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Àêñèîìû ëèíåéíî óïîðÿäî÷åííûõ (íå îáÿçàòåëüíî àáåëåâûõ) ãðóïï � ýòî óíèâåðñàëüíûå
çàìûêàíèÿ ñëåäóþùèõ ôîðìóë:

� (x + y) + z = x + (y + z),

� x + 0 = 0 + x = x,

� x + (−x) = (−x) + x = 0,

� x 6< x,

� x < y < z → x < z,

� x 6= y → x < y ∨ y < x,

� x < y → x + z < y + z è

� x < y → z + x < z + y.
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Àêñèîìû ëèíåéíî óïîðÿäî÷åííûõ êîëåö � ýòî àêñèîìû êîëåö (ñ åäèíèöåé) âìåñòå ñ óíè-
âåðñàëüíûìè çàìûêàíèÿìè ñëåäóþùèõ ôîðìóë:

� x 6< x;

� x < y ∧ y < z → x < z;

� x 6= y → x < y ∨ y < x;

� x < y → x + z < y + z è

� 0 < x ∧ 0 < y → 0 < x · y.
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×åðåç PrA îáîçíà÷àåòñÿ ìíîæåñòâî, ñîñòîÿùåå èç óíèâåðñàëüíûõ çàìûêàíèé ôîðìóë

� s (x) 6= 0,

� s (x) = s (y)→ x = y,

� x + 0 = x,

� x + s (y) = s (x + y),

� x 6< 0 è

� x < s (y)↔ (x < y ∨ x = y),

à òàêæå óíèâåðñàëüíûõ çàìûêàíèé âñåõ ôîðìóë âèäà

Φ (x/0) ∧ ∀x (Φ (x/x)→ Φ (x/s (x)))→ ∀xΦ,

êîòîðûå â ñîâîêóïíîñòè íàçûâàþò ñõåìîé àêñèîì èíäóêöèè äëÿ PrA.
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×åðåç PA îáîçíà÷àåòñÿ ìíîæåñòâî, ñîñòîÿùåå èç óíèâåðñàëüíûõ çàìûêàíèé ôîðìóë

A1. s (x) 6= 0,

A2. s (x) = s (y)→ x = y,

A3. x + 0 = x,

A4. x + s (y) = s (x + y),

A5. x · 0 = 0,

A6. x · s (y) = x · y + x,

A7. x 6< 0 è

A8. x < s (y)↔ (x < y ∨ x = y),

à òàêæå óíèâåðñàëüíûõ çàìûêàíèé âñåõ ôîðìóë âèäà

Φ (x/0) ∧ ∀x (Φ (x/x)→ Φ (x/s (x)))→ ∀xΦ,

êîòîðûå â ñîâîêóïíîñòè íàçûâàþò ñõåìîé àêñèîì èíäóêöèè äëÿ PA. Ýòà òåîðèÿ èçâåñòíà
êàê àðèôìåòèêà Ïåàíî.

Êðîìå òîãî, îáîçíà÷èì ÷åðåç MA ìíîæåñòâî, ñîñòîÿùåå èç óíèâåðñàëüíûõ çàìûêàíèé
A1�A8, à òàêæå ôîðìóë

A9. 0 < x ∨ 0 = x è

A10. s (x) < y ↔ (x < y ∧ s (x) 6= y).

Ýòó òåîðèþ ìû áóäåì íàçûâàòü ìèíèìàëüíîé àðèôìåòèêîé.
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