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Î êîäèðîâàíèè òåðìîâ è ôîðìóë

×òîáû îòîæäåñòâëÿòü àëãîðèòìè÷åñêèå ïðîáëåìû íàä äèñêðåòíûì
òèïîì äàííûõ ñ âû÷èñëåíèåì ôóíêöèé íàä N, ïðèáåãàþò ê êîäèðî-
âàíèþ, èëè íóìåðàöèè, âõîäîâ.

Íàñ èíòåðåñóåò íóìåðàöèÿ äëÿ ëîãèêè ïåðâîãî ïîðÿäêà íàä σ. Äëÿ
íàãëÿäíîñòè âîçüì�åì â êà÷åñòâå σ ñèãíàòóðó àðèôìåòèêè.

Çàìå÷àíèå

Â êîíòåêñòå èçó÷åíèÿ àëãîðèòìè÷åñêèõ âîïðîñîâ ìû îãðàíè÷èâàåìñÿ
êîíå÷íûìè è ñ÷�åòíûìè ñèãíàòóðàìè, ïðè÷�åì ñ÷�åòíîñòü äîëæíà áûòü
â íåêîòîðîì ñìûñëå ¾ýôôåêòèâíîé¿.
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Îïðåäåëèì # : Termσ ∪ Formσ → N ñëåäóþùèì îáðàçîì:

# (vn) := pair (1, n);

# (0) := pair (2, 0);

# (s (t)) := pair (3,# (t));

# (t1 + t2) := pair (4, pair (# (t1),# (t2)));

# (t1 · t2) := pair (5, pair (# (t1),# (t2)));

# (t1 = t2) := pair (6, pair (# (t1),# (t2)));

# (¬Ψ) := pair (7,# (Ψ));

# (Ψ ∧Θ) := pair (8, pair (# (Ψ),# (Θ)));

# (Ψ ∨Θ) := pair (9, pair (# (Ψ),# (Θ)));

# (Ψ→ Θ) := pair (10, pair (# (Ψ),# (Θ)));

# (∀vn Ψ) := pair (11, pair (n,# (Ψ)));

# (∃vn Ψ) := pair (12, pair (n,# (Ψ))).
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Ïðåäëîæåíèå

# èíúåêòèâíà.

Äîêàçàòåëüñòâî.

Î÷åâèäíî, # [Termσ] ∩# [Formσ] = ∅, à ïîòîìó äîñòàòî÷íî ïîêàçàòü
èíúåêòèâíîñòü

#T := # �Termσ è #F := # �Formσ .

Äîêàæåì, ÷òî äëÿ ëþáûõ t, t ′ ∈ Termσ,

# (t) = # (t ′) =⇒ t = t ′.

Ñäåëàåì ýòî èíäóêöèåé ïî ïîñòðîåíèþ t. Ïóñòü # (t) = # (t ′).
. . .
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå).

I Åñëè t = vn, ãäå n ∈ N, òî, î÷åâèäíî, t ′ = vn.

I Åñëè t = 0, òî, î÷åâèäíî, t ′ = 0.

I Ïðåäïîëîæèì, ÷òî t = s (t1). Òîãäà left (# (t)) = 3 = left (# (t ′)),
à ïîòîìó t ′ = s (t ′1) äëÿ íåêîòîðîãî t ′1. Ïðè ýòîì

# (t1) = right (# (t)) = right (# (t ′)) = # (t ′1),

îòêóäà t1 = t ′1, â ñèëó èíäóêöèîííîé ãèïîòåçû.

I Ñëó÷àè t = t1 + t2 èëè t = t1 · t2 ðàçáèðàþòñÿ àíàëîãè÷íî.

Çíà÷èò, #T èíúåêòèâíà. Àíàëîãè÷íî äëÿ #F.

Ñòàëî áûòü, Termσ ∪Formσ ìîæíî ìûñëåííî îòîæäåñòâèòü ñ range #.
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Çàìå÷àíèå

ßñíî, ÷òî äëÿ ëþáûõ n,m ∈ N,

pair (n,m) = 2n · (2m + 1)− 1

> max {2n − 1, 2m}
> max {n,m},

à â ñëó÷àå, êîãäà n 6= 0, ìû èìååì

pair (n,m) > 4m + 1 > m.

Â ÷àñòíîñòè, ëåãêî ïîêàçàòü, ÷òî äëÿ ëþáûõ o1, o2 ∈ Termσ ∪ Formσ,

o1 4 o2 è o1 6= o2 =⇒ # (o1) < # (o2).

Ýòî ïîçâîëÿåò ïîëüçîâàòüñÿ âîçâðàòíîé èíäóêöèåé/ðåêóðñèåé.
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Ïðåäëîæåíèå

# [Termσ] è # [Formσ] ðàçðåøèìû.

Äîêàçàòåëüñòâî.

Õàð. ôóíêöèþ # [Termσ] ìîæíî âû÷èñëèòü ïîñðåäñòâîì ñëåäóþùåãî
àëãîðèòìà.

0: Ïîëîæèì S := {n}.

1: Åñëè S = ∅, òî âûäàäèì 1. Èíà÷å ïîëîæèì k := max S .

2: Åñëè left (k) = 0 èëè left (k) > 5, òî âûäàäèì 0.

3: Åñëè left (k) = 1 èëè k = pair (2, 0), òî ïîëîæèì S := S \ {k}
è GoTo 1.

. . .
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå).

4: Åñëè left (k) = 3, òî ïîëîæèì

S := (S \ {k}) ∪ {right (k)}

è GoTo 1.

5: Åñëè left (k) = 4 èëè left (k) = 5, òî ïîëîæèì

S := (S \ {k}) ∪ {left (right (k)), right (right (k))}

è GoTo 1.

Çäåñü n � ýòî çíà÷åíèå àðãóìåíòà íà âõîäå.

Àëãîðèòì âñåãäà çàâåðøàåò ðàáîòó, ïîñêîëüêó â ñëó÷àå äîáàâëåíèÿ ê
S íîâûõ ýëåìåíòîâ (ñì. 4 è 5) óìåíüøàåòñÿ max S .

Àíàëîãè÷íî äëÿ # [Formσ].
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Äàëåå, ìîæíî, íàïðèìåð, ïîñòðîèòü àëãîðèòìû A, B, C, D òàêèå, ÷òî:

A ïî êîäàì x è t âû÷èñëÿåò, âõîäèò ëè x â t;

B ïî êîäàì x è Φ âû÷èñëÿåò, ñâîáîäíà ëè x â Φ;

C ïî êîäàì x , t è Φ âû÷èñëÿåò, ñâîáîäåí ëè t äëÿ x â Φ;

D ïî êîäàì x , t è Φ âû÷èñëÿåò êîä Φ (x/t).

Çäåñü x , t è Φ ïðîáåãàþò Var, Termσ è Formσ ñîîòâåòñòâåííî. Â ÷àñò-
íîñòè, ìû ïîëó÷àåì ðàçðåøèìîñòü # [Sentσ].

Ãðóáî ãîâîðÿ, ìû ìîæåì äåëàòü ñ êîäàìè òî æå ñàìîå, ÷òî ñ òåðìàìè
è ôîðìóëàìè, ðóêîâîäñòâóÿñü èíòóèöèåé è çäðàâûì ñìûñëîì.
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Çàìå÷àíèå

Òàê êàê â pair èñïîëüçóåòñÿ ýêñïîíåíòà, äëÿ öåëåé òåîðèè ñëîæíîñòè
òðåáóåòñÿ äðóãàÿ, âû÷èñëèìàÿ çà ïîëèíîìèàëüíîå âðåìÿ áèåêöèÿ. Â
ëèòåðàòóðå ïîïóëÿðíà ôóíêöèÿ

λn.λm.

[
(n + m + 1) (n + m)

2
+ m

]
.

íàçûâàåìàÿ êàíòîðîâñêîé íóìåðóþùåé ôóíêöèåé. Â êà÷åñòâå óïðàæ-
íåíèÿ ïðîâåðüòå, ÷òî îíà ÿâëÿåòñÿ áèåêöèåé èç N× N íà N.
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Î ðàçðåøèìîñòè òåîðèé

Äëÿ ïðîñòîòû äàâàéòå ñ÷èòàòü σ êîíå÷íîé. Â äàëüíåéøåì ìû áóäåì
ïðåäïîëàãàòü íàëè÷èå ôèêñ. ïðîöåäóðû ýô. êîäèðîâàíèÿ σ-òåðìîâ è
σ-ôîðìóë è íåðåäêî îòîæäåñòâëÿòü îáúåêòû ñ èõ êîäàìè.

Äëÿ óäîáñòâà äëÿ êàæäîãî Γ ⊆ Sentσ îáîçíà÷èì

[Γ] := {Φ ∈ Sentσ | Γ ` Φ},

ò.å. [Γ] � ýòî äåäóêòèâíîå çàìûêàíèå Γ; ÿñíî, ÷òî [Γ] = Th (Mod (Γ)).

Ïðåäëîæåíèå

Ïóñòü Γ ⊆ Sentσ ïåðå÷èñëèìî. Òîãäà [Γ] ïåðå÷èñëèìî.
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Äîêàçàòåëüñòâî.

Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî Γ íåïóñòî, ïîñêîëüêó
[∅] = [{Φ}], ãäå Φ � êàêîå-í. σ-ïðåäëîæåíèå, âûâîäèìîå èç ∅.

Î÷åâèäíî, Formσ, áóäó÷è ðàçðåøèìûì, ïåðå÷èñëèìî. Òàê êàê Formσ

è Γ íåïóñòû, ñóù. âû÷èñëèìûå f , g : N→ Formσ òàêèå, ÷òî

range f = Formσ è range g = Γ.

Òîãäà χ∗[Γ] ìîæíî âû÷èñëèòü ïîñðåäñòâîì ñëåäóþùåãî àëãîðèòìà.

0: Ïîëîæèì k := 1.

1: Âû÷èñëèì f (0), . . . , f (k), g (0), . . . , g (k). Çàòåì ïåðåáåðàeì
âñå ïîñëåäîâàòåëüíîñòè ýëåìåíòîâ {f (0), . . . , f (k)} äëèíû íå
áîëåå k : åñëè ñðåäè íèõ åñòü âûâîä Φ èç {g (0), . . . , g (k)}, òî
âûäàäèì 1. Èíà÷å ïîëîæèì k := k + 1 è GoTo 1.

Çäåñü Φ ∈ Sentσ � çíà÷åíèå àðãóìåíòà íà âõîäå.
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Ñëåäñòâèå

[∅] ïåðå÷èñëèìî.

Ñëåäñòâèå

Ïóñòü Γ ⊆ Sentσ êîíå÷íî. Òîãäà [Γ] ïåðå÷èñëèìî.

Ñëåäñòâèå

Ïóñòü Γ ⊆ Sentσ ðàçðåøèìî. Òîãäà [Γ] ïåðå÷èñëèìî.

Ïðèìåð

Òåîðèÿ àáåëåâûõ ãðóïï ïåðå÷èñëèìà, òàê êàê îíà çàäà�åòñÿ êîíå÷íûì
ìíîæåñòâîì ïðåäëîæåíèé. Äàëåå, òåîðèè ãðóïï áåç êðó÷åíèÿ è äåëè-
ìûõ ãðóïï áóäóò ïåðå÷èñëèìû, òàê êàê êàæäóþ èç íèõ ìîæíî çàäàòü
ðàçðåøèìûì ìíîæåñòâîì ïðåäëîæåíèé.
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Ïî àíàëîãèè ñ ïðîï. ëîãèêîé Γ ⊆ Sentσ íàçûâàåòñÿ ïîëíûì, åñëè äëÿ
ëþáîãî Φ ∈ Sentσ âåðíî Φ ∈ Γ èëè ¬Φ ∈ Γ.

Çàìå÷àíèå

Ðàçóìååòñÿ, êîãäà Γ íåïðîòèâîðå÷èâî è ïîëíî,

Γ = Th (A) äëÿ âñåõ A ∈ Mod (Γ),

à ïîòîìó Γ ìîæíî îòîæäåñòâèòü ñ Th (A) äëÿ êàêîé-íèáóäü îñîáîé A.

Ïðåäëîæåíèå

Ïóñòü Γ ⊆ Sentσ íåïðîòèâîðå÷èâî. Åñëè [Γ] ïåðå÷èñëèìî è ïîëíî, òî

[Γ] ðàçðåøèìî.
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Äîêàçàòåëüñòâî.

Ïóñòü [Γ] ïåðå÷èñëèìî è ïîëíî. Î÷åâèäíî, [Γ] íåïóñòî, à çíà÷èò, íàé-
ä�åòñÿ âû÷èñëèìàÿ f : N→ Formσ òàêàÿ, ÷òî range f = [Γ]. Òîãäà χ[Γ]

ìîæíî âû÷èñëèòü ïîñðåäñòâîì ñëåäóþùåãî àëãîðèòìà.

0: Ïîëîæèì k := 0.

1: Âû÷èñëèì f (k). Åñëè f (k) ðàâíî Φ, òî âûäàäèì 1. Åñëè f (k)
ðàâíî ¬Φ, òî âûäàäèì 0. Èíà÷å ïîëîæèì k := k + 1 è GoTo 1.

Çäåñü Φ ∈ Sentσ � çíà÷åíèå àðãóìåíòà íà âõîäå.

Ïîñêîëüêó [Γ] ïîëíî, àëãîðèòì âñåãäà çàâåðøàåò ðàáîòó, ïðè÷�åì Φ è
¬Φ íå ìîãóò îáà ïðèíàäëåæàòü [Γ], â ñèëó íåïðîòèâîðå÷èâîñòè Γ.

Çàìå÷àíèå

Ïîæàëóé, îñíîâíîé íåäîñòàòîê ýòîãî ïîäõîäà çàêëþ÷àåòñÿ â îòñóòñò-
âèè ÿâíîé îöåíêè íà êîëè÷åñòâî øàãîâ, íóæíîå äëÿ ðåøåíèÿ âîïðîñà
î ïðèíàäëåæíîñòè σ-ïðåäëîæåíèÿ ê [Γ].
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Ñëåäñòâèå

Äëÿ âñÿêîé σ-ñòðóêòóðû A, åñëè Th (A) ïåðå÷èñëèìî, òî Th (A) ðàçð.

Äîêàçàòåëüñòâî.

Äîñòàòî÷íî çàìåòèòü, ÷òî Th (A) íåïðîòèâîðå÷èâî è ïîëíî.

Çàìå÷àíèå

Çíà÷èò, ÷òîáû äîêàçàòü ðàçðåøèìîñòü Th (A), äîñòàòî÷íî ïîñòðîèòü
ïåðå÷èñëèìîå Γ ⊆ Sentσ òàêîå, ÷òî [Γ] = Th (A).
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Ìåòîä ýëèìèíàöèè êâàíòîðîâ

Îáîçíà÷èì çà Form◦σ ìíîæåñòâî âñåõ áåñêâàíòîðíûõ σ-ôîðìóë.

Ïóñòü Γ ⊆ Sentσ. Ãîâîðÿò, ÷òî Γ äîïóñêàåò (ýôôåêòèâíóþ) ýëèìèíà-
öèþ êâàíòîðîâ, åñëè ñóùåñòâóåò (âû÷èñëèìàÿ) ôóíêöèÿ τ , êîòîðàÿ
ïî êàæäîé Φ ∈ Formσ ñòðîèò τ (Φ) ∈ Form◦σ òàêóþ, ÷òî

Γ ` Φ↔ τ (Φ) è FV (τ (Φ)) ⊆ FV (Φ).

Çàìå÷àíèå

Äëÿ óäîáñòâà ìû áóäåì ñ÷èòàòü, ÷òî â íàøåì ÿçûêå èìåþòñÿ ñïåöè-
àëüíûå ëîãè÷åñêèå êîíñòàíòû

> è ⊥,

êîòîðûå ÿâëÿþòñÿ çàìêíóòûìè àòîìàðíûìè σ-ôîðìóëàìè. Ïîýòîìó
Atomσ ∩ Sentσ áóäåò íåïóñòî äàæå â ñëó÷àå, êîãäà Constσ = ∅.
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Ïðåäëîæåíèå

Ïóñòü Γ ⊆ Sentσ äîïóñêàåò ýô. ýëèìèíàöèþ êâàíòîðîâ, è [Γ] ∩ Form◦σ
ðàçðåøèìî. Òîãäà [Γ] ðàçðåøèìî.

Äîêàçàòåëüñòâî.

Ïóñòü τ ðåàëèçóåò ýôôåêòèâíóþ ýëèìèíàöèþ êâàíòîðîâ â Γ. Òîãäà, â
÷àñòíîñòè, äëÿ ëþáîãî Φ ∈ Sentσ,

Γ ` Φ ⇐⇒ Γ ` τ (Φ),

÷òî ìîæíî ïåðåïèñàòü êàê

Φ ∈ [Γ] ⇐⇒ τ (Φ) ∈ [Γ] ∩ Form◦σ.

Ñòàëî áûòü, [Γ] 6 [Γ] ∩ Form◦σ. Ïîýòîìó èç ðàçðåøèìîñòè [Γ] ∩ Form◦σ
ñëåäóåò ðàçðåøèìîñòü [Γ].
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Ïðåäëîæåíèå

Ïóñòü ñóùåñòâóåò âû÷èñëèìàÿ ôóíêöèÿ ρ, êîòîðàÿ ïî êàæäîé σ-ôîð-
ìóëå Φ âèäà ∃x Ψ, ãäå Ψ áåñêâàíòîðíàÿ, ñòðîèò áåñêâàíò. σ-ôîðìóëó
ρ (Φ) òàêóþ, ÷òî

Γ ` Φ↔ ρ (Φ) è FV (ρ (Φ)) ⊆ FV (Φ).

Òîãäà Γ äîïóñêàåò ýôôåêòèâíóþ ýëèìèíàöèþ êâàíòîðîâ.

Äîêàçàòåëüñòâî.

Îïðåäåëèì íóæíóþ τ ïî ðåêóðñèè ñëåäóþùèì îáðàçîì.

I Åñëè Φ áåñêâàíòîðíàÿ, òî τ (Φ) := Φ.

. . .
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå).

I Åñëè Φ = Ψ ◦Θ, ãäå ◦ ∈ {∧,∨,→}, òî τ (Φ) := τ (Ψ) ◦ τ (Θ).

I Åñëè Φ = ¬Ψ, òî τ (Φ) := ¬τ (Ψ).

I Åñëè Φ = ∃x Ψ, òî τ (Φ) := ρ (∃x τ (Ψ)).

I Åñëè Φ = ∀x Ψ, òî τ (Φ) := ¬ρ (∃x ¬τ (Ψ)).

Ëåãêî ïðîâåðèòü, ÷òî äëÿ âñåõ Φ ∈ Formσ,

Γ ` Φ↔ τ (Φ) è FV (τ (Φ)) ⊆ FV (Φ),

ò.å. τ ðåàëèçóåò ýôôåêòèâíóþ ýëèìèíàöèþ êâàíòîðîâ â Γ.

Ñ.Î. Ñïåðàíñêèé Ìàòåìàòè÷åñêàÿ ëîãèêà



Ïðåäëîæåíèå

Ïóñòü Γ ⊆ Sentσ äîïóñêàåò ýëèìèíàöèþ êâàíòîðîâ, [Γ] ïåðå÷èñëèìî.
Òîãäà Γ äîïóñêàåò ýôôåêòèâíóþ ýëèìèíàöèþ êâàíòîðîâ.

Äîêàçàòåëüñòâî.

Î÷åâèäíî, [Γ] íåïóñòî, à çíà÷èò, íàéä�åòñÿ âû÷èñëèìàÿ f : N→ Formσ

òàêàÿ, ÷òî range f = [Γ]. Ðàññìîòðèì ñëåäóþùèé àëãîðèòì.

0: Ïîëîæèì k := 0.

1: Âû÷èñëèì f (k). Åñëè f (k) èìååò âèä Φ↔ Ψ, ãäå Ψ ∈ Form◦σ,
òî âûäàäèì Ψ. Èíà÷å ïîëîæèì k := k + 1 è GoTo 1.

Çäåñü Φ ∈ Formσ � çíà÷åíèå àðãóìåíòà íà âõîäå.

Ðàç Γ äîïóñêàåò ýëèìèíàöèþ êâàíòîðîâ, àëãîðèòì âñåãäà çàâåðøàåò
ðàáîòó. Âû÷èñëÿåìàÿ èì ôóíêöèÿ τ ÿâëÿåòñÿ èñêîìîé.
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Çàìå÷àíèå

Íåäîñòàòîê ýòîãî ïîäõîäà çàêëþ÷àåòñÿ â îòñóòñòâèè ÿâíîé îöåíêè íà
êîëè÷åñòâî øàãîâ, íóæíîå äëÿ íàõîæäåíèÿ ýêâèâàëåíòíîé ïî ìîäóëþ
Γ áåñêâàíòîðíîé σ-ôîðìóëû.

Ñ äðóãîé ñòîðîíû, â (íåýôôåêòèâíîé) ýëèìèíàöèè êâàíòîðîâ ìîæíî
ïðèìåíÿòü áîëåå óíèâåðñàëüíûå ïî ñâîåé ïðèðîäå òåîðåòèêî-ìîäåëü-
íûå ìåòîäû, îäíàêî î íèõ ìû ïðàêòè÷åñêè íå ãîâîðèëè.
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