Continuous averaging in dynamical systems

D. Treschev^∗

Abstract

The method of continuous averaging can be regarded as a combination of the Lie method, where a change of coordinates is constructed as a shift along solutions of a differential equation and the Neishtadt method, wellknown in perturbation theory for ODE in the presence of exponentially small effects. This method turns out to be very effective in the analysis of one- and multi-frequency averaging, exponentially small separatrix splitting and in the problem of an inclusion of an analytic diffeomorphism into an analytic flow. We discuss general features of the method as well as the applications.

2000 Mathematics Subject Classification: 58F.

Keywords and Phrases: Averaging method, Exponentially small effects, Separatrix splitting.

1 The method

There are several problems in the perturbation theory, of real-analytic ordinary differential equations (ODE), where standard methods do not lead to satisfactory results. We mention as examples the problem of an inclusion of a diffeomorphism into a flow in the analytic set up, and the problem of quantitative description of exponentially small effects in dynamical systems. In this cases one of possible approaches is an application of the continuous averaging method. The method appeared as an extension of the Neishtadt averaging procedure [14]. We begin with the description of the method.

Let us transform the system

ż = ^u(z), (1)

∗Department of Mechanics and Mathematics, Moscow State University, Vorob’evy Gory, Moscow 119899, Russia. E-mail: dtresch@mech.math.msu.su

by using the change of variables

z → Z(z, s). (2)

Here z is a point of the manifold M, ^u is a smooth vector field on M, s is a non-negative parameter, and the change (2) is defined as a shift along solutions of the equation^1

dZ/ds = f(Z, s), Z(z, 0) = z, 0 ≤ s ≤ S. (3)

Let the change z → Z transform (1) to the following system:

Ż = u(Z, s). (4)

Differentiating (4) with respect to s, we have:

ḟ(Z, s) = u_s(Z, s) + ∂_f u(Z, s) or u_s = [u, f].

Here ∂_f is the differential operator on M, corresponding to the vector field f, the subscript s denotes the partial derivative, and [·, ·] is the vector commutator: [u_1, u_2] = ∂_{u1} u_2 − ∂_{u2} u_1. Putting f = ξu, where ξ is some fixed linear operator, we obtain the Cauchy problem

u_s = −[ξu, u], u|_{s=0} = ^u. (5)

We call the system (5) averaging. The equation f = ξu is crucial for our method. The vector field f is usually constructed as a series in the small parameter and not as a result of an application to u of an operator ξ, chosen in advance.

A nonautonomous analog of (5) can be easily constructed. If ^u depends explicitly on t then f = ξu also depends on t and (5) should be replaced by the system u_s = (ξu)_t − [ξu, u], u|_{s=0} = ^u(z, t). (6)

Properties of the averaging system can be illustrated by the following example. Consider the non-autonomous real-analytic system

ż = ε^u(z, t), z ∈ M. (7)

Here ε is a small parameter, ^u is 2π-periodic in t. Let us try to weaken the dependence of ^u on time by the change (2)–(3) with f = ξu. We put^2

ξu(z, t, s) = � k∈Z iσ_ku^k(z, s)e^{ikt}, σ_k = sign k, (8)

where u^k are Fourier coefficients in the expansion u(z, t, s) = � k∈Z u^k(z, s)e^{ikt}.

1Such method of constructing a change of variables is called the Lie method. The corresponding Hamiltonian version is called the Deprit-Hori method.

2Such an operator ξ is called the Hilbert transform.

Equation (6) takes the form

u^k_s = −|k|u^k + iεσ_k[u^0, u^k] − 2iε � l+m=k,m<0<l[u

l, u^m], (9)

u^k|_{s=0} = ^u^k, k ∈ Z.

To have an idea of properties of this system, we skip in (9) the last term. The equations

u^k_s = −|k|u^k + iε σ_k[u^0, u^k], u^k|_{s=0} = ^u^k, k ∈ Z

can be solved explicitly:

u^k = e^{−|k|s} ^u^k ∘ g^{iεσk s}, (10)

where g^s is the time-s shift z|_{t=0} → z|_{t=s} along solutions of the system ż = ^u^0(z).

The complex singularities of the functions ^u^k ∘ g^s of the complex variable s prevent an unbounded continuation of the solutions (10) to all the set of positive s. Nevertheless, the functions (10) can be made exponentially small in ε since s can be chosen of order ∼ 1/ε.

If ε is not small, the operator (8) can be used to smooth out the dependence of u on t. Indeed, for arbitrarily small s > 0 the Fourier coefficients u^k in (10) decrease exponentially fast in k even if ^u is just continuous in t.

Certainly, these hewristic arguments cannot be regarded as a proof of the fact that systems of type (9) can be used for averaging or smoothing. Rigorous statements and estimates are based on the majorant method. In this paper we do not go into technical details, but present general ideas and applications.

If the vector field ^u belongs to some subalgebra χ in the Lie algebra of vector fields on M, it is natural to look for the change (2) from the corresponding Lie group of diffeomorphisms. This means that f in (3) should be taken from χ. The same remains reasonable in the non-autonomous case. Note that the operator (8) is such that if u(z, t, s) ∈ χ for any t, the vector field ξu also belongs to χ for any t.

2 Applications

2.1 Fast phase averaging: one-frequency case

Mathematical models of various physical processes use systems of ODE which contain an angular variable changing much faster than other variables in the system. Taking the fast phase as a new time, we can rewrite the equations in the form ż = ε^u(z, t, ε), z ∈ M, (11)

where M is the m-dimensional phase space of the system, and ε is a small parameter. The vector field ^u is assumed to be smooth and to depend on time 2π-periodically.

It is well known that by a change of the variables it is possible to weaken the dependence of the system (11) on time. In particular, by using the standard averaging method, it is easy to construct a 2π-periodic in t change of the variables z → z_∗ such that the equations (11) take the form

ż_∗ = ε^u^0(z_∗) + ε^2 ^u_∗(z_∗, ε) + εũ(z_∗, t, ε). (12)

Here the only term in the right-hand side depending explicitly on time is εũ = O(ε^K ). The natural K is arbitrary and ^u^0(z) =^1_{2π}

�_{2π} 0 ^u(z, t, 0) dt.

Now suppose that ^u is real-analytic in z. Poincaré noted in some example that in this case power series in ε presenting a change of variables eliminating time from the equations, exist but diverge: terms at ε^k in these series have the order k!. In a general situation this statement has been proved by Sauzin [21].

Neishtadt [14] noted that in this case it is possible to obtain in (12)

ũ = O(e^{−α/ε}), α = const > 0, (13)

where α is some constant (ε is assumed to be nonnegative). The method Neishtadt used to prove this assertion is based on a large (of order 1/ε) number of successive changes of variables. These changes weaken gradually explicit dependence of the equations on time. Ramis and Schafke [19] obtained analogous results analyzing diverging series, produced by the standard averaging method.

It is known also that in general a constant A > α exists such that it is impossible to construct 2π-periodic in t change z → z_∗, such that ũ = O(e^{−A/ε}). This statement follows, for example, from an estimate of the separatrix splitting rate in Hamiltonian systems of type (11) with one and a half degrees of freedom.

In this section we estimate a “maximal” α for which the estimate (13) is possible.

Suppose that the manifold M is real-analytic. We fix its complex neighborhood M_C and denote by g^t the phase flow of the averaged system^3

ż = ^u^0(z). (14)

Let Q be a compact in M and V_Q its neighborhood in M_C. Suppose that for any real s such that |s| < α and for any point z ∈ V_Q the map g^{is} is analytic at z and moreover, g^{is}(z) ∈ M_C. We define the set

U_{Q,α} = � −α<s<α

g^{is}(V_Q).

Theorem 1, [24]. Let the positive constants α, ρ, ε_0 be such that (1) U_{Q,α} ⊂ M_C.

(2) The vector field ^u is analytic in z and C^2-smooth in t, ε on U_{Q,α} × T × [0, ε_0].

Then for sufficiently small ε_0, there exists a 2π-periodic in t real-analytic in z map F : V^′_Q × T × (0, ε_0) → M_C, Q ⊂ V^′_Q ⊂ V_Q, such that

3It would be more correct to call (14) by the first approximation averaged system, written with respect to the fast time.

(a) The set V^′_Q is open in M_C, (b) F (z, t, ε) = z_∗ = z + O(ε), (c) F transforms (11) into (12) and the following estimate holds:

|ũ(z, t, ε)| ≤ Ce^{−α/ε}, z ∈ V^′_Q, t ∈ Σ_ρ, ε ∈ [0, ε_0). (15)

Theorem 1 means in particular, that in the case when components of the field ^u are entire functions of z, the quantity α in (15) can be arbitrary positive number such that for all s ∈ [−α, α] the maps z → g^{is}(z) are holomorphic at any point z ∈ Q.

Proof of Theorem 1 is based on the continuous averaging. Namely, we solve the Cauchy problem (6), with ξ defined by (8). The required change of variables corresponds to the value s = α/ε. The averaging can be performed inside a subalgebra χ in the Lie algebra of all real-analytic vector fields on M. In particular, if the initial vector field ^u is Hamiltonian then u_∗ = u(z, t, ε, α/ε) is also Hamiltonian, and F is symplectic.

2.2 Averaging: multi-frequency case

Consider a real-analytic slow-fast system

ẋ = ω + ε(u(y) + ^u(x, y, ε)), ẏ = ε(v(y) + ^v(x, y, ε)), x ∈ T^n, y ∈ R^m. (16) Average in x of is assumed to be O(ε). The frequency vector ω ∈ R^n is constant and non-resonant.^4

We try to weaken the dependence of the right-hand side of the system on the fast variables x by a near-identity change (x mod 2π, y) → (x_• mod 2π, y_•). We put z = � x y � , ω = � ω 0 � , w = � u v � , ^w =

� ^u ^v � . Note that the vector fields ω and w commute. The system (16) takes the form

ż = ω + ε(w + ^w). (17)

A1. Diophantine condition. We assume that n ≥ 2 and the frequency vector ω is Diophantine: there exist γ_0, γ > 0 such that

|⟨k, ω⟩| ≥ γ_0||k||^{−γ} , for any k ∈ Z^n \ {0}. (18)

To formulate the next assumption, we need some definition. Let g^t be the phase flow of the system ż = w(y). (19)

4The case of non-constant frequencies (ω = ω(y)) can be reduced to this one in a small neighbourhood of an unperturbed (may be, resonant) torus {y = y^0}.

For any real-analytic function f(y) with values in C^{n+m} and the vector k ∈ Z^n we put f_k = f(y)e^{i⟨k,x⟩}. The function

g^s_kf = e^{−i⟨k,x⟩}g^{−is}_∗ (f_k ∘ g^{is}), s ∈ C

does not depend on x. Here g^t_∗ is the differential of the map g^t. Note that g^s_k, s ∈ R include shifts along g^t in purely imaginary direction. We put

Σ_q = {x ∈ C^n/(2πZ)^n : |Im x_j | ≤ q, j = 1, . . . , n}, V_ν = {y ∈ C^m : Re y ∈ (D + ν) ⊂ R^m, |Im y_l| ≤ ν, l = 1, . . . , m},

where D is a compact domain and D + ν is the ν-neighborhood of D.

Expand the function ^w into the Fourier series:

^w(z, ε) = � k∈Z^n

^w^k(y, ε)e^{i⟨k,x⟩}.

A2. Analyticity. Let the constant α > 0 be such that for any real s ∈ [−α, α], for any k ∈ Z and for any (x, y) ∈ Σ_q × V_ν = closure(Σ_q ) × closure(V_ν ) the map (x, y) → g^{is}(x, y) is analytic in x, y and the map y → g^s_k ^w^k(y) is analytic in y.

Moreover, suppose that for some real ρ

|g^s_k ^w^k |_{V ν ×[0,ε0)} ≤ μ||k||^{−ρ}e^{−q||k||}, k ≠ 0.

The function ^w^0 is of order ε and we assume that |g^s_0 ^w^0|_{V ν ×[0,ε0)} ≤ εμ_0. The constants μ, μ_0, ν, q, ρ, γ must satisfy some conditions [18]. Here we replace these conditions by more restrictive, but simple ones.

A3. μ, μ_0, ν, q, ρ, γ are positive, do not depend on ε, and ρ > γ/(γ + 1). Theorem 2, [18]. Suppose that assumptions A1–A3 hold. Then there exists a change of variables

z → z_• = f(z, ε), f : Σ_{2q/3} × V_{2ν/3} × [0, ε_0) → C^n/(2πZ^n) × C^m (20)

such that f is analytic in z, smooth in ε, f(z, ε) = z + O(ε), and the system (17) takes the form ż_• = ω + ε(w(y_•) + w_•(z_•, ε)). (21) Let w^0_•(y_•, ε) be the average in x_• of w_•. Then w^0_•(y_•, 0) = 0. Moreover,

|w_• − w^0_•| ≤ Cμε^{ρ/(γ+1)}e^{−qε−1/(γ+1)} , z_• ∈ Σ_{q/2} × V_{ν/2}, (22)

where C is a constant, not depending on ε and μ,

q = (1 + γ^{−1})(γγ_0αq^γ )^{1/(γ+1)}. (23)

If the system (17) is Hamiltonian with respect to a certain symplectic structure Ω then (21) is also Ω-Hamiltonian and the change (20) is Ω-symplectic.

In [18] we also present another theorem which shows that the Fourier series w_• − w^0_• can be divided into 2 parts: one is small and for another we have a sort of control.

Results analogous to Theorem 2 (without estimates for α) are contained in [22, 1, ].

2.3 Exponentially small separatrix splitting

The phenomenon of exponentially small separatrix splitting was discovered by Poincaré [16]. Intensive quantitative studying of the problem was initiated by papers [7, 10] (see also [2]). The method proposed by Lazutkin with collaborators [12, 11, 5, 6] is based on an analysis of the separatrices in the complex domain. Another method was used in [4], where direct expansions of the Poincaré-Melnikov integral in an additional parameter are analyzed. The resurgent analysis is applyed to these problems in [20].

The main difficulty of the problem is that the traditional Poincaré-Melnikov method can not be applied directly. Indeed, its error has the order of square of the perturbation. Hence, the error considerably exceeds the expected result.

Exponentially small separatrix splitting can be studied with the help of the continuous averaging method. The main idea of to reduce the rate of the perturbation to an exponentially small quantity such that its square is much smaller than the result. Then the Poincaré-Melnikov method is applicable.

It is natural to measure the rate of the separatrix splitting by the area Alobe of a lobe domain, bounded by segments I^{s,u} of the stable (s) and unstable (u) separatrix such that I^s and I^u have the same boundary points, these points are homoclinic, and there are no other common points of I^s and I^u.

Consider the system with Hamiltonian

^H(^x, ^y, t/ε) = ^y^2/2 + (1 + 2B cos(t/ε)) cos ^x, (24)

where ^x, ^y are canonically conjugated variables and ε > 0 is small. Theorem 1 implies that there exists a symplectic change of coordinates x̂, ŷ → x, y which is i) close to the identity, ii) 2πε-periodic in time, iii) real-analytic in a complex neighborhood of the separatrices Γ^± of the system with Hamiltonian H_0 = ŷ^2/2 + cos x̂

iv) such that the new Hamiltonian function takes the form:

H(x, y, t/ε) = H_0(x, y) + εH_1(x, y, ε) + exp(−c/ε)H_2(x, y, t, ε).

Here H_0 = y^2/2 + cos x, the constant c ∈ [0, π/2) is arbitrary, the functions H_1, H_2 are real-analytic in x, y in the vicinity of the unperturbed separatrices of the hyperbolic fixed point (^x, ^y) = (0, 0), smooth in ε > 0 and the function H̃_2 is analytic and 2π-periodic in t.

The ordinary Poincaré-Melnikov theory applied to this system for positive c̃ gives a correct asymptotics of the separatrix splitting, [25]. The following estimate holds:

Alobe = 8π ε exp � − π 2ε � Bf(B^2) + O � ε log ε � , where f is an entire real-analytic function, f(0) = 2. In [25, 23] numerical values of several Tailor coefficients of f are presented.

Analogous results for the Standard Chirikov Map and for some Hamiltonian systems with 2 degrees of freedom can be found in [23, 26, 15].

2.4 Inclusion of a map into a flow

In this section we consider the following problem: to present a given self-map of a manifold M as the time-one map (the Poincaré map) in some ODE system, generated by a periodic in time vector field.

The problem can be formulated for various classes of maps and the corresponding vector fields. For example, it is possible to consider generic maps and vector fields, reversible ones with respect to some involution, Hamiltonian, preserving a volume, etc. Here we discuss the analytic set up i.e., assuming that the map is real-analytic, we look for its inclusion into a flow generated by a real-analytic vector field. The problem in C^∞ category is much simpler.

The following construction is well-known. Given a diffeomorphism T of a manifold M onto itself consider the direct product M ×[0, 1] with the vector field ∂/∂t, where t is the coordinate on [0, 1]. The map T generates the identification

M × {0} ∼ M × {1}, (z, 0) ∼ (T (z), 1).

This identification converts M ×[0, 1] into a manifold M. Let π : M ×[0, 1] → M be the natural projection. The smooth vector field ∂/∂t generates on the surface π(M × {0}) ⊂ M the Poincaré map coinciding with T .

This construction does not solve the problem we deal with because in general it is not clear if M is real-analytically diffeomorphic to M × T^1. Nevertheless, sometimes this can be proven.

The problem is solved in the symplectic set up for maps which are close to integrable, [3, 8, 9] and for generic maps [27].

Note that all the known proofs in the analytic set up use essentially the Grauert theorem on the inclusion of an analytic manifold into Euclidean space (or modified versions of this theorem). Our result is based on the method of continuous averaging.

First, note that any map which is not isotopic to the identity^5 obviously can not be included into a flow. Let M be an m-dimensional compact real-analytic manifold. Let χ be a closed subalgebra in the Lie algebra (L, [ , ]) of all analytic vector fields on M.

We denote by X the subset of all analytic diffeomorphisms of M obtained as a result of the time-one shift along solutions of a system

ż = u(z, t), u(·, t) ∈ χ, t ∈ [0, 1], z ∈ M (25)

(it is not assumed that u(z, 0) = u(z, 1)). We assume that the vector field u is C^2-smooth with respect to time. This smoothness condition is technical. For example, it can be replaced by continuity in t in Hamiltonian case and in the general one.

Obviously, all diffeomorphisms from X are isotopic to the identity inside X.

5Two smooth maps T_j : M^′ → M^{′′}, j = 0, 1 (M^′ and M^{′′} are manifolds) are called isotopic if there exists a family of maps ^T_s : M^′ → M^{′′} of the same smoothness class continuous in the parameter s ∈ [0, 1], such that ^T_0 = T_0 and ^T_1 = T_1. In other words, if T_0 can be continuously deformed into T_1.

Theorem 3 Suppose that the map T belongs to X. Then there exists a vector field U = U(z, t), U(·, t) ∈ χ, t ∈ R, z ∈ M

which is analytic in z and t, 2π-periodic in t, and such that the time-2π shift along its trajectories coincides with T .

As a corollary we obtain a possibility of the inclusion of analytic maps into analytic flows in general, symplectic, and volume-preserving cases.

The vector field U is obviously not unique.

It can be also proved that if T is reversible with respect to some involution I : M → M, I^2 = id_M (i.e., T ∘ I = I ∘ T^{−1}), the corresponding vector field U, can be also regarded I-reversible: U(z, t) = −dI U(Iz, −t).

Suppose that the map T is close to T_0 (dist(T, T_0) = ε in a complex neighborhood of M),^6 where T_0 is included into the flow generated by a periodic analytic vector field U_0. Then the vector field U can be chosen close to U_0 (|U − U_0| = O(ε) in a smaller complex neighborhood of M). In particular, in the symplectic case if T is close to an integrable map, a Hamiltonian system associated with T also can be chosen close to an integrable one and the orders of closeness are the same.

Continuous averaging in the proof is used to smooth out the dependence of the original vector field (25) on time, [17].

Acknowledgements. The work was partially supported by Russian Foundation of Basic Research grants 02-01-00400 and 00-15-99269, and by INTAS grant 00-221.

References

[1] Bambusi D., Long time stability of some small amplitude solutions in nonlinear Schrödinger equations. Comm. Math. Phys. 189 (1997), 205–226.

[2] Delshams A., Seara T. M., An asymptotic expressions for the splitting of separatrices of the rapidly forced pendulum. Comm. Math. Phys. 150 (1992), 433–463.

[3] Douady R., Applications du théoreme des tores invariantes, Thesis, Université Paris VII, 1982.

[4] Gallavotti G., Twistless KAM tori, quasi flat homoclinic intersections, and other cancellations in the perturbation series of certain completely integrable hamiltonian systems. A review, Reviews on Mathematical Physics, 6, (1994), 343– 411.

6The distance can be defined for example as follows:

dist(T, T_0) = sup_{z∈M ′} ρ(T (z), T_0(z)),

where M^′ is a complex neighborhood of M, and ρ is some metric. The choice of the neighborhood and of the metric plays no role due to compactness of the manifold M.

[5] Gelfreich V., Reference systems for splitting of separatrices, Nonlinearity 10 (1997), 175–193.

[6] Gelfreich V., A proof of the exponentially small transversality of the separatrices for the standard map, Comm.Math.Phys. 201 (1999), 155-216.

[7] Holmes P., Marsden J., Scheurle J., Exponentially small splittings of separatrices with applications to KAM theory and degenerate bifurcations, Contemp. Math., 81 (1988), 213–244.

[8] Kuksin S., On the inclusion of an almost integrable analytic symplectomorphism into a Hamiltonian flow. Russian J. Math. Phys. 1, no. 2 (1993), 191–207.

[9] Kuksin S., Pöschel J., On the inclusion of analytic symplectic maps in analytic Hamiltonian flows and its applications. In Progress in Nonlinear Differential Equations and Their Applications, V. 12 Ed. Kuksin S., Lazutkin V. F., and Pöschel J. Birkhäuser, 1994, Basel–Boston–Stuttgart, P. 96–116.

[10] Lazutkin V. F., Splitting of separatrices for standard Chirikov’s mapping, VINITI no. 6372-84, 24 Sept. 1984 (in Russian).

[11] Gelfreich V. G., Lazutkin V. F., Tabanov M. B., Exponentially small splitting in Hamiltonian systems. Chaos, 1, no. 2 (1991), 137–142.

[12] Gelfreich V. G., Lazutkin V. F., Svanidze N. V., Refined formula to separatrix splitting for the standard map. Physica D, 71 (1994), 101-121.

[13] Lochak P., Marco J. P., Sausin D., On the splitting of invariant manifolds in multidimensional near integrable Hamiltonian systems, Preprint 1999.

[14] Neishtadt A. I., The separation of motions in systems with rapidly rotating phase, J. Appl. Math. Mech., 48, no. 2 (1984), 133–139.

[15] Novik A., Exponentially small separatrix splitting in some Hamiltonian systems with 2 degrees of freedom. Preprint 2002 (in Russian).

[16] Poincaré H., Les métodes nouvelles de la mécanique céleste. V. 1–3. Paris:

Gauthier–Villars, 1892, 1893, 1899.

[17] Pronin A., Treschev D., On the inclusion of analytic maps into analytic flows, Regular and Chaotic Dynamics, 2, no 2 (1997), 14–24.

[18] Pronin A., Treschev D., Regular and Chaotic Dynamics, 5, no 2 (2000) 157–170.

[19] Ramis J. P., Schäfke R., Gevrey separation of fast and slow variables. Nonlinearity, 9 (1996), 353–384.

[20] Sauzin D., Résurgence paramétrique et exponentielle petitesse de l’écart des séparatrices du pendule rapidement forcé. Ann. Inst. Fourier, Grenoble 45, no. 2 (1995) 453–511.

[21] Sauzin D., Caractère Gevrey des solutions formelles dún problème de moyennisation. C. R. Acad. Sci. Paris, T. 315, Serie I, (1992), 991–995.

[22] Simó C., Averaging under fast quasi-periodic forcing in Hamiltonian mechanics: Integrability and chaotic behavior, J. Seimenis ed., NATO Adv. Sci. Inst. Ser. B Phys. 331, Plenum Press, New York (1994), 13–34.

[23] Treschev D., An averaging method for Hamiltonian systems, exponentially close to integrable ones. Chaos, 6, no 1 (1996), 6–14.

[24] Treschev D., The continuous averaging method in the problem of separation of fast and slow motions, Regular and Chaotic Dynamics, 2, no 3/4 (1997), 9–20 (in Russian).

[25] Treschev D., Separatrix splitting for a pendulum with rapidly oscillating suspension point. Russian J. of Math. Phys., 5, no 1 (1997), 63–98.

[26] D.Treschev., Continuous averaging in Hamiltonian systems. in ”Hamiltonian systems with three or more degrees of freedom”, ed. C.Simo, Kluwer, 1999, NATO ASI Series C, Vol. 533, 244-253.

[27] Trifonov S. I., Analytic diffeomorphisms as monodromy maps of analytic differential equations. Moscow Univ. Math. Bull. 41, no 5, (1986), 63–65.