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Abstract

We consider the problem of the stability of action variables in properly degenerate
nearly-integrable hamiltonian systems and prove, in particular, stability results for
systems with two degrees of freedom. An application of such results to Celestial
Mechanics is presented.
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1 Introduction and main results
Consider the n-dimensional hamiltonian system

y=—-0H/0x, &= 0H/dy, H = Hy(y) + eHy(z,y;¢), (1.1)
yeD, zeT"=R"/(2rZ"),

where D C R™ is an open domain and ¢ is a small parameter. Variables y and
x are called respectively actions and angles. We denote by y(t) = y(t; yo, o, €),
x(t) = z(t; yo, o, €), the hamiltonian flow of system (1.1) with initial data y(0) =
Yo, (0) = zo.
System (1.1) is called nearly—integrable since, for e = 0, it can be simply
integrated:
y:—aH()/a.’EZO s $:8H0/ay . (12)

Then the phase space M := D x T" is foliated by n-dimensional invariant tori
To, ={y=v, ze€T"}

on which the angles linearly evolve z(t) = wq t + x¢, where wy := 0Ho/0Y|y=y,
while the actions remain constant: y(t) = yo. We are interested in knowing the
behavior of y(t; yo, xo, €) for € # 0.

The problem of the (in)stability of action variables in nearly—integrable
hamiltonian systems consists in (dis)proving that, for any compact set K C D ,

Je(e) >0, ¢(e) =0 for e >0, s.t. sup|y(t; vo, zo,€) — yo| < cle) ,

teR
(1.3)
for any (yo,x0) € K. Property (1.3) is often called total stability, in the sense
that it holds for all times.

1.1 Stability by KAM Theory for non-degenerate systems

The celebrated KAM Theorem assures the persistence of the majority! of
the perturbed invariant tori for € small, under suitable (general) hypotheses of
non-degeneracy on the integrable Hamiltonian Hy.

As a byproduct, the majority of orbits is stable, in the sense that (1.3)
holds for any compact set in a “big” set Mg (meaning that meas(M\ M) is
bounded by a quantity of order /¢).

Denote by Dy, the unperturbed energy level in the space of actions:

Dy ={y € D: Hy(y) = h}.

Let P*~! be the (n — 1)-dimensional projective space and pr : R" \ {0} —
P"~! the natural projection. Consider the map ® : D; — P"~!1 ®(y) =
progradHy(y). Then the system (1.1) is called isoenergetically non-degenerate
at a point y € Dy, if the map @ is a local diffeomorphism in the vicinity of y.

According to KAM-theory, for small €, energy levels of an isoenergetically
non-degenerate system (1.1) contain a large (in measure sense) family of invari-
ant n-dimensional tori.

As it is well known, for n = 2, isoenergetical non-degeneracy prevents drift
of y-variables on trajectories since the KAM-tori are two-dimensional invariant
hypersurfaces on three-dimensional energy levels. Hence an isoenergetically non-
degenerate system with two degrees of freedom is stable (namely (1.3) holds).

On the other hand, it is believed that general isoenergetically non-degenerate
systems exhibit O(1) drift in actions?, whenever n > 2. Such drift is known as
Arnold diffusion, since Arnold showed its existence in a simple ad hoc model in

INamely the measure of the complement of the union of the persistent invariant tori does
not exceed a quantity of order /e.
2Namely there exist a constant ¢ > 0, an e-depending family of initial data (y§,z5) and
times T¢ such that
ly(Te; 95, 26:€) — yol = ¢ -



[4] and conjectured? its genericity in [3]: “the typical case in higher-dimensional
problems is topological instability: through an arbitrarily small neighborhood
of any point there pass phase trajectories along which the actions drift away
from their initial value by a quantity of order one”*.

Genericity of the Arnold diffusion was announced in [18], [19].

Finally we observe that, according to the Nekhoroshev theory (see [20]),
average velocity of such a drift is exponentially small in € provided Hj satisfies

suitable general “steepness” conditions (see [20] or the recent preprint [21]).

1.2 Isoenergetically and properly degenerate systems with
two degrees of freedom

From now on we shall consider nearly-integrable Hamiltonian systems with two
degrees of freedom.

Suppose that system (1.1) is isoenergetically degenerate on a certain energy
level. In this case even for n = 2 drift of action variables is possible. Indeed,
consider the Nekhoroshev example (see [20]):

H= %(y% —y3) — esin(x + 2). (1.4)
The system is isoenergetically degenerate on the unperturbed energy level Dy.
The solution y; (t) = ya(t) = et, x1(t) = et?/2 = —xo(t), presents O(1) drift of
actions along Dy with velocity of order e.
In Section 2 below, generalizing Nekhoroshev example, we will describe a
simple “general” method apt to construct drifting orbits for isoenergetically
degenerate systems in two degrees of freedom.

Let us point out that the study of degenerate systems is not only a mathe-
matical question but might be of interest also from a physical point of view. In
fact, a typical feature in Celestial Mechanics is that the unperturbed system is
properly degenerate, i.e., the unperturbed Hamiltonian Hy in (1.1) does not de-
pend upon all action variables. In such a case the isoenergetical non—degeneracy
is obviously strongly violated.

Some important examples of properly degenerate models arising in Celestial
Mechanics are: the three-body problem (see, e.g., [17], [8]); the problem of
fast rotations of a symmetric rigid body (see [6], [7], [5]) and the D’Alembert
planetary “spin/orbit” model (see, e.g., [14], [12], [13]). The D’Alembert model
will be taken up in section 4 below and will, somehow, used as a “guide-line”
for our investigations.

In general, properly degenerate systems are unstable, i.e., (1.3) does not
hold. For example, in the system governed by the Hamiltonian

2
H(y1,y2, 21,22;¢€) := Ho(y1) +eHy where H, = :%2 + cos sy

all trajectories with initial positions such that (y2,z2) # (0, k) violate (1.3).
Hence, in order to have stability, one has to make suitable assumptions on the
perturbation H;. Such asumtpions arise naturally in the Celestial Mechanical
examples mentioned above. One requires that the perturbation H; is of the
form:

Hiy(y1,y2, 71, v25€) = Ho1(y1, Y2, z1) + O(e°) , c>0. (1.5)

Here and in the following by O(e¢), ¢ > 0, we mean a function that, divided by
€€, is smooth (or analytic) in « and y and bounded in all its variables as ¢ — 0.
For example, in [11], total stability is proved for the “model problem”

2

2
4 Hy = :I:y?2 4 cosxy . (1.6)

2 )
3The conjecture is stronger than the simple negation of (1.3) and even of the existence of

a drift.
4Compare [1] pg. 189 from which the citation is taken.

Hy




In this paper, in order to prove stability results in two degrees of freedom, we
will assume the following stronger assumption on the intermediate term Hyy: we
shall assume that Hy; is independent on the angle 1 and consider perturbations
of the form

H, = Hol(yl,yg) + O(é‘c) R c>0. (17)

A first answer on the stability of systems governed by Hamiltonians of the
form

H(y1,y2, 21, %25€) == Ho(y1) + eHoi (y) + O(?) , (1.8)
was given by Arnold (see [3] and compare also [1], Chapter 5, Section 3).

Theorem ([3]) Let H be as in (1.8) and assume that the perturbation removes
the degeneracy, in the sense that,

O0H, 0?Ho,
oy ’ Y3

£0 . (1.9)

Then, for all € small enough, total stability holds.

However a general function Hy(y;) will have critical points (where (1.9) is
violeted) and one may pose the question whether in the vicinity of a critical
point y$" of 0Hy/0y1 drifting phenomena may occur or total stability holds.

1.3 Main results: stability theorems for properly degen-
erate systems in two degrees of freedom

Let D be an open bounded set in R2, let y € D, 2 € T?, € > 0 and consider a
system with Hamiltonian

H(y,x,e) = Hoo(y1) +eHoi1(y) +e"Hy(y,x) + O(e™), 1<a<a;. (1.10)

We shall assume H to be smooth enough or real-analytic. In the following for
“(total) stability” we mean that there exists a constant s > 0 such that (1.3)
holds with ¢(e) := €°. Notation: from now on prime denotes derivative with
respect to ys.

Theorem 1 Suppose that
(1) the critical points of Hoo are non-degenerate,

(2) for all vy fized, yo — HY, (y9,y2) is not identically 0 on any open subset of
Dn ({y(f} X R).

Then the following condition is sufficient for the stability of system (1.10): for
any critical point y§" of Hoo and for any constant h the function Hoy (y5",y2) is
not a quadratic polynomial in ys of the form

9? Hyo
oy3

dys —7)* +h d (y5") <0, (1.11)

for some d,r € R.

Unfortunately in our astronomical guide-problem (the D’Alemebert spin/orbit
problem) Hoi (y$", y2) is exactly of the form described in (1.11) and the previous
Theorem cannot be applied. In such cases, one have to look at “higher order”
non degeneracy conditions as the ones described in the following

Theorem 2 Suppose that a < 3/2 and hypotheses (1)—(2) of Theorem 2 hold,
but, for some critical point y§" of Hoo, F(y2) := Ho1(y$",y2) is of the type
described in (1.11), namely

F(y) =d(ys —7)* +h for some d,r,h eR. (1.12)



Then stability nevertheless takes place provided

Fo(y2) == ﬁ [1‘2 H,(y{", yo, x) dx (1.13)

is not a quadratic polynomial having r as a root, namely

Fo(y2) # (uy2 +0)(y2 — 1) for some w,v €R. (1.14)

Let us conclude this introduction by loosely describing the application of the

above results to the D’Alembert problem.
The D’Alembert planetary model is a nearly-integrable, properly—degenerate,
time—dependent Hamiltonian system with two (and a half) degrees of freedom
describing the positions of a planet, modelled by a nearly spherical ellipsoid,
whose center of mass revolves on a Keplerian nearly circular ellipse around a
fixed star ( see [14], [12], [13] and § 4 below). In particular one is interested
in studying the resulting motions in phase region close to exact “spin/orbit”
resonances, i.e., in regions corresponding to unperturbed motions where the
day of the planet is commensurable with the year (the period of the Keplerian
orbit of the center of mass)

Time is a “fast variable”, which can be averaged out up to exponentially
small (in the main perturbative parameter®) terms. The two-degree-of-freedom
(time independent) resulting Hamiltonian is usually called “the effective Hamit-
lonian”.

Theorem 3 For all, but a finite number, of spin/orbit resonances, the effective
Hamiltonian of the D’Alembert planetary model is totally stable. Consequently
the action variables of the full three-degree-of-freedom D’Alembert Hamiltonian
are stable for exponentially long time.

More precise statements (and comparison with known results) are given in
§ 4; see, in particular, Theorems 8 and 9)

2 Instability in degenerate systems: resonant
channels

Definition 2.1 Let Hy be isoenergetically degenerate at every point of a suitable
connected component Ey, of Dy,. Suppose that gradHy|g, # 0. Then Ey, is called
a channel.

Proposition 2.1 Every channel is a part of a straight line.

Proof. If w := (w1,ws) := gradHy(y), the isoenergetic degeneracy implies
that pr(w) is constant on Ej. Hence, the direction of gradHj is the same on
Eh. ]

Below, we shall always assume that channels correspond to the energy value
h=0.

Corollary 2.1 Let E := Ey be a channel. Then for some constant vector
© € R? and some function g(y) smooth in a neighborhood of E
(@, y)
9(y)

Ho(y) = (2.1)

Definition 2.2 Let us consider a channel E. If for some integer ji,ja, with
ged(ji,j2) = 1, we have pr(wi, w2) = (j1,j2) on E, we call E resonant.

5In the D’Alembert problem there are two perturbative parameters, namely, the oblateness
€ of the planet and the eccentricity p of the Keplerian fixed orbit around which is revolving
the center of mass of the ellipsoidal planet. Usually one takes p = &° for some prefixed ¢ > 0.
See § 4 for more information.



Remark 2.1 In a properly degenerate system every channel is resonant.

Let E be a resonant channel of system (1.1). According to Proposition 2.1, there
exists I C E and suitable a,b € D, A\ > 0, my, mg € Z? with ged(mq,mz) = 1,
such that a — b = Ay = A(—ms2, m1) and

I={yeR*:y=as+b(1-s),s€[0,1]}. (2.2)

We construct the integer matrix

A:(mlmﬂ) detA =1, A*:( "2 7”), (2.3)

ny N2

and define the function

2
6= [ Hl(bwn,AT(E))dT, §eT neloN

We shall assume that the perturbation H; satisfies the following condition

C1. There exists a constant hg and a function ¢ : [0, \] — T such that

x
0 le=¢(n)

X1, 8)|e=¢(y) = ho and ’ > const. > 0 . (2.4)

Theorem 4 An isoenergetically degenerate system (1.1) admitting a resonant
channel is unstable for any perturbations Hy verifying C1. That is, for all €
sufficiently small, there exists a solution (y(t),z(t)) of system (1.1) such that

ly(0) —b| < cre, |y(T) —a| < cog, c3e P <|T| < cye™.

Remark 2.2 The time T is positive (respectively, negative) if in Condition C1
g_?|£=¢(n) > 0 (respectively, < 0).

From the previous Theorem and Remark 2.1 we have the following

Corollary 2.2 A properly degenerate system (1.1) in two degrees of freedom is
unstable for any perturbations Hy verifying C1.

Consider as a trivial example the system with Hamiltonian (1.4). Then
E={y € R?:y =y >0} is a resonant channel. We take I satisfying (2.2)
Witha:a( 1 ),bzﬂ( 1 ),O<ﬁ<a. Then = (1,1), A = a — 3. We can

put A = ( (1) 711 ) Then

1 27
x(n,€) = 7%/0 sinédr = —siné

and condition C1 obviously holds.

Proof of Theorem 4. Without loss of generality we assume that b = 0. Since
the channel F is resonant, Hy satisfies (2.1) with @ = (my, ms).
Consider the linear symplectic change of variables (y,z) — (Y, X)

Y = Ay, z=ATX.
In the new variables the interval I and the Hamiltonian (1.1) take the form

I = {vi=0,Y€0,\},
H(Y, X;e) = Yi/G(Y)+eH (A7'Y, AT X;e), G(Y)=g(A™'Y).

We reduce the order on the energy level

H = €ho, (25)



where hg is a suitable constant such that condition C1 holds. The solution of
equation (2.5) with respect to Y; has the form

Yy = eG(0,Ys)(ho — Hi(0,m1Ys, ATX;0)) + O(e?), (2.6)

where m; is defined as above. Now 7 = X; plays the role of the new time and
eH = —-Y1(Y3, 7, X5;¢) of the new Hamiltonian. Since 7 is the only fast variable
in this system, the dynamics on time interval 7 ~ e~ ! is determined with
precision of order ¢ by the averaged system i.e., the system with Hamiltonian

cHO = —5G(O,Y2)(h0 - X(YQvX?))

(see for example, [2]). Condition C1 implies that the averaged system has a
solution which goes along the curve {x = ho} with velocity of order ¢ and
projection of this curve to the line Y5 covers the interval [0, A]. m

3 Proofs of the stability theorems

3.1 Technical Lemmata

We now state two classical results. The first one is a normal form theorem, the
second one a KAM theorem (such results are derived by Lemma 5.2 and Lemma
5.3 of [9] respectively, while a detailed exposition on normal forms and KAM
theory can be found e.g. in [15]). Finally the third result is an ad hoc corollary
of the previous two results which will be useful to prove our stability results.

Theorem 5 Consider a real analytic Hamiltonian H = H(y,z;t) := h(y) +
f(y,z;t) defined fort € T, x € Ty :={x € C st |lmzx| <s} andy el
= [y~,yT], for y= < yT, with analytic extension on I, := {y € C, st.I y* €
Z, ly—y*| <r}, for 0 <r,s <1 Let o :== min{1/2, inf,cz, |W'(y)|}. There
exists a small constant ¢ (independent on r and o) such that, if for some K > 1

B = sup |f(y,z;t)| < era/K
y€ZL,, z€T,, teT

then there exists a time depending analytic canonical transformation
Q: (g,25t) €T, x Ty)g x T — (y,2) € I, x Ty,
such that, in the new variables (§,%) the new Hamiltonian is
H = h(g) +9(7) + [ (5,3 1)
with
sup g(y)| <28, sup [y, z;t)| < Bexp(—cK)

Y€L /2 Y€Z, 2, z€Ts/6, tET

and
ly— gl < B/c.

Theorem 6 Consider a Hamiltonian H defined as in the previous theorem.
Assume that 6 := infycz, |h"(y)| > 0. Take 0 < v < 1 and define

A = T4 sup (W (y)P + W (y)]) ,
yEL,

F = Ay? sup Lf(y,z: )]
yeZ,., x€Ts, teT

B = 1+ 01+
Ar|InFlez ’

F = ¢3BA%* 2F|InF|*

’AY = CSA6_17 )

where ¢; are suitable constants. Suppose that F< 1, then, due to the preserva-
tion of KAM tori, the evolution of y(t) remains bounded, namely

ly(t) = y(0)] < 2max{rF, 4}. (3.1)



Theorem 7 Consider a real analytic Hamiltonian H(y, x,t;€) defined fory,z,t
as above and e small. Suppose that H has the form

H:=e™ (h(y7 g) +e™ f(y,x, E))
for some k1, ke > 0. Suppose that

>e%  inf |W(y)|>e%2, inf |h'(y)| =%,
2, nf Iz e, inf W) e
for 01 + 092 < kg, 03 > 0. Then the action y is stable, namely there ezists a
o4 > 0 such that
ly(t) —y(0)| <e”*, VieR.

PROOF. Since 01+02 < kg we can apply Theorem 5 obtaining a O ("1 72 )—close
to the identity canonical transformation after which the perturbation becomes
exponentially small (w.r.t. €). Then we can apply Theorem 6 with ~ small
enough such that 4 = O(g®1%2), noting that condition F<1is surely verified
for € small enough since the perturbation is exponentially small. Therefore
stability follows by (3.1) with any o4 < k1 + k2 (and & small enough).

3.2 Proof of Theorem 1
Let ° be initial condition for the variable y. We put
- aHOO

0
w = .
ayl (yl)

We distinguish two cases: |w| > Ce'/? and |w| < Ce'/2. In the first case we
reduce the order on the energy level and, since the obtained system is non
degenerate, we can directly apply KAM Theory, namely Theorem 7, getting
stability. The second case is more complicated. After reducing the order on the
energy level, we have that the new time of the obtained (1 + 1/2)—degrees—of—
freedom system is a fast angle, so we average with respect to it. To get some
“twist” condition for the averaged Hamiltonian, we have to construct action—
angle variables that integrate the one dimensional system obtained neglecting
the time-dependent term. After such last change of variables the twist condition
follows from the hypothesis (1.11) of Theorem 1 and, again by KAM Theory,
we get stability.

Case 1. |w| > Ce'/? with large constant C.
Putting

h = H(y07x076) = HOO(y?) =+ ‘C:HOl(yO) + O(Ea)?

we reduce the order on the energy level H = h. If C' is large enough we can find
a unique solution of the equation H(y,x,c) = h with respect to y1, which has
the form y; = 9 — x(y2, 7, €), where

X(y2,2,€) == w <g(y2;€) +0 <Z—z - i—i)) . (3.2)

Indeed the equation H = h can be written, dividing by w?, in the form

€ . € e
o0+ S50m) + 0 ( S+ 5 ) =0, (33

where

e(x) = e06y) ==w ?[Hoo(y)) — Hoo(y) — X)],
G(y2) == Ho1(3),y2) — Ho1(y°).

Let us denote by &€ — ¢~ 1(£;4?) the inverse function of ¢ in a neighborhood of
zero (such inverse function exists since 9y (0;49) = L 3 0). Let us consider

9O = v(E) =~ End).



We note that 9 can be extended to a smooth function even in y? = y§" (where
w = 0), indeed it results that dg(0;yf") = 1, 8§221/1(0;y?) = 0%?Hoo(y§"), etc.
By (3.3) we get

X=wy <%§(yz) +0 (éxﬂL %)) :

Since ¥(&) = &€ + O(&?) it results that x = O(e/w). Hence Y is of the form
described in (3.2) with

glyzie) == (59(02)) - (3.4)

Let us define g(yo;€) := ¥ (eg(y2)) and € := e/w?. We have g(y2;¢) = g(y2;¢€)
and

g (y2i6) = g'(yas€) = €0etp(eg(y2))d (y2)
= De(eg(y2)) Hor (91 92) , (3.5)
Imie) = i) = | @it (7m) "+ Oei () )
= elen(yz. €) +k(y2)] , (3.6)
where
k(y2) = Hgy(yi,ye) (3.7)
Ky, €) = 8§z¢(6§(yz))(Hél(y%yz))Q+wﬂéﬁ(y?,yz)

(note that « is analytic also in € = 0 since J:9(0) = 1).
Then on the energy level H = h the system is determined by the equations

dre  Ox dys ox

— [ o = = . 38
ar ayQ 3 dr ax2 ) T Ty, X X(yQa T, T2, 8) ( )
The Hamiltonian x can be regarded as a perturbation of

Xo(y2;€) == wg(ya; €) -

1A. First assume that |g'(y9;¢)| > e and |g" (y3;€)| > € with sufficiently
small o > 0. Then the system (3.8) is non-degenerate. We can apply Theorem
7 with analyticity radius r := const €7, for a suitable const > 0 small, obtaining
stability for yo(t) and, hence, for y;(t).

1B. Now suppose that |g'(y9;¢)| or |g”(y9;¢)| < €. Fix & > 0 (small
enough). If |ya(t) — y8| < 2% for all t € R we get stability. Otherwise there
exists t* € R such that |ys(t*) — 39| = 27, while |ya(t) — y3| < 2% V [t| < |t*].
Let y3 := ya2(t").

The idea is to use condition (2) of Theorem 1 in order to prove that, even if
lg'(y9;¢)| or |g” (y9; €)| can be small, nevertheless |¢'(y3;¢)| and |g” (y5; €)| must
be sufficiently large (taking & small enough).

We need the following elementary

Lemma 3.1 Let k(y2), k(y2,€) be two analytic functions defined on some com-
pact set with k not identically zero. There exist €,8,¢,0 > 0 such that, if || < é
and 0 < 6 <6, then
ler(y2,€) + k(y2)| <6

only for yo belonging to a finite set of intervals whose length does not exceed
¢os.

Due to condition (2) of Theorem 1, recalling (3.5)-(3.7) and applying the pre-
vious Lemma, we have, for & small enough®, that |¢'(y*;€)l, |¢"(v*;¢)| > e

6Uniformly in the compact set in which we want to prove stability.



and we reduce the situation to the case 1A, with initial data y* (noting that
|0y, Hoo(y7)| > Ce'/2/2).

At the end of this case 1, we give a simple example in which we can explicitly
evaluate the function g in (3.2). Let us set Hoo(y1) := y3/2. Then w = y? and
the functions @, 1, g take the simple form

2
o) =5 -1(X) L wle) =1-VITE,
Y1 Y1
g(ya;e) =1 — /1 = 2eg(ya) /2.

Case 2: |w| < Ce'/2.

According to condition (1), we have: y? = y§" ++/zy;, where y§" is a critical
point of Hyg and |y}| < C; with sufficiently large constant C;.

2A. First, assume that |yf| > €%, where o > 0 is again a small constant.
We put

2
w = BBI;%DO (yf’r)’ )\ = (yik)2w7
Fo(y3) = ey Jpo Ha(yi", 93, @) da,
F(yg) = HOl(yfTv yg)a M= Fa(yg) - Ha(yfraygvxo)'

We note that w # 0 since y{" is non degenerate. Below without loss of generality
we assume that
yi" =0, Hoo(0)=0,
so that y¢ = \/zy;. Consider the new action variables 3:
yi=ul +e" ', =y +e" (3.9)
To reduce the order on the energy level H = eh with

eh = H(y" 2% ¢)
= Hoo()f)) +eF(y3) +e"Ha(0,19,2°) + O(* + ), (3.10)

we solve the equation
H(y) + ¢ g1, y3 + € o, ) = ch (3.11)

with respect to y1. Developing Hyo around the critical point y{" = 0 we get

Hooy}) = 5u(u)” + O((4)°) = gewlyi)® + O(?)
Hence
eh = %au(yi‘)2 +eF(y9) 4+ e Hy (0,9, 2°) + O(e3/? + ™) |
from which we obtain
A=2(h—F(y3) —e* "Hy(0,y3,2°)) + O(eY/? 4 em1), (3.12)

According to definition of A (and also using the fact that both w and A are
different from 0) we get Aw > 0. Multipling (3.12) by w:

Aw = 2(h — F(y9))w+ 0"t +£Y2) > 0,

we finally obtain
(h—F(y3))w>0. (3.13)

NOTATION From now on, given 0 < ¢ < a, we denote f = O,(c®) if
f = O(e* ") for a suitable 0 < n < a/o. For example we will write O, (&)
instead of O(e'=7) or O(e!=29), provided o < 1/2.
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Lemma 3.2 Fquation (3.11) has a unique solution of the form

y1 = _Y(525x13x276) ) (314)

where

£ ~ a— a— ~ a—oy
Y = u‘)f (<I>o + 17 + T 0G24 29720375 + O, (13 3y§))~
1

The functions ®g 12,3 are as follows:

Bo(z,e) = Ha(0,y3, )— a(0,3,2°) + O ("2 + 771 7). (3.15)
“u a—
i(2,5) = F/(48) + EF(18) +e 7 (HL0.48.2) + 0148, 2))
40, (2072 4 V2 p gy (3.16)
1

Do(r,e) = ZF" () + 5 (F)* (o))
afl

(v
S (Pl + %(F’)( D)
)

e (G HL0,98,2) + § F G HA(0,58.7) + pa(s8 )

+0,(e2*~ 2+6“ 1/2+61/2+€a1_1)7 (3.17)
1 ~
Os(z,e) = EFW( y9) + ﬁF (YN P + Oy (41 +£1/2) | (3.18)

Here A = \(v3) satisfies (3.12) and the functions 1 and @2 have zero average
m T since

ohn) = T
prlhr) = gr (P08 + J(F69)) wulhia)
oy, @) = Ha(0,55,2) — Fa(yy) -
Finally
B = 2h— FUR)F() + (7)) (3.19)

AF"(y9) + (F'(y9))2 + ¥ 12H, (0,43, 2°) F" (33) + Oy (% + 21-1).

Remark 3.1 Obviously, explicit terms in (3.16)—(5.17) of order €*~! make
sense only if a < 3/2. Otherwise they are suppressed by the error terms.

Proof of Lemma 3.2 (see Appendix) is based on a direct calculation.
The function
Y(g277—7$27€)7 T =171

can be regarded as the new Hamiltonian:

dl‘g o oY d?jg o oY

dr o 8&2’ dr o 8:62'
The angular variable 7 is fast. Therefore we can perform averaging w.r.t. 7
by a O,(y/€)-close to the identity time-dependent canonical transformation
(p7 an) - (527‘%277—) with §2 =p+ \/*gy;(pv(b,r 6) To 1= q+ \y/lfl';(pvq”ra 5)'
The above-mentioned canonical transformatlon can be obtained by a composi-
tion of four different canonical transformations. Let pg := v2, qo := 2. The
transformations

P =0i(Pj+1,4+1:7) 5, @G = G (Pj+1, 41, T) for j=0,1,2,3,

associated to the time-dependent generating functions

€
Pj+1q; + \y/—,:Sj(ij, qj,T€)
1

11



whit
Soi=55, Sii=paST, Sp:=e""'p3S5, S3i=e*7?p}S;

and

1 T 1 2m
st =y [ [ ea0de - @) as.

w 27

The transformations are implicitly given by the equations

NG NG
pj =Ppjr1+ Faqjsj(pﬂhq]yﬂﬁ) ; Qi1 = q; + y_*apj+1sj(pj+l7Qj7T7 €);
1 1
notice that the transformed Hamiltonians contains the terms %(%Sj, which
1

are exactly responsible for the cancellation of the fast oscillating terms. Finally
p:=p4 and q := qq.

After this transformation the new Hamiltonian is

- NG

Y(p,q,7,¢) = i <¢0 + d1p + e Lpop® + 20 2g3p> + 00(53‘1_3]94)) ,
1

where
1 2m
®i(q,€) == %/ (g, 7)dT + Oy (Ve) for 7=0,1,2,3. (3.20)
0
We note that, denoting
~ 0 1 27 1 2 0
Fa(y27q) = 2_ Ha(ovy(ZJvTv Q)dT7 @2(y(2J?(I) = 2_/ 902(2/2a7-a q)dTv
T Jo T Jo
we have, by (3.19),
¢1 = F'+0,(c" " +£'?) (3.21)
o
b = 20 e (3.22)
_@®
S22
a—1 . -
+62A (= 2Ha(0,48, 2% F" + puF" + 3%(1?’)2 AR+ 2F'Fy + 2035 )
+0, (2072 4 9712 4 /2 4 emly) (3.23)
1 1 =
b3 = EF’” + o Fe+ O, (e +£Y/2). (3.24)

Suppose now that”
|F'(y9)| > ¢°  with sufficiently small o > 0 . (3.25)

We consider the one-dimensional system with energy

E = ¢o(q) + ¢1(q)p +£* ' d2(q)p* + > ¢3(q)p* | (3.26)

for which we want to introduce a new couple of action-angle variables P, () such
that, after this canonical change of coordinates the energy FE is a function only
of the new action P, namely E = E(P). In order to define P we express p as a
function of E and g¢:

p = pE,q)
2
_ F ;1(150 _ a1 (B _;%0) b2 (3.27)
+€2a—2(2(E B fO)gd)% _ (E - QZO)SQZ)?)) + Oa(ESa—ZS) )
o 1

If |F'(y9)] < €7, slightly changing yJ, we can get (3.25) (arguing as in case 1B).

12



Let

We define )
1 T
P(E) = 5-5(B2m) = - [ p(E.0)da (3.28)
We observe that
P(E>:E1;M+OU( a 1+€1/2+€a1 a) (329)
Moreover we have
2
PE) = 3 | oen(E.a)ds (3.30)
1 o 1 12(E = ¢o)p2
= ot (330
+€2a_2 (G(E - fo)Q(b% _ S(E - f0)2¢3> + O ( 3a— 3):| dq (3 32)
o3 o
and
. - 1 2 a 12¢2 2a—2 2¢% ¢3 3a—3
P(E)—%/O {s ?+6(E*¢0)€ <¢—?¢—%>+Oa(5 )]dq-

(3.33)
So we have that P(FE) is invertible and the new Hamiltonian is E(P) with
E(P(E)) = E, P(E(P)) = P with

1

E'(P) = 5 EG) (3.34)
E"(P) = —P(E(P)E P . (3.35)
Since, by (3.30)
P(E) = Fi + 0, (e + 61?2,
from (3.34) we have
E'(P) = F' 4 Oy(%e'/?) | (3.36)

Now we can define the new angle

Q(P,q) = GPS( ,q) = E'(P)0gS(E(P),q)

/—+o )

71
_ (F/+OU(Ea—1€1/2))/(J F+OU(EG_1+51/2)

= q+0,(e 412 .

‘We now evaluate

_PE) _ 1 /27T {QL’Z L 6(E - ¢O)€a1<ﬁ _ @) +00(52“2)] dgq .

er~t 2w )y o o i
(3.37)
If & # 0 we simply have
P(E) _ 1 H a—1 1/2
i )\(F/)3<I>+Og(s +e/9)
and N
)
E"(P) =g} <X + 0, (e + 51/2)> . (3.38)



We remark that the general solution of the equation ® := 2(h—F)F"+ (F')2 = 0
is as follows®: F(y) = d(y—7)?*+h. Moreover by (3.13) we obtain dw < 0 namely
(1.11).
On the other hand, if F' has the form F(y) = d(y — r)? + h, which implies
® =0 and F"" =0, we have
2¢9 1 0 .0\ 1 2 =" !
22— = (C2H,(0,42,20)F" + uF F')?/x+AF, +2F'F,)
= g 208 ) 3u(F N AR+
+0, (97 4 e1/2 4 3/27a 4 gan—ay,
%3
3
és
¢

Collecting the previous equalities we have

= 0,(** % +¢),

= O, +e'?).

P(E) —2H, (0,49, 2°)F" + uF" + 3u(F')2 /A + \F, + 2F'F,

T g2a-2 )\(F’)?’
+OU(€a—1 +51/2 _|_€3/2—a +€u1—a) ,

from which (and also using (3.35) and (3.36)) we finally obtain
1 — _
E'(P) = 725 ( — 2H,(0,49,2°)F" + uF" + 3u(F")2 /A + A\F, +2F'F,
+0, (%71 4 el/2 4 &3/27a ¢ sala)) , (3.39)

Finally we note that, after the previous change of variables® p = p(P,Q,¢),
q = q(P,Q,¢) the Hamiltonian Y is transformed into

Y(P,Q,7,¢) := u\]/;l (E(P) + O,(%73)) . (3.40)

From Theorem 7, the condition ® % 0, which gives a twist term 0%, P? of
order £*~1/2  is sufficient for the stability of the original system on the energy
level (3.10). In fact the evolution of the variable P (and, hence, of F) remains
bounded so that the evolution of p (and, hence of §3) remains bounded by
O(e77) from (3.27); finally the evolution of y, is bounded by O, (¢2~1) from
(3.9). The case in which, for some y§", F(y2) := Ho1(y5",y2) is of the type
described in (1.11) is more delicate, since the twist term is smaller. This case
will be discussed in the next Section.

2B. If |yi| < &7, we change yJ by a quantity of order ~ €71, o1 < /4.
Then Hy1(0,49) will change at least by ~ . The new y}, satisfying the energy
condition (3.10), will differ from the original one at least by ~ %71 > 27,
Hence, arguing as in case 1B, we reduced case 2B to 2A.

3.3 Proof of Theorem 2
From (1.12), namely ® = 0 < (F')2 = —2(h — F)F", we have

3

st o) V= 2w (3.41)

HF/, Jr
while from (3.12), (3.41) and the definition of 1 we have

—2H,(0,40, 2°)F" + puF" + 3u(F V2 N+ NFy +2F'F, = U+ 0, (" ' +£'/2)
(3.42)

8In fact, if G := F — h the equation becomes 2GG” = (G')? & 2G"/G' = G'/G <
2InG' =InG+c1 & G”(G)*l/2 = o VG=cytc o G:d(y—r)Q.
9This change is O(1) in the sense that dpp, Opq, Ogp, Ogg are quantities of order 0 in e.
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where R B -, .
= 2(—F”Fa+F’Fa+(h—F)Fa) .

Finally from (3.39) and (3.42) we obtain

E'(P :&_2@—21 @+Oa 6a—1+€1/2+53/2—a+5a1—a ) 3.43
A

If (1.12) holds, non-degeneracy of the system with Hamiltonian Y appears
in the order £20-3/2 provided a < 3/2 and ¥ # 0. It remains to note that (1.14)
is a general solution of the equation U = 0 for F satisfying (1.12). In fact the
equation becomes

—2dF 4 (y2) + 2d(ys — ) F o (y2) — d(y2 — )2 Fa (y2) =0,

that, after the substitution F(y2) =: a(y2)(y2 — ), is equivalent to o’ (y2) = 0
which has general solution a(y2) = uys + v.

4 An application to Celestial Mechanics (aprés
D’Alembert)

In this section we consider the Hamiltonian version of the D’Alembert model
for the planetary spin/orbit problem. The model may be described as follows
(see [14],[10], [12], [13] for more details).

Let a planet be modelled by a rotational ellipsoid slightly flattened along the
symmetry axis (called “north—south” direction); assume that the center of mass
of such planet revolves on a slightly eccentric Keplerian ellipse around a fized star
occupying one of the foci of the ellipse: the planet is subject to the gravitational
attraction of the star and the problem is to study the relative position of the
planet and, most notably, the time evolution of its angular momentum.

Such model may be described using Hamiltonian formalism using action—
angle symplectic variables. The Hamiltonian system describing the D’Alembert
model results to be a two—degrees—of—freedom system depending explicitly and
periodically on time (the period being the year of the planet); furthermore
such Hamiltonian system is nearly—integrable (with two small parameters: the
flatness of the planet and the eccentricity of the Keplerian ellipse) and properly
degenerate.

As we said in the introduction, we are interested in studying the D’Alembert
model in the vicinity of a p : ¢ spin/orbit resonance (p and ¢ positive, co-prime
integers). For simplicity we will omit in the following formulas the explicit
dependence on p and gq.

Thanks to a well known result by Andoyer and Deprit (see, e.g., [1], [16]),
the motions of the D’Alembert model are governed, in suitable physical units,

by the following Hamiltonian function'®
Ji+ L)
He,u(lvw) % +W(I3 _12) (41)

+efollr, Iz, 01, 02) +epfi(l, Iz, 01,02, @35 1)
where:

a) J; is a constant parameter, which may be interpreted as a “reference da-
tum” in a neighborhood of which the system will be studied;

b) e and p are two small non—negative parameters measuring, respectively, the

flatness of the planet and the eccentricity of the Keplerian orbit described

by the center of mass of the planet; moreover we define a constant ¢ > 0
such that

p=e, (4.2)

10Gee [14].
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c) (I,p):= (I, 12, I3, 01,02, ¢3) € Ax T? are standard symplectic coordina-
tes; the domain A C R? is given by

A::{|11|<d, L — Jo| < d, IgGR}, (4.3)

where d is a suitable fixed (and small) positive number while Jo is fixed
“reference datum” (verifying, together with J, certain assumptions spelled
out below);

d) 27 /@ is the period of the Keplerian motion (“year of the planet”);

e) the function fj is a trigonometric polynomial given by

fo="_ ¢jcos(pr) + dj cos(jeor + 2p2) (4.4)
JEZ
lil<2

where ¢; and d; are functions of (J1 + I, I,) listed in the following item;
f) let

L I
R1 = Kll(.[l) = m s Rog = H2(11712) = jl j[l s

vi=w(l) = /1 - K}, vo 1= va(I1, I) == /1 — K3 ; (4.5)

where L is a real parameter; the parameters J;, L and the constant d are
assumed to satisfy

L+d<Jp, |Jo| +2d < Jy ; (4.6)

in this way 0 < x; < 1 (and the v;’s are well defined on the domain A).
Then, the functions ¢; and d; are defined by

1
colh, ) i= 7 (26303 + 1201+ 13))

2
do(1,I2) :== *f@l‘ﬂf —-17),
cx1(l1, Iz) = % )
di1(Iy, I2) == :Fw ;
cxa(l1, Iz) = —V%SV% ;
das(Iy, Ip) = _M . (4.7)

g) the function f; is a convergent series in p of trigonometric polynomials
(with increasing degrees); f{ := fi|,=0 and f] := dfi1/du|,—o are given by

o= Y (=3)ejcos(ipr + v3) (4.8)
HES

1 . 7 .
+d; (5 cos(jp1 + 202 + @3) — 3 cos(jp1 + 2p2 — sog)) ,

3 ) 9 .
fi = ]GZZ ¢ (5 cos(jp1) + 2 cos(jp1 + 2903)) (4.9)
HES

7 5 (i
+d; (7 cos(jpr + 2p2 — 2i03) — 5 cos(jpr + 2@2)) :
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Remark 4.1 (i) Since I3 appears only linearly with coefficient &, the angle @3
corresponds to time t and H. , is actually a two—degrees—of-freedom Hamilto-
nian depending explicitly on time in a periodic way (with period 2w /o).

(#) For a physical interpretation of the action variables I, Iz, the parameter
L and the angles ;, see [14], [12], [15].

We are interested in studying the above system in a neighborhood of a
day/year (or “spin/orbit”) resonance. Since the daily rotation is measured
by the angle ¢; and since in the unperturbed situation (¢ = 0 and I; = 0)
01 = @) + Jit, we see that an approzvimate day/year resonance corresponds
to take the “reference datum” Jy (which, in our units, coincides with the daily
frequency) in a rational relation with the year frequency @, i.e., J, = %(D with
p and ¢ co—prime positive integers; we shall speak in such a case of a “p : ¢
spin/orbit-resonance”.

Setting

Jp = , (4.10)

w, w =

LY k]
| €

we see that the dynamics near a p : q spin/orbit resonance is described by the
Hamiltonian

2

I
H.,(I,p) := ?1 +w(ply — ql2 + ql3) (4.11)

+efollr, I2, 01, 02) +epfi(li, Iz, @1, P2, 03; 1)

(where we have omitted the constant term J2/2).
Finally, to make the analysis perturbative, we shall take as action—variable
domain an e—dependent subset of A:

h) the domain of definition A introduced in item c) above will, from here on,
be replaced by its subset

A, ::{\11|<7“5z ;= k<, I3ER} ; (4.12)
where 1

and 7 > 0. The parameters .J;, L and the constant 7 are assumed to satisfy
L43ret < Ty, |Jo| +3r(ef +1) < Jp , (4.14)

so that 0 < k; < 1 and the v;’s are well defined on the domain A.
Let ¢* be the following linear symplectic map:
01 0%) i= (U 15, =0T+ 15+ 1), (01 + pih, 5 — i) - (415)

Then, ¢* casts the Hamiltonian H. , into the form!!

H*(I", 9" e,u) = Hepo¢™(I",¢7) (4.16)
I* 2
= % +wli +efy +epfs +ep®fy +0(ep®)

I* 2
= Dy un befy e fre o O

where c is defined in (4.2) and

fg :fg(lfalg,@I,<P§7<P§) = f00¢*a
f{‘zf{‘(lf,lé‘,gof,ws,@;,) = f?o¢*7
f5 = B, 0%, 95,05) == flod™,

n the last equality we have also used the fact that u = ¢ from (4.2).
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namely

fo = ) cjcos(iei +jpes) (4.17)
bi<e
+d; cos (i + 205 + (ip — 20095 .
fo= D (=3)¢jcos (jw’{ + (ip+ q)s@é) (4.18)
bi<e
d; - . .
To| o8 <J<P1 + 23 + (jp — (I)<P3)

—7 cos (j(p*{ + 205 + (Jp — 3Q)‘P§)] )
. Ci - 3 % R . *
o= > 2 [3 cos(jgi + jpps) +9cos (Jsol + (jp + Zq)wg)} (4.19)

d‘ . % * - *
+-Z |:17COS (](,01 + 25 + (jp — 4Q)<P3)

[\V]

—5cos (jso’{ + 25 + (jp — 2q)<p§)] :

Now, since @3 is a “fast angle”, by standard Normal Form Theory (see,
for example, [10], [12], [13]) we can find a final close-to-the-identity canonical
change of variables ¢f(y,z) = (I*,¢*) removing the dependence on the fast
angle up to exponentially small terms

H(y,xz;¢) = H* o (y,x)
vt . _
= 5 twwstefsnyemm) + e fT (Y1, ya, w1, )
+e L5 (g1, y2, 21, ) + 5“/g(y1, Y2,T1,L2;€) (4.20)
+O(6exp(fconst.5fl)) , (4.21)

where g is a suitable analytic function, the “bar” denotes the average on the
third angle and
a' :==min{2 — ¢,1+ 3c} . (4.22)

Proposition 4.1 The motion of the planet in the D’Alembert model is gov-
erned, up to an e-exponentially small term, by the two degrees of freedom prop-
erly degenerate “effective Hamiltonian”

Hegt (y1,y2, 21, 225 €) = (4.23)

yi

2

Hence, up to an e-exponentially long time, the motion of the planet is well-
described by the properly degenerate two degrees of freedom system (4.23). In
fact the effective Hamiltonian Heg is of the type (1.1) with

+efi(y, @) + et fi(y, @) + e T f5 (y, @) + &% g(y, a5¢)

_u

Hy >

and Hy = fi+eff +*f; +ev g, (4.24)

If we want that H; has the same special structure as in (1.7), we have to exclude
some particular spin/orbit resonances. In fact, from (4.17), it is simple to see
that, if (p,q) = (1,1), (2,1) the function f& really depends on the first angle
(but not on the second one), so that the perturbation H; take the same form
as in (1.5)

Hy = Ho1(y,z1) + O(e°) where Hop := fg . (4.25)
On the other hand,

(p7 Q) 7é (15 1)7 (2’ 1) = -f(;k = Co(y1, y2) ) (426)
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and, hence, we have, for (p,q) # (1,1), (2,1)
Hy = Hp1(y) + O(e°) with Ho1 = co(y1,v2) (4.27)

which is of the type described in (1.7). At this point we would apply the
stability Theorem 1 to the Hamiltonian Heg. Condition (1) is satisfied (recall
(4.24)). On the other hand, by the definition of ¢g = Hpy given in (4.7), it
follows that condition (2) means that, for any |y?| < re’, the function

(J1 +99)% —3L?
2(j1 +y?)4

is not identically zero. Such condition is satisfied if
Ji # V3L

(taking € small enough). Unfortunately we note that condition (1.11) could
be violated. Indeed, for y; = y$" = 0 (which is the only critical point of the
unperturbed Hamiltonian y?/2), we have

Ho1(yi",y2) = d(y2 —7)° +h (4.28)

1 L? 1 L?
=0 di=—=|1-3= hi=-(1+—= 4.29
' 4Jf( Jf)’ 4<+J%>’ (4.29)

where L and J; are defined in (4.6). Moreover, for'? J; < /3L, we have
d < 0, so that the inequality in (1.11) is also satisfied. Summarizing in order to
prove the stability of Heg we can directly apply Theorem 1 only if J; > v/3L;
otherwise we have to use Theorem 2. Hence we suppose J; < /3L and try to
apply Theorem 2.

In order to do it, we could think to set a :=1+¢, a1 := 14 2c and H, := ﬂ*
to have in (4.23) the same structure as in (1.10). However if we evaluate f; we
obtain (remembering that (p,q) # (1,1), (2,1))

with

—3c_a(y) cos(2x1) + 3da(y) cos(2x1 + 2x2) if (p,q) = (1,2) ,
~ —2dy(y) cos(z1 + 22) if (p,q)=(3,1),
e —5da(y) cos(2z1 + 222) if (p,q) =(3,2),

0 otherwise .

Hence, when we evaluate Fo(y2) defined in (1.13) for H, := f;, we obtain
Fa (yg) = 0' _

So, in order to use Theorem 2, we must require that fi =0 and the degen-
eracy is removed by the term f5. Hence we take (p,q) # (1,2), (3,1), (3,2) so

that
2

Har = 2+ ccoly) + £ f5 (,0) + O(*) (4.30)

which has the form described in (1.10) with

Hy := % » Hoi=coly), Ha:= _ék(yal") , a:=1+2¢c, ap:=ad . (431)

Moreover, in order to have a < 3/2 (which is a hypothesis of Theorem 2), we
assume

1
- . 4.32
c<4 (4.32)

12This is the physical interesting case corresponding to the model in which the equatorial
plane of the planet is not too different from its ecliptic plane of revolution around the star.
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We have

Scoyr,y2) + Fd_1(y1,y2) cos(2ze — z1) if (p,q) = (4,1) ,
2co(y1,y2) otherwise .

Evaluating F,(y2) defined in (1.13) for H, := f; defined in (4.31) and for y§"
= 0, we obtain

_ 3 3 3
Fa(y2) = ECO(O,yQ) = §dy§ + §h (4.33)

where d and h are defined in (4.29). Hence , in order to apply Theorem 2, we
have to verify condition (1.14), namely that r = 0 defined in (4.29) is not a root
of F,(y2). This is true since, from (4.33), we have only to check that h # 0,
which follows from the definition of h given in (4.29). Summarizing, even in
the case J, < /3L, we can prove stability by Theorem 2, if we exclude the
spin/orbit resonances (p, q) = (1,2), (3,1), (3,2) and we assume (4.32).

Theorem 8 Suppose that J, # /3L, (p,q) # (1,1),(2,1). Then the effective
Hamiltonian of the D’Alembert model defined in (4.23) is stable if the following
condition is satisfied

Ji>V3L  or  (pq) #(1,2),(3,1),(3,2), e<1/4. (4.34)

As a corollary of the previous Theorem and of formula (4.21), we can state the
following “Nekhoroshev-type” result:

Theorem 9 Suppose that J, # /3L, (p,q) # (1,1),(2,1) and that the following

condition is satisfied
L >V3L or (pg) #(1,2),(31),(3,2), e<1/4. (4.35)

Then the action variables of the D’Alambert planetary Hamiltonian H. ,, defined
in (4.1) are stable for an exponentially long time, namely there exist constants
c1, 2, ¢z > 0 such that

[I(t) —I(0)| <&, VY |t| <exp(eae™), (4.36)

where (1(t),(t)) denotes the He ,-evolution of an initial datum (I(0),¢(0)) €
A x T3,

Remark 4.2 We note that the previous result was already proved in [13] with-
out any assumption'® on the spin/orbit resonances or whatever. However, in
that generality, the so-called “Nekhoroshev-exponent” in the formula correspond-
ing to (4.36) was lightly worst: a suitable vo < min {¢, c} instead of the present
L.

5 Appendix

Proof of Lemma 3.2.
For g1, satisfying (3.14), equation (3.11) can be rewritten as follows:

* = Hoo(y) +£* '5h) — Hoo(y?)
= ( (ylay2 +e* 71y Ya) — H01(y1,y2))
—e(Ho (49 + " "1, 09+~ )— 01(y1, v+ 1))

Ho(0,y5 + e ', ) — Hy(0,y5,2°%))
(y1 + e, yg + e g, ) Ho (0,55 + £ ', 2))
(0,y5,2°) — Ha(y?, 49, 2%))

+€a1H2(y 7'/1: 76 1@/7 x’ 5)

—=(
—(
—(

H,
H,

I3 A part from J; # V3L
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= —e(Ho(y?,99 +e* "92) — Hu (1), 43))
—&® (Ha(o,yg + sa—l%’x) - Ha((),yg,mo))
—e(Ho1 (v + & '91, 99 + &7 '%a) — Hor (v}, y3 + % ')
+ePHy(y°, 2%, 71, €% 1, , €) (5.1)

for some analytic functions Hs, H3 and

b:=min{2a — 1,a+1/2,a1} .

We have, for
le® 1| small enough , (5.2)
that
* = Hoo(y) +° '51) — Hoo(y7)
a— *~ Wo _2q— a—37
= Vw0, (59)
1 8H00 0
Wy« = —5 Y1) =w +OO' \/E )
) (Vo)
0%H,
wo = ) 200 (y(lj) = w+00(\/g)
Y1

Now we write Y in the form (3.14), and we want to determinate @, for
j=0,1,2,3 expanding (5.1) in powers of 7. First we write

N\

*
’U_)yl

Y1,

with
g1 = ®o + P17 + 97 Pols + 7235 + O, (7).

Hence, from (5.3), we have

Wy . _ w ~ _ ~
o= e S O ()
1

Now we expand the two expressions for x given in (5.1) and (5.4) in power of
U2. At zero degree we have:

e%w,

Dy + Oy (271) = —e*(H,o (0,49, 2) — Ha(0,49,2°)) + O (272 4 £°).

This implies (3.15).
At first degree of 3o we get:

2a—1
e%wy e“ Fwg

0}
w e

= e Hhy (. 0) — 2 HL(0, 8. 2) + (27 4 o)
— _€aF/(yg) _ 52:1—1];[(/1(07y8’x) + O(€a+1/2_o + €b+a—1) ,

q)()@l 4 0(53(1—3/2—3(7)

using that H{, (v?,48) = F'(y3) + O(y/€), from which we have

(% — €a71ﬂ¢0)@1
w WA
= F'(y9) + e H}(0,99, ) + Op (2732 4 /2 4 071)

From |\| > &2 we have

1
Ws  _a—1%0 -t _ afl_io
(w € w/\@()) (1 € i\ +OJ(\/§)>

P
1+€a—170+00(\/g+€2a—2),

21



from which we finally obtain

a—1

T PoF (U3) + 0o (72 4612 7).

Oy = F'(y9) + e HL(0, 49, 2) +

By definition of u and ¢y we obtain
®o = p+po(y9,7) + O (e'/* +47 1 447 (5.5)

which implies (3.16).
At second degree of 7o we get:

52a71w* E2a71w0

SEEEELLY S

(1)2 2 a71¢ P Oa' 3a—3/2
w 2w2(yi‘)2( 1+2€ 0 2)+ (6 )

1 1
— — 2 T HG (o, 8) — 5% TR HL (0,8, 2) + Op (20712 4 e 202

1 1.
_ 7562“*1F"(yg) i 5é,5¢172l_16/l/(0,yg,:E) + 00(52(171/2 + €b+2a72) 7

from which we have

W wWo 2 a—1 Wo 1 7,0 a—1 1 " 0
w 2 2wA ! ‘ WA o2 2 (y2) ¢ 2 a( Y2 )

+O,,(5“*1/2 +et/2 4 b1

and
a—ll 1 2 1 10,0 a—ll " 0
1—¢ Xq)o Py = ﬁq’f"gF (y2) +¢ §Ha(07y2,x)
+Oo’(£a_1/2 +€1/2 _’_&_b—l) )
Since
1 \! 1
<1 —Ea_lxq)0> =1 +5a_1xq)0 +Oo’(52a_2) )
we have
1 1 1 a=1gp 1
Dy = SP8)+ 5= T H0,08,0) + 5203+ S0 (FUY) + 5 93)
+O, (2972 4 ea-1/2 4 1)2 +€b—1)
1 1, 1
= §F"(y3)+§e 1H&'(0,y37x)+§(F’(y3))2
50,71(1)0 3 e 1
+ 55 (F”(yg)+X(F’(yg))2> + " S F (y2) H (0,93, )

+OU(62“72 4oeoml/2 4 1/2 _|_€b71)

and (3.17) follows from (5.5).
Finally at third degree of > we have that

g3a—2 (_&@3 4 ﬂqh‘l’z) + 0,173 4 53a73/2)
w WA

1
_ 8361—2 (_(1)3 4 Xq)lq)Q) + OU(E4a_3 +€3a—3/2)

is also equal to

1 1
—63“_2—H{)’1’(y?, yg) + 00(64(;—3) — _ESa—Q_F///(yg) + 00(84(1—3 + 83(1—3/2) ,

6 6
so that
1 " 1 a—1 1/2
q)g = EF +X(I)1q)2+00(5 +e€ )
1 " 1 / a—1 1/2
= EF +XF @2"‘00(5 +E )
1 " 1 'R a—1 1/2
== EF +WF@+OO—(5 +€ )7
where, in the last equation we have used the fact that @, = ®/(2\) +O, (£~
+e1/2). m
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