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Abstract. Let ¢ be a signature and 2{ a o-structure with domain N. Say that a monadic second-
order o-formula is IT} iff it has the form

VX, 3Xo VX3 . X,
with X1, ..., X, set variables and y containing no set quantifiers. Consider the following properties:

AC for each n € N\ {0}, the set of IT}-c-sentences true in 2 is IT}-complete;
AD for each n € N\ {0}, if A C N is IT}-definable in the standard model of arithmetic and closed
under automorphisms of 2, then it is IT}-definable in 2.

We use | and L to denote the divisibility relation and the coprimeness relation, respectively. Given a
prime p, let bc,, be the function which maps every (x,y) € N x Ninto (*'”) mod p. In this paper we
prove: (N, |) and all (N, bc,,, =) have both AC and AD; in effect, even (N, L) has AC. Notice — these
results readily generalise to arbitrary arithmetical expansions of the corresponding structures, provi-
ded that the extended signature is finite.

¢1. Introduction Let fy,f,... be a list of all computable functions and Ry, Ry,... be
a list of all computable relations. Then the standard model 91 of arithmetic expands to

T = <Naf07fl7-~~,R0,R1,...>.

The paper is devoted to monadic second-order properties of natural reducts of € — which
are considerably less studied than first-order properties of such structures (see (Bes,|2002;
Korec| 2001} [Cegielskil, [1996) for further information and references). More precisely, we
shall concentrate on issues of computability and definability.

For each n > 0, consider the class <7, of IT}-sets. From now on assume all IT}-formulas
are monadic and contain exactly n set quantifiers.

FOLKLORE. For any A C N and n > 0, the following hold:
i. A€ 4, iffA is definable in M by a 1} -formula;
ii. A€ d,iffAis m-reducible to the set of T1\-sentences true in M.

This fact is closely connected with the fundamental properties we shall be interested in,
i.e. AC and AD. Given the reduct 2 of ¥ to a finite signature, they say (for all A and n):

AC one can replace 1 in (ii) by 2;
AD whenever A is closed under automorphisms of 2, one can replace 91 in (i) by 2.

The article illustrates an attractive general approach to proving that certain structures have
AC and/or AD (actually the first steps towards our present framework were already taken in
(Speranskil 2013)) — these properties can be employed for establishing complexity lower
bounds in the context of the analytical hierarchy, for example, cf. (Speranski, [2015).
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Certain naturally arising reducts of ¥ have gained much popularity in logic and compu-
ter science over the last several generations. The research programme focuses on

1. issues of computability and definability in the first-order setting, and
2. issues of computability and definability in the monadic second-order setting.

Substantial progress has been made in (1). While (2) remain largely unstudied. One of the
most important exceptions deals with the successor function s:

THEOREM (Biichil |1962)). The monadic second-order theory of (N,s,=) is decidable.

The same holds for (N, <). And the analogous result for the binary tree can be found in
(Rabin, [1969). The situation with + points towards degrees of unsolvability, however.

THEOREM (Halpern, |1991). The set ofH} -sentences true in (N,+,=) is H} -complete.

Halpern’s proof, being designed for this special complexity result, could not shed much
light on AD or AC with n > 1. Luckily a very different line of reasoning leads to

THEOREM (Speranski, 2013). (N, +,=) has AC and AD. (N, x,=) has AC.

As expected, we shall analyse (2) with the help of (1) — keeping in mind that 91 can be
identified with every arithmetical structure in which + and X are first-order definable (but
for applications to AC and the like, interpretability should suffice). The reader may consult
(Korec}, 2001)) for a collection of ‘variants of 9T’. In particular those discovered by A. Bes,
I. Korec and D. Richard will play a role.

A few words about the reducts we shall be concerned with are in order. Structures asso-
ciated with the divisibility relation | and the coprimeness relation L have achieved quite a
lot of attention since (Robinson, |1949). Intuitively, our theorems below may be contrasted
with the well-known decidability results obtained in (Biichi, {1962} [Rabin, [1969). Modular
Pascal’s triangles were intensively explored during the 1990’s. We list them as

B, B, ...

where for any k > 2, %, denotes the algebra whose only operation is given by

by (x,y) = <x1—y> mod k.

As a matter of fact, it will turn out that — in view of some earlier contributions of A. Bés,
I. Korec and the author — we only need to investigate every (N, bc,,=) with p prime.
Among other things, we shall answer the questions emerging from (Speranskil, 2013):

Does (N, x,=) have AD?  Does (N, |) have AC and AD?

The rest of the paper is organised as follows. [32.consists of preliminary material. In
we develop our basic ideas into an efficient tool, which is used to prove (N, |) has AC and
AD. |84 |presents a slight variant of our technique, yielding AC and AD for each (N, bc,,=).
In[§5. we show how one can derive sharper complexity results by exploiting the notion of
(first-order) interpretability instead of that of definability (but the price paid for this is that
such arguments do not take AD into account): even (N, 1) has AC. We conclude the article
with a few general comments.
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62, Preliminaries In monadic second-order arithmetic we have

i. individual variables x,y,z, ... (intended to range over N) and
ii. set variables X,Y,Z,... (intended to range over all subsets of N).

Accordingly we distinguish between individual and set quantifiers:
Vx,3x,Vy,y,Vz,3z,... and VX,dX,VY,JY ,VZ 3Z....

Let o be a signature, i. e. a collection of constant, function and predicate symbols, each of
which is assigned an arity. Monadic second-order G-formulas are built up from first-order
atomic o-formulas and expressions of the form ¢ € X with ¢ a (first-order) o-term and X a
set variable using connective symbols and quantifiers in the customary way.

A monadic second-order o-formula is IT}, where n € N'\ {0}, iff it has the form

VX, 3X2VX3 Xy v
—_—
n—1 alternations

with X1, ..., X, set variables and y containing no set quantifiers. Still, throughout this text

“definable” and “formula” mean “first-order definable” and “first-order formula”, respect-

ively, unless otherwise indicated (like in “defined by a IT!-formula” or “TI!-definable”).
For a o-structure 2( with domain N, we bring in the following notation:

Def (2() := the collection of all sets definable in 2,
Aut(2() := the collection of all automorphisms of 2,
Th' (1) := the first-order theory of 2, and

Th* () := the monadic second-order theory of 2.

We shall be concerned with two fundamental properties:

AC for every n € N\ {0}, the IT}-fragment of Th* (2) is I1}-complete;
AD for every n € N\ {0}, if A C N is IT}-definable in 91 := (N,0,s, +, x, =) and closed
under Aut (21), then it is IT}-definable in L.

Intuitively, the letters A, C and D stand for “analytical” (which reminds us of the analytical
hierarchy), “complexity” and “definability”. For example,

(N,+,=) and (N, x,=) have AC and (N,+,=) has AD,

as was shown in (Speranskil 2013).
We also use the binary predicate symbols | and L to denote the divisibility relation and
the coprimeness relation, respectively — in other words, for any {x,y} C N,
x|y <= xdividesy and
xly <= x and y have no common prime divisor.

Given k > 2, let bcy be the function which maps each (x,y) € N x N into the remainder of
integer division of the binomial coefficient () by £, i.e.

1
(x+y> modk = (x+y)! mod k.
X x!xy!

In the present work we shall concentrate on the structures

A =N, ]), € := (N, L) and % = (N,bg,=)
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where k > 2. And primes will play a key role in our study. For n € N\ {0}, define
P, := {p"|pisaprime} and [,:= the restriction of < to U:l:l]P’n.
Occasionally we write PP instead of IP;. In the limit, one gets
P .= Un:1 P, and [C:= Un:l Ch-
Several results are worth mentioning here:

1. ifk & P, then + and x are definable in %; (Korec|1993);
2. if k € P\ P, then + is definable in %, and Th' (%) is decidable (Bes, [1997).

Thus for every k & P, %, has AC and AD. On the other hand, if p € P, then

e Th'(%,) is decidable (Korecl|1995)  and
e neither -+ nor X is definable in %, (Bes & Korec, [1998)).

Further, we shall employ the relational signature
2+l 2
o, = {=* Ty I T},
paying special attention to the conjunction A, of the following o,-sentences:

El. Vx(x=x);

E2. VaVy(x=y = y=x);

E3. VxVyVu((x=yAy=u) > x=u);

E4. VaVyVuWv ((x =uny=vATs(x,y)) = s (u,v));

E5. VxWyVzVuWwWw((x =uAy=vAz=wATy (x,y,2)) = [+ (u,v,w));

E6. VaVyVzVuWVwVw ((x =uAy=vAz=wATx (x,y,2)) = Ik (u,v,w));

Al VaVy (Fudv (Ts (x,u) Als (0, v) Au=v) = x=y);

A2, VxVyVu ((To (x) ATs (y,u)) = —x =u);

A3, Vx(To (x) VIyJu(Ts (y,u) Ax =u));

Ad. VxVy (Lo (y) — Ju (Ty (x,y,u) Au=x));

A5, VxVyVzVuvyw ((Ts (v,2) AT+ (x,z,u)

A6. VxVy(To (y) = Ju (D (x,y,u) Au=y));

AT, VxVyVVuvvVw ((Ts (y,2) A% (x,z,u)
C. 3x (Lo (x) AVy (Lo (y) ¢y =x));

Fl. Vx3yTs (x,y) AVx¥yVu (s (x,y) ALs (x,u)) =y =u);

F2. VxVy3uly (x,y,u) AVXYyVuWv (T (x,y,u) AT4 (x,3,v)) = u="v);

F3. VxVy3JuTx (x,y,u) AVXVyYu¥v ((Tx (x,y,u) ATx (x,9,v)) = u=v).

Iy (y ) AT (mw)) = u=w);

Iy (x,3,V) ATL (v, x,w)) = u=w);

Certainly A, is a reformulation of Robinson arithmetic. Henceforth we identify Ot with its
o,-version. So in particular, the &, -formula

V< (X,y) = Ju (F+ (xvu7y) A _‘FO (M))
expresses < in 1. For convenience, we also introduce
N := N\{0}, F:= {k!|keN} and o' := cuU{U'}

where U is a fresh unary predicate symbol. Remark that[33.H35.[involve some “local nota-
tion” as well: for instance, ¢ stands for the signature in question and () for a very special
list of formulas in 6 (possibly augmented by individual constants).
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§3. The Case of the Natural Lattice Assume ¢ = {|2} Throughout this section we
shall be concerned with the o-structure .4,

Clearly the constants 0 and 1, the equality relation =, the sets IP and P, the coprimeness
relation | and the least common multiple operation lcm are all definable in .4":

x=0 <= -,
x=1 <= Vy(x|y),
x=y <<= (x=0Ay=0)V(x|[yAy|x),
xeP — —w=0Aux=1AVy(ylx— (y=1Vy=x)),
xe€P <= PO ePAy|xAVu((uePAulx) s u=y)),
xly <= —-Ju(-u=1Au|xAuly) and

z=lem(x,y) <= x|zAy|zAYu((x|uAy|u) — z|u).

Furthermore, each P, belongs to Def (/") as well — because
— n—1
xelP, <+— xGP/\ElyO...Elyn(y():l/\y,,:x/\/\i:oyi<yi+1).
In what follows x =y, x =0, etc. in 6- and o' -formulas should be understood merely as
convenient abbreviations. Also we shall exploit two specific 6-formulas:
x<y:=x|yA-x|y and x<y :=x<yA-Ju(x<uiu=<y)

— so the latter can be viewed as a covering relation for the former.

PROPOSITION 3.1. For everyn € N, T, is definable in (N ,F).

Proof. Since x < y is equivalent to x! < y! for any x and y in N, it suffices to establish the
definability of a (partial) function which maps each k € P; U---UP, into k!
Provided that x € N’ and y € P, the o-formula

@1 (x,y,2) = x<zAVu((u e PAulxAy|lu) = Iv(vePAV|zAU<Y))

says “z = x x ¥, and more generally, for every k € {1,...,n}, the o-formula

k-1
O (x,y,2) = Jvy ... 3w (vo =x A :z/\/\izo v,-<v,~+1> A
_ — k-1
Vu((ue[?/\u|x/\y|u) — Jvg ... v (vk ePAv|zA Vg :u/\/\i:0 v,~<v,~+1>)

says “z = x x Y. On the other hand, assuming x € F\ {1}, the ¢’-formula
B (,y) 1= U () Ay < xAYu((U (1) At < x) = u]y)

expresses that y is the predecessor of xin F, i.e., y = (k— 1)! whenever x = k! Obviously,
forallx e PyU---UP,, we have

y belongs to I, y is not equal to 1, and

—
y== the predecessor of y multiplied by x equals y;

thus one can define in (.4, F) a function with the required property by an appropriate ¢’-
formula using ¢y, ..., @, and @,. The rest is straightforward. U
As was proved in (Bes & Richard, [1998), + and x are definable in
(N, [,5).
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Aiming to obtain the same for some expansion of .4 to ¢', let K denote
(P < q™ | {p.q} CP, p<gq, {km} C N, p* < ¢" and max{k,m} > 4}.

Then E :=FUK encodes C in the following sense.

PROPOSITION 3.2. C is definable in (N ,E).
Proof. First observe that

A = {0 .¢") [ {p.q} CP, p#4q, {k,m} C N and max{k,m} > 4}
and B := {kxm| (k,m) €A}
are defined in ./” by the o-formulas
@4 (x,y) = x€PAYyEPAxLyATu(u € PyA (u|xVuly))
and @p(x) := JuIv(@s (u,v) Ax=lem (u,v)).
Consequently — since F € N\ B and K C B — the o'-formulas
op(x) ;= x€UA-@p(x) and @k (x) = xcUA@g(x)

define F and K, respectively, in (.#",E). So in particular — remembering Proposition m
— [C3 is expressible. Hence

O (x,y) ;= xEPAYyEPAX<yVx3yV

(@a (x,y) AJuIvIw (u|xAv|yAuT1 vA @k (lem (x,y))))
(@4 (x,y) AJuIv (u|xAv|yAv T uh—@g (lem (x,)))),

defines C in (.4, E), as can be readily checked. O

Combining this with the result of A. Bés and D. Richard, we immediately get

COROLLARY 3.3. + and X are definable in (N E).

We are now ready to establish

THEOREM 3.4. .4 has AC.

Proof. Pick an infinite A C N\ E from Def (.#") — for instance, A := P, — and let 6 (x)
be a o-formula defining A in .#". By Corollary[3.3.| we can find ¢ '-formulas

(= (x7y)a (p()(X), (08 (X,y), (8 (-x,y,Z) and (% (xvyﬂz) (ﬁ)
which define =, 0, s, + and X, respectively, in (4", E). Consider the modified list

v (xy), wo(x), w(xy), vi(xyz) and yy(x,y,z) )

obtained from () by replacing each occurrence of the form u € U by u € U A—6 (u). Thus
(1) plays the role of () for every o' -structure (4", EUB) with B C A.
Next, given a second-order o,-formula ¢, take

T@ := the result of replacing =, I'gp, I's, I'y and I'
in @ by Y=, Yo, ¥s, Y and v, respectively.

Some expansions of .4 to o' can induce, via (h), non-standard models even when A, is
satisfied. To avoid this, it suffices to ensure that g behaves in the standard manner, i. e.

y; always expresses a relation isomorphic to (N;s).
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Choose a o,-formula ¢ (x,y) defining the obvious isomorphism between
(N,s) and ({2F|keN'}, <)

(viewed as {I's}-structures) — viz. the numerical function y = 2* — in 91. Let s, denote
the conjunction of the following & '-sentences:

S1. VxVuVv ((t¢ (x,u) AT¢ (x,v)) — w= (u,v));

S2. WxWyVu((29 (ru) ATO () = v (v);
S3. Ix(x e PAVyIv (v EPAx|VvATY (v,v)) AV ((vEPAX|V) = Tyt (1,)));
S4. Vx¥yJuIv (T (x,u) ATO (y,v) A (Ws (x,) <> u<v)).

With any expansion 2 of 4" to o' we associate, via (h), the o,-structure 2, with domain
N, such that

WFk=m < AEy_(k,m), A FTo(k) & AFyy(k), etc.

Clearly if A satisfies TA, A Xst, then 2L, is isomorphic (although not necessarily identical)
to N. Fix a o,-formula ¥ (x,y) defining in 91 some function f mapping N one-one onto A
— and let y:, be the conjunction of the following ¢ '-sentences:

T1. VxVuWv (8 (x,u) AT (x,v)) = W= (u,V));
T2. VaVyVu ((t0 (x,u) AT8 (y,u)) — w= (x,y));
T3. Vx3u (0 (u) AT (x,u)) AVu (0 (u) = xS (x,u)).

So 2 E ., implies that T¢ expresses a one-one function from N onto A in 2.
Further, given a second-order o,-formula ¢, take

1@ := the result of replacing each u € U in ¢ by Iv (9 (u,v) Av e U)
where v is the first variable not occurring in @. Then for an arbitrary I1}-o,-sentence
VX1 3% .. w (X, X, )

with X; = U and y containing no second-order quantifiers — by the properties of f and 1
— we have

NEVUIX, ...y <= NEVUIX;...1y(f(U),Xs,...)
— MEVUIX,...1y(UNAXy,...)
— MEVWIX,...1y(U,Xp,...).

Observe that by the construction of (4), for all subsets C and D of N,
C\A = D\A = the associated o,-structures (.4",C), and (4", D), coincide.

Hence we can use x € U A 0 (x) as a free unary predicate without changing the inner layer
of the isomorphic copy of 91 in question. It is straightforward to verify now that

NEVUIX, ...1y (U, Xp,...) <—
A EVUIXs . ((TANA Xst A Yor) — TLY (U, Xa,...)),

which completes the argument. g

Note that whenever a set is second-order definable in .4~ (without parameters), it has to
be closed under Aut(.#") — hence we cannot express, for instance, x € A with A a proper
non-empty subset of P. However, a minor modification of the above argument yields



2 August 2016

8 STANISLAV O. SPERANSKI

THEOREM 3.5. A has AD.

Proof. Let Yoys (x,y) denote the o,-formula Ju (T'x (x,u,y) A—I'g («)). The idea is simply
to add the o' -sentence

S5. VxVy(x|y <> Thovs (x,¥))

to the conjunction of S1-S4, thus updating xs: to xZ.. Suppose 2L F TA, A .. Then there
exists an isomorphism f between 2l and 0. For any {k,m} C N, we have

kdivides m <% AE Ty (kym) = Ay E oy (k,m)
= MEpu(fK).F(m) > f (k) divides [ (m).
So f € Aut(.#"). Consequently, for each natural number k and each I1}-o,-formula
YU3X, ...y (U, Xa,...,x)
with X; = U and y containing no set quantifiers,

NEVUIX, ... y(U,Xa,...,f(k)) forall f € Aut(S) <—
FVEVYUIX, ... y(U,Xy,...,k) forall f € Aut(V) <=
CEVUIX, ... (TALAXE N Xr) = TLYW (U, Xp, ..., X))

where f (1) is the o,-structure with domain N, such that
NER(1,...,in) <= [fV)ER(@1),--,(im)).
for any m-ary R € o, and (i1,...,i,) € N" (certainly D and f () are isomorphic). O

Given n € N/, it is not hard to construct IT}-complete sets closed under Aut(.4). But if
one wants to turn Aut(.4") into {id}, where id is the identity function, some extra inform-
ation has to be incorporated into the structure. For example, consider

Mo = <N7 ‘aE1>

in the signature 6% := 6 U {C}}. Since, as was proved earlier in (Maurin| 1997), the first-
order theory of (N, =, x, 1) is decidable, so is Th* (.45). Furthermore, one easily checks
that each non-trivial f € Aut(./#") permutes at least two primes; thus Aut (45) = {id}.

COROLLARY 3.6. Let n € N'. Every }-set is T1}-definable in .

Assume the intended interpretation of the binary predicate symbol || is
{(k,m) e NXN | k|morm|k}.
We finish with a relatively simple yet interesting fact about & := (N, ||).
PROPOSITION 3.7. A and 9 are interdefinable.

Proof. 1t is a routine matter to verify that
x=0 < —xlux,
—  Vu(x|u),

x=y <= Vulx|uyl|u),
—

X=0A-ux=1AFu(-~x=uAx||[uAVv(u|v—x|v))

x=1

xeP
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and the compound formula
x=1V(xePAyePAVu(y|lu—x|u)V
(x=0A-xePA-y=1A-yePAVu((uecPAx|lu) —y|u))

(where x € P, x = 0, etc. are understood as abbreviations) defines x |yin 2.
The other direction is trivial. O

t4. The Case of Modular Pascal’s Triangles As has been observed earlier, we need
only consider %, with n prime, assuming ¢ = {bcﬁ, =2 }

Fix p € P. By a p-ary expansion of x € N we mean any (x,...,x;) € {0,1,...,p—1}¥
for which Z{'c:o x; X p' = x, written x = [xg, ..., X0] " Of course, each number has infinitely
many p-ary expansions:

x = [g..x0], = x=1[0,...,0,x...,%0] -

So given {x,y} C N, we can always find expansions of x and y with the same length. Now
for x = [xg,...,x0], and y = [yk,..., 0] ,, let

X €y <= x#yand x;<y; forall i€ {0,... k}.
Intuitively, € is a sort of “multiset inclusion”. |Korec| (1993) showed that:

i. the relation € and the set G, := {p* | k € N’} belong to Def (%, );
ii. +and x are definable in (%,,Sq) where Sq denotes {k* | k € N}.

Furthernore, as was proved in (Bes & Korecl [1998)), (ii) holds for each (%’p, Sq).
For our present purposes, it is useful to introduce
Ap = {p+p2+k | ke N}.
Certainly there exists a o-formula 6), (x,v) such that for every m € N,
meA, < B,=0,(mp)
(think of v as a parameter). To be more precise, define
0,(x,v) = veExANuuecG,N~u=vAu€xN-Iz(v EzANu€zNz €x)).

We also employ the signature 6+ := 6" U {c} including an extra constant symbol ¢ whose
role is similar to that of v in the above discussion. Accordingly we write (%), B, k) for the
o*-structure obtained from 2, by interpreting U as B and c as k.

THEOREM 4.8. %, has AC.

Proof. Take A := A, — evidently ANSq = @ — and let 6 (x) be the formula 6, (x,c). By
analogy with the proof of Theorem[3.4] we obtain the new (£), () and 7.
To avoid “non-standard” expansions of %, to o, it suffices to ensure that

Ty~ always expresses a relation embeddable in €

— because the latter is well-founded. Choose a o,-formula ¢ (x,y) defining the numerical
function y = ¥_, p* — which embeds (N, <) into (N, €), obviously — in 9. Next, let p
be a o-formula defining € in %), and denote by X the conjunction of:
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S1. VxVuWv ((7¢ (x,u) AT (x,v)) = u=v);

S2. VxVyVu ((t¢ (x,u) AT (y,u)) > x=1y);

S3. VxJuté (x,u);

S4. VxVyJuIv(to (x,u) AT (y,v) A (TY< (x,¥) <> p (u,v))).

As before, with every expansion 2 of %, to o+ we associate, via (b), the o,-structure 2A,.
Suppose A E TA, A xst but 2, is not isomorphic to 1. Then there exists a chain ko, &y, . ..
of pairwise distinct natural numbers with the property:

Ay E Ve (kmt1,km) — and hence 2AF 1y« (kyt1,kn) — for each m € N.

Thus we get an infinite descending chain in (N, €), contradicting the well-foundedness of
€. Let ¥, x¢r and 1 be as in the proof of Theorem [3.4] We have the following:

o (%,,B,k) F x:r implies that T defines a one-one function from N onto
0, = {m eN|%,E Gp(m,k)}

(which may or may not be identical to A) in (%), B,k);
e forallke N,CCNand D CN,

the associated o,-structures

C\@®; = D\@; — (#B,,C,k), and (%,,D,k), coincide.

Viewing c as an individual variable, it is now straightforward to check that
m'ZVUEiXQI[I(U,Xz,) —
A EVUIX, .. . Ve((TANA Xst A Yior) — TLY (U, X, ...))

where y contains no second-order quantifiers. U

As a matter of fact, for p # 2, one can also take A := { 2 X pk |keN } which is directly
definable in %, (without parameters). Unfortunately, this will not work for p = 2.

THEOREM 4.9. %, has AD.
Proof. Fix a o,-formula ¥, (x,y,z) defining bc,, in 91, and add the o'-sentence
S5. VxVyVz(bc, (x,y) =z Y, (x,),2))

to the conjunction of S1-S4, i.e. xs¢. Now proceed as in the proof of Theorem[3.5] d

§5. About the Coprimeness Relation Assume ¢ = { 12}. Of course, we shall focus
our attention on the o-structure %'.

Obviously 0, 1 and P are definable in ¥ — because

x=1 <= Vu(ulx),

x=0 <= Vu(ulx—u=1) and

x€P = —wx=1AVuW((-~ulxA-vlx) = -ulv).
By analogy with the previous section, we also introduce 6+ := 6" U {c}.
As was proved by Bes & Richard| (1998)), 91 is first-order interpretable in

</Vo = <N7J—7|:2>7
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and they employed an infinite collection of primes with the usual ordering to play the role
of N here. Naturally the same holds for the substructure .# of .4, with domain

= {0}uU{keN|2Llkand31k}.
For our present purposes, consider the function % : S — N given by

2xk ifkeP,nS
h(k) == ¢3xk if ke (P\(PUP))NS
k otherwise
Certainly .# is isomorphic to 5# = (H, L" %) where
H = h(S), 1" := {(h(k),h(m))|{k,m} C SandkLm}
and % := {(h(k),h(m)) | {k,m} C Sand k "o m}.
Notice that /i (x) = x for all x e PN S. Let X, Y and O denote
h(P2NS), h((P\(PUP;))NS) and
{P* xq" [ {p.a} P, 3<p<q, {k,m} C N and p* > g},
respectively. Then
D := PU(F\{6,24})UXUYUO
encodes 77 as follows.
PROPOSITION 5.10. H, 1" and C! are definable in (¢',D,2).
Proof. First observe that
= {p*x¢" [ {p.q} CP, p#qand {k,m} C N'}
is defined in € by the o-formula
Qs (x) == x=0AFuIv(uecPAvEPAulvA

~ulxA—-vlxA—-3Iw (w ePAwWLluAwlyA —|wJ_x) ) .

Consequently — since
DNP =P, DNA = XUYUO and DN(N\(AUP)) = F\{2,6,24}

— the o*-formulas
x) == x€UAx€EP,
= ¢op(x) A\—wlc,

)
x)
) :=x€eUA@s(x)A—xle,
)
)
)

=

= op () AVu(ex (u) = xLu),
= x€UANQ4(x)AJu (@3 (1) N—xLu),

=

=

x) = x€UAN@Qs(x)AxLeATu(ps(u) AxLu) and
x) = x€EUA-@Q(x) Ax€P

e (
(
(
5 (
(
(
i (

2EEs8S®

define P, 2, X, 3, Y, O and F\ {2,6,24}, respectively, in (¥¢,D,2). Hence
@ (x) = ex (x)V oy (x)V ((@p (x) V-x € P) AxLeATu (@3 (1) AxLu))
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expresses H. Now (x,y) € L can be written as
@ (%) A @ (x) A =Fu (@p (u) A =2 (1) A =3 (u) A—ulx A—uly).
Further, for any {x,y} C P,
x<y <= xdivides y! but not vice versa;
so the restriction of < to PN S is expressed by
Pz, (6)) 1= 202 () A3 (x) A @ (¥) A @ () A
Vu ((@r (x) A=y Lu) = —xLu) AFv(Qr (x) A—xLvAyly).
Finally, one easily sees that
0=, (63)V (90 (9 A 9x (5) AT (9 () A v Ly A gz, (50)) ) v
((px (X)Aox (y) AJuv ((pp () Np (V) A\mulx A—vLly Aoz (u, v))) Y
((px (xX) A @p (y) AJu ((p[p () A —ulx A @z, (u,y)) A=3z(@g (z) A—xLzA ﬁyLz)) v
(@0 () A @2 () A3 (92 () A v Ly A @, (v.2)) A32(90 () A e Lz Ay L2))

defines 4 in (%,D,2). O
This time we immediately get
COROLLARY 5.11. N is first-order interpretable in (€,D,2).
In other words, there exist o¥-formulas
en(x), e=(xy), @(x), @(xy), @+(xyz) and @x(x,yz2) ®
satisfying the following requirements:

e M:={keN|(¥,D,2) F ¢y (k)} is non-empty;
e 91 is isomorphic to the o,-structure 9t with domain M, such that

— for any k-ary I'g € o, and (my,...,m;) € M¥,
METR(my,...,my) <= (€,D,2)F og(my,...,my),
— and for all (m;,mp) € M x M,
MEm =my <<= (%€,D,2)F o= (m,my).
Moreover, as has been already remarked, we can (and will) assume that
M C P\{2,3} and 7. definesin 9 the restriction of < to M.
In conclusion, we establish
THEOREM 5.12. € has AC.
Proof. Consider the o-formula
a(x,y) := x=0A-x=1A-x€PA-@c(x)AxLly
with @¢ taken from the proof of Proposition[5.10] Evidently
A =1{keN|CFak,2)}
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is a subset of N\ D, so let 0 (x) be & (x,c). Accordingly we shall exploit the list

N (%), Y=(xy), Wo(x), (), Wi(xyz) and wy(x,y2) )

obtained from (#) by replacing each occurrence of the form u € U by u € U A6 (u).
Next, given a second-order formula ¢ in o, U o+, take

7@ := the result of replacing =, I'g, I's, I';+ and ' in

@ by W—, W, W, ¥, and V., respectively, and
then relativising all individual quantifiers to Y.

Similarly to before, with any expansion 2 of ¢ to 6+ we associate, using (1), the ,-stru-
cture 2, with domain {k € N | 2 F yiy (k)}, such that

WEk=m o A y_(k,m), A, ETy(k) & AFyy(k), etc.
For 2 satisfying TA, we have
2, is isomorphic to 91 <= 7. defines a well-founded relation in 2.

By construction, Yy (x) A ¥y (¥) A TY< (x,y) defines in (¥,1D,2) the restriction of < to M.
Also we know that F\ {2,6,24} is defined in (¥¢’,D,2) by the c#-formula

P (x) ;= xeUAN-0(x)A=¢c(x) A\—x€P,
Let .. denote the conjunction of the following ¢ -sentences:

SL. Vx(yn (x) = (x € PAxLc));

S2. Vx¥y ((wiv (%) A iy () ATV« (x,y)) = xLy);
S3. Vx(xeP— Jy(-y=0A¢ (y) A—xLy));
S4. VxVu¥v ((¢ (x) A vy (1) Ay (V) A—xLv A Ttye (u,v)) — —xLu).

Suppose 2L F TA, A Xst but the relation defined in 21, by Y- is not well-founded, i. e. there
exists a chain ko, kp, ... of pairwise coprime elements of [P with the property:

AF yy (km) A YN (km+1) N TY< (km+1,km) for all m € N.

Applying S3, we find a positive integer K such that 2(F ¢ (K) and —ko LK. Thus by S4, K
has infinitely many prime divisors, a contradiction.
Now consider an arbitrary I1}-o,-sentence

VX] E|X2 VI(X],XQ,...)
with X; = U and y containing no set quantifiers. To get Y. from y:

i. replace each u € U in y by Jv(v € U A O (v) A—u_Lv) where v is the first individual
variable not occurring in ¥ — remember the requirements S1-S2;
ii. then replace =, I'g, I's, '+ and I'x by w—, W, Vs, W4 and Y, respectively;
iii. finally, relativise all individual quantifiers except those containing v to Y.

It is straightforward to check that
NEVUIX, ...y <= CEVUIX; ... Ve((TAAXst) = Ws)
(here we view c as an individual variable). Il

Still, the argument does not show how to get an analogue of Theorem 3.5
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§6. Further Discussion Certainly we come to
HYPOTHESIS. € has AD.
It would be nice to prove this by adapting the method developed in the paper, because

the above results readily generalise to all possible arithmetical expansions
of the corresponding structures (provided that the extended signature is finite).

For example, we can pass from .4 to (N, x,=) in Theorem[3.5]On a technical note —
there are two simple modifications worth mentioning:

i. in AD one can take N¥ (with k > 1) instead of N;
ii. in AD one can add to both 9 and 2 parameters for sets closed under Aut (2().

Of course, perfectly analogous arguments apply here.
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