Invariant tori in Hamiltonian systems with two degrees of freedom in a neighborhood of a resonance

D. Treschev and O. Zubelevich

1 Introduction

The present note is based on the question, the first author listened from V.I.Arnold. The question is as follows. Consider a continuous family of invariant curves of an integrable two-dimensional exact symplectic map, and a resonant curve from this family. Take a perturbed map, which is also exact symplectic. Generically the resonant curve is destroyed, and in its neighborhood a domain of chaotic motions – the so called stochastic layer – appears. The boundary of the stochastic layer contains a pair of nonresonant curves which are a result of a deformation of curves from the initial family. What is the difference of frequencies on these boundary curves if the perturbation has the order 0 < ε ≪ 1?

Probably, both the question and the answer are known to specialists in KAMtheory. Nevertheless, we regard as useful to publish this note, since first, we do not know publications concerning this problem, and secondly, the answer to the raised question is not trivial, although it can be obtained as a combination of quite standard facts.

If the dynamical system in question is analytic, the difference of the frequencies is of order ε. This result is not obvious. At least, it cannot be obtained directly from the analysis of the Tailor expansion of the map in the perturbing parameter. It is well known that the the boundary invariant curves we discuss go essentially on the distance ∼ √ ε from each other, but in some places this distance is exponentially small. Formally speaking, the answer is obtained as a result of the following calculation: √ ε/log(e^{−c/√ε}) ∼ ε. If the system has a finite order of smoothness, the frequency difference is of order √ ε/ log ε, because the argument of the logarithm in the previous formula is replaced in this case by ε^N , where N is the order of smoothness.

Note that we present only upper estimates for the frequency difference. However, we are sure that generically the lower estimates have the same order.

The authors thank A.I.Neishtadt for useful discussions. The work was partially supported by Russian Foundation of Basic Research (support grant 96- 15-96855) and by INTAS 93-339-ext.

2 Main theorems

2.1 The case of two degrees of freedom.

Consider the system with Hamiltonian H(I, φ, ε) = H_0(I) + εH_1(I, φ, ε). (2.1) Here I ∈ R^2, φ = (φ_1, φ_2) mod 2π are canonically conjugated coordinates, ε is a small parameter. The function H is assumed to be real-analytic in the phase variables and smooth in ε.

For ε = 0 the phase space of the system is foliated by two-dimensional invariant tori {(I, φ)|I = const}. These tori are filled by quasi-periodic solutions:

φ = ω(I)t + φ_0, ω(I) = ∂H_0 ∂I (I). Recall that an invariant torus of the unperturbed (ε = 0) system is called resonant if ⟨k, ω⟩ = 0 for some nonzero vector k ∈ Z^2. A nonresonant torus is called Diophantine if there are α, γ > 0 such that for any nonzero k ∈ Z^2 the following inequality holds: |⟨k, ω⟩| ≥ 1/(α|k|^γ ). (2.2) Here ⟨ , ⟩ is the standard scalar product in R^2. For small ε > 0 resonant tori are as a rule, destroyed, and, according to KAM-theory, Diophantine ones just slightly deform.

Suppose that the unperturbed system is isoenergetically non-degenerate i.e.,

Δ = det (_{∂2 H0} ∂I^2 (I

0) ω(I^0) ω^T (I^0) 0 ) ≠ 0, and on the energy level h there is a Diophantine torus

T^2_æ(0, h) = {(I, φ | I = I^0, H(I^0) = h, ω_1(I^0)/ω_2(I^0) = æ}.

Then for small ε > 0 on the same energy level h there exists a torus T^2_æ(ε, h) with the same frequency ratio. We denote by Σ(ε, h) = {(I, φ) ∈ M|H(I, φ, ε) = h} the surface of energy level. The tori T^2_æ(ε, h) ⊂ Σ(ε, h) form a smooth in ε family.

Below all vectors are regarded as columns, and the superscript T denotes the operation of transposing.

Theorem 1 Suppose that H_0(I^0) = h and the following conditions hold 1) ω(I^0) = λ(m, n)^T , λ ≠ 0, n ≠ 0, m and n are either relatively prime integers, or (m, n) = (0, 1).

2) The function

νaut(q) = 1 2πΔ ∫_{2π} 0 H_1 ( I^0, mt + q n , nt, 0 ) dt (2.3)

has an unique global minimum on the circle q mod 2π, and this minimum is non-degenerate.

Then for small ε > 0 there are two invariant tori T^2_{æj} (ε, h) ⊂ Σ(ε, h), j = 1, 2 such that on them

a) the action variable I satisfies the inequality |I − I^0| ≤ C √ ε; b) æ_1 < m/n < æ_2, c) |æ_1 − æ_2| < cε.

The positive constants c and C do not depend on ε.

Remark 2.1 The function νaut is 2π-periodic. The periodicity becomes obvious after the change t → τ − q^γ_n , where δ, γ ∈ Z are such that δn + γm = 1.

Remark 2.2 The assumption on the analyticity of the Hamiltonian (2.1) is essential: in the case of a finite smoothness the estimate c) is much weaker:

|æ_1 − æ_2| < c √ ε log ε . In the following subsection we present a non-autonomous version of Theorem 1. 2.2 The case of one-and-a-half degrees of freedom.

Consider the system with Hamiltonian H(p, q, t, ε) = H_0(p) + εH_1(p, q, t, ε), (2.4) where the scalar variables p ∈ R and q = q mod 2π are canonically conjugated, t = t mod 2π. The function H is assumed to be real-analytic on the extended phase space M = D × T^2 and smooth in ε.

For ε = 0 the phase space M is foliated by two-dimensional invariant tori {(p, q, t)|p = const}. The motion on the tori is quasi-periodic:

q = æ(p)t + q_0; æ(p) = ∂H_0 ∂p . In the non-autonomous case the definitions of (non-)resonance and Diophantine properties are the same, but one should take as the frequency vector (æ, 1)^T .

Theorem 2 Suppose that for some p = p^0 the following conditions hold:

1) æ(p^0) = m/n, n ≠ 0, m and n are either relatively prime integers, or m = 0, n = 1.

2) The function

νnonaut(q) = 1 2π (∂2H_0 ∂p^2 (p^0) )_{−1} ∫ 2π 0 H_1(p^0, mt + q n , nt, 0) dt (2.5) has an unique global minimum on the circle q mod 2π, and this minimum is non-degenerate.

Then for small ε > 0 there are two invariant tori with frequencies æ_1 and æ_2 such that on these tori

a) the variable p satisfies the inequality |p − p^0| < C √ ε; b) æ_1 < m/n < æ_2; c) |æ_1 − æ_2| < cε.

Remark 2.3 Theorem 2 follows from Theorem 1. Indeed, let us put p = I_1, q = φ_1, t = φ_2. Then trajectories of the system with Hamiltonian

Ĥ = H_0(I_1) + I_2 + εH_1(I_1, φ_1, φ_2, ε), (2.6)

are mapped by the projection (I_1, I_2, φ_1, φ_2) → (I_1, φ_1, φ_2) = (p, q, t) to solutions of the system with Hamiltonian (2.4). The function (2.6) satisfies conditions of Theorem 1.

2.3 Discrete case.

Consider a family of canonical self-maps P_ε of the two-dimensional cylinder Z = {(I, φ) | I ∈ R; φ ∈ T^1}. The maps P_ε are determined by the generating function S(J, φ, ε) = f(J) + εW (J, φ, ε): P_ε(I, φ) = (J, ψ), J = I − S_φ(J, φ, ε), ψ = φ + S_J (J, φ, ε). The function S is real-analytic in J, φ, 2π-periodic in φ, and smooth in ε ∈ (−ε_0, ε_0). The map P_0 has the form: J = I, ψ = φ + f^′(I). The variable I enumerates circles (one-dimensional tori) invariant with respect to the action of P_0. We put

T_æ = {(I, φ)| I = I^0; 1 2π f^′(I^0) = æ; φ ∈ T}

Recall that in the discrete case the resonant and Diophantine conditions should be considered for the vector (æ, 1)^T .

Theorem 3 Suppose that for I = I^0 the following conditions hold:

1. æ(I^0) =^m_n ; m and n are either relatively prime integers, or m = 0, n = 1. 2. The function

νdiscr(q) = 1 f^{′′}(I^0) n−1∑ k=0 W ( I^0; 2πkm + q n ; 0 )

has an unique minimum on the circle q mod 2π.

Then for small ε > 0 there exist two invariant circles with frequencies æ_1 and æ_2 such that

1) The variable I on these circles satisfies the inequality |I − I^0| < C √ ε; C > 0; 2) æ_1 <^m_n < æ_2;

3) |æ_1 − æ_2| < cε; c > 0.

Proof of Theorem 3 can be obtained in the following way. According to the theorem on the inclusion of a diffeomorphism into a flow [3, 4, 8], P_ε can be regarded as a time-2π map in some non-autonomous Hamiltonian system with real-analytic Hamiltonian H = H(J, ψ, t, ε), 2π-periodic in ψ and t. Moreover, we can assume that the function H(J, ψ, t, 0) equals^1_{2π} f(J).

To reduce Theorem 3 to Theorem 2, it is sufficient to check conditions 1) and 2) for the Hamiltonian H.

Let us present H in the form H(J, ψ, t, ε) = 1 2π f(J) + εH_1(J, ψ, t) + O(ε^2). The time-2π map in this system is as follows:

ψ = φ + f^′(J) + O(ε), J = I − ε ∫_{2π} 0 ∂H_1 ∂ψ ( I, f^′(I) 2π ξ + φ, ξ ) dξ + O(ε^2), Here O(ε), O(ε^2) are 2π-periodic in φ, real-analytic in φ, I, and smooth in ε functions. Comparing this map with the one generated by the function S:

ψ = φ + f^′(I) + O(ε), J = I − εW_φ(I, φ, 0) + O(ε^2), we get: W_φ(J, φ, 0) = ∫_{2π} 0 ∂H_1 ∂ψ (I,^{f ′ (I)}_{2π} ξ + φ, ξ) dξ + C(J). Here C(J) is a real-analytic function. Condition 1 of Theorem 2 obviously holds. Condition 2 holds due to the following equality:

νnonaut(q) = 1 2πn νdiscr(q).

3 Proof of Theorem 1

Without loss of generality we assume that H_0(I^0) = 0. Let us perform the canonical change of the variables (I, φ) → (J, ψ); I = I^0 + Λ^T J; φ = Λ^{−1}ψ, where Λ = ( n −m γ δ ) , det Λ = nδ + mγ = 1; δ, γ ∈ Z, (3.1)

and reduce the order on the level of the energy integral

H(I^0 + Λ^T J, Λ^{−1}ψ, ε) = 0. (3.2)

Solving the equation (3.2) with respect to J_2, we get:

−J_2 = Δ 2λ J^2_1 + ε λ H_1(I^0, Λ^{−1}ψ, 0) + f(J_1, ψ, ε). (3.3)

The function f is real-analytic in J_1, ψ and 2π-periodic in ψ. Moreover, f = O(J^3_1 , ε^2, εJ_1) as J_1 → 0; ε → 0. The function −J_2 = −J_2(J_1, ψ_1, ψ_2, ε) is the Hamiltonian of the system on the zero energy level, where ψ_2 should be regarded by the new time, and the variables J_1 and ψ_1 are canonically conjugated. After the change of the variables J_1 = √ εp, ψ_1 = q, ψ_2 = t, J_2 = − √ εĤ, the Hamiltonian (3.3) takes the form Ĥ(p, q, t, ε) = Δ √ ε λ (p^2/2 + V_1(q, t)) + εV_2(p, q, t, ε), (3.4)

where V_1(q, t) =^1_Δ H_1(I^0, δq + mt, nt − γq, 0). The function V_2 is real-analytic and 2π-periodic in q and t, and smooth in √ ε. In the new variables the resonance we study takes the simplest form: the first frequency vanishes and the second one (corresponding to time) equals 1. Hence, now it is sufficient to find two invariant tori whose first frequencies are of order ε and have different signs.

Theorem 4 [6] There exists a canonical real-analytic, 2π-periodic in x̃ and t, near-identical change of the coordinates (p, q) → (ỹ, x̃) such that in the new coordinates (ỹ, x̃) the Hamiltonian (3.4) has the form: H^∗(ỹ, x̃, t) = Δ √ ε λ (ỹ2 2 + νaut(x̃) ) + εU_2(ỹ, x̃, ε) + ψ̃(ỹ, x̃, ε, t). (3.5) The function H^∗ is 2π-periodic in x̃, |ψ̃| ≤ c exp(−^{α√}_ε ); c, α > 0. The function U_2 is analytic in ỹ, x̃.

The function (3.5) is 2π-periodic in t. If we put formally ψ̃ = 0 then according to assumption 2) of Theorem 1 the remaining integrable part of the Hamiltonian (3.5) for small ε > 0 has the hyperbolic 2π-periodic solution z(t) = (ŷ, x̂, t) with two asymptotic surfaces. Here (ŷ, x̂) = (0, x_0) + O( √ ε), where x_0 is the global minimum of the function νaut on the circle T^1. The domain in the space {ỹ, x̃, t}, bounded by these surfaces, corresponds to the resonance in question. The solution z(t) projects from the extended phase space {ỹ, x̃, t} to the space {ỹ, x̃} into a hyperbolic equilibrium, and the asymptotic surfaces to the corresponding separatrices. When the perturbation ψ̃ is taken into account, the solution z(t) deforms slightly, and the asymptotic surfaces split [7].

Our following argument is shortly as follows. In the unperturbed (ψ = 0) system it is possible to introduce action-angle variables (I, φ) so that I → 0 when a point approaches the separatrices. Since the perturbation is exponentially small, from both sides of the resonance domain there exist invariant tori on which the action is exponentially small: |I| < e^{−c/√ε}. Unfortunately, this almost obvious fact is not a direct consequence of standard theorems from KAM-theory. The reason is that frequencies on these tori are not quite usual: the frequency corresponding to the angle variable φ is small and tends to zero together with ε. However, the situation can be reduced to standard by passing to the separatrix map (see below). When it is proven that on some pair of invariant tori |I| < e^{− c√ε} , it remains to use the fact that the frequency ratio on invariant tori close to separatrices is of order −1/ log |I| (see Lemma 3.1 below).

Consider the time-2π map in the system with Hamiltonian (3.5):

T_ε : N → N, N = D_ỹ × T^1_{x̃} , ε > 0,

where T^1_{x̃} is the circle parametrized by the variable x̃.

On Fig. 1 the fixed point ẑ_ε = z_ε(0) and the corresponding separatrices of the map T_ε are presented. Below we present the construction of the separatrix map. Details can be found in [9].

For any small ε > 0 near the point ẑ_ε there exist normal coordinates (x, y) [5]. Their basic properties are as follows:

1) the coordinates of the point ẑ_ε vanish: ẑ_ε = (0, 0); 2) the coordinates (x, y) are symplectic: dx̃ ∧ dỹ = dx ∧ dy; 3) the map T_ε has the form L_ε(x, y) = (x/Λ, yΛ); the function Λ(xy, ε) is real-analytic in the first argument at the point (0,0), and Λ(0, ε) = 1 + O( √ ε) is the larger multiplier of the solution z_ε(t).

The map L_ε has the first integral xy.

The normal coordinates can be continued along the separatrices as follows. Let the coordinates of a point z ∈ N equal (x, y). Then the points T^n_ε (z), n ∈ Z by definition have the coordinates L^n_ε (x, y). Far from the point ẑ we have at least two coordinate systems (defined by means of iteraions of T_ε and T^{−1}_ε respectively). The correspondence between these coordinate systems is given by the so called gluing maps (see Fig. 1):

Figure 1:

U^+_ε : {(x, y)| x is small, y > 0, y ∼ 1} → {(x, y)|x > 0, x ∼ 1, y is small}, U^−_ε : {(x, y)| x is small, y < 0, y ∼ 1} → {(x, y)|x < 0, x ∼ 1, y is small}. The maps L_ε and U^±_ε commute: L_εU^±_ε = U^±_ε L_ε.

Theorem 5 [9] The gluing maps U^±_ε are real-analytic in the domain {|x| < x_0, y_0 ≤ ±y ≤ Y_0} and have the form

U^±_ε (x, y) = ( α2_± y +xk_±(xy), xy ( α2_± y +xk_±(xy) )_{−1}) +(xf_±(x, y, ε), yg_±(x, y, ε)), where f_± and g_± are such that f_±(x/Λ, yΛ, ε) = f_±(x, y, ε), g_±(x/Λ, yΛ, ε) = g_±(x, y, ε), and |xf_±| + |yg_±| ≤ ĉ exp ( − α_± √ ε ) , α̂, ĉ > 0. The dynamics of T_ε : (x, y) → (X, Y ) in a neighborhood of the separatrices can be explicitly studied if the maps U^±_ε and L_ε are known. Indeed, in the normal coordinates T_ε acts as L, until the trajectory enters the domain of definition of the map U^+_ε or U^−_ε . After application of a gluing map we again can use L_ε, and so on.

To get rid of the map L_ε, we perform the identification (x, y) ∼ (Λ^{−1}x, Λy). Now all the information about the dynamics is contained in gluing maps. Below it is more convenient to use other coordinates:

I = xy logΛ; φ = log |y| log Λ

; J = XY logΛ; ψ = log |Y | log Λ

, λ = logΛ(0). (3.6)

To restore the information on the sign of y lost in the change (3.6), we introduce the variable σ = sign y ∈ {+, −}. The map S_ε : (I, φ, σ) → (J, ψ, ρ), which is obtained from the gluing maps after the change (3.6) is called the separatrix map, corresponding to T_ε. This map first appeared in [2, 10]. Here we use another construction which leads however to the same result. The explicit formulas for S_ε are as follows: J = I + r^σ_1 (I, φ, ε), ψ = φ + 1 λ log | | | I α^2_σ λ | | | + O(I) + r^σ_2 (I, φ, ε), (3.7)

ρ = σ sign(J).

Here λ = logΛ(0), the functions r^σ_i are 1-periodic in φ, real-analytic in I and φ, and |r^σ_1 | + |r^σ_2 | = O(e^{−α/√ε}). We look for invariant KAM curves of the separatrix map. To this end we perform in (3.7) the change: I = e^{−α/(2√ε)}(1 + uλ), J = e^{−α/(2√ε)}(1 + vλ). Here we assume that u, v ∈ [−1/2; 1/2]. The map (3.7) takes the form

v = u + a_1(φ, u, ε); ψ = φ + æ(u, ε) + a_2(φ, u, ε); ρ = σ = σ_0, (3.8) æ = −^α_{2λ}^√_ε −^1_λ log(α^2λ) +^1_λ log(1 + λu). (3.9)

The functions a_i are 1-periodic in φ real-analytic in u, φ, and satisfy the estimate |a_1| + |a_2| = O(e^{−α/(2√ε)}), Theorem 6 [5] Suppose that for some u^0 ∈ [−1/2; 1/2] the frequency vector ω = (æ^0, 1)^T , æ^0 = æ(u^0, ε) is Diophantine, see (2.2). Then for small ε > 0 there exist real-analytic, 1-periodic functions P (s), Q(s) such that the curve

(φ, u)(s) = (s + P (s), u^0 + Q(s)) (3.10)

is invariant with respect to the map (3.8), and on it the map is a rigid shift: s → s + æ^0. Moreover, the following estimates hold: |P | + |Q| ≤ δe^{−α/(2√ε)}, δ = const > 0.

It is easy to show that for some u_0 ∈ [−1/2; 1/2] the frequency (3.9) is Diophantine. The curve (3.10) corresponds to a closed invariant curve of the map (3.7), where the variable I satisfies the inequality |I| < c e^{−α/(2√ε)}, and σ = ρ. This implies that the map T_ε has a closed invariant curve l, on which according to (3.6) |xy| ≤ c √ ε e^{−α/(2√ε)}. (3.11) The equality σ = ρ means that the curve l, passes the hyperbolic fixed point ẑ only once, in other words, it is outside the resonant domain.

Figure 2:

Now it remains to estimate the frequency, corresponding to l in terms of the variables (x̃, ỹ). Putting in the system (3.5) formally e^{−α/√ε} = 0, we introduce the action-angle variables (K, Θ). Then the full system (3.5) takes the form: H = √ εH_0(K, ε) + e^{−α/√ε}H_1(K, Θ, ε, t) (3.12) The variables (K, Θ) are introduced in domains not containing separatrices of the system (3.5)|_{ψ̃=0}. We can assume that K → 0 when a point approaches separatrices. The curve l corresponds to an invariant torus in the system (3.12).

The functions xy and K(x, y) are first integrals of the system (3.12) provided e^{−α/√ε} = 0. The function K(x, y) is continuous and is real-analytic outside the separatrices {xy = 0}. According to Lemma 3.1, K = O(xy log xy) as xy → 0. Therefore, due to (3.11), the invariant torus is situated in the domain |K| < K_0ε^{−1}e^{−α/(2√ε)}. The frequency on this torus is as follows: |æ| = | √ ε^{∂H0}_{∂K} |. According to Corollary 3.1, |ω| ≤ αε/4, where K_0 are positive constants. Theorem 1 is proved.

3.1 Frequencies on invariant curves, close to separatrices

Consider an autonomous Hamiltonian system with one degree of freedom in the domain D ⊂ R × T. The Hamiltonian H : D → R is assumed to be real-analytic. Suppose that there is a hyperbolic equilibrium ẑ ∈ D, and the corresponding separatrices are doubled (see Fig. 2). Three families of invariant closed curves have the separatrix loops of the point ẑ as limit curves. For one of these families both loops form a limit curve, and for other two only one of the loops is limit. Consider one of the last two families. Following the standard procedure, we assign to each curve a value of the action variable I, where I → 0 as a curve approach the separatrix.

Lemma 3.1 The following relations hold true: H = λ I log|I| F ( 1 log|I| , log|log|I|| log|I| , I ) . (3.13)

The function F is real-analytic at the point (0, 0, 0) and F (0, 0, 0) = 1. By ±λ we denote characteristic exponents of the equilibrium ẑ.

Differentiating the equality (3.13), we get:

Corollary 3.1 ω = ∂H ∂I = λ log|I| R ( 1 log |I| , log | log |I|| log |I| , I ) . where R is real-analytic at the point (0, 0, 0), and R(0, 0, 0) = 1.

Proof. Let (x, y) be normal coordinates in a neighborhood of the hyperbolic point ẑ. The function H has the form H̃ = H̃(ξ) = λξ + O(ξ^2), ξ = xy. Let us find ξ from the equation h = H̃(ξ). We have: ξ =^1_λ hf(h), where f is realanalytic at the point h = 0, and f(0) = 1. We can assume that x > 0, y > 0 on the family of invariant curves under consideration (other cases can be considered analogously). We denote K_τ = {(x, y) ∈ R^2|x, y ∈ [0, τ]}; l_h = {(p, q) ∈ D|H(p, q) = h}, The closed curve l_h can be broken into two parts: l_1 = l_h ∩ K_h and l_2 = l_h\K_h.

As is well-known [1], 2πI = ∫ l_h p dq + const. The canonical coordinates (p, q)

and (x, y) are related as follows: pdq = ydx+dS, where the function S = S(x, y) is real-analytic in x, y at zero. Therefore, 2πI = ∫ l_h p dq = ∫ l_1 y dx + ∫ l_1 dS + ∫ l_2 p dq. We have: ∫ l_1 y dx = ∫_τ λ^{−1} hf (h)/τ hf(h) λx dx = hf(h) λ ( 2 log τ + log λ − log |h|f(h) ) . The family of curves l_2 = l_2(h) is real-analytic in h at zero. Therefore, ∫ l_2 pdq is real-analytic at zero. Hence, to find the function H(I) = h, we should

solve the equation I = − 1 λ hf(h) log |h| + hg(h), (3.14) with respect to h, where f and g are real-analytic at zero. We put h = −^{λI}_{log |I|} χ, where χ(I) is a new unknown function. Substituting the last equality into (3.14), we get: G(χ, I, 1/log|I|, log|log|I||/log|I|) = 0, where G is real-analytic at the point (1, 0, 0, 0), G(1, 0, 0, 0) = 0, and^{∂G}_{∂χ} (1, 0, 0, 0) ≠ 0. Now Lemma 3.1 follows from the implicit function theorem.

References

[1] Arnold V. I., Mathematical methods in classical mechanics. Nauka, Moscow, 1974 (Russian). English transl.: Springer-Verlag, New-York, Heidelberg, Berlin 1982.

[2] Filonenko N. N., Sagdeev R. Z., Zaslavsky G. M., Destruction of magnetic surfaces by magnetic field irregularities. Nuclear Fusion 1967, V. 7, P. 253– 266.

[3] Kuksin S., On the inclusion of an almost integrable analytic symplectomorphism into a Hamiltonian flow. 1993, Russian J. Math. Phys. Vol. 1 No. 2, P. 191–207.

[4] Kuksin S., Pöschel J., On the inclusion of analytic symplectic maps in analytic Hamiltonian flows and its applications. Seminar on Dynamical Systems, Euler International Mathematical Institute, St. Petersburg 1991, Ed. Kuksin S., Lazutkin V. F., and Pöschel J. Progress in Nonlinear Differential Equations and Their Applications, V. 12, P. 96–116. Birkhäuser, 1994, Basel–Boston–Stuttgart.

[5] Moser J. The analitic invariants of an area preserving mappings near hyperbolic fixed point, Commun. Pure Appl. Math. 9 (1956) , V. 9, No. 4, P. 673–692.

[6] Neishtadt A. I., The separation of motions in systems with rapidly rotating phase, Prikl. Mat. Mekh., 1984, V. 48, No. 2, P. 197–204. (in Russian) English transl. in J. Appl. Math. Mech., 1984, V. 48, No. 2, P. 133–139.

[7] Poincaré H., Les métodes nouvelles de la mécanique céleste. V. 1–3. Paris:

Gauthier–Villars, 1892, 1893, 1899.

[8] A.V.Pronin and D.V.Treschev, On the inclusion of analytic maps into analytic flows. Regular and Chaotic Dynamics, V.2, No.2, 1997, P. 14-24.

[9] Treschev D. V. Width of stochastic layers in near-integrable two-dimensional sympletic maps. Phys. D 116, 1998, P. 21–43.

[10] G. M. Zaslavsky and N. N. Filonenko, Stochastic instability of trapped particles and the conditions of applicability of the quasilinear approximation, Zh. Eksp. Teor. Fiz. 1968, v. 54, p. 1590–1602, (in Russian)