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Interlude: ýêâèâàëåíòíûå ïîíÿòèÿ

Γ ⊆ Form íàçûâàþò ïðîòèâîðå÷èâûì, åñëè Γ ` φ è Γ ` ¬φ äëÿ íåêî-
òîðîé φ ∈ Form, è íåïðîòèâîðå÷èâûì â ïðîòèâíîì ñëó÷àå.

Äëÿ óäîáñòâà ââåä�åì îáîçíà÷åíèÿ

> := p? → p? è ⊥ := ¬>,

ãäå p? � ôèêñèðîâàííàÿ ïðîïîçèöèîíàëüíàÿ ïåðåìåííàÿ.

Ïðåäëîæåíèå

Äëÿ Γ ⊆ Form ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. Γ ` ψ äëÿ âñåõ ψ ∈ Form;

2. Γ ïðîòèâîðå÷èâî;

3. Γ ` ⊥.
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Äîêàçàòåëüñòâî.

1 =⇒ 2 Î÷åâèäíî.

2 =⇒ 3 Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò φ ∈ Form òàêàÿ, ÷òî Γ ` φ è
Γ ` ¬φ. Òîãäà, èñïîëüçóÿ N2, ëåãêî ïîëó÷èòü Γ ` ⊥.

3 =⇒ 1 Êàê ìû çíàåì, ` >. Ïðåäïîëîæèì, ÷òî Γ ` ⊥. Îòñþäà, èñ-
ïîëüçóÿ N2, ëåãêî ïîëó÷èòü Γ ` ψ äëÿ âñåõ ψ ∈ Form.

Äàëåå, Γ ⊆ Form íàçûâàþò ìàêñèìàëüíûì íåïðîòèâîðå÷èâûì, êîãäà
íå ñóùåñòâóåò íåïðîòèâîðå÷èâîãî ∆ ⊆ Form òàêîãî, ÷òî Γ ( ∆.
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Êðîìå òîãî, ãîâîðÿò, ÷òî Γ ⊆ Form ïîëíî, åñëè äëÿ ëþáîé φ ∈ Form
âåðíî φ ∈ Γ èëè ¬φ ∈ Γ.

Òåîðåìà

Äëÿ ëþáîãî Γ ⊆ Form ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. Γ � ïðîñòàÿ òåîðèÿ;

2. Γ íåïðîòèâîðå÷èâî è ïîëíî;

3. Γ ìàêñèìàëüíîå íåïðîòèâîðå÷èâîå.

Äîêàçàòåëüñòâî.

1 =⇒ 2 Ïóñòü Γ � ïðîñòàÿ òåîðèÿ. Ðàçóìååòñÿ, Γ íåïðîòèâîðå÷èâà,
ïîñêîëüêó èíà÷å Γ = Form. Êðîìå òîãî, äëÿ êàæäîé φ ∈ Form âåðíî
` φ ∨ ¬φ, à ïîòîìó φ ∨ ¬φ ∈ Γ, îòêóäà φ ∈ Γ èëè ¬φ ∈ Γ. . . .
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Äîêàçàòåëüñòâî.

2 =⇒ 3 Ïóñòü Γ íåïðîòèâîðå÷èâî è ïîëíî. Ðàññìîòðèì ïðîèçâîëü-
íîå ∆ ⊆ Form òàêîå, ÷òî Γ ( ∆. Çàôèêñ. êàêóþ-íèáóäü φ ∈ ∆ \ Γ. Â
ñèëó ïîëíîòû Γ, ìû èìååì ¬φ ∈ Γ. Ñòàëî áûòü, ∆ ïðîòèâîðå÷èâî.
Òàêèì îáðàçîì, Γ ìàêñèìàëüíîå íåïðîòèâîðå÷èâîå.

3 =⇒ 1 Òåïåðü ïóñòü Γ ìàêñèìàëüíîå íåïðîòèâîðå÷èâîå.

Ïðåäïîëîæèì, ÷òî φ 6∈ Γ. Òîãäà Γ ∪ {φ} ` ⊥, à çíà÷èò, Γ ` φ→ ⊥.
Ñòàëî áûòü, Γ 0 φ, ïîñêîëüêó èíà÷å Γ ` ⊥.
Ïðåäïîëîæèì, ÷òî φ 6∈ Γ è ψ 6∈ Γ. Òîãäà Γ ∪ {φ} ` ⊥ è Γ ∪ {ψ} ` ⊥,
à çíà÷èò, Γ ` φ→ ⊥ è Γ ` ψ → ⊥. Îòñþäà ñ ïîìîùüþ D3 ìû ëåãêî
ïîëó÷àåì Γ ` φ ∨ ψ → ⊥ . Ñòàëî áûòü, φ ∨ ψ 6∈ Γ.
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Íàñûùåíèå. . .

Ëåììà (î ðàñøèðåíèè, a.k.a. Ëèíäåíáàóìà)

Ïóñòü Γ ∪ {φ} ⊆ Form òàêîâû, ÷òî Γ 0 φ. Òîãäà ñóùåñòâóåò ïðîñòàÿ

òåîðèÿ Γ′ ⊇ Γ òàêàÿ, ÷òî Γ′ 0 φ.

Äîêàçàòåëüñòâî.

Ñì. ëåêöèè; òàì íóæíîå Γ′ ñòðîèëîñü ïî ðåêóðñèè.
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Àëüòåðíàòèâíîå ðàññóæäåíèå

Äðóãîå äîêàçàòåëüñòâî.

ßñíî, ÷òî Γ ∪ {¬φ} íåïðîòèâîðå÷èâî, ïîñêîëüêó èíà÷å Γ ∪ {¬φ} ` φ,
îòêóäà Γ ` ¬φ→ φ, à ïîòîìó Γ ` φ:

1. (φ→ φ)→ ((¬φ→ φ)→ (φ ∨ ¬φ→ φ)) D3

2. φ→ φ çíàåì
3. ¬φ→ φ ïî óñëîâèþ
4. φ ∨ ¬φ N3

5. (¬φ→ φ)→ (φ ∨ ¬φ→ φ) èç 2, 1
6. φ ∨ ¬φ→ φ èç 3, 5
7. φ èç 4, 6.

Äîñòàòî÷íî ïîêàçàòü, ÷òî ñóùåñòâóåò ìàêñèìàëüíîå íåïðîòèâîðå÷è-
âîå Γ′ òàêîå, ÷òî Γ ∪ {¬φ} ⊆ Γ′. Äëÿ ýòîãî ðàññìîòðèì . . .
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Äðóãîå äîêàçàòåëüñòâî (ïðîäîëæåíèå).

A := {∆ ⊆ Form | ∆ íåïðîòèâîðå÷èâî}.

Îáîçíà÷èì çà 6A ïîðÿäîê ïî âêëþ÷åíèþ íà A. Ëåãêî óáåäèòüñÿ, ÷òî
÷.ó.ì. 〈A,6A〉 óäîâëåòâîðÿåò óñëîâèÿì ëåììû Öîðíà. Ñëåäîâàòåëüíî,
íóæíîå Γ′ ñóùåñòâóåò.

Îäíàêî îòìåòèì, ÷òî äàííîå äîêàçàòåëüñòâî èìååò êóäà áîëåå óçêèé
ñïåêòð ïðèìåíåíèé ïî ñðàâíåíèþ ñ èñõîäíûì.
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Ïðèìåð ïðèìåíåíèÿ êîìïàêòíîñòè

Ïóñòü E � èððåôëåêñèâíîå è ñèììåòðè÷íîå áèíàðíîå îòíîøåíèå íà
íåïóñòîì ìíîæåñòâå A. Ñîîòâåòñòâóþùèé ñèì. èððåôë. ãðàô

A = 〈A,E 〉

ìû áóäåì íàçûâàòü êàðòîé. Ïðè ýòîì â A êàæäîå S ⊆ A èíäóöèðóåò

〈S ,E ∩ S × S〉,

ò.å. ïîäêàðòó ñ íîñèòåëåì S . Çàôèêñèðóåì ïðîèçâîëüíîå k ∈ N \ {0}.
Òîãäà A ìîæíî (ïðàâèëüíî) ðàñêðàñèòü â k öâåòîâ, åñëè ñóùåñòâóåò
f : A→ k òàêàÿ, ÷òî äëÿ ëþáûõ a1, a2 ∈ A,

(a1, a2) ∈ E =⇒ f (a1) 6= f (a2).
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Ïðåäëîæåíèå

Êàðòó A íåëüçÿ ðàñêðàñèòü â k öâåòîâ òîãäà è òîëüêî òîãäà, êîãäà

íåêîòîðóþ êîíå÷íóþ ïîäêàðòó A íåëüçÿ ðàñêðàñèòü â k öâåòîâ.

Äîêàçàòåëüñòâî.

⇐= Î÷åâèäíî.

=⇒ Ìîæíî ñ÷èòàòü, ÷òî Prop âêëþ÷àåò

P := {pai | a ∈ A è i ∈ k}.

Äëÿ êàæäîãî a ∈ A îáîçíà÷èì

φa :=
∨
i∈k

pai ∧
∧
i∈k

∧
j∈k\{i}

¬
(
pai ∧ paj

)
.

. . .
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå).

Íàêîíåö, âîçüì�åì

Γ := {φa | a ∈ A} ∪ {¬ (pa1

i ∧ pa2

i ) | (a1, a2) ∈ E è i ∈ k}.

Íåòðóäíî óáåäèòüñÿ, ÷òî

Γ âûïîëíèìî ⇐⇒ A ìîæíî ðàñêðàñèòü â k öâåòîâ.

Òåïåðü ïóñòü A íåëüçÿ ðàñêðàñèòü â k öâåòîâ. Òîãäà Γ íåâûïîëíèìî,
à çíà÷èò, íåêîòîðîå êîíå÷íîå ∆ ⊆ Γ íåâûïîëíèìî. Ðàññìîòðèì

S := {a ∈ A | a âñòðå÷àåòñÿ ñðåäè âåðõíèõ èíäåêñîâ â ∆}.

Ëåãêî ïðîâåðèòü, ÷òî ïîäêàðòó ñ íîñèòåëåì S íåëüçÿ ðàñêðàñèòü â k
öâåòîâ.
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Äðóãîå äîêàçàòåëüñòâî êîìïàêòíîñòè �

Òåîðåìà (î êîìïàêòíîñòè �)

Äëÿ ëþáûõ Γ ∪ {φ} ⊆ Form,

Γ � φ ⇐⇒ ∆ � φ äëÿ íåêîòîðîãî êîíå÷íîãî ∆ ⊆ Γ.

Òîïîëîãè÷åñêîå äîê-âî.

Çàìåòèì, ÷òî

Γ 2 φ ⇐⇒ Γ ∪ {¬φ} âûïîëíèìî.

Ñòàëî áûòü, äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ëþáîãî Γ ⊆ Form,

Γ âûïîëíèìî ⇐⇒ âñÿêîå êîí. ïîäìíîæåñòâî Γ âûïîëíèìî.

Ñëåâà íàïðàâî ýòî î÷åâèäíî. Îñòà�åòñÿ ïîêàçàòü èìïëèêàöèþ ñïðàâà
íàëåâî. Äëÿ ýòîãî íàì ïîíàäîáèòñÿ òåîðåìà Òèõîíîâà. . . .
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Òîïîëîãè÷åñêîå äîê-âî (ïðîäîëæåíèå).

Çàäàäèì íà 2 = {0, 1} äèñêðåòíóþ òîïîëîãèþ; ñîîòâåòñòâóþùåå òîï-
îëîãè÷åñêîå ïðîñòðàíñòâî îáîçíà÷èì çà 2. Î÷åâèäíî, 2 êîìïàêòíî.

Ïîíÿòíî, ÷òî ìíîæåñòâî 2Prop âñåõ îöåíîê ìîæíî ðàññìàòðèâàòü êàê
ïðîèçâåäåíèå |Prop| êîïèé 2.

Çàäàäèì íà 2Prop òîïîëîãèþ ïðîèçâåäåíèÿ (êîòîðóþ íàçûâàþò òèõî-
íîâñêîé); ñîîòâåòñòâóþùåå òîïîëîãè÷åñêîå ïðîñòðàíñòâî îáîçíà÷èì
çà 2Prop . Â ñèëó òåîðåìû Òèõîíîâà, 2Prop êîìïàêòíî.

Êàê èçâåñòíî, ïðåäáàçîé 2Prop îêàæóòñÿ ìíîæåñòâà âèäà

proj−1
p (∅), proj−1

p ({0}), proj−1
p ({1}) è proj−1

p ({0, 1}),

ãäå p ∈ Prop. Ïðè ýòîì, î÷åâèäíî,

proj−1
p (∅) = ∅ è proj−1

p ({0, 1}) = 2Prop.

. . .
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Òîïîëîãè÷åñêîå äîê-âî (ïðîäîëæåíèå).

Ñòàëî áûòü, ìîæíî ñ÷èòàòü, ÷òî ïðåäáàçà ñîñòîèò èç ìíîæåñòâ âèäà

Bp,i :=
{
v ∈ 2Prop | v (p) = i

}
,

ãäå p ∈ Prop è i ∈ {0, 1}. Ïîñêîëüêó

Bp,0 = 2Prop \ Bp,1 è Bp,1 = 2Prop \ Bp,0,

âñå ýòè ìíîæåñòâà îòêðûòû è çàìêíóòû îäíîâðåìåííî, ò.å. îòêðûòî-
çàìêíóòû (àíãë. clopen).

Òåïåðü äëÿ êàæäîé φ ∈ Form ïîëîæèì

Dφ :=
{
v ∈ 2Prop | v∗ (φ) = 1

}
.

. . .
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Òîïîëîãè÷åñêîå äîê-âî (ïðîäîëæåíèå).

Çàìåòèì, ÷òî äëÿ ëþáîãî Γ ⊆ Form,

Γ âûïîëíèìî ⇐⇒
⋂
φ∈Γ

Dφ 6= ∅.

Äàëåå, ëåãêî óáåäèòüñÿ â ñëåäóþùåì:

I Dp = Bp,1 äëÿ âñåõ p ∈ Prop;

I äëÿ ëþáûõ ψ, χ ∈ Form,

D¬ψ = 2Prop \ Dψ, Dψ∧χ = Dψ ∩ Dχ,

Dψ∨χ = Dψ ∪ Dχ è Dψ→χ = 2Prop \ Dψ ∪ Dχ.

Îòñþäà áåç òðóäà âûâîäèòñÿ, ÷òî Dφ îòêðûòî-çàìêíóòî äëÿ êàæäîé
φ ∈ Form (çäåñü èñïîëüçóåòñÿ èíäóöèÿ ïî ïîñòðîåíèþ φ). . . .
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Òîïîëîãè÷åñêîå äîê-âî (ïðîäîëæåíèå).

Íàêîíåö, ïóñòü Γ ⊆ Form íåâûïîëíèìî, à çíà÷èò,⋂
φ∈Γ

Dφ = ∅.

Ïðè ýòîì, êàê ìû óæå çíàåì, âñå Dφ çàìêíóòû. Ââèäó êîìïàêòíîñòè
2Prop, íàéä�åòñÿ êîíå÷íîå ∆ ⊆ Γ òàêîå, ÷òî⋂

φ∈∆

Dφ = ∅,

ò.å. ∆ íåâûïîëíèìî.
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