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Abstract. The basic concept of this survey is an exposition of a recently de-

veloped method of constructing a broad class of periodic and almost-periodic

solutions of non-linear equations of mathematical physics to which (in the
rapidly decreasing case) the method of the inverse scattering problem is ap-

plicable. These solutions are such that the spectrum of their associated linear
differential operators has a finite-zone structure. The set of linear operators

with a given finite-zone structure is the Jacobian variety of a Riemann surface,

which is determined by the structure of the spectrum. We give an explicit so-
lution of the corresponding non-linear equations in the language of the theory

of Abelian varieties.
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Introduction

In 1967 a remarkable mechanism was discovered relating some important non-
linear wave equations with the spectral theory of auxiliary linear operators. This
connection makes it possible, in a certain sense, to “integrate” these non-linear
equations (see [18]). The first such equation, the famous Korteweg—de Vries
(K-dV) equation, was reduced in [18] to the inverse scattering problem for the
Schrödinger operator L = −d2/dx2 + u(x), to solve the Cauchy problem for the
K-dV equation in the class of rapidly decreasing functions u(x). Subsequently, this
mechanism was perfected and interpreted from different points of view by Lax [19],
Zakharov and Faddeev [21], and Gardner [22]; later, other important non-linear
equations were found to which a similar mechanism can also be applied. The first
after the K-dV equation was the non-linear Schrödinger equation (Zakharov and
Shabat [25], [26]) then the standard sine-Gordon equation, the Toda chain, the non-
linear equation of the string, and a number of others (see [23]–[35]); for all these
equations an analogue of the method of Gardner—Green—Kruskal—Miura makes
it possible to “integrate” the Cauchy problem for rapidly decreasing functions of x,
by means of the scattering theory for an auxiliary linear operator. In particular,
this method enables us to investigate the asymptotic behaviour of solutions in time
and to obtain some important particular solutions called “multisoliton”, which de-
scribe the interaction of a finite number of “solitons” (isolated waves of the form
u(x− ct)).

Up to the end of 1973 there were no papers in which this mechanism was
used successfully to study the Cauchy problem for functions periodic in x, even for
the original K-dV equation. This is not surprising: one of the reasons is that the
inverse problem for the Schrödinger equation with periodic potential was, in essence,
unsolved. There were no effective methods whatever of finding the potential from
the spectral data. (For almost periodic potentials this problem had not even been
raised.) Recently, Novikov, Dubrovin, Matveev and Its have published a number
of papers (see [38]–[43], [46], [47]) in which a method is developed that permits us
to find a broad set of exact solutions of the K-dV equation, periodic and almost
periodic in x, which give a natural generalization of the multisoliton solutions. It
is fairly clear that this set of solutions is dense among the periodic functions. This
was noted in [42] and [43], but has not yet been established rigorously. The method
of the present authors, which is expounded in this survey, required a substantial
perfection of the algebraic mechanism mentioned above, and also an appeal to ideas
of algebraic geometry. This method is applicable not only to the K-dV equation, but
also to other non-linear equations of this type, for the investigation of the periodic
problem, as was pointed out in [42] and [43]. The appropriate modifications of the
method will be indicated in the survey.

At the International Congress of Mathematicians in Vancouver it became known
that simultaneously with Novikov’s first paper [38], the work of Lax [50] appeared,
which contains as its principal result part of the main theorem of Novikov’s paper
[38]; Lax’s proof is not constructive and differs from Novikov’s method (see Ch. 2,
§ 2, p. 22). Furthermore, Marchenko has completed his works [44] and [45] in which
he develops a method of successive approximations to solutions of the K-dV equa-
tion, which is based on the spectral theory of the Schrödinger operator L. Some of
his arguments overlap with specific technical arguments of [38].



2 B.A.Dubrovin, V.B.Matveev, and S.P.Novikov

In studying a periodic or almost-periodic problem by the method of the authors
an important part is played by the class of potentials u(x) for which the Schrödinger
operator L = −d2/dx2 + u(x) has only finitely many forbidden zones (lacunae or
zones of instability) in the spectrum on the whole real x-axis.

We must bear in mind that the physical interpretation of the K-dV equation
in the theory of non-linear waves (see [16]) is such that its natural Cauchy problem
must be posed without definite boundary condition (for example, periodic functions
with a given period in x are insufficient). We must find as wide as possible a set of
solutions u(x, t) belonging to various classes of functions that are bounded in x. The
most natural such classes are, apart from the class of rapidly decreasing functions
already mentioned, those of periodic functions with arbitrary periods in x, and also
those of almost periodic functions of x with an arbitrary group of periods (in any
case, the dynamics in t turns out to be almost-periodic a posteriori).

The formulation in which we shall solve the inverse problem for the Schrödinger
operator L automatically gives not only periodic, but also almost-periodic real and
complex potentials and the corresponding solutions of the K-dV equation. Our
approach, based on the consideration of finite-zone potentials, is closely connected
both with the theory of the K-dV equation and with the algebraic geometry of Rie-
mann surfaces and Abelian varieties (see Ch. 2). This is a constructive approach
and enables us to obtain exact analytic solutions. It is noteworthy that the connec-
tion with the K-dV equation gives non-trivial new results in the theory of Abelian
varieties itself, in particular, it leads to explicit formulae for the universal fibering
of the Jacobian varieties of hyperelliptic Riemann surfaces (for example, even the
fact that this covering space is unirational was not known hitherto).

Examples of finite-zone potentials (but in a context unrelated to algebraic ge-
ometry and the K-dV equation) have in the past aroused the interest of various
mathematicians in isolation, beginning with Ince who noted in 1940 that the po-
tential of the Lamé problem, which coincides with the doubly elliptic function of
Weierstrass, has only one lacuna, but the n(n+1)/2-fold Lamé potentials have n la-
cunae (see [7]). In 1961, Akhiezer [10] began to construct examples of finite-zone
potentials on the half-line x > 0 without knowing of Ince’s work [7]. He proposed an
interesting (in essence, algebraic-geometric) method of constructing the eigenfunc-
tions without constructing the potentials themselves. The potentials which result
from Akhiezer’s construction, turn out under analytic continuation in x to be even
almost-periodic functions of x; true, he paid no attention to this and considered the
whole problem only on the half-line and pursued the analysis to its conclusion only
in the single-zone case. The development of Akhiezer’s ideas, which was undertaken
by Dubrovin [40] and Matveev and Its [41], plays a large part in the method of the
present authors (see Ch. 2).

In 1965, Hochstadt [9], without knowing of Akhiezer’s work [10], raised the
inverse problem for finite-zone periodic potentials and began to solve it. He proved
that there are no potentials other than elliptic functions with a single lacuna (for
n = 1 this theorem is the converse of the result of Ince). For a number n > 1
of lacunae Hochstadt could only prove that a continuous n-lacuna potential is an
infinitely smooth function. Such is the history of this problem prior to the recent
papers covered in this survey.

We are particularly concerned with the properties of the one-dimensional Schröd-
inger (Sturm—Liouville) equation with an almost-periodic potential u(x). Before
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the publication of [38] there were in the literature neither serious general results,
nor integrable cases of this problem. In fact, the translation matrix T̂ , the law of
dispersion p(E), and the Bloch eigenfunctions ψ± are formally meaningless. Al-
though the Bloch eigenfunction ψ±(x, x0, E) can here also be defined by requiring
that the function

χ(x,E) =
d lnψ±
dx

has the same group of periods as the potential (instead of the condition

ψ±(x+ T ) = e±ip(E)ψ±(x) ),

it is no longer clear whether it exists for all real and complex values of the spectral
parameter E, Lψ± = Eψ± (the strongest results on this problem were obtained
quite recently in [59]); the usual spectrum of the operator L in L2(−∞,∞) is ob-
tained when ψ± is bounded, but we need it for all complex values of E. We shall
study the class of real and complex almost-periodic potentials u(x) that possess
what we call correct analytic properties: for these an analogue of the Bloch eigen-
function ψ±(x, x0, E) exists for all complex E and it has the following properties
(see Ch. 2, § 2):

1) Lψ± = Eψ±;
2) ψ±(x, x0, E)|x=x0 ≡ 1;
3) ψ± ∼ e±ik(x−x0) as E →∞, k2 = E;

4) ψ± =
d lnψ±
dx

is almost periodic with the same group of periods as the

potential u(x);
5) ψ±(x, x0, E) is meromorphic on a Riemann surface Γ doubly covering the

E-plane and ψ± and ψ− are obtained from one another by exchanging the two ψ+ and ψ−?
sheets.

It is permitted here also to consider potentials with poles at certain points; in
this case, if the potential is unbounded, we assume the function u(x) to be complex
analytic (meromorphic) in a certain strip x+ iy around the x-axis.

We say that the potential u(x) (or the operator L) is finite-zoned (finitely
lacunary) if the Riemann surface Γ has finite genus. Γ itself is called the spectrum
of the operator L, its genus is the number of forbidden zones (or lacunae), and
the branch-points are “boundaries of the zones” (or lacunae), although a direct
spectral interpretation of these concepts is valid only in the case of bounded real
potentials u(x).

Novikov in [38] observed that it is natural to consider periodic potential in the
solution of inverse scattering problems. He proved there that every stationary pe-
riodic solution u(x) of the so-called “higher order K-dV equations” is a finite-zone
potential and that these stationary K-dV equation are themselves totally integrable
Hamiltonian systems with n degrees of freedom (n being the number of zones).
Hence their general solution is an almost-periodic function, possibly meromorphic.
These equations depend on n + 1 constants c0, . . . , cn and have n commuting in-
tegrals J1, . . . , Jn; furthermore, symmetric functions of the boundaries of the for-
bidden zones (lacunae) can be expressed in terms of these constants, and the levels
of the integrals (c0, . . . , cnJ1, . . . , Jn). From this there follows an important result:
for any given boundaries of zones (lacunae) we can find a potential by solving sta-
tionary higher K-dV equations, but, generally speaking, it is almost-periodic with
group of periods T1, . . . , Tn and may possibly have poles. All the right-hand sides
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of the K-dV equations and of the integrals Jα are polynomials, and naturally there
arise also complex meromorphic almost-periodic potentials.

Soon after the completion of the papers of Dubrovin [40] and Its and Matveev
[41], Novikov and Dubrovin showed [43] that the complex level surface of the inte-
grals J1, . . . , Jn is an Abelian variety, explicitly embedded in projective space; all
the potentials u(x) have regular analytic properties and are almost-periodic (if x is
complex) with a group of 2n “real and imaginary” periods T1, . . . , Tn, T

′
1, . . . , T

′
n,

and their time evolution by the K-dV equation and all its higher order analogues
for these potentials is given by a rectilinear (complex) development of this Abelian
variety (the 2n-dimensional complex torus). This Abelian variety is called the “Ja-
cobian variety” of Γ.

These results can also be applied directly to the theory of Abelian varieties (see
Ch. 2). To see this it suffices to note that in the solution of the inverse problem of the
spectral theory for the Schrödinger operator L by the method of the present authors
all reference to results from the theory of the Schrödinger operator with periodic
potential is easily eliminated, and all the results are true for the almost-periodic
case when the boundaries of the zone (branch-points of Γ) are given arbitrarily.
The group of periods of u(x) is determined by the spectrum (by Γ); to specify
the potential u(x) we need one arbitrary point on the complex torus—the Jacobian
variety J(Γ). Explicit formulae are given for the potential u(x). There are formulae
of several types (see Ch. 2); the best of them seems to be that due to Matveev and
Its (see [41] and Ch. 2, § 3): it expresses the potential by a simple explicit formula
in terms of the Riemann θ-function. A number of useful formulae for the time
dynamics according to K-dV can be found in [46]. We recall that in the usual
statement of the inverse problem for a periodic potential as “scattering data” all
the eigenvalues (En) are given for which the eigenfunctions are periodic with the
same period T as the potential, as well as the residual spectrum of the Sturm—
Liouville problem on the half-line (see, for example, [6]; uniqueness theorems were
already proved by Borg [1]). In this form even finite-zoned potentials cannot be
effectively distinguished.

In our formulation (for example, for the finite-zone case) the boundaries of
the zones are specified arbitrarily, then all the potentials with this spectrum which
have a common group of periods and form the Jacobian variety J(Γ) are found
explicitly. If the branch-points (boundaries of zones) are all real and the poles
of the function ψ±(x, x0, E) lie at points of the “spectrum” Γ over finite lacunae,
then we obtain a family of bounded almost-periodic real potentials, forming a real
torus Tn, on which the higher equations of K-dV type form rectilinear developments
in the corresponding “angular” variables (see [46]).

If even the potential u(x) obtained is real and periodic in x, then under contin-
uation into the complex domain in x, it becomes conditionally periodic along the
imaginary axis, generally speaking, with a group of n imaginary periods T ′1, . . . , T

′
n.

The only exceptions are the cases when the potential reduces to elliptic functions.
Such potentials are given, for example, in Ch. 2 and in [42]. The simplest is the
Lamé potential.

It is not difficult to obtain the “closure” of our formulations, as the number of
zones tends to infinity. However, in this case the relevant theorems become “exis-
tence and uniqueness theorems” and cease to be analytically constructive. It has
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not yet been proved rigorously that any (periodic) potential can be approximated
by finite-zone potentials.

In Ch. 3 we give generalizations of our theorems to some other non-linear
equations. As was pointed out to the authors by A.N. Tyurin, of particular interest
from the point of view of algebraic geometry is the translation of the theory to the
case of first order (n× n)-matrix operators with n > 2, in which non-hyperelliptic
Riemann surfaces appear. If arbitrary Riemann surfaces can, in fact, occur in the
periodic theory of Zakharov—Shabat operators (see Ch. 3, § 2) as “spectra” of a
finite-zone linear operator, then this leads to a proof of the celebrated conjecture
that the space of moduli of Riemann surfaces of arbitrary genus is unirational.
Indeed, according to the scheme of [43] (see Ch. 2, § 3) we can show that the space
of the universal fibering of Jacobian varieties is unirational. But then the base
also (that is, the variety of moduli of the curves themselves) is also unirational.
However, the question of whether all Riemann surfaces Γ can occur in this way, is
not yet settled.

Thus, in naturally occurring totally Liouville integrable Hamiltonian systems
connected with the scattering theory for the auxiliary local operator L, the level
surfaces of the commuting integrals are not simply real tori Tn, but under con-
tinuation into the complex domain, they are Abelian varieties T 2n which are the
Jacobian varieties J(Γ) of Riemann surfaces arising as spectra of the operator L.
An interesting question is whether there are natural classes of totally integrable
systems in which there arise similarly Abelian varieties that are not the Jacobian
varieties of any Riemann surfaces.

Incidentally, as a concluding remark we point out that in the classical non-
trivial integrable cases of Jacobi (geodesies on a 3-dimensional ellipsoid) and of
Sonya Kovalevski (the case of the heavy gyroscope) Abelian varieties also occur as
level surfaces of commuting integrals: the direct product of one-dimensional ones for
Jacobi’s case and non-trivial two-dimensional Abelian varieties for the Kovalevski
case. (This can be guessed from the formulae given, for example, in [57], although
the result has not been stated anywhere explicitly.) Here we quote from a letter
written by Sonya Kovalevski in December 1886.

“He (Picard) reacted with great disbelief when I told him that functions of the
form

y =
θ(cx+ a, c1x+ a1)
θ1(cx+ a, c1x+ a1)

can be useful in the integration of certain differential equations” (quoted in [57]).
The analysis of the present authors shows that for 90 years after the work of Sonya
Kovalevski, until the 1974 papers on the K-dV equations, Picard’s scepticism was
justified.

The present survey consists of three chapters and applications. The first chapter
is a brief survey of the non-linear equations integrable by the method of the inverse
scattering problem that were known up to the end of 1974. The second and third
chapters and the Appendices contain an account of the results of the authors, Its
and Krichever.



CHAPTER 1

Examples of Non-Linear Equations
Admitting a Commutation Representation.

Methods of Finding Them

§ 1. The K-dV equation and its higher order analogues

As Lax pointed out in 1968 (see [19]), the Kruskal—Gardner—Green—Miura
method [18] of integrating the Cauchy problem for functions rapidly decreasing in x
for the K-dV equation ut = 6uux−uxxx can be obtained, by reduction to the inverse
scattering problem for the Schrödinger operator, from the operator representation
of this equation

(1.1.1)
dL

dt
= [A,L],

in which L = − d2

dx2
+ u(x, t) and A = −4

d3

dx3
+ 3

(
u
d

dx
+

d

dx
u

)
. The operators

L and A act on functions on x, dL/dt is the operator of multiplication by the
function ut, while [A,L] is the operator of multiplication by 6uux−uxxx. It follows
from (1.1.1) that the discrete spectrum λi(L) does not change in time. This is true
both for functions u(x, t) rapidly decreasing in x and also for periodic functions
(although in the latter case this gives a set of integrals equivalent to the Kruskal—
Zabusskii integrals [17]. Lax and Gardner (see [19], [22]) indicated a series of
evolution equations of the form

(1.1.2) ut = Qn

(
u,
∂u

∂x
,
∂2u

∂x2
, . . . ,

∂2n+1u

∂x2n+1

)
,

admitting an analogous representation

(1.1.1′)
dL

dt
= [An, L],

where An =
d2n+1

dx2n+1
+

2n∑
i=0

Pi
di

dxi
, Pi and Qn are polynomials in u, ux, uxxx, . . . with

constant coefficients, L is the Schrödinger operator L = − d2

dx2
+ u(x, t), A0 =

d

dx
,

A1 = A, and

A2 = 16
d5

dx5
− 20

(
u
d3

dx3
+

d3

dx3
u

)
+ 30u

d

dx
u+ 5

(
u′′

d

dx
+

d

dx
u′′
)
.

6
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All these are called “higher order K-dV equations” and have the form Qn =
∂

∂x

δIn
δu(x)

, where In−1 =
∫
χ2n+1(u, ux, . . . , u

(n−1)) dx and the χ2n+1 are poly-

nomials to be specified below; for example,

(1.1.3)


I−1 =

∫
u dx, I0 =

∫
u2 dx, I1 =

∫ (
u2

x

2
+ u3

)
dx,

I2 =
∫ (

1
2
u2

xx −
5
2
u2uxx +

5
2
u4

)
dx.

As was shown first in [17], the quantities In are conserved in time by the K-dV

equation. From the representation Qn =
∂

∂x

δIn
δu(x)

it follows, as Gardner noted,

that all the “higher order K-dV equations” are Hamiltonian systems with infinitely

many degrees of freedom, since
∂

∂x
is a skew-symmetric operator. Faddeev and

Zakharov [21] have shown that all the K-dV equations are totally integrable Hamil-
tonian systems in which the scattering data of L (see Ch. 2, § 1) are “action-angle”
canonical variables, and the eigenvalues of the discrete spectrum λi(L) commute
(have vanishing Poisson brackets). From this it follows that the integrals In also
commute. This last fact was proved independently by Gardner [22] by another
method. An algorithm for discovering the integrals In is as follows (these integrals

were first found in 1965). Let Lψ = Eψ and iχ(x, k) =
d lnψ
dx

, where k2 = E.
Then the quantity χ satisfies the Riccati equation

(1.1.4) −iχ′ + χ2 + u− E = 0

and admits, by (1.1.4), the formal expansion as E →∞:

(1.1.5) χ(x, k) ∼ k +
∞∑

n=1

χn(x)
(2k)n

, k2 = E.

All the polynomials χ2n(x) are purely imaginary and are total derivatives while
the polynomials χ2n+1(x) are real and depend on u, ux, uxx, . . . , u

(n−1). For all k,
the integral Ik =

∫∞
−∞ χ(x, k) dx is time-invariant under all “higher order K-dV

equations”, hence, all the quantities In are also conserved. The scattering data and
also the method of integrating the periodic problem will be explained later (see
Ch. 2). We know that the modified K-dV equation ut = 6|u|2ux − uxxx can be
reduced to the K-dV equation, hence is also totally integrable.

§ 2. The non-linear equation of the string and
the two-dimensional K-dV equation

Closest to the K-dV equation from the present point of view are the non-linear
equations of the string (see [23])

(1.2.1)
3
4
β
∂u

∂y
= −∂w

∂x
, β

∂w

∂y
=

1
4
(6uux + uxxx) + λux
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and the “two-dimensional K-dV equation” (see [24], [37])

(1.2.2)


3
4
β
∂u

∂y
= −∂w

∂x
,

β
∂w

∂y
= α

∂u

∂t
+ λux +

1
4
(6uux + uxxx),

which occurred earlier in the study of transverse perturbations of long waves in
non-linear media with dispersion. Here the operators L and A have the form

L =
d2

dx2
+ u, A = 4

d3

dx3
+ 3

(
u
d

dx
+

d

dx
u

)
+ λ

d

dx
+ w.

The equation (1.2.1) is equivalent to the following:

(1.2.3) β
∂A

∂y
= [L,A].

and (1.2.2) to the relation

(1.2.4) β
∂A

∂y
+ α

∂L

∂t
= [L,A].

In fact, in (1.2.1) and (1.2.3) the operators L and A have exchanged their roles
in comparison with the K-dV equation, and the two-dimensional K-dV equation
((1.2.2) and (1.2.4)) unites them.

§ 3. The non-linear Schrödinger equation

This equation has the form

(1.3.1) α
∂u

∂t
=
∂2u

∂x2
± |u|2u

and was after the K-dV equation the first for which Zakharov and Shabat discovered
in 1970 a mechanism for the reduction to the scattering problem for the auxiliary
linear operator, which is no longer a Schrödinger operator (see [25], [26]). Here the
operators L and A have the form

L = I
d

dx
+
(

0 u
v 0

)
(l1 − l2), I =

(
l1 0
0 l2

)
,

A =
d2

dx2
+ 2

(
0 ux

vx 0

)
.

If u = v̄, then the equation

(1.3.2) α
dL

dt
= [A,L]

is equivalent to (1.3.1):

−α∂u
∂t

=
l1 + l2
l2 − l1

uxx − 2
l1 + l2
l1l2

|u|2u

for an appropriate choice of constants l1 and l2. The integration of (1.3.1) for
rapidly decreasing functions can be found in [25] and [26].
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§ 4. First order matrix operators

Suppose that L and A are first order matrix operators in x. We look for them
in the form

(1.4.1) L = l1
d

dx
+ [l1, ξ], A = l2

d

dx
+ [l2, ξ],

where [l1, l2] = 0, l1, l2 are constant (N ×N)-matrices and ξ = (ξij). The matrices
l1 and l2 can be assumed to be diagonal, l1 = aiδij , l2 = biδij . The equation

α
∂L

∂t
+ β

∂A

∂y
= [L,A]

can easily be brought to the form

(1.4.2) (ai − aj)
∂ξij
∂t

= (bi − bj)
∂ξij
∂y

+ · · ·

In a number of cases, by imposing on ξij constraints of the type ξ+ = IξI,
where I2 = 1, we can reduce (1.4.2) to a system with fewer unknowns. Some
important cases of this kind for N = 3 were first given in [27], with I =

(
1 0

1
0 1

)
or

I =
(

1 0
−1

0 1

)
. A general method of obtaining these systems was developed in [37].

The degenerate case in which some of the components of the matrices l1, l2
vanish, ai = bi = 0, is very interesting. For fourth order matrices we have here
systems for which the corresponding non-linear equation reduces to the standard
“sine-Gordon” equation (see [30]):

(1.4.3) utt − uxx = sinu.

As a consequence of the degeneracy ai = bi mentioned above, the spectral prob-
lem for the corresponding operator L turns out to be non-trivial; various difficul-
ties are overcome in [30]. More straightforward is the variant of the “sine-Gordon”
equation

(1.4.4) uξη = − sinu,

in which the initial data are placed on a single characteristic. This case is simpler. It
was studied previously in [29] and [28]. Here the spectral problem is not degenerate,
and the operators L, A for (1.4.4) have the form

(1.4.5) L =
(

0 −1
1 0

)
d

dx
+
i

2
uξ

(
0 1
1 0

)
,

Aψ(x) =
1
4

x∫
−∞

(
exp

(
− i

2 (u(x, t) + u(x′, t))
)

0
0 exp

(
i
2 (u(x, t) + u(x′, t))

))ψ(x′) dx′

§ 5. Discrete systems.
The Toda chain and the “K-dV equation difference”

We consider a chain of particles in a straight line with coordinates xn and the
interaction Hamiltonian H =

∑
n(exn−xn−1 + ẋ2

n/2), which was first discussed in
[31]. The integrals found by Henon in [32] for the Toda chain explicitly showed
its integrability. In [33]–[35], the L − A pair for this chain was found and the
commutativity of the integrals previously found by Henon was proved. For the
“rapidly decreasing” case, where cn → 1, vn → 0 (cn = exn−xn−1 , vn = ẋn), the
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Toda chain was integrated by the scattering theory method. Here the equations
have the form

(1.5.1) v̇n = cn+1 − cn, ċn = cn(vn − vn−1),

and the operators L and A are as follows:

(1.5.2)


Lmn = i

√
cn δn,m+1 − i

√
cm δn+1,m + vnδmn,

Amn =
i

2
(
√
cn δn,m+1 +

√
cm δn+1,m).

(1.5.1) is equivalent to the equation dL/dt = [A,L].
In addition to the Toda chain (1.5.1), in [35] another “K-dV difference equation”

is considered:

(1.5.3) ċn = cn(cn+1 − cn−1),

which can be obtained from the L−A pair (1.5.2) with the same operator L under
the condition vn ≡ 0 and the new operator A→ Ā, where

(1.5.4) Ā = −1
2
(√
cncn−1 δn,m+2 −

√
cmcm−1 δn+2,m

)
;

then (1.5.3) is equivalent to the equation dL/dt = [Ā, L], vn ≡ 0. The operator L
itself, given by (1.5.2), is a difference analogue to a Sturm—Liouville operator and
was considered previously for other purposes [12], where the inverse problem on the
half-line n > 0 was solved for it.

§ 6. The method of Zakharov and Shabat of constructing non-linear
equations that have an L−A pair

Let F̂ be a linear integral operator acting on the vector function (ψ1, . . . , ψN ) =
ψ of the variable x (−∞ < x <∞):

(1.6.1) F̂ψ =
∫ ∞

−∞
F (x, z)ψ(z) dz,

where ψ and F̂ depend in addition on two parameters t and y. Let us assume that
the operator F̂ admits the following representation:

(1.6.2) 1 + F̂ = (1 +K+)−1(1 +K−),

in which K+ and K− are Volterra integral operators with

(1.6.3)

{
K+(x, z) = 0, z < x,

K−(x, z) = 0, z > x,

From (1.6.1) and (1.6.2) there follows the (Gel’fand—Levitan) equation for the
kernel K+:

(1.6.4) F (x, z) +K+(x, z) +
∫ ∞

x

K+(x, s)F (s, z) ds = 0,

and the kernel K− can be found from the formula

K−(x, z) = F (x, z) +
∫ ∞

x

K+(x, s)F (s, z) ds.

We consider the operator M0 = α
∂

∂t
+ β

∂

∂y
+ L0, acting on ψ(t, y, x), where

L0 =
∑

n ln ∂
n/∂xn, and the ln are constant (N × N)-matrices. By analogy with
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the theory of the inverse scattering problems we can establish the following fact:
if the operators M0 and F̂ commute, [M0, F̂ ] = 0, then the transformed operator
M = (1+K+)M0 (1+K+)−1 is also a differential operator with variable coefficients

(1.6.5) M = (1 +K+)M0 (1 +K+)−1 = α
∂

∂t
+ β

∂

∂y
+ L,

where L is an operator involving only differentials in x. In scattering theory this fact

was known for the Schrödinger operator and was used for the operator L0 =
d2

dx2
.

We assume now that M (1)
0 and M (2)

0 are two operators such that

(1.6.6)


M

(1)
0 = α

∂

∂t
+ L

(1)
0 , L

(1)
0 =

∑
l(1)n

∂n

∂xn
,

M
(2)
0 = β

∂

∂y
+ L

(2)
0 , L

(2)
0 =

∑
l(2)n

∂n

∂xn

and [M (1)
0 ,M

(2)
0 ] = 0.

If F̂ commutes with both of these, [F̂ ,M (1)
0 ] = [F̂ ,M (2)

0 ] = 0, then we obtain
the differential operators

(1.6.7)


M (1) = (1 +K+)M (1)

0 (1 +K+)−1 = α
∂

∂t
+ L(1),

M (2) = (1 +K+)M (2)
0 (1 +K+)−1 = β

∂

∂y
+ L(2),

[M (1)
0 ,M

(2)
0 ] = 0.

The relations (1.6.7) lead to an equation for the operators L(1) and L(2):

(1.6.8) α
∂L(2)

∂t
− β

∂L(1)

∂y
= [L(2), L(1)],

which is equivalent to a system of non-linear equations for the coefficients of L(1)

and L(2). Here the kernel F (x, z, t, y) of F̂ satisfies a system of linear equations
with constant coefficients, which follow from the identities

(1.6.9) [F̂ ,M (1)
0 ] = [F̂ ,M (2)

0 ] = 0.

We can easily solve the Cauchy problem in time t for the equations (1.6.9)
in the usual way, and then, having solved the Gel’fand—Levitan equation (1.6.4)
define the coefficients of the operators L(1) and L(2) at any time t. In principle,
this procedure can lead to the integration of the Cauchy problem for (1.6.8) only
for functions rapidly decreasing in x as coefficients of L(1) and L(2). We note that
the method of Zakharov—Shabat permits us to construct a number of new systems
with an L − A pair, among them some of physical interest (see [37]); this method
both constructs the systems and produces a way of solving the inverse problem —
the Gel’fand—Levitan equation. Some of the above examples of L− A-pairs were
first found in this manner.



CHAPTER 2

The Schrödinger Operator and the K-dV
Equation. Finite-Zone Potentials

§ 1. General properties of the Schrödinger operator with a periodic
and rapidly decreasing potential

We first consider the usual Schrödinger operator L = − d2

dx2
+ u from the

requisite point of view. It is convenient to fix a basis in the space of solutions of
the equation Lϕ = Eϕ. Let x0 be a given point. We specify a solution ϕ(x, x0,±k)
by setting

(2.1.1)


a) Lϕ(x, x0, k) = k2ϕ(x, x0, k),

b) ϕ(x0, x0, k) = 1,

c) ϕ′(x, x0, k) = ik when x = x0 (k2 = E).

Then we have a basis ϕ(k), ϕ(−k) for all k 6= 0; for real k (or E > 0) have ϕ(−k) =
ϕ(k).

We obtain another basis c(x, x0, E), s(x, x0, E) as follows:

(2.1.2)

{
c = 1, c′ = 0,

s = 0, s′ = 1
when x = x0,

If the potential u(x) is periodic with period T , then the operator of translation
(or “monodromy”) is defined by

(2.1.3) (T̂ψ)(x) = ψ(x+ T ).

The translation operator becomes a matrix of the second order in the bases
(2.1.1) and (2.1.2)

(2.1.4)

{
T̂ϕ = aϕ+ bϕ̄, T̂ ϕ̄ = b̄ϕ+ āϕ̄,

T̂ c = α11c+ α12s, T̂ s = α21c+ α22s.

From the invariance of the Wronskian it follows that det T̂ = 1, or |a|2−|b|2 = 1
for real k, and α11α22 − α21α12 = 1 for all E. The matrix T̂ depends on x0 and E
(or k). In the basis (2.1.2), T̂ is an integral function of E. Under a change of
the parameter x0 the matrix T̂ (x0, k) changes to a similar matrix. Hence the
dependence on x0 is governed by the very useful equation

(2.1.5)
dT̂

dx0
= [Q, T̂ ],

12
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in which the matrix Q is easily evaluated and in the bases (2.1.1) and (2.1.2) has
the form

Q = ik

(
1 0
0 −1

)
− iu

2k

(
1 −1
1 −1

)
(basis (2.1.1)),

Q =
(

0 E − u
−1 0

)
(basis (2.1.2)).

The eigenfunctions (“Bloch” functions) are characterized by the requirements

(2.1.6) T̂ψ± = e±ip(E)ψ±,

where p(E) is called the quasi-momentum. For the Schrödinger operator it is con-
venient to normalize them by setting

(2.1.7) ψ±(x, x0, E) = 1 for x = x0.

If the potential u(x) is real, then the solution zones (points of the spectrum)
are determined, p(E) being real and the functions ψ± almost periodic. The com-
plements of the solution zones are called forbidden zones, lacunae, or zones of
instability. As a rule, a typical potential has infinitely many lacunae, the lengths of
which decrease rapidly as E →∞. The rate of decrease depends on the smoothness
of the potential. If the potential is analytic, then the rate of decrease of the lengths
of the lacunae is exponential.

The eigenvalues of the translation matrix T̂ do not depend on the basis or on
the choice of x0; they determine the quasi-momentum p(E) and the boundaries of
the solution zones and forbidden zones. The trace of T̂ has the form

Sp T̂ = α11 + α22 = 2aRe (basis (2.1.1)),

Sp T̂ = a+ ā = 2aRe (basis (2.1.2)),

and the eigenvalues µ± = e±ip(E) are:

(2.1.8)


µ±(E) = aRe ± i

√
1− a2

Re,

aRe = cos p(E) =
1
2

Sp T̂ .

It follows, clearly, from (2.1.8) that the periodic levels ψn(x+T ) = ψn(x), E = En,
wee determined by

(2.1.9)
1
2

Sp T̂ = aRe = 1.

The antiperiodic levels ψm(x+ T ) = −ψ(x) are determined by

(2.1.9′)
1
2

Sp T̂ = aRe = −1.

The periodic and antiperiodic levels can be simple (that is, singly degenerate) or
doubly degenerate. In both cases we have µ±(E) = ±1, but in the degenerate
case T̂ is diagonal:

(2.1.10) T̂ = ±
(

1 0
0 1

)
, or b(En, x0) ≡ 0, α21(En, x0) ≡ 0.

In the non-degenerate case T̂ is a Jordan matrix and |b(En, x0)| 6= 0, α21 6= 0. From
the condition |a|2 − |b|2 = 1 we have for E = En

(2.1.10′) |aRe| = 1, |aIm| = |b|, E = En,
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where |b| 6= 0. We already know that the boundaries of the forbidden and the
solution zones are precisely the non-degenerate periodic and antiperiodic levels for
which |b| 6= 0, α21 6= 0. Degenerate levels can be visualized as a forbidden zone
contracted to a point. For example, if we increase the period to an integer multiple
of itself, T → mT , then we obtain

(2.1.11) T̂ → T̂m, eip(E) → eimp(E).

The transformation (2.1.11) conserves the solution zones and forbidden zones, but
inside the solution zones new degenerate levels appear when mp(E) is a multiple
of 2π.

As we know, 1− 1
2 Sp T̂ is an entire function of order 1

2 in the variable E, whose
zeros, by (2.1.9), precisely determine all the periodic levels En. Therefore, the
function 1− 1

2 Sp T̂ can be represented as an infinite product, which is completely
determined by the zeros. Hence, by (2.1.9′) the antiperiodic levels are determined
by the complete set of periodic levels (including the degenerate ones). However,
we use as basic parameters only the boundaries of the zones, or the non-degenerate
part of the periodic and antiperiodic levels (that is, the spectrum of the operator L
over the whole line).

The following simple proposition is extremely important for our situation.

Lemma. For any (real or complex ) smooth periodic potential u(x), the Bloch
eigenfunction ψ±(x, x0, E) defined by the conditions (2.1.6) and (2.1.7) is mero-
morphic on a two-sheeted Riemann surface Γ, covering the E-plane and having
branch-points (for a real potential) at the ends of the zones. In general, this Rie-
mann surface has infinite genus; however, if the number of lacunae is finite (this
case is especially important for the theory of the K-dV equation), then Γ is hyper-
elliptic and has finite genus equal to the number of lacunae.

This proposition naturally leads to the following definition.

Definition 1. A periodic potential u(x) is said to be finite-zoned if the eigen-
function ψ±(x, x0, E) defined by the conditions (2.1.6) and (2.1.7) is meromorphic
on a hyperelliptic Riemann surface Γ of finite genus; the branch-points of the Rie-
mann surface are said to be the “boundaries of the zones”.

For later purposes we also need the following definition.

Definition 1′. An almost periodic (real or complex) potential u(x) is said
to be finite-zoned if it has for all E an eigenfunction ψ(x,E), meromorphic on a
hyperelliptic Riemann surface Γ of finite genus, doubly covering the DE-plane, with

(2.1.6) modified as follows: the logarithmic derivative
d ln(x)
dx

is an almost-periodic

function with the same group of periods as the potential u(x).

It is also required that an E → ∞ the function ψ(x,E) has the asymptotic
form ψ ∼ exp{+ik(x − x0)}, k2 = E. Then we denote ψ by ψ(x, x0, E), where

ψ |x=x0 = 1, as in the periodic case. The logarithmic derivative iχ(x,E) =
d lnψ
dx

does not depend on x0 and is a quantity of great importance in the theory of the

operator L = − d2

dx2
+u and in the theory of the K-dV equation, as we have already

indicated in Ch. 1, § 1. It satisfies the Riccati equation (1.1.4). If the potential is
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real, and in the solution zones for E we set χ = χRe + iχIm then from the Riccati
equation we deduce the relation

(2.1.12) χIm =
1
2
(lnχRe)′.

In the solution zones we have for the Wronskian W of the Bloch functions

(2.1.13) W (ψ, ψ̄) = W (ψ+, ψ−) = 2iχRe(x0, E).

By (2.1.13) the function equal to

χR =
1
2i
W (ψ+, ψ−) =

1
2i

(ψ′+ψ− − ψ+ψ
′
−)

is defined for all Ei it is as the analogue to χRe for complex potentials. We always
denote this function by χR. By definition, we have from (2.1.12)

(2.1.14) ψ±(x, x0, E) =

√
χR(x0, E)
χR(x,E)

exp
{
±i
∫ x

x0

χR(x,E) dx
}
,

from which it follows, by the definition of the quasi-momentum, that

(2.1.15) p(E) =
∫ x0+T

x0

χR(x,E) dx

Since cos p(E) = 1
2 Sp T̂ by (2.1.8), and since the function 1− 1

2 Sp T̂ is completely
determined by the periodic spectrum, for example, as an infinite product, the inte-
gral

∫ x0+T

x0
χR(x, k) dx =

∫ x0+T

x0
χ(x, k) dx and all the coefficients of its expansion

in
1√
E

=
1
k

as E → ∞ (see (2.1.18) and below) are expressible in terms of the

spectrum of the periodic problem (including the degenerate levels). These expres-
sions are called “trace identities”. In what follows it will become clear that all these
quantities can be expressed in terms of only the boundaries of the zones.

It is convenient to express the function ψ(x, x0, E) in the basis (2.1.2):

(2.1.16) ψ(x, x0, E) = c(x, x0, E) + iα(x0, E) s(x, x0, E).

Evaluating the Wronskian W (ψ, c), we obtain

(2.1.16′) α(x0, E) = χ(x0, E).

For p(E) we can obtain the important general relations when the potential
varies

(2.1.17)
dp(E)
dE

=
∫ x0+T

x0

dx

2χR(x,E)
,

δp(E)
δu(x)

= − 1
2χR(x,E)

,

where δp/δu is the variational derivative. A proof of these relations can be found
in [40], [46].

As |E| → ∞, χ(x,E) admits the asymptotic expansion

(2.1.18) χ(x,E) ∼ k +
∑
n>1

χn(x)
(2k)n

,

in which the expansion coefficients χn(x) can be found by recurrence formulae
derived from the Riccati equation (1.1.4); they are polynomials in u, u′, u′′, . . . .
All the polynomials χ2n(x) are purely imaginary and by (2.1.12) they are total
derivatives. Hence their integrals over a period vanish. A list of the first few
polynomials χ2n+1(x) is given in Ch. 1, § 1 (see (1.1.3)).
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Using the representation of ψ±(x, x0, E) in the form (2.1.16), (2.1.16′) it is
not difficult to obtain an expression for χ(x,E) in terms of the coefficients of the
translation matrix T̂ , since ψ is an eigenvector of this matrix. In the bases (2.1.1)
and (2.1.2) we obtain

(2.1.19)


χR(x,E) =

k
√

1− a2
Re

aIm + bIm
(basis (2.1.1)), k2 = E,

χR(x,E) =

√
1− 1

4 (α11 + α22)2

α21
(basis (2.1.2)),

where in the basis (2.1.1) the formula is valid only in a solution zone. The function
ψ±(x, x0, E) can have poles at certain points P1, P2, . . . on Γ, depending, in general,
on x0 and x. For a real potential, these poles lie at the points of Γ over points of
the lacunae (or their boundaries) γ1(x0), . . . , γm(x0), . . . , independent of x, one
each for every lacuna (a pole occurs only on one sheet of Γ over the point γj(x0).
As is clear from (2.1.14), the zeros of ψ± lie over the points γj(x), independent
of x0. If the potential is finite-zoned, having n lacunae, then there are altogether
n zeros P1(x), . . . , Pn(x) of ψ±(x, x0, E), lying over the points γ1(x), . . . , γn(x) of
the E-plane, and n poles P1(x0), . . . , Pn(x0) over the points γ1(x0), . . . , γn(x0). For
complex potentials the zeros and poles can be located arbitrarily on Γ.

We conclude this section by considering rapidly decreasing potentials for which
the analytic properties of the eigenfunctions and the scattering matrices can be
found in [5]. From our point of view, rapidly decreasing potentials are a degenerate
limiting case of periodic potentials when T → ∞, u(x) → 0, as |x| → ∞, and
u′, u′′, . . . → 0 as |x| → ∞ (more precisely:

∫∞
−∞(1 + |x|) |u(x)| dx < ∞. Suppose

to begin with that the potential u(x) is of compact support (that is, u is a finite
function). We consider the bases of solutions analogous to (2.1.1) in which we set
x0 = ±∞. We have two bases (the right and the left):

(2.1.20)

{
f+(x, k) → eikx, f−(x, k) → e−ikx (x→∞),

g+(x, k) → eikx, g−(x, k) → e−ikx (x→ −∞).

Here the translation matrix for the period T = ∞ is the matrix of the transition
from the basis (g+, g−) to the basis (f+, f−). For real k this matrix has the form

(2.1.21) T̂ =
(
a b
b̄ ā

)
, |a|2 − |b|2 = 1

and f+ = ag+ + bg−, T̂ = T̂ (k).
The scattering matrix Ŝ is the matrix expressing the basis (f−, g+) in terms of

the basis (g−, f+); it is unitary and has the form

(2.1.22) Ŝ =

(
1/a −b/a

b̄/a 1/a

)
.

The coefficients s11 = 1/a and −s12 = b/a are called transmission and reflection
coefficients (the scattering amplitudes in the directions 0 and π).

We note that for finite potentials T̂ (k) can be continued analytically as an entire
function of k; if Im k > 0, then f+ decreases and g− decreases, as x→ +∞. From
the equation f+ = a(k)g++b(k)g− it follows that we obtain a solution that decreases
in both directions (|x| → ∞) when a(kn) = 0 (or the amplitude s11(k) = 1

a has a
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pole). There are finitely many discrete levels En = k2
n; the functions f+(x, k) and

a(k) are analytic for Im k > 0, and

(2.1.23) a(k) →∞+O(1/k), |K| → ∞, Im k > 0.

The eigenfunctions of the discrete spectrum for the levels En = k2
n, where

a(kn) = 0, have the form

(2.1.24) ψn(x) = g−(x, kn);

the normalization factors are easily evaluated:

(2.1.25)
∫ ∞

−∞
|ψn|2 dx =

1
cn

=
i
da

dk

∣∣∣
k=iκn

b(iκn)
.

In the general case of a rapidly decreasing potential, according to [5] we have
functions a(k), b(k), where a(k) is analytic in the upper half-plane Im k > 0, has
the asymptotic form (2.1.23) and the relation |a|2 − |b|2 = 1 holds on the real axis
Im k = 0. In addition, there are finitely many zeros kn, a(kn) = 0 (all the kn

are purely imaginary) and corresponding numbers cn given by (2.1.25). From the
uniqueness theorem of Marchenko [4] it follows that (a(k), b(k), kn, cn) is a set of
“scattering data”, completely determining the potential u(x). Moreover, the kernel

(2.1.26) F (z + t) =
∫ ∞

−∞
e−ik(z+t) b(k)

a(x)
dk +

∑
n

cn e
−ikn(z+t)

is well-defined, and we can write down the Gel’fand—Levitan equation

(2.1.27) K(k, z) + F (x+ z) +
∫ ∞

−∞
F (s+ x)K(z, s) ds = 0.

The potential itself is obtained from the formula u(x) = 2
d

dx
K(xx). When a(k)

has the indicated analytic properties [5], the Gel’fand—Levitan equation (2.1.27)
has one and only one solution. An important special case is that for which b ≡ 0
on the real k-axis. Such potentials are called “non-reflecting”. In this case the
equation (2.1.27) becomes algebraic, and the potential u(x) is a rational function
of the exponentials eκ1x, eκ2x, . . . , eκnx, in which kn = iκn =

√
En. The function

a(k) then has the form

(2.1.28) a(k) =
∏
n

k − iκn

k + iκn
.

These potentials were first found by Borg [1] and Bargmann [2]. They play an
important part in the theory of the K-dV equation. They are also important to us
in our concern with periodic problems, because as T →∞, the finite-zone potentials
degenerate into non-reflecting ones; the solution zones shrink to isolated points of
the discrete spectrum inside the solution zones b ≡ 0 for T = ∞, by (2.1.10) and
(2.1.11), and Γ degenerates into a rational surface, since the pairs of branch-points
coalesce.
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§ 2. A new commutation representation of the K-dV and
“higher order K-dV” equations. An algorithm for finding

finite-zone potentials and their spectra

In Ch. 1, § 1 we have recalled the Lax representation (1.1.1) and (1.1.1′) of

the K-dV equation and its higher order analogues in the form
dL

dt
= [An, L], where

u = Qn(u, u′, u′′, . . . , u(2n+1)). We now reproduce the algorithm [18] for integrating
the Cauchy problem for K-dV equations with rapidly decreasing functions. This
algorithm is based on the following equation for the translation (or monodromy)
matrix T̂ (k), discovered in [18]:

(2.2.1) ȧ(k) = 0, ḃ(k) = −8ik3b(k).

For finite potentials we obtain from (2.2.1) the following equation for the discrete
levels, using (2.1.24) and (2.1.25):

(2.2.1′) κ̇n = (
√
−En)·, ċn = −8κ3

ncn,

since kn = iκn are the zeros of the function a(k), and cn =
(
da

dk

)
k=kn

1
b(kn)

.

Therefore, (2.2.1) and (2.2.1′) hold for any rapidly decreasing potential and com-
pletely determine the time-development of the scattering data (and hence of the
potential itself). Let us derive the equations (2.2.1). We consider the eigenfunc-

tion f+(x, k) defined by (2.1.20). Clearly,
∂

∂t
f+(x, k) → 0, as x → +∞. Since

Lf+ = k2f+, for the derivative ((L− k2)f+)· we have

L̇f+ + (L− k2)ḟ+ = (AL− LA)f+ + (L− k2)ḟ+ = (L− k2)(ḟ+ −Af+).

From this we obtain

(2.2.2) ḟ+ = Af+ + λ(k)f+ + µ(k)f−.

By letting x→∞, we obtain

0 ∼ (Af+)x→∞ + (λf+)x→∞ + (µf−)x→∞,

consequently, since A has the form A = −4
d3

dx3
+ 3

(
u
d

dx
+

d

dx
u

)
and u, u′ → 0,

we finally have

(2.2.3) (Af+)x→∞ → 4ik3eikx, µ(k) ≡ 0, λ(k) = −4ik3.

We now recall the equation f+ = ag+ + bg− (2.1.21) and let x → −∞. Then
g+ → eikx, g− → e−ikx. From this it follows that ḟ+ → ȧeikx + ḃe−ikx, as x→ −∞.
Comparing these formulae with (2.2.2) and bearing (2.2.3) in mind, we finally obtain
(2.2.1): ȧ = 0, ḃ = −8ik3b. Now (2.2.1′) follows from this, as indicated above, and
the integration of the K-dV equation for rapidly decreasing functions is complete.

For the higher order K-dV equations we have

An =
d2n+1

dx2n+1
+

2n∑
i=0

Pi(u, u′, . . . )
di

dxi
, where Pi ≡ 0 when u ≡ 0.

By analogy with the preceding derivation it follows for T̂ (k) that

(2.2.4) ȧ = 0, ḃ = const(ik)2n+1.
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We see from (2.2.4) that all the higher order K-dV equations commute as
dynamical systems in the function space of rapidly decreasing functions.

Gardner [22] has shown that all the higher order K-dV equations have the
Hamiltonian form

(2.2.5) u̇ =
∂

∂x

δIn
δu(x)

,

as already stated in Ch. 1, § 1, where the In are the Hamiltonians. From the
commutativity of these dynamical systems it follows that the Poisson brackets of
the functionals In vanish:

(2.2.6) [In, Im] = 0

since the skew-symmetric form is determined by
∂

∂x
, (2.2.6) is equivalent to

(2.2.6′)
∫ ∞

−∞

δIn
δu(x)

∂

∂x

δIm
δu(x)

dx = 0

for any rapidly decreasing function u(x). Since In and Im, are integrals of expres-
sions that are polynomials in u, u′, u′′, with constant coefficients it now becomes
absolutely clear that the identity (2.2.6) also holds for any periodic function u(x).
Gardner proved in [22] the commutativity relation (2.2.6) by direct calculations.
Simultaneously, Faddeev and Zakharov in [21] computed all the Poisson brackets
of all the “scattering data” a(k), b(k), κncn and proved that

(2.2.7)

Pk =
2k
π

ln |a(k)|, Pn = κ2
n,

Qk = arg b(k), Qn = ln bn, where bn = icn(da/dk)|k=iκn
,

are canonical variables (“action-angle” variables) for all the Hamiltonian systems
(2.2.5) and all the K-dV equations.

Great difficulties arise in attempts to generalize this method of integrating the
K-dV equation to the periodic case. These will become clearer after we have derived
the natural analogue to (2.2.1) for T̂ . We consider the bases (2.1.1) or (2.1.2) and
compute the time derivatives by analogy with (2.2.2) at x = x0 instead of x = ∞:

(2.2.8)
{
ϕ̇+ = Aϕ+ + λ11ϕ+ + λ12ϕ−,

ϕ̇− = Aϕ− + λ21ϕ+ + λ22ϕ−

in the basis (2.1.1), or

(2.2.8′)
{
ċ = Ac+ a11c+ a12s,

ṡ = As+ a21c+ a22s

in the basis (2.1.2), where λ11 = λ, λ12 = µ; λ21 = µ̄, λ22 = λ̄ for real k and all the

aij are real for real E. We have the matrix Λ =
(
λ11 λ12

λ21 λ22

)
, or Λ =

(
a11 a12

a21 a22

)
, in

the bases (2.1.1) and (2.1.2), respectively, the coefficients of which can be expressed
in terms of u(x0), u′(x0), . . . and k by the following formulae:

(2.2.9)


(ϕ̇+)x=x0 = 0 = (Aϕ+)x=x0 + λ11 + λ12 (ϕ+ = 1 for x = x0),(

d

dx
ϕ̇+

)
x=x0

= 0 =
(
d

dx
Aϕ+

)
x=x0

+ ik(λ11 − λ12).
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For real k we have

(2.2.10) Λ =
(
λ µ
µ̄ λ̄

)
, λ = λ11, µ = λ12,

where the trace SpΛ = 0 or λ + λ̄ = 0, and the coefficients λ, µ are as in (2.2.9).
The matrix Λ = (aij) for the basis (2.1.2) is obtained in exactly the same way.
We note that in the basis (2.1.2) the coefficients aij of Λ are polynomials in k2 =
E, u(x0), u′(x0), . . . The determinant det Λ does not depend on the choice of basis
and is a polynomial

(2.2.11) det Λ = P2n+1(E),

the operator A = An being of degree 2n + 1. To calculate the dynamics of the
matrix T̂ (x0, E) in any of the bases we must compute (2.2.8) for x = x0 +T , where
T is the period. For example, in the basis (2.1.1) and for real k we obtain

(2.2.12)


[ϕ̇+]x=x0+T = ȧ+ ḃ = [A(aϕ+ + bϕ−)]x=x0+T + λ(a+ b) + µ(b̄+ ā),[
d

dx
ϕ̇+

]
x=x0+T

= ik(ȧ− ḃ) =
[
d

dx
A(aϕ+ + bϕ−)

]
x=x0+T

+

+ λik(a− b) + µik(b̄− ā).

Bearing in mind that A is real, we finally obtain without difficulty

(2.2.13) ȧ = µb̄− bµ̄, ḃ = (λ− λ̄)b+ (a− ā)µ,

where

Λ =
(
λ µ
µ̄ λ̄

)
.

Clearly, the equations (2.2.13) are equivalent to the matrix equation

(2.2.14)
∂

∂t
T̂ = [Λ, T̂ ],

where the matrix A is defined by (2.2.8) and in the basis (2.1.2) depends polyno-
mially on E, u(x0), u′(x0), . . . , u(2n)(x0). In the form (2.2.14) the equation holds,
of course, in any basis. If at a point x0 we have u = u′ = · · · = 0, then in the basis
(2.1.1) we easily obtain

(2.2.15) Λ = const
(
ik2n+1 0

0 −ik2n+1

)
.

Substituting (2.2.15) in (2.2.14) we clearly obtain the Gardner—Green—Kruskal—
Miura formulae for rapidly decreasing potentials by setting x0 = ±∞. In the
periodic case, (3.2.14) can no longer be integrated. For the initial K-dV equa-
tion (2.2.14) the formula in the basis (2.1.2) was derived by another method by
Marchenko [44], who went further in constructing a method of successive approxi-
mations for solving this equation.

We shall proceed in a different way. The matrix T̂ depends on the parameters
x0, t, and E. We consider for T̂ the pair of equations (2.2.14) and (2.1.5):

∂

∂t
T̂ = [Λ, T̂ ],

∂

∂x0
T̂ = [Q, T̂ ].
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From the condition for compatibility of this pair of equations,
∂

∂x0

∂

∂t
T̂ =

∂

∂t

∂

∂x0
T̂ , we obtain

(2.2.16)
[
∂Λ
∂x0

− ∂Q

∂t
− [Λ, Q], T̂

]
= 0,

from which it follows, since the trace of the left-hand side vanishes, that

(2.2.17)
∂Λ
∂x0

− ∂Q

∂t
= [Λ, Q].

Now (2.2.17) gives a new and very convenient commutation representation of the
K-dV and all “higher order K-dV” equations by second order matrices that depend
polynomially on E (in the base (2.1.2)). An analogue of this commutation repre-
sentation as well as analogues of (2.2.14) and (2.1.5) can also be obtained naturally
for all other non-linear systems mentioned in Ch. 1 (see Ch. 3).

We now consider the “general K-dV equation”

(2.2.18) u̇ =
∂

∂x

(
n∑

i=0

ci
δIn−i

δu(x)

)
(c0 = 1)

and the equivalent Lax equation

(2.2.19) L̇ = [A,L], where A =
n∑

i=0

ciAn−i.

The matrix Λ constructed according to (2.2.8) depends additively on A, and
we have the new representation (2.2.17)

(2.2.20)
∂Λ
∂x0

− ∂Q

∂t
= [Λ, Q], Λ =

n∑
i=0

ciΛn−i.

Suppose that we wish to find a stationary solution u̇ = 0 of the higher order K-dV

equation (2.2.18). If u̇ = 0, then
∂Q

∂t
= 0 and we obtain

(2.2.21)
dΛ
dx0

= [Λ, Q].

Thus, we have proved the following result.

Corollary 1 (see [38]). The system of ordinary equations

(2.2.22)
∑

ci
δIn−i

δu(x)
= const

is equivalent to the equation of Lax type (2.2.21) with second order matrices that
are polynomially dependent on the extra parameter E and are polynomial in u(x),
u′(x), . . . In particular, all the coefficients of the characteristic polynomial P (E),
where

W 2 + P (E) = det(W − Λ) = W 2 + detΛ (SpA = 0),
are polynomials in u, u, u′′, . . . independent of x (that is, they are integrals of the
system (2.2.22)). The polynomial P (E) itself is of degree 2n+ 1.

We now prove the following beautiful and unexpected corollary of equation
(2.2.14).
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Corollary 2. The roots of the polynomial P (E) = 0 are the complete set of
boundaries of the forbidden and of the solution zones of the Schrödinger operator L
with potential u(x) satisfying the equation (2.2.22) for the stationary solutions of
any higher order K-dV equation. In particular, all the stationary solutions of the
K-dV equations are potentials whose number of zones does not exceed n.

Derivation of Corollary 2. From (2.2.14) ˙̂
T = [Λ, T̂ ] we obtain ˙̂

T = 0
or [Λ, T̂ ] = 0. We consider the matrix element (in the base (2.1.1) [Λ, T̂ ]12 =
(a − ā)µ + (λ − λ̄)b for real k. Since λ̂ = −λ, we have 2µaIm = 2λb. From this
it follows that in all the non-degenerate levels (boundaries of the zones) for which
|b| 6= 0

(2.2.23)
∣∣∣aIm

b

∣∣∣ = ∣∣∣∣λµ
∣∣∣∣ ,

or det Λ = P (E) = |λ|2 − |µ|2 when E = En. By adding a constant to u we can
always achieve that all En > 0 and the kn =

√
En are real. Thus, Corollary 2

is proved. This proof is taken from [38]. Another derivation of Corollary 2 was
indicated by Dubrovin in connection with a generalization of these results to matrix
systems (see Ch. 3): since by the definition (2.1.6) the Bloch function ψ±(x, x0, E)
is an eigenfunction for T̂ , T̂ψ± = eip(E)ψ±, it follows from [Λ, T̂ ] = 0 that it is
also an eigenvector for the matrix Λ. Since Λ depends polynomially on E, the
eigenvector ψpm is meromorphic on the Riemann surface Γ:

(2.2.24) R(W,E) = det(W −A) = 0.

In our case SpΛ = 0, and we have

(2.2.24′) R(W,E) = W 2 + P2n+1(E) = 0,

where P2n+1(E) = detA. The branch-points of Γ are the boundaries of the zones,
as indicated in Ch. 2, § 1. It is important that this derivation easily generalizes
not only to complex potentials, but also to almost-periodic potentials and to other
linear operators.

A third derivation, which yields part of the result of Corollary 2, was obtained
by Lax [50] simultaneously with, and independently of, [38], as was mentioned in the
Introduction. In fact, following [50] we prove that every periodic stationary solution
of any “higher order K-dV equation” has only finitely many forbidden zones in the

spectrum of the operator L = − d2

dx2
+ u(x). For the sake of simplicity, we produce

Lax’s derivation for the original K-dV equation. Let fn be a non-degenerate periodic
eigenfunction. We consider a normalization of the eigenfunction fn(x) instead of
the bases (2.1.1) and (2.1.2) in which Lfn = E, such that the development in time
has the form

(2.2.25) ḟn = Afn.

Since Lfn = Enfn, (2.2.25) leads to a first order equation in x, which for A =

−4
d3

dx3
+ 3

(
u
d

dx
+

d

dx
u

)
is as follows:

(2.2.25′) ḟn = (4E + 2u)fnx
− uxfnx

.
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The characteristics of the equation have the form

(2.2.26)
dx

dt
= −(4E + 2u),

and along the characteristics, we have

(2.2.27)
dfn

dt
= uxfn.

Hence the zeros of fn are situated along the characteristics. For stationary solutions
of the form u(x− ct) (that is, A = A1 + cA0) we have

(2.2.28) fn = fn(x− ct),
dx

dt
= c, x = x0 + ct.

Comparing (2.2.28) and (2.2.26), we obtain for the zeros of fn:

(2.2.29)
dx

dt
= c = −(4En + 2u(x− ct)) = −4En − 2u(x0).

For large values of n the number En is large and (2.2.29) cannot hold. This
means that either the eigenfunction fn has no zeros, or that it cannot be non-
degenerate. We know that eigenfunctions corresponding to high levels En → 0 have
more and more zeros. In consequence, all but finitely many levels are degenerate.
A similar derivation for antiperiodic levels (period 2T ) shows that there are finitely
many zones. It is easy to see that this derivation generalizes also to higher order
K-dV equations. From this derivation it does not follow that the number of lacunae
is 6 n for the nth analogue of the K-dV equation (for the excluded case n = 1 see
[50]). Moreover, this derivation, unlike Corollaries 1 and 2 above, does not give
an algorithm for the integration of the stationary problem for higher order K-dV
equations nor an algorithm for finding the boundaries of the zones. �

We now pass on to the most recent work on stationary solutions of higher order
K-dV equations. All the (2.2.22) are equations for extremals of the functional

(2.2.30) δ

(
dI−1 +

n∑
i=0

ciIn−1

)
= 0 (c0 = 1),

where I−1 = −
∫
u dx. Therefore, all the equations (2.2.30) are Hamiltonian sys-

tems with n degrees of freedom, depending on the (n + 1) constants d, c1, . . . , cn.
The coefficients of the polynomial P2n+1(E) = det Λ are constructed in such a way
that the leading one is a constant, then the next n+1 are formed from the parame-
ters (c1, c2, . . . , cn, d) and the last n, denoted by J1, . . . , Jn, give a set of polynomials
that are algebraically independent integrals of the system (2.2.22). In fact, the in-
tegrals J1, . . . , Jn are involutory and hence the system (2.2.22) is totally integrable,
and its solutions, in principle, can be determined by the Liouville algorithm. (It will
become clear later that the Hamiltonians Jα give a set of independent commuting
systems, hence we do not prove this here.) Following the method applied above in
the derivation of (2.2.17) from (2.2.14) and (2.1.5), we use the commutativity of all
the higher order K-dV equations as dynamical systems in a function space. If we
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have two equations

∂u

∂tm
=

∂

∂x

δIm
δu(x)

,

∂u

∂t
=

∂

∂x

n∑
i=0

ci
δIn−i

δu(x)
,

then the solution is a function u(x, t, tm) by virtue of the commutativity of these
systems. For the matrix T̂ (x0, E) we obtain

(2.2.31)
∂T̂

∂tm
= [Λm, T̂ ],

∂T̂

∂t
= [Λ, T̂ ],

where Λ =
∑n

i=0 ciΛn−i. If u(x) is a stationary solution, that is,
∂u

∂t
= 0 (so that

u is a solution of (2.2.22)), then

∂T̂

∂t
=
∂Λm

∂t
= 0.

In all cases we obtain from the compatibility of the two equations (2.2.31), by
analogy with (2.2.17),

(2.2.32)
∂Λm

∂t
− ∂Λ
∂tm

= [Λ,Λm].

If
∂T̂

∂t
=
∂Λm

∂t
= 0, then

(2.2.33)
dΛ
dtm

= [Λm,Λ].

When m = 0, (2.2.33) becomes (2.2.21) with Λ0 = Q. Clearly, (2.2.33) is defined
over the same phase space as (2.2.21) and gives a set of commuting Hamiltonians
of dynamical systems on the phase space of the problem (2.2.21) (or on the set of
stationary solutions of the higher order K-dV equations, given by (2.2.22)).

When m = 1, (2.2.33) determines the dynamics of finite-zone potentials under
time evolution governed by the K-dV equation, which is described explicitly in the
form of a finite-dimensional dynamical system, represented by a matrix equation
for second order matrices polynomially dependent on the parameter E (in the basis
(2.1.2)). Here, the matrix Λ replaces the Schrödinger operator L and the character-
istic polynomial of Λ has the form R(W,E) = det(W−Λ), and the Riemann surface
R(W,E) = 0 is also the “spectrum” (in the sense of Ch. 2, § 1) of the potential we
are studying.

We exhibit the matrix Λ0 = Q, Λ1,Λ2 in the basis (2.1.1) for real k, the
corresponding polynomials P3(E), P5(E), and the integrals J (for n = 1), J1 and

J2 for n = 2. The matrix Λ =
(
λ µ
µ̄ λ̄

)
has the following form:

1) n = 0; 2) λ = ik − iu

2k
, µ =

iu

2k
, R1 = E − c,(2.2.34)
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and the potential has the form u = c.

2) n = 1; Λ = Λ1 + cΛ0,(2.2.35)

λ =
i

k

(
−u

′′

2
+ u2 − 4k4 + ck2 − c

u

2

)
,

µ = u′ +
i

k

(
u′′

2
− u2 − 2k2u+ c

u

2

)
,

R3(E) = |λ|2 − |µ|2 = E3 +
1
2
cE2 +

1
16

(c2 − 4d) +
1
16

(cd− J),

J = (u′)2 = (2u3 + cu2 + 2du);

the potential has the form

x− x0 =
∫

du√
du3 + cu2 + 2du+ J

.

(2.2.36) 3) n = 2; Λ = Λ2 + c2Λ0 (c1 = 0),

λ =
i

k

[
1
2
uIV − (4uu′′ + 3(u′)2 − 3u3)− 2u2k2+

+ 16k6 + c2k
2 − c2

u

2

]
µ = −u′′′ + 6uu′ − 4u′k2 +

i

k

[
1
2
uIV + 4uu′′ + 3(u′)2−

− 3u3 + k2(2uu′′ − 4u2)− 8uk4 + c2
u

2

]
P5(E) = |λ|2 − |µ|2 = E5 +

1
4
c2E

3 − 1
16
dE2 +

(
1
32
J1 +

1
4
c22

)
E +

J2

28
+
c2d

27
,

J1 = p1p2 −
(

1
2
q22 +

5
2
q21q2 +

5
8
q41

)
+ c2q

2
1 − dq1,

J2 = p2
1 = 2q1p1p2 + 2(q2 − c2)p2

2 + q51 + 2c2q31 + dq21 − 4q1q22 + 4c2q1q2 − 2dq2.

The Hamiltonian system (2.2.22) for c1 = 0 is given by the HamiltonianH = J1,
and the canonical coordinates are:

(2.2.37) p1 = q′2, p2 = u′, q1 = u, q2 = −5
2
u2 + u′′.

In particular, for the Lamé potential 3u(x), where u(x) = 2℘(x), ℘(x) being
the Weierstrass elliptic function, we can exhibit the boundaries of the zones: if
(℘′)2 = 4℘3− g2℘− g3 and e1, e2, e3 are the roots of the polynomial 4x3− g2x− g3
(all ei are real, e1 < e2 < e3), then the boundaries of the zones are

(2.2.38) E1 = 3e1, E2 = −
√

3g2, E3 = 3e2, E4 =
√

3g2, E5 = 3e3.

Convenient coordinates γ1, γ2 on the level surfaces J1 = const, and J2 = const
are given as follows (let

∑5
i=1Ei = 0):

(2.2.39)


2(γ1 + γ2) = u = q1,

γ1,2 = −1
4

[
q1 ±

√
2q2 − 8

∑
EiEj

]
,
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and all p1, p2, q1, q2 can be expressed in terms of γ1 and γ2. The interpretation of
the coordinates γ1 and γ2, the formation of “angle variables” from them, and the
completion of the integration of the equation (2.2.22) for n = 2 will be discussed
in § 3 (see (2.3.14)). In general, the real solutions of (2.2.22) are almost-periodic
functions with a group of periods T1, . . . , Tn. Bounded solutions correspond to
tori in the phase space, and the group of periods can be expressed in terms of
the boundaries of the zones, or, what amounts to the same thing, in terms of the
constants (c1, . . . , cn, d) and the integrals J1, . . . , Jn. Later, in § 3, we shall give
convenient formulae for the periods T1, . . . , Tn and for the potentials themselves.
The actual methods, to be developed in § 3, are all connected with a very important
circumstance, which has so far not been clear: the n-dimensional level surface
J1 = a1, . . . , Jn = an, when continued into the complex domain, is an Abelian
variety (the complex torus T 2n), which is the Jacobian variety of the Riemann
surface Γ given by the equation R(W,E) = 0 in which R(W,E) = det(W − Λ) =
W 2 + P2n+1(E). This important property generalizes the natural case n = 1,
where the Abelian varieties are defined as the complex solutions of the equation

u′′ =
∂P3(u)
∂u

, P3 being a polynomial of degree 3. The corresponding result when
the number of lacunae is n > 1 is non-trivial and will be obtained by combining
the methods of § 3 with those of the present section.

We give one more useful application of the equations (2.1.15) and (2.2.17) for
the matrices T̂ and Λ. We recall the formula (2.1.19) for χR(x,E) (in the base

(2.1.1)), χR(X,E) =
k
√

1− a2
R

aIm + bIm
. From (2.1.5) and (2.1.17) follow the general

identities

(2.2.40)


2µR = − d

dx0

(
λIm + µIm

k

)
,

2bR = − d

dx0

(
aIm + bIm

k

)
.

Comparing these with the form of χR and the condition ȧR ≡ 0, we obtain

(2.2.41) χ̇R = (αχR)′, where α =
λIm + µIm

k
.

For the K-dV equation we have Λ = Λ1 and α = −2(2E + u). From (2.2.41)
it follows that the quantity I(k) = p(E) =

∫ x0+T

x0
χR dx =

∫ x0+T

x0
χdx is conserved.

We shall use (2.2.41) in § 3 in the calculation of the dynamics of finite-zone potentials
in terms of the parameters γ1, . . . , γn.

As E →∞, we have the expansion

I(k) ∼ kT +
∑
n>0

1
(2k)2n+1

∫ x0+T

x0

χ2n+1(x) dx,

where the integrals In−1 =
∫ x0+T

x0
χ2n+1(x) dx are Hamiltonians of the higher order

K-dV equations, u̇ =
∂

∂x

δIn
δu(x)

, L̇ = [An, L]. It is natural to introduce a generating

function for this set of equations. We consider an operator Az, which depends on
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the parameter z and has the following property (by (2.1.17) and (2.1.15)):

(2.2.42) [Az, L] =
∂

∂x

δp(z)
δu(x)

=
∂

∂x

(
− 1

2χR(x, z)

)
,

where χ(x, z) = χR + iχI , χI = 1
2 (lnχR)′, −iχ′ + χ2 + u − E = 0. Then all the

operators An are obtained as coefficients of the expansion of Az, as z → ∞, in
powers of z−

1
2 . We can verify that Az has the form

(2.2.43) Az = −1
4

[
1

χR(x, z)
d

dx
− 1

2

(
1

χR(x, z)

)′] 1
L− z

.

We now give a convenient algorithm for obtaining all the matrices Λm (in the base
(2.1.2)), which will also be very useful in Ch. 3 for the generalization to first order
matrix operators. We consider the differential equation λ′ = [Q,λ], in which the

matrix Q in the base (2.1.2) has the form Q =
(

0 E − u
−1 0

)
. This equation has a

unique solution as a formal series λ =
(

0 1
0 0

)
+
λ1

E
+
λ2

E2
+· · · ; the coefficients λn are

determined from the recurrence relation
[
λn,

(
0 1
0 0

)]
= λ′n−1 +

[
λn−1,

(
0 0
1 0

)]
.

Then the matrices Λm have the form

(2.2.44) Λm =
(

0 1
0 0

)
Em + λ1E

m−1 + · · ·+ λm.

§ 3. The inverse problem for periodic and almost-periodic
(real and complex) finite-zone potentials.

The connection with the theory of Abelian varieties

Starting from the Definitions 1 and 1′ of Ch. 2, § 1, by a “finite-zone” potential
we now understand a potential u(x) for which the Bloch eigenfunction ψ(x, x0, E),
normalized by (2.1.6) and (2.1.7), is meromorphic on the Riemann surface Γ:

(2.3.1) Γ: W 2 = P2n+1(E) =
2n+1∏
i=1

(E − Ei),

and has the asymptotic form

(2.3.2) ψ± ∼ e±ik(x−x0), k2 = E, E →∞.

According to (2.1.13) we study on Γ the function χR.

χR =
1
2i
W (ψ+, ψ−) =

1
2i

(ψ′+ψ− − ψ′−ψ+),

using the representation (2.1.14) and (2.1.16), (2.1.16′):

ψ±(x, x0, E) =

√
χR(x0, E)
χR(x,E)

exp
{
i ∈
∫ x

x0

χR(x,E) dx
}
,
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where according to (2.1.19) χR =
k
√

1− a2
R

a1 + b1
(basis (2.1.1), real k) or χR =√

1− 1
4 (α11 + α22)2/α21 (basis (2.1.2), arbitrary E). We note that at degener-

ate points En of the spectrum we have, according to (2.1.10), T̂ = ±
(

1 0
0 1

)
,

α21 = 0, and α21(x0, E) has a simple zero in E. By contrast, at non-degenerate
points En of the spectrum we have α21(x0, En) 6≡ 0. Let Ẽα (α = 1, 2, 3, . . . ) be
all the degenerate points of the (periodic and antiperiodic) spectrum. Since the
quantity (1 − a2

R) = 1 − 1
4 (α11 + α22)2 has a two-fold zero at all points Ẽα and a

simple zero at the non-degenerate points E1, . . . , E2n+1, we see that

(2.3.3)
√

1− a2
R =

√√√√2n+1∏
i=1

(E − Ei) · f(E),

where f(E) is an entire function having only simple zeros at the points Ẽα. There-
fore, the quotient

(2.3.4) α̃21 =
α21

f(E)

is an entire function of E. We have the expression

(2.3.5) χR =

√∏2n+1
i=1 (E − Ei)

α̃21
.

As E →∞, the quantity χR(x0, E) has the asymptotic form χR ∼ k =
√
E. Hence,

by (2.3.5), the quantity α̃21 has the asymptotic form

(2.3.6) α̃21 ∼ En as E →∞.

Since α21(x0, E) is an entire function, we see from (2.3.6) that it is, in fact, a
polynomial:

(2.3.7) α̃21(x0, E) =
n∏

j=1

(E − γj(x)).

From this we obtain the final result.

Corollary 3. The quantity χR(x0, E) =
1
2i
W (ψ+, ψ−) has the following

form:

(2.3.8) χR(x,E) =

√∏2n+1
i=1 (E − Ei)∏n

j=1(E − γj(x))
=

√
P (E)

Pn(x,E)
.

Note. The quantity α̃21 =
∏n

j=1(E − γj(x)) can be determined otherwise; it
is a solution of the equation

(2.3.9) −y′′′ + 4(u− E)y′ + 2u′y = 0.

which is polynomial in E.

From this argument we can obtain another derivation of (2.3.8), since (2.3.8)
is satisfied by the product ϕ1 · ϕ2 of two solutions of the equation Lϕα = Eϕα,
setting ϕ1 = ψ+, ϕ2 = ψ− (the derivation in [41] and [47]).
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Following the derivation in [40] and [46] we evaluate the product ψ+ψ− starting
from (2.1.14):

(2.3.10) ψ+ψ− =
χR(x0, E)
χR(x,E)

=
n∏

j=1

E − γj(x)
E − γj(x0)

.

Formally speaking, this derivation refers only to periodic potentials because it
uses the translation matrix T̂ . However, the formulae (2.3.8) and (2.3.10) hold also
in the almost-periodic case. To prove this we can proceed as follows: later, when we
obtain the functions γj(x), we have to verify that the function ψ±(x, x0, E) defined
by (2.1.14) really satisfies the equation Lϕ = Eϕ.

We now draw some conclusions from the results obtained.

1. The poles of the Bloch function lie only on one sheet over the points γj(x0)
if all the γj(x0) are pair-wise distinct.

Proof. From (2.1.16), (2.3.8) we see that the poles of ψ± can lie only above
points γj(x0) where χR has poles, since ψ± = c+ iχ(x0, E)s and since c and s are
entire functions of E. If there were poles on both sheets (γj(x0),±) then in the

product ψ+ψ− =
∏

j

E − γj(x)
E − γj(x0)

we would have a double pole. This contradiction

completes the proof. We note that for real periodic potentials the poles γj(x0)
occur one each in the forbidden zones. �

2. Symmetric functions of γ1(x), . . . , γn(x) can be expressed in terms of the
potential u(x) and its derivatives; in fact,

u(x) = −2
n∑

j=1

γj(x) +
2n+1∑
i=1

Ei,(2.3.11)

∑
γiγj =

1
8
(2u2 − u′′) +

1
2

∑
EiEj −

3
8
(∑

Ei

)2
.(2.3.11′)

Proof. Starting from the asymptotic form of χR(x, k) as k → ∞, we have
(see (2.1.18))

χR(x, k) ∼ k +
∑
n>1

χ2n+1(x)
(2k)2n+1

,

where χ1(x) = −u(x), . . . Comparing this fact with the form of χR (see (2.3.8)),
we obtain the result. �

3. Each finite-zone potential u(x) is a stationary solution of one of the higher
order K-dV equations (2.2.22).

Proof. We start from (2.1.17):

δp(E)
δu(x)

=
δ

δu(x)

∫ x0+T

x0

χR(x,E) dx = − 1
2χR(x,E)

in the case of periodic potentials. From the form of χR it follows that amongst the

coefficients of the expansion of − 1
2χR

=
δp

δu
in powers of

1√
E

there are only finitely
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many linearly independent functions of x, and this leads to the relation
n∑

m=−1

cm
δIm
δu(x)

= 0,

where Im−1 =
∫ x0+T

x0
χ2m+1 dx (m > 0) are the coefficients of the expansion of

p(E), as E →∞, as follows from (2.1.18) and (2.1.15). From this the proof follows
in the periodic case. The almost-periodic case is similar: the integrals over the
period must be replaced by the mean value; all the formulae remain valid. For real
periodic functions the result is suggested by standard uniqueness theorems (see [1]),
from which it follows that the potentials form at most an n-dimensional family for
a given spectrum (with n forbidden zones); actually, by the results of Ch. 2, § 2
we have an exactly n-dimensional family. However, this result is needed also for
almost-periodic and for complex potentials. �

4. The set of quantities γ1(x), . . . , γn(x) satisfies the system of equations

(2.3.12) γ′j = ±
2i
√
P2n+1(γj)∏

k 6=j(γk − γj)
.

Strictly speaking, these equations must be treated as equations in x0 for the
set of points P1(x0), . . . , Pn(x0) on Γ, where Pj(x0) = (γj(x0),±), and the poles of
ψ±(x, x0, E) lie at Pj(x0). Above each lacuna [E2i, E2i+1] = li in the real case lies
the cycle ai on Γ that is obtained by fusing the two intervals ai = (li,+)∪ (li,−) at
the end-points (E2i,+) = (E2i,−) and (E2i+1,+) = (E2i+1. The points Pj(x0) lie
one each on the cycles aj (by Corollary 1 above) and more over these cycles as x0

varies. The whole “phase point” (P1, . . . , Pn) lies on the torus Tn = S1
1 × · · · × S1

n

(the direct product of the cycles aj), and (2.3.12) is actually written down for the
motion of the point (P1, . . . , Pn) ∈ Tn.

Proof of (2.3.12). According to 1 above, the poles of ψ+ lie only on one of
the sheets (γj ,±) over γj(x0). On the other sheet there is no pole at (γj ,±). This
means that in the formula (2.1.16) for ψ±, or what is the same thing, in the quantity

χ = χR + iχI = χR +
i

2
d

dx0
lnχR (by (2.1.12)) the pole is canceled for E = γj ,

and one choice of sign in the radical. From the form (2.3.8) of χR we obtain

(2.3.13)

(
d

dx

i

2

n∏
k=1

(E − γk)

)
E=γj

=

(√√√√2n+1∏
k=1

(E − Ek)

)
E=γj

.

Solving (2.1.13) for γ′j we obtain (2.3.12). This proves the assertion. �

We now analyze by way of illustration cases of one and two zones; the two-zone
potentials were not previously known.

Example 1 (n = 1). The equations (2.3.12) have the form

γ = γ1, γ′ = ±2i

√√√√ 3∏
j=1

(γ − Ej), u = −2γ +
3∑

i=1

Ei;

these formulae transform in an obvious way into (2.2.35).
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Example 2 (n = 2). The equations (2.3.12) for the parameters have the form

(2.3.14) γ′1 = ±
2i
√
P5(γ1)

γ1 − γ2
, γ′2 = ±

2i
√
P5(γ2)

γ2 − γ1
,

where −2(γ1 + γ2) = u, γ1γ2 = 1
8 (3u2 − u′′) + 1

2

∑
EiEj . As was indicated in § 2

(see (2.2.39), γ1 and γ2 are coordinates on the level surface of the two integrals J1

and J2 for the stationary solutions of the second order K-dV equation.
The equations (2.3.14) can be integrated by a change of variable

(2.3.15) dτ =
1

γ2 − γ1
dx.

For real potentials, where E2 6 γ1 6 E3, E4 6 γ2 6 E5, we introduce two functions
F1(τ) and F2(τ), setting

(2.3.16) τ =
∫ F2

F1

dq

2
√
P5(q)

, τ =
∫ F2

E4

dq

2
√
P5(q)

.

We select an initial point τ0 so that

(2.3.17) γ1(τ) = F1(τ), γ2(τ) = F2(τ + τ0).

From (2.3.15) we have

(2.3.18) x− x0 =
∫ τ

0

(F2(q + τ0)− F1(q)) dq.

The potential u(x) has the form u(x) = −2(γ1 + γ2)+
∑5

i=1Ei, and in conjunction
with (2.3.16), (2.3.17) and (2.3.18) we obtain our final expression for the two-zone
almost periodic potentials:

u(x) = −2[F1(τ) + F2(τ + τ0)] +
5∑

i=1

Ei,

where

x− x0 =
∫ τ

0

(F2(q + τ0)− F1(q)) dq.

In (2.2.38) values of the boundaries of the zones Ei were exhibited for which, under
a special choice of x0 and τ0, the Lamé potential 3u(x) results, in which u(x) is
a one-zone potential (the Weierstrass ℘-function). Other potentials of this family
(with the same spectrum as 3u(x)) have the form (see [42])

(2.3.19)


v(x) = 2℘(x− β1) + 2℘(x− β2) + 2℘(x− β3),

β1 + β2 + β3 = 0,

β2 − β3 =
1
2
℘−1

[
−℘(β1 − β3) +

√
g2 − 3℘2(β1 − β3)

]
.

We now pass on to the connection with Abelian varieties. We have proved (see
(2.3.11)) the formula u(x) = −2

∑
γj + 2

∑
Ei, for the potential u(x). The Bloch

eigenfunction ψ±(x, x0, E) has the set of poles P1(x0), . . . , Pn(x0), which are points
on the Riemann surface Γ, situated one each over the points γ1(x0), . . . , γn(x0) of
the E-plane. Strictly speaking, (2.3.11) is to be understood as follows: there is a
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canonical projection π : Γ → C of Γ onto the E-plane, and the potential u(x) has
the form

(2.3.20) u(x) = −2
n∑

j=1

π(Pj(x)) + const.

Essentially, the projection π is a numerical function on Γ, invariant under inter-
change of the sheets (the canonical involution, which always occur on a hyperelliptic
surface Γ). It is natural to define a numerical function a on the symmetrized set of
n points (P1, . . . , Pn) such that

σ(P1, . . . Pn) =
n∑

j=1

π(Pj).

The symmetrized sets (P1, . . . , Pn) of points of Γ form an algebraic variety, the
symmetric power Sn(Γ)), and σ is an algebraic function on this variety. The set of
points (P1, . . . , Pn) varies when the parameter x is changed, and the value of the
function

−2σ(P1(x), . . . , Pn(x)) + const

is the potential u(x), by (2.3.11). In classical algebraic geometry it has long been
known that the symmetric power is birationally isomorphic to the 2n-dimensional
torus J(Γ), the Jacobian variety for Γ. Therefore, in particular, σ is expressible in
terms of multidimensional θ-functions (of the Riemann θ-function and its deriva-
tives). The birational equivalence Sn(Γ) → J(Γ) is realized by the standard Abel
map, which we describe below. We select a base of cycles on Γ:

(2.3.21) a1, . . . , an, . . . , b1, . . . , bn,

where the intersection matrix has the form

(2.3.21′) ai ◦ aj = bi ◦ bj = 0, ai ◦ bj = δij

(the cycles ai for a real hyperelliptic surface Γ were indicated above, they are the
complete inverse images of the forbidden zones on Γ). We consider the basis of
holomorphic differentials on Γ:

(2.3.22) Ωk =
n∑

l=1

ckl
El−1 dE√
P2n+1(E)

(k = 1, . . . , n),

normalized by the conditions

(2.3.22′)
∮

aj

Ωk = 2πiδjk.

So we obtain the matrix

(2.3.23) Bkl =
∮

bl

Ωk.

We know that this matrix is symmetric and has a real part of definite sign (the
matrix Bkl cannot be split into blocks, for n = 2 it is a complete set of constraints).
The full n× 2n matrix

(2.3.24)

(∮
aj

Ωk,

∮
bj

Ωk

)
= (2πiδjk, Bjk)
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defines 2n vectors in n-dimensional complex space Cn, the integral linear combina-
tions of which form a lattice that defines the torus J(Γ) as a Jacobian variety (the
“Jacobian of Γ”). The Abel map A : Sn(Γ) → J(Γ) is defined as follows. We fix
the points P 0

1 , . . . , P
0
n . We set

(2.3.25) A(P1, . . . , Pn) = (η1, . . . , ηn),

where

ηk =
n∑

j=1

∫ Pj

P 0
j

Ωk,

and Ωk is the basis (2.3.22) of holomorphic differentials. Clearly, the parameters ηk

are determined to within a vector of the lattice (2.3.24). This is the way the Abel
mapping is constructed.

An important observation, mainly due to Akhiezer [10] consists in the fact
that (translating the language of [10] into contemporary language) under the Abel
map the set of zeros {P1(x), . . . , Pn(x)} of the eigenfunction ψ± transforms into a
straight line on the Jacobian variety (we shall show later that the eigenfunction E ,
which Akhiezer constructed in his examples for the half-line is the same as the Bloch
function ψ±(x, x0, E) when the potential is even, u(x) = u(−x), and x0 = 0). We
use the information on the zeros Pj(x) of ψ±(x, x0, E) lying over the points γj(x),
on the poles Pj(x0) lying over γj(x0) and on the asymptotic form ψ± ∼ e±ik(x−x0),
as E →∞. We consider the logarithmic differential

ω =
(
d lnψ
dE

)
dE,

which has the following properties:
a) it has poles with residue −1 at the points Pj(x0);
b) it has poles with residue +1 at the points Pj(x);
c) it has a pole of the second order at E = ∞, which in the local parameter z

has the form: ω ∼ −i(x − x0)
dz

z2
, where z =

1
k

=
1√
E

since ψ± ∼ eik(x−x0), as

E →∞;
d) all the integrals over the cycles

∮
ai
ω and

∮
bi
ω are integer multiples of 2πi,

because ψ± is a single-valued function on Γ.
We claim that the properties a), b), c), d) completely determine the function

ψ±(x, x0, E) and that as x varies, the set of zeros (P1(x), . . . , Pn(x)) moves in a
straight line on the Jacobian variety J(Γ) after the Abel map A.

Proof. We introduce the differential Ω whose only singularity is a pole of the

second order at E = ∞, and whose asymptotic form is Ω = −i dz
z2

, as E → ∞,

where z =
1√
E

. We normalize Ω by the conditions

(2.3.26)
∮

aj

Ω = 0 (j = 1, . . . , n).

Then Ω has the form

Ω = i
En + α1E

n−1 + · · ·+ αn

2
√
P2n+1(E)

dE

where the coefficients αj are determined by (2.3.26).
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Let ΩPQ be a differential on Γ whose only singularities are a pole of residue −1
at Q and a pole of residue +1 at P , normalized by the condition

(2.3.27)
∮

aj

ΩPQ = 0 (j = 1, . . . , n)

In algebraic geometry it is known that if the Ωj are normalized by (2.3.22′) and
ΩPQ by (2.3.27), then (for any path from P to Q)

(2.3.28)
∮

bj

ΩPQ =
∫ P

Q

Ωj ,

where the cycles (ai, bj) satisfy (2.3.21′). We now consider the differential ω =
dE lnψ and represent it in the form

(2.3.29) ω = (x− x0)Ω +
n∑

j=1

ΩPj(x)Pj(x0) +D,

whereD is the holomorphic differentialD =
∑n

i=1 αiΩi. From the condition
∮

aj
ω =

2πimj , in which the mj are integers, we obtain, using the normalizations (2.3.22),
(2.3.26) and (2.3.27),

2πimj =

(
n∑

k=1

αkδkj

)
2πi (j = 1, . . . , n),

from which it follows that all the αj are integers, αj = mj . From the conditions∮
bj
ω = 2πinj , in which nj are the integers, we obtain, using (2.3.28)

(2.3.30) 2πinj = (x− x0)Uj +
n∑

k=1

∫ Pk(x)

Pk(x0)

Ωj +
n∑

k=1

mkBkj ,

where Uj = −
∫

bj
Ω. From (2.3.30) it also follows that, to within a lattice vector,

under variation of the parameter the set of points (Q1(x), . . . , Qn(x)), describes a
straight line on the torus J(Γ) whose gradient is defined by the vector (Ui, . . . , Un),
depending only on Γ.

(2.3.30) can be rewritten as

(2.3.30′) ηj = η0
j + (x− x0)Uj ,

in which the ηj are coordinates in Cn, defined to within an element of the lattice
(2.3.24). The restriction of the algebraic function σ to the rectilinear winding
(2.3.30′) also gives (in the real case) the potential u(x), which is almost periodic
with the group of periods (T1, . . . , Tn), where

(2.3.31) T−1
j =

n∑
k=1

BjkUk.

(Here Bjk is the inverse of the matrix of periods (2.3.23).) Under continuation
into the complex x-domain, the potential becomes a meromorphic almost-periodic
function with 2n periods T1, . . . , Tn, T

′
1, . . . , T

′
n, where the T ′j along the imaginary

axis have the form

(2.3.31′) T ′j =
2πi
Uj

.
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For complex Γ the potential has 2n periods in the complex domain. For the po-
tential u(x) to be periodic in x, it is necessary and sufficient that the real periods
T1, . . . , Tn satisfy n− 1 equations of the form

n∑
j=1

nijTj = 0 (i = 1, . . . , n− 1),

where the nij are integers.
If the whole group of 2n complex periods (T1, . . . , Tn, T

′
1, . . . , T

′
n) reduces to two

generators, then u(x) is expressible in terms of elliptic functions (for this 2n − 2
integral linear relations are needed). �

Thus, the Abel map integrates the equations (2.3.12) for the quantities (γ1, . . . , γn).
From our results so far, bearing in mind that u(x) is uniquely determined by the
set of initial points [P1(x0), . . . , Pn(x0)] on Γ, we obtain the following theorem.

Theorem. 1) The set of (real and complex ) almost periodic finite-zone poten-
tials with a given spectrum Γ is canonically isomorphic to the Jacobian variety J(Γ)
of Γ, which is a 2n-dimensional Abelian variety, and this isomorphism is realized
by the analytic operations described above. The group of periods is determined by
the spectrum Γ.

2) The set of all complex solutions of the stationary problem for higher order K-
dV equations is, to within a birational equivalence, for given constants (d, c1, . . . , cn)
and levels of the commuting integrals J1, . . . , Jn (or for a given spectrum) the
Abelian variety J(Γ), where the Riemann surface Γ is defined by the equation
W 2−P2n+1(E) = 0 (see (2.2.24)). The affine part of J(Γ) is canonically embedded
in the space C2n.

As was shown above (see (2.3.20)), u(x) has the form

(2.3.32) u(x) = −2σ(η0
1 + (x− x0)U1, . . . , η

0
n + (x− x0)Un) + const,

in which σ is an algebraic function on the torus J(Γ) and is expressed in algebraic
form in terms of the Riemann θ-function and its derivatives, where the classical
Riemann θ-function is constructed from the lattice (2.3.24) in the standard form:

(2.3.33) θ(η1, . . . , ηn) =
∑

m1,...,mn

exp
{

1
2

∑
j, k

Bjkmjmk +
∑

k

mkηk

}
(the mi, . . . ,mn are integers).

In [41] there is a convenient explicit formula expressing σ in terms of the θ-
function (2.3.33). For u(x) we have

(2.3.34) u(x) =

= −2
d2

dx2
ln θ(η0

1 + U1(x− x0)−K1, . . . , η
0
n + U(x− x0)−Kn) + C,

Kj =
1
2

n∑
k=1

Bkj − πij, η0
j =

∑
k

∫ Pk(x0)

∞
Ωj ;

where C is a constant depending only on Γ. Let us prove this formula. We consider
the function

(2.3.35) F (P ) = θ(η(P )− η0),
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where P ∈ Γ and ηj(P ) =
∫ P

∞ Ωj . The function F (P ) is single-valued on Γ̃ cut
along the cycles (aj , bj) (2.3.21). By a result of Riemann (see [56]), F (P ) has n
zeros P1, . . . , Pn on Γ (for almost all η0 ∈ J(Γ)), and the following relation holds
on J(Γ):

(2.3.36) A(P1, . . . , Pn) = η0 − ~K,

where Kj =
1
2
∑n

k=1Bkj − πij , are the “Riemann constants”. Therefore,

(2.3.37)
1

2πi

∮
∂Γ̃

π(P ) d lnF (P ) =
n∑

j=1

π(Pj)+

+ res
P=∞

π(P ) d lnF (P ) = σ(η0 − ~K) + res
P=∞

π(P ) d lnF (P )

Since the θ-function (2.3.33) has the properties

θ(η1, . . . , ηk + 2πi, . . . , ηn) = θ(η1, . . . , ηn),

θ(η1 +B1k, . . . , ηn +Bnk) = exp
(
−Bkk

2
− ηk

)
θ(η1, . . . , ηn),

the integral (2.3.37) is

(2.3.37′)
1

2πi

∮
∂Γ̃

π(P ) d lnF (P ) =
n∑

k=1

∮
ak

π(P )ωk.

From (2.3.37) and (2.3.37′) we have

(2.3.38) σ(η0 − ~K) = − resπ(P ) d lnF +
n∑

k=1

∮
ak

π(P )ωk.

To derive (2.3.34) from (2.3.38) we must calculate the residue resπ(P ) d lnF
at P = ∞, where η0 is chosen so that

η0 − ~K = A(P1(x), . . . , Pn(x)) = A(P1(x0), . . . , Pn(x0)) + ~U(x− x0).

To do this it remains to observe that the quantities Uj in (2.3.30) and ckl in (2.3.22)
are connected by Uj = cjn (a consequence of the relation between the periods of
the differentials on Γ; see [55]).

From the preceding results we have seen that the Bloch function ψ± and the
potential u itself are completely determined by the spectrum, (the Riemann sur-
face Γ), and the “divisor” (the set of poles), that is, the numbers γ1(x0), . . . , γn(x0)
together with an indication of the sheet on which the poles lie. The zeros of ψ±
also form a divisor (γ1(x), σ1), (γ2(x), σ2), . . . , (γn(x), σn), where σj = ± labels the
sheet in which the zero lies. If the potential is real, then all the γj lie in the lacunae
E2j 6 γj 6 E2j+1, the Riemann surface is real, and it makes sense to talk of the
“upper sheet” (+) and the “lower sheet” (−) for real values of E over the lacunae
(the positive and negative values of the root

√
−P2n+1). If the sign of the sheet

is +, then ψ+(x, x0, E) → 0, as x→ +∞, for E inside the lacuna; if the sign of the
sheet is − when E is in the lacuna, then ψ−(x, x0, E) → 0, as x→ −∞. Hence the
function ψ±(x, x0, E) = fj(τ), E = γj(x), belongs to the discrete (non-degenerate)
spectrum of the Sturm—Liouville problem on the half-line

τ > x, f(x) = 0, f(+∞) = 0,

τ 6 x, f(x) = 0, f(−∞) = 0,
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depending on the sign (±) of the sheet on which the zero Pj(x) of ψ(x, x0, E) lies,
and the set {γj} comprises all the non-degenerate levels of these spectra. A simi-
lar though rather simpler situation arose in the work of Shabat [11]: he suggested
a method of studying non-reflecting potentials by means of “conditional” eigen-
values γj , on two half-lines for which he derived in [11] an equation analogous to
(2.3.5) (but, of course, in this case the Riemann surface degenerates and there is,
in general, no Abelian variety; equations of the type (2.3.5) in this degenerate case
were derived by completely different methods). In our case, when x varies, the set
of points (γj ,±) describes the cycles aj , and the sign of the sheet changes when
passing through a branch-point.

We consider now the case of even potentials, u(x) = u(−x), with x0 = 0. It
is easy to verify that when x 7→ −x the sheets of Γ are exchanged. Hence, for the
equation u(x) = u(−x) to hold it is necessary and sufficient that the poles γj(0)
are invariant under this exchange, that is, occur at branch-points. Moreover, when
x0 = 0, the function χ(x0, E) has the form

χ(0, E) = χR(0, E),

since

χI(0, E) = −1
2

[
d

dx
ln

n∏
j=1

(E − γj)

]
x=0

= 0,

because γ′j(0) = 0; this follows from (2.3.5) and the fact that γj(0) lies at a branch-
point. Therefore, ψ±(x, 0, E) in this case has the form

ψ±(x, 0, E) = c+ i

√
P2n+1(E)∏n

j=1(E − γj(0))
s,

where the γj(0) lie at the branch-points (ends of the lacunae). This gives the
Akhiezer formula of [10] for the function E in case the γj(0) are taken as the lower
boundaries of the lacunae. The point of the derivation is the fact that for a given
zone structure there are only finitely many even potentials.

We conclude this section by showing that the parameters (η1, . . . , ηn) on the
torus J(Γ) give “angle” variables, canonically conjugate to the “action” variables,
which, for the Hamiltonian systems (2.2.22), can be taken as the integrals J1, . . . , Jn,
the last n coefficients of the polynomial P2n+1 = detΛ. The Poisson brackets here
form the constant non-singular matrix

(2.3.39)

{
[Jk, ηj ] = akj ,

[Jk, Js] = [ηk, ηs] = 0,

It turns out (see § 4) that the parameters ηk on J(Γ) also give the set of “angles” for
the time evolution by the K-dV and higher order K-dV equations: by the higher
order K-dV equations, all the derivatives η̇k are constant, and by virtue of the

operator
∂

∂x
which is connected with the time dynamics, the Poisson brackets all

vanish: [ηk, ηs] = 0.
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§ 4. Applications. The time dynamics of finite-zone potentials
according to the K-dV equations. The universal fibering

of Jacobian varieties (the hyperelliptic case)

We study the time evolution according to any of the higher order K-dV equa-
tions. In Ch. 2, § 2 we have derived the equation (2.2.33) for the time evolution,
which for m = 1 coincides with the usual K-dV equation:

(2.4.1)
dΛ
dtm

= [Λ,Λm]

where Λ =
∑n

i=0 ciΛn−i, (2.4.1) holds for the set of solutions of (2.2.22)∑
ci
δIn−i

δu(x)
= d,

and the algorithm for finding the matrices in the basis (2.1.2) is given by (2.2.44).
Starting from the results of § 3, we now find formulae for the time dynamics

in terms of the parameters γj . We use (2.2.41), which in the basis (2.1.1) has the

form
∂χR

∂t
=

∂

∂x
(αχR), where α =

λI + µI

k
and α = −2(u + 2E) for the initial

K-dV equation (m = 1). Using the form

χR =

√
P2n+1(E)
Pn(E, x)

,

we obtain

(2.4.2)
∂Pn

∂t
=
∂α

∂x
Pn − α

∂Pn

∂x
,

or, substituting E = γj in (2.4.2) after solving for γ̇j and using (2.3.5) for γ̇j

(2.4.3) γ̇j = ±
2iαj

√
P2n+1(γj)∏

k 6=j(γk − γj)
,

where αj = −2(u + 2E)|E=γj(x) for the original K-dV equation, and by (2.3.11)
u = −2(

∑n
j=1 γj) +

∑2n+1
i=1 Ei; this gives the final formula for γ̇j .

Example. Consider n = 2 and the original K-dV equation with α = −2(u +
2E). We obtain

(2.4.3′)


γ̇1 = ±

8i
(
γ2 − 1

2

∑5
i=1Ei

)√
P5(γ1)

γ1 − γ2
,

γ̇2 = ±
8i
(
γ1 − 1

2

∑5
i=1Ei

)√
P5(γ2)

γ2 − γ1
.

As in (2.3.15), we introduce the parameter τ given by dτ =
dx

γ2 − γ1
, and obtain

(2.4.3′′)


dγ1√
−P5(γ1)

= ±8
(
γ2 −

1
2

∑
Ei

)
dτ,

dγ2√
−P5(γ2)

= ±8
(
γ1 −

1
2

∑
Ei

)
dτ.
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Suppose, for simplicity, that
∑5

i=1Ei = 0. Introducing the parameter w where
8(γ2γ1) dτ = dw, we then have

(2.4.4)
γ1 dγ1√
−P5(γ1)

= dw,
γ2 dγ2√
−P5(γ2)

= dw,

where dw is a first order differential on Γ. Now (2.4.4) and thus also (2.4.3) can
be integrated in the obvious way. Comparing the result with the formulae (2.3.11)

for the potential, we find that
∂

∂t
τ0 = 4,

∂

∂t
x0 = 4(F1(τ0) −

1
2
∑
Ei), and the

potential has the form

(2.4.5) u(x, t) = −2[F1(τ(x− x0(t))) + F2(τ(x− x0(t)) + τ0(t))] +
∑

Ei,

where the hyperelliptic functions F1 and F2 are defined in Ch. 2, § 3 (see (2.3.16).

If u(x, 0) is the Ince (Lamé) potential, where u(x, 0) = 6℘(x) with the bound-
aries of the zones (2.2.38) (℘(x) is the Weierstrass elliptic function), then we have

(2.4.6) u(x, t) = 2℘(x− β1(t)) + 2℘(x− β2(t)) + 2℘(x− β3(t)),

where

β1 + β2 + β3 = 0, t =
∫ β1−β2

0

dz√
12(g2 − 3℘2(z))

,

β2 − β3 =
1
2
℘−1[−℘(β1 − β3) +

√
g2 − 3℘2(β1 − β3)].

It turns out that the Abel map (2.3.25) integrates (2.4.3) for K-dV equation and
all its higher order analogues, and the parameters ηk have constant derivatives by
virtue of all these equations. We can calculate the derivatives

(2.4.7) η̇k = W
(m)
k

by the mth K-dV equation:

(2.4.8)
∂

∂t
u =

∂

∂x

δIm
δu(x)

.

The idea of this calculation, by analogy with § 3, consists in the fact that under time
development the eigenfunction ψ±(x, x0, E) has the asymptotic form, as E → ∞
(for a suitable normalization)

(2.4.9) ψ ∼ exp[ik(x− x0) + ik2n+1(t− t0)].

If (2.4.9) can be established (this involves certain difficulties), then, by analogy
with § 3, we obtain the following result: let ωm be a differential on Γ such that
at E = ∞ it has a pole of order 2m + 2 (for the mth K-dV equation (2.4.8), as
E →∞)

(2.4.10) ωm =
dz

z2m+2
+ a regular part

where z =
1√
E

=
1
k

, and normalized by the conditions

(2.4.10′)
∮

aj

ωm = 0 (j = 1, . . . , n).
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Arguing as in § 3 in “the case of the differential dE lnψ, we have the required result,
namely

(2.4.11) ηk = W
(m)
k , W

(m)
k =

∮
bk

ωm.

Substituting in the formula (2.3.34), which expresses the potential u(x, t) in
terms of the Riemann θ-function, we obtain the K-dV dynamics in the form

(2.4.12) u(x, t) = −2
d2

dx2
ln θ
(
(x− x0)U1 + (t− t0)W

(1)
1 +

+ η0
1 −K1, . . . , (x− x0)Un + (t− t0)W (1)

n + η0
n −Kn

)
+ C.

So we have obtained the following result.

Theorem. The time development of finite-zone potentials according to the
K-dV equation or any of its higher order analogues is described by (2.4.3), (2.4.5),
(2.4.11), (2.4.12) and represents a motion on a torus along a rectilinear winding on
the variety of all potentials with the given spectrum Γ, which is isomorphic to the
Jacobian variety J(Γ), the complex torus T2n. In particular, the rectilinear struc-
ture on J(Γ) is determined by “higher order K-dV” equations, written in the form
of a set of commuting polynomial Hamiltonian systems with n degrees of freedom
and the Hamiltonians J1, . . . , Jn in the realization of § 2.

In the case of a real Riemann surface Γ (or a real bounded potential) the motion
is on the torus Tn, which can be visualized in the form of a direct product of the
cycles aj , the inverse images of the lacunae on Γ. This motion is conditionally
periodic in time with a set of n real and n imaginary periods, where the periods
are expressed in terms of the integrals W (m)

k of the differentials ωm (for the mth
analogue of the K-dV equation) over the cycles bk and the lattice matrix Bjl.

Since the higher order K-dV equations are rectilinear on J(Γ), we see that on
this Abelian variety the law of addition of points, by means of motions along these
systems holds. In the realization of § 2 of the varieties J(Γ) of finite-zone potentials
by the equations J1 = J0

1 , . . . , Jn = J0
n, all the higher order K-dV equations

were realized as Hamiltonian dynamical systems in a phase space with n degrees of
freedom, depending on the n+1 constants (d, c1, . . . , cn) (if

∑
Ei = 0, then ci = 0),

and the Hamiltonians Jα (α = 1, . . . , n) of these systems are polynomials in the
phase variables, having vanishing Poisson brackets [Jα, Jβ ] = 0. The Jacobian J(Γ)
is defined in C2n by the equations J1 = J0

1 , . . . , Jn = J0
n, and the Riemann surface Γ

has the form
R(W,E) = W 2 − P2n+1 = 0,

where

P2n+1(E) = −det Λ, Λ = Λn +
n∑

i=1

ciΛn−i;

for n = 2, according to (2.2.36), we have the Abelian varieties J(Γ):

J1 = p1p2 −
(

1
2
q22 +

5
2
q21q2 +

5
8
q41

)
+ c2q

2
1 − dq1,

J2 = p2
1 − 2q1p1p2 + 2(q2 − c2)p2

2 + q51 + 2c2q31 + dq21 − 4q1q22 + 4c2q1q2 − 2dq2;

−det Λ = P5(E) = E5 +
1
4
c2E

3 +− 1
16
dE2 +

(
1
32
J1 +

1
4
c22

)
E + J2/28 + c2d/27,
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where c1 =
∑
Ei = 0, q1 = u, q2 = − 5

2 u
2 + u′′, p1 = q′2, p2 = u′.

Isomorphic Abelian varieties are obtained when the Riemann surfaces are iso-
morphic, that is, when the roots (Ei) of the polynomial P2n+1(E) differ only by
a factor λ if

∑
Ei = c1 = 0. After taking account of this equivalence, there re-

main altogether 2n + 2 isomorphic surfaces Γ (n being the genus) because one of
the 2n + 2 branch-points is distinguished and is situated at E = ∞. We recall
that hyperelliptic Riemann surfaces are characterized uniquely by the roots of a
polynomial Q2n+2(E) within a common fractionally-linear transformation and an
arbitrary permutation of the roots. We place one branch-point E2n+2 = ∞ at
infinity, and also assume that

∑
Ei = 0; the remaining 2n numbers can be si-

multaneously multiplied by one and the same number λ. Furthermore, all the
coefficients of the polynomial detΛ = P2n+1(E) can be expressed symmetrically in
terms of E1, . . . , E2n+1. The only remaining non-symmetry in our constructions is
the selection of the branch-points E2n+2 = ∞.

Let v ∈ V be a base point of the variety of moduli of hyperelliptic curves Γ
defined by the set v = (E1, . . . , E2n+2) to within a common fractionally-linear
transformation and a permutation; let Ṽ 2n+2−−−→ V be our covering associated with
the selection of the branch-point E2n+2 = ∞. Over each point of V there is the
Jacobian variety J(Γ) of the corresponding curve Γ, and we have the universal fiber-

ing of Jacobian varieties M̃
J(Γ)−−−→ V and its (2n+ 2)-sheeted covering M̃

J(Γ)−−−→ V,
where ṽ ∈ Ṽ is determined by the set ṽ = (E1, . . . , E2n+1) to within a permu-
tation and multiplication: (E1, . . . , E2n+1) ∼ λ(E1, . . . , E2n+1),

∑
Ei = 0. This

variety M̃ can be computed in our constructions as follows: in C3n the coordinates
are z1, . . . , z3n, where zi = qi, zn+i = pi, i 6 n; z2n+1 = d, z2n+i = ci, 2 6 i 6 n,
and the symplectic form Ω =

∑
i dpi ∧ dqi. All the Abelian varieties are given by

the equations {
zj = const, j 6 2n+ 1

Jα = const (α = 1, . . . , n),

and thus lie in the spaces C2n. The universal fibering splits into a family of fiberings
of each C2n {z = const, j > 2n} by level surfaces of all the polynomials Jα,
depending on the remaining n coordinates z2n+1, . . . , z3n and on the parameters.
An algorithm for calculating the polynomials Jα was described in § 2. The law of
addition on the Abelian varieties and all the one-parameter subgroups are given by
Hamiltonian systems with the Hamiltonians Jα. The group of multiplications of
the roots Ei by λ acts by multiplying the coefficients of the polynomial P2n+1(E) =
det Λ by the corresponding power of λ. We can choose λ by requiring that c2 = 1.

Thus, we obtain the following result:
The manifold M̃, the space of the universal fibering of the Jacobian varieties

J(Γ) with the distinguished branch-point E2n+2 = ∞ is a rational variety; this
universal fibering with the fibre J(Γ) splits into a family of fiberings with rational
fibering spaces of dimension 2n, fibred by the polynomials Jα (an algorithm to
calculate them was given in § 2). On affine parts of the fibering space C2n there is
a symplectic form, and the Poisson brackets of all pairs of polynomials Jα vanish.
The Abelian varieties are complex solutions of this commuting set of Hamiltonian
systems.

We mention that the variety M itself is probably also rational, but here we
have only proved its universality. In the general (non-hyperelliptic) case we can



42 B.A.Dubrovin, V.B.Matveev, and S.P.Novikov

also develop an analogous method, using operators of higher order instead of the
Schrödinger operator. For an approach to these problems, see Ch. 3, § 2.



CHAPTER 3

Generalizations. Discrete Systems and
Matrix Operators of First Order

§ 1. The periodic problem for the Toda chain
and the “K-dV difference equation”

As we have said in Ch. 1, § 5, Manakov [35] and Flaschka [33], [34] found an
L−A pair for the Toda chain, proved that the Henon integrals [32] are involutory
and integrated completely the Cauchy problem for the Toda chain with rapidly
decreasing initial conditions cn → const, vn → 0, as |n| → ∞, by the method of
scattering theory. Furthermore, with the operator L under the condition vn ≡ 0
another physically interesting system is associated, the “difference K-dV equation”,
discovered in [35], for which Manakov first found the integrals and then integrated
the system by the same method as in the rapidly decreasing case. Following un-
published work of S. P. Novikov, we consider here the periodic case for both these
systems, by a method similar to that of Ch. 2. The operator L has the form
indicated in Ch. 1, § 5, and the equation Lψn = Eψn is

(3.1.1) (E − vn)ψn = i
√
cn ψn−1 − i

√
cn+1 ψn+1.

After the change ψn 7→ inψn we obtain

(3.1.1′) (E − vn)ψn =
√
cn ψn−1 +

√
cn+1 ψn+1.

The Wronskian for the operator (3.1.1′) has the form

(3.1.2) Wn(ϕ,ψ) = (−1)n√cn+1 (ψn+1ϕn − ψnϕn+1)

and does not depend on n. We use here an analogue c(n, n0, E), s(n, n0, E) to the
basis (2.1.2) of Ch. 2, where

(3.1.3)
{
cn0 = 1, cn0+1 = 0,
sn0 = 0, sn0+1 = 1,

and W (c, s) = √
cn0+1 (−1)n0+1. In the periodic case the matrix of a translation

by a period is defined in the usual way, (in the basis (3.1.2)):

T̂ =
(
α11 α12

α21 α22

)
,

where the αij are real for real E and det T̂ = 1 (we assume that the period N is
even). In exactly the same way the Bloch eigenfunctions ψ±(n, n0, E) are defined
where ψn0 = 1, T̂ψ± = e±ip(E)ψ±; they are meromorphic on the Riemann surface Γ
and have branch-points at the boundaries of the zones. It is important to note that
the operator L (see (3.1.1) and (3.1.1′) has altogether finitely many forbidden and
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solution zones, and the neighbourhood of E = ∞ is always a forbidden zone. Thus,
Γ is always of finite genus and is defined by the equation

(3.1.4) y2 = P2n+2(E) =
2n+2∑
i=1

(E − Ei),

where the Ei are the boundaries of the zones. We introduce the notation:

(3.1.5)


ψ±(n, n0, E) = exp

(
n−1∑
n0

∆n

)
,

χ±(n,E) = e∆n .

From (3.1.1) we obtain the following equation (an analogue to the Riccati equation):

(3.1.6) E − vn =
√
cn e

−∆n−1 +
√
cn+1 e

∆n .

In the solution zones, where p(E) is real, we obtain from (3.1.6)

(3.1.7)


χ = χRe + iχIm, ψ+ = ψ−,

χ = χ+ = χ−, ∆n = ∆nR
+ i∆nI

,

∆nR
= −1

2
ln
{
[
√
cn+1 χIm(n+ 1, E)]− [

√
cn χIm(n,E)]

}
From (3.1.7) it follows that (in the solution zones)

(3.1.8) ψ±(n, n0, E) =

√√
cn+1 χIm(n,E)
√
cn χIm(n0, E)

exp

{
i

n−1∑
n0

∆nI

}
.

Further, from the definition of W we have

(3.1.8′)

{
W (ψ+, ψ−) = 2iχIm(n0, E)

√
cn0+1,

ψ± = c+ χ(n0, E), χ = χ+ or χ = χ−.

As in Ch. 2, the function χ(n0, E) can be expressed in terms of T̂ , and χIm(n,E)
has the same form as in (2.1.19):

(3.1.9) χIm(n0, E) =

√
1− 1

4 (Sp T̂ )2

α21
.

As in Ch. 2, § 3, the function 2iχIm(n0, E)√cn0+1, can be continued from the so-
lution zones to all complex values of E by the formula (3.1.9) and coincides with
the Wronskian W (ψ+, ψ−). As E → ∞, it has one of two asymptotic forms (we
recall that the Riemann surface Γ given by (3.1.4) has two sheets ± over the point

E = ∞, and z =
1
E

is a local parameter on each of them)

(3.1.10)


χ+(n,E) → E

√
cn+1

(
1 +O

(
1
E

))
,

χ−(n,E) →
√
cn+1

E

(
1 +O

(
1
E

))
on the two sheets of Γ, as E →∞. Hence, for W (ψ+, ψ−) = χ+ − χ− we have the
asymptotic form, as E →∞:

(3.1.10′) W → 2E +O(1).
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Exactly as in Ch. 2, § 3, from the asymptotic form (3.1.10′) we obtain

(3.1.11)
1
2
W (ψ+, ψ−) =

√∏2m+2
i=1 (E − Ei)∏m

j=1(E − γj(n0))
.

From (3.1.11) it follows that in the solution zones

(3.1.11′) χIm(n0, E) =
1

2√cn0+1
W (ψ+, ψ−).

Comparing with the formulae (3.1.7), which are applicable within the solution
zones, we obtain

(3.1.12) χ±(n,E) =

√
R+

√
R+ 4ΠnΠn+1cn+1

2√cn+1 Πn
,

where R(E) =
∏2m+2

j=1 (E − Ei), Πn =
∏m

j=1(E − γj(n)). However, this expression
cannot yet be regarded as the final result for χ±(n0, E). In fact, formally speaking
(3.1.12) is algebraic in a Riemann surface Γ′, covering Γ doubly. We know that the
quantity χ±(n0, E) is algebraic on Γ and has poles of first order over γj(n0) at only
one of the inverse images of this point. This has an important consequence: the
expression R+4cn+1ΠnΠn+1 under the root sign must be a perfect square of some
polynomial of degree m+ 1:

(3.1.13) R+ 4cn+1ΠnΠn+1 =
m+1∏
k=1

(E − αk(n))2.

The conditions (3.1.13) lead to a full set of relations of the form

(3.1.13′)

{
γj(n+ 1) = fj(γ1(n), . . . , γm(n)),

cn+1 = cn+1(γ1(n), . . . , γm(n)),

giving a difference analogue of the Dubrovin equations for the γj(n), and an ana-
logue, which we shall need, of the “trace identities” for expressing cn+1 in terms of
γ1(n), . . . , γm(n).

Of course, from the asymptotic form of χ+(n,E), as E → ∞, we can obtain
the usual trace identities as in Ch. 2; for from (3.1.6) we have

(3.1.14) χ+(n,E) ∼ E
√
cn+1

(
1− vn

E
− cn
E2

+O

(
1
E3

))
.

Expanding (3.1.12), as E →∞, we obtain

(3.1.15)


vn = −

m∑
j=1

γj(n) +
σ1

2
,

cn + cn+1 + v2
n −

σ1vn

2
=
∑
j 6=k

γj(n) γk(n) +
σ2

1

8
− σ2

2
.

Thus, the usual trace formulae are insufficient to calculate cn+1 and we obtain the
missing expressions from (3.1.13).

Here are the simplest examples.
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m = 1. For the sake of convenience, let σ1 =
∑4

i=1Ei = 0. Then from (3.1.13)
we have

(3.1.16)


σ2 + 4cn+1 = −2α2

n,

σ3 − 4cn+1(γ1n + γ1n+1) = 0,

σ4 + 4cn+1(γ1nγ1n+1) = α4
n.

m = 2. Let vn ≡ 0 (symmetric spectrum). Then

R(E) =
3∏

i=1

(E + Ei)(E − Ei),

γ1,n + γ2,n ≡ 0, σ1 = σ3 = σ5 = 0.

From (3.1.13) we obtain

(3.1.17)

σ4 − 4cn+1(γ2
1n + γ2

1n+1) =
1
4
(σ2 + 4cn+1)2,

4cn+1γ
2
1nγ

2
1n+1 = −σ6.

In these examples we can easily obtain from (3.1.16) and (3.1.17) the Dubrovin
equation and an expression for cn.

Continuing to follow the scheme of Ch. 2, § 3, we consider the anal properties
of the function ψ±(n, n0, E) on Γ:

1) ψ± has zeros Pj(n) = [γn(n),±] and poles Pj(n0) = [γj(n0),±], which for
real vn and cn > 0 lie one each in the lacunae on one of the sheets of Γ.

2) As E →∞, we have on both sheets of Γ

ψ± ∼ E±(n−n0) · const.

Hence the differential dE lnψ has poles of the first order with residue +1 at Pj(n)
and with residue −1 at Pj(n0); at E = ∞ it has poles with residues ±(n − n0)
on the sheets (±). The integrals of dE lnψ over all the cycles are integer multiples
of 2πi. If

Ωl =
n−1∑
k=0

ckl
Ek dE√
R(E)

are holomorphic differentials, normalized by the conditions∮
aj

Ωl = 2πiδjl,

where the aj are cycles over the lacunae, then by analogy with the arguments of
§ 3 we have

(3.1.18)
n∑

j=1

∮ Pj(n)

Pj(n0)

Ωl =
(

2πi
∮

bl

Ω
)

(n− n0),

where Ω = Ω∞+,∞− is a differential having poles at the points (∞+,∞−) with
residues (+1,−1), respectively, normalized by the conditions

∮
aj

Ω = 0. Moreover,
we have

∮
bj

Ω =
∫∞−
∞+

Ωj , as in § 3, for the differentials ΩPQ, since the cycles bj are
conjugate to aj . In the real case we obtain

(3.1.19)
∮

bj

Ω = 2
∫

E2n+2

Ωj = Uj .
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From (3.1.18) and (3.1.19) we obtain, as in § 3, using the trace identity (3.1.15), an
analogue of the Matveev—Its formula for vn in terms of the restriction of the θ-
function to the rectilinear winding in the direction Uj on the Jacobian variety J(Γ):

(3.1.20) vn = − d

dn
ln
θ((n− n0)~U + η0

+ − ~K)

θ((n− n0)~U + η0
− − ~K)

+ const; (η0
±)j =

∑
k

∫ Pk(n0)

∞±
Ωj .

Using the technique of Appendix 3, we can easily express the sum cn+cn+1 in terms
of the Riemann θ-function on the basis of the trace identities (3.1.15). However,
we cannot obtain a convenient expression for cn. In principle, we can perform all
the calculations starting from (3.1.13). Incidentally, under the condition vn = 0
the spectrum of L is symmetric:

(3.1.21) R(E) =
m+1∏
i=1

(E − Ei)(E + Ei).

The distribution of the zeros γj(n) and the poles γj(n0) in the lacunae is also
symmetric.

We now turn to the non-linear systems associated with L. Their Hamilto-
nians Ik can be obtained, as indicated in [35], from the expansion of ∆n(E) =
lnχ(n,E) in terms of E−1, as E →∞, which follows from (3.1.6) and (3.1.10):

(3.1.22) ∆+
n (E) ∼ lnE − ln

√
cn+1 + ln(1 +O(1/E)) =

= ln
E

√
cn+1

+
∑
q>1

bqn

Eq
=

= ln
E

√
cn+1

− vn

E
−
cn +

v2
n

2
E2

−

v3
n

3
+ vncn + cnvn−1

E3
+ · · ·

All the integrals Iq =
∑n0+N

n=n0
bqn are conserved in time by each of the system, and

all these systems commute; by definition, cn = exn−xn−1 .
The canonical coordinates are (xn, vn). The first of these systems has the form

(3.1.23)



a) ẋn = 1, v̇n = 0, I1 =
∑

vn;

b) ẋn = vn, v̇n = cn+1 − cn, I2 =
∑(

v2
n

2
+ cn

)
;

c) ẋn = v2
n + cn+1 + cn, v̇ = (vn+1 + vn)cn+1 − (vn + vn−1)cn,

I3 =
∑(

v3
n

3
+ vncn + cnvn−1

)
.

For the system (3.1.23), c) the variety vn ≡ 0 is invariant, and on it the system has
the form of the “K-dV difference equation”

(3.1.23′) ċn = cn(cn+1 − cn−1).

To find important families of solutions of these equations we have to solve the
stationary problem for linear combinations of these systems (that is, to look for the
singular points of the Hamiltonians H =

∑
λjIj), which determines “potentials”

(vn, cn) with finitely many lacunae. In particular, the stationary solutions of the
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Toda chain (3.1.23), b) have the form of “0-zone” operators

(3.1.24)

{
vn = ẋn = const, H = I2 + λ1,

v̇n = 0 = cn+1 − cn (cn ≡ const).

We obtain the “1-zone” operators L from the stationary points of the Hamilton-
ian H, where

(3.1.25) H = I3 + λI2 + µI1

or
v2

n + cn+1 + cn + λvn + µ = 0,

(vn+1 + vn)cn+1 + (vn + vn−1)cn + λ(cn+1 − cn) = 0.

Clearly, the change of variables vn → vn + const, cn → cn allows us to assume
that λ ≡ 0. However, (3.1.25) are difference equations and are difficult to solve
(even in the one-lacuna case). To find an analytic form of the 1-zone operators L
we may proceed by one of two methods.

Method 1. We use the algebraic-geometric formula for vn (see (3.1.20)) and
then compute cn, starting from (3.1.16).

Method 2. We use the fact that the time dynamics of the Toda chain for the
one-zone potentials (vn, cn) is a “simple wave” {v(n− ct), c(n− αt)} for all t, and
we calculate the dynamics in t instead of the difference equation in n.

After the Abel map, as in Ch. 3, § 4, the time dynamics of all these systems
becomes linear.

Example 1. Let m = 1; using (3.1.16) we obtain (
∑
Ei = σ1 = 0)

(3.1.26)



γn + γn+1 =
σ3

L(γn)
[2γ2

n + σ2 ±
√
P4(γn)],

γn + γn−1 =
σ3

L(γn)
[2γ2

n + σ2 ∓
√
P4(γn)],

P4(E) =
4∏

i=1

(E − Ei), L(γn) = 4σ4 − σ2
2 + 4σ3γn,

v̇n = γ̇n = cn+1 − cn =
σ3

4

(
1

γn+1 + γn
− 1
γn + γn−1

)
=

=
√
P4(γn), σ3 6= 0.

If σ3 = 0, then we have

(3.1.26′)

{
γn+1 + γn = 0,

γ̇n = cn+1 − cn =
√
P4(γn).

Thus, for m = 1 the functions γn(t) = γ(n − αt) have the form of the elliptic
function

t− t0 =
∫ γn dτ√

P4(τ)
.
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According to (3.1.16) we find for the coefficients cn and vn

(3.1.27)


vn = γn (σ1 = 0),

4cn+1 =
σ3

γn + γn+1
(σ3 6= 0),

(σ2 + 4cn+1)2 + 4cn+1 − 4σ4γ
2
n = 0 (σ3 = 0),

where γn + γn+1 are determined from (3.1.26).

Example 2. Let m = 2 and vn ≡ 0.
We now consider the symmetric spectrum with σ1 = σ3 = σ5 = 0. We have

γ1n + γ2n = 0 since vn =
∑
γjn = 0; from the trace identities (3.1.15) we obtain

(3.1.28) −(cn+1 + cn) = γ2
1n +

1
2
(∑

E2
i

)
.

We denote γ2
1n by γn. Using (3.1.17) we obtain

(3.1.29)



γn =
tn
2
±

√
P4(cn)
162c2n

,

γn−1 =
tn
2
∓

√
P4(cn)
162c2n

,

γn − γn−1 =
2

16cn

√
P4(cn),

P4(x) = [4σ4 − (σ2 + 4x)2]2 + 16 · 4σ6x,

tn = − (σ2 + 4cn)2

16cn
+

4σ4

16cn
.

We now use the K-dV difference equation

cn = cn(cn+1 − cn−1).

Together with (3.1.29) we have

(3.1.30) (ln cn∗)· = γn − γn−1.

Using the expression for γn and γn−1 in terms of cn we obtain

(3.1.31) ċn =
1
8

√
P4(cn),

where P4(cn) = [4σ4 − (σ2 + 4cn)2]2 + 16 · 4σ6cn.

Finally we note the difference analogues to certain other results of Ch. 2.
By analogy with Ch. 2, § 2, we define the matrices Q(n0, E) and Λ(n0, E) for

a given non-linear system in the basis (3.1.3). Then

T̂ (n0 + 1) = Q(n0) T̂Q−1(n0),
d

dt
c(n, n0, E) = λ11c+ λ12s+Ac,

d

dt
s(n, n0, E) = λ21c+ λ22s+As,

L̇ = [A,L], Ṫ = [Λ, T ],

Λ =
(
λ11 λ12

λ21 λ22

)
, Q =

(
q11 q12
q21 q22

)
.
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The spectrum of L such that L̇ = [A,L] is defined on the Riemann surface Γ:

det(y − Λ(E)) = 0,

or, if Sp Λ = 0, then y2 = det Λ = P2n+2(E). As before, the coefficients of det Λ =
P2n+2(E) give “integrals” of the difference equation for the stationary problem.
They can be used, in particular, to embed the Jacobian variety J(Γ) in a projective
space, by analogy with Ch. 2. From the compatibility condition for the equations

Ṫ = [λ, T ] and Tn+1 = QTnQ
−1

we obtain
dQ(n)
dt

= Λ(n+ 1)Q(n)−Q(n)Λ(n).

These equations are equivalent to the original non-linear system. For the stationary
problem, then

Λ(n+ 1) = Q(n) Λ(n)Q−1(n),
d

dt
Q(n) ≡ 0.

In conclusion we mention that our arguments require that L is “local” (and that
quantities of Wronskian kind are conserved). It is important for us that, irrespective
of the value of the period, a basis of eigenfunctions can be determined (for a given E)
by values in a set of neighbouring points, in which the normalization of the Bloch
function ψ± can also be uniquely determined.

§ 2. First order matrix operators and their associated
non-linear systems

We give here an account (with sketches of the proofs) of some very recent
results of Dubrovin and Its as applied to non-linear systems associated with first
order linear differential matrix operators. Its [52] has studied in detail the case of a
two-dimensional matrix operator and its associated non-linear Schrödinger equation
and modified K-dV equation, by comparing trace formulae (see Appendix 3 of the
present survey), and for this case he has obtained convenient explicit formulae
in terms of θ-functions. The case of general matrix operators was analyzed by
Dubrovin [51] (in our account we essentially follow [51]). Our aims were as follows.

1. The generalization of the methods of the authors to more than two-dimen-
sional matrix operators meets certain difficulties. However, a number of physically
interesting non-linear equations give rise to such operators; for example, for three-
dimensional operators as was pointed out by Zakharov and Manakov in [27], the
equation for the interaction of wave packets in non-linear media (see Ch. 1, § 4 of
the present survey).

2. The application to the theory of Abelian varieties according to the scheme
of [43] (see Ch. 2, § 4, of this survey). Here we can describe explicitly the universal
fibering of Jacobian varieties that are not necessarily hyperelliptic.

3. As Tyurin has indicated, an interesting topic is the applicability of our
technique to the classical problem of unirationality not only of the space of the
universal fibering of Jacobian varieties, but also of the base of this fibering, that
is, the unirationality of the space of moduli of algebraic curves. We show that the
algebraic curves Γ (see below) obtained within the framework of our construction
form a necessarily unirational family, but the codimension of this family in the space
of moduli is always non-zero. We consider an n-dimensional linear differential first
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order matrix operator L =
d

dx
+ U(x), where U(x) = (uj

i (x)) is an n × n matrix,

periodically dependent on x with period T , and with zero diagonal elements ui
i ≡ 0

(i = 1, . . . , n). We pose the eigenvalue problem for L:

(3.2.1) Lψ = EAψ, ψ(x+ T,E) = ep(E)ψ(x,E).

Here E is a complex parameter and A is a constant diagonal matrix A = (aiδ
j
i ),∑

ai = 0. It is convenient to consider at once the family of such problems
parametrized by the matrices A.

Let A be the (n− 1)-dimensional space of complex diagonal n× n matrices of
trace zero. In what follows we consider functions of n − 1 variables, parametrized
by the matrices A; to each matrix A ∈ A there corresponds a variable xA, where
xA+B = xA + xB , xλA = λxA; the set of these (n − 1) variables is denoted by X.
Let V = V (X) be an n × n matrix depending on X. For each matrix A ∈ A we
construct an operator LA depending on the parameter E:

(3.2.2) LA =
∂

∂xA
+ [A, V (X)]− EA.

The matrix V is called the potential of the operator LA, which acts on functions
of xA and depends parametrically on the remaining variables xB (B ∈ A). We
require that for different A ∈ A all the operators LA commute among themselves:

(3.2.3)

 [LA, LB ] = 0 ⇐⇒ ∂QB

∂xA
− ∂QA

∂xB
= [QA, QB ],

QA = [A, V ]− EA, QB = [B, V ]− EB.

The commutativity condition (3.2.3) is equivalent to the following non-linear equa-
tion for V (X):

(3.2.4)
[
A,

∂V

∂xB

]
−
[
B,

∂V

∂xA

]
= [[A, V ], [B, V ]].

The formulae (3.2.3) show that the equation (3.2.4) admits a commutation rep-
resentation by n × n matrices that are polynomially (linearly) dependent on the
parameter E, in the sense of Ch. 2, § 2 (see (2.2.20)). Varying the matrices A
and B, we obtain a system of n − 2 equations for the matrix V (X) depending on
the (n−1)-fold argument, so that knowing the dependence of V on one variable xA,
we can determine the dependence on any other xB (B ∈ A) by solving the Cauchy
problem for (3.2.4). In what follows, we always assume that V (X) is a solution of
the system (3.2.4) where A and B range over all the diagonal matrices A.

We now construct a set of commuting dynamical systems on the variety of
matrices V (X) that are solutions of the system (3.2.4). It is easy to see that the

equation
∂

∂xA
λA = [λA, QA] has a unique solution in the form of a formal series in

1/E, beginning with A

(3.2.5) λA = λ0,A +
λ1,A

E
+
λ2,A

E2
+ · · · ; λ0,A = A.

If V (X) is a solution of (3.2.4), then λA satisfies the following equation:

∂

∂xB
λA = [λA, QB ].
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The matrix elements of λk,A are polynomials in the elements of V,
∂V

∂xA
,
∂2V

∂x2
A

, . . .

with constant coefficients, depending on A. Suppose now that A1, . . . , AN+1 ∈ A.

Definition 1. The N th equation of K-dV type is

(3.2.6) [A, V̇ − (λA1,N+1 + λA2,N + · · ·+ λAN+1,1)] = 0.

where the matrices λAk,N−k+2 are defined by the algorithm (3.2.5) and V = V (X, t)
is a solution of (3.2.4).

The equation (3.2.6) admits a commutation representation by n × n matrices
polynomially dependent on E, in the sense of Ch. 2, § 2:

(3.2.7)
∂Λ
∂xA

− ∂QA

∂t
= [Λ, QA].

Here

(3.2.7′) Λ = ΛA1,N (E) + · · ·+ ΛAN+1,0(E),

where

(3.2.7′′) ΛA,K = AEk + λ1,AE
k−1 + · · ·+ λk,A (A ∈ A).

It is easy to see that Λ1,A = −QA, therefore (3.2.4) is the first equation of K-dV
type in the sense of Definition 1.

Let V = V (X) be a periodic function of the variable xA with period T (for
simplicity we assume in the subsequent formulae that all the diagonal elements of A
are pairwise distinct). Then we have the eigenvalue problem for LA:

(3.2.8) LAψ(xA, E) = 0, ψ(xA + T,E) = ep(E)ψ(x,E).

By analogy with Definition 1 in Ch. 2, § 1, we make the following definition:

Definition 2. The potential V is said to be finite-zoned for the operator LA if
the eigenfunctions of the problem (3.2.8) are meromorphic on a Riemann surface Γ
of finite genus, which gives an n-fold covering of the E-plane. The surface Γ is then
called the spectrum of LA.

If V is almost-periodic as a function of xA, then Definition 2 is modified as
follows:

Definition 2′. The potential V is said to be finite-zoned for the operator LA

if LA for all E has an eigenfunction ψ(xA, E) that is meromorphic on a Riemann
surface Γ of finite genus that gives an n-fold covering of the E-plane, with the
“boundary condition” of (3.2.8) replaced by the following: the group of periods of
the logarithmic derivatives of the coordinates of ψ(xA, E) is the same as the group
of periods of V . The surface Γ is called the spectrum of LA.

We consider the stationary solutions of (3.2.6) (that is, those not depending on
the time t). (We recall that V (X) is a solution of the system (3.2.4).) To find them,
as in Ch. 2, § 2, we have a commutation representation of Lax type on matrices
polynomially dependent on E:

(3.2.9)
∂Λ
∂xA

= [Λ, QA],
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where the matrix Λ is defined by (3.2.7). We consider the Riemann surface Γ of
the algebraic function W = W (E), where W (E) is given by the equation

(3.2.10) R(W,E) = det |W · 1− Λ| = 0.

Actually, Γ is a complex algebraic curve in two-dimensional complex space with
the coordinates W and E, defined by (3.2.10). Since for an arbitrary E there are
n values of W (E), Γ gives an n-fold covering of the E-plane. The infinitely distant
part of Γ consists of n ordered points {1}, . . . , {n}; the order is determined by the
conditions W (E) ∼ a1iE

N (E → ∞) in a neighbourhood of {i} (where a1i is the
ith diagonal element of A1).

Let π be the factor group of the subgroup of scalar matrices in the group of
all non-singular diagonal n × n matrices. Then π acts on the potentials V by the
following rule:

V → π−1V π.

Theorem. 1. The stationary equation (3.2.9) is a totally integrable Hamilton-

ian system with N
n(n− 1)

2
degrees of freedom, and the coefficients of the polynomial

R(W,E) give a complete set of commuting polynomial integrals of (3.2.9).
2. The potential V is finite-zoned for all the operators LA; their spectrum is

the Riemann surface Γ defined by (3.2.10).
3. The set of finite-zoned potentials V with a given spectrum Γ is the space of

the principal π-fibering over the Jacobian variety J(Γ) of Γ.

Proof. As in Ch. 2, § 2, we see that Γ, defined by (3.2.10), does not depend
on the variable X and is invariant under all the dynamical systems of the form
(3.2.6), that is, the coefficients of R(W,E) are integrals of (3.2.9). Later we shall
show that the systems (3.2.9) are Hamiltonian, hence the first part of the theorem
follows by analogy with Ch. 2, § 2.

In the solution space of the equation LAf(x,E) = 0 we introduce the basis
of solutions c1(x, y, E), . . . , cn(x, y, E) (denoting the variable xA simply by x and
regarding A as fixed) such that cji (y, y, E) = δj

i (where y is a parameter). Let
T̂ (y,E) be the translation matrix for LA in the basis c1(x, y.E), . . . , cn(x, y, E) if V
is periodic in x. If V evolves in time t according to the K-dV type equation (3.2.6),
then the time derivative for T̂ has the form

(3.2.11)
∂

∂t
T̂ = [T̂ ,Λ],

with Λ defined by (3.2.7′). Since we look for stationary solutions of (3.2.6), the
matrices T̂ and Λ commute:

(3.2.11′) T̂Λ = ΛT̂ .

Let ψ(x,E) be an eigenfunction of the problem (3.2.8) (x = xA), normalized by
fixing the value of one coordinate when x = y, for example, ψ1(y,E) = 1. We note
that

(3.2.12) ψ(x,E) =
∑

j

ψj(y,E) cj(x, y, E).

Here (ψ1(y,E), . . . , ψn(y,E)) is an eigenvector of T̂ (y,E), hence also of Λ(y,E),
by (3.2.11). Consequently, the coordinates ψj(y,E) can be expressed rationally
(with the normalization taken into account) in terms of the elements of the matrix
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W (E) · 1−Λ(y,E), that is, they are algebraic functions on the Riemann surface Γ
defined by (3.2.10). Therefore, by (3.2.12) ψ(x,E) can be continued as a mero-
morphic function on the Riemann surface Γ \∞ (that is, away from the “infinitely
distant part” of Γ). So we have proved that LA is finite-zoned with spectrum Γ. If
V is an almost-periodic solution of (3.2.9), then we define the eigenfunction ψ by

(3.2.12′) ψ(x,E) =
∑

j

ξj(y,E) cj(x, y, E),

where (ξ1(y,E), . . . , ξn(y,E)) is an eigenvector of Λ(y,E)with the eigenvalueW (E).
The definition (3.2.12) is not contradictory because according to (3.2.9) LA com-
mutes with the operator of multiplication by Λ. The finite-zone property is subse-
quently proved as in the periodic case (compare with the second method of proof
of Corollary 2 in Ch. 2, § 2).

We construct the matrix-valued function Ψ(x, y, P ), where P is a point of Γ.
Let E be a point that is not a branch-point, so that for the given E the prob-
lem (3.2.8) has exactly n linearly independent arbitrarily ordered eigenfunctions
ψ1(x,E), . . . , ψn(x,E). We form from their coordinates a matrix ψj

i (x,E). Let
ϕj

i (x,E) be its inverse, which exists because ψ1, . . . , ψn are linearly independent.
If P ∈ Γ, P = (E, k), where k labels the sheet, then we set

(3.2.13) Ψj
i (x, y, P ) = ψj

k(x,E) · ϕk
i (y,E).

This definition does not depend on the original ordering of the eigenfunctions
ψ1, . . . , ψn nor on their normalization. The function Ψ(x, y, P ) becomes mero-
morphic on the Riemann surface Γ \∞.

We define the operation TrP , which is important in what follows, of taking the
trace of a function defined on Γ. Let ϕ = ϕ(P ) be such a function, P ∈ Γ, that is,
P is a pair (E, k) where k labels the sheet. If E is not a branch-point, there are
exactly n points (E, 1), . . . , (E,n) on Γ over E. We then set

(3.2.14) (TrP ϕ)(E) = ϕ((E, 1)) + · · ·+ ϕ((E,n)).

Now TrP ϕ is a single-valued function on the E-plane. In particular, if

G(x, y, E) =

{
Tr Ψ(x, y, P ) (x 6 y),
0 (x > y),

then G(x, y, E) is the Green’s matrix of LA. Let g(x, P ) = Ψ(x, x, P ). Then g(x, P )
has the following important properties.

a) The group of periods of g(x, P ) is the same as that of the potential V .
b) It is algebraic on Γ.
c) It gives the “spectral decomposition” for the matrix Λ(x,E) that is, g2 = g,

g(x, (E, k)) · g(x, (E, l)) = 0 for k 6= l (where k, l label the sheets), TrP g(x, P ) = 1,
TrP W · g(x, P ) = Λ(E, x).

d)
∂g

∂x3
any B ∈ A.

e) The variational derivative of the functional p(E) {V } defined in (3.2.8) (in
the periodic case) has the form

δp(E)
δvj

i (x)
= −(ai − aj)g

j
i (see (2.1.17)).
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f) As P → {k}, g(x, P ) has an expansion of the form

g(x, P ) = g0 +
g1
E

+
g2
E2

+ · · · ,

where
gj
0i

= δk
i · δ

j
k; gj

1i
= −δk

i v
j
i + vj

i δ
j
k;

gj
2i

= δk
i

[
vj

i

′

ai − aj
+

1
ai − aj

∑
s

vs
i (as − aj)vi

s

]
+

+
[
− vj

i

′

ai − aj
+

1
ai − aj

∑
s

vs
i (ai − aj)vi

s

]
δj
k − vk

i v
j
k + δk

i

(∑
s

vs
i v

j
s

)
δj
k.

Here the dash denotes differentiation with respect to x = xA.
From c) and e) it follows immediately that the systems (3.2.9) are Hamiltonian.

Let us find the zeros and poles of the matrix elements gj
i (x, P ), which are algebraic

on Γ. From c) it follows that the poles of g(x, P ) are precisely the branch-points
of Γ, that is, the points at which the different branches of the algebraic function
W (E) merge. We denote the set of branch-points by the symbol Dw. There are
Nn(n− 1) of them. From the expansion f) it follows that at the infinitely distant
part of Γ all the gj

i have zeros and their disposition is as follows: for i 6= j, gj
i (x, P )

has double zeros at all the points P = {k} (k 6= i, j) and simple zeros at the
points P = {i}, P = {j}; gi

i(x, P ) has double zeros at all the points P = {k}
(k 6= i), and gi

i(x, P ) = 1 at P = {i}. There is a convenient notation to describe
the distribution of zeros and poles of a function defined on Γ. Let ψ(P ) be a
function on Γ having zeros of multiplicity n1 at P1, n2 at P2, . . . , and poles of
multiplicity m1 at Q1, m2 at Q2, . . . . We express this by saying that ϕ(P ) has the
divisor D = n1P1 +n2P2 + · · ·−m1Q1−m2Q2− . . . on Γ. It is clear that the whole
divisor D of ϕ(P ), that is, the set of zeros and poles of ϕ(P ) with their multiplicities
taken into account, can be decomposed into the difference D = D+ − D−, where
D+ = n1P1 + n2P2 + . . . is the set of zeros (the divisor of zeros), and D− =
m1Q1 +m2Q2 + . . . the set of poles of ϕ(P ) (the divisor of poles). The degree of
the divisor D is defined to be

degD =
∑

i

ni −
∑

k

mj = degD+ − degD−.

If ϕ(P ) is an algebraic function on Γ, that is meromorphic everywhere on Γ, then
degD = 0 (the number of zeros, counting multiplicities, is equal to the number of
poles, counting multiplicities). In particular, the result on the zeros and poles of
gj

i (x, P ) on Γ can be expressed concisely as:

(3.2.15) divisor(gj
i (x, P )) =

∑
k 6=i,j

2{k}+ {i}+ {j} − Dw + · · · =

= 2Σ− {i} − {j} − Dw + · · · ,

where Σ =
∑

k{k}, and the dots denote the unknown divisor of the zeros of gj
i (x, P )

in the finite part of Γ. To find this we turn to a study of the analytic properties
of the matrix Ψ(x, y, P ) defined by (3.2.13). We note the formula Ψ(x, y, P ) =
c(x, y, E(P )) g(y, P ) similar to (3.2.12). Therefore, the poles of the matrix elements
Ψ(x, y, P ) lie only at the branch-points (that is, the divisor of poles of Ψj

i (x, y, P )
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is equal to Dw for all i and j). The matrix Ψ(x, y, P ) is of rank 1; its columns are
eigenfunctions of LA which acts on the variable x, and differ only in normalization,
and the rows are eigenfunctions of the adjoint operator L∗A, which acts on y and is
defined as follows:

L∗A =
∂

∂y
−QT

A (T denotes the transpose).

Therefore the relations

(3.2.16)
Ψk

i (x, y, P )
Ψk

j (x, y, P )
=
gk

i (y, P )
gk

j (y, P )

and

(3.2.16′)
Ψi

k(x, y, P )
Ψj

k(x, y, P )
=
gi

k(y, P )
gj

k(y, P )

do not depend on k.
From (3.2.16) and (3.2.16′) it follows that the zeros of Ψj

i (x, y, P ) split into two
parts: zeros depending on j and on x, and zeros depending on i and on y. We
express this in the following way:

(3.2.17) divisor of the zeros of (Ψj
i (x, y, P )) = di(y) + dj(x),

where the divisors di(x) and dj(y) have the form

(3.2.17′) di(y) = P1i(y) + · · · , dj(x) = Qj
1(x) + · · ·

Thus, we define the divisor of gj
i (x, P ) as

(3.2.18) divisor (gj
i (x, P )) = 2Σ− {i} − {j} − Dw + di(x) + dj(x).

The function gj
i (x, P ) is algebraic on Γ, hence the degree of its divisor is zero

(the number of zeros is equal to the number of poles). Therefore, deg[di(x) +

dj(x)] = 2
[
N
n(n− 1)

2
− (n− 1)

]
. Since the operators LA and L∗A are entirely of

equal standing, we have the important relation

(3.2.19) deg di(x) = deg dj(x) = N
n(n− 1)

2
− (n− 1) = genus(F ) ≡ p.

Hence di(x) = P1i(x) + · · · + Ppi(x), dj(x) = Qj
1(x) + · · · + Qj

p(x). The divisors
di(x) and dj(x) can therefore be regarded as points of the pth symmetric power
SpΓ of Γ (see the definition in Ch. 2, § 3). We recall that the Abelian map A from
the kth symmetric power of Γ into its Jacobian variety

(3.2.20) A : SkΓ → J(Γ),

is almost everywhere one-to-one if k = p = genus(Γ). (More accurately, it is a
birational equivalence, see (2.3.25).) The map A has the following property: if
D = D+ −D− is the divisor of the zeros and of the poles of ϕ(P ), algebraic on Γ
then (by the classical theorem of Abel)

(3.2.21) A(D+) = A(D−).

We know that gj
i (x, P ) is algebraic on Γ and has a divisor of the form (3.2.8). Now,

bearing (3.2.21) in mind we obtain a system of linear equations on J(Γ) for the
quantities A(di(x)), A(dj(x)):

(3.2.22) A(di(x)) + A(dj(x)) = A(Dw)− A(2Σ− {i} − {j}).
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It is easy to see that the specification of any one of the unknowns, for example,
of A(d1(x)), determines all the remaining A(di(x)), A(dj(x)). Thus, we have con-
structed a correspondence

(3.2.23) V → η, η ∈ J(Γ),

where V is a solution of (3.2.9) and the specification of η ∈ J(Γ) uniquely determines
the distribution of the zeros of g(x, P ) (for fixed x) on Γ.

We now show that, as x varies, the point η on J(Γ) moves in a straight line,
that is,

(3.2.24) η(x) = η(y) + (x− y)~U ;

where ~U is a constant vector. We consider the function Ψ̃(x, y, P ) where

(3.2.25) Ψ̃j(x, y, P ) = Ψj
i (x, y, P )/gj

i (y, P )

does not depend on i. Then Ψ̃j(x, y, P ) has on Γ \ ∞, zeros at the points of dj(x)
and poles at the points of dj(y), and as P → {k}, it has the asymptotic form
exp{αkE(x− y)}. The latter assertion follows from the formula

(3.2.26) Ψ̃j(x, y, P ) = exp
{∫ x

y

χj(ξ, P ) dξ
}

where

χj(ξ, P ) = ajE −
∑

s

uj
s(ξ)

gs
i (ξ, P )
gj

i (ξ, P )

and from the expansions for gj
i (ξ, P ) given in f). Hence we find ourselves in a situ-

ation similar to that of Ch. 2, § 3, in the proof of (2.3.30) and (2.3.30′). Reasoning
in exactly the same way, we obtain the relation on J(Γ)

(3.2.27) A(dj(x))− A(dj(y)) = (x− y)~U,

which is equivalent to (3.2.4). We shall choose the vector ~U below.
We have seen that the specification of η on J(Γ) determines the position of

the zeros of all the functions Ψj
i (x, y, P ) for arbitrary x and y. It is easy to see

that the “phases” χj(x, P ) are likewise determined for all ξ. It remains to define
the “amplitudes” of the functions Ψj

i (x, y, P ), that is, the functions gj
i (y, P ). We

note that gj
i (y, P ) is uniquely determined by its zeros, and the functions gj

i (y, P ),
i 6= j, are uniquely determined to within a constant factor: that is, for a given point
η ∈ J(Γ) we can construct a matrix g̃(y, P ), which is, in general, distinct from our
g(y, P ):

g̃j
i (y, P ) = εj

ig
j
i (y, P ),

where εj
i = constant. If we require that g̃2 = g̃, then we find that εj

i = εi/εj ,
ε1, . . . , εn 6= 0, that is, the non-uniqueness in the definition of the “amplitudes”
gj

i (y, P ) of the functions Ψi(x, y, P ) lies in the action of the group π. The same
non-uniqueness occurs also in the definition of the potential V . It is noteworthy
that the action of π on the variety of potentials V commutes with all the dynamical
systems of the form (3.2.6).

We give an explicit construction of V . We define the following functions on
J(Γ): let η ∈ J(Γ). We construct for η the set of divisors di, d

j of degree p on Γ
such that A(d1) = η, and the remaining A(di),A(dj) are determined by the system
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of linear equations (3.2.22). Let hj
i (P ) be an algebraic function on Γ whose divisor

of zeros and poles has the form

2Σ− {i} − {j}+ di + dj −Dw

(compare with (3.2.18)). We normalize hj
i as follows: for i 6= j we require hj

i (P ) ∼
−1/E as P → {i}; for i = j we require that hj

i ({i}) = 1. Let σjk
i (η) be the

coefficient of 1/E2 in the expansion of hj
i (P ), as P → {k}. Also let ρk

i (η) be the
coefficient of 1/E2 in the expansion of hi

i(P ), as P → {k}. Then

(3.2.28) vj
i (x) = vj

i (x0) exp
{∫ x

x0

∑
akσ

jk
i dx

}
,

where the integration is in the direction of ~U , and the constants vj
i (x0) satisfy the

relations

(3.2.28′)


vk

i (x0) v
j
k(x0)

vj
i (x0)

= −σjk
i (η) when i 6= j,

vk
i (x0) v

j
k(x0) = −ρk

i (η).

As independent variables we can take, for example, the parameters v1
i (x0), i =

2, . . . , n.
We note now that the above arguments carry over trivially to the calculation

of the time dependence on the variety of potentials V that are solutions of the
Hamiltonian system (3.2.9). We need merely replace the operators LA everywhere

by
∂

∂τ
+ Λ̃, where Λ̃ is another matrix of the form (3.2.7) and the definition of g is

independent of the operator in question (g gives a “spectral decomposition” for Λ).
We write down the law of time evolution of a point η on J(Γ) for standard equations
of K-dV type

(3.2.29) [A, V̇ − λN+1,B ] = 0

(the remaining ones are linear combinations of these). Then

(3.2.30) η(τ)− η(τ0) = ~W · (τ − τ0).

The vector ~W can be found as follows. Let ωN,i be an Abelian differential of the
second kind with an (N + 1)-fold pole at P = {i}, normalized by the conditions

(3.2.31)
∮

aj

ωN,i = 0 (j = 1, . . . , p).

Here αi, βi (i = 1, . . . , p) is the set of cycles on Γ with the intersection matrix of
the form (2.3.21′).

Let

(3.2.31′)
∮

βj

ωN,i = Uji.

Then the vector ~W in (3.2.30) has the form

(3.2.32) Wj =
∑

i

biUji.

In particular, we have shown that the potential V is finite-zoned for all the operators
∂

∂τ
+Λ̃, where Λ̃ is of the form (3.2.7). This completes the proof of the theorem. �
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Example. Let n = 2. V =
(

0 v+
v− 0

)
, A =

(
1 0
0 −1

)
; we consider the

(N + 1)th equation of K-dV type. The matrix ΛN+1(E) has the form

ΛN+1 =
(
Q P+

P− −Q

)
, degQ = N + 1, degP± = N,

P± = ∓2v±
N∏

j=1

(E − γ±j ), Q = EN+1 + · · ·

The Riemann surface Γ has the form W 2 −R(E) = 0, where R(E) = Q2 + P+P−,
degR = 2N + 2. The projection g has the form

Q+
√
R

2
√
R

P+

2
√
R

P−

2
√
R

−Q+
√
R

2
√
R

 .

The divisor d2 +d1 is the complete inverse image of the points E = γ+
1 , . . . , E = γ+

N

on Γ. Thus, d1 comprises the N points P1, . . . , PN lying over the points E = γ+
1 ,

. . . , E = γ+
N . Let

∑
Ei = 0, where R(E) =

∏2N+2
i=1 (E − Ei). Then

(3.2.33)


v+ = c exp

{
−2
∫ x

x0

∑
γ+

i dx

}
,

v− =
ρ(x)
v+(x)

.

The algebraic function ρ = v+v− has the form

(3.2.33′) p =
1
2

det

∣∣∣∣∣∣
γN+1
1 +

√
R(γ1) γN−2

1 . . . 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

γN+1
N +

√
R(γN ) γN−2

N . . . 1

∣∣∣∣∣∣
(∏

i 6=j

(γi − γj)

)−1

−

− 1
4

∑
i<j

EiEj (γ1 = γ+
i ).

We now write down the π-fibering over J(Γ) referred to in the theorem. To do
this we rewrite (3.2.33) in the form

(3.2.34)


v+ = v+(η, η0, c) = c exp

{∫ η

η0

ω

}
,

v− = v+(η, η0, c) =
ρ(η)

v+(η, η0, c)
.

Here c is the coordinate in the fibre of π (for n = 2, π is one-dimensional),
η, η0 ∈ J(Γ), and c together with the initial point η0 determine the potential V
in accordance with the theorem, and the dependence of V on η includes the depen-
dence of the potential on a displacement along the trajectories of any one of the
dynamical systems of the form (3.2.6); also,

ω = d ln v+ =
v′+
v+

dx+
∑

i

dv+/dti
v+

dti
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is a closed meromorphic differential on J(Γ). The periods of ω on the torus are
given by the transition functions of the required π-fibering: c → c exp

∮
ω for a

circuit of η0 along a cycle in J(Γ). Here ω has the form

(3.2.34′) ω = −2
(∑

γi

)
dx+

(
4
∑
i<j

γiγj − 2
∑

EiEj

)
dt1 + · · ·

In concluding this section we mention that, by analogy with Ch. 2, § 3, we can
prove a converse theorem: any finite-zoned potential (in the sense of Definitions 2
or 2′) of LA is a solution of a stationary equation of K-dV type (that is, of the form
(3.2.9)). The proof is based on the properties of g(x, P ) described above.

Simultaneously with [51] and [52], the papers [60] and [61] were completed, in
which matrix operators are studied by the methods of Marchenko [44], [45].



APPENDIX 1

Non-Reflective Potentials Against the Background
of Finite-Zone Potentials.

Their Algebraic-Geometric Axiomatics

As was shown in Ch. 2, § 2, every periodic or almost-periodic stationary solu-
tion of any higher order K-dV equation is a finite-zone potential. However, these
equations also have degenerate “separatrix” solutions. In [38] it was shown that
rapidly decreasing separatrix solutions are non-reflecting potentials u(x), associated
with the so-called “multisoliton” solutions of the K-dV equation, which have been
studied in detail, for example in [20]. The general separatrix solutions of any of
the higher order K-dV equations are, as shown in [38], degenerate limits of con-
ditionally periodic potentials, when some of the group of periods T1, . . . , Tn tend
to ∞.

By virtue of the K-dV equation it is natural to call the dynamics of such
potentials “multisoliton solutions against a finite-zone background”. A study of
the inverse scattering problem for potentials of this kind was made by Krichever
[49]; some months earlier for multisoliton potentials against the background of one-
zone potentials the problem was solved by another method in [48]. We give here an
account of the main arguments of [49], including the algebraic-geometric axiomatics
of the class of non-reflective potentials against a finite-zone background. We begin
by explaining the axiomatics. For convenience we recall some elementary concepts
of algebraic geometry. By a divisor we mean a set of points Pi on a Riemann
surface Γ of finite genus with multiplicities ki, formally written as a sum:

divisor D =
∑

i

kiPi.

By the divisor (f) of a function we mean the divisor of its zeros and poles, where
the multiplicities of the zeros are positive and those of the poles are negative. The
divisor (−D) has the form

∑
−kiPi.

Formal addition of divisors is defined in the obvious way. A divisor whose
multiplicities are all positive, ki > 0, is said to be effective. We say that an effective
divisor is greater than zero: D > 0.

Definition. An algebraic function f on Γ is said to belong to the space L(D)
if (f) +D > 0. We define the degree of the divisor D, denoted by n(D), to be the
sum of the multiplicities of its points. We have the standard (Riemann) estimate

dimL(D) > n(D)− g + 1 (g = genus Γ),

and equality holds for divisors of degree n(D) > 2g − 2. Now let Γ′ be a Riemann
surface, doubly covering Γ with branch-points P1, . . . , Pn, forming the “branching
divisor”

∑m
j=1 Pj , Γ π−→ Γ′. We define an involution T on Γ, which interchanges the
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sheets of the covering, with TPJ = Pj . For any divisor D we define the “conjugate
divisor” D+ = T (D).

We also assume that an algebraic function E(P ) is given on Γ′, with simple
poles at Q1, . . . , Qn, whose sum forms the “divisor of poles” D∞ = −

∑s
α=1Qα,

and that all the poles of E lie at branch-points Qα = PJα . We denote by Ẽ = π∗E
the lifting of E to Γ.

Definition. We say that a potential u(x) on the interval [a, b] has correct
algebraic-geometric properties if there exists an eigenfunction ψ(x, P ), x ∈ [a, b]
(P ∈ Γ) such that

A) it satisfies the Sturm—Liouville equation

−ψ′′(x, P ) + u(x)ψ(x, P ) = Ẽ(P )ψ(x, P );

B) it is meromorphic everywhere on Γ, except at the poles of Ẽ at the points
π−1(D∞) and the poles of ψ(x, P ) do not depend on x;

C) near poles of Ẽ the following asymptotic form holds:

ψ(x, P ) ∼ const ei
√

Ẽ(P ) (x−x0)

(that is, ψe−i
√

Ẽ(P ) (x−x0) is regular at the poles of Ẽ). The properties A) and C)
are natural requirements in the axiomatics for this class of potentials. As for B),
it is a natural generalization of properties of the Bloch function. We recall that
the Bloch function ψ is meromorphic on a Riemann surface Γ, doubly covering
a rational (trivial) surface, the E-plane, on which E has a pole at infinity (by
definition). The two-sheeted character of the covering is a natural requirement
because the Sturm—Liouville equation is of the second order, and we have a basis
of solutions when there are two sheets (see Ch. 2, § 1, and Ch. 3, § 2). Apart from
ψ we also consider the function ψ+ = T ∗ψ (the sheets are exchanged) and their
Wronskian

W (ψ,ψ+) = ψψ+′ − ψ+ψ′,

which is constant when condition A) is satisfied (that is, does not depend on x).

We now come to a statement of the “scattering data” problem on the Riemann
surface Γ defining the potential u(x).

Example 1. In the case of a rapidly decreasing non-reflecting potential (see
Ch. 2, § 1) a complete set of scattering data on the rational surface Γ with the
parameter k =

√
E was the collection of points iκ1, . . . , iκs (in the upper half-

plane Im k > 0 for real u(x), or on the upper sheet of the surface k =
√
E for

real E), and the set of numbers c1, . . . , cs. The numbers iκ1, . . . , iκs determine the
position of the discrete levels Ej = −κ2

j .
The eigenfunctions f(x, k) and g(x, k) defined by the conditions

f±(x, k) → e±ikx (x→∞),

g±(x, k) → e±ikx (x→ −∞),

do not satisfy the conditions A), B), C). By analogy with the Bloch function (see
Ch. 2), we introduce a new function ψ(x, x0, k) proportional to f(x, k) by a factor
depending rationally on k, and such that ψ(x, x0, k) ≡ 1 when x = x0. Then
ψ(x, x0, k) satisfies A), B), C). Any point P on Γ is determined by the parameter
k =

√
E, and the function E(P ) has the form E = k2. It is easy to verify that
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the zeros Pj(x) of ψ lie over points γj(x) and the poles Pj(x0) over points γj(x0)
(j = 1, . . . , N) on Γ. The “divisor of the poles” has the form

D =
N∑

j=1

Pj(x0)

The Wronskian W (ψ,ψ+) vanishes at the branch-point k = 0 and at the points of
the discrete spectrum

Q± = ±iκ1, . . . , Q±n = ±iκn, Eα = −κ2
α (α = 1, . . . , n).

Clearly, n = N . The set of points

[P1(x0), . . . , PN (x0),+iκ1, . . . ,+iκN ],

where the Pj lie over γj , uniquely determine the potential u(x). Equations in x for
the quantities γj(x) for rapidly decreasing non-reflecting potentials were first found
by Shabat [11], in the language of “conditional eigenvalues”. At the branch-points
k = 0 and at all the points kj = iκj , the following equations hold:

ψ(x, x0, iκj) ≡ ψ+(x, x0, iκj)

or
W (ψ,ψ+) = 0, k = iκj .

We call the pair of divisors

D =
∑

j

Pj(x0) and d =
∑

j

Q+
j

a “complete set of scattering data”.

Example 2. Suppose that we are given a non-degenerate N -zone periodic or
almost-periodic potential (real or complex) with the Bloch eigenfunction ψ(x, x0, E),
as defined in Ch. 2. The divisor of the poles has the form

D =
N∑

j=1

Pj(x0),

where the Pj(x0) lie on Γ over the points γj(x0) of the E-plane. The function ψ
satisfies the conditions A), B), C), and its Wronskian has the form

W (ψ,ψ+) = 2i

√
R(E)∏

j(E − γj(x0))
, R(E) =

2N+1∏
i=1

(E − Ei).

The Wronskian vanishes only at the branch-points Ei, which are completely deter-
mined by Γ and the involution T interchanging the sheets. In this case the divisor
of poles D completely determines the potential u(x), by the results of Ch. 2.

We now pass on to the general case of potentials with correct algebraic-geometric
properties.

Let ψ(x, P ) be a function on Γ satisfying B) and C), and let D be its divisor of
poles. Let d =

∑
λiκi be another effective divisor (where the λi are numbers and

the κi are points on Γ).
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Definition. We say that the pair of effective divisors (D, d) is compatible if
the following conditions are satisfied:

n(d) =
∑

λi = dimL−(∆)− 1,

dim[L(∆− d) ∩ L−(∆)] = 1,

where the effective divisor ∆ has the form

∆ = D +D+ −D∞,

D+ = T (D), D∞ is the divisor of poles of the function E on Γ, and L−(∆) is the
subspace of rational functions f on Γ that change sign under the interchange T of
sheets and such that (f) + ∆ > 0.

Let us explain this definition. The Wronskian W (ψ,ψ+) belongs to L−(∆); for
it has poles of the first order at the points of D∞, it can have poles at the points of
the divisors D and D+, by definition, and finally, it changes sign when the sheets T
are interchanged. The divisor d arises from those zeros of W (ψ,ψ+) that do not lie
at branch-points of Γ. Now we have the following proposition.

Proposition 1. If ψ satisfies the requirements B) and C) above, and if the
divisor D of its poles and the divisor d of the zeros of the Wronskian W (ψ,ψ+)
form a compatible pair (D, d), then ψ satisfies a Sturm—Liouville equation for a
certain potential u(x). Conversely, if ψ satisfies the requirements A), B), C) and
if D is the divisor of its poles, then there exists a d such that the pair (D, d) is
compatible.

The proof of the direct assertion follows from the fact that the Wronskian
W (ψ,ψ+) belongs to the space L(∆ − d) ∩ L−(∆), which is one-dimensional ac-
cording to the compatibility condition for (D, d).

Thus, as x varies, the Wronskian as a function of P is simply multiplied by a
constant c(x). However, it clearly follows from Condition C) that c(x) ≡ 1. Hence

dW/dx ≡ 0 from which the direct assertion follows easily. The expression
ψ′′

ψ
+ E

does not depend on E, as follows from its properties. The proof of the converse
assertion follows easily from the definition of a compatible pair. If the divisor d has
the form

d =
∑

i

λiκi,

then at the points κi the following identities hold (identically in x):

(ψ ≡ ψ+)κi
, . . . ,

(
dq

dzq
ψ =

d2

dzq
ψ+

)
κi

, . . . (q = 0, . . . , λi − 1),

where z is a local parameter on Γ near κi.
In [49] the following theorem is proved.

Theorem. If the inverse scattering problem is soluble for any compatible pair
of effective divisors (D, d) (that is, if there exist u(x) and ψ(x, P ) with the correct
algebraic-geometric properties), then the Riemann surface Γ′ is rational, the func-
tion E on it has exactly one pole at E = ∞ and Γ is hyperelliptic and covers the
E-plane twice. (All the potentials u(x) with correct algebraic-geometric properties
in this case satisfy one of the higher order K-dV equations.)
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We do not prove this theorem here (it follows in a straightforward way from
some very simple algebraic-geometric facts). The theorem completes the axiomatics
of the class of potentials satisfying equations of K-dV type. In fact, all the potentials
of this class can be defined as meromorphic almost-periodic functions on the whole
complex x-plane with a group of 2n periods T1, . . . , Tn, T

′
1, . . . , T

′
n, where any part

of the periods can degenerate and become infinite. The number of poles of ψ(x,Γ)
(the degree of the divisor n(D)) must not be smaller than the genus of Γ:

N = n(D) > g,

a degree of n(D) for this class of potentials is N − g. We now give an explicit
construction of this class of potentials.

In the first place, we can use the equations of Ch. 2, § 2, for the poles γj(x0) in
the variable x0 (or the zeros γj(x)) of the Bloch function ψ±(x, x0, E), which can
be defined naturally in the given case, for example, by means of the formula

ψ±(x, x0, E) = c(x, x0, E) + iχ(x0, E) s(x, x0, E),

where

χ(x0, E) =
ϕ(E)

√
R(E)− i

2
d

dx0

∏N
j=1(E − γj(x0))∏N

j=1(E − γj(x0))
,

R(E) =
∏2n+1

i=1 (E − Ei) is a polynomial defining Γ, and

ϕ(E) =
q∏

j=1

(E − iκj)λj

is the polynomial defined by d.

d =
q∑

j=1

λjQj ,

where the Qj lie above the points iκj on the E-plane. One can imagine that
R(E)·[ϕ(E)]2 is obtained as a result of degeneration of a more complicated Riemann
surface for which all the roots iκj are of multiplicity 2λj (we may assume that
λj = 1). For the poles γj(x0) we obtain the equation similar to (2.3.12)

dγj

dx0
− 2i

ϕ(γj)
√
R(γj)∏

k 6=j(γj − γk)
.

An equation like (2.4.3) is obtained for the time dynamics under the K-dV equation
and its higher order analogues by the formal change√

R(γj) 7→
√
R(γj) [ϕ(γj)]2.

For a Riemann surface of genus g = 0 we can solve these equations in the ob-
vious way and obtain rapidly decreasing non-reflecting potentials and multisoliton
solutions for the K-dV equations (see [11], [8], [20]).

For a Riemann surface Γ of genus g = 1 the equations can be solved without
difficulty in terms of elliptic functions. We do not perform this integration, because
the resulting formulae are already published in [48], [49].

Of course, for all g > 2 all these equations can be solved in terms of hyperelliptic
functions on the Riemann surface. We draw attention to the following circumstance:
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if Ωk are differentials of the first kind on Γ, normalized as in Ch. 2, § 3, then we
have the Abel map A:

ηk =
N∑

j=1

∫ Pj(x)

Pj(x0)

Ωk (k = 1, . . . , n),

(where n is the genus of Γ and N is the number of poles Pj(x0) and zeros Pj(x) of
ψ±(x, x0, E)). As before, the parameters ηk on the torus (Jacobian variety) J(Γ)
are such that

dηk

dx
= Uk = const,

dηk

dtm
= Wm

k = const

(by virtue of all higher K-dV equations of order m). Moreover, the points of the
divisor d =

∑
λjQj depend neither on x nor on the time. However, there remain

(N − n) unknown parameters whose dynamics is not contained in J(Γ). The Abel
map here has the form

SN (Γ) A−→ J(Γ),
where the inverse image A−1(η1, . . . , ηn) of a point is the complex projective space
CPN−n. In [49] the following results are obtained.

Let N = n + k and let P1(x0), . . . , PN+k(x0) be the poles of ψ(x, P ), D =
P1 + · · · + Pn+k and let d = κ1 + · · · + κk be that half of of the zeros of the
Wronskian W (ψ,ψ+) that do not lie at branch-points of the surface

y2 =
2n+1∏
i=1

(E − Ei)

and chosen on the upper sheet. According to the results above, the pair (D, d)
uniquely determines the potential u(x) with the eigenfunction ψ(x, P ). Suppose
that ui(x) are the n-zone potentials on Γ given by the divisors of the poles

[P1(x0), . . . , Pn−1(x0), Pn+ix0)] ↔ ui(x),

and ψi(x, P ) the corresponding Bloch eigenfunctions.

Proposition 2. The eigenfunction ψ for u(x) can be represented in the form

(A.1.1) ψ(x, P ) =
k∑

i=1

ai(x)ψi(x, P ),

where the ai(x) do not depend on the point of the Riemann surface (on E) and can
be determined from the system of equations

(A.1.2)



k∑
i=1

ai(x) [ψi(x,κs)− ψ+
i (x,κs)] = 0 (s = 1, . . . , k),

k∑
i=1

ai(x) = 1.

Now let K(x) =
∫ x

x0
u(x) dx, Ki(x) =

∫ x

x0
ui(x) dx.

Proposition 3.

K(x) =
k∑

i=1

ai(x)Ki(x).
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We also introduce the “monosoliton potentials against the background of n-zone
potentials”. We can show that the integral K(x) of a multisoliton potential against
the background of an n-zone potential can be expressed rationally in terms of the
similar integrals Kij(x) of the “monosoliton potentials against the background of
n-zone potentials” and of the n-zone potentials Ki(x) themselves. This rational
representation can be thought of as a non-linear analogue of the superposition
of the monosoliton solutions against the background of n-zone solutions with a
given Riemann surface Γ. For real bounded potentials u(x) associated with Γ:
y2 =

∏2n+1
j=1 (E −Ej), where −∞ < E1 < · · · < E2n+1 <∞ the points κj lie in the

intervals E2k < κs < E2k+1 (−∞ < κs < E1), and the poles γj(x0) lie one each
in the intervals obtained (complementary to the solution zones and the points κj .)
Then ψ+

i (x,κs) → 0 and ψ(x,κs) → 0, as x→ ±∞, as follows from Proposition 2.

Corollary. Under these hypotheses about the distribution of the poles γj(x0)
and of the points κj the potential u(x) is smooth and bounded in x, and as x→ ±∞,
the potential tends exponentially to the finite-zone potential u±(x), where u+(x) is
given on Γ by the divisor of the poles of the Bloch function, which is equivalent
to D − d, while u−(x) is given by a divisor equivalent to D − d+ (we recall that
any divisor of degree n is equivalent to an effective divisor, that is, to a sum of n
distinct points; to say that two divisors D1 and D2 are equivalent means that the
difference D1−D2 is the complete divisor of the zeros and poles (f) of an algebraic
function f on Γ).

For a surface of genus n = 1 the difference of the two potentials u±(x) reduces
to a phase shift, as indicated in [48].

In the general case this “displacement” of the potential on the torus J(Γ) is
given by the divisor (d − d+), as follows from the corollary; the corresponding
displacement vector in the parameter ηk on the Jacobian variety is

η−∞,+∞
q =

k∑
j=1

∫ κ−j

κ+
j

Ωq (q = 1, . . . , n),

d = κ+
1 + · · ·+ κ+

k , d+ = κ−1 + · · ·+ κ−k .

where the points κ±j lie over κj of the E-plane on the upper and lower sheets,
respectively, and the integral is over “half” of a cycle as joining the points κ±j , in
the lacuna in which κj lies. Here the Ωq, normalized as in Ch. 2, § 3, form a basis
of differentials of the first kind.

For monosoliton potentials against the background of n-zone potentials with a
single point κ1 = κ, we obtain from Proposition 3

K =
ϕ2

ϕ2 − ϕ1
K1(x) +

ϕ1

ϕ1 − ϕ2
K2(x),

where
ϕi = ψi(x,κ)− ψ+

i (x,κ),

K =
∫
u dx, Ki =

∫
ui dx.

For the eigenfunctions ψi we can use a modification of Its’ formula [54]:

(A.1.3) ψi(x, P ) = e(x−x0)
∫

Ω θ(η(P ) + (x− x0)~U + η0i − ~K)

θ(η(P ) + η0i − ~K)
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(for the definition of the differentials here, see Ch. 2, § 3), where

ηj(P ) =
∫ P

∞
Ωj ,

η0i
j =

n−1∑
k=1

∫ Pk(x0)

∞
Ωj +

∫ Pn+i(x0)

∞
Ωj .

The time dynamics is included automatically. (A.1.3) remains true at all times t,
and for the eigenfunctions ψi(x, t, P ), which depend on the time by virtue of the
K-dV equation, we have
(A.1.4)

ψi(x, t, P ) = e(x−x0)
∫

Ω+i(t−t0)
∫

ω2
θ(η(P ) + (x− x0)~U + (t− t0) ~W (1) + η0i − ~K)

θ(η(P ) + η0i − ~K)
,

in which the differential ω2 has zero a-periods and a singularity dz/z4, as E →∞,
where z = 1/

√
E.



APPENDIX 2

Another Method of Obtaining Some Theorems
in Ch. 2, § 2

Quite recently (at the beginning of 1975) a preprint of a new paper by Lax
has reached us, in which he essentially develops the results of his earlier paper [50],
which was mentioned in the Introduction and was discussed in Ch. 2, § 2. Although
the actual results are contained in the previously published paper [38], the proofs
differ substantially from the methods of [38]. We quote the basic arguments from
Lax’s preprint, whose main results are as follows.1

1) A stronger form is given of the result of [50] on the spectrum of a Schrödinger
operator with periodic potential u(x) satisfying any one of the stationary higher
order K-dV equations (2.2.22). Stated in our language, although the theorem in
[50] that these potentials are finite-zoned, is non-constructive it is now also proved
that the number of forbidden zones does not exceed n (true, this proof is also non-
constructive, and in Lax’s paper there is no analogue of the algorithm for finding
the boundaries of the zones which is described in [38] and in Ch. 2, § 2 of this survey.
This will be clear from the derivation below).

2) Polynomial integrals are found of the stationary K-dV equations (2.2.22) by
another method than that of [38]. As stated already, the boundaries of the zones
have so far not been expressed in terms of these integrals.2

3) It is proved that the simple eigenvalues of the operator L are commutative (or
involutory), and also that all the integrals p(Ej) are involutory, where p(E) is the
Bloch dispersion law. The fact that the discrete eigenvalues of a rapidly decreasing
potential are involutory was already established in [21]; for the periodic case this
was also well known after [21]; a rigorous proof was published, for example, in [66].
As for the function p(E), it is known that it is determined by the spectrum of the
periodic problem (including degenerate levels), since the trace of the translation
matrix aR = 1

2 Sp T̂ is an entire function of order 1
2 and is completely determined

by the levels of the periodic problem aR = 1 including their multiplicities. (In
classical terminology, an eigenvalue eip(E) of the translation matrix T̂ is called a
“Flock exponent”.) Since for almost any small perturbation u+ δu the eigenvalues
become non-degenerate and the functional p(E) is smooth, the vanishing of the
Poisson brackets [p(E), p(E′)] ≡ 0 follows formally from [66]. This was pointed out
by Faddeev (see the Introduction and [38], § 1).

1Lax’s paper has now been published [63].
2A construction of these integrals was also achieved simultaneously and independently in the

survey [62] — see the “Concluding remarks” at the end of this paper.
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Proof of 1). We consider the higher order K-dV equation and its operator
representation

u̇ =
∂

∂x

(∑
ci
δIn−i

δu(x)

)
, L̇ = [A,L],

where A =
∑
ciAn−i. We know that A is a skew-symmetric operator. If u̇ = 0

and L̇ = 0, then [L,A] = 0. Hence, if Lψj = λjψj and λj is a non-degenerate level
of the periodic problem, then Aψj = µjψj . This follows from elementary algebra.
From the skew symmetry it follows that µj is purely imaginary. From the reality of
the operator and of ψj it follows that µj is real. Therefore, µj = 0. Hence, all the
non-degenerate periodic eigenfunctions ψj of L satisfy Aψj = 0. Since the order of
A is 2n+ 1, we see that there can be no more than 2n+ 1 non-degenerate levels λj

for L, because all the ψj must be linearly independent. Thus, 1) is proved. The
proof is non-constructive: it is not clear so far how to determine the disposition of
the levels λj by this method. �

Proof of 2). We use the result of [21], [22] that the integrals

Im =
∫ T

0

Pm(u, u′, . . . u(m)) dx

are involutory. The Poisson brackets has the form

(A.2.1) [In, Im] =
∫ T

0

(
δIm
δu(x)

d

dx

δIn
δu(x)

)
dx,

and we know that [In, Im] = 0. From the vanishing of this integral for an arbitrary
periodic function u(x) it follows, clearly, that

(A.2.2)
δIm
δu(x)

d

dx

δIn
δu(x)

=
d

dx
Jmn(u, u′, . . . ),

where Jmn is a polynomial in u, u′, u′′, . . . Obviously,

Jmn + Jnm =
δIn
δu(x)

δIm
δu(x)

.

We consider the stationary equation

(A.2.3)
n∑

i=0

ci
δIn−i

δu(x)
= d, or

n+1∑
i=0

ci
δIn−i

δu(x)
= 0,

where d = cn+i, I−1 = −
∫ T

0
u dx. Multiplying this equation by

d

dx

δIm
δu(x)

and using

(A.2.2), we obtain

(A.2.4)
d

dx

(
n+1∑
i=0

ciJn−i,m

)
= 0.

Let

(A.2.4′) Ĩm =
n+1∑
i=0

ciJn−i,m (m = 0, . . . n− 1)

By (A.2.4) all the polynomials Ĩm are integrals of (2.2.22), and 2) is proved.
It is easy to prove that the integrals Ĩm are algebraically independent. By a direct
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calculation it can be shown that the Ĩm are also conserved in time under the higher
order K-dV equations (this is done in the preprint). �

Of course, from this it follows more or less that these integrals Ĩm can be
expressed in terms of the boundaries of the zones of the potential. Therefore, by
the results of Ch. 2, § 2, they can be expressed in terms of the constants c0 = 1,
c1, . . . , cn, cn+1 and the integrals Jα. However this expression is not clear so far,
and Lax gives no indication on how to calculate the boundaries of the zones in
terms of the integrals Ĩm and the constants c0, . . . , cn+1 (c0 = 1, cn+1 = d) (see
[65]).

We note, finally, that it follows trivially from these results that the set of
periodic potentials for a given spectrum is an n-dimensional real algebraic variety
in R2n whose bounded connected components are isomorphic to the tori Tn. The
complexification of these varieties and almost-periodic potentials are not discussed
in Lax’s paper. In his exposition Lax starts out from the following problem: how
does one minimize the functional In under given constraints {Ik = ak} (k < n)
over the class of periodic functions with a given period?



APPENDIX 3

On the Use of Linear and Non-Linear Trace
Formulae for the Integration of Equations

of K-dV Type and the Expression of the Bloch
Solution of the Schrödinger Equation in Terms

of a θ-Function

In the mathematical literature, beginning with the papers [13] and [14] of
Gel’fand, Levitan, and Dikii which were completed in 1953–1955, there are many
publications dealing with the derivation of various identities for sums of powers of
the eigenvalues of linear differential operators, in other words, trace formulae.

Formulae of this kind which we call non-linear trace formulae, have already
appeared in the main part of this survey. In fact, we have established the relation

(A.3.1)
n∑

i=1

γi(x, t) =
−u(x, t)

2
+

1
2

2n+1∑
j=1

Ej ,

and from (2.3.11′) it follows at once that

(A.3.2)
n∑

i=1

γ2
i (x, t) =

uxx(x, t)
4

− u2(x, t)
2

+
1
2

2n+1∑
j=1

Ej .

The computations leading to (A.3.2) can easily be generalized to higher order trace
formulae; in particular, for the sums of the cubes of the quantities γi we easily
obtain the expression

n∑
i=1

γ3
i = −u

3

2
+

3
4
uuxx +

15
32
u2

x −
3
32
uxxxx +

1
2

n∑
i=1

E3
i .

We note that, to within the evaluation of the constants 1
2

∑n
i=1E

k
i , these formulae

follow directly from the results of Dikii [14], as was explained in [54]. They can be
obtained even more simply (again to within the constant 1

2

∑n
i=1E

k
i ) from the fact

mentioned earlier in this survey, that the polynomial

P =
∏

i

(E − γi(x, t))

satisfies the differential equation

−Pxxx + 4Pxu(x, t) + 2uxP = 4EPx.

We emphasize that the derivation of the trace formulae in our situation is con-

nected with the Riemann surface Γ of the function
√∏2n+1

i=1 (E − Ei) and holds for
arbitrary complex values of the Ei. A foundation for trace formulae for arbitrary

72
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boundaries of zones can also be obtained using the following theorem of Its [54],
which is of independent interest.

Theorem. The function

ψ(x, t, E) = eiω(E)x θ(A(E) + x~U + t ~W + l(0, 0)) θ(t ~W + l(0, 0))

θ(A(E) + t ~W + l(0, 0)) θ(x~U + t ~W + l(0, 0))
,

in which

ω(E) =
∫ E

E2n+1

zn + b1z
n−1 + · · ·+ bn

2
√∏2n+1

j=1 (z − Ej)
dz,

∮
ak

dω(E) = 0 (k = 1, . . . , n),

(A(E))k =
∫ E

∞
Ωk (k = 1, . . . , n),

satisfies the Schrödinger equation with the potential (2.3.34). Here ψ(x, t, E) and
ψ(x, t, E∗), E∗ = TE (where T is the involutory automorphism of Γ interchanging
the sheets) form a fundamental system of solutions of the Schrödinger equation.

However, the Riemann surface Γ generates a series of trace formulae of another
kind, namely linear trace formulae. They are obtained by integrating the form
Emd lnF , where F is defined by (2.3.35), over the boundary ∂Γ̃ of Γ̃, which is
obtained by cutting Γ along all the basic cycles ai and bi, and they have the form

(A.3.3)
n∑

k=1

γm
k (x, t) =

n∑
k=1

∮
ak

Em Ωk − res
E=∞

{Em d lnF}.

The evaluation of the residue in the first of these formulae has already been
discussed and led to (2.3.34). For m = 2 the evaluation of the residue and a
subsequent differentiation with respect to x give

(A.3.4)
d

dx

n∑
k=1

γ2
k(x, t) =

uxxx

12
− ut

6
.

It was observed by one of the present authors in [53] and [54] that a comparison
between linear and non-linear trace formulae can be taken as a basis for integration
of non-linear equations connected with Riemann surfaces.

This idea was used for the integration of the non-linear Schrödinger equation
and the modified Korteweg—de Vries equation (see [52]).

When applied to the Korteweg—de Vries equation it is particularly effective: by
differentiating the right-hand side of (A.3.2) and comparing the resulting identity
with (A.3.4), we see that the function u(x) (originally defined as the sum u =
−2
∑
γi +

∑
Ei) satisfies the K-dV equation, a calculation of the residue on the

right-hand side of (A.3.3) for m = 1 gives rise to an explicit representation for u. To
integrate the higher order analogues of the K-dV equation within this framework
we must be justified in writing out explicitly the corresponding Jacobi problem,
that is, selecting the corresponding direction (the vector ~W ) on the Jacobian of
the Riemann surface. It turns out that the form of the corresponding vector ~W
is uniquely determined by the condition that the right-hand sides of (A.3.3) after
the evaluation of the residue and subsequent differentiation with respect to x, has
the form Gu, where G is a linear differential operator with constant coefficients.
Therefore, the form of the corresponding vectors ~W is determined by the asymptotic
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form of the expression
ϕk(E)√
R(E)

, as E → ∞, where ωk =
ϕk(E)√
R(E)

dE. A detailed

description of this method of integrating the higher order K-dV equations is given
in [54]. We quote here only the formula for ~W that describes the solution of the
second K-dV equation:

Wj = 32i

{
cj3 +

1
2
ccj2 + cj1

[
3
8
c2 − 1

2

∑
i>j

EiEj

]}
, c =

n∑
j=1

Ej .

We recall that the second K-dV equation has the form

ut = u(5)
x − 20uxuxx − 10uuxxx − 30u2ux.

We ought to mention also that in this “trace” approach to the integration of
non-linear equations we can use non-linear trace formulae, different in form and
origin, which we call dynamic. The source of these formulae are the equations
(2.4.3); for example, for the K-dV equation it follows directly from (2.4.3) that

∂γj(x, t)
∂t

= 2(u+ 2γj)
∂γj

∂x
,

from which we obtain by summation over f the equation

(A.3.5)
d

dx

n∑
j=1

γ2
j (x, t) =

1
2
uux −

1
4
ut.

Comparing (A.3.5) and (A.3.4) we again confirm that u is a solution of the
K-dV equation, and this argument makes no use of the Schrödinger equation, but
deals all the time with objects directly connected with the Riemann surface.

Its has shown that when applied to hyperelliptic surfaces generated by a polyno-
mial of even order P (E) =

∏2n
j=1(E−Ej), this approach leads to the integration of

a series of non-linear evolutionary systems, generalizing the non-linear Schrödinger
equation and modified K-dV equation, which were discussed above. Here are some
examples of such systems:

iut + uxx − 2vu = 0,

ivt − vxx + 2
(
v
ux

u

)
x

= 0, vx − 6vvx + vxxx − 3
[ux

u

(
vx −

vx

u
v
)]

x
= 0,

uz − 6uxv + uxxx = 0,{
ift + fxx − 2iffx − 2ivx = 0,

ivt − vxx − 2i(fv)x = 0,
vz − 6vvx + vxxx − 3[f(fv − ivx)]x = 0,

fz − 3f2fx + fxxx −
3
2
i(f2)xx − 6(vf)x = 0.
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Concluding remarks1

1. In the summer of 1975 L.D.Faddeev brought to the attention of the authors
new preprints which he had obtained in May in the USA. A paper of McKean
and van Moerbeke “On Hill’s equation” contains proofs of a number of the results
quoted in Ch. 2, § 3 of this survey. Apparently the authors of this preprint were not
familiar with the papers [39], [42], [43], published in 1974. Incidentally, the text
contains a historical inaccuracy: the fact that the Lamé potential n(n+ 1)℘(x) is
finite-zoned was established not in 1975 but many years before (see, for example,
our Introduction).

A number of preprints (of Kac and van Moerbeke) deals with periodic problems
for the Toda chain and a discrete version of the K-dV equation. All these papers
were written in 1975; the first, which contains only a small part of the results, has
appeared in print recently (Proc. Nat. Acad. Sci. USA 72 (1975), 1627; Adv. in
Math. 16 (1975), 160 ff.). In subsequent preprints some of the results of Ch. 3, § 1 of
this survey, which have not previously been published, are obtained independently.
The authors evidently are not familiar with the paper of Manakov [35] on discrete
systems, in which an L − A pair of operators for the discrete K-dV equation was
first found (see also Ch. 1, § 5 and Ch. 3, § 1).

In addition, we have received from Japan a preprint (by E.Date and S.Tanaka
“Exact solutions for the periodic Toda lattice”), in which the method of the authors
is also applied to the periodic problem for the Toda chain.

2. I.M.Gel’fand informs us that the survey of Gel’fand and Dikii “Asymptotic
behaviour of the resolvent of Sturm—Liouville equations and the algebra of the
Korteweg—de Vries equations”, Uspekhi Mat. Nauk 30:5 (1975), 67–100 = Russian
Math. Surveys 30:5 (1975), 77–113, contains the construction of the integrals for
stationary problems for higher order K-dV equations of which an account is given
in Appendix 3 of this survey from Lax’s recent preprint. They have found this
construction independently and at the same time as Lax. Moreover, Gel’fand and
Dikii also prove that these integrals are involutory, having subjected them to a
concrete analysis (this result is not in Lax’s paper). Without knowing the results
of Gel’fand and Dikii, Novikov and Bogoyavlenskii have also proved that these
integrals are involutory, as a consequence of a very simple and quite general theorem
on the interrelation of the Hamiltonian formalisms of non-stationary and stationary
equations. (Attention to this connection had already been drawn in [38], but it had
not been formulated accurately.) We give here a statement of this theorem (see
[64]). We recall that according to Gardner, Hamiltonian systems on a function
space have the form

(1)
∂u

∂t
= u̇ =

d

dx

δI

δu(x)
,

where

I =
∫
P (u, u′, u′′, . . . , u(n)) dx, u′ =

∂u

∂x
,

and I is the Hamiltonian. We assume that P does not depend explicitly on x. We
consider the system formally without making precise the nature of the function
space, which can even turn out to consist of increasing functions.

1This addendum was received by the Editors on 24 September 1975.
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For the two functionals

I =
∫
P dx, J =

∫
Qdx

the Poisson bracket has the form

(2) 〈I, J〉 =
∫ (

d

dx

δJK

δu(x)

)
δI

δu(x)
dx,

and the Hamiltonian 〈I, J〉 formally defines the commutator of the two flows (on
any class of functions on a straight line). If the flows commute, 〈I, J〉 = 0, then we
have, by definition, (

d

dx

δJ

δu(x)

)
δI

δu(x)
=
dV (I, J)

dx

where V = V (u, u′, . . . ). We consider the stationary problem
δI

δu(x)
= 0 (or const)

which has a Hamiltonian form in the canonical coordinates (see [38], Example 2 for
n = 2)

(3)



q1 = u, q2 = u′, q3 = u′′, . . . , qn = u(n−1),

p1 =
∂P

∂u′
−
(
∂P

∂u′′

)′
+
(
∂P

∂u′′′

)′′
− · · · ±

(
∂P

∂u(n)

)(n−1)

,

p2 =
∂P

∂u′′
−
(
∂P

∂u′′′

)′′
+
(
∂P

∂u(4)

)′′′
− · · · ±

(
∂P

∂u(n)

)(n−2)

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

pn =
∂P

∂u(n)

with the Hamiltonian

(4) H(p, q) = P − u′p1 − u′′p2 − · · · − u(n)pn,

provided that they can all be expressed by the coordinates (p, q). This is in text-
books on the calculus of variations with higher order derivatives.

If I =
∫
P (u, u′, . . . , u(n)) dx, J =

∫
Q(u, u′, . . . , u(m)) dx, and 〈I, J〉 = 0 then

on the set of fixed points of the flow (1) the functional J defines the flow u̇ =
d

dx

δJ

δu(x)
as a finite-dimensional dynamical system, for example, as a higher order

K-dV equation in [38]. Under these conditions we have the following general and
fairly simple result:

Theorem. If m < n and 〈I, J〉 = 0, then the flow u̇ =
d

dx

δJ

δu(x)
on the

set of fixed points of the flow (1) is a one-parameter family of finite-dimensional

dynamical systems, depending on the constant of integration
δI

δu(x)
= d; all these

systems are Hamiltonian and are given by the Hamiltonian Vd(I, J), which can be
expressed in terms of the phase coordinates (3), where

d

dx
Vd(I, J) =

(
d

dx

δJ

δu(x)

)(
δI

δu(x)
− d

)
.
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Example: let J =
∫ u2

2
dx; in this case the flow u̇ =

d

dx

δI

δu(x)
= u′ defines

the group of shifts through x and commutes with I if P does not depend explicitly
on x. Then we have

V0(I, J) = H(p, q),
dV

dx
= u′

δI

δu(x)
,

where H(p, q) is a Hamiltonian of the stationary problem for the flow (1).
From the theorem it follows, obviously, that if two integrals J1 and J2 of the

flow (1) commute in the non-stationary problem, 〈J1, J2〉 = 0, then their images
V (I, J1) and V (I, J2) commute in the phase space of the stationary problem with
the canonical coordinates (3).

The application of the theorem to the theory of K-dV equations is obvious,
because in this theory we have many commuting flows in a function space (the
higher K-dV equations according to Gardner); the images of .these flows on the
set of fixed points of any one, as stated in [38], give a set of commuting systems
in the stationary problem. It is interesting that in [38] a complete set of integrals
J1, . . . , Jn is found for the stationary problem, which can be expressed explicitly in
terms of the spectrum of the Sturm—Liouville operator (Hill, Schrödinger). In a
later paper we shall show how to express these integrals of Novikov in terms of the
integrals of Lax—Gel’fand—Dikii and vice versa (see [65]).

3. Very recently Krichever, developing a technique of Dubrovin and Its, and
Matveev, has found a beautiful algebraic-geometric method of constructing ana-
logues of finite-zone solutions of the periodic problem (in x) for “two-dimensional
K-dV” equation or the equations of Kadomtsev—Petviashvili (see [37] and Ch. 1,
§ 2 of this survey) and some other equations of Zakharov and Shabat, containing
an additional coordinate y. It is remarkable that in the construction of solutions
of “two-dimensional K-dV” equation by Krichever’s scheme an arbitrary Riemann
surface of genus g appears. The possibility of applying this method to problems of
algebraic geometry (and of constructing explicit universal fiberings over the variety
of moduli of Riemann surfaces) by the scheme of Novikov—Dubrovin (see [43] and
Ch. 2, § 4 of this survey and also Ch. 3, § 2) is here subjected to a careful analysis.

4. Very recently a new paper of Moser has appeared (Three integrable Hamil-
tonian systems connected with isospectral deformations, Adv. in Mat 16 (1975),
354 ff.), in which he finds an L−A pair for a very interesting class of discrete systems
of classical particles on a straight line with various interaction potentials. (Accord-
ing to work of Calogero and Sutherland, in some of these models it is known that
the corresponding quantum problem is completely soluble). An interesting group
theoretical approach to the systems of Moser and Calogero has now been developed
by Perelomov and Ol’shanetskii (“Complete integrable systems connected with Lie
algebras”). These systems lead, in contrast to the Toda chain, to “non-local” oper-
ators L and cannot be described by the methods of the present survey, even when
the periodic problem is meaningful.
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