tpa + Upa, dpe = 0.

For the closed free generators we have a natural “integrality requirement”: the class
[Zpa] should be integral

Tpa € HP(M,Z), a=1,...,0p.
For the nonclosed #,, (@ > «,) all elements (16) are “a priori” equivalent. From

the Theorem 1 and its Corollary (above) we deduce the next

Proposition. There exist (noneffectively?) such collection of elements (zpa) for
allp > 3 and k = Q such that the construction (15) does not meet any obstructions
(above).

Problem. How to find the nonclosed Q-generators effectively without any trian-
gulation?
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Consider now the infinitesimal variations of the minimal k-subring ¥(A4) C
A*(M x RY C) constructed by the procedure (15) and such that the cohomology
classes of all closed generators T, (@ =1,..., ;) are fixed.

(17) 5[£‘pa] :0, o = 17...7Olp7 d:ipa =0.

For the variation of nonclosed generators Z,, we shall use (16). As a result we
obtain

Lemma 3. There is an embedding of the set of homotopy classes (8) of all vari-
ations 0V fized on the set of closed gemerators (17) in the (pre)-moduli space
K = Up kp of minimal k-models for k =R, C:

p—1

kp =Y Kerhs ® HI(M,k).
>3
The proof may be easily deduced from (16), (17) and (8) because in the formula

(16) we use only z,, dual to Ker hy, and [upo] € HP(M). Here h;: 7;(M) — H;(M)
is the Hurewitch homomorphism.

Corollary (R-property). Suppose r, = 0. In that case all homotopy integrals are
rigid for p = q+ 1. They don’t depend on the map ¥ of the minimal Q-model A in
the algebra of C*°-forms, fized on the set of the closed free generators.

Remark. For the N-embedding ¥y of the Theorem 2 (above) all homotopy inte-

grals are rational numbers. The proof may be easily deduced from the properties
of ring A%, (K,Q) C AL, (K,C) and deformation ¥;.

In fact, tangent space to the moduli space of all homotopy classes of minimal
k-models with fixed set of closed free generators is isomorphic to some factor-space
of the space £ = Ker hy ® HP: Mody(M) = x(M)/V(M). The space Mody (M)
contains some “Sullivan’s” point Ay and subspace Mod{)(M) C Mody (M) of the
minimal models, isomorphic to Ag ® k, Modg(M) = x/V(M). The student of
author proved the next theorem.

Theorem 3 (D.V. Millionsikov). There is a spectral sequence EP1, r > 1, such
that

a) d,: BP9 — Eptmatr+l

b) BV = Ty (M) ® Hy(M, k) (mo = m1 =0, H° =k, H' =0)

c¢) Imd, N EP? C Ker hy, @ HP (M, k) = k(M)

d) 53 ELP Nk = Modp (M) C k/V (M)

&) Sypm LI = H™(D) )
Here the Z-graded differential Lie supemlgef)m (D,d) contains all infinitesimal au-
tomorphisms of Ao @ k, D = 3 7 Dy, di(z) = dt(z) £td(z), t € D, dimt =
dimtr — dimxz = p.

Algebra D has the filtration s > 2; --- D D* D D! 5 ... such that ¢ € D? iff
txr =0 for all z, dimx < 1.

Example. Suppose a = [M"] € H"(M"™,Z) and p € H"(M",Z)—the fundamen-
tal classes (u,a) = 1. For n =4, 71 =0, by # 0 we have

a) mq(M*) = Ker hy;

b) Ker hj @ H*(M*) 2 7 (M*) @ R = k;
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¢) Mody, (M*) = Mod{ (M*) = 0 because:
di: E¥? =i @ H? —» Ep* = Kerh} @ H* = Imd; =« @ H*.
Conjecture. For any closed simply connected manifold M with some nontrivial
Betti numbers b; # 0 for 1 < j < n all group Ker h, @ H*(M"™) = m, @R = E"" is

covered by the image of differentials d, and E7z™ = 0. The moduli space Mody(M™)
may be reduced to Ky :

n—1
Mod (M™) = (Z Ker b @ Hp> JV'(M).

p=3

Consider now closed simply connected complex manifold M 2n n = dime M.
There are the standard operators 9, and their real combinations

d=9+d, d.=i(0—0), i*=—1.

We shall use the subring B = Kerd. C A*(M?",C) as d-algebra. For the
Kéhlerian manifold the subalgebra (B,d) is homotopy equivalent to A* by dd.-
Lemma ([5]):

H*(B,d) = H*(B,d.) = H*(M,C).
The natural projection
B =XKerd., — H*(B,d.) = H*(M,C)

is the main map of ([5]) which leads to formality of the R-homotopy type {M?"}.
There is a formula ([5])

(18) (Kerd. NKerd)/Imdd. = H*(M).
The important for us corollary from (18) in the next

Proposition. (Imd. NKerd)/Imdd. = 0. By the standard procedure (13)—(15)
for k=R, C we construct the map of minimal k-model

U: A — (B,d) = (Kerd,,d) C A*(M*").

Lemma 4. There is a canonical construction W whose homotopy class is deter-
mined completely by the complex structure on M?".

Proof. By dd.-lemma we construct canonically d=!(y) € Imd,. in the subalgebra

B =Kerd,, dy = 0. The transformation (16) will have special form:
¥ =z+du, di'=dx=

(16') c Y

d(d.u) =0

so the class of [d.u] € H*(M) by Proposition (above) is zero. O

Theorem 4. There is a canonical homomorphism of the tangent space T to the
moduli space of all complex (Kdhlerian) structures in the moduli space Modc (M)
of the minimal R-models:

®: T — Mode(M) =k/V(M)
2n—1

k=Y Kerh;® H’(M*" R).
p=3
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Example. Consider the case n = 3 and Ricci-flat manifolds (Kummer—Calaby—Yau
type). We have m; = 0, H! = H® = 0:

bo=a, by=hr>"+n"" +p"?=24p""
for a > 1 the group Ker h3 is nonzero
Ker hi @ H*(M° R) # 0.

Problem. Calculate the deformation ® of the minimal R-models in the moduli
space Modg the corresponding deformation of the homotopy integrals.

Conjecture. The minimal model constructed (above) by the ring B = (Kerd,,d) C

A*(M) represents Sullivan’s rational minimal model for the complex algebraic man-
ifolds M over the field Q.
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